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Abstract. In this paper we analyse the noise level induced by changes in the mass density
distribution around the Virgo interferometric antenna. These stochastic mass density fluctuations
generate a gravitational field which couples directly to the mirrors of the optical apparatus, and
it could be relevant if the planned final sensitivity of the Virgo interferometer is to be reached.
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1. Introduction

Seismographic measurements show that the ground is in continual motion, with amplitudes
of the order of micrometres [1, 2]. Ground motion in the frequency range of 1-10 Hz is
mainly produced by phenomena such as winds, local traffic, trains and so on.

Atmospheric cyclonic systems over the oceans produce fluctuations at lower frequencies,
the so-calledmicro-seismic background Its amplitude spectrum presents a peak which
corresponds to the period of the ocean waves (12 s) and a larger one at a doubled
frequency, while in the range of 1-10 Hz is a decreasing function which can be parametrized
approximately as a power law [3].

The energy is transferred from the atmosphere to the ocean, and thence to the ocean
floor. Next it is transmitted through the crust for long distance$@® km), mainly in the
form of surface waves. Near the coasts there is also the contribution of sea waves breaking
on the shore. It is important to note that the micro-seismic noise level reduces with depth,
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because it is mainly transported by surface waves, guided waves in near-surface layers and
multiple reflections in shallow layers [4, 11].

The mass density fluctuations produced by these micro-seismic waves induce a stochastic
gravitational field which couples directly to the test masses of the interferometer and induce
a noise (the so-calleMewtonian noisgwhich we want to estimate.

The geometry of the apparatus is shown in figure 1. The test masses are located in
the towers: in the Virgo apparatus a big effort has been spent on the isolation of these
masses from the direct influence of seismic vibrations. This is obtained by using a chain
of oscillators which reduces the amplitude of vibrations of frequeficat the suspension
point by a factor( f/f,)~2 at each stage, wherg is the frequency of a single oscillafor

\EJ'/;;;&yJ)

Figure 1. The schematic geometry used for the description of the interferometer.

(This figure can be viewed in colour in the electronic version of the article; see
http://www.iop.org)

In the frequency range of interest we can describe the basis of a fixed attenuator as
a rigid body with three translational modes (two horizontal and one vertical) and three
rotational ones (a torsional mode around the attenuator axis and two ‘tilt' modes). The
chain of oscillators must provide attenuation for all these background vibration modes.

The fluctuating gravitational field couples to each stage of the chain, in particular (and
this is the most relevant effect, as it bypasses all the attenuation stages) directly to the mirror
[9]. The effect of a mass density fluctuation

8p(t) = p(t) — (p) (1)

located at a positioR relative to the mirror on its displacemestcan be written in the
frequency space as

F R
H(w) x(w) = = GS,o(a))F dv, (2)

1 This is true for frequencies higher than the resonances of the chain, which is the case-fat Hz, and
neglecting the internal modes of the structure which are relevant for high frequencies.
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where H (w) is the response function which connects the force applied to the system to its
displacemerit If we assume that the mirror can be considered as a free test mass, which
is the case far from the chain resonances, we Hawe) = —w?.

The final effect we are interested in is the fluctuation of the relative difference
8h = SL/L between the optical paths in the two arms of the interferometer. This is
connected to the displacement of the mirrors by a relation which depends on the geometrical
structure of the apparatus. The simple scheme presented in figure 1 can be used to explain
this point. In this model the variation of the optical path can be written as

0L = (rO,x - rl,x) - (r_v,O - ry,2)a (3)

wherery ;, rp; are the coordinates of the mirrors and are those of the beamsplitter. Using
the motion equation (2) this gives

H(0) SL(w) = (F"* - F—”‘) - (@ - @) (4)
m m m m
and, explicitly,
H(w)3L(w) = Gép(w) K(x,y,z)dV, (5)
K(xyz)z{ (£ =) - (L —x) (y—x) }
o (24 (L =02+ (L -02+y2+2)Y° (x2+)2+:2)"

(6)

This expression is the starting point for our calculations. Note that the dependence on the
geometrical structure of the interferometer is contained in the expre&siony, z). For a
given model of the background dynamics we can integrate over all the mass fluctuations
and obtain a connection between the seismic noise power spectrum (which can be measured
with relative ease) and the Newtonian noise.

In section 2 we give a detailed account of a simplified model introduced by Saulson
[5, 6], which we extend with a numerical integration procedure. A more refined model
is presented in subsection 2.1. In section 3 we write the equations which connect surface
and volume fluctuations with gravitational ones using an elastic model based on the wave
modes which are a solution of the elastic wave equation in a homogeneous half-space. The
classification of these modes is presented in appendix A. In section 4 we estimate the effect
of gravitational coupling between the mirror and some surrounding structures, and we end
with some conclusions in section 5.

2. Saulson model

In this model [5] it is assumed that the density mass fluctuations of the ground are completely

coherent over a characteristic scalg2, and completely uncorrelated for larger separations.
Fixing the attention over a cubic region ©f/2)% volume centred on coordinates

(X,7,7), we must integrate equation (4) over this region, With = 8p(1/2)° fixed.

The integral can be evaluated analytically, obtaining

H((w)éL(w) = GSM(w) B(x,y,2) )

1 Note that in the general cageis a tensor. All the formulae which follow can be easily generalized to this case.
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Figure 2. The functionS defined in the text for Saulson’s model. The full line represents the
leading order in the high-wavelength approximatiarnst L), while the broken line corresponds
to the low-wavelength approximation. The error bars are estimates of the model indeterminacy.

