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Lectures PP1

L0 :  Introduction

L1 :  Particles and Fields (historical overview)
L2 :  Wave Equations and Antiparticles
L3 :  The Electromagnetic Field
L4 :  Perturbation Theory and Fermi’s Golden Rule
L5 :  Electromagnetic Scattering of Spinless Particles

L6 :  The Dirac Equation
L7 :  Solutions of the Dirac Equation
L8 :  Spin 1/2 Electrodynamics

L9 :  The Weak Interaction 
   (Fermi 4-point scattering: an analogy with QED)

L10: Local Gauge Invariance 
   (the role of symmetries in interactions)

L11: Electroweak Theory
L12: The Process: e+e- → γ,Z → μ+μ-

QED of Spinless Particles:
Scattering Theory and 

Cross Sections

QED for
Fundamental Fermions

The Standard Model for
massless particles

SU(2)L x U(1)Y

}

}

}
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    * Natuurkunde (N)
    * Technische wetenschappen (STW)
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SM Higgs Search Combina4on

8

Expected exclusion mass range: 130 – 440 GeV
Observed exclusion mass range: 145‐216, 226‐288, 310‐400 GeV

CMS PRELIM
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P‐Values & Best Fit 

9
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Search for New Physics via forbidden B-decays

Standard Model Supersymmetry
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So far New Physics is not yet observed...

But we have just started... much more to come...
These are really exciting times!
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The matter anti-matter asymmetry
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Standard Model for particles

νe               νµ              ντ
e-                       µ-              τ-

Strong interaction                8 gluons
Weak interaction                  W+    W-    Z0

Electromagnetic interaction   γ
Gravity                                 g

u , u , u       c , c , c       t , t , t
d , d , d       s , s , s       b , b , b

Vector Bosons (Spin 1 particles).  force carriers

Fermions (Spin 1/2 particles)  : The basic constituents of matter

Quarks only occur in colour 
neutral objects:  “Hadrons”
Baryons:  qqq
Mesons:   qq
⇒  Hadron particles occur in multipletsLeptons:

Scalar Boson (Spin=0 particle). 
Generates fermion masses via the Higgs mechanism

Quarks: 

Only 3 generations of fundamental 
particles are known 

(      ) (      )(      )

(   ) (   ) (   )
Grand Unification?

⇒Forces originate from principle of local gauge invariance
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Matter Waves for Particles without Spin
Relativistic:Non relativistic:

Kinematics:

Quantum Mechanics:

Wave Equation:

!∇ ·!j = −∂ρ

∂t
or ∂µ jµ = 0Continuity Equation:

Probability density and current:

Negative Energy solutions: 

The negative energy solution of a particle traveling backwards in time = 
the positive energy solution of the antiparticle traveling forwards in time

jµ(+e) = 2e|N |2 (E, !p) = −2e|N |2 (−E,−!p)

E2 = !p2 + m2

E → i
∂

∂t
and !p→ −i!∇

− ∂2

∂t2
φ = −∇2φ + m2φ

ρ = ψ∗ψ = |N |2

#j = − i

2m

(
ψ∗#∇ψ − ψ#∇ψ∗

) |N |2

m
#p

ρ = i

(
φ∗ ∂φ

∂t
− φ

∂φ∗

∂t

)
= 2|N |2E

$j = −i
(
φ∗$∇φ− φ$∇φ∗

)
= 2|N |2$p

E =
!p2

2m

E → ∂

∂t
and !p→ −i!∇

i
∂

∂t
ψ =

−1
2m
∇2ψ
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Matter Waves and EM Field

E2 = !p2 + m2

− ∂2

∂t2
φ = −∇2φ + m2φ

E → i
∂

∂t
; "p→ −i"∇Non-relativistic: Relativistic:

∂µjµ = 0 jµ = i (φ∗ ∂µφ− φ ∂µφ∗)Continuity: with:

Matter Waves

EM Field !∇ · !E = ρ
!∇ · !B = 0

!∇× !E +
∂ !B

∂t
= 0

!∇× !B − ∂ !E

∂t
= !j

!B = !∇× !A

!E = −∂ !A

∂t
− !∇V

Aµ =
(
V, !A

)

jν = ∂µ∂µAν − ∂ν∂µAµ

Maxwell Equations:

Gauge Invariance:

Lorentz Condition:

Coulomb Condition:

Aµ → A′µ = Aµ + ∂µλ

∂µAµ = 0

A0 = 0 ; #∇ · #A = 0

Photon has 2-polarizations!

