Part 2
non-linear problems
example of a straight line fit
the progressive fit
exact constraints



the weighted mean is an LSE

* least squares ('minimum chi-square') estimator
¢ =CH'"V'(m — hy)
C = var(&) = (H'V'H)™

* simplest example: weighted mean

- consider measurements m. with known uncertainty ¢

— assuming they measure the same thing 'x', what value has 'x'?

h%(.’L') = X — HT — (]_,]_,]_,...)




non-linear problems

* what if the measurement model h(x) is not linear?

* first derivative of the chi-square now looks like

Ix 2 lh(x)”
s S (@) V1 (h(z) —m)

dax dax

where the derivative dh/dx now depends on x as well

* use Newton-Raphson to find the zero-crossing 'x' of a function f(x)

- starting from an estimate x_ evaluate f(x ) and f'()y

— y=fx)
— tangent line

- estimate a better valueas  x ,=x —f(x )/f(x)

n+

— Iiterate until you're happy with the value of f(x)




non-linear problems (lI)

* second derivative becomes

d2y 2 dh(z)" . . dh(x d2h(z)" _
X — 9 ( ) V_l ( ) | 2 ( ) V—l (h(ﬂif) L ’H’L)
dax? dx dx dax?
S~ —~ — — Y —
this term also appears for a linear model this term is new

* the second term appears because the derivative is not constant
* in track/vertex fit applications we always drop this term, because

— depending on how poor your starting point is it could actually make the
second derivative negative, which is bad

— if the derivative dh/dx varies slowly wrt the resolution, the second term
IS much smaller than the first

* dropping the 2™ term is equivalent to linearizing the measurement model



non-linear problems (lIl)

summarizing: choosing a starting point x, we have
1 dx?

- = —H'V! —h

2 dzx - (m (:EO)) H_ — dh(:l?)

1 d?x? dz o
— = H'V'H

2 dz? |,

which, with Newton-Raphson, gives

expression is just the

—1

d2 2 d 2

r = xTg — X i same as for linear model
dx? dx

note that the variance can be written as

var (z) = 2 <d2X2>_1

da?

we now need a sensible starting point and iterations and repeat the
calculation of derivatives and x, until we are 'close enough'



under-constrained problems

let's look more carefully at this step

—2H'"V'(m —ho— Hz) = 0 minimum X2 condition
3 = (HTV—1H) — HTy ! (m — hyo) solution
\ N J

matrix inversion only possible if determinant not zero!

If the determinant is zero
— solution to minimum chi-square condition is not unique

— some (or all) linear combinations of elements of x are not constrained, which
means that they do not have finite variance

— we call these linear combinations 'unconstrained degrees of freedom'’

- they could be isolated, e.g. by diagonalizing H*V 1 H
example: all linear problems with more parameters than data points

we will not discuss problems with unconstrained DOFs



chi-square distribution

consider the sum of N Gaussian distributed random variables (RV) 'r' with

unit variance N
L 2
z = E T
=1

this sum is itself an RV. its distribution is the chi-square distribution with N
degrees of freedom

N/2—1 ,—z/2 B _ N
Py2(z; N) = - c (2)

ON/2T(N/2) var(z) = 2N

its cumulative distribution function

F(z;N) = foo'P(t;N) dt

IS the probability that a random other 'z' is larger than 'z’

If 'z' follows a chi-square distribution, then the distribution of F(z) is 'flat'
between 0 and 1.

the value of F(z) is sometimes called the 'chi-square probability’



~2

minimum chi-square of the LSE

let's look again at the chi-square of our linear model

‘ /m; —ho — Hz\?
¢ =3 )

- a;
i 1

if everything Gaussian, then for if x=x"* this is distributed as P,2(z; N)

let's now look at the minimum chi-square in the LSE
X2 = (m—ho—H2)T'V-1(m —hy — Hz)

filling in the solution for x-hat, we can rewrite this, for any X, (N

= (m —ho— Hz))T V1 (m —ho— Hxy) — (& — x0)TC @ — x)
N— A — _
v V
X2 of residuals for X=X_ X2 of difference between x and x .