(This figure can be viewed in colour in the electronic version of the article; see
http://www.iop.org)

where

FHA/A pTHAA pI40/A

8
B(i’yﬂz)zﬁf K(-xayaz)dXdde (8)
i—=1/4 Jy—xr/4 Jz—xr/4

is the mean value of the functiok in the cell.
To obtain the total effect due to all the regions around the interferometer we sum in
guadrature the expression (7) over all the cubes, obtaining

oo 1 A A
|H (@)[}(I8L(0)]?) = (;2(|6M(ca>|z)§z B(%,7.2)% = G2(|5M<w>|2)ﬁs<z, Z)’ )

which depends on the average of the square of the random cell fluctaMiokVe evaluate
this sum numerically, usind. = 3000 m, obtaining the results plotted in figure 2. There
is an ambiguity in the model, related to the position of the central mirror with respect to
the nearest cube, so the results are presented with error bars which give an idea of this
systematic indeterminacy.

As we can see the results interpolate well between the analytically calculable asymptotic
behaviours valid fon « L

4 3
Y B(F.5.2)° ~ 60(4h — A)ST”A% +60. — 4h)1§671 <§> [1 - 3(’%) + 8(%) } (10)

.,

2
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Figure 3. Schematic view of elastic modes for a fixedvalue.

whereh is the height of the mirror over the background, andXos> L

o 192 /2L\?/2\*
Z B()c,y,z)2 ~ EW(T> (X) . (112)

X5,z

There is an evident crossover fgr ~ (cL/4L)\/§T from a regime in which each mirror

sees effectively different and completely uncorrelated cubes, to another in which coherence
effects are dominant. In the largelimit each mirror fluctuates coherently in the same
direction, so thaBL ~ 0. Note that the small- limit is evaluated by approximating the

sum with an integral, which is regularized with the small-distance cut;@ff= A/4. This

is the same procedure used and discussed by Saulson, we have added the effect of the
suspension poink only.

In this simple model the connection between mass fluctuation and displacement is not
determined. We can connect the Newtonian noise to the spectrum for the displacement of
a point in the ground using the relation between the mean square of mass fluctuations and
the mean square of displacements

- 16
which is valid for a compressional wave. Here we have assumed that the size of the coherent

region is half the wavelength of the wawe In turn, A is connected to the frequency by
the relation

1 2
(18M (@)?) = VZ{|8p(0)?) = —x6p§<§> (18x () ?), (12)

A=2rk, (13)
w

1 With the typical geological parameters around the interferomgter1 Hz.
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Alternatively we could, for example, identify the mean square of the displacements with the
mean-square position of the centre of mass of two adjacent cells. These different procedures
give numerical differences no greater than a factor two, especially ik tkeL limit which
is of interest for us in this context.

Putting together equations (12) and (9) we obtain

1 G?
(sL@P) = {57 (w)|2n2p53<%)(|ax(w)|2). (14)

The typical longitudinal wave speed in the ground of Cascina is around 1000 n,sso
we expect that coherence effects occur at a frequency bélbim. For higher values the
function S(1/L) is very well approximated by its lov-limit, so the final result is

16 3 G2 2
(Ish@)) = 3 75 |H(£§|2<|8x(w)|2> (15)
or numerically, substituting? (w) = —?,
1
(18h(F)1A)? = 1.2 % 10*11ﬁ<|5x(f)|2)1/2. (16)

2.1. A more refined model

A limitation of the Saulson model is that it does not take into account mass conservation. It
is assumed that the content of each cell can fluctuate independently, but this is not possible
because, for example, a growing mass in a cube must be connected to an incoming mass
flux from the neighbouring ones.

It is possible to improve the model using as statistical variables the mass fluxes
associated with the faces of the cells. The statistical independengg wériables is
compatible with the mass conservation, and we can write

d
MO = :Z (i (F — 3an;) — v (F + 3amy)) (17)
so that the equation (7) becomes
iw H(w)SL(w) = GBF Y (vi(F — $ami) — vi(F + 3an;)). (18)
i=x,y,2
If we sum over all the cells, and calculate the average of the square of the result we obtain

2
(v @13 (B + 3an;) — B@)>. (19)

2\ _
(SL@)P) = >

In the A <« L limit we can approximate the sum with an integral and add in quadrature the
four contributions in equation (4), so that

_ .2 8 [1+3cogdsirf¢g 27 1
Z(B(r+%)\ni)—3(r)) NX/ 5 dV=9(4h—A)FX

r,i

r

o a2 (a4 5[4 0

The average of the square of the random variablean be connected in a simple way to
the mean-square displacementising the relation (17)

(I (@)1?) = 0?2723 (32) {15x (@) [?) (21)

T We regulate the integral with the cut-off> 1/4, as we have done in the last section.
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and we get the final result

6473 Gng
9 L2 ot
which is slightly higher (by a factor 0§) than the original estimate in equation (16), so that
we can say that the two models are equivalent. This ‘improved’ model can be described

using another point of view, by observing that the mass fluctuations in adjacent cells are
correlated,

(18h()?) = (18 (@)?) (22)

(M (r) M (r + kny)) = (8 M2 608 (8k.0 — 281.1). (23)

We recognize that the mass conservation condition is equivalent to a generalization of
Saulson’s model in which a correlation between fluctuations in different cells is introduced.

3. Homogeneous elastic ground model

In order to obtain a more realistic estimate we now want to simulate the ground as a
homogeneous medium limited by the= 0 plane. The seismic noise can be expanded in
elastic waves, which are solutions of the equation

O2u;(x, 1) = Addu;(x, 1) + (2 — cF)d;dur(x, 1). (24)

These solutions correspond in an infinite medium to longitudinal waves with gpeaad
transverse ones with speeg. The field u;(x, ) represents the displacement of a point
from its original positionx in the directioni.

