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Lecture 0O

Introduction

The particle physics master course will be tought in two semesters: Particle Physics 1
(PP1) and Particle Physics 2 (PP2). The PP1 course consists of 12 lectures and is based
mainly on the book of Halzen and Martin.

These notes are my personal notes made in preparation of the lectures. They can
be used by the students but should not be distributed. The original material is found
in the books used to prepare these lectures (see below).

The contents of particle physics 1 is the following:

e Lecture 1: Concepts

e Lecture 2 - 5: Electrodynamics of spinless particles

e Lecture 6 - 8: Electrodynamics of spin 1/2 particles

e Lecture 9: The Weak interaction

e Lecture 10 - 12: Electroweak scattering: The Standard Model

Each lecture of 2 x 45 minutes is followed by a 1 hour problem solving session.

The particle physics 2 course is more topical and contains the following topics:
e Quantum Chromodynamics

e The Higgs Mechanism

e CP Violation

e Neutrino Physics

Examination

The examination consists of two parts: Homework (weight=1/3) and an Exam (weight=2/3).
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Literature

The following literature is used in the preparation of this course (the comments reflect
my personal opinion):

Halzen & Martin: “Quarks & Leptons: an Introductory Course in Modern Particle
Physics ”:
Although it is somewhat out of date (1984), I consider it to be the best book in the field
for a master course. It is somewhat of a theoretical nature. Most of the course follows
this book.

Griffiths: “Introduction to Elementary Particle Physics”
Used quite often in undergraduate courses in particle physics. The text is relatively
pleasant to read, but it has a less robust treatment and covers less material than H & M.
It is better for an undergraduate course.

Perkins: “Introduction to High energy Physics”, 3rd and 4th ed.
The first three editions were a standard text for all experimental particle physics. It is
dated, but gives an excellent description of, in particular, the experiments. The fourth
edition is updated with more modern results, while some older material is omitted.

Burcham & Jobes: “Nuclear & Particle Physics”
An extensive and more up to date text on nuclear physics and particle physics. It
contains more (modern) material than H & M. Formula’s are explained rather than
derived and more text is spent on concepts.

Das & Ferbel: “Introduction to Nuclear and Particle Physics”
A book that is half on experimental techniques and half on theory. It is more suitable
for a bachelor level course and does not contain a treatment of scattering theory for
particles with spin.

Martin and Shaw: “Particle Physics ”
A textbook that is somewhere inbetween Perkins and Das & Ferbel. In my opinion it

has the level inbetween bachelor and master.

Aitchison: “Relativistic Quantum Mechanics”
A classical but old book (1972), rather theoretical, often referred to by H & M.

Particle Data Group: “Review of Particle Physics”
This book appears every two years in two versions: the book and the booklet. Both of
them list all aspects of the known particles and forces. The book also contains concise,

but excellent short reviews of theories, experiments, accellerators, analysis techniques,
statistics etc. There is also a version on the web: http://pdg.lbl.gov

The Internet:
In particular Wikipedia contains a lot of information. However, one should note
that Wikipedia does not contain original articles and they are certainly not re-
viewed!



About Nikhef

Nikhef is the dutch institute for particle physics. The name Nikhef is used for two
things:

e Nikhef is a national research lab funded by the foundation FOM; the dutch foun-
dation for fundamental research of matter.

e Nikhef is also a collaboration between the Nikhef institute and the particle physics
departements of the UvA (A’dam), the VU (A’dam), the UU (Utrecht) and the
RU (Nijmegen) contribute. In this collaboration all dutch activities in particle
physics are coordinated.

In addition there are informal contacts between Nikhef and the FOM institute KVI
(“Nuclear Physics”), the Universities of Twente, Leiden and Eindhoven.
For more information go to the Nikhef web page: http://www.nikhef.nl

The research of Nikhef is now focusing on the preparation for the LHC experiments:
Alice (“Quark gluon plasma”), Atlas (“Higgs”) and LHCb (“CP violation”). In prepa-
ration of these experiments Nikhef is also active STAR (Brookhaven), DO (Fermilab)
and Babar (SLAC). Previous experiments that are ending their activities are: L3 and
Delphi at LEP, and Zeus and Hermes at Desy.

Recently a new research field started in astroparticle physics. It includes Antares
(“cosmic neutrino sources”), Pierre Auger (“high energy cosmic rays”), and Virgo &

LISA (“gravitational waves”).

Nikhef houses a theory departement with research on quantum field theory and
gravity, string theory and QCD (perturbative and lattice).

Driven by the massive computing challenge of the LHC, Nikhef is setting up a sci-
entific computing departement (“The Grid”).

Nikhef program leaders/contacts:

‘ ‘ Name ‘ office ‘ phone ‘
Nikhef director Frank Linde H232 | 5001
Theory departement: Eric Laenen H323 | 5127
Atlas departement: Stan Bentvelsen H241 | 5150
B-physics departement: Marcel Merk N243 | 5107
Alice departement: Thomas Peitzmann N325 | 5050
Astroparticle departement: | Gerard v/d Steenhoven | H349 | 2145
Scientific Computing: Jeff Templon H158 | 2092
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History of Particle Physics

The book

of Griffiths starts with a nice historical overview of particle physics in the

previous century. Here’s a summary:

Atomic Models

1897

1911

1913

1932

Thomson: Discovery of Electron. The atom contains electrons as “plums in
a pudding”.

Rutherford: The atom mainly consists of empty space with a hard and heavy,
positively charged nucleus.

Bohr: First quantum model of the atom in which electrons circled in stable
orbits, quatized as: L ="h-n

Chadwick: Discovery of the neutron. The atomic nucleus contains both
protons and neutrons. The role of the neutrons is associated with the binding
force between the positively charged protons.

The Photon

1900

1905

1916

1923

Mesons

1934

1937

1947

Planck: Description blackbody spectrum with quantized radiation. No inter-
pretation.

FEinstein: Realization that electromagnetic radiation itself is fundamentally
quantized, explaining the photoelectric effect. His theory received scepticism.

Millikan: Measurement of the photo electric effect agrees with Einstein’s
theory.

Compton: Scattering of photons on particles confirmed corpuscular character
of light: the Compton wavelength.

Yukawa: Nuclear binding potential described with the exchange of a quan-
tized field: the pi-meson or pion.

Anderson & Neddermeyer: Search for the pion in cosmic waves but he finds
a weakly interacting particle: the muon. (Rabi: “Who ordered that?”)

Powell: Finds both the pion and the muon in an analysis of cosmic radiation
with photo emulsions.

Anti matter

1927

1931

Dirac interprets negative energy solutions of Klein Gordon equation as energy
levels of holes in an infinite electron sea: “positron”.

Anderson observes the positron.
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1940-1950 Feynman and Stuckelberg interpret negative energy. solutions as the positive
energy of the anti-particle: QED.

Neutrino’s

1930 Pauli and Fermi propose neutrino’s to be produced in f-decay (m, = 0).
1958 Cowan and Reines observe inverse beta decay.
1962 Lederman and Schwarz showed that v # v. Conservation of lepton number.

Strangeness

1947 Rochester and Butler observe V° events: K° meson.

1950 Anderson observes V° events: A baryon.

The Eightfold Way

1961 Gell-Mann makes particle multiplets and predicts the 2.
1964 (2~ particle found.

The Quark Model

1964 Gell-Mann and Zweig postulate the existance of quarks
1968 Discovery of quarks in electron-proton collisions (SLAC).
1974 Discovery charm quark (J/v) in SLAC & Brookhaven.
1977 Discovery bottom quarks (7°) in Fermilab.

1979 Discovery of the gluon in 3-jet events (Desy).

1995 Discovery of top quark (Fermilab).

Broken Symmetry

1956 Lee and Yang postulate parity violation in weak interaction.
1957 Wu et. al. observe parity violation in beta decay.

1964 Christenson, Cronin, Fitch & Turlay observe CP violation in neutral K meson
decays.

The Standard Model

1978 Glashow, Weinberg, Salam formulate Standard Model for electroweak inter-
actions

1983 W-boson has been found at CERN.
1984 Z-boson has been found at CERN.
1989-2000 LEP collider has verified Standard Model to high precision.
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Natural Units

We will often make use of natural units. This means that we work in a system where
the action is expressed in units of Planck’s constant:

h ~ 1.055 x 107%'Js
and velocity is expressed in units of the light speed in vacuum:
c = 2.998 x 10°m/s.

In other words we often use h = ¢ = 1.
This implies however that the results of calculations must be translated back to
measureable quantities in the end. Conversion factors are the following:

quantity conversion factor natural unit | normal unit
mass 1 kg = 5.61 x 10* GeV GeV GeV/c?
length I m=507x 10" GeV* GeV™? hic/ GeV
time 1s=152x10#GeV! GeV! ) GeV
unit charge e = Vira 1 Vhe

Cross sections are expressed in barn, which is equal to 1072*cm?. Energy is expressed

in GeV, or 10 eV, where 1 eV is the kinetic energy an electron obtains when it is
accelerated over a voltage of 1V.
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Lecture 1

Particles and Forces

Introduction

After Chadwick had discovered the neutron in 1932, the elementary constituents of
matter were the proton and the neutron inside the atomic nucleus, and the electron
circling around it. With these constituents the atomic elements could be described as
well as the chemistry with them. The answer to the question: “What is the world
made of?” was indeed rather simple. The force responsible for interactions was the
electromagnetic force, which was carried by the photon.

There were already some signs that there was more to it:

e Dirac had postulated in 1927 the existance of anti-matter as a consequence of his
relativistic version of the Schrodinger equation in quantum mechanics. (We will
come back to the Dirac theory later on.) The anti-matter partner of the electron,
the positron, was actually discovered in 1932 by Anderson (see Fig. 1.1).

e Pauli had postulated the existance of an invisible particle that was produced in
nuclear beta decay: the neutrino. In a nuclear beta decay process:

Ny— Ng+e™

the energy of the emitted electron is determined by the mass difference of the nuclei
N4 and Npg. It was observed that the kinetic energy of the electrons, however,
showed a broad mass spectrum (see Fig. 1.2), of which the maximum was equal
to the expected kinetic energy. It was as if an additional invisible particle of low
mass is produced in the same process: the (anti-) neutrino.

1.1 The Yukawa Potential and the Pi meson

The year 1935 is a turning point in particle physics. Yukawa studied the strong inter-
action in atomic nuclei and proposed a new particle, a m-meson as the carrier of the
nuclear force. His idea was that the nuclear force was carried by a massive particle

15
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Figure 1.1: The discovery of the positron as reported by Anderson in 1932. Knowing
the direction of the B field Anderson deduced that the trace was originating from an
anti electron. Question: how?
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Figure 1. The Beta Decay Spectrum for Molecular Tritium

The plot on the left shows the probability that the emerging electron has a particular
energy. If the electron were neutral, the spectrum would peak at higher energy and
would be centered roughly on that peak. But because the electron is negatively
charged, the positively charged nucleus exerts a drag on it, pulling the peak to a
lower energy and generating a lopsided spectrum. A close-up of the endpoint

(plot on the right) shows the subtle difference between the expected spectra for

a massless neutrino and for a neutrino with a mass of 30 electron volts.

Figure 1.2: The beta spectrum as observed in tritium decay to helium. The endpoint
of the spectrum can be used to set a limit of the neutrino mass. Question: how?
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(in contrast to the massless photon) such that the range of this force is limited to the
nuclei.

The qualitative idea is that a virtual particle, the force carrier, can be created for
a time At < h/mc?. Electromagnetism is transmitted by the massless photon and has
an infinite range, the strong force is transmitted by a massive meson and has a limited
range, depending on the mass of the meson.

The Yukawa potential (also called the OPEP: One Pion Exchange Potential) is of

the form:
U ) e—'/‘/R
) =g

where R is called the range of the force.
For comparison, the electrostatic potential of a point charge e as seen by a test

charge e is given by:

1
V(r)=—e? -
(1) =—¢ -

The electrostatic potential is obtained in the limit that the range of the force is infinite:
R = 00. The constant g is referred to as the coupling constant of the interaction.

Exercise 1:

(a) The wave equation for an electromagnetic potential V is given by:

82
OV =0 : Dz@,ﬁ"z(w,vz)

which in the static case can be written in the form of Laplace equation:
V2V =0

Assuming spherical symmetry, show that this equation leads to the Coulomb po-
tential V(r)
Hint: remember spherical coordinates.

(b) The wave equation for a massive field is the Klein Gordon equation:
OU-m?>U =0
which, again in the static case can be written in the form:
VPU-m*U =0

Show, again assuming spherical symmetry, that Yukawa’s potential is a solution
of the equation for a massive force carrier. What is the relation between the mass
m of the force carrier and the range R of the force?

(c) Estimate the mass of the m-meson assuming that the range of the nucleon force is
1.5 x 107 m = 1.5 fm.
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Yukawa called this particle a meson since it is expected to have an intermediate mass
between the electron and the nucleon. In 1937 Anderson and Neddermeyer, as well as
Street and Stevenson, found that cosmic rays indeed consist of such a middle weight
particle. However,in the years after, it became clear that two things were not right:

(1) This particle did not interact strongly, which was very strange for a carrier of the
strong force.

(2) Its mass was somewhat too low.

In fact this particle turned out to be the muon, the heavier brother of the electron.

In 1947 Powell (as well as Perkins) found the pion to be present in cosmic rays. They
took their photographic emulsions to mountain tops to study the contents of cosmic rays
(see Fig. 1.3). (In a cosmic ray event a cosmic proton scatters with high energy on an
atmospheric nucleon and produces many secondary particles.) Pions produced in the
atmosphere decay long before they reach sea level, which is why they were not observed
before.

1.2 Strange Particles

After the pion had been identified as Yukawa’s strong force carrier and the anti-electron
was observed to confirm Dirac’s theory, things seemed reasonably under control. The
muon was a bit of a mystery. It lead to a famous quote of Isidore Rabi at the conference:
“Who ordered that?”

But in December 1947 things went all wrong after Rochester and Butler published
so-called V? events in cloud chamber photographs. What happened was that charged
cosmic particles hit a lead target plate and as a result many different types of particles
were produced. They were classified as:

baryons: particles whose decay product ultimately includes a proton.
mesons: particles whose decay product ultimately include only leptons or photons.

Why were these events called strange? The mystery lies in the fact that certain (neutral)
particles were produced (the “V?’s”) with a large cross section ( ~ 1072"¢m?), while they
decay according to a process with a small cross section (~ 107%%¢m?). The explanation
to this riddle was given by Abraham Pais in 1952 and is called associated production.
This means that strange particles are always produced in pairs by the strong interaction.
It was suggested that strange particle carries a strangeness quantum number. In the
strong interaction one then has the conservation rule AS = 0, such that a particle with
S=+1 (e.g. a K meson) is simultaneously produced with a particle with S=-1 (e.g. a
A baryon). These particles then individually decay through the weak interaction, which
does not conserve strangeness. An example of an associated production event is seen in
Fig. 1.4.
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Figure 1.4 One of Powell’s earliest pic-
tures showing the track of a pion in a pho-
tographic emulsion exposed to cosmic
rays at high altitude. The pion (entering
from the left) decays into a muon and a
neutrino (the latter is electrically neutral,
and leaves no track). Reprinted by per-
mission from C. F. Powell, P. H. Fowler,
and D. H. Perkins, The Study of Elemen-
tary Particles by the Photographic Method
{New York: Pergamon, 1959). First pub-
lished in Nature 159, 694 (1947).
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Figure 1.3: A pion entering from the left decays into a muon and an invisible neutrino.
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A bubble

Fig. 2.7
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(Photograph courtesy of the Lawrence Berkeley Radiation Laboratory.)

Figure 1.4: A bubble chamber picture of associated production
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In the years 1950 - 1960 many elementary particles were discovered and one started
to speak of the particle zoo. A quote: “The finder of a new particle used to be awarded
the Nobel prize, but such a discovery now ought to be punished by a $10.000 fine.”

1.3 The Eightfold Way

In the early 60’s Murray Gell-Mann (at the same time also Yuvan Ne’eman) observed
patterns of symmetry in the discovered mesons and baryons. He plotted the spin 1/2
baryons in a so-called octet (the “eightfold way” after the eighfold way to Nirvana in
Buddhism). There is a similarity between Mendeleev’s periodic table of elements and
the supermultiplets of particles of Gell Mann. Both pointed out a deeper structure of
matter. The eightfold way of the lightest baryons and mesons is displayed in Fig. 1.5
and Fig. 1.6. In these graphs the Strangeness quantum number is plotted vertically.

O=—1 Q=0 Q=+1

Figure 1.5: Octet of lightest baryons with spin=1/2.

O=—1 0=0 Q=1

Figure 1.6: Octet with lightest mesons of spin=0

Also heavier hadrons could be given a place in multiplets. The baryons with spin=3/2
were seen to form a decuplet, see Fig. 1.7. The particle at the bottom (at S=-3) had not
been observed. Not only was it found later on, but also its predicted mass was found to
be correct! The discovery of the {27 particle is shown in Fig. 1.8.
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_ 0 + ++ mass

S=0------- A 2 A A ~1230 MeV

T [ \Q:+2 ~1380 MeV

N Y ~1530 MeV
S=-2 \ 0=+1

S==3 - . \'Q:O ~1680 MeV

T 0=-1

Figure 1.7: Decuplet of baryons with spin=3/2. The {2~ was not yet observed when
this model was introduced. It’s mass was predicted.

Figure 1.8: Discovery of the omega particle.
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1.4 The Quark Model

The observed structure of hadrons in multiplets hinted at an underlying structure. Gell-
Mann and Zweig postulated indeed that hadrons consist of more fundamental partons:
the quarks. Initially three quarks and their anti-particle were assumed to exist (see Fig.
1.9). A baryon consists of 3 quarks: (g, ¢, q), while a meson consists of a quark and an
antiquark: (¢,q). Mesons can be their own anti-particle, baryons cannot.

)
Q=+2/3
"~ 0=-1/3 0=-2/3 O=+1/3

Figure 1.9: The fundamental quarks: u,d,s.

Exercise 2:
Assign the quark contents of the baryon decuplet and the meson octet.

How does this explain that baryons and mesons appear in the form of octets, decu-
plets, nonets etc.? For example a baryon, consisting of 3 quarks with 3 flavours (u,d,s)
could in principle lead to 3x3x3=27 combinations. The answer lies in the fact that
the wave function of fermions is subject to a symmetry under exchange of fermions.
The total wave function must be anti-symmetric with respect to the interchange of two
fermions.

Y (baryon) = 1) (space) - ¢ (spin) - x (flavour) -  (color)
These symmetry aspects are reflected in group theory where one encounters expressions
as: 33®3=1008®8®1and3®3 =8¢ 1.

For more information on the static quark model read chapter 5 in the book of Perkins

or chapter 10 in the book of Burcham & Jobes.

1.4.1 Color

As indicated in the wave function above, a quark has another internal degree of freedom.
In addition to electric charge a quark has a different charge, of which there are 3 types.
This charge is referred to as the color quantum number, labelled as r, g, b. Evidence
for the existence of color comes from the ratio of the cross section:

o(eTe” — hadrons
r=2 ) = No > @

olete” — ptpu~)

where the sum runs over the quark types that can be produced at the available energy.
The plot in Fig. 1.10 shows this ratio, from which the result No = 3 is obtained.
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Figure 1.10: The R ratio.

Exercise 3: The Quark Model

(a)

(b)

(d)

()

Quarks are fermions with spin 1/2. Show that the spin of a meson (2 quarks) can
be either a triplet of spin 1 or a singlet of spin 0.

Hint: Remember the Clebsch Gordon coefficients in adding quantum numbers.
In group theory this is often represented as the product of two doublets leads to
the sum of a triplet and a singlet: 2 ® 2 = 3 @ 1 or, in terms of quantum numbers:
1/2®1/2=1®0.

Show that for baryon spin states we can write: 1/2®1/2®1/2=3/2&1/26&1/2
or equivalently 2@ 2®2 =402 2

Let us restrict ourselves to two quark flavours: u and d. We introduce a new
quantum number, called isospin in complete analogy with spin, and we refer to
the u quark as the isospin +1/2 component and the d quark to the isospin -1/2
component (or u= isospin “up” and d=isospin “down”). What are the possible
isospin values for the resulting baryon?

The A™* particle is in the lowest angular momentum state (L = 0) and has
spin J3 = 3/2 and isospin I3 = 3/2. The overall wavefunction (L=-space-part,
S=-spin-part, I=-isospin-part) must be anti-symmetric under exchange of any of
the quarks. The symmetry of the space, spin and isospin part has a consequence
for the required symmetry of the Color part of the wave function. Write down
the color part of the wave-function taking into account that the particle is color
neutral.