Bohm - Aharanov Experiment!

}

E =
!p2

2m

i
∂

∂t
ψ =

−1
2m
∇2ψ

Maxwell 1+4 
-> continuity
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A + B → C + DCross Section:

Decay Rate:

dσ =
(2π)4 δ4 (pA + pB − pC − pD)

4
√

(pA · pB)2 −m2
Am2

B

·|M|2· d3pC

(2π)3 2EC

d3pD

(2π)3 2ED

dΓ =
(2π)4 δ4 (pA − pC − pD)

2EA
·|M|2 · d3pC

(2π)3 2EC

d3pD

(2π)3 2ED

A→ B + C
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Kinematics : E2 = !p2 + m2 ; E → i
∂

∂t
!p→ −i!∇

Klein−Gordon :
(
∂µ∂µ + m2

)
φ(x) = 0 ; φ(x) = N e−ipµxµ

Current : jµ = −ie [φ∗ (∂µφ)− (∂µφ∗) φ] ; ∂µjµ = 0

The Story Sofar...

Maxwell : ∂µ∂µAν − ∂ν∂µAµ = jν or ∂µFµν = jν

GaugeFreedom : Aµ → A′
µ = Aµ + ∂µλ

LorentzCondition : ∂µAµ = 0 ⇒ Maxwell : ∂µ∂µAν = jν

PlaneWaves : Aµ = NEµ(#p)e−ipµxµ

⇒ 2 polarizations

1) Plane Waves

2) Electromagnetic Field

3) Scattering:  Ai+Bi →Cf + Df + ...

dσfi =
Wfi

Flux
dΦ

Wfi = lim
T, V →∞

|Tfi|2

TV
; Tfi = −i

∫
d4x ψ∗

f (x) V (x) ψi(x)

Tfi = −iNANBN∗
CN∗

D(2π)4 δ4(pA + pB − pC − pD) M

dΦ =
N∑

i=1

V

(2π)3
d3%pi

2Ei
; Flux = 4

√
(pA · pB)2 −m2

Am2
B / V 2
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Kinematics : E2 = !p2 + m2 ; E → i
∂

∂t
!p→ −i!∇

Klein−Gordon :
(
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)
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⇒ 2 polarizations

1) Plane Waves

2) Electromagnetic Field

3) Scattering:  Ai+Bi →Cf + Df + ...

dσfi =
Wfi

Flux
dΦ

Wfi = lim
T, V →∞

|Tfi|2

TV
; Tfi = −i

∫
d4x ψ∗

f (x) V (x) ψi(x)

Tfi = −iNANBN∗
CN∗

D(2π)4 δ4(pA + pB − pC − pD) M

dΦ =
N∑

i=1

V

(2π)3
d3%pi

2Ei
; Flux = 4

√
(pA · pB)2 −m2

Am2
B / V 2

Today: Electromagnetic Scattering
• A particle in a potential
• Spinless π-K scattering 
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Quantum Electrodynamics1) Free particle wave equations

K.G.:

Dirac:

Plane wave solutions: Current:
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Quantum Electrodynamics1) Free particle wave equations

K.G.:

Dirac:

Plane wave solutions: Current:

2) Electromagnetic field Gauge freedom: Lorentz condition: Plane wave solutions:

Maxwell
(2 polarizations since m=0)
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Quantum Electrodynamics1) Free particle wave equations

K.G.:

Dirac:

Plane wave solutions: Current:

2) Electromagnetic field

3) Scattering Perturbation Theory

Gauge freedom: Lorentz condition: Plane wave solutions:

A: non-relativistic derivation:

1-st order:

Maxwell

V(x)
φi

φfPlane waves

(2 polarizations since m=0)
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Quantum Electrodynamics1) Free particle wave equations

K.G.:

Dirac:

Plane wave solutions: Current:

2) Electromagnetic field

3) Scattering Perturbation Theory

4) Electromagnetic Scattering

Gauge freedom: Lorentz condition: Plane wave solutions:

A: non-relativistic derivation:

B: relativistic extension:

1-st order:

Maxwell

C: cross section:

V(x)
φi

φf

A B
C

D

A

B

C

D
Spin 0 case:

Plane waves

(2 polarizations since m=0)

“Feynman rules”
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E2 = !p2 + m2 E2 = (!α · !p + βm)2
E → i

∂

∂t
; "p→ −i"∇

(
∂µ∂µ + m2

)
φ(x) = 0

(iγµ∂µ −m) ψ(x) = 0
with : γµ = (β,β%α) ; {γµ, γν} = 2gµν

φ(x) = Ne−ipx

(
∂µ∂µ + m2

)
φ(x) = 0

jµ = i [φ∗ (∂µφ)− (∂µφ∗) φ]

ψ(x) = u(p)e−ipx ψ = ψ†γ0

(
i∂µψγµ + mψ

)
= 0 ;

jµ = ψγµψ

Solutions

: C.C.              Adjoint :

∂µjµ = 0

jµ
fi = i

[
φ∗f (∂µφ∗i )−

(
∂µφ∗f

)
φi

]

= −eNiN
∗
f

(
pµ

i + pµ
f

)
ei(pf−pi)x

jµ
fi = ψfγµψi

= −e uf (p) γµ ui(p) ei(pf−pi)x

Particles with Spin = 0 Particles with Spin = 1/2

Q.M.:

Klein Gordon: Dirac:

Feynman rulesTransition currents
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Solutions to the Dirac Equation

(iγµ∂µ −m) ψ(x) = 0 ⇒ ψ =





ψ1

ψ2

ψ3

ψ4



 =
(

UA(p)
UB(p)

)
e−ipx
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Solutions to the Dirac Equation

(iγµ∂µ −m) ψ(x) = 0 ⇒ ψ =





ψ1

ψ2

ψ3

ψ4



 =
(

UA(p)
UB(p)

)
e−ipx

[ (
11 0
0 −11

)
E −

(
0 σi

−σi 0

)
pi −

(
11 0
0 11

)
m

] (
uA

uB

)
=

(
0
0

)

(!σ · !p) UB = (E −m) UA

(!σ · !p) UA = (E + m) UB
UA =

(
∗
∗

)
; UB =

(
∗
∗

)
!σ · !p =

(
pz px − ipy

px + ipy −pz

)
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Solutions to the Dirac Equation

(iγµ∂µ −m) ψ(x) = 0 ⇒ ψ =





ψ1

ψ2

ψ3

ψ4



 =
(

UA(p)
UB(p)

)
e−ipx

[ (
11 0
0 −11

)
E −

(
0 σi

−σi 0

)
pi −

(
11 0
0 11

)
m

] (
uA

uB

)
=

(
0
0

)

(!σ · !p) UB = (E −m) UA

(!σ · !p) UA = (E + m) UB
UA =

(
∗
∗

)
; UB =

(
∗
∗

)
!σ · !p =

(
pz px − ipy

px + ipy −pz

)

!p = 0 U (1) =





1
0
0
0



 ; U (2) =





0
1
0
0



 ; U (3) =





0
0
1
0



 ; U (4) =





0
0
0
1



 · e−ipx
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Solutions to the Dirac Equation
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0
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(
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Solutions to the Dirac Equation

(iγµ∂µ −m) ψ(x) = 0 ⇒ ψ =





ψ1

ψ2

ψ3

ψ4



 =
(

UA(p)
UB(p)

)
e−ipx

[ (
11 0
0 −11

)
E −

(
0 σi

−σi 0

)
pi −

(
11 0
0 11

)
m

] (
uA

uB

)
=

(
0
0

)

(!σ · !p) UB = (E −m) UA

(!σ · !p) UA = (E + m) UB
UA =

(
∗
∗

)
; UB =

(
∗
∗

)

1)choose : U (1)
A =

(
1
0

)
; U (2)

A =
(

0
1

)

2)choose : U (3)
B =

(
1
0

)
; U (4)

B =
(

0
1

)

!σ · !p =
(

pz px − ipy

px + ipy −pz

)

U (1)
B =

(
pz/(E + m)

(px + ipy)/(E + m)

)
; U (2)

B = ... etc

!p = 0

!p != 0
U (3)

A = .... ; U (4)
A = ...