In appendix A we report a detailed classification of these elastic modes. The main result
is that these can be labelled by the frequeagythe projectionk of the wavenumber in
the z = 0 plane and a discrete indexwhich counts the available branches. These results
will be used in order to obtain, in a particular case, a connection between the Newtonian
noise and an easily measurable seismic noise. However there is a way to connect, in the
general case, the bulk dynamic with the surface one which avoids the classification of the
modes. Performing a Fourier transform on they, ¢ variables we reduce equation (24) to
an ordinary differential equation in thevariable. This means that there is a linear relation
between the displacement(z) and a convenient number of boundary condition for it in
z = 0. In other words, there is a three-rows, six-columns akay) which connects; (z)
with u; (0) andd,u; (0). We will not compute this array explicitly, because all the results we
need will be obtained as a byproduct of the mode classification, but we stress that a linear
operator which connects Newtonian noise to surface seismic noise always exists.

In this homogeneous model the mass density fluctuations are generated by two
mechanisms, which we now describe. First of all a longitudinal wave generates a volume
variation proportional to the trace of the stress tensor:

dV — dV (1 + uye + uyy +ug). (25)
We work in the linear approximation for the deformations, so the density fluctuation is
3p = —po(1+ yx + Uyy + Uz) (26)

and the gravitational field fluctuation in the mirror positi@ O, 2) can be written as

65) 1 X
= G,oo/ (Oxuy + dyuy + 0yu;) ( )dV, (27)
(s o ) =R\
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where the integration is extended to all the< 0 space. Using the mode classification
explicitly we obtain the expression
2

Ocuty + Oyuy + Ou, = iw—z{a(k, o, We* " + o'k, o, pL)e_'k”}e'k"_'“” (28)

yU, 2
which depends on the amplitudes «’ of the longitudinal waves only, as only for these
modes is there a compression effect (see appendix A). All integrals can be calculated starting
from

1 (hky, hk) = / @it (2 4 2 4 22) 732y = or e Ei(—hk — ihk,) (29)
z<—h
and we obtain the final result in thé,, k,, z, ») space

( (f;‘) =21 Gpo (’f) (A k —iB,kp)e™"™*, (30)
z

whereA = o« +o’ andB = o —o’. The second source of mass density fluctuations is given
by the surface oscillations, which generate a mass density excess (positive or negative) that
in the linear approximation can be written as

dm:pou.’,(xvyvo)dXdy' (31)
This must be integrated over all the= 0 plane,
- ()_59 _h)
(8a, da;) = G,Oo// ( 21,2 +h2)3/2uz(x, v, 0) dx dy. (32)
X y

We note that here only surface quantities are involved by definition. Using the mode
classification with calculations analogous to those of the first case we obtain the final result

sa . k k%+k2> ik
=27iG . ——— |k B, " . 33
(Sa) i '00(|)<k§_k2 LPu (33)

Note that here and in the last section the heighttf the test mass suspension point plays
the role of a cut-off for small-wavelength modes.

3.1. Transfer function

One of our objectives is to understand the relation between the Newtonian noise spectrum
and the seismic one. In order to do that we must write the influence of the elastic modes of
the background over the interferometer infrastructures. We can model this effect simulating
the base of the tower as a rigid body supported by the soil. This support is coupled to the
deformations induced by the seismic waves. These alter the distances and the angles on
the soil, and we can assume them to be coupled only to the internal deformations of the
basement, so we neglect them assuming that they are decoupled from the relevant motions.
On the other hand, it is large enough these can be described as a rigid motion of the
basement: first of all two horizontal translations on the plane

85X — u(x) (34)
and the vertical motion of the soil

8z = u (%) (35)
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which give rise to the horizontal and vertical seismic noise. Next we can consider the
rotations of the basement, which can be written as

86, = (duy — dyuy) (torsional motion) (36)
863 = 0y yu. (‘tilt motions). (37)

The relative contributions of the general elastic mode to these movements can easily be
written using the classification reported in appendix A. We obtain

8x(k,z=0,») = Z Ak, )75 k + Z C,u(k, w)ek (38)
kr
82(k.z=0,0) = Y _ B, (k, 02 A (39)
"
- . - w? kp -
89;5(k,z:O,w):lgBM(k,w)gk%_kzk (40)
80 (k.2 =0,0) = Y —3iC(k, )k, (41)

%

where we have Fourier transformed they, ¢ variables andC = y + y’, the amplitudes
y, v’ being defined in appendix A.

These relations can be solved with respect to the amplitdgdds and C by separating
8x andéé; in a longitudinal and transverse part. The final result is

C2 -
> A, =2w—T2k 8%
"

2 2 2

_ T (kr —k

I e (@2)
n

2i
Y cu= 200
0

which shows that the amplitudé is connected to horizontal seismic noise, the amplitBde

to the vertical seismic noise and the amplitu@eto the torsional seismic noise. From
equation (38) we can also get some relations that are model-independent kinematical
consequences of definitions (34)-(37), for example the irrotationality of the tilt noise
field, which is the gradient of the, field. It is easy now to connect the Newtonian
acceleration to the seismic noise. Summing the volume and surface modes, which are given
by expressions (30) and (33), we can write the contribution to the Newtonian acceleration
generated by all the modes as

((;S((llz)(]_é’z = h’w) ZﬂGPO( ){kZAN(k (,()) +2| k kLZB (k w)} _hk

(43)

Using equation (38) we easily obtain the desired formula
ba 47 Gpo’L 12 2 44
50, (k,z = h, w) = 47 Gpo—L = {kk - 63 + ik?8z}e (44)

which gives a connection (transfer function) between seismic displacements measurable on
the surface and the Newtonian force. This is the expected linear relation between Newtonian
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noise and surface seismic noise, that with the boundary condition we choose, depends only
on the longitudinal part of horizontal noise and on the vertical one.