In the case that we include the s quark the flavour part of the wave function
becomes: 3 ®3®3 =108 8 D 1.

In the case that we include all 6 quarks it becomes: 6 ® 6 ® 6. However, this is
not a good symmetry. Why not?
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1.5 The Standard Model

The fundamental constituents of matter and the force carriers in the Standard Model
can be represented as follows:

The fundamental particles:

charge | Quarks
9 u (up) ¢ (charm) t (top)
3 1.5-4 MeV 1.15-1.35GeV | (174.3 £ 5.1) GeV
1 d (down) s (strange) b (bottom)
3 4-8 MeV 80-130 MeV 4.1-4.4 GeV
charge | Leptons
0 Ve (e neutrino) | v, (p neutrino) | v, (7 neutrino)
< 3eV < 0.19 MeV < 18.2 MeV
1 e (electron) p (muon) T (tau)
0.511 MeV 106 MeV 1.78 GeV

The forces, their mediating bosons and their relative strength:

Force Boson Relative strength

Strong g (8 gluons) as ~ O(1)
Electromagnetic 7 (photon) a~ 0(1072)

Weak ZO0W# (weak bosons) | ay ~ O(107°)

Some definitions:

hadron (greak: strong) particle that feels the strong interaction

lepton (greak: light, weak) particle that feels only weak interaction

baryon (greak: heavy) particle consisting of three quarks

meson (greak: middle) particle consisting of a quark and an anti-quark

pentaquark a hypothetical particle consisting of 4 quarks and an anti-quark
fermion half-integer spin particle

boson integer spin particle

gauge-boson force carrier as predicted from local gauge invariance

In the Standard Model forces originate from a mechanism called local gauge invari-
ance, which wil be discussed later on in the course. The strong force (or color force) is
mediated by gluons, the weak force by intermediate vector bosons, and the electromag-
netic force by photons. The fundamental diagrams are represented below.

There is an important difference between the electromagnetic force on one hand, and
the weak and strong force on the other hand. The photon does not carry charge and,
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7 Ve o q
a: M b: > w < c: >\Q%QQ<
put e Y q

Figure 1.11: Feynman diagrams of fundamental lowest order perturbation theory pro-
cesses in a: electromagnetic, b: weak and c: strong interaction.

q

q

therefore, does not interact with itself. The gluons, however, carry color and do interact
amongst each other. Also, the weak vector bosons carry weak isospin and undergo a
self coupling.

The strength of an interaction is determined by the coupling constant as well as the
mass of the vector boson. Contrary to its name the couplings are not constant, but
vary as a function of energy. At a momentum transfer of 10> GeV the couplings of
electromagnetic, weak and strong interaction all have the same value. In the quest of
unification it is often assumed that the three forces unify to a grand unification force at
this energy.

Due to the self coupling of the force carriers the running of the coupling constants
of the weak and strong interaction are opposite to that of electromagnetism. Electro-
magnetism becomes weaker at low momentum (i.e. at large distance), the weak and the
strong force become stronger at low momentum or large distance. The strong interac-
tion coupling even diverges at momenta less than a few 100 MeV (the perturbative QCD
description breaks down). This leads to confinement: the existence of colored objects
(i.e. objects with net strong charge) is forbidden.

Finally, the Standard Model includes a, not yet observed, scalar Higgs boson, which
provides mass to the vector bosons and fermions in the Brout-Englert-Higgs mechanism.
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Grand
inification

i 10" 100 10"
0 (Gev)
Vi My
Fig. 154 The variation of a, = g’ /47 with (), showing
the speculative grand unification of strong [ SU/(3). olor | @nd
electroweak [SU/(2), x U(1),] interactions atl very short
distances 1,0 = 1/M,.

Figure 1.12: Running of the coupling constants and possible unification point.

Open Questions

Does the Higgs in fact exist?

Why are the masses of the particles what they are?
Why are there 3 generations of fermions?

Are quarks and leptons truly fundamental?

Why is the charge of the electron ezactly opposite to that of the proton. Or: why
is the total charge of leptons and quarks exactly equal to 07

Is a neutrino its own anti-particle?

Can all forces be described in a single theory (unification)?
Why is there no anti matter in the universe?

What is the source of dark matter?

What is the source of dark energy?
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Lecture 2

Wave Equations and Anti Particles

Introduction

In the course we develop a quantum mechanical framework to describe electromagnetic
scattering, in short Quantum Electrodynamics (QED). The way we build it up is that
we first derive a framework for non-relativistic scattering of spinless particles, which
we then extend to the relativistic case. Also we will start with the wave equations for
particles without spin, and address the spin 1/2 particles later on in the lectures (“the
Dirac equation’).

What is a spinless particle? There are two ways that you can think of it: either as
charged mesons (e.g. pions or kaons) for which the strong interaction has been “switched
off” or for electrons or muons for which the fact that they are spin-1/2 particles is
ignored. In short: it not a very realistic case.

2.1 Non Relativistic Wave Equations

If we start with the non relativistic relation between kinetic energy and momentum

P

- 2m

and make the quantum mechanical substitution:

E— z% and p— —iV

then we end up with Schrodinger’s equation:

.0 I
Zgiﬁ——VlP

2m

In electrodynamics we have the continuity equation (“Gauss law”) which relates a

current to a change of charge:
V.i=_-L
ST
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where j = the current density and p = the charge density.

This is a rather general law stat can be stated in words as: “The change of charge
in a given volume equals the current through the surrounding surface.”

Can we make use of the continuity equation in quantum mechnics? Let us mul-
tiply the Schrodinger equation from the left by ¥* and do the same for the complex

conjugates:

i
ot 2m
Vi T ¢<%> Vi

S0 = =V (Ve -t V)

p

J

In the result we can recognize again the continuity equation if we interpret the density
and current as indicated.
Example: Consider a solution to the Schrédinger equation for a free particle:

Y = N ¢ PF=E) ( show it is a solution )
then:

p = Y =|NJ
' IN|?

= =% * N —
jo= 5 (@Ve - V) = lp

Exercise 4:
Derive the expressions for p and j explicitly.

2.2 Relativistic Wave Equations
If we start with the relativistic equation:

E? = p? +m?
and again make the substitution:

E— z% and p— —iV

then we end up with the Klein Gordon equation for a wavefunction ¢:

82 2 2
—a50=—Vo+m’
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or in 4-vector notation:
(D + m2) o(x) =0
or i (9,0"+m?) é(x) =0
A solution is again provided by plane waves:
p(z) = N e~Pue” with eigenvalues E? = p” +m?

In the same way as before we can define a current density by multiplying the K.G.
equation for ¢ from the left with ¢* and doing the same to the complex conjugate
equation:

—ig" (—%) = —ig* (—V2¢+m2 ¢)

zgzﬁ( 52¢*> = id (—V2¢*+m2¢*)

o
+
5 (65 -05) = e To—e9)
- J

where we can recognize again the continuity equation. In 4-vector notation it becomes:

" = (pd) =ilo" (0"0) = (0"67) ¢]

o' =0
Let us substitute the plane wave solutions ¢ = N e~"* then:
p = 2|N’E
j = 2INPF
or : — jt = 2]N]2p“

Exercise 5:
Derive the expressions for p and j explicitly.

But now we really have an interpretation problem! There are two solutions: F = 4+/p? + m?.
The solution with £ < 0 is difficult to interpret as it means p < 0.

Exercise 6:
The relativitic energy-momentum relation can be written as:

E=./p?>+m? (2.1)

This is linear in E = 0/0t, but we don’t know what to do with the square root of the
momentum operator. However, for small p we can expand the expression in powers of
p. Do this up and including to order p? and write down the resulting wave equation.
Determine the probability density and the current density.
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Figure 2.1: Dirac’s interpretation of negative energy solutions: “holes”

2.3 Interpretation of negative energy solutions

2.3.1 Dirac’s interpretation

In 1927 Dirac offered a new interpretation of the negative energy states. He introduced
a new wave equation which in fact was linear in time and space, which will be discussed
later on in the course. It turned out to automatically describe particles with spin 1/2.
At this point in the course we consider spinless particles. Stated otherwise: the wave
function ¢ or ¢ is a scalar quantity as there is no individual spin “up” or spin “down”
component.

According to the Pauli exclusion principle, Dirac knew that there can not be two
identical particles in the same quantum state. Dirac’s picture of the vacuum and of a
particle are schematically represented in Fig. 2.1.

The plot shows all the avaliable energy levels of an electron. It’s lowest absolute
energy level is given by |E| = m. Dirac imagined the vacuum to contain an infinite
number of states with negative energy which are all occupied. Since an electron is
a spin-1/2 particle each state can only contain one spin “up” electron and one spin-
”down” electron. All the negative energy levels are filled. Such a vacuum (“sea”) is not
detectable since the electrons in it cannot interact, i.e. go to another state.

If energy is added to the system, an electron can be kicked out of the sea. It now
gets a positive energy with £/ > m. This means this electron becomes visible as it can
now interact. At the same time a “hole” in the sea has appeared. This whole can be
interpreted as a positive charge at that position. Dirac’s hope was that he could describe
the proton in such a way.
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2.3.2 Pauli-Weisskopf Interpretation

Pauli and Weiskopf proposed a simpler scheme in 1934 in which they re-interpreted the
opposite sign solutions of the Klein Gordon equation as the opposite charges:

p = electric charge density

j = electric current density
and the — and + solutions indicate the electron and positron. The positron then had
of course the mass as the electron. The positron was discovered in 1934 by Anderson.

2.3.3 Feynman-Stickelberg Interpretation

The current density for a particle with charge —e and momentum (£, p) is:
(=) = —2¢ NP = ~2¢ NP (B,7)
The current density for a particle with charge +e and momentum (FE, p) is:
J(+e) = +2¢ N2 p# = —2¢ |NJ? (—F, )

This means that the positive energy solution for a positron is the negative energy
solution for an electron.

Note that indeed the wave function Ne®* = Ne®«" is invariant under: p* — —pH
and z, — —x,. So the wave functions which describe particles also describe anti-
particles. The negative energy solutions give particles travelling backwards in time.
They are the same as the positive energy solutions of anti-particles travelling forward
in time. This is indicated in Fig. 2.2.

E>0 E<0

Figure 2.2: A positron travelling forward in time is an electron travelling backwards in
time.

As a consequence of the Feynman-Stiickelberg interpretation the process of an ab-
sorption of a positron with energy —F is the same as the emission of an electron with
energy F (see Fig.2.3). In the calculations with Feynman diagrams we have made the
convention that all scattering processes are calculated in terms of particles and not an-
tiparticles. As an example, the process of an incoming positron scattering off a potential
will be calculated as that of an electron travelling back in time (see Fig. 2.4).

Let us consider the scattering of an electron in a potential. The probability of a
process is calculated in perturbation theory in terms of basic scattering processes (i.e.



34 Lecture 2. Wave Equations and Anti Particles

i /(+E,p)

absorption

time]

emission
+e
/e

Figure 2.3: There is no difference between the process of an absorption of a positron
with p# = (—FE, —p) and the emission of an electron with p* = (e, p).

e+

time

\

Figure 2.4: In terms of the charge current density jY , »(+e) = j% 5 5 (—¢)
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Feynman diagrams). In Fig. 2.5 the first and second order scattering of the electron is
illustrated. To first order a single photon carries the interaction between the electron and
the potential. When the calculation is extended to second order the electron interacts
twice with the field. It is interesting to note that this scattering can occur in two
time orderings as indicated in the figure. Note that the observable path of the electron
before and after the scattering process is identical in the two processes. Because of our
anti-particle interpretation, the second picture is also possible. It can be viewed in two
ways:

e The electron scatters at time ¢, runs back in time and scatters at ;.

e First at time #; “spontaneously” an e~e™ pair is created from the vacuum. Later-
on, at time t,, the produced positron annihilates with the incoming electron, while
the produced electron emerges from the scattering process.

In quantum mechanics both time ordered processes (the left and the right picture)
must be included in the calculation of the cross section. We realize that the vacuum
has become a complex environment since particle pairs can spontaneously emerge from
it and dissolve into it!

time

Figure 2.5: First and second order scattering.
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2.4 The Dirac Deltafunction

infinite
The definition of the Dirac delta function is:
0 ={ % el S
0

in such a way that:

/OO d(z)de =1

— o0

In that case one has: f(x) d(z) = f(0) 6(0) for any function f. Therefore:

|t sty de= [ §0)d(w) do = £(0) [ o) de = £(0)

—0o0

Exercise 7:
The consequences of the definition of the Dirac Delta function are the following:

(a) Prove that:
1

d(kx) = mé(:v)
(b) Prove that:
Hg@) =Y. o dlr—a)

where the sum i runs over the 0-points of g(x), i.e.:;g(x;) = 0.
Hint: make a Taylor expansion of g around the 0-points.

Exercise 8
Characteristics of the Dirac delta function:

(a) Calculate [} In(1+z) §(7 — ) da

(b) Calculate [} (222 + Tz +4) §(z — 1) dx
(c) Calculate [ In(z?) 6(x/e — 1) da

(d) Simplify 6 (\/(5x — 1) — 2 — 1)

(e) Simplify 6(sinx) and draw the function
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The Electromagnetic Field

3.1 Maxwell Equations

As we eventually want to calculate processes in QED, let us look at the electromagnetic
field and the photon. The Maxwell equations in vacuum are:

(1) V-E=p Gauss law
(2) V-B=0 No magnetic poles
. - OB , o
(3) V x E+ = 0 Faraday’s law of induction
. - 9E -
(4) VXB——=] Relate B field to a current

ot

From the first and the fourth equation we can indeed derive the continuity equation:

In scattering with particles we want to work relativistic, so it would be suitable if
we could formulate Maxwell equartions in a covariant way; i.e. in a manifestly Lorentz
invariant way.

To do this we introduce a mathematical tool: the potential A* = (V, ff) We note
at this point that the fields E, B are physical, while the potential is not. Remember
that the following identities are valid for any vector field A and scalar field V:

V x (§V> =0 ( rotation of gradient is 0 )

\E (ﬁ X /T) =0 ( divergence of a rotation is 0 )

We choose the potential in such a way that two Maxwell equations are automatically

fullfilled:

1. B=VxA
Then, automatically it follows that: V- B = 0.

37
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2. E= -2 _ Vv
Then, automatically it follows that: VxE= _?

So, by a suitable defition of how the potential A* is related to the physical fields,
automatically Maxwell equations (2) and (3) are fullfilled.

Exercise 9:
Derive the expressions for p and j explicitly.

(a) Show that Maxwell’s equations can be written as:
0,0t A" — 070, A" = j”
Hint: Note that V x (ﬁ X ff) = V244V (6 . ff)

(b) It can be made even more compact by introducing the tensor: F* = 9*AY — Q" AH.
Show that with this definition Maxwell’s equations reduce to:

0P = j

Intermezzo: 4-vector notation

Assume that we have a contravariant vector:

—

then the covariant vector is obtained as:

since we use the metric sensor:

1 0 0 0
w0 -1 0 0
Iw=9" =10 0 -1 0
0o 0 0 -1
There is one exception to this: 9, = 8%. For the derivative 4-vector we then find:

0 = 0 =
d, ==,V oM=|=,-V
: (875 > <8t )
which is opposite to the contravariant and covariant behaviour of a usual 4-vector A*
defined above.
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3.2 (Gauge Invariance

Since we have introduced the potential A* as a mathematical tool rather than as a
physical field we can choose any A* potential as long as the E and B fields don’t change.
After re-examining the equations that define A we realize that there is a freedom to make
so-caled gauge transformations which do not affect the physical fields E and B:

A — A = AP 4 9PN or
A, — Ay = A, +0,\ for any A

In terms of the Voltage V' and vectors potential A we have:

, O\
V= Vi
A = A-VA

Exercise 10:
Show explicitly that in such gauge transformations the E and B fields do not change:

B o= VxA=.-F

— 14»/ — —

E = _8 -VV'=..=F
ot

The laws of physics are gauge invariant. This implies that we can choose any gauge
to calculate physics quantities. It is most elegant if we can perform all calculations in
a way that is manifestly gauge invariant. However, sometimes we choose a particular
gauge in order to make the expressions in calculations simpler.

A gauge choice that is often made is called the Lorentz condition, in which we choose
AH according to:

9, A" =0

Exercise 11:

Show that it is always possible to define a A" field according to the Lorentz gauge. To
do this assume that for a given A" field one has: 9,A" # 0. Give then the equation for
the gauge field A\ by which the A field must be transformed to obtain the Lorentz gauge.

In the Lorentz gauge the Maxwell equations simplify further:

0, 0" A" — 0V0, A" = j¥ now becomes :

DM AT =
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However, A" still has some freedom since we have fixed: 9, (9*)), but we have not
yet fixed 0*\! In other words a gauge transformation of the form:
A, —>AL:AH+8H)\ with: OA=09,0'\A =0

is still allowed within the Lorentz gauge 0, A" = 0. However, we can in addition impose
the Coulomb condition:

A=0 or equivalently : V-A=0

At the same time we realize, however, that this is not elegant as we give the “0-
th component” or “time-component” of the 4-vector a special treatment. Therefore the
choice of this gauge is not Lorentz invariant. This means that one has to chose a different
gauge condition if one goes from one reference frame to a different reference frame. This
is allowed since the choice of the gauge is irrelevant for the physics observables, but it
sometimes considered “not elegant”.

3.3 The photon

Let us turn to the wave function of the photon. We start with Maxwell’s equation and
consider the case in vacuum:

OA" = j# — vacuum: j# =0 — OA"=0

Immediately we recognize that this is the Klein Gordon equation of a quantum mechan-
ical particle with mass m = 0: (O + m?) ¢(x) = 0 (see previous Lecture). This particle
is the photon.

The plane wave solutions of the massless K.-G. equation are:

AF () = Net (p) e " with : p* = pup" =0

We are describing vector field A* since the field has a Lorentz index . The vector
e#(p) is the polarization vector: it has 4 degrees of freedom. Does this mean that the
photon has 4 polarizations?

Let us take a look at the gauge conditions and we see that there are some restrictions:

e Lorentz condition:
AY =0 = p,e"=0

This reduces the number of independent components to three. For the gauge field
this implies O\ = 0 and we see that we can choose the gauge field as:
A = iae "

—ipT

oA = apue
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where a is a constant. Thus the gauge transformation looks like
A, — A;L =N (Eue_ipx + apue_ipx)
or, in terms of the polarization vector:
€M—>EL:€M+apH

Therefore, different polarization vectors which differ by a multiple of p, describe
the same physical photon.
e Coulomb condition:

We choose the zero-th component of the gauge field such that: €% = 0. Then the
Lorentz condition reduces to:

A =0 N =0
V-A=0 E-p=0

So, instead of 4 degrees of freedom (¢#) we now only have 2 independent polarization
vectors which are perpendicular to the three-momentum of the photon. If the photon
travels along the z-axis the polarization degrees of freedom can be:

e transverse polarizations:

& = (1,0,0) & = (0,1,0)

e circular polarizations:

= —&1 — i€y o +E€1 — €5

9
" V2

Exercise 12
Show that the circular polarization vectors €, and €_ transform under a rotation of
angle ¢ around the z-axis as:

54_ — 5_,+ = 6—1¢§’+
g —& = %
oré, = e Mg

7

Hence €', and £_ describe a photon of helicity 41 and -1 respectively.

Since the photon is a spin-1 particle we would expect m, = —1,0,4+1. How about
helicity 07 The transversality equation £-p' = 0 arises due to the fact that the photon is
massless. For massive vector fields (or virtual photon fields!) this component is allowed:

£//p.
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3.4 The Bohm Aharanov Effect

Later on in the course we will see that the presence of a vector field A affects the phase
of a wave function of the particle. The phase factor is affected by the presence of the
field in the following way:

1/]/ — 6i%a(ﬁt)¢

where ¢ is the charge of the particle, i is Plancks constant, and « is given by:
a(F 1) = /dF’ A1)

Let us now go back to the famous two-slit experiment of Feynman in which he
considers the interference between two possible electron trajectories. From quantum
mechanics we know that the intensity at a detection plate positioned behind the two
slits shows an interference pattern depending on the relative phases of the wave functions
11 and 1y that travel different paths. For a beautiful description of this effect see chapter
1 of the “Feynman Lectures on Physics” volume 3. The idea is schematically depicted
in Fig. 3.1.

deEctor

dits —

-]

[ |
source LIJl A coil <

Figure 3.1: The schematical setup of an experiment that investigates the effect of the
presence of an A field on the phase factor of the electron wave functions.

