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Introduction

For millennia mankind has admired and studied the skies and in doing so has learned
more and more about the nature of the cosmos. It led to the rejection of the Earth’s
central position in the Universe and the adoption of the heliocentric model in the 16th
century, placing the Sun at the center of the Universe. With the advent of the optical
telescope early day astronomers could further refine their models and discover new planets and even their moons. Finally these developments led, in the 19th century, to the
notion that our Sun was not at the center of the Universe but one of billions of stars
that make up the Milky Way.
By the middle of the 1900s astronomy was experiencing a golden age thanks to a range of
new technologies that expanded the observational scope beyond that of visible light. This
included radio and infrared astronomy which provided whole new ways of observing the
skies. Probing the entire spectrum of electromagnetic radiation, physicists continued
to unravel the mysteries of the cosmos and our existence within it. Yet a number of
fundamental questions still remain unanswered, these include: why is there an apparent
asymmetry in the amount of matter and antimatter? What is the nature of dark energy
and dark matter? What is the origin of the Universe and what will be its ultimate fate?
Gravity plays a role in the dynamics of all matter and energy. The most successful theory of gravity we have is general relativity. It predicts the motion of the planets, the
deflection of light around the Sun and even governs the evolution of the entire Universe.
This theory, published by Albert Einstein in 1915, describes gravity as the curvature of
spacetime, and paved the way to the notion of gravitational waves: one of the last predictions of general relativity yet to be directly observed. Gravitational waves are minute
ripples in the curvature of spacetime that are produced by violent astrophysical events.
They propagate through space like the waves in a pond after a pebble is thrown onto
its surface. Because the curvature of spacetime and gravity are interconnected, a gravitational wave will change the way freely falling objects fall with respect to each other.
We can therefore measure gravitational waves by accurately monitoring the apparent
motion of freely suspended test masses. This is done by using laser interferometers. The
study of gravitational waves will open up a whole new window on the Universe and
expose it in a way never seen before. This will enable us to test general relativity under
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the most extreme conditions and develop a firmer understanding of the Universe and its
origins. More importantly, entirely new discoveries and insights await us in this fledgling
field of astronomy.
We are on the verge of making the first direct detection of gravitational waves. The
technology required to make such precision measurements has been under development
for the last few decades and excellent sensitivity was demonstrated during the operation
of the first generation of kilometer scale interferometric detectors: Virgo in Italy, LIGO
in the USA and GEO600 in Germany. Currently these detectors are being upgraded to
so-called second generation or advanced configurations, and the international network
will be reinforced by new detectors in Japan (KAGRA) and India (LIGO-India). Advanced Virgo and Advanced LIGO will begin operation in 2015 - 2016 with an ultimate
sensitivity 10 times better than that of their first generation predecessors. Design studies
are underway to develop concepts for future generation detectors that would improve on
advanced detector sensitivity by another factor of ten and extend the detection bandwidth to even lower frequencies. Einstein Telescope is such a project that envisages a
gravitational observatory capable of sensing spacetime disturbances from the furthest
extremities of the Universe and the earliest moments of the Big Bang.
To achieve the sensitivities needed to hunt for gravitational waves, detectors push the
boundaries of our technological capabilities. This thesis describes a number of insights
and technologies that will improve the low-frequency performance of advanced and future
generation ground-based detectors. In the following, these will collectively be referred
to as next generation detectors. An overview of detector generations, their approximate
timelines and corresponding experiments, is given in Fig. 1.
2000

2005
First generation

2010

Initial LIGO, Initial Virgo
GEO600

2015

2020

2025

2030

Second generation

Advanced LIGO, Advanced Virgo
GEO-HF, KAGRA, LIGO-India

Next generation

Future generation
Einstein Telescope, ...
LISA Pathfinder
eLISA, DECIGO
Big Bang Observer
Pulsar timing arrays

Figure 1: Timeline and generations of ground and space based gravitational wave detectors.
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Other projects are under development that would explore the lower frequency spectrum
of gravitational radiation. One such project is eLISA/NGO that proposes to place three
satellites in triangular formation in orbit around the Sun, with the satellites separated by
several million kilometers. The technology required for such a detector will first be piloted
by LISA pathfinder, a single satellite test mission, due for launch in 2015. A similar
project, but with a separation distance of one thousand kilometers, is the proposed
Japanese gravitational space antenna DECIGO, while an eLISA/NSO successor has
been proposed and is known as Big Bang Observer. In addition, astronomers accurately
monitor the timing residuals of consistently pulsating stars. An array of so called radio
pulsars is used to search for ultra low frequency gravitational waves.