If we transform back this relation in the, y, z space we obtain an integral relation
which can be written as

50\ - 2 KG=7) RG—7) \(6%\ - . o
= = 2Gpo—5 S Lol g ' 4
((Saz)(r, ¢ = h, w) =2Gpo—3 ( kG- kG- Mz (', ) dr (45)

where
GG =% %o, h )
K@ k@ )7\ o0 —tdn ) (24 2)%2

Equation (46) says that Newtonian noise is connected in a non-local way to the surface
seismic noise, as it is expected. It is the ‘transfer function’ between seismic and Newtonian
noise in its more general form for the elastic homogeneous model.

In order to obtain a more usable expression we need some additional information on
the spatial dependence of seismic displacements. Our model gives us little information
about this. In the general case we only know that, for a given frequency, there is a high
momentum cut-off, so that the spatial dependence of seismic noise is somewhat ‘smoothed’.

3.2. Noise power spectrum

In the last section we viewed the seismic and Newtonian noises as if they were standard
functions of the time. As they are really stochastic processes we do not expect that quantities
as their Fourier transform in the frequency domain possess any significance, without some
suitable regularization. However, we can define some quantities which preserve their validity
after removing this regularization, such as for example the two-point correlation

Cxlxz(t’7l;tv72) = <x(t77l)x(t772))' (47)

The precise definition of thé - -) average requires a careful study of the statistical properties
of seismic noise, especially from the point of view of stationarity, and will not be given here.
For a stationary, ergodic process we can operatively estifiae an ensemble average of
time limited measurements, and we can introduce the concept of a cross sp&gtruas

the Fourier transform in time of,,,,. Now if we rewrite equation (44) in the form

sa\ ~ > 8X\ =
(5%)("’ ) =Tk, w)( &)“" ®) (48)
and if we assume translation invariance for seismic noise correlations, we get

( Sai (kJ ) Sia, (kJ w) ) _TQ, w)( Sxx(]fs w) sz(/f, w) )T*(l?, o) (49)
Sa.a(k, @) Sq.a.(k, ) Sk, )  S.(k, w)
which relate seismic noise cross spectra to Newtonian noise ones.

Our objective is to construct a relation between the Newtonian power spectrum and the
seismic one, which is easily measurable. We can understand the information our model
gives us about the dependence of cross spectra writing them as a function of the unknown
amplitudesA, B, C. We can discuss the main point fixing our attention on the vertical noise
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cross spectrum, which can be writtert as
d’k

N C()4 k - —i_)-l_"
5.G.0) = % [ (B DR S

ct ) k2 —k?
o* kky, dk

= g/m(mu(w,kn?) Jo(kr)z. (50)

As we mentioned at the end of the last section, the only general conclusion is that the cross
spectrums is a smooth function of. We need to measure the spatial dependence iof

order to estimate th& amplitude.

A less expensive solution is to make some additional assumptions in our model, in
particular, we can suppose that the only relevant modes are the Rayleigh ones. This is
a strong statement, but it is somewhat physically motivated because surface waves are
strongly localized near the surface, so their effect is maximized. In addition, they are the
most efficient mechanism for energy transport from the far micro-seismic noise sources
location.

The main consequence of our hypothesis is that the wavenumber is fixed by the
frequency, so that equation (43) becomes

sa kY, » o ®
N e

where theW is a function of thecr/c, ratio (see equations (All) and (A12))

1 2 1
= — —— 2
W) h{ﬁ+x_2 T é} (52)
We used the relation between tieand B amplitudes valid for the Rayleigh modes (see

appendix A).

Now we can evaluate the cross spectra. The key assumption of our model is that the
random amplitudes connected to different elastic modes are statistically uncorrelated. If
we also assume that the autocorrelation function is isotropic the double sum over modes
reduces to an angular integral which can be evaluated in terms of Bessel functions. In this
way it is possible to evaluate the correlations between longitudinal accelerations, or the
mixed longitudinal-transverse ones, with the final result

1 2 L.

(8a; (x1) S (x2)) = §G2p§<%> W2(| Aa(@)I?) G1; (R, F2) exp(—Zh #) (53)
1 2 -

(8a; (x1) 8a, (x2)) = 56%5(%) W2 Ax@) ) GY (i, %) exp(—Zh #) (54)
1 2 ..

(8a (x1) daz(x2)) = §G2pg<%) W2(|Aa(@)]?) G° (3a, ¥2) exp(—zh CT“:/)_C). (55)

The functionsG (X1, X») are the results of the sum over modes, and are defined in appendix B.
As we can see the effect is exponentially damped with the height of the suspension point,
with a characteristic length which is inversely proportional to the frequency.

Using the relation (4) we can write the spectrum of the noise generated by the Newtonian
forces for the simple interferometer geometry depicted in figure 1 as

1
(8L (@)?) = " (w)|2<|8ax (0) + 8ay(2) — 8a,(1) — 8a,(0)|?) (56)

T The last equality is true if we assume isotropy.
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which can be expanded as a sum of two-point correlation functions and rewritten in the
final form as

G?%p¢ [ w 2 2hw oL

2\ _ 0 2 2 .