In case a field A is present the phases of the wave functions are affected, such that
the wave function on the detector is:

Y =1 el () 4 o elao2(mit) — (¢1 glalea—az) | ¢2> 1902
We note that the interference between the two amplitudes depends on the relative phase:
=y = / dri A —/ dit Ay = fdf' A7 1)
1 T2

- /6></Y(ﬁ,t)~d§:/é-d§:q>
S S
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where we have used Stokes theorem to relate the integral around a closed loop to the
magnetic flux through the surface. In this way the presence of a magnetic field can
affect, (i.e. shift) the interference pattern on the screen.

Let us now consider the case that a very long and thin solenoid is positioned in the
setup of the two-slit experiment. Inside the solenoid the B-field is homogeneous and
outside it is B = 0 (or sufficiently small), see Fig. 3.2. However, from electrodynamics
we recall the A field is not zero outside the coil. There is a lot of A circulation around
the thin coil. The electrons in the experiment pass through this A field which quantum
mechanically affects the phase of their wave function and therefor also the interference
pattern on the detector. On the other hand, there is no B field in the region, so
classically there is no effect. Experimentally it has been verified (in a technically difficult
experiment) that the interference pattern will indeed shift.

B
1

Figure 3.2: Magnetic field and vector potential of a long solenoid.

Discussion:

We have introduced the vector potential as a mathematical tool to write Maxwells
equations in a Lorentz covariant form. In this formulation we noticed that the A-field
has some arbitraryness due to gauge invariance. Quantummechanically we observe,
however, that the A field is not just a mathematical tool, but gives a more fundamental
description of “forces”. The aspect of gauge invariance seems an unwanted ( “not nice”)
aspect now, but later on it will turn out to be a fundamental concept in our description
of interactions.
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Exercise 13
The delta function

(a) Show that
d®p

s 3.1
(27)32F (3:1)
is Lorentz invariant (d®*p = dp,dp,dp.). Do this by showing that
d*p 4 2 2
[M@E = [ M) 20 5~ m?). (3.2)

The 4-vector p is (E, py, py, p-), and M (p) is a Lorentzinvariant function of p.

(b) The delta-function can have many forms. One of them is:

1 sin? ax

d(z) = lim —

a—oo T 2

(3.3)

Make this plausible by sketching the function sin®(ax)/(raz?) for two relevant
values of c.



Lecture 4

Perturbation Theory and Fermi’s
Golden Rule

4.1 Non Relativistic Perturbation Theory

Let us start to examine a scattering process: A+ B — C + D. As an example we
take in mind the case where two electrons scatter in an electromagnetic potential A* as
schematically depicted in Fig. 4.1

Figure 4.1: Scattering of two electrons in a electromagnetic potential.

The ingredients to calculate the counting rate for a scattering process: A+B — C+D
are:

1. The transition probability Wy; to go from an initial state "i" to a final state " f”.

2. The experimental conditions called the “flux” factor. It includes both the beam
intensity and the target density.

3. The Lorentz invariant “phase space” factor ® (also referred to as dLIPS). It takes
care of the fact that experiments usually can not observe individual states but
integrate over a number of (allmost identical) states.

45
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The formula for the calculation of a (differential) cross section is:

Wi
do = P
4 Flux

Note that the “real” physics, (i.e. the Feynman diagrams) is included in the transition
probability W;. The flux and the phase space factors are the necessary “bookkeeping”
needed to compare the physics theory with a realistic experiment. (The calculation of
the phase space can in fact be rather involved.)

4.1.1 The Transition Probability

In order to calculate the transition probability we use the framework of non-relativistic
perturbation theory. In the end we will see how we can use the result in a Lorentz
covariant way and apply it to relativistic scattering.

Consider the scattering of a particle in a potential as depicted in Fig. 4.2 Assume
that before the interaction takes place, as well as after, the system is described by the
non-relativistic Schrodinger equation:

Y
“or T

Ho 1

where Hj is the undisturbed Hamiltonian, which does not have a time dependence.
Solutions of this equation can be written in the as:

U = G (T) e

with eigenvalues FE,,.
The ¢,, form a complete set orthogonal eigenfunctions of: Ho¢,, = Epdm, s0:

[ 6.(@) 60(3) d = 6y

Figure 4.2: Scattering of a particle in a potential.
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Assume that at t = 0 a perturbation occurs such that the system is described by:

s

IS = (Hy+V (7,0) (1.1)

The solutions ¢ can generally be written as:

o0

Z t) ¢n(T) et (4.2)

13 77

where a,(t) is the coéfficient to find the system in state “n
To determine these coéfficients a,(t) substitute 4.2 in 4.1.

050 20 (@) i3 () B an(t) 60(8) e =
n=0 n=0
3 B oalt) 0u(F) €4 3 VD) 0,(0) 60(7) 5

n=0

and the two terms proportional to F,, cancel.
Multiply the resulting equation from the left with: ¢} = ¢3(Z) e
over volume d*z to obtain:

ZZ dan

n=0

iEst and integrate

/d3 T §3(F) 6n(@) € —~i(En—Ey )t

Ofn

> anlt) [ @ (@) V(E, ) bu(@) e F )
0

n=

Next we use the orthonormality relation:
[ @ 6,(&) 60() = b

so that we find:

daf _ Z an(t /d3;1: &5 (z) V(1) 6n(E) o—i(Bn—Ey)t

We will assume two simplifications:

e We prepare the incoming wave in a single state: The incoming wave is: ¢; =
¢i(Z) e7*Eit. In other words: a;(—o0) =1 and a,(—o00) = 0 for (n # i).

e We will assume that the inital condition is true during the time that the pertur-

bation happens! This implies that we work with a weak interaction. In fact this is
(o]

the lowest order in perturbation theory in which we replace Z by just one term:
n=0
n =1i. It means that af(t) << 1 is assumed at all times.
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The we get:

da(;t(t) = —3 /d?’x gb}(f) V(Z,t) ¢;(%) e—i(Ei—Ef)t

Our aim is to determine ay():

af(t’) _ /t' dacjict(t) dt = —i /_1;/2 dt /d3x [qbf(f) e_iEftr V(f, t) {qbz(f) e—iEit]

—T/2
We define the transition amplitude Ty; as the amplitude to go from state ¢ final state f
at the end of the interaction:
T/2

Ty = ay(T)2) = —i /_ o / B 63 (E, 1) V(E, ) ¢:(7, 1)

Finally we take the limit: 7" — oco. Then we can write the expression in 4-vector
notation:

Ty = =i [ d'z 6}(x) V() éi(a)

Note:

The expression for Ty; has a manifest Lorentzinvariant form. It is true for each Lorentz
frame. Although we started with Schrodinger’s equation (i.e. non-relativistic) we will
always use it: also for relativistic frames.

1-st and 2-nd order perturbation

What is the meaning of the initial conditions: a;(t) =1, a,(t) = 0 ? It implies that the
potential can only make one quantum perturbation from the initial state ¢ to the final
state f. For example the perturbation: ¢ — n — f is not included in this approximation
(it is a 2" order perturbation).

If we want to improve the calculation to second order in perturbation theory we
replace the approximation a,(t) = 0 by the first order result:

da(t)
dt

= sz e—i(Ef—Ei)t

S Vi [t enitEE

T/2 Vin e i(Er=En)t
n#i

+ (=)

where we have assumed that the perturbation is time independent and introduced the
notation:

Vi = [ d20j(@) V(@) 6:(2)

See the book of Halzen and Martin how to work out the second order calculation. A
graphical illustration of the first and second order perturbation is given in Fig. 4.3.
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1-st order 2—nd order
f f

space 4

time

Figure 4.3: First and Second order approximation in scattering.

Can we interpret |T};|* as the probability that a particle has scattered from state i

to state f7 Consider the case where the perturbation is time independent. Then:
Ty = —i Vi /_ i (BBt — _ori V5 (E; — E,)
The é-function expresses energy conservation in ¢ — f. The we see that:
Tyl = |Vyl? /oo dt ¢/ (Br=Ei)t . /oo dt’ e Br—Bi)t

Next apply a “trick”: replace the first integral by a d-function, such that in the second
integral only a contribution for £y = E; is obtained:

|sz"2 = |sz‘|2 210 (Ef — E;) - lim e dt
T—oo J-T/2

E,_/

Tlim T

Note that the initial and final state are infinitely seperated in time. The delta
function expresses conservation of energy between the initial and final state. From the
uncertainty principle it can then be inferred that the exact transition between the exact
energy states I; and Ey they must be infinitely separated in time.

We define instead the transition probability per unit time as:

2
W = lim % =21 |V 6 (Ef — E;)

T—00

In particle physics experiments we typically have:
e Well prepared initial states
e An integral over final states that are reached: p(Ey)dE}.

Finally we arrive at Fermi’s Golden rule:

Wy = 2n / dE; p(Ey) [Vyl* 6 (Ef — Ey)
2m |sz'|2 p(E;)
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4.1.2 Normalisation of the Wave Function

Let us assume that we are working with solutions of the Klein-Gordon ‘equation:
¢ =Ne P

We normalise the wave function such that the probability to find a particle in a given

volume V is 1: .
TodV =1 = N=—
Jooo N

The probability density for a Klein Gordon wave is given by (see Lecture 2):

2F
=2 |[NP?E = ==
p=2|[N]| =

In words: in a given volume V' there are 2F particles. The volume V' is arbitrary and
in the end it must drop out of any calculation of a scattering process in the end.

4.1.3 The Flux Factor

The flux factor or the initial flux is the amount of particles that pass each other per
unit area and per unit time. This is easiest to consider in the lab frame. Consider the
case that a beam of particles (A) is shot on a target (B), see Fig. 4.4

&

S -0

A B

Figure 4.4: A beam incident on a target.

The number of beam particles that pass through unit area per unit time is given by
|U4] ma. The number of target particles per unit volume is ng. The density of particles
n is given by n = p = % such that:
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Exercise 14
In order to provide a general, Lorentz invariant expression for the flux factor replace U4
by U4 — vp and show using: U4 = P4/E and Ug = Pg/Ep, that:

Flux = 4 \/(pa - pp)° — mam | V?

4.1.4 The Phase Space Factor

How many quantum states can be put into a given volume V? Assume the volume is
rectangular with sides L,, L,, L.. A particle with momentum p has a “size” given by:
A = 27 /p. Using periodic boundary conditions to ensure no net particle flow out of the
volume we see that the number of states with a momentum between p'= (0, 0,0, ) and

—

7= (Dz, Py, p2) 18

Ly L. _ Laps Lypy L:p: 14

s A 2r or 2r (2n)p DmPbE

N=nynyn, =

&5

As a consequence, the number of states with momentum between p and p'+ dp’ (i.e.
between (p,, py, p.) and (p, + dps, py + dpy. p. + dp.) ) is:

\%4

The wave functions were normalized according to [, pdV = 2E, therefore the number
of states per particle is:
vV dp
(2m)® 2E
For a process in the form A+ B — C 4+ D + E + .... with N final state particles the
Lorentz invariant phase space factor is:

#states/particle =

NV &P
dLIPS = ’
g (27r)3 2L;

L

AURULUA L e
szz

Ly

Lx

Figure 4.5: Schematic calculation of the number of states in a box of volume V.
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4.1.5 Summary

Finally we arrive at the formula to calculate a cross section for the process

Al—l—BZ—>Cf—|—Df—|—

1
doyy = — Wy dO
o1 flux !
Ty
Wi = fim =5

N
i = [

1
flux = 4 \/(pA -pB)2 —mim% | V?

Exercise 15
Show that the cross section does not depend on the arbitrary volume V.

Exercise 16
Why is the phase space factor indeed Lorentz invariant?
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4.2 Extension to Relativistic Scattering

The transition amplitude of the scattering process A + B — C' + D, for incoming and
outgoing plane waves ¢ = Ne~ % takes the form:

sz = — NANBNCND (27T>4 5(17,4 +pB —Pc — pD) M

where M is the so-called Matriz element and the delta function takes care of the energy
and momentum conservation in the process.
To find the transition probability we square this expression:

Ts° = |NaNgNoNp|® /d4x e~ i PAtPE—PO—PD)T /d41:’ e~ i(PatPe—po—pD)a’
= ]NANBNCND\2 (2m)* 6*(pa + p — pc — pp) X _lim d*z
T,V—oo JTV

= |NaNsNcNpl* (27)" 64 (pa +pp — pc —pp) x _lim TV

This gives for the transition probability per unit time and volume:

’ 2

L T
Wy = lim =0

= |N4NgNgNp|* |IM)? (2m)* 8 (pa + ps — pe — pp)

Indeed we see that the delta funtion provides conservation of energy and momentum.

The cross section is again given by':

_ Wi g

" Flux °

do

The phase space factor is:

V d3pc V dng

@ pr—
7 (2m)3 - 2Ec (27)3 - 2Ep

and the Flux factor is:

Flux = 4\/(pA pg)t —mim% | V?
Taking it all together with N = 1v/V:
1 V2 V d3p V d3p
do = T IM|? (27)*6* (pa + pB — pc — Pp)- 5 2 (27 2% 97) 22
4\/(pA-pB) — mm3 (27) c (2m) D

In this formula the arbitrary volume factors V' cancel again.

1Usually we will write this as:

_IMP
~ Flux
and absorb the delta function in the phase space factor.

do dd



o4

Lecture 4. Perturbation Theory and Fermi’s Golden Rule

We finally have for the cross section of A+ B — C + D:

4/(pa - pp)* — mAm3, (2n)° 2E¢ (27)° 2Ep

_ (27T)4 ot (pa +pB — P — PD) 2 *pe &pp
do = - M|

Similarly the formula for decay A — C + D is:

(2m)* 6* (pa — pc — pp) M Bpc Bpp

dr = :
2F, (2m)° 2E¢ (27)® 2Ep

Exercise 17
Calculate the two particle phase space in the interaction A+ B — C + D.

(a) Start with the expression:

(b)

(c)

d’pe *pp
(2m)® 2E¢ (27)* 2Ep

o, = / (27m)* 6* (pa + pB — P — D)

Do the integral over d3pp using the § function and show that we can write:

1 p2dpydQ
%:/( Pr oI O 5 (B + Ep — Eo — Ep)

or)? 4EcEp

where we have made use spherical coordinates (i.e.: d*pc = |pc|?*dpc dS?) and of
pr = lpcl, -

In the C.M. system we can write: /s = W = E, + Eg. Show that the expression
becomes:

1 pf 1
<1>:/ —( >de95 W—E.—E
2 (277_)2 4 EC‘I—ED ( C D)

So that we finally get:

1
O, — Pr g0

4m? 45
Show that the flux factor in the center of mass is:
F =4pi\/s

and hence that the differential cross section for a 2 — 2 process in the center of
mass frame is given by:

do 1 py 9
Q| ~ 64n2s p; M|




Lecture 5

Electromagnetic Scattering of
Spinless Particles

Introduction

In this lecture we discuss electromagnetic scattering of spinles particles. First we de-
scribe an example of a charged particle scattering in an external electric field. Second
we derive the cross section for two particles that scatter in each-others field. We end
the lecture with a prescription how to treat antiparticles.

5.1 Electrodynamics

How do we introduce electrodynamics in the wave equation of a system? The free
Lagrangian of a free particle is:

1
£:T—V:§m172

In the presence of an electromagnetic field the equation of movement is:
— dﬁ — = —
F:%:q(EJrva)

The Lagrangian that leads to the desired equation of motion is (see e.g. Jackson):
1 S
L= §m172 +q - A(F,t) — q®(7, 1)

——
\%4

T

This means that we replace the kinematic energy and momentum by the canonical
energy and momentum: F — FE + ¢® and p=— p+ ¢A'. In 4-vec notation:

pﬂ_>pﬂ_|_qAM

This is called minimal substitution contains the essential physics of electrodynamics.

INote that: ‘g—f =muv + qA

95
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Exercise 18
A charged particle moves in a uniform static magnetic field B.

(a) Show that for a uniform magnetic field, we may take:

V =0, A=ZBxr

| =

If we choose the z-axis in the direction of B we have in cylindrical coordinates
(r, ¢, 2): X
V:O, AT:O7 A¢I§BT’, AZ:O

Hint: In cylindrical coérdinates the cross product is defined as:

oA (lﬁAz 94y DA, 9A. 1 [a(mqs) B aATD
- \r 0¢ 0z’ 0z or 'r or ¢

(b) Write down the Lagrangian in cylindrical coérdinates

(c) Write out the Lagrangian equations:

d (oL _ oL
dt \94o)  0qa

in the cylindrical coordinates.

(d) Show that the equation of motion in terms of the coordinate ¢ yields (assume
r=constant):

. . B
p=0 or o¢= g
m
i.e. that it is in agreement with the law:
F:a:q(EijxB)

In quantum mechanics we make the replacement p* — 10", such that we have now:

B s B — g AP

This is the heart of quantum electrodynamics. As we will see later in the lectures this
substitution is mandatory in order make the the theory quantum electrodynamics locally
gauge invariant!

Start with the free particle Klein-Gordon equation:

(0,0" +m?) ¢ =0
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and substitute O* — O* — e A*:
(0, —ieA,) (0" —ieA") ¢ +mPp =0

which is of the form:
(Qﬁ“ +m? + V(x)) »=0

from which we derive for the perturbation potential:
V(x) = —ie (9,A" + A, 0") — *A?
Since €? is small (o = e?/41 = 1/137) we can neglect the second order term: e2A% = 0.

Ho
P;

Ho
P
P,
Figure 5.1: Scattering potential
From the previous lecture we take the general expression for the transition amplitude:
T, = —i / d'z ¢ (x) V(x) ¢i(x)
= i [ d'w (@) (~ie) (4,0" + 9,4%) 6i(w)

Use now partial integration to calculate:

[ate g7 0,00 = [0 47 6]~ [0, (57) A 6sd'a
_—

note that at t = —oo and at t = +00: A* = 0.

We then get:

Ty = =i [ =ie [6;(@) (Ou0:(x)) = (0,07 (@)) 0:(x)] A" 'z

A

We had the definition of a Klein-Gordon current density:

Ju = —l€ [¢* (3qu) - (au¢*) Qﬂ
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In complete analogy we now define the “transition current density” to go from initial
state ¢ to final state f:

J,]jl = —ie [Q%kt (8u¢i) - (augb?) sz}

so that we arrive at:

Tpi=—i [ i ard'a

This is the expression for the transition amplitude for going from free particle solution ¢
to free particle solution f in the presence of a perturbation caused by an electromagnetic
field.

If we substitute the free particle solutions of the unperturbed Klein-Gordon equation
in initial and final states we find for the transition current of spinless particles:

¢ = Nye ™" P = N}keipfx
Jzi = —eN;Ny (pl-l—pf:) ¢ips=pi)e

5.2 Scattering in an External Field

Consider the case that the external field is a static field of a point charge Z located in

the origin:

A, = (v, Z) = (V, 6) with V(z) = %

The transition amplitude is:
Ty = —i / Ay, d'a
- —z’/(—e) N;N; (pf‘ —|—p?) A, oi(pr—pi)e g4,
Insert that A, = (V, 6) and thus: p* A, = EV:
Ty =i / eN;NG (E;+ Ey) V(x) el(rrmi)e gty
Split the integral in a part over time and in a part over space and note that V(%) is not

time dependent. Use also again: [ (BBl qy — or § (Ef — E;) to find that:

Je - -
Ty = ieN;N} (E; + Ef) 27§ (E; — E) ﬁ =i (Pr=7)7 3y
i

Now we make use of the Fourier transform:

1 e
o2 = /d3$ e'd* —
4] 4|7
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Using this with ¢ = (py — pi) we obtain:

Ar 7
Ty = ieN;N; (E; + Ey) 278 (Ey — E) —
Py — pil
The next step is to calculate the transition probability:
T
We =
1 AnZe? (B + Ef)\’
= lim — ‘NzN; [27T5(Ef—El)]2 ( T i< _,+2 f)>
We apply again our “trick”:
T/2 ,
lim [27 6 (Ef — E)* = 2n0(Ef—E;)- lim dt ¢'(Er—Ea)t
T—o0 T—o0 -T2

T/2 .
= 276 (E;— E;)- lim eOtdt

= Tlim 2nd(Ey — E;) - T

Putting this back into Wy; we obtain:

AnZe2 (B, + Ef)>2

1
W= lim —-T |NiNf|2 2m 6 (By — E3) < > |2
T—oo T [Py — pil

The cross section is given by:

do = Vi dLips

Flux
with :
2F;  p; 2E;  2p;
S A A 7
V d3pf
dLips = —
T (en) 28
1
Normalization: N = — — / odV =1
N Ve
In addition from energy and momentum conservation we write £ = E; = Ey and

p = |Ps| = |pil
Putting everything together:

1
dazﬁ27r5(Ef—Ei)-<

A 7 e? (Ei+Ef)>2_ VoV dpy
7y — Bl 21pi| (2m)° 2E;
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Note that the arbitrary volume V drops from the expression!
Use now d®py = p7 dpy df2? and |ps| = |p;| = p to get:

1 ArZe® (B + E;)\* p? dpy d
(2m) Py — il 2|pi| 2E¢
2
4Ze* (E;+ Ep) | pdpdf?
= 0(Ef—Ey) 2 !
2p° (1 — cos0) AE
—_———
4p?sin? 0/2

now use p dp = F dF such that:

pdpdS?
4F

dE S (E, — E;) df2  df?
(B, - ) = PO E ZB) 42 _ 48

We arrive at the expression for the differential cross section:
Ze2E \?
dCT = a9 - 2,4 dQ
2p? sin” 6/2

or:

do  Z*E*¢" Z°FE*o®
d2  4ptsin*0/2  4pisint /2

In the classical (i.e. non-relativistic) limit we can take £ — m and Ey;, = % such
that:
do Z?m2a? _ AL
df2  16m2E2sin0/2  16E2sin®6/2

the well known Rutherford scattering formula.