minimum chi-square of the LSE

dimension N dimension M

* now apply this for x = x"* / '/
)?2 — ('HL — hg — H:Etrue)T V1 ('HL — hg — H:I?mle) . (:'f, - iI?tr“E)TC_l(f _ :Etrue)
* the first term is the chi-square for x™, distributed as P, 2(z; N)

* the second is also a real chi-square:
- because any linear combination of Gaussian RVs is still Gaussian

— iIf x has dimension M, this chi-square is distributed as Pxz2(z; M)

* however, two terms are fully correlated: all random perturbations in the
right term originate from those in the left term

* as a result (without proof) things cancel and we get P, 2(x*: N—M)
* its expectation value isthus E(x?) = N—-M

* in words: “by fitting we have removed M degrees of freedom from X*”



enough theory?

let's fit something



toy track fit: detector

* detector: 6 measurement planes in the x-z plane
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measurement planes

* each plane (at known z) measures the x-coordinate with uncertainty ¢



toy track fit: generator

* generator: single particle, with straight trajectory (yes ... it's called a line)

oy
S0
: S
generated \_\‘ + ++ measurements are
: rticle : [
;. particle o = valugs x. at known z,
B (error bar is
B measurement
i uncertainty)
-50_ | | |
0 100 200

* | am now going to show you a really complicated way ofzfitting a straight
line through these point

* the good thing is that once you understand this, you can fit (almost) any
kind of line, through (almost) any kind of data set, without MINUIT



toy track fit: track model

let's choose this parameterization of the straight line
x [ = N tq o . @ positionatz=0
z N0 T 1 to : slopeatz=0

S0, vector of track parameters (sorry, once more a change in notation)

o = o
— o
measurement model for hit in plane at z,

hi(a) = xg+ z;tg H, = ( 1 )

<3

this is a linear model: let's anyway use the expressions for the non-linear
model. since the model is linear, we can choose a simple expansion
point, e.g. (0,0)



chi-square derivatives

* evaluate the 1* and 2" derivative of the chi-square at o=0

W e = ()

2 do P ‘o7 o2 TiZ;)
Ld*x* N( 1 (z) )
2 da2 o2 \ (z) (22)

* | will not write down solution because this is where we would normally

stop writing things down and use a computer. however, it is still instructive
to look at the covariance matrix

@ = & (S 1)

[/

note
— uncertainty on track parameters is proportional to hit uncertainty
— its inversely proportional to sqrt(N)

— uncertainty on the slope is inverse proportional to the spread in z



toy track fit: results of the LSE

* this is a result of the fit to the event we have seen before

e,
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* the blue line is the best fit 'trajectory’

* the blue band is the uncertainty on the x-coordinate for given z

* let me show you how that was calculated



'tfransporting' the track state

* we parameterized our track model at a fixed z-position z=0

(2) = (&) ()

* we could have taken any other point. as a function of that point z, the
track parameters are related to the parameters at z=0 by

a(z)=<fg>+(zéo>:1?ao with FZ(%}?)

* we sometimes call the matrix F the 'transport matrix'’

* the variance of the track parameters along z is then
T (just the familiar
var (Oc(z)) = Fvar (a) 4 error propagation)

o2 (22) —2(z;) z + 22

(2

N (z2}) — (=)

(4

* for the errorin x we find: var (z(z)) =



* |et's look at a few more events
4
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* note that the error band is always most narrow in the middle of the track

o2 (z2) — 2(z;) z + 2*
N () — (=)

var (x(z)) =



testing the fit

* first thing to check is that input to track fit makes sense

* look at pull-distribution of measurements

measurement pull

Entries 60000
= Mean 0.0005358
2000 aMs  osser measurement pull =
true
1000__ o
I B

a — E(a)
* pull distribution: any distribution of Jvar (a)

* square of pull is chi-square of 1 degree-of-freedom

* pull gives more information because it is signed (e.g. can see model bias)



parameter pulls

* next we look at pulls of the output of the fit

pull for x; pull for t,
Entries 10000 B Entries 10000
400 Mean -0.002597 400 Mean 0.003482
B RMS 0.991 i RMS 0.9903
200 200
U5 0 5 U5 0 5

* these kind of pulls still require knowledge of the 'true’ trajectory

* we can also form pulls that do not require the 'truth’, like the 'residual’ pull



residual pull

measurement residuals:  71°; = mi—hi(a:)

covariance matrix for residuals (not entirely trivial. your homework)

R — var (rp) — V HfHT noteminussign!