(I8L(w)I%) = 27T—|H(w)|2 (—CT> |WI%(|As(w)] )exp( —Crﬁ>g<—6rﬁ> (57)
with

G(1) = 1— Jo(t) — Jo(t) — 2 o(tv/2). (58)
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This geometric factor is depicted in figuread( The correlations of seismic displacements
can be evaluated in the same way. We can rewrite the relations (38) as

55 = Y% p o, ol = Ly Auto. By (59)
2cr cr
S —xE) R R
5z =i VYA o = P, Asw. ) (60)
cr (2—x) cr
2 /1 — . 2 N
80: —w—z—)csA4(w,k)k = <3> ug Aa(w, k) k (61)
g 2—x) cr
86, = 0. (62)

The quantitiesty, uz, uy defined by the relations above, are likeconstants which depend
only on the longitudinal and transverse sound speed. Squaring and summing over all the
directions we find

2
(0xi(x1) 0xj(x2)) =7 <%> lux|? <|A4(w)|2) GiTj()?ls X2) (63)
2
(8z(x1) 8z(x2)) = ﬂ(%) luz|? (| Aa(@)?) G° (1. X2) (64)
4
(86 (x1) 86;(x2)) = 7 <%> |u9|2(|A4(w)|2> GiTj()_él’ X2) (65)
and the mixed correlations
2
(0x;(x1) 6z(x2)) = ﬂ(%) Re(uyuz) (|A4(w)|2> G! (X1, X2) (66)
3
(0x;(x1) 60;(x2)) = ﬂ(?) Re(uyug) (|A4(w)|2) ij(fl, X2) (67)
T
3
(86;(x1) 6z(x2)) = ﬂ(?) Re(u%ug) (|A4(w)|2>G,~V(3?1,3?2)~ (68)
T

Note that, owing to the presence of the Rayleigh modes only and the isotropy hypothesis, the
spatial dependence of the correlations are completely fixed by their transformation properties
under rotations.

The unknown functior{|A4(w)|?), which sets the scale for the different noises in our
model, can be eliminated by expressing all the quantities we are interested in with respect
to one of them. We choose the transverse seismic power spectrum noise, which can be
easily measured, and we write

(|Aa(@)I?) = E<C—T>2i<ax-(w)2) (69)
‘ m\w)/) lux" .

Using equation (57) we can write the relation which connects the Newtonian noise spectrum
to the seismic one
o AG2p% |W|? 2hw oL )
L@} = a2 lux 2 exp( cTﬁ>g(cTﬁ>(5x’(”) P00
The exponential term cuts the Newtonian noise at high frequencies, and becomes relevant
when the inverse wavelength of the seismic modes is comparable with the mirror—
background distanck. In terms of the frequency the cut-off is effective when

C
W > Wcut-off = ZL\/ x§. (71)
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For a fixed longitudinal wave speed. .. depends on the speed of transverse wayes
as represented in figureB)( We see that the cut-off cannot be greater that 80 Hz, and is
smaller for materials with a low transverse shear module.

The factorG is connected to the apparatus geometry, and describes the coherence
effects. It is a function that initially grows as a fourth power at low frequency, and next is
approximately one for frequencies greater than®Q,...x (see figure 4)). It is generated
by the interference of the noises at different mirrors, which for an inverse wavelength of
the elastic mode comparable with the interferometer length is coherent and does not couple
to the difference between the optical paths in the arms of the interferometer.

The ratio between the square amplitudi#g? and|u x |? depends on the speeds of sound
for transverse and longitudinal waves (see table 1), and is included in the range between
~130 (low-shear modulus) and 26 (high-shear modulus).

Table 1. The amplitudes of different noise sources for selected valués iof the model with
only Rayleigh modes.

2 2 2 2
& X lux| luzl ug| (W]

0.05 Q0906341 00566463 (0723415 079817 269653
0.10 0899137 00561961 (675216 0750959 236009
0.15 0890805 00556753 (627299 (0704193 203917
0.20 0881076 00550673 (B79731 065798 173529
0.25 0869605 00543503 (B32599 0612461 145024
0.30 0855931 (00534957 (486017 0567823 118598
0.35 0839449 (00524655 (440138 0524318 9447 16
0.40 0819359 00512099 (B9516 048228 728824
0.45 Q794622 (00496639 (B51345 0442153 5406 82
0.50 Q763932 00477458 (B09017 0404508 382389

We are now in the position to discuss our final results. In figure 5 we have plotted the
numerical values of the ratio between the transverse seismic noise spectral amplitude and
the Newtonian noise spectral amplitude for the elastic and Saulson models, defined as the
square root of the following quantity:

S SL(w) |? _
5 (w)z‘ | (@) (72)

As a preliminary comment note that all the curves are constructed assuming that the
mirror can be described as a free test mass, i.e. they are normalizé@o= —w?. This
is certainly not the case in the low-frequency region, but the effed¥ @b) is factorized
(see, for example, equation (70)) and more detailed predictions can be easily obtained.

It is apparent that in the.0-50 Hz frequency range all the models give estimates of
the same order of magnitude, with a transfer function which scales as the inverse square of
the frequency. Our elastic model estimate is somewhat larger than Saulson’s in this region.

Below 0.1 Hz the coherence effects are apparent. For Saulson’s model the transfer
function scales as the inverse first power of the frequency (see also figure 2), while in the
elastic model thev=2 factor which comes from the free mass dynamics is compensated by
the w? low-frequency behaviour of the geometrical factor.

In the high-frequency regionf( > 50 Hz) the behaviour of the transfer function is
determined by the height of the mirror's suspension point. However, for Saulson’s model
the influence ofz is small, and generates only a small increase of the curve slope which
starts to scale a®>2. For the elastic model the effect is much more important, and
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Elastic £=0.1
10 == Elastic £=0.2
+——— Elastic £=0.3
»—a Elastic £=0.4
Saulson min
L qoe — — — Saulson max

107

-3 —2 -1 1

10° 10
Frequency (Hz)

10 10 10 10

Figure 5. The ratio between the Newtonian noise spectral amplitsfgé and the horizontal

seismic noise spectral amplitudééz. We assume that the test masses behave as a free mass, so
that H(w) = —w?. The four full curves are the predictions of the elastic homogeneous model,
the slanted curves are the predictions of Saulson’s model.