5.3 Spinless m — K Scattering

Let us proceed to the case of QED scattering of a 7~ particle on a K~ particle. We
ignore the fact that pions and kaons also are subject to the strong interaction (e.g. we
could consider scattering at large distances).

B: K~ D: K~

AP~ We know from the previous calculation how a
particle scatters in an external field. In this case
the field is not external as the particles scatter

A m” C: 7" in each others field. How do we deal with it?
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Ansatz:

Consider first only the pion. It scatters in the field of the kaon. How do we find the field
generated by the kaon? This field is again caused by the transition current ji,, of the
scattering kaon. The field is then found by solving Maxwell’s equations for this current
(adopting the Lorentz gauge condition):

O,0"A* = i = —eNgN}, (ply + ply) e'Pp—PB)2

(see the previous section.)

Since 9,0"e " = —q? 7" we can verify that
AM — EN N* w K1y Lilpp—pB)T _ _i JH
7 BNp (P + 1) e 7 JBD
where we have used that ¢ = (pp —pg) = —(pc — pa) is the 4-vector momentum that is

transmitted from the pion particle to the kaon particle via the A* field, i.e. the photon.
In this case the transition amplitude becomes:

. . . . _1 . . . _g vV .y
Tpo= =i [ fho Aud'e = =i [ fho il d'e = =i [ fic =4 Jhp d's
Note:

1. The expression is symmetric in the two currents. It does not matter whether we
scatter the pion in the field of the kaon or the kaon in the field of the pion.

2. There is only scattering if ¢> # 0. This is interesting as for a “normal” photon
one has ¢> = m? = 0. It implies that we deal with virtual photons; i.e. photons
that are “off mass-shell”.

Writing out the expression we find:
1
72

p - (NpNp) (0 + plp) e'Pepo)

Next, do the integrals over x in order to obtain the energy-momentum conservation
o-functions:

. * 1 *
Ty = =ie® (NaNE) (Ph+p6) 5 (NsNp) (9 + 7)) (2m)' 8" (pa + P = po = po)

Usually this is written in terms of the matriz element M as:

Ty = —i NaNgNENG, (2m)*6* (pa + ps — pe — pp) - M
. . _ig v . v
with: M = ie(pa+pc)- —q; ~ie (pp + pp)
—_——— —_———
vertex factor ~— vertex factor

propagator
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The matrix element M contains:

a vertex factor: for each vertex we introduce the
factor: iep", where:
- e is the intrinsic coupling strength of the par-
ticle to the e.m. field.
- p* is the sum of the 4-momenta before and af-
ter the scattering (remember the particle/anti-
particle convention).

a propagator: for each internal line we introduce a
factor %, where:
- q is the 4-momentum of the exchanged photon
quantum.

Using Fermi’s golden rule we can proceed to calculate the relativistic transition
probability:

_ 1 |Tfi|2 T 1 2
Wri = pi, 7y = o 77

INANgNENS? |IM]? ](27r)454 (pa+pB —po — pD)!

Again we use the “trick” :

1 +T/2 +V/2 ‘
5(p) = lim —— / dt / A3z eP”

i
T.V—co (2m)* J_7/2 —V/2
such that 1 1
lim — |4 (p)2 = — T
i, 7y 1) = 7 TV 0)

We get for the transition amplitude:
Wi = [INaNgNoNp[* (M| (27)* 6" ((pa+ ps — po — pp)

For the scattering process: A+ B — C + D the cross section is obtained from:

Wi
do = m dLlpS

Flux = 4\/(pA -p3)2 —mim%/V?
V dgpc V d3pD
(27)® 2Ec (2m)° 2Ep

The volume V' cancels again and we obtain:

dLips =

do — (2m)" 6" (pa + PB — Po — Pp) M d’pc d’pp

/(s po)” = mam} (2m)" 2Ec: (2m) 2B
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which leads to the differential cross section for 2 — 2 electromagnetic scattering is (see
exercise 17)":
do 1 1
df) 6472 s

We will work it out for the relativistic case that: E = p, i.e. m = 0.
Py

2.,0,0) X . %/pc

s = (,-p,00) T S

(p,p
(

ph = (p,pcos@ psind, 0)

Py = (p,—pcosh, —psinb,0) p[)// pB
(

¢ = (pp—ps)" = (0,p(1 —cosh),—psinh,0)

Py
7 M|*

'LL =

We calculate the matrix element and the differential cross section using:

(pa +pc) = (2p,p(1 4 cosf),psinb,0)
(pB+pp)* = (2p,—p(1 + cosh), —psinb,0)

to get:

(pa + pc)” Iuv (pp+pp)” = p2 (6 4+ 2cosf)
¢ = —2p*(1—cosh)

We then find for the matrix element:
—iM = e(pa+pc) fi],;/ e (pp +pp)"

p? (6 + 2cos ) _ 2 3+ cosf
2p? (1 — cos )

1 —cosf

and then: )
2 [ 9\2 (3+cost
M= (e) <1—COS(9>

do 1 1p |
df2 6472 s p

Finally we obtain from:

the cross section (o = €?/47):

do 1 1(62)2 3+ cosf 2_&_2 3+cosf\’
df)  64w2 s 1—cosf)  4s \1—cosb

This is the QED cross section for spinless scattering.
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5.4 Particles and Anti-Particles

We have seen that the negative energy state of a particle can be interpreted as the
positive energy state of its anti-particle. How does this effect energy conservation that
we encounter in the d-functions? We have seen that the Matrix element has the form

of:
M x / &5 (x) V() ds(x) dav

Let us examine four cases:

e Scattering of an electron and a photon:

b M / e piw pmihe (e_ipfz)* dx
>—F Dy _ / e—i(pi+k—pf)x dr
k = (20 0 (Eit+w— Ey) & (5 + K — )

= FEnergy and momentum conservation are
guaranteed by the J-function.

e Scattering of a positron and a photon:

Replace the anti-particles always by particles by
—Di reversing (F, 7 — —FE, —p) such that now:

incoming state = —py, outgoing state = —p;:
S>—e—— —py
M / e~ iops)T ke (e_i(_pi)x>* dx
— / G*i(pi*pf+k):v dr
= (@2n)' 0(Bi+w— Ey) & (pi+k — py)
e Electron positron pair pﬁ"oduction:
P+

k A'W‘/\< M x /e_i(_”%)x (e_ip*xy dx

D _ /6—i(k—p+—p7)wdx

= @0 §(k—p-—ps)

>V\N\N k M /e’i(p‘)m (e’i(k’p”a‘”)* dx

-py — / 6fi(p_+p+fk)z

= (2m)" §(p- +ps — k)
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Exercise 19
Decay rate of m° — y:

(a) Write down the expression for the total decay rate I' for the decay: A — C + D

(b) Assume that particle A is a 7° particle with a mass of 140 MeV and that particles
C and D are photons. Draw the Feynman diagram for this decay assuming the
pion is a uu state.

c) For the Matrix element we have: M ~ f. e? where for the decay constant we
4
insert fr = m.
(i) Where does the factor e? come from?

(ii)) What do you think is the meaning of the factor f.? Describe it qualitatively.

(d) (i) Calculate the decay rate expressed in GeV.

(ii)) Convert the rate into seconds using the conversion table of the introduction

lecture.
(iii) How does the value compare to the Particle Data Group (PDG) value?
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Lecture 6

The Dirac Equation

Introduction

It is sometimes said that Schrodinger had first discovered the Klein-Gordon equation
before the equation carrying his own name, but that he had rejected it because it was
quadratic in %. In Lecture 2 we have seen how indeed the Klein-Gordon equation leads
to the interpretation of negative probabilities: p = 2|N|?E, where the energy can be:
E = +p?>+m?.

To avoid this problem Dirac in 1928 tried to make a relativistic correct equation that
was linear in %. He wanted to combine the merits of a linear combination (no negative
probabilites) with the relativistic correctness of the K.G. equation. Since he wanted the
equation to be linear in %, Lorentz covariance requires it to be also linear in V.

What Dirac found, to his own great surprise, was an equation that describes particles
with spin %, i.e. the fundamental fermions. At the same time he predicted the existence
of anti-matter. This was not taken serious untill 1932, when Anderson found the anti-
electron: the positron.

6.1 Dirac Equation

Write the Hamiltonian in a general form®:

Hip = (a-p+ pm) (6.1)
with coéfficients aq, as, ag, 3. These must be chosen such that after squaring one finds:
H* = (7 +m?)

Let us try eq 6.1 and see what happens:
H*) = (oup; +Bm)* with: i=1,2,3

= of pi+ (o + ;) pipy + (B + Bag) prm + B2 m | ¥
eyl s % iney
= 0 i>g > -

'Here @ - = opps + Qypy + 0P
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So we have the following requirements:
el=a3=a2=03*=1

® «q, (s, a3, 3 anti-commute with each other.

Note that Dirac discovered this just a few years after the beginning of the formulation of
quantum mechanics and commuting operators. He was highly interested in the mathematical
behaviour of the operators.

Immediatly we conclude that @, 3 cannot be ordinary numbers, but that they must
be matrices. They now operate on a wave function which has become a column vector
(called a spinor). This was not believed when Dirac first published his theory.

The lowest dimensional matrices that have the desired behaviour are 4 x 4 matrices
(see the book of Aitchison (1972) chapter 8; section 1). The choice of the (@, () is
however not unique. Here we choose the Dirac-Pauli representations:

. [0 & I 0
O‘:<5 o) ; 52(0—])

where ¢ are the Pauli matrices:

0 1 0 —i 1 0
(Vo) e () e (60 8)

Note that the physics is independent of the representation. It only depends on the
anti-commuting behaviour of the operators. Another representation is the Weyl repre-

sentation:
. (=0 0 _ 8= 0 I
“={ o0 ¢ ’ “\ro
Exercise 20

Show that the & and ( matrices in both the Dirac-Pauli as well as in the Weyl repre-
sentation have the required anti-commutation behaviour.

One can show using the fact that the energy must be real (see Aitchison) that the
«; and (# matrices are Hermitian:

af=a; 1 p=p

6.2 Covariant form of the Dirac Equation

We had
Hip = (a-p+pBm) ¢
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Now we replace: H — i%, p— —iV to find:

z%zp = (=id -V + pm) ¢

Multiply this equation from the left side by 3 (note that 3% = 1):

wi¢ = —ifa-V+my
w%¢ + iBa -V —mp =0

in which we see a nice symmetric structure arising. We write the equation in a covariant
notation:

(V"0 —m) v = 0
with: 4* = (8,8d) = Dirac y—matrices

In fact the Dirac eq. are really 4 coupled differential equations:

for each

4 3
i=1234 ; lz:ol ()i On = m5jk] (w) =0
2= :1 M:

10 00 (0 0

R P I 10100 vy | | O

or il g oo ™ e [T 0

o 00 01 Uy 0

———
L s J
or even more specific:

0 0 0 0 o
1 0 Z_ 0 g1 Z_ 0 g9 Z_ 0 g3 Z.__ 1 0 ¢2
G S ) a0 ) e @) a (o 0)a-(0 )| 5
(o

Take note of the use of the Dirac (or spinor) indices (k = 1,2, 3,4) simultaneously with
the Lorentz indices (1 =0, 1,2, 3).

On the other hand, there is an alternative and very short notation: an electron is
described by:

(170 —m)p=0 = (9 -—m)y=0
while the equation:
1 @Yp=0

contains everything you want to know about a neutrino (assuming m = 0).

o O o o
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6.3 The Dirac Algebra

From the definitions of @ and # we can derinve the following relation:

YA A = {4 = 29"

(70)2 =1 ; (”Yl>2 = ('72)2 - (72)2 =1

Also we have the Hermitean conjugates:

Thus:

W= 40 =5
y = (Ba’) =a'p = aip = —

Then the relation {7’“, 70} = (0 implies:

T

N N N NN

2 gt T

thus : 7090 = A2 kT = Ak

In general:

T = APka®

In words this means that we can undo a hermitean conjugate v*17° by moving a ~°
“through it”: 7’”70 = A0k

1

0
with the characteristics:

Furthermore we can define:

0.1.2 3
T 2
V=7 () =1 {4} =0

5 0
v=rrrrt =1 g

6.4 Current Density

Similarly to the case of the Schrodinger and the Klein-Gordon equations we can derive
a continuity equation to determine the current density j#: Write the Dirac equation as:

00U Oy
or T g

1y ET my =0 kE=1,2,3

We work now with matrices, so instead of complex conjugates we use Hermitean conju-
gates:

Ot YT
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But now we have a problem! The additional — sign in (—7’“) disturbs the Lorentz
invariant form of the equation. This means we cannot use this equation.

We can restore Lorentz covariance by multiplying the equation form the right by ~°.
Or, in other words, we can define the adjoint spinor as: 1 = 140,

U
Dirac spinor : z2 Adjoint Dirac spinor : (@1, g, 3, @4)
3
Y4
The adjoint Dirac equation the becomes:
o) o O,
—ZE —2@7 —mi =0 k=1,2,3

Now we multiply the Dirac equation from the left by @ and we mulitply the adjoint
Dirac equation from the right by :

(10,07 +mi) ¢ = 0

E (iaw’w—m?ﬂ) =0
+

G (O") + (Gur) v = 0

We recognize again the continuity equation:

Ouj" =0 with: j* = (Vy"))

6.4.1 Dirac Interpretation

Consider ,
70 =y = 100 = T =" > > 0
=1

Therefore the probability density is always greater then 0! This is the historical moti-
vation of Dirac’s work.

However, we had seen in the Pauli-Weiskopf interpretation that j* = (p,j) was the
charge current density. In that case:

' = —ey'
is the electric 4-vector current density (just as we used it before). The — sign means
that the electron is considered to be the particle and the positron the anti-particle.

If we use the ansatz: 1 = u(p)e#* for the spinor ¢ then we get for the interaction
current density 4-vector:

N
= —eﬂfy“uie_iqz

—iqx

g = —e( uwp )L " ui | e
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Exercise 21: Traces and products of v matrices
For the v matrices we have:

YA+ =24

Use this relation to show that:
(a) d Y+ ¥ d =2(a-b)

(b) 1) =4

i) Yyt = =24

iii) Y f Yo" =4(a-b)

V) yud Jogy==2¢Y4d
(¢c) i) Tril=4

ii) Tr (odd number of 7,’s) = 0

iii) Tr(d ) =4 (a-b)

W) Te(d ¥ ¢ d) =4 [(a-b)(c-d)—(a-c)b-d)+(a db-c)]
(d) 1) Tr~y° =Triy%y14*93 =0

ii) Tey> o f =0

i) Try° o U ¢ d =4icaps a®bPdd

where €,3,5 = +1(—1) for an even (odd) permutation of 0,1,2,3; and 0 if two
indices are the same.



Lecture 7

Solutions of the Dirac Equation

7.1 Solutions for plane waves with p =0

We look for free particle solutions of:

("8, —m) & =0

Exercise 22

Each of the four components of the Dirac equation satisfies the Klein Gordon equation:
(0,0" +m?); = 0.

Show this explicitly by operating on the Dirac equation from the left with: v*0,.

Hint: Use the anticommutation relation of the y-matrices.

Ansatz:
This suggests to try the plane wave solutions:

Y(@) =u(p) e ™

Since ¢(z) is a 4-component spinor, also u(p) is a 4-component spinor. After substitution
we find, what is called the Dirac equation in the momentum representation:

(V'pu—m) u(p) = 0
or: (§—m)ulp) =

Remember that the Dirac equation is a linear set of equations (use here the Pauli-Dirac

representation):
(o S) (5 %) r-(0 ) ()-
{w-mB = (E-m)ua

In fact we can recognize two coupled equations:
(@) ua = (E+m)up

= o

73
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where u4 and upg are now each two component spinors.
Let us first look at solutions for a particle at rest: p= 0:

L

For these equations there are 4 independent solutions, the eigenvectors:

Qi Q

P ug = (E—m)ug N Eus = mugy
‘P)ua = (E+m)upg Fug = —mug

LU = W — W3 = W =

O = O O
— o O O

1
0 1
0 ’ 0 ’
0 0

with eigenvalues: £ = m, m, —m, —m, respectively.

u™, u® are the positive energy solutions of e~.
u®, u® are the negative energy solutions of e~ and thus the positive energy solutions
of e™.

We define:

vWp) = uW(-p)
v®(p) = —u?(=p)

7.2 Solutions for moving particles p # 0

Again look at: Choose now for the two E > 0 solutions:
(@-p) up = (E—m)ua N W20
(0-p) ua = (E+m)ug 4 0 o4 1

Then it follows:

O I JEW O N N
B E+m 4 E+m \0
W2 o-p W2 a-p (0
B E+m 4 E+m \ 1

So, the two independent solutions are:

1 2

4 — uy 0@ — uy
e ) e

B B

Analogously: choose for the two E < 0 solutions:

3 1 4 0
5-(2) + 5-(1)
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then it follows:

G RS N C) N I

E—-m P E|+m \ 0
JH - P w0 p [0
A E—m % |E|+m \ 1

So, the two independent solutions are now:

u® W@
'U/(3) = A u(4) — A
J3 e

B B

To gain insight, let us write them out in more detail.
Use the explicit representation:

L. (01 (0 =i (1o
oP=\1r o0 )P i o )P0 -1 )P

= (1) _ Pz Pz — ipy 1 _ Dz
(U ﬁ) A ( Dz "‘ipy —Pz ) ( 0 ) < Dz +ipy )
2 3 4

and similar for uy”’, uyz’, up’.
Then we find the solutions:

we find:

1 0
. 0 1
electron spinors :  uY) = N s . uP =N Pa—iDy
E+m E+m
Pat1py —p:
E+m E+m
Pz —1iPy —Pz
|E|+m | E]+m
L —P= ) —(pa+tipy)
positron spinors : v = N | [Etm , v =N |E[+m
0 -1
1 0

and we can verify that the u® - 4 solutions are indeed orthogonal.

Exercise 23

Show explicitly that the Dirac equations describes relativistic particles. 'To do this
substitute the expression:

G - G
= Uu 1nto Uups =
E+m * AT E-m

up up

Hint: Work out the product (& - §)° in components.
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7.3 Particles and Anti-particles

The spinors u(p) of matter waves are solutions of the Dirac equation:
(¥ —m) u(p) =0 = solutions with p0 =FE>0

For the antiparticles (the solutions v(p)) we have substituted v(p) = u(—p). Remember
that we interpret an antiparticle as a particle travelling back in time. Let us make the
same substitution in the Dirac equation (for negative p° !):

(— ¥ —m) u(—p) =0 = replaced p — —p

Then we find for solutions with the new p® (=E>0) the Dirac equation for anti-particles:

(# +m) v(p) =0

7.4 Normalisation

We choose again (similar to the Klein-Gordon case) a normalisation of the wave function
such that there are 2F particles in a unit volume:

[ pdv = [ @rtvdv = [wirPudv = [ wteav
Substitute now the plane wave solution: 1) = u(p) e~ #*:
[ pav = [ulp) e ulp) e av =l phu(p) [ av
Choose the unit volume and normalise to 2E":
/V av =1 ; ul(p)u(p) = 2E

where for v we must substitute: u!(p),u*(p),v'(p),v*(p). Using orthogonality of the
solutions we get the relations:

WMy = 9 Ors r,s=1,2
T = op Ors r,s=1,2
Explicit calculation gives: 1
WO L0 N2 (1,0, Pz ,p‘””_ipy> R Y
E4+m E+4+m E+m
Patipy
E+m
..... = LQ (E+m)* +p2+p>+p*| =2E
(E +m) CARCRR
E2_m?2
N2
..... = —S2E(EF+m))=2F

= N=vVvE+m

Analogously for u(®, o™ ),
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7.5 The Completeness Relation
Let’s look again at the Hermitian conjugate Dirac equation for the adjoint spinors u, v:

Dirac : (g —m)u = 0
Look at : (Y'py —m) v = O]T = ul (WMTpM — m) =0

Multiply this from the right side by ~°:
UT’Y“T’}/OZ)M _ u’rfyﬂm =0

Use now: v = ~99#40 to find:

w4 p, —ufy’m = 0
then : wy'p, —um = 0

The conjugate Dirac equation is therefore:

u(p—m)=0

Also in exactly the same way:
(§F+m)v=0 = 7 (f +m)=0
We can now (see exercise 24) derive the completeness relations:

Note: v w is not an inproduct but we have
here 4x4 matrix relations:

W p)a(p) = (F +m)

W) ) = (f —m) R A O

These relations will be used later on in the calculation of the Feynman diagrams (see
next Lecture).