1) Solutions are orthogonal
2) Normalisation: 
3) Adjoint:

4) Completeness:

5) Helicity:
(!p −m) u = 0 ⇒ u (!p −m) = 0
(!p + m) v = 0 ⇒ v (!p + m) = 0

∑

s=1,2

u(s)(p) u(s)(p) =!p + m

λ =
1
2

"Σ · "p ; "Σ =
(

"σ 0
0 "σ

)

N =
√

E + m

U (1) =





1
0
0
0



 ; U (2) =





0
1
0
0



 ; U (3) =





0
0
1
0



 ; U (4) =





0
0
0
1



 · e−ipx
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QED

∂µF µν = jν with : F µν = ∂µAν − ∂νAµ

∂µ → ∂µ − ieAµ ⇒ Tfi = −i

∫
jfi

µ (x) Aµ(x) d4x

(
∂µ∂µ + m2

)
φ(x) = 0

φ(x) = N e−ipx

jµ = i [φ∗ (∂µφ) − (∂µφ∗) φ]

Tfi = −i

∫
d4x φ∗

f(x)V (x)φi(x)

ie(pA + pC)µ

−iM = · − igµν/q2

· ie(pB + pD)ν

ie(uCγµuA)
−iM = · − igµν/q2

· ie(uDγνuB)

S=0 S=1/2

Solution:

Wave equation:

Conserved current:

Perturbation Theory

(iγµ∂µ − m) ψ(x) = 0
ψ(x) = u(p)e−ipx

jµ = ψγµψ

Tfi = −i

∫
d4x ψ†(x)V (x)ψi(x)

dσ

dΩ
=

α2

4s

(
3 + cos θ

1 − cos θ

)2

⇐
dσ

dΩ
=

1
64π2

1
s

|M|2 ⇒
dσ

dΩ
=

α

2s

4 + (1 + cos θ)2

(1 − cos θ)2

Electromagnetic Field:

QED:

Feynman Rules: A

B

C

D
Cross Section:

Mandelstam Variables & Crossing: e+e− → µ+µ− =
α2

4s
(1 + cos2 θ)
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Electromagnetism / Weak Interaction

i (γµ∂µ − m) ψ(x) = 0 ; ψ(x) = U(p)e−ipµxµ

; ( "p − m) u(p) = 0
∂µ → ∂µ − ieAµ ∂µ → ∂µ + igBµ

Tfi = −i

∫
jfi
Weak,µ Bµ(x) d4x

jfi
Weak,µ = ψf

1
2

γµ(1 − γ5) ψf

Tfi = −i

∫
jfi

EM,µ Aµ(x) d4x

jfi
EM,µ = ψfγµψi

ie(uCγµuA)
−iM = · − igµν/q2

· ie(uDγνuB)

A

B

C

D

i g√
2
(uC

1
2
γµ(1 − γ5)uA)

−iM = · − igµν/(M2 − q2)
· i g√

2
(uD

1
2
γν(1 − γ5)uB)

Matter Waves:

QED Weak

Substitution:

Field Equation:

Perturbation
Theory

Matrix Element:

e+e− → µ+µ−

dσ

dΩ
=

α2

4s

(
1 + cos2 θ

)
µ− → e−νµνe

Γ =
G2

F m5
µ

192π3

Aμ

S = ψψ ; V = ψγµψ ; T = ψσµνψ ; A = ψγ5γµψ ; P = ψγ5ψ

General Matrix Element:

Weak Interaction:

Bμ

M =
S,V,T,P,A∑

i,j

Cij (uCOiuA) · prop · (uDOjuB)

∂µ∂µAν − ∂µ∂νAµ = jν
EM

∂µ∂µBν − ∂µ∂νBµ + m2Bν = jν
Weak

Leptons :
(

νe

e

)
;

(
νµ

µ

)
;

(
ντ

τ

)
⇒




νe

νµ

ντ



 = VP MNS




ν1

ν2

ν3





Quarks :
(

u
d

)
;

(
c
s

)
;

(
t
b

)
⇒




d!

s !

b!



 = VCKM




d
s
b




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Symmetries
Lagrangian density is the basic object for physics: L (φ(x), ∂µφ(x))

Symmetry: Require that the Lagrangian
                  remains invariant under a
                  symmetry  operation.