(This figure can be viewed in colour in the electronic version of the article; see
http://www.iop.org)

produces the exponential damping visible in the figure, starting from a frequency which can
be determined from figure Hj.
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3.3. Seismic model validation

The assumptions we made in order to simplify our model have some consequences which
can be verified experimentally in an easy enough way. From the isotropy hypothesis only,
it follows, for example, that the seismic cross power spectra are zero in the vectorial case,
for example,(Sx,-(r)Sz(r)) = 0. A similar conclusion is true in the tensorial case for
correlations between displacements in perpendicular directions.

If only Rayleigh modes are present we get some quantitative relations between different
correlations, which can be easily extracted from equations (63)—(68). In particular, we can
write

2
(8x2) = %"Z)Z‘ :2(5z2). (73)

In order to give a rough estimation of the validity of this relation we have evaluated the
power spectra of horizontal and vertical noise using some preliminary measurements in
the [0-15] Hz range. The ratio of the two mediated power spectra is plotted versus the
frequency in figure 6. As can be seen the ratio is roughly constant fer6 Hz, while for

higher frequencies it rises approximately linearly. We have verified that in this range there
is little dependence on the time of the measurement, so we are tempted to conclude that
human activity is relevant for seismic noise only for higher frequencies. However these

Frequency (Hz)

Figure 6. Experimental estimate of the ratio between the horizontal noise power spectrum and
the vertical one.
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are only very preliminary results. We stress that in order to give a clear validation of our
model we need information about cross spectra at a finite distance.

4. Effect of the apparatus infrastructure

In this section we want to make some comments about the effect of the direct gravitational
coupling of the mirror to the massive infrastructure of the interferometer.

We start by giving a crude estimate of some of these effects, in particular, of the
gravitational coupling to the basement ring and to the tower. Our results will be parametrized
in the form of a ratio between the seismic spectrum and the Newtonian noise spectrum. Note
that this ratio is not additive with the one obtained in the previous section, because it is
strongly correlated with it. The correct procedure would be first to add accelerations and
then compute the power spectrum. However, we will not go into these details here, because
as we will see the effect of the apparatus infrastructure is an order of magnitude smaller
than the direct coupling to the background.

The inverted pendulum was designed as a pre-isolator stage for the horizontal motion
[7]: a horizontal table is supported by three elastic legs, which in turn are supported by a
rigid common base. The table supports the super-attenuator chain (see figure 7).

4.1. Effect of the basement ring

We assume that the basement of the legs can be modelled as a ring, which can be
parametrized in a cylindrical coordinate system as

x = Rcosd + 8x + 2086, — Rsind 86,
y = Rsin + 8y — 2086, + R cosh 86, (74)
z =20+ 8z + Rsind 86, — R coss &0,

whereéx, 8y andéz are the horizontal and vertical seismic displacemeitts,andsé, the

tilt angular fluctuations andé, the torsional one. We put the origin of the reference frame

in the basement of the tower, and we also assume that the internal modes of the structures
are not excited by the seismic motion. For low enough frequencies this will be true, and
the structures could be considered as bodies in rigid motion, as in equation (74). Now
we evaluate the direct gravitational action of the ring on the mirror suspended in the point
(0, 0, h) as the first-order term in the fluctuations of the integral

(.X, y, 7 — h) de
(8ay, 8ay, 8a;) = GM,; / — (75)
X Y 4 rng [xz + y2 + (Z _ h)2]3/2 27.[
which gives
da 8x
N G Miing 2_1p2
say | = [(zo—h)*—3R*] | 6y
sa.)  [R2+ (Go—m?"* S
56,
+[R?(z0 — 3h) + zo(zo — W)?] | =86, | { - (76)
0

It is interesting to note that the effect of the ring depends qualitatively on its position relative
to the mirror. In the case whemR? < 2(zo — h)? the Newtonian acceleration is in phase

with the horizontal seismic displacement, while in the other case it is of opposite sign. This
suggests that it is possible to choose the geometry parameters in such a way as to minimize
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Basement ring

Mirror
(test mass)

Figure 7. Schematic view of the superattenuator tower.

the Newtonian effect, if needed. In particular, if we takR& = 2(zo — h)? the horizontal
and vertical seismic displacement of the ring give no Newtonian noise to first order.
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Using the parameters of the final design [8] we obtain the numerical estimate

Say Sx 80,
Say | =c1| 8y | +c2| -6, with ¢1 =0.25x 1077, ¢, =0.77x 107,
Sa, -8z 0
(77)
which can be easily converted to the transfer function for the elastic model
4 lugl? [ @ 2 Re(u}uy) (@
Sh 2 - - 2 21701 =2 2 XTI
(3h)r) L2|H<w>|2[cl+cz|ux|2 o) T e
wL
8x; (w)?). 78
Xg(cfﬁ>( x; (@)% (78)

It is interesting to note that the importance of tilt seismic noise grows with the frequency:
using the parameters listed in table 1 we see that the transfer function scgle$ aislow
frequencies, but start to be proportionalfto’ somewhere between 10 Hz (in the low-shear
modulus case) and 50 Hz. However, the effect is small: in the low-shear modulus case we
can write

Shh _ 4.22 x 10_13

See  f?
which is more that one order of magnitude smaller than the bulk effect (cf figure 5) in the
relevant frequency range.

V1+13x101f +415x 1032 (79)

4.2. Effect of the tower

The tower is composed of two main parts: a higher tower for the implementation of the
suspensions and a lower one which houses the payload. The lower tower is a cylindrical
tank of R = 1 m in radius, 2.74 m in height and 15 mm in thickness. The higher part is
constituted by a series of rings & = 1 m in radius and a cupola of 1000 kg in weight,
which define the vacuum tank of the suspension. A complete tower is 10.441 m in height
and 22990 kg in weight. Suppose we can model the tower as a cylinée0.5 m in
height, R = 1 m in radius, 22000 kg in weight and= 0.01 m in thickness; we neglect
the effect of the cupola.