(100% correlation)

variance ofm Tyxr—1 —1
variance of x — (H V I—I)

matrix R is singular. its rank is N-M

: : residual pull
(it has M zero eigenvalues) P

Entries 60000

Mean -0.0007723
RMS

2000

0.9914

using this expression we can now
calculate pull of residuals 1000

1
Ln
-
LN



chi-square

* if the residual pull looks good, chi-square must look good, because it is
basically just the sum of residuals-squared

v’ v 'probability’

400~ Entries 10000 : Entries 10000

i Mean 3.932 200- Mean 0.5077

RMS 2.798 B RMS 0.2889

200 IOOWW“WWWW

L L L [ 1 I I I | I I I I
© 5 10 15 20 © 0.5 |
E(X2) = N —M = 4

Vvar(x?) = 2(N-M) = V8



applying constraints sequentially

* suppose we split the set of constraints in two (m_and m, still vectors)
x* = (my = hy(2)" V7 (my = hy(@) + (ma — hay ()" V7 (my — hy()
* let's first minimize the first term
Xi = (mi—hi(2)" V;! (my — hy(2))
as you know, assuming a linear model, the solution is

C. = (HV,'Hi)™
r1 = Ty —|— Clﬂfvl_l(ml — hl(.’Eg))

where x_ was an arbitrary starting point (you can choose x =0)

* how can we reuse this result to find the minimum chi-square solution to
the total set of constraints?



applying constraints sequentially (Il)

well, use the solution x1 as a constraint to form this chi-square

x? = (zy —o)TCiN(zy —x) + (may — hz(ﬂ?))TVQ_l (ma — ha(x))

B T — T . c;t oo L — T
— \my — ha(x) 0 | mo — ha(2)

the derivative matrix is now H = (f} )
2

and the solution becomes

C = (C7' + HIV; Hy) ™

r = x; + C (C7H (21 — ag) + Hy Vi (my — hy(zg))
after substituting x, and C , the result is equal to the result we would have
obtained had we minimized the original chi-square

conclusion: for linear models we can apply constraints sequentially

caveat: the intermediate problems should not be under-constrained



gain matrix and weighted mean formalisms

* note that in the expression of the final solution the expansion point is still
arbitrary

r =z, + C (C7 (xy — z)) + H] V' (my — hy(x)))
* an obvious choice is to use x1 as the expansion point

r = x; + CHQT‘/z—l(mg_hz(ml)) gain matrix

formalism

* we can also write this expression as

B B weighted
r = C (Cl 1-’131 + HEVQ 1(m2 zh2($1) + HQ"Bl)/) means
e formalism

this is constant for linear models

* two understand the subtle difference, we need to talk about time
consumption of calculations



matrix inversions

* let's look more carefully at this

— I + CHTV_l(m2 — hg(ﬂjl))

dlagonal matrix, trivial to invert

—1

= (CT 1+ HTV_1H2

\

not diagonal matrices
expensive to invert if dimension is large

* S0, to calculate C we need two 'expensive’ matrix inversions

* it turns out we can do something smarter if the dimension of m_ is small



Kalman gain matrix

make use of following matrix identity (homework: verify!)
(ct + H'V'*H)YH'"'V™ = CH"(V + HCH")™!

to rewrite the gain matrix solution as

L = I + K(mQ—hg(ml))

K = CiH, (Vo + HyCiH,)™ '

single matrix inversion now concerns matrix with dimension of m.,

if this dimension is small (e.g. if we add a single data point), the
calculation is very fast

this is the essential ingredient to the Kalman Filter



Kalman Filter

developed to determine evolution of state vector (called 'trajectory') of
dynamical system in time

with each new measurement, knowledge about trajectory improves
example: following a rocket on a radar screen

— with a global fit, you would need to refit complete trajectory with each
new measurement

— kalman fit much faster, which is important in this case ...