Exercise 24:
De spinors u, v, u and v are solutions of respectively:

—m)u =
prmv =
($—m) =
v(p+m) =

—~

]

o O O O
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(a) Use the orthogonality relations:

utu® = 2F 4,
vy = 2F s
to show that:
i u® = 2m
7)) = —om

(b) Show that: (7 - p)? = |p]?

(c¢) Derive the completeness relations:

7.6 Helicity

The Dirac spinors for a given momentum p have a two-fold degeneracy. This implies
that there must be an additional observable that commutes with H and p and the eigen-
values of which distinguish between the degenerate states.

Could the extra quantum number be spin? So, eg.: ©") = spin “up”, and u® =spin “down”?
No! Because spin does not commute with H (see exercise 25).

Exercise 25: (Exercise 7.8 Griffiths, see also Exercise 5.4 of H & M)
The purpose of this problem is to demonstrate that particles described by the Dirac
equation carry ‘“intrinsic” angular momentum (S) in addition to their orbital angular

momentum (E) We will see that L and S are not conserved individually but that their
sum Iis.

(a) Compare the Dirac equation
(V'pu—m) ¥ =0,

with Schrodinger’s equation
Hy = Evy

and derive an expression for the Hamiltonian H from this (see previous lecture).

(b) The orbital angular momentum is L = 7 x . Show that [p;, ;] = —id;; and use
this to show that L does not commute with H:

H,L| = =" (7 x ) .
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also does not commute with H:
[H,Sﬂ =i’ (Y xp) .

We see from (b) and (c) that the sum of the commutators is equal to 0, and
therefore J = L 4 S is conserved.

(¢) Show that S, given by:

—

S—-5—

| =
| =
S Q
QL ©
N——

The fact that spin is not a good quantum number can also be realised upon inspec-
tion of the solutions u:

1
W) — ;2 So solutions can have: p, #0 & p, #0 & p, # 0.
E+m
Pz +ipy
E+m

The spin operator is defined as:

If it commutes we expect:
This is not possible as can be seen by requiring the equation to be true for any p,, p,,
Dz

1 1

0 ? 0

> (( p:/ (E+m) ) =7 (( P/ (E+m) )

Pz +1py) [ (E +m) pa +ipy) [ (E +m)

/N
S Qy
QI ©

for any pz, py, p--
However, if we define the helicity A as:

A=-5p

1/ia-p 0

2 0 d-p

We could interpret the helicity as the “spin component in the direction of movement”
(Or: we choose p, = p, = 0 and consider o, in the equation above). In this case the

orbital angular momentum is zero by definition and and J = S is conserved.
One can verify that indeed A commutes with the Hamiltonian H = & - p'+ Gm:

1
2

[H,i-ﬁ}:...zo
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Choose p = ((0,0,p). For the spin component in the direction of movement we have
the eigenvalues:

1 1

1

—(0’-}3) us = —UguA:i—uA
2 2 2
L sy = ) L1
9 0-pD) up 20'3UB— 2UA

Positive helicity = spin and momentum parallel
Negative helicity = spin and momentum anti-parallel

Exercise 26: (Exercise 5.5 of H & M)

(a)

(b)

Use the equations

(G-Plua=(E+m)up (7.1)
to show that, for a non-relativistic electron with velocity 3, u is een factor %ﬁ
larger then ug. In a non-relativistic description 14 and g are often called re-
spectively the “large” and “small” components of the electron wavefunction.

Show that the Dirac equation for an electron with charge —e in the non-relativistic
limit in an electromagnetic field A* = (A° A) reduces to the Schrédinger-Pauli

equation
N2

1 /., e 0
(% (p + €A> +t5,.0 B —eA ) Ya — Enga (7.2)
where the magnetic field B=Vx ff, and the non-relativistic energy Exng = E—m.
Assume that |eA°] << m.
Do this by substituting p* + eA* for p* in eq 7.1 and solve the equations for 1 4.
Use:

PXxA+Axp=—iVxA,
where p' = —iV.
The term with eA® in 7.2 is a constant potential energy that is of no further
importance. The term with B arises due to the fact that p and A don’t commute.

In this term we recognise the magnetic field:

—ji-B=-¢°5.B.
2m
Here g is the gyromagnetic ratio, i.e. the ratio between the magnetic moment
of a particle and its spin. Classicaly we have g = 1, but according to the Direc
equation (S = 50) one finds g = 2. The current value of (g — 2)/2 is according to

the Particle Data Book
(g —2)/2 =0.001159652193 £ 0.000000000010

This number, and its precision, make QED the most accurate theory in physics.
The deviation from g = 2 is caused by high order corrections in perturbation
theory.
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Spin 1/2 Electrodynamics

8.1 Feynman Rules for Fermion Scattering

With the spinor solutions of the Dirac equation we finally have the tools to calculate
cross section for fermions (spin-1/2 particles). Analogously to the case of spin 0 particles
(K.G.-waves) we determine the solutions of the Dirac equations in the presence of a
perturbation potential. So we work with the free spin-1/2 solutions 1 = u(p) e~#* that
satisfy the free Dirac equation: (7y,p* —m)¢ = 0.

In order to introduce an electromagnetic perturbation we make again the substitu-
tion: p* — p* + eA*. The Dirac equation then becomes:

(Y — m) ¢ + ey, A =0 (8.1)
Again, we would like to have a kind of Schrodinger equation, ie. an equation of the type:
(Ho+ V)= EY
In order to get to this form, we multiply eq 8.1 from the left by +°:
— (Y = "m) ¥+ ey "y A = 0
= (B =" —1"m) ¢ = —eyy, A"

— By = (79" +9"m) ¢ — eqy, A"y
1%

For such a theory we can write, in analogy to spinless scattering:
Ty = =i [ wh(@) V(@) dule) d'a

Note, that the difference with the case of the KG solutions in spinless scattering is that
we had:

Ty = —i / Vi@) V(z) i) da

where we now have Hermite conjugates instead of complex conjugates.

81
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We substitute for the potential: V(x) = —ey%v,A4* to obtain the expression:
T = —i [ W) (~er A" (@) die)d's
= =i [ Uyla) (—e) yus(a) A*(w) d'a

For the current density we had in a previous lecture the expression:

jt = —epytip
So we find, in complete analogy to the spinless particle case:
Ty = —i / Jl A diy
with jlf = —e @f Vo Vi

e

and j#i can be interpreted as the electromagnetic transition current between state ¢ and
state f.

Remember that: . .
=0 )l ui | =(j Z)u

Similar to the spinless case we will use the A* solutions of the Maxwell equations
to determine the Feynman rules for scattering of particle with spin. Consider again the
case in which particle 1 scatters in the field of particle 2: ie. we consider the interaction:
A+B—-C+ D:

up i Up We had from Maxwell:
_
OA" = J2)

to which the solution was:

1
_ 7
At = — 2o

The transition amplitude is then again:
. . l . . . v 37
Tyi = —’/ g e Jy = _Z/ ity —q: J@)

which is symmetric in terms of particle (1) and (2). We insert the explicit expression
for the current: '
R
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to obtain:
T — —i | —em~~* ipo—pa)e , "I o v i(pp—pB)T
i = —1 ety uy e = eupy'ug e
So that we arrive at the “Feynman Rules”:
Ty = —i(2m)" 6 (pp +pc — pp — pa) - M
—1
—iM = ie(ucy uq) - g;w -ie (Tpy up)
N————’ q N————
vertex SN——— vertex
propagator
without spin: with spin:
U; uy

reyH

Figure 8.1: Vertex factors for left: spinless particles, right: spin 1/2 particles.

8.2 Electron - Muon Scattering

We proceed to use the Feynman rules to calculate the cross section of the process:
e u~ — e pu~. We want to calculate the unpolarized cross section:

e The incoming particles are not polarized. This implies that we average over spins
in the initial state.

e The polarization of the final state particles is not measured. This implies that we
sum over the spins in the final state.

The spin summation and averaging means that we replace the matrix element by:

1
> M

(2s4+1)(2sp+ 1) Spim

IM|? = IM[* =

where 2s4 + 1 is the number of spin states of particle A and 2sg + 1 for particle B. So
the product (254 + 1) (2sp + 1) is the number of spin states in the initial state.

Lioup Ho Up
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We have to take the square of the diagram and sum over all spin states. For a given
spin state:

—1

—iM = —e*ucy ua ? UDYuUB
2 4 = M L 0~ 1 u )
MIP = et |(Eerua) 5 (@pvus)| |([@er"ua) 5 (@pvus)
- Lgll;ctron Lglz:mn
Intermezzo:
If
M= A"B,

then

IM|* = [A*B,] [A"B,]"
(AoBo — A1 By — Ay By — A3B3) (AgBy — A1By — A3B; — A3B3)
= |Ao|?|Bo|* — ApA;ByB; — AgA3ByB; — AgAsBo B3
—AVAEBIBE + |AL?|B1)? + A ASB B + A AL B, B
—Ag A By By 4 Ay AT By By + | Ag|?| By|? + Ay A5 By B
—A3A;Bs By + A3 At B3 By + A3 A3 B3 By + | As|*| Bs|?
= "B
with : o = AFAY"
Bu = B.B,”

Next we proceed to take into account the spin. We have:

[ 4
2 2 €
|M| = Z |M| = E Lngctron Lgl;lon
Spin
with : Lﬁthron = Z [ECW/MUA} [HC’VVUA]*
e—spin
L%:mn = Z [HDIYMUB] [UD’VVMB]*
p—spin

L* is called the lepton tensor.
We have now split the sum over all spinstates in a sum over electron spins and a
sum over muon spins. So, for each vertex there is a tensor L*” which has the form:

*

G I B T | B (O A R

a number a number
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These numbers are called: bilinear covariants. Their general form is 1) (4 x 4) 1 and they
have specific properties under Lorentz transformations (see Halzen & Martin section 5.6
for characteristics). They will also appear in the weak interaction later on, but there
they will have a different form then the pure vector form: 1y*4.

Note: To do the spin summation is rather tedious. The rest of the lecture is just
calculations in order to do this!

Since we work with numbers complex conjugation is the same as hermitean conju-
gation:

ey ual” = [y ual
while [ucy ua]’ = [UTCWOVZ’UA]T = [ulyl’wouc}
= [847°7" 1 uc]| = [@ar"uc]
= Complex conjugation just reverses the order in the product!
Using this aspect we then write for the lepton tensor:

LY =Y (uey'ua) - (@ay"uc)

e spin

Next we write out the tensor explicitly in all components and we sum over all incoming
spin states s and over all outgoing spins s':

Ly = Z ZuCa 755 uAﬁ U(Ai %5 u(Cé)

where «, (3, 7, ¢ are the individual matrix element indices that take care of the matrix
multiplication.

At this point we apply Casimir’s Tric:

Get the factor Ué’(s all the way up in front such that it falls outside the summation over
s. Why can we do this?
Because we have written out all terms of the matrix multiplication in indices; i.e. in
numbers. The behaviour of the matrix multiplication is still valid because of the sum
rules of the indices!

So, now we have:

(s)
Ly = Z Uas uCa ’Yaﬁ Z uA,B Uy %5

e +m)s, watm)g,

where we used the completeness relations (see previous lecture):
3 u® ) =f +m

(Remember that these are 4 x 4 relations which are valid for each component.)
So we use the completeness relations in order to do the sums over the spins!
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The result is:
LY = (Pc+m)sy Yhs (Ba+ m)ﬂ'y Vi

Here is the next trick: look at the indices «, 3, 7, §; they are components of 4x4
matrices. Perform the sum over the indices «, (3, 7 and say that the result is: A. Then
we find that L* oc Ass and we have to do the remaining sum over J, which means that
we take the trace of the matrix. In other words, the fact that we sum over all indices
means:

L =Te[(Fe+m) 2" (Batm) ]

Where are we at this point?
We look at the reaction e~ = — e~ = and we have:

TAA12 1 2
M = (254 +1) (255 + 1) %'M
_ 1 64 Qv Tm
(2s4+1)(2sp+1) ¢* °© ™
with : L =Tr[(Bo+m) v (Fat+m) 2]

Ly, =Te[(#p+m) v (¥s+m) 7]

In order to evaluate these expressions we make use of trace identities.

Intermezzo: Trace theorems

e In general:

— Tr(A+ B) = Tr(A) + Tr(B)
— Tr (ABC) =Tr (CAB) = Tr (BCA)

e For y-matrices: from the definition: y#4" + ~v"y* = 2¢* it follows:

— Tr (odd number of v,’s = 0). = only 0 on the diagonal.

— Tr (y"4¥) = 4 ¢g". = note that this is a matrix of traces!
—Tr(d ¥)=4a-b
~Te(d Y sd)=4[(a-b)(c-d)=(a-c)(b-d)+(a-d)(b-c)]

We are calculating:

LY = Tr[(fo+m) A" (Ba+m) ] ... write it out.....
= Trlf o Par’]+ Tefmy"my"] + Tr [ oy"may"] + T [ma™ § an”]

case 2 case 1 3v's=0 37's=0
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Case 1: Tr [my*m~”] = m*Tr [y#9*] = 4m?2 g

Case 2: Tr (g " ¥ av”] =7
Use the rule for Tr (¢ § ¢ d) with a = pc and ¢ = p4, but what are b and d?

= b must be chosen such that v, - b = ~*. = b= g™
= d must be chosen such that vy5-d = +". =d=g¢%".
Therefore:

Tr (¢ " ¥ 4]
= 4[(pcag™) (pasg™) = (PEpaa) (9°"9™ 9) + (Poag™) (Pasg™ )]
= 4[pep’s + pipa — (pc - pa) 9

Finally we find for the tensors:

L = 4 pppl + perts — (po-pa—m?2) "]

Ly, = 4 [pDupBl/ + PpouPBu — (pD “PB — mﬁq) g,w}

To recapitulate, the matrix element for e"pu~ — e pu™:

W

1 e U orm
- L L;w

2— *« —
M| (2544 1)(2sp+1) ¢t C

and will just fill in the results of the tensors we just calculated:

py o ym
Le L,uu -

4 [plpty + 0eps — (po - pa—m?) ¢"] -4 [powpss + poups, — (po - p5 —m2,) g

16 -

(pc - pp) (pa - pB) + (e - PB) (Pa - PD) — (P - Pa) (PD - PB) + (PC - PA) M,
(pc - pB) (P - PD) + (Pc - PD) (P4 - PB) — (D - PA) (DD - PB) + (PC - PA) M,

— (pc - pa) (pp - pB) — (Pc - Pa) (P - PB) + (Pc - Pa) (DD - PB) -4 — (PC - Pa) M, - 4
+m? (pp -ps) + mZ (pp - pp) —4Am. (pp - pp) + 4mZm?,

32+ [(pa - p5) (pc - o) + (Pa - pp) (pC - pB) — M2 (Pp - pB) — M, (Pa - pC) + 2m2m? |

We then obtain:

11 ¢
2
= .. .pwm
|M| 2 2 q4 e y1%4
4
(&
= 8 ((pc - pp) (P4~ PB) + (e - 5) (pa - pp) — M (pp - PB) — M2 (DA - PC) + 2MIME,

Let us consider the ultrarelativistic limit; ie. we ignore the masses of the particles
with respect to their momentum. Also we use the Mandelstam variables:

s = (pA+pB)2:P,24+PQB+2(pA'pB) ~2(pa-pB)
2 _ 9

(pp —pB)" =4¢q ~ —2(pp - pB)

u = (pa—rpp)° ~ —2(pa-pp)



88 Lecture 8. Spin 1/2 Electrodynamics

1eucyHua
e e

Figure 8.2: e~ — e~ p~ scattering. left: the Feynman diagram. right: the scattering

process.

In addition we have the following relations (energy and momentum conservation):

(pa+p8)° = (pc+pp) N pa-DPE = Dc DD
(pD —]919)2 = (pc - pA)2 PD-PB = DPc - PA
(pA - 10[))2 = (pB - Pc)2 PA-Pbp = DB PcC

Then the ultrarelativistic limit gives us:

8 4 1 1 2 2
-5 (L L) (1)

4 4 12
We define the particle momenta now according to Fig. 8.2:

Take now: pa = (p,p,0,0) pc = (p,pcosf,psind, 0)
ps = (p,—p,0,0) pp = (p,—pcosf, —psin b, 0)

We get the for the Mandelstam variables:
s = 4p t=—2p* (1 —cos) u = —2p® (1 + cos )
and we finally obtain the differential cross section:

do 1 1 —
i, = e s M

o 4+ (1+cosh)’

25 (1 —cosf)’
2

e
with o= —
4



8.3. Crossing: the process ete™ — u*p~

8.3 Crossing: the process ete™ — ™

We will use the “crossing” principle to obtain |./\/l| (e utpm

e =€ e e g

job >Ci

An anti—particle is a particle where
p is replaced by —p. The diagram in
Replace: terms of particles is:
= R
B— R
R— -k
B — P&

, from the result of |./\/l|

89

(emp——ep™)

Figure 8.3: The principle of crossing. Use the anti-particle interpretation of a particle
with the 4-momentum reversed in order to related the Matrix element of the “crossed”

reaction to the original one.

So we replace in the previously obtained result:

s = 2(pa-pB) — =2 (ply - pp) =
= —2(pa-po) — 2(ply-pp) =+
u = —=2(pa-pp) - =2y - pe) =t
2 2
’M|e Se—p- 2648 —f;u “t-channel”:
So that we have: S t

5’2 “s-channel”:
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Again we go to the center of mass: pA : 6 pC
pa = (p,0,0,)
ps = (p,—p,0,0,) “
pc = (p,pcosf,psind,0,) pD// pB
pp = (p,—pcosf, —psind,0,)

We calculate the Mandelstam variables:

s = 2(pa-pp)=4p°
t = —2(pa-pc) =—2p* (1 — cosb)
u = —2(pa-pp)=—2p*(1+ cosb)
We immediately get for the matrix element:
T2 o4 2 4+ u? oy 9
M| = 2e a = ¢ (1—|—cos 9)
This means that we obtain for the cross section:
do o
0= = " <1+cos 9)

To calculate the total cross section for the process we integrate over the azimuthal angle
¢ and the polar angle 6:

o (e e — ;ﬁu‘) = %7?%

Exercise 27:
Can you easily obtain the cross section of the process ete™ — ete™ from the result of
ete™ — putp~? If yes: give the result, if no: why not?

Exercise 28: The process ete™ — 7t~

We consider scattering of spin 1/2 electrons with spin-0 pions. We assume point-
particles; i.e. we forget that the pions have a substructure consisting of quarks. Also we
only consider electromagnetic interaction and we assume that the particle masses can
be neglected.

(a) Consider the process of electron - pion scattering: e~ n~ — e~ n~ . Give the matrix
element M for this process.
(b) Use the principle of crossing to find the matrix element for the process: ete™ —

7 o

(¢) Determine the differential cross section do/d(2 in the center-of-mass of the ete™ -
system



Lecture 9

The Weak Interaction

In 1896 Henri Becquerel observed that Uranium affected photographic plates. He was
studying the effect of fluorescence, which he thought was caused by the X-rays that
were discovered by Wilhelm Rontgen. To test his hypothesis he wanted to observe that
this fluorescence radiation also affected photographic plates. He discovered by accident
that the Uranium salt he used also affected the photographic plate when they were not
exposed to sunlight. Thus he discovered natural radioactivity.

We know now that the weak interaction in nature is based on the decay: n — p+ e~ + 7,
and has a lifetime of 7 = 886s.

p+
%\ e

Ve
Compare the lifetimes of the following decays:
weak: T — T, T =2.6-10"% sec
Ho = e Ul 7=22-10"%sec
with:  em.: 70—y 7=284-10""" sec
strong:  p— 7w 7=44-10"%sec (I' = 150 MeV)

and realise that the lifetime of a process is inversely proportional to the strength of the
interaction. Note in addition that:

1. All fermions “feel” the weak interaction. However, when present the electromag-
netic and strong interactions dominate.