We can use equation (76) directly, integrating owgrfrom O to Awwer after the
substitution

dz
Mring - Mtower_o (80)
tower
obtaining
dax Miower (htower — h) h o
day | = -G h 2 2\3/2 + 2 4 232 o
5a. tower | L2(R2 4 (hiower = 1?)™*  2(R2+ n2)"2 1\ _;
+|:R2 + (htower — h)2 + h(hiower — h)/2 _ R* — h2/2 i| fgé
(R2 + (htower — 1)?)*"? (R2+12)"* 1\ o

(81)

Numerically this means, with the parametrization in equation (@7} —2.51 x 1078,
c2 = 0.934x 108, This relation has the same structure as equation (77), with smaller
coefficients so we can conclude that this effect is also negligible. We note that in this case
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we know the lowest frequency of the internal modes of the tower, which has been calculated
with a finite-element approximation (see [8]) to be around 15 Hz, so we expect our estimate
to be realistically below that.

5. Discussion and conclusions

The first point we want to stress is that the conclusions about the amplitude of the Newtonian
noise is remarkably model independent over a wide range of frequency: looking at figure 5
we see that between 1band 16 Hz the different numerical estimates are all of the same
order of magnitude. This is important because we do not expect a particular model of
seismic motion to capture all the aspects which are potentially relevant.

In some sense the elastic model and Saulson’'s one can be seen as two extreme
possibilities: the first is well founded from a physical point of view, but it assumes a
homogeneous medium for the seismic waves, and owing to that cannot take into account
coherence loss effects, which can be induced by scattering effects on medium defects.
On the other hand, Saulson’s model gives strongly uncorrelated ground modes, and it is
probably inefficient in accounting for coherence effects.

More refined models are certainly possible, in particular, it is possible to study the
modifications of the elastic model induced by inhomogeneities of the medium, but probably
the results will not justify the effort. In our opinion the first step is the validation of
the models, in particular of the elastic one, which gives a lot of predictions about spatial
correlations of linear and angular seismic displacements. In particular, it will be important
to test the surface mode dominance approximation we have used, which, as we noted, gives
for example a prediction about the absence of torsional noise.

All the power spectra of equations (63)—(68) can be measured potentially at different
space separations, and some of these measurements are actually in progress.

What is the relevance of the Newtonian noise from an experimental point of view? The
seismic noise spectral amplitude (for coincident points) measured in the interferometer’s
site can be roughly parametrized, in the frequency range of interest, as

6
(8x,»(f)2)1/2 ~ 1f£2 m Hz /2
which, combined with the elastic transfer function we have evaluated, give a Newtonian
spectral amplitude of

(82)

(18h(£)1A)? ~ 3 x 1017% (83)
which is well below the actual sensitivity curve of the VIRGO interferometer, but can
become the relevant limitation in the low-frequency range (below 10 Hz) in the final
improvement stage.

If the Newtonian noise will become dangerous for the advanced interferometer we
stress the concrete possibility of its reduction. An interesting possibility which we have
noted in the previous section is to use massive infrastructures of an appropriate geometry to
compensate the gravitational fluctuating fields. In our opinion this is an interesting approach
which is worth further investigation.

We conclude with two observations.

We have seen that the effect of the direct coupling with the interferometer structures
is negligible. In our considerations we limited ourselves to direct coupling of the mirror.
This is very reasonable because couplings to other stages are damped by the superattenuator
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stages. A possible exception is the marionetta, which is located at a very small distance
from the tower structures. The only attenuation of this direct action is provided by the wires
which suspend the mirror, so the final effect could be relevant.

Another point is connected to the approximation we have used for the mechanism of
coupling between the ground and the interferometer structures. We have imagined the base
as a rigid body which follows the ‘rigid’ part of the surface motion, neglecting the effect
of the weight of the structures and the details of the coupling between the base and the
ground, which is probably inaccurate.

We will address these questions in a future work.
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Appendix A. Classification of seismic background waves

In order to obtain an estimate of the seismic noise we want now to simulate the ground as
a homogeneous medium limited by the= O plane. The general free ground motion can
be expanded in elastic waves, which are solutions of the equation [10]

O2u;(x, 1) = A ddu; (x, 1) + (2 — cF)d; ur (x, 1). (A1)

These solutions represent longitudinal waves with speeaind transverse ones with speed
cr. The fieldu; (x, t) represents the displacement of a point from its original positiom
directioni.

We take advantage of the symmetries of the problem by separating the displacement
field « in the componend parallel to thez = 0 plane and in the component perpendicular
to it, and by Fourier transforming in the y, ¢ variables.

The boundary conditions are appropriate for a free surface, so that for the stress tensor
o;; must be

0 (x,,0) =0,,(x,9,0) =0,,(x,y,0) =0. (A2)

We can satisfy these conditions over-imposing some plane-wave solutions with the same
frequencyw and the same projectioh = (k,, k,) of the wavevector in the plang = 0.
The most general combination with these properties can be written as

M(%, Z (1)) — <If) — 6(L,+)eikLZ +€(T,+)eikrz + G(L,f)efikLZ + E(T,*)efikrz (A3)
with
(1)2 602
K4k ==, K4k == (A4)
CT CL

We use the parametrization

(A5)
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whereq, 8, vy, o', 8/, y' are complex amplitudes, and only the real part of equation (A3)
is of physical significance. The polarizatioad- ande™~) label the two longitudinal
modes, and are parallel to the wavevector, whife?) ande”~ label the four transverse
modes and are perpendicular to the wavevector.