4 Basic symmetry groups:
• Permutation symmetries
• Continuous space-time symmetries (“external” symmetries)
• Discrete symmetries: C, P,  T
• Unitary or Gauge symmetries (“internal” symmetries)

Unitary Phase Symmetry U(1) Yang Mills Symmetry SU(2)

ψ(x) → ψ′(x) = eiqα(x)ψ(x) ψ(x) → ψ′(x) = ei 1
2!τ ·!α(x)ψ(x)

ψ (iγµDµ − m) ψ

Dµ = ∂µ + iqAµ(x)

Aµ(x) → A′
µ(x) = Aµ(x) − ∂µα(x)

ψ(x) =
(

p
n

)

ψ (iγµDµ − m) ψ = ψ (iγµ∂µ − m) ψ − qψγµψAµ

LU(1) = Lfree
U(1) + jµAµ

ψ (iγµDµ − m) ψ = ψ (iγµ∂µ − m) ψ −
g

2
ψγµ$τψ $bµ

LSU(2) = Lfree
SU(2) + $jµ $bµ

ψ (iγµDµ − m) ψ=

Covariant Derivative:

Gauge Transformations:

Covariant Derivative:

Gauge Transformations:

Dµ = ∂µ + igBµ(x) with Bµ(x) =
1
2

"τ ·"bµ

U(1) Lagrangian:

SU(2) Lagrangian:

(Maxwell gauge invariance)

Bµ(x) → B′
µ(x) = GBµ(x)G−1 +

i

g
(∂µG) G−1

"bµ(x) → "b′
µ(x) = "bµ − "α ×"bµ −

1
g

∂µα(x)

“non-Abelian”
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Standard Model of Electroweak Interactions
Origin of interactions is described via the principle of local  gauge invariance
Recipe:  Take the Lagrangian of free Dirac particles:

U(1)Y : ψ(x) → ψ′(x) = eiY α(x)ψ(x) ; Y = hypercharge , Q = T3 +
1
2

Y

SU(2) : ψL(x) → ψ′
L(x) = ei"T ·"α(x)ψL(x) ; "T =

1
2

"τ = weak isospin , ψL =
(

1 − γ5

2

)
ψ

LDirac = ψ(x) (iγµ∂µ − m) ψ(x)

C.C. : W +
µ =

b1
µ − ib2

µ√
2

N.C. : Zµ = −aµ sin θW + b3
µ cos θW

W −
µ =

b1
µ + ib2

µ√
2

Aµ = aµ cos θW + b3
µ sin θW

and impose that it should remain invariant under:

To keep the Lagrangian invariant compensating gauge fields must be introduced which transform 
simultaneously with the Dirac fields:

The physical currents are:

aµ = hypercharge field

b1
µ, b2

µ, b3
µ = weak isospin field

g′/g = tan θW
e = g sin θW

gz = g / cos θW

Cf
V = T f

3 − 2Qf sin2 θW

Cf
A = T f

3

T3 = 1/2
−1/2

(
u
d

) (
ν
l

)

The interaction Lagrangian is:

∂µ → Dµ = ∂µ + g′ Y

2
aµ + g "T ·"bµ

L = Lfree − g′ Jµ
Y

2
aµ − g "Jµ

L ·"bµ

L = Lfree −
g

√
2

ψu γµ 1
2

(
1 − γ5

)
ψd W +

µ

−
g

√
2

ψd γµ 1
2

(
1 − γ5

)
ψu W −

µ

− e Q ψ γµ ψ Aµ

− gz ψ γµ 1
2

(
Cf

V − Cf
Aγ5

)
ψ Zµ
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Feynman Vertices

N.C.:
Z0

f

f

E.M.:
γ

e+, µ+, τ+

e−, µ−, τ−

γ

q

q

W

eL

νeL

W

µL

νµL

W

τL

ντL

W

d′

u

W

s′

c

W

b′

t

Q

gz =
g

cos θW

Cf
V = T f

3 − 2Qf sin2 θW

Cf
A = T f

3

g/
√

2 g/
√

2 g/
√

2

g/
√

2 g/
√

2 g/
√

2




νe

νµ

ντ



 =



 VP MNS



 =




ν1

ν2

ν3








d′

s′

b′



 =



 VCKM



 =




d
s
b





Q
γ

ν

ν

C.C.:

dinsdag 11 oktober 2011