2. Neutrino’s feel only the weak interaction. This is the reason why they are so hard
to detect.

91
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9.1 The 4-point interaction

Based on the model of electromagnetic interactions Fermi inventd in 1932 the so-called
4-point interaction model, introducing the Fermi constant as the strength of the inter-
action: Gr ~ 1.166 - 107°Gev >

n p* The “Feynman diagram” of the 4-point in-
teraction “neutrino scattering on a neutron”
has the following matrix element:

M =Gp (EPVHun) (ﬂe'VuuV)

Ve -

This is to be compared to the electromagnetic diagram for electron proton scattering;:

ot ot Here the matrix element was:
ey, -~
M = —5= (W up) (Ueyptte)
2 q
q
1. €? = 47a is replaced by Gp
e e 2. 1/¢? is removed

We take note of the following facts of the weak interaction:

1. The hadronic current jZ has AQ = 1, the leptonic current has AQ = —1. We
refer to this as: charged currents, since there is a net charge transferred from the
hadron current to the lepton current. We will see later that neutral weak currents
turn out to exist as well.

2. There is a coupling constant Gz, which now plays a similar role as « in QED.
3. There is no propagator; ie. a “4-point interaction”.

4. The currents have what is called a “vector character” similar as in QED. This
means that the currents are of the form y*.

The vector character of the interaction was in fact just a guess that turned out successful
to describe many aspects of (3-decay. There was no reason for this choice apart from
similarity of QED. In QED the reason that the interaction has a vector behaviour is the
fact that the force mediator, the foton, is a spin-1, or vector particle.

In the most general case the matrix element of the 4-point interaction can be written
as:

M=Gr (B, (4x4) ) (G (4x4) 0)

where (4 x 4) are combinations of y-matrices. Lorentz invariance of the interaction puts
restrictions on the form of the bilinear covariants of any possible interaction.
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For any possible theory (or “force”) the bilinear covariants can be of the following
type:

current | # components | # y-matrices | spin
Scalar P 1 0 0
Vector PyHap 4 1 1
Tensor L 6 2 2
Axial vector | iySytap 4 3 1
Pseudo scalar | 1)y°1) 1 4 0

Table 9.1: Possible forms of the bilinear covariants. " = % (v#4” — 4¥4*). Note that
the total number of components is 16.

In the most general case the 4-point weak interaction can be written as:

S,P,V,AT

M = GF Z Cij (Up Ol un) (Ue Oj ul,)
"j

where O;, O; are operators of the form S, V, T, A, P.

It can be shown with Dirac theory (see eg. Perkins: “Introduction to High Energy
Physics”, 3'¢ edition, appendix D) that:

S, P, T interactions in n — pev, imply: helicity e = helicity 7.,

V., A, interactions in n — pev, imply: helicity e = -helicity 7,.

In 1958 Goldhaber et. al. measured experimentally that the weak interaction is of
the type: V, A, (ie. it is not S, P, T'). See Perkins ed 3, §7.5 for a full description of
the experiment. The basic idea is the following.

Consider the electron capture reaction: "?Eu+ e~ =152 Sm*(J =1) +v

152 *

52, + e~ —» Sm + VvV
12> 1= /2=
A) o + € — -—o + — Ay=+1/
2= 1— 12~ i
B ot € - o o+ - N\

By studying the consecutive decay %2Sm* —1!%2 Sm + v it was observed that only

case B actually occurred. In other words: neutrino’s have helicity -1/2. From this it
was concluded that in the weak interaction only the V', A currents are involved and not
S, P, T

Let us take a look at the partity operator which inverts space: ie. t — ¢ ; ¥ — —7.
The parity Lorentz transformation is:

1
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Which is the “Dirac” operator that gives: ¢'(2') = St () (and also S™'y*S = Ak~¥)?
Assume that the wave function v (7, t) is a solution of the Dirac equation:

0 0
—_— _— r t —
then, after a parity transformation (note that: v — +% and 4% — —+*) we find:
0 0
— = Yo — - t) =0
(70615 g m> ¥ (=7.1)

So, ¥ (—7,t) is not a solution of the Dirac equation due to the additional - sign! Let

us multiply the Dirac equation of the parity transformed spinor from the left by +°, to
find:

0 0 o
Yo (’Yoat - ’Yk@ - m) (0 (—r,t) =0
0 0 o
= Yoz %0 g0 — M0 | ¢ (=7t) =0

0 0 .
= (’Yoa‘i‘%%—m) Yo (=7,t) =0

We conclude that if ¢ (7, ) is a solution of the Dirac equation, then g (—7,¢) is also
a solution (in the mirror world).
In other words: under the parity operation (S =~): ¥ (7,t) — vt (=7, t).

What does this imply for the currents in the interactions? Under the Parity operator
we get:

S W = Yy = by Scalar

P @751# — EYOVE’VO?ﬁ —%751/) Pseudo Scalar

_ _ o0
Vi gyt = %Y = { _%77% Vector
. ABAK —y  ahABAO~HAD _ —_JWO@D <
A Yyt VY Y = { Dke) Axial Vector.

We had concluded earlier that the weak matrix element in neutron decay is of the

form:
V,A

M =Gr Zcij (@, 0iup) (UO;u,)
i?j
But: if there is a contribution from vector as well as from axial vector then we must
have parity violation!
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9.2 The V — A interaction

It turns out that the only change that is needed in the pure vector coupling of Fermi is:
(Te Y u,) — (ﬂ 7“1(1—75) u>
e v e 2 14

This is the famous V' — A interaction where the vector coupling and the axial vector cou-
pling are equally strong present. The consequence is that there is maximal violation
of parity in the weak interaction.

For neutron decays there is a complication to test the V' — A structure since the
neutron and the proton are not point particles. The observed matrix element for neutron
decays is:

Gr [_ 5 _ 5
M= (00— 0 u) (5 (1) )

It has the follwing values for the vector and @ @
+

axial vector couplings: N p
Cy = 1.000 = 0.003, C'4 = 1.260 +£ 0.002

However, the fundamental weak interaction

between the quarks and the leptons are pure Vv e
vV — A

9.3 The Propagator of the weak interaction

The Fermi theory has a 4-point interaction: there is no propagator involved to transmit
the interaction from the lepton current to the hadron current. However, we know now
that forces are carried by bosons:

e the electromagnetic interaction is carried by the massless photon which gives rise
toa — q% propagator

e the weak interaction is carried by the massive W, Z bosons, for which we have

. 1 1
the propagators: YR and s

Let us consider an interaction at low energy; ie. the case that M3, >> ¢*. In that case
the propagator reduces to —

MZ,
g 9
strength: ~ % ~ Sf‘gjav

We interpret the coupling constant g of the weak interaction exactly like e in QED.
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How “weak” is the weak interaction?

In QED we have: a = % = %

In the weak interaction it turns out: a,, = - = 2—19
The interaction is weak because the mass My is high! The intrinsic coupling constant
is not small in comparison to QED. As a consequence it will turn out that at high
energies: g2 ~ M2, the weak interaction is comparable in strength to the electromagnetic

interaction.

9.4 Muon Decay

Similar to the process ete™ — ptp~ in QED, the muon decay process u= — e 7.v, is
the standard example of a weak interaction process.

_ €p’) Vu (k)
u (p) @// _\\/ M ~
T Vu (k) < Ve(-k’

Figure 9.1: Muon decay: left: Labelling of the momenta, right: Feynman diagram. Note
that for the spinor of the outgoing antiparticle we use: w,, (—k') = v, (k).

Using the Feynman rules we can write for the matrix element:

g — 1 5 1 g — 1 5 /
M= k) 4= (1-— — L ~(1- k
outgoing pp incoming p pm?)a/g:;tor outgoing e outgoing Ve

Next we square the matrix element and sum over the spin states, exactly similar
to the case of ete™ — ptp~. Then we use again the tric of Casimir as well as the
completeness relations to convert the sum over spins into a trace. The result is:

M=y SIME= (0] - T (1= 0+ m) (1-9) )
Tr {’Yu (1 - 75) K (1 - 75) (¥ + mu)}

Now we use some more trace theorems (see below) and also % = % to find the result:
w

8M,

M| =64G% (k-p') (K -p)

Intermezzo: Trace theorems used (see also Halzen & Martin p 261):

Tr(y" gy Y)-Tr(yu g d) =32 [(a-c) (b-d)+ (a-d) (b-c)]



9.4. Muon Decay 97

Tr (v" A"y §) - Tr (v ¢ d) =32 [(a-c) (b-d) = (a-d) (b-c)]
Tr (7" (1=9") dy" (1=9") ¥) - Tr (3 (1=9°) ¢ (1=97) ) =256 (a-c) (b-d)

The decay width we can find by applying Fermi’s golden rule:

I = 21 M| dQ
where : dQ = d?/ : d33k: : d33k/ ) 6t (p—p — K — k)
(2m)° 2E  (27)° 2w (2m)° 2w’
with :£' = muon energy
E' = electron energy
w' = electron neutrino energy
w = 1muon neutrino energy

First we evaluate the expression for the matrix element. We have the relation
(p = (m,0,0,0)):

p=p +k+K SO : (k+p)=@m—-K)

We can also see the following relations to hold:

ne 2 2 o
(k+p)” = L+ p” +2(k-7)
= m2=0
—kf/2 — 2 k/2 _2 'k/
(p—K) 23:,2+\:6, (p-K)

Therefor we have the relation: 2 (k- p') = m?—2mw’, which we use to rewrite the matrix
element as:

M| =64G% (k-p) (K -p) =32G% (m2 — 2mw’) mw'

We had the expression for the decay time:

1 2
0CT ((m2 - Qmw/) mw' dQ
m

1 ——
dl' = — dQ) =
T

(E is replaced by m since the decaying muon is in rest). For the total decay width we
must integrate over the phase space:

_16G3

F:/ %Wd@ /((m2—2mw’)mw’dQ
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We note that the integrand only depends on the neutrino energy w’. So, let us first
perform the integral in d() over the other energies and momenta:

1 Lo B BE Bk
- = . E/ A 3 (= ! B
/OtherdQ o [om W —w) 8 (F R+ F) T = =
8 (21)° E'ww

since the d-function gives 1 for the integral over k.
We also have the relation:

w=lk| = ]ﬁ+E’] =VE? +w?+ 2FE'W' cos b

where 6 is the angle between the electron and the electron neutrino. We choose the
z-axis along k', the direction of the electron neutrino. From the equation for w we
derive: N J
_ —2F'W' sin ” N g = Y 'w

2VE™? +w? + 2FE'W cosf E'w'sin 0

w

Next we integrate over d®p’ = E?sin@ dE' df d¢ with df as above:

dw

1 E"?sin6 BE 1
WQ = —— [om—E o - dE' df d -
? 8 (2m)° (m of —w) E ¢ Wwoow
1 dBE
= ——=2n / d(m—E —u' —w) dE" dw —;
8 (2m) W’
(using the relation: E'sin df = —<% dw).
Since we integrate over w, the d-function will cancel:
1 BE
Q= [
=3 (2m)* w'?
such that the full expression for I' becomes:
2672 dBE
= GF4 / (m2 — me’) W dE'
(271_) w/2

Next we do the integral over k' as far as possible with:
/dglg' = /w'Q sin @ dw' do’ d¢/ = 47r/w'2 dw

so that we get:
I —

G2
(QF;Z /(m — 20" W' dw' dFE'
m
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Before we do the integral over w’ we have to determine the limits:

e

e maximum electron neutrino energy: L

P 1
Ww'=sm V|J

e minimum electron neutrino energy: e
W = %m —F 4\4"— o >
—>
Ve
Therefor we obtain the spectrum:

i Gim [3m GEm? E’
_ ) / / 1 _ F E/Q 4=
dE"  (27)° Jim-p (m = 2) of dw 1273 k m

which can be measured experimentally.
Finally we obtain for the decay of the muon:

G%mb

r=-=2¢m
192 73

1
-

A measurement of the muon lifetime: 7 = 2.19703 £ 0.00004 ps determines the Fermi
coupling constant: G = (1.16639 £ 0.00002) - 1075GeV 2. This is the standard method

to determine G or 5.
w

9.5 Quark mixing

In muon decay we studied the weak interaction acting between leptons: electron, muon,
electron-neutrino and muon-neutrino. We have seen in the process of neutron decay
that the weak interaction also operates between the quarks. All fundamental fermions
are susceptible to the weak interaction. Both the leptons and quarks are usually ordered
in a representation of three generations:

was: () () (7)) ewnss () (1) (7)

In a first assumption the charged current weak interaction works inside the generation
doublets:

ve g em g poo g T
u g d c g s t g b
To test the validity of this model for quarks let us look at the examples of quark

diagrams of pion decay and kaon decay:
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1. pion decay
u p__

(] =T
T — WU, W Vu
gt 2
- Mz G%

2. kaon decay

- . g H
o PR
This decay does occur! W Vu

9.5.1 Cabibbo - GIM mechanism

We have to modify the model by the replacements:

d — d =dcosf,+ s sinf,

s — § =—dsinf.+ s cosb,
or, in matrix representation:

d\ cosf. sinf, d

s ] \ —sinf. cosé, s

where 6. is the Cabibbo mixing angle.
In terms of the diagrams the replacement implies:

/
u g d u g d u cos 6 d u sin 6 5
B A A AR
Both the u, d coupling and the u, s coupling exist. In this case the diagrams of pion
decay and kaon decay are modified:

1. Pion decay
U _gcosO K

i, () o
[ o< G% cos? b, W Vu

2. Kaon decay

U gsinB g K
K™ — v, KD ——————— <
k- o G%sin? 6, W Vu
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In order to check this we can compare the decay rate of the two reactions. A proper
calculation gives:

2
D(ED) . o, M (m%—mi>

[(m) e m, \ mZ —m?

As a result the Cabibbo mixing angle is observed to be:

0o = 12.8°

The couplings for the first two generations are:

u cos 6 d ¢ cos 6 5 u sin 6 s u sin @ 5

Cabibbo “favoured’’ decay Cabibbo “suppressed’’ decay

Formulated in a different way:
e The flavour eigenstates u, d, s, ¢ are the mass eigenstates. They are the solution

of the total Hamiltonian describing quarks; ie. mainly strong interactions.

e The states ;L, , s, are the eigenstates of the weak interaction Hamiltonian,
which affects the decay of the particles.

The relation between the mass eigenstates and the interaction eigenstates is a rotation

matrix:

d\ cosf. sinf, d

s )] \ —sinf. cosé, s
with the Cabibbo angle as the mixing angle of the generations.

9.5.2 The Cabibbo - Kobayashi - Maskawa (CKM) matrix

We extend the picture of the previous section to include all three generations. This
means that we now make the replacement:

) (O 6) = ) () (6)

with in the most general way can be written as:

d/ Vud Vus Vub d
S ! = ‘/cd ‘/cs ‘/cb S
v Via Vis Vi b

CKM—matrix
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The “g” couplings involved are:
u Ve Vb b
c Ved Vew b
¢ Vi Vio b

In the Wolfenstein parametrization this matrix is:

1—X%/2 A AN (p —1in)
Vexkm = —A 1—)\/2 AN?
AN (1—p—in) —AN 1
It includes 4 parameters:
3 real parameters N A p

1 imaginary parameter : in

This imaginary parameter is the source of CP violation in the Standard Model. It
means that it defines the difference between interactions involving matter and those
that involve anti-matter.

As a final note we make the remark:
= There are 3 generations of quarks needed to obtain CP violation in the SM!
= There are 3 generations needed to obtain a matter dominated universe.
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Exercise 29: Pion Decay

Usually at this point the student is asked to calculate pion decay, which requires again
quite some calculations. The ambitious student is encourage to try and do it (using some
help from the literature). However, the exercise below requires little or no calculation
but instead insight in the formalism.

(a) Draw the Feynman diagram for the decay of a pion to a muon and an anti-neutrino:
T Uy

Due to the fact that the quarks in the pion are not free particles we cannot just apply
the Dirac formalism for free particle waves. However, we know that the interaction is
transmitted by a W~ and therefor the coupling must be of the type: V or A. (Also,
the matrix element must be a Lorentz scalar.) It turns out the decay amplitude has the
form:

M= % (@ 12) (@) (1-+7) o(k))

where p* and k* are the 4-momenta of the muon and the neutrino respectively, and q is
the 4-momentum carried by the W boson. f, is called the decay constant.

(b) Can the pion also decay to an electron and an electron-neutrino? Write down the
Matrix element for this decay.
Would you expect the decay width of the decay to electrons to be larger, smaller,
or similar to the decay width to the muon and muon-neutrino?
Base your argument on the available phase space in each of the two cases.

The decay width to a muon and muon-neutrino is found to be:
GE 4 p [(mr—m; ’
F=—=/fim.m; |—*
% o (7157

The measured lifetime of the pion is 7, = 2.6 - 10~%s which means that f, ~ m,. An
interesting observation is to compare the decay width to the muon and to the electron:

F(T('_ — e_?e) _ <me>2 (M)z ~12-10-% I

[(m= — p v, My,

(c) Can you give a reason why the decay rate into an electron and an electron-neutrino
is strongly suppressed in comparison to the decay to a muon and a muon-neutrino.
Consider the spin of the pion, the handedness of the W coupling and the helicity
of the leptons involved.
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Lecture 10

Local Gauge Invariance

In the next three lectures the Standard Model of electroweak interactions will be intro-
duced. We will do this via the principle of gauge invariance. The idea of gauge invariance
forms now such a firm basis of the description of forces that I feel it is suitable to be
discussed in these lectures. As these lectures are not part of a theoretical master course
we will follow a utilitarian and hopefully intuitive approach. Certainly we will try to
focus, as we did before, on the concepts rather then on formal derivations.

A good book on this topic is:

Chris Quigg, “Gauge Theories of the Strong, Weak, and Electromagnetic Interactions”,
in the series of “Frontiers in Physics”, Benjamin Cummings.

10.1 Introduction

The reason why we chose the Lagrangian approach in field theory is that it is particularly
suitable to discuss symmetry or invariance principles and conservation laws that they are
related to. Symmetry principles play a fundamental role in particle physics. In general
one can distinguish! in general 4 groups of symmetries. There is a theorem stating that
a symmetry is always related to a quantity that is fundamentally unobservable. Some
of these unobservables are mentioned below:

e permutation symmetries: Bose Einstein statistics for integer spin particles and
Fermi Dirac statistics for half integer spin particles. The unobservable is the
identity of a particle.

e continuous space-time symmetries: translation, rotation, acceleration, etc. The re-
lated unobservables are respectively: absolute position in space, absolute direction
and the equivalence between gravity and accelleration.

e discrete symmetries: space inversion, time inversion, charge inversion. The unob-
servables are absolute left /right handedness, the direction of time and an absolute
definition of the sign of charge. A famous example in this respect is to try and

IT.D. Lee: “Particle Physics and Introduction to Field Theory”
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make an absolute definition of matter and anti-matter. Is this possible? This
question will be addressed in the particle physics II course.

e unitary symmetries or internal symmetries: gauge invariances. These are the sym-
metries discussed in these lectures. As an example of an unobservable quantity
we can mention the absolute phase of a quantum mechanical wave function.

We believe that all elementary interactions of the quarks and leptons can be under-
stood as consequences of gauge symmetry priciples. The idea of local gauge invariant
theory will be discussed in the first lecture and will be further applied in the unified
electroweak theory in the second lecture. In the third lecture we will calculate the
electroweak process ete™ — v, Z — put ™, using the techniques we developed before.

10.2 Lagrangian

In classical mechanics the Lagrangian may be regarded as the fundamental object, lead-
ing to the equations of motions of objects. From the Lagrangian, one can construct “the
action” and follow Hamilton’s principle of least action to find the physical path:

to
S =06 dtL(qg,q)=0

t1

where ¢, ¢ are the generalized coordinate and velocity.

Exercise 30:
Prove that satisfaction of Hamilton’s principle is guaranteed by the FEuler Lagrange

equations:
oL _ d (0L
dq  dt \ 9g

The classical theory does not treat space and time symmetrically as the Lagrangian
might depend on the parametert. This causes a problem if we want to make a relativis-
ticaly covariant theory.

In a field theory the Lagrangian in terms of generalized coordinates is replaced L(q, §)
by a Lagrangian density in terms of fields ¢ (z) and their gradients:

L(¢(x),0,0(x)) where L= /d?’xﬁ(qb, 0u0)

The fields may be regarded as a separate generalized coordinate at each value of its
argument: the space-time coordinate x. In fact, the field theory is the limit of a system
of n degrees of freedom where n tends to infinity.

In this case the principle of least action becomes:

5 [ dia £(6,0,0) = 0

t1
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where t1,t, are the endpoints of the path.
This is guaranteed by the Euler Lagrange equantion:

oL oL

06 (x) "0 (0,9(x))

which in turn lead to the equation of motion for the fields.
Note: If the Lagrangian is a Lorentz scalar, then the theory is automatically relativistic
covariant.