The conditions (A2) rewritten for the displacement field become

iku, + d,u, =0
duy, =0 (A6)
012‘8214z + ik(ci - 2(:%)1“ =0
where without loss of generality we todk= kx. Using the parametrization (A5) we obtain
the conditions
kkr(y —y) =0
2kky (o — o)+ (K> —k2)(B+B) =0 (A7)
(K?(c? — 2c3) + 2k (o + &) + 2c5kkr (B — B') = 0.
In the particular casé = 0 these conditions simplify,
B+pB =0, at+a' =0 (A8)

and the combination (A3) decomposes in two independent modes: a longitudinal wave and
a transverse one with a wavevector perpendicular to the plane, completely reflected by it.

In thek # 0 case we can use the conditions (A7) to reduce the independent parameters
of the general solution (A3). It is convenient to rewrite it in the form

ik, z, - k cosk; z — kr fok cosk
(u( b4 w)>:Z{Au(kaw)( L2 —kr f2 rz)

u,(k, z, ®) m ik, sink;.z + ikfs sinkrz
ik sinkyz — iky fuk sinkrz>

+Bu(§, w)(
ki coskyz + kf1coSkrz

+Cu (k. @) <€k C?"”) } (A9)
Here we have introduced the convenient parametrizatioa « + o', B = « — o’ and
C =y + y’, while the parameterg;, 1, are defined as
262 — 2\k2 — 2k

_ k22kkLk?’ e (22 2cLz)k ctkl (AL0)

T CTkkT
This is not the end of the story, because we must impose the regularity of the solution in
thez — —oo case.

If k2 < w?/c? < w?/c2 bothk, andky are real, so there are no additional constraints and
we get three independent modes. The piece proportior@lgiwes a purely transverse mode
which is the superposition of an incident and a completely reflected wavé? ferw?/c2
the total wavevector becomes completely parallel toztheO plane end. With reference to
figure 3 we label this mode with = 0. The pieces proportional t& and B represent two
independent superpositions of transverse and longitudinal modes which can be separated in
the following convenient way.

1

(i) A purely longitudinal incident wave, which is reflected by the= 0 plane as a
superposition of a transverse and a longitudinal wave. The absence of the longitudinal
incident wave g = 0) gives the constraimt, = —(f1/f2)B,. We label this mode with
n=1.
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(ii) A purely transverse incident wave. As in the first case, the outgoing wave is the
superposition of a longitudinal and a transverse wave, and we get the constraint
A, = —B, (« = 0). We label this mode witly = 2.

If @?/c? < k? < w?/c? kr is real butk, is imaginary. In order to exclude the unphysical
exponentially growing solution we need the additional conditign= —B,. The pieces
proportional toA and B are no longer independent and we get only a mode, which we label
with © = 3, which can be described as a purely transverse incident wave which is reflected
as a superposition of a transverse outgoing wave and a surface wave exponentially damped
with the depth. The~ piece is independent d@f;, so thex = 0 mode is admissible in this
interval, for a total of two independent modes.

The last case correspondsd8/c2 < k?. Bothk, andk; are imaginary, so we need
the two additional conditions = 0 andg = 0 (which meansA, = —B,, and f1 = f2).
The system (A7) becomes homogeneous,iff, and is soluble if its determinant is zero,
which gives the condition

0)2

= e
T
where¢ is the square of the ratio between the transverse and longitudinal speed of the wave

f 1
§=g7 0<é <3 (A12)

x3—8x2+8x(3—2¢) +16(5 — 1) =0, O<x <1, X (A11)

There is only one solution of equation (A11), for a given valué& oivhich corresponds to
a surface wave superposition of a longitudinal and a transverse mode, both exponentially
damped with the depth (Rayleigh waves).

As discussed in the text this is probably the more important mode from a practical point
of view, and we label it withu = 4. The transverse mode proportional@ois clearly not
admissible (see figure 3 for reference).

The key point of our work is that the Newtonian accelerations can also be expressed as
linear functions of the amplitudes,, B, andC,, so if we express these as functions of
the seismic displacements we can obtain a ‘transfer function’ which connects seismic and
Newtonian noise.

We are particularly interested in the = 4 mode, so we specialize to this case. The
modulus of the vectok is fixed in a uniqgue way b, so at fixed frequency we sum only
over the directiong, obtaining

R o kikr i
i(x, w) = Z Ak, w)k(ke'k“ - %ﬁékﬂ)ék (A13)
k
N . .
u,(x, w) = Z Aa(k, w) (kLe"‘LZ + 2k, = kzék”>ékx (A14)
k
with
1 1 1
k=202 kp =i~ —€, kr =2 =~ 1. (A15)
ct ¥V X cr VvV X ct VvV X

Appendix B. Sum over modes

If we restrict the sum over modes to the surface ones only, it is possible to evaluate it in
closed form if we assume isotropy of the correlation functions. The result can be expressed
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in terms of Bessel functions as follows:

G5 (%1, %) = Jo(ci’ﬁm - x2|> (B1)
G) (X1, %) = J1< - \/_le - x2|> cog617) (B2)
Gy (X1, %) = J1< - \/_le - x2|> sin(612) (B3)
GT (%1, %) = }Jo< e x2|) - %b(#m - x2|) COS(2015) (B4)
GI (%1, %) = }Jo< n/" le) + 112< Tf|x1 - x2|) CO(2612) (B5)
Gl (%1, %) = —1']2< - f|x1 - x2|> Sin(2612). (B6)

Here we have defined the anglg which is the direction of the vectai; — X, in the chosen
reference frame. The spatial dependence of a correlation function is completely determined
by its transformation properties under rotation.
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