main benefits of Kalman filter in track and vertex fitting

— local treatment of multiple scattering (tomorrow morning, part 4)

— pattern recoginition: possibility to decide, based on current knowledge
of track, if a new hit is really part of it (tomorrow morning, part 5)



application: a weighted mean

suppose m, is just another estimate of x with covariance C,

in the weighted mean formalism the combination would give

—1

v = (C7 +C)  (Cllay + Cylay)

where the gain matrix expression looks like
—1
r = x1+Cy (Cy +C3)  (x2 — 1)

it is easy to verify that these two expressions lead to identical results

if the dimension of x is larger than 1, the 2™ expression is computationally
much simpler, since it involves only a single matrix inversion



covariance matrix in the gain formalism

* there exist several expressions for the covariance matrix

m° + O(m?)
C = (1-KH) C; fast

3m? + O(m?)
C = (1-—KH,) C; (1 - KH,)" + KV,K"' stable butslow

m° + O(m?)

C = (1-2KH,)C, + K (Vo + Hy,C,H) KT stable and fast

* note that covariance matrix calculation does not require any extra matrix
iInversions

* expressions above differ in computation speed and in sensitivity to small
errors in the gain matrix K

* such small errors can occur because of finite floating point precision
affecting the matrix inversion

* see also NIM.A552:566-575,2005



global versus progressive fit

* global fit: apply constraints simultaneously

— calculate chi-square derivatives once, summing over all constraints
— requires single calculation of solution to system with M equations

— hard to include 'process noise' (multiple scattering)

* progressive fit (Kalman filter, recursive fit): apply constraints sequentially

— update solution after each constraint

— requires M calculations of solution to system with single equation
(provided the constraint is 1dimensional)

— constraints must be uncorrelated



Kalman filter for track fitting

* your main reference: Fruhwirth, NIM-A262, pp 444, 1987

* the Kalman filter is based on the gain matrix formalism

- start with an estimate x , C_of the track parameters. C, must be large
compared to final expected variance

— add measurements one-by-one updating track parameters at each
step

Kk = Ck_ng(Vk + chfc—ng)_l
T = Tp—1 + Kp(mp — hp(Te—1))
Cr = (1 — KpHg) Cr_y

* for linear problems, the result is identical to the global fit

* the real advantage of the KF becomes clear only when we discuss
multiple scattering



Kalman filter for our toy simulation

* this animation shows how the track state changes when hits are added
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Kalman filter for our toy simulation

* this animation shows how the track state changes when hits are added
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* the result of the global fit is shown in blue



measurement constraints

up till now, contributions to chi-square looked like
—1
Ax® = (m; — hi(z))" V7 (m; — hi(x))
I'll call this type of contribution a measurement constraint

It can be more generally written as

Ax* = gi(x)T Vi gi(x)
with the LSE we solve the over-constrained set of equations
using the assigned inverse variance as a weight

but now suppose that we have a relation between the parameters x that
we want to be exactly satisfied?



exact constraints

exact constraint expresses exact relation between the parameters x

— for example: suppose x is a 4-vector with 4x4 covariance matrix and
we want it to have exactly length m,

sometimes it is possible to simply eliminate 1 of the parameters

more generic solution: add an extra term to the chi-square

Ax® = Ajgj(x)

the parameter A is a lagrange multiplier
we now minimize the total chi-square wrt to A and x simultaneously

taking the derivative to lambda, you see how this imposes the constraint

- @)
~odn, Y



exact constraints in the progressive fit

* inthe progressive fit, we can eliminate the lagrange multiplier

X; = (x— 2p—1)" Cp1 " (T — Tp—1) + 2A£ 9k ()

Cy

ﬂ linearize around x_: 9ix(*) = gx(®r1) + Gk (¥ — #11)
Cro1 (x — xp—1) + GEXg

gr(xp—1) + G (x — xp—_1)

ﬂ solve, eliminate A

L1 — Kk: gkz(mk—l)
(1 — Ki,.Gy) Cr_1 (1 — K;.G)7T

K, = Cu1GT (GrCL_1GT)™"

* not surprising: expressions are identical to those for a measurement

constraint with V=0!

* S0, itis easy to include exact constraints in a progressive fit