What we will do next is to try and construct the Lagrangian for electromagnetic and
weak interaction based on the idea of gauge invariance (or gauge symmetries).

Exercise 31: Lagrangians versus equations of motion

(a) Show that the Euler Lagrange equations of the Lagrangian
ree ]' 1
L= LG = 5 (0,0) (9"0) — gm*o”

of a real scalar field ¢ leads to the Klein-Gordon equation.

For a complex scalar field one can show that the Lagrangian becomes:

L= 0" —m?|gl’
(b) Show that the Euler Lagrange equations of the Lagrangian
L= Ll = W0,0" — myy
leads to the Dirac equation:
(iv"0, —m)Y(x) =0

and its adjoint. To do this, consider ¢ and 1 as independent fields.

10.3 Where does the name “gauge theory” come
from?

The idea of gauge invariance as a dynamical principle is due to Hermann Weyl. He
called it “eichinvarianz” (“gauge” = “calibration”). Hermann Weyl? was trying to find
a geometrical basis for both gravitation and electromagnetism. Although his effort was
unsuccesfull the terminology survived. His idea is summarized here.

Consider a change in a function f(x) between point z, and point x, + dz,. If the
space has a uniform scale we expect simply:

flx +dx) = f(z) + 0" f(x)dz,

2H. Weyl, Z. Phys. 56, 330 (1929)
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But if in addition the scale, or the unit of measure, for f changes by a factor (1 4+ S*dz,,)
between x and x + dx, then the value of f becomes:

flx+dr) = (f(z)+0"f(x)dz,) (1+ S"dx,)
= f(x) + (0"f(z) + f(z)S*") dx, + O(dx)*

So, to first order, the increment is:
Af = (0" + 5" fdx,

In other words Weyl introduced a modified differential operator by the replacement:
ot — O* + SH.

One can see this in analogy in electrodynamics in the replacement of the momen-
tum by the canonical momentum parameter: p* — p* — eA* in the Lagrangian, or in
Quantum Mechanics: 0" — O + ie A" | as was discussed in the earlier lectures. In this
case the “scale” is S* = ieA*. If we now require that the laws of physics are invariant
under a change:

(1+ Stdx,) — (1+ieAtdx,) ~ exp (ieAtdz,)

then we see that the change of scale gets the form of a change of a phase. When he later
on studied the invariance under phase transformations, he kept using the terminology
of “gauge invariance”.

10.4 Phase Invariance in Quantum Mechanics

The expectation value of a quantum mechanical observable is typically of the form:
(©0) = [vrov

If we now make the replacement ¢ (z) — e**1)(x) the expectation value of the observable
remains the same. We say that we cannot measure the absolute phase of the wave
function. (We can only measure relative phases between wavefunctions in interference
experiments, see eg. the CP violation observables in PP2.)

But, are we allowed to choose a different phase convention on, say, the moon and
on earth, for a wave function ¢ (z)? In other words, we want to introduce the concept
of local gauge invariance. This means that the physics observable stays invariant under
the replacement:

U(x) = P (x) = € Dy(x)
The problem that we face is that the Lagrangian density £ (¢(x), 0,9 (x)) depends
on both on the fields ¥(x) and on the derivatives 0,1 (x). The derivative term yields:

Oub(x) — Ot (x) = €@ (9,90 (2) + i () ()
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The second term spoils the fact that the transformation is simply an overall (unobserv-
able) phase factor. It spoils the phase invariance of the theory. But, if we replace the
derivative 0, by the gauge-covariant derivative:

d, — D, =0,+ieA,
and we require that the field A, at the same time transforms as:
1
Au(z) — A;(x) = Au(z) — gaua(m)
then we see that we get an overall phase factor for the covariant derivative term:
‘ , . o1
D,(x) — Dl (z) = @ (@M@D({E) +i0,a(x)(v) + ieA,(v)Y () — Zeeaua(x)w(x)>
= ¢*OD,y(x)

As a consequence, quantities like ¢*D,1 will now be invariant under local gauge
transformations.

10.5 Phase invariance for a Dirac Particle

We are going to replace in the Dirac Lagrangian:
0, — D, =0, +iqA,(z)

What happens to the Lagrangian?

L = @?(iVMDu_m) P -
= ("0 — m) Y — gAY
‘Cfree - ‘Cint

with: B
Liny = J'A, and JH = qpyHap

which is the familiar current we discussed in previous lectures.

Exercise 32: Gauge invariance

(a) (i) Consider the Lagrangian for a complex scalar field:
£=0"l" —m* o] .
Make a transformation of these fields:
$(x) — " ¢(x) ; ¢"(x) — e 1¢"(2) .

Show that the Lagrangian does not change.
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(ii)

(b) (1)

(ii)

() ()

(ii)

Lecture 10. Local Gauge Invariance

Do the same for the Dirac Lagrangian while considering the simultaneous
transformations:

U(@) — e1Y(x) ; Y(@) — e (@)
Start with the Lagrange density for a complex Klein-Gordon field
L = (9,9") (0") — m*¢"¢
and show that a local field transformation:
$(x) — D¢ (x) ; ¢"(z) — e e (x)

does not leave the Lagrangian invariant.

Replace now in the Lagrangian: 0, — D, = 0, + iqA, and show that the
Lagrangian now does remain invariant, provided that the additional field
transforms with the gauge transformation as:

Au() = Ay(z) = Ay(x) = gua(z) -

Start with the Lagrange density for a Dirac field
L =iy dap — mpy

and show that a local field transformation:

() — 1 () ; () — e ()

also does not leave the Lagrangian invariant.

Again make the replacement: 0, — D, = 0, + iqA, where again the gauge
field transforms as:

A,(x) = A(2) = Au(x) — u0(a)

and show that the physics now does remain invariant.

In fact, the full QED Lagrangian includes also the so-called kinetic term of the field
(the free fotons):

1
Lopp = Lpree — J'A, — ZFWFW

with F* = gV A* — OMAY, where the A fields are given by solutions of the Maxwell
equations (see lecture 3):

O™ = J*
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10.6 Interpretation

What does it all mean?

We started from a free field Lagrangian which describes Dirac particles. Then we re-
quired that the fields have a U(1) symmetry which couples to the charge ¢. In other
words: the physics does not change if we multiply by a unitary phase factor:

P(x) — Y (x) = 1@y ()

However, in order to obtain this symmetry we must then introduce a gauge field, the
photon, which couples to the charge ¢:

D, =0, +iqA,(x)
and which transforms simultaneously as:
Ay (z) = Ay(z) — Opa(x)

This symmetry is called gauge invariance under U(1) transformations.
While ensuring the gauge invariance we have obtained the QED Lagrangian that
describes the interactions between electrons and photons!
Note:
If the photon would have a mass, the corresponding term in the Lagrangian would be:

1
L, = §m2A“AM
This term obviously violates local gauge invariance, since:
AFA, — (A" = 0"a) (A, — Oua) # AMA,

Conclusion: the photon must be massless. Later on in the course it will be discussed
how masses of vector bosons can be generated in the Higgs mechanism.

10.7 Yang Mills Theories

The concept of non abelian gauge theories is introduced here in a somewhat historical
context as this helps to also understand the origin of the term weak iso-spin and the
relation to (strong-) isospin.

Let us look at an example of the isospin system, i.e. the proton and the neutron. Let
us also for the moment forget about the electric charge (we switch off electromagnetism
and look only at the dominating strong interaction) and write the free Lagrangian for
nucleons as:

L=p (V"0 —m) p+n (V"0 —m) n

or, in terms of a composite spinor ) = ( ‘Z ) :
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L= (iv"10,—1m)y with 1:(3 (1]>

If we now, instead of a phase factor as in QED, make a global rotation in isospin
space:

oov o (i) v

where 7 = (71, 72, 73) are the usual Pauli Matrices 3 and @ = (ay, as, a3) is an arbitrary
three vector. We have introduced a SU(2) phase transformation of special unitary 2x2
transformations (i.e. unitary 2x2 transformations with det=+1).

What does it mean? We state that, if we forget about their electric charge, the
proton and neutron are indistinguishable, similar to the case of two wavefunctions with
a different phase). It is just convention which one we call the proton and which one the
neutron. The Lagrangian does not change under such a global SU(2) phase rotation.

However, as this is a global gauge transformation, it implies that once we make a
definition at given point in space-time, this convention must be respected anywhere in
space-time. This restriction seemed unnatural to Yang and Mills in a local field theory.

Can we also make a local SU(2) gauge transformation theory? So, let us try to define
a theory where we chose the isospin direction differently for any space-time point.

To simplify the notation we define the gauge transformation as follows:

U(z) = P(a) = Gla)y(z)
with G(z) = exp (% T~ 07(95))

But we have again, as in the case of QED, the problem with the transformation of
the derivative:

Ou(x) = G (O) + (9, G) ¥
(just write it out yourself).
So, also here, we must introduce a new gauge field to keep the Lagrangian invariant:

L= (i7" D, —Im) ¢ with o= <£> and [ = (é ?)
where we introduce the new covariant derivative:

10, - D,, =10, +1igB,

where ¢ is a new coupling constant that replaces the charge e in electromagnetism. The
object B, is now a (2x2) matrix:
- 1 1 —1
B, = S7-b, = % = ( b b )

" 27 r T 9\ by +iby —b3

1 (0 =i /100
0/~ i o ) o -1)

3

—= O

1
2
a representation is: 71 = (
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EM = (b1, by, b3) are now three gauge fields. We need now 3 fields rather then 1, one for
each of the generators of the symmetry group of SU(2): 71, 7, 73.
We want get again a behaviour:

Db — DL = G (D,)

because in that case the Lagrangian 1) (iv*D,, — m) 1 is invariant for local gauge trans-
formations. If we write out the covariant derivative term we get:

D = (9. +igB,) ¥/
= G(O) + (0.G) ¥ +igB), (G)
If we compare this to the desired result:
D:LW = G (au¢ + igBu) (0
= G(90) +19G (Bup)

then we see that the desired behaviour is obtained if the gauge field transforms simul-
taneously as:

iQB;L (GY) = igG (Bu) — (0.G) ¢
which must then be true for all values of the nucleon field . Multiplying this operator
equation from the right by G~ we get:

—GB,G '+~ (aG)G

Although this looks rather complicated we can again try to interpret this by comparing
to the case of electromagnetism, where G, = €%
Then:

A; = GemAG + - (8 Gem) G}
= A, -0,

which is exactly what we had before.

Exercise 33:
Consider an infinitesimal gauge transformation:

~

G=1+-7-a la;| << 1

[\]

T- I;M to demonstrate that

Use the general transformation rule for B;, and use B, = %

the fields transform as: .
b, =b,—axb, —=
= O P
(use: the Pauli-matrix identity: (7-a@)(7 - b) = a b+



114 Lecture 10. Local Gauge Invariance

So for isospin symmetry the 07, fields transform as an isospin rotation and a gradient
term. The gradient term was already present in QED. The rotation term is new. It
arises due to the non-commutativity of the 2x2 isospin rotations. If we write out the
gauge field transformation formula in components:

gl ) J pk 1 l
bu—bu—EJklOé b ——8#06

we can see that there is a coupling between the different components of the field. This
is called self-coupling of the field. The effect of this becomes clear if one also considers
the kinetic term of the isospin gauge field (analogous to the QED case):

_ 1. -
Lsue) =Y (iv"D, —m) ¥ — ZFWF“

Introducing the field strength tensor:

. 1
F, -7=-F.r°

F#V: 2 uv

N | —

the Lagrangian is usually written as (using the Pauli identity tr(7%7%) = 26%):

o 1 ,
Lsu@) =9 (i Dy —m) ¢ — §tr (FF")
with individual components of the field strength tensor:
F/iy = &,bL - 8ﬂbf, + g €5kl bib blli

The consequence of the last term is that the Lagrangian term F,, F'** contains contri-
butions with 2, 3 and 4 factors of the b-field. These couplings are respectively referred
to as bilinear, trilinear and quadrilinear couplings. In QED there’s only the bilinear
photon propagator term. In the isospin theory there are self interections by a 3-gauge
boson vertex and a 4 gauge boson vertex.

10.7.1 What have we done?

We modified the Lagrangian describing isospin 1/2 doublets 1) = < Z ):

LEly =¥ (i9"0, —m)

We made the replacement 0, — D, = 0, + igB, with B, = 57 - Z;M, to obtain:

Lsyp) = ¥ (iv" Dy —m)

= ['grUe(ez) - g gu Py
= Ll — Lo
= ﬁg{fé) - gu L

1
2
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where J# = %@Zy“ﬁb is the isospin current.
Let us compare it once more to the case of QED:

_ pfree
Luay = £U(1) — Ay J"

with the electromagnetic current J* = gipy*a)
We have neglected here the kinetic terms of the fields:

- 1 ,
Lsu@) = (i"'Dy —m) ¥ — §t7’FWF“
which contains self-coupling terms of the fields.

10.7.2 Assessment

We see a symmetry in the ( 2 > system: the isospin rotations.

115

e [f we require local gauge invariance of such transformations we need to introduce

—

b, gauge fields.

But what are they? 5“ must be three massless vector bosons that couple to
the proton and neutron. It cannot be the 7=, 7% 7+ since they are pseudoscalar
particles rather then vector bosons. It turns out this theory does not describe the
strong interactions. We know now that the strong force is mediated by massless
gluons. In fact gluons have 3 colour degrees of freedom, such that they can be
described by 3x3 unitary gauge transformations (SU(3)), for which there are 8
generators. The strong interaction will be discussed later on in the particle physics
course. Next lecture we will instead look at the weak interaction and introduce
the concept of weak iso-spin.

Also, we have started to say that the symmetry in the p, n system is only present
if we neglect electromagnetic interactions, since obviously from the charge we can
absolutely define the proton and the neutron state in the doublet. In such a case
where the symmetry is only approximate, we speak of a broken symmetry rather
then of an exact symmetry.
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Lecture 11

Electroweak Theory

In the previous lecture we have seen how imposing a local gauge symmetry requires a
modification of the free Lagrangian such that a theory with interactions is obtained. We
studied:

e local U(1) gauge invariance:

@/; (Z./VMDM - m) Y= 77/_1 (Z.'Yuau - m) - QTZ'V%# Au

JH

e local SU(2) gauge invariance:

D (V" Dy —m) & = (i4"0, —m) — Ly 70 b,

For the U(1) symmetry we can identify the A, field as the photon and the Feynman
rules for QED, as we discussed them in previous lectures, follow automatically. For the
SU(2) case we hoped that we could describe the strong nuclear interactions, but this
failed.

Let us now, instead of the strong isospin doublet 1) = < Z ) introduce the following

oo () ()

and we speak instead of “weak isospin” doublets. Note that the fermion fields have an
L index (for “left-handed”). These left handed states are defined as:

doublets:

1 1
vp=5(1=m)v up =5 (1=1) u

1 1
eL—§(1—fy5)e dL:§<1—’Y5)d

with the familiar projection operators:

Y=g (=) ¥ and dr=(1+7) ¥
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(Remember: for massless particles” ¢, = ¢_pelicity and ¥r = V-yhelicity -)

The origin of the weak interaction lies in the fact that we now impose a local gauge
symmetry in weak isospin rotations of left handed fermion fields. This means that if
we “switch oft” charge we cannot distinguish between a vy and a ey or a u; and a
dy, state. The fact that we only impose this on left handed states implies that the
weak interaction is completely left-right asymmetric. (Intuitively this is very difficult
to accept: why would there be a symmetry for the left-handed states only?!). This is
called maximal violation of parity.

It will turn out that the three vector fields (b1, bs, b3 from the previous lecture) can
later be associated with the carriers of the weak interaction, the W, W=, Z bosons.
However, these bosons are not massless. An explicit mass term (L), = Kb,b*) would
in fact break the gauge invariance of the theory. Their masses can be generated in a
mechanism that is called spontaneous symmetry breaking and involves a new hypothet-
ical particle: the Higgs boson. The main idea of the symmetry breaking mechanism is
that the Lagrangian retains the full gauge symmetry, but that the ground state, i.e. the
vacuum, is no longer at a symmetric position. The realization of the vacuum selects a
preferred direction in isospin space, and thus breaks the symmetry. Future lectures will
discuss this aspect in more detail.

To construct the weak SU(2),, theory we start again with the free Dirac Lagrangian
and we impose SU(2) symmetry (but now on the weak isospin doublets):

Liree =1 (170, —m) Yr

Again we introduce the covariant derivative:
, . 1, -
o,—D,=0,+19B, with B, = 57 b,

then:
/Cfree - 'Cfree - gu : JM

weak

with the weak current:
g -+ 5
Jgeak = §¢LW”T¢L

This is just a copy from what we have seen in the strong isospin example.

The model for the weak interactions now contains 3 massless gauge bosons (b', b2 b3).
However, in nature we have seen that the weak interaction is propagated by 3 massive
bosons W+, W=, Z°.

From the Higgs mechanism it turns out that the physical fields associated with bi
and bi are the charged W bosons:

—— b, F b,
g V2
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11.1 The Charged Current

We will use the definition of the WW-fields to re-write the first two terms in the Lagrangian
of the weak current:

L = Lppee+ LM

weak
with L, = —b, - Jh = —0L T — 52 J% — 5B g

weak
The charged current terms are:
_ il 2 712
Lcoc = =b,J" = b, J"
with: B g -
JH = %¢L’Y#7'1¢L = 51&7”721%

Exercise 34:

Show that the re-definition Wj = bbj;b%‘ leads to:
Loo = —W:JW — WH_J_“
with: Jt = % Yyt o T = % YLy T Y
01 00
. + - _
and with: 77 = 00 ) and 71 = ( 10 >

So, for the physical fields W* and W~ the leptonic currents are:

JW:%VL’YMGL ; J_“ZiéL’Y“VL

V2

or written out with the left-handed projection operators:

J+“:i171(1+75) 7“%(1—75) e

N
Note that we have the identity:
(L+7°) 7 (1=7") = 4"+ =" ="
= =2+ ()
2 (1-77)

such that we get for the leptonic charge raising current (W™):
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and for the leptonic charge lowering current (W ™):

= gmert (1=7)v

Remembering that a vector interaction has an operator +* in the current and an axial
vector interaction a term v#~°, we recognize in the charged weak interaction the famous
“V-A” interaction.

The same is true for the quark-currents and we can recognize the following currents
in the weak interaction:

Charge raising:
w+ N\N\'v< wt MN\/\/\<
Charge lowering;:
Ve
W-— W\/\/\/\<

me<e

d
11.2 The Neutral Current
11.2.1 Empirical Appraoch
The Lagrangian for weak and electromagnetic interactions is:
EEW = ‘Cfree - [’weak - ‘CEM
Loiearw = WFITH+ W J 4+ b3
Lov = aplpy
Let us again look at the interactions for leptons v, e, then:
Jy = Q@ELWHT%#L:gpLyl‘yL—géLyl‘eL we used : 73 = L0
2 2 2 0 —1
Jey = qér"e=q(eryer) +q(er" er)

Exercise 35:
Show explicitly that:

Oy =YL " L+ R Y PR
making use of 1 = 1y, + 1r and the projection operators % (1 —~5) and % (14 5)



11.2. The Neutral Current 121

Experiments have shown that in contrast to the charged weak interaction, the neutral
weak current associated to the Z-boson is not purely left-handed, but:

g —
Iie =590 (Ch = Ch°) o
where C’{; and Ci; are no longer equal to 1, but they are constants that express the

relative strength of the vector and axial vector components of the interaction. Their
value depends on the type of fermion f, as we will see below.

Taking again the leptons 1) = ( Z ) we get:

T = g pyt (C - C4°) v+ g e (Cy —09) e

At this point we introduce the left-handed and right-handed couplings:

1
CREC\/—CA CV:§(CR+CL)

1
CLECV+CA CAzi(CL_CR)

then:

1495 1—+°
(CV—OA75>:CV—CA< 27>+0V+0A< 27>
CR CVL

For neutrino’s we have C7 = 1 and C% = 0. So, for leptons the observed neutral
current can be written as:

Tyo =5 Ly ve) + 5 (Cieny en) + 5 (Cheny” en)
We had for the electromagnetic current:
Jom = q (ery™eL)  + q(ery"er)

and for the SU(2) current:

(e " er)

N |

g
B=2 ) -
We now insert that J&' is in fact a linear combination of J4 . and Jj,,:
Jy =a-Jhe+b- Jgy

e look at the vy, terms: a =1

e look at the ep terms: §Cp+¢q-b=0 = Cf :—QT?Z’

e look at ey, terms 50 +q-b=—14 :>Cf:—1—27qb
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Therefore:
1 . 1 2q
OV:§ (CR+CL) = CV:—E—?b
1 . 1
CA:§<CL_OR) = CA:_§

The vector coupling now contains a constant b which gives the ratio in which the SU(2)
current () and the electromagnetic current (¢) are related. The constant b is a constant
of nature and is written as b = sin?#: where 6 represents the weak mizing angle.

We will study this more carefully below.

11.2.2 Hypercharge vs Charge

Again, we write down the electroweak Lagrangian, but this time we pose a different
U(1) symmetry (see H&M!, Chapter 13):

Lew = Lree — 19 JgU(Q) “by — i%*]xlﬁau

where Y is the so-called hypercharge quantum number.
The U(1) gauge invariance in now imposed on the quantity hypercharge rather the
charge, and it has a coupling strength ¢'/2.
As before we have the physical charged currents:
1 32
Wt — b, F iby,
p V2
For the neutral currents we say that the physical fields are the following linear combi-
nations:
A, = aycosby, + b sinb, (massless)
Z, = —a,sinb, + bi cos 0, (massive)
and the origin of the name weak mizing angle for 6,, becomes clear.
We can now write the terms for bz and a, in the Lagrangian:

/ J,u
—z‘gJé‘bi - i%J{ﬁau = —i <g sin 0, J + ¢’ cos 0w2y> A,

. v g Y
—i|gcosOy,Js —g sm9w7 Z,

'Halzen and Martin, Quarks & Leptons: “An Introductory Course in Modern Particle Physics”
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The weak hypercharge is introuced in complete analogy with the strong hypercharge,
for which we have the famous Gellmann - Nishijima relation: @ = I3 + %YS. In the
electroweak theory we use: () = T3 + %Y which means:

Sy = J§ +32J%

then, indeed, for the A, field we have:

. g cosf, 1 ‘
—igsin@y, (Jr4 LB g ogm
1gsin < 3 T gsing, 2 Y) teJpm

provided the following relation holds:

gsinf, = ¢ cosf, =e
The weak mixing angle is defined as the ratio of the coupling constants of the SU(2).
group and the U(1)y group:

/
tanf, = g
g

For the Z-currents we then find:
. 14 g/ : 13 14
—i | gcosb,Js —581n9w-2(JEM—J3) Z,

. .
= —ZW (Jg—SIHQ GngM) Z/‘«

So we see that:

Jhe = J4 —sin? 0, Joy,

which is in agreement with what we had obtained earlier:

J¥=a-Jo+b-Jhy, with a=1 and b=sin?0,

11.2.3 Assessment

We introduce a symmetry group SU(2) ® U(1)y and describe electroweak interactions
with:

/
—i (g Jr b, + %J{? '%)
The coupling constants g and ¢’ are free parameters (we can also take e and sin®#6,,).
The electromagnetic and weak currents are then given by:

1

. : Jy
Jhe = JY —sin®0,J5,, = cos® 0,4 — sin® Gw%



124 Lecture 11. Electroweak Theory

and the interaction term in the Lagrangian becomes:

i (ngM AT T, Zu>

cos 0, sin 0,

in terms of the physical fields A, and Z,,.

11.3 The Mass of the W and Z bosons

In the electroweak model as introduced here, the gauge fields must be massless, since ex-
plicit mass terms (~ ¢,¢") are not gauge invariant. In the Standard Model the mass of
all particles are generated in the mechanism of spontaneous symmetry breaking, intro-
ducing the Higgs particle (see later lectures.) Here we just give an empirical argument
to predict the mass of the W and Z particles.

1. Mass terms are of the following form:

M; = (¢ |H|¢) for any field ¢

2. From the comparison with the Fermi 4-point interaction we find:

Gr_ & e V2P V2 e
V2 8M3, W 8GE  8Gp sin?f

Thus, we get the following predictions:

V2 e
My = — =81
W 8Gr sinf,, 81 Gev

Mz = Mw (9./9) = Mw/cosf = 91 GeV

11.4 The Coupling Constants for 7 — ff

For the neutral Z-current interaction we have in general:

—igz Ine Z, = —i— (J;ﬁf — sin? GngiM) Z,

_ .9 7 1 5 . 2
= il i {5 (1=77) T4 —sin er} ;- 2,

3(c)—ch»)

which we can represent with the following vertex:

f

-9 Lar fap
ZO'\/\/\N\/< _ZCOSQw’y‘u§(OV_CA7)
f
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with:

cf = 1 —Q'sin0,
Ch = —Q'sin?4,

= ¢ = T —20'sin%0,

Ci = T
fermion | T3 | Q | Y | ¢4 Cy,

T T T
Ve UN V- ? 0 -1 51 . 5 L
CHTI T T | e
u ct —i-? —|—§ 3 2 | 27 52311? 2«9w
d s b —5 | 3 3 — 5 —§+§Sln Qw

Table 11.1: The neutral current vector and axial vector couplings for each of the fermions
in the Standard Model.

Exercise 36:

What do you think is the difference between an exact and a broken symmetry?

Can you make a (wild) guess what spontaneous symmetry breaking means?

Which symmetry is involved in the gauge theories below? Which of these gauge sym-
metries are exact? Why/Why not?

(a) Ul(Q) symmetry

(b) SU2(u-d-flavour) symmetry
(c) SU3(u-d-s-flavour) symmetry
(d) SU6(u-d-s-c-b-t) symmetry

(e) SU3(colour) symmetry

(f) SU2(weak-isospin) symmetry
(f) SU5(Grand unified) symmetry
(g) SUSY
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Lecture 12

The Process e et — u put

12.1 The Cross Section of e ¢™ — pu ™

Equipped with the Feynman rules of the electroweak theory we proceed to calculate
the cross section of the electroweak process: e"et — v, Z — p~u™ . We assume the
following kinematics:

Figure 12.1: Kinematics of the process e"et — pu~pu*.

There are two Feynman diagrams that contribute to the process:

e 1% e H
M, My ———-
gl Z
ot ut ot ut
Figure 12.2: Feynman diagrams contributing to e~ et — p~pu™

In complete analogy with the calculation of the QED process eTe™ — eTe™ we obtain
the cross section using Fermi’s Golden rule:

—
M|
do=——d
o 7 Q
With the phase factor d@) flux factor F':
1
iQ = — a0

472 4./s

127



128 Lecture 12. The Process e” et — p~pu™

F = dpi/s
— ot -+ 1 VI
0<€ e —pup )Z@ — M|
The Matrix element now includes:
M, = —e*(my'm)- gq% - (e7"e)
2 2
. g — m m,. 5 .g/ll/_q#q’//MZ_— e _ rve b
Mz = " lcos?0, [m’y (CV - O )m] 7 — M2 {67 (Cv Cav )e}

The propagator for massive vector bosons (Z-boson) is discussed in Halzen & Martin
§6.11 and §6.12. The wave equation of a massless spin-1 particle is:

. Gu
04, = 0 = zq—Q“
2 2 _ G t+ qMQz//MQ
(*+M%) 2z, =0 = T

We can simplify the propagator of the Z if we ignore the lepton masses. In practice
this means that we work in the limit of high-energy scattering. In that case the Dirac
equation becomes:

(0" —m)p, =0 = (Y*P.)Y.=0
Since P, = %q we also have:

1

S (Yg) Y. =0 = ¢, q/MZ=0
2

Thus the propagator simplifies:

Juv — quql//Mg . Juv
¢* — M3 q* — M3

Thus we have for the Z-exchange matrix element the expression:

_92 1

Mz = 4cos?0, ¢ — M2

[mar (0F — Cpy®) m] [er (CF — Ca°) ¢

To calculate the cross section by summing over M., and My is now straightforward but
a rather lengthy procedure: applying Casimir’s trick, trace theorems, etc. Let us here
try to follow a different approach.

We rewrite the M, matrix element in terms of right-handed and left-handed cou-
plings, using the definitions: Cr = Cy — Cy ; Cp, = Cy + C4. As before we have:

(147%) + (G +C) 5 (1-7)

(Cv — CA’Y5) = (Cv — Cy) - %
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Thus:
(Cv = Cav®) ¥ = Crio + Crpy

Let us now look back at the QED process:

My = — (my'm) (eyue)
with (see previous lecture):
(my*m) = (mpy*me) + (Mry*me)
(E/YN€) = (éL’yMeL) + (ER’YMGR)

The fact that there are no terms connecting L-handed to R-handed (mgry*my) actually
implies that we have helicity conservation for high energies (i.e. neglecting ~ m/E
terms) at the vertices:

R R L L R L
R S G

L R

Figure 12.3: Helicity conservation. left: A right-handed incoming electron scatters into

a right-handed outgoing electron and vice versa in a vector or axial vector interaction .

right: In the crossed reaction the energy and momentum of one electron is reversed: i.e.

in the ete™ pair production a right-handed electron and a left-handed positron (or vice

versa) are produced. This is the consequence of a spin=1 force carrier. (In all diagrams
time increases from left to right.)

As a consequence we can decompose the unpolarized QED scattering process as a
sum of 4 cross section contributions:

do unpolarized

an

{

(epeh — mppg) + j—; (exeh — mnnt)

DO | =
SERE

(emet — mppg) + j—; (emet — prut) }

where we average over the incoming spins and sum over the final state spins.
Let us look in more detail at the helicity dependence (H&M §6.6):
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Initial state:
< <
,,,,,, . Zz—axis In the initial state the e~ and
¢ e e have opposite helicity (as they

produce a spin 1 7).
z’-axis

g d
Final state: / The same is true for the final state
.8 p~ and pt.

So, in the center of mass frame, scattering proceeds from an initial state with J; =
+1 or —1 along axis Z into a final state with J,, = +1 or —1 along axis z’. Since the
interaction proceeds via a photon with spin J = 1 the amplitude for scattering over an
angle 0 is then given by the rotation matrices!.

&, (0) = <jm/|e’w‘]y |jm>

where the y-axis is perpendicular to the interaction plane.
In the example we have j =1 and m,m’ = £1

1
d} () = dl_l_l(e) 3 (1+ cosb)
1
dy ,(0) = db,,(0)= 5 (1 —cos?)
From this we can see that:
do o? do
10 (epeh — mrul) = 1o (1+cost)’ = -5 (eret — mnr)

do a? do
10 (ezeh — maui) = 1o (1—cost)’ = -5 (eret — nppy)

Indeed the unpolarised cross section is obtained as the spin-averaged sum over the
allowed helicity combinations: - [(1) + (2) + (3) + (4)] =

do unpol 042 2

a0 =3 [(1 + cosf)” + (1 — cos 8)2} = —

(1 + cos? 9)
s
1See H&M§2.2:

e 02 5 m) = dem, Y| m')

and also appendix H in Burcham & Jobes
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Now we go back to the v, Z scattering. We have the individual contributions of the
helicity states, so let us compare the expressions for the matrix-elements M., and M :

62

M, = Y [ (Mey*mr) + (Mry*mg) |- [ (€rvuer) + (€rVuer) |
9 1

Mz = —1oa O 5 — M2 [CT (my*my) + Cg (mey*mg) | - [ CF (€ryuer) + Ck (€rvuer) |

Since the helicity processes do not interfere, we can see (Exercise 37 (a)) that:

do _ _ a? e
d—sz(eLGEHMLME) =~ I (14 cos)’ - [1+7CPCy|*
do _ _ 052 m e
Evz(eLeE_)’MRMI) = (1 —cosf)”- |1 4+rCrCel

with:
g 1 s V2G p M2 s
€2 4cos?f, s — M2 e? s — M2
where we used that:
Gr 92 92

V2 8M3, - 8M% cos? 0,

Similar expressions hold for the other two helicity configurations.

We note that there is a strange behaviour in the expression of the cross section of
the Z-propagator. When /s — My the cross section becomes oco. In reality this does
not happen (that would be unitarity violation) due to the fact that the Z-particle itself
decays and has an intrinsic decay width I';. This means that the cross section has a

Breit Wigner resonance shape. We are not going to derive it, but refer to the literature:
Perkins?.

The argument followed by H&M §2.10 goes as follows: The wave function for a
non-stable massive particle state is:

1 ()] = |4 (0)]* e with I the lifetime.
V() ~ e M e"2'  with M the mass.

2Perkins: Introduction to high energy Physics 37¢ ed. §4.8.
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Breit \Alignpr

6
50
As function of the energy the state is }
described by the Fourier transform: 4t
; 1 3t
E) = / t)e'Pldt ~ —
Such that experimentally we would observe: . 7
A :
X (B = 2 2 % 5 10 15 20 25 30 35 40
(E— M)+ (T/2) :
the so-called Breit-Wigner resonance shape.
In the propagator for the z-boson we replace:
1 1 1
— = T

s— M o _ (Mz_i%zf s— (M2 —) +iMsT,
We observe two changes:
1'\2

1. The maximum of the distribution shifts from M7 — M7 — —Z.

2. The expression will be finite because of the term o« MzI'y
For our expressions in the process e”e™ — v, Z — p~u™ it means that we only replace:
_ V2GpM} s V2G M2 s
- 2 D e _ A2 - 2 ’ ] 2
e s — M7 e 5 ( M, — ZFTZ)

r

The total unpolarized cross section finally becomes the average over the four L, R
helicity combinations. Inserting “lepton universality” C'¢ = C} ; C'% = C; and therefore
also: Cf = Cy, ; C9 = C , the expression becomes (by writing it out):

j(sz = Zi {AO (1—i—cos.2 9) + A (0059)}

with Ay =1+2Re(r) C3 + |r (C} + C3)’
Ay =4 Re(r) C3 + 8|r|*CE.C3

In the Standard Model we have: C4 = —% and Cy = —% + 2sin%6 .
The general expression for e"et — v, Z — p~pt is (assuming seperate couplings for
initial and final state):

Ay = 142Re(r) CoC + > (C52 + CF°) (cﬁ +c£2>
Ay = 4Re(r) C5CY + 8|r2 CL.CeCh
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To summarize, on the amplitude level there are two diagrams that contribute:

e K
MA/ . M MZ . > 7 <
ot T
Introducing the following notation:

9 17 7 = _Z_<

dQ[

i<
o g — >Vv“< ~ >"< x Re (r)

2
o |7

dn
do >\N\<
g = g 1
Explicitly, the expression is:
do do do do
— = — 2.7+ — 12
70 75 Dl + dQ[ I+ o512
, do o? N
with 10 [v,7] = " (1 + cos 9)
do a® 2 €2 f2 f2 2 e 1f e f
12,2 = <l {(CV +c5?) (CV e ) (1 + cos?6) +8C5CLC5CY cos
do

2
0 [v,Z] = Z—S Re|r]| [C‘E/C{; (1 + cos? 9) +205C cos 9}

Let us take a look at the cross section close to the peak of the distribution:
s s

T X T 7 = >
s— (M, —i%)" - (M3_42> +iMgDy

The peak is located at so = M2Z — 72.
In Exercise 37 (b) we show that:

Re(r) = (1 - —) P with  [rf? = S
s (3 - (M% - %)) + M2T
This shows that the interference term is 0 at the peak.
In that case we have for the Z-cross section:
A = P (057 + ) (052 + cjf)

A= 8 (o il o)
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The total cross section (integrated over df2) is then:

G2M} S 2 2
7(s) = e o eyt es) (4 cf)
r ™
(s _ (M% - TZ)) + MR
3 T T T T T T T
s 0
=107 vy T [N I o B O B S . g -3
-g. 3 — L o
: z e i\
g || ] b: | ALEPH [ i
. | o [y
8 \ e e —hadrons ] 30l OPAL [ N ]
©rh ] I i/
w03k \ E [ /
/ ] 20 -
2| cesm ‘.I;‘-‘B“""i | :. measur ements, error bars /
107 Enoris pho 3 | increased by factor 10
R | [ - 10 - . ]
,  PETRA —— . ] ——ofromfi
KPEEPKH TRIST AN SLC T, — : _____ GQErIgrEnft)lded/
0 ¢ LEP I LEP 11 EHN = i
0N e s e e e 80 o 220 e M
Centre-of -mass energy (GeV) 86 88 90 22 X
om [GEV]

Figure 12.4: left: The Z-lineshape as a function of \/s. right: The Lineshape parameters
for the lowest order calculations and including higher order corrections.

12.2 Decay Widths

We can also calculate the decay width: f

r(z— f7) ""<f

which is according Fermi’s golden rule:
- 1
r(z—ff) = — W
2 Mz
- M (052 + C{f)
Gr M3
= a5 (df+el)

Using this expression for ', ='(Z — eTe™) and 'y = T(Z — ff) we can re-write:

() 127 s
o\s) =72 2
Mz (s (M3 -F)) +asrs

.T.I';
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Close to the peak we then find:

12 Iy 127
Opeak ~ =
S Ty

BR(Z — ee) - BR(Z — ff)

Let us now finally consider the case when f = ¢ (a quark). Due to the fact that
quarks can be produced in 3 color-states the decay width is:

_ G M

2 2
F(Z—WQ)*6—\/§ - (C\J; +C£)'NC

with the colorfactor No = 3. The ratio between the hadronic and leptonic width:
R; = T'haa/Tiep can be defined. This ratio can be used to test the consistency of the
standard model by comparing the calculated value with the observed one.

12.3 Forward Backward Asymmetry

The forward-backward asymmetry can be defined using the polar angle distribution:

do
dcos@

8
x 1+ cos?6 + gAbeOSQ

This defines the forward-backward asymmetry with:

204.C

3
0,f __ _
App = ZAeAf where Ay = C‘Q/ e

The precise measurements of the forward-backward asymmetry can be used to de-
termine the couplings Cy and Cjy.

0.022 11—
] -0.032 ———— o
68% CL re |m|nary7
0018 | -0.035 - -
S e ~
< = |
0.0147 ’ -0.038{ A~
—Ir o Aat
e
“““ H+H B B
ST e
0.0 ‘ ‘ -0.041 +—— —— 5% 0L
20.6 20.7 20.8 20.9 -0.503 -0.502 -0.501  -0.5
Ry 9ai

Figure 12.5: left: Test of lepton-universality. The leptonic Ay, vs. R;. The contours
show the measurements while the arrows show the dependency on Standard Model
parameters. right: Determination of the vector and axial vector couplings.
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12.4 The Number of Light Neutrino Generations

Since the total decay width of the Z must be equal to the sum of all partial widths the
following relation holds:

FZ = I‘ee + F,uu + FTT + ?)Fuu + 3Fdd + Srss + 3Fcc + 3be + Nz/ ' Fz/u
From a scan of the Z-cross section as function of the center of mass energy we find:

I'y ~ 2490 MeV

1
lee = IyrT, =84MeV Cy =0 CA:_Q
1 1
FVI/ - 167 Mev CV = — CA = —
2 2
1
Twu = Tee =276 MeV Cy ~0.19 Ca=3
1
Tga ~ Ty~ Ty =360 MeV Cy ~ —0.35 Ca= —3

(Of course I'y; = 0 since the top quark is heavier than the Z.)
I'y =30 — hpaa

N, = r. = 2.984 4+ 0.008
E 2v
&3 ALEPH
- DELPHI
L3
- OPAL
20

| 4 average measurements,
error bars increased
by factor 10

10

86 88 90 92 94
E._[GeV]

cm

Figure 12.6: The Z-lineshape for resp. N, =2, 3, 4.
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6 : !
Aayy, = |
— 0.02761+0.00036 ;
~-- 0.0274740.00012 | [ 1
4 - —
NH |
<
2 ] —
0 Excluded Preliminary
20 100 400
m,, [GeV]

Figure 12.7: Standard Model fit of the predicted value of the Higgs boson.
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Exercise 37:

(a) Show how the unpolarised cross section formula for the processete™ — Z, v — putu~
can be obtained from the expression of the helicity cross sections in the lecture:

do o? . 2
" (1 + cosf) ‘1 +1rCLrCL R

a0 <€Z/R€;/L - :“Z/R:“E/L) =

(b) Show, using the expression of r from the lecture, that close to the peak of the
Z-lineshape the expression

Re(r) = (1 _ 5—0) Ir|?

s
with so = M2 — T2 /4 holds.
(¢) Show also that at the peak:

127 T
Opeak ~ e

M2 T,

(d) Calculate the relative contribution of the Z-exchange and the 7 exchange to the
cross section at the Z peak.
Use sin? @y = 0.23, M, =91 GeV and 'y = 2.5 GeV.

(e) The actual line shape of the Z-boson is not a pure Breit Wigner, but it is asym-
metrical: at the high /s side of the peak the cross section is higher then expected
from the formula derived in the lectures.

Can you think of a reason why this would be the case?

(f) The number of light neutrino generations is determined from the “invisible width”
of the Z-boson as follows:
Iz =3I = Thaa
Ly

N, =

Can you think of another way to determine the decay rate of Z — vv directly?
Do you think this method is more precise or less precise?