Thesis outline
Chapter 1 provides a short introduction to general relativity and shows how the linearization of the Einstein field equations gives rise to gravitational waves. Furthermore,
the various sources of gravitational radiation are addressed with an emphasis on the importance of low-frequency detection. This is followed by the mathematical description of
two concepts that are relied on in subsequent chapters: seismic motion and linear control.
The principles of gravitational wave detection are outlined in Chapter 2 with a more
detailed account of the Advanced Virgo detector. The current status of all detectors
across the globe is briefly discussed, followed by an outline of Einstein Telescope.
Having established that seismic motion is a key factor in low-frequency sensitivity, Chapter 3 will discuss the various sources of seismic activity and presents an analysis of data
from European seismometer arrays. This chapter also presents a site study performed
in order to characterize underground motion in Europe and at various sites around the
world. Chapter 4 provides an in depth discussion of Newtonian noise, a noise source
connected to seismic motion and expected to limit the sensitivity of next generation
detectors. New techniques for the modeling of Newtonian noise are presented along with
an optimal filtering technique that promises eﬃcient subtraction of Newtonian noise
from the detector output.
Chapter 5 then presents vibration attenuation systems designed to isolate parts of the
Advanced Virgo detector from seismic induced vibrations. This chapter features a novel
approach to the feedback control of such an isolation system.
A number of technological solutions developed for the research discussed here, may find
useful application in areas outside of gravitational astronomy. The opportunities for the
commercialization of this technology are addressed in Chapter 6.
Finally, Chapter 7 summarizes all ideas presented in this thesis and draws conclusions
from the results. Ideas for future work and further development of the presented research
will be given.
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Chapter

1
Background and theory

This chapter will lay some mathematical foundations to pave the way towards concepts
that will be developed in subsequent chapters. The starting point will be general relativity and a brief discussion of gravitational waves. The various sources of gravitational
waves will then be reviewed including an introduction to the corresponding data analysis
techniques. This discussion will underline the importance of improved low-frequency sensitivity in next generation gravitational wave detectors. The low-frequency sensitivity is
most aﬀected by seismic motion. The mathematical principles of seismic motion will be
addressed in Section 1.3. The mechanical coupling of seismic motion can be suppressed
by using attenuation systems. These systems implement active feedback control to minimize the transmission of seismic motion to the detector’s critical components. Section 1.4
will introduce the concepts of linear control, state observation and the Kalman filter.

1.1

Gravity, general relativity and gravitational waves

At the turn of the 20th century the reigning theory of gravity was that developed by
Isaac Newton that described a force, elegantly formulated by an equation involving the
mass of any two objects, mA and mB , the distance between them r and the universal
gravitational constant G. The magnitude of the force is given by
F =G

mA mB
.
r2

(1.1)

This equation describes the equal yet opposite attractive forces felt at each object.
Although Newton’s theory was successful in describing the eﬀects of gravity on Earth
and the motion of bodies in our solar system1 , it failed to describe the origin or nature
of the force, something that bothered Newton himself. In 1692 he wrote [1]:
1

With the exception of the planet Mercury. The precise origin of the precession of Mercury’s orbit
remained a mystery until general relativity provided an accurate description.
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“That one body may act upon another at a distance through a vacuum
without the mediation of anything else, by and through which their action
and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty
of thinking could ever fall into it.”
In 1905 Albert Einstein published his paper on special relativity in which he introduced
some compelling notions about the relationship between space, time and energy [2]. An
important postulate of this theory was that the speed of light is constant, regardless
of the inertial reference frame of any observer. As a result this meant that information
can be transmitted from point A to point B no faster than the speed of light. Newton’s
theory of gravity concerns instantaneous forces, suggesting that changes at A would immediately be felt at B. This contradicted Einstein’s relativistic speed limit. He therefore
set out to describe the origins of gravity in light of special relativity and in 1915 he published a mathematical framework that links gravitational interactions to the curvature
of the spacetime continuum [3]. This theory is know as general relativity.
A fundamental concept in relativity is that the spacetime interval ds between any two
neighboring objects in flat space is given by the expression
ds2 = −c2 dt2 + dx2 + dy 2 + dz 2 ,

(1.2)

where c is the speed of light. General relativity introduces the idea that spacetime is
not longer ‘flat’ but can rather be curved in order to describe what we consider to be a
gravitational force. In this case Eq. (1.2) can be written more generally to be
ds2 = gµν dxµ dxν ,

(1.3)

where all of the information about spacetime curvature is encoded in the metric gµν and
the superscripts are not powers but indices to represent coordinates, e.g. t, x, y and
z. General relativity goes on to relate the energy-momentum tensor Tµν to the metric
tensor gµν in a series of coupled non-linear diﬀerential equations called the Einstein field
equations. They are given by2
1
Rµν − gµν R = 8πTµν ,
2

(1.4)

and essentially couple the motion of matter to curvature, and curvature to the presence
of energy and matter. Here R is the Ricci curvature scalar, which is defined as the trace
of the Ricci curvature tensor Rµν with respect to the metric, R ≡ g µν Rµν = Rµ µ . The
Ricci curvature tensor is obtained from contraction of the Riemann curvature tensor
Rλ µλν on the first and third indices such that
Rµν = Rλ µλν = Γλµν,λ − Γλµλ,ν + Γλλσ Γσµν − Γλνσ Γσµλ ,
2

(1.5)

Note that the geometrized units convention is adopted in which G = c = 1 and time is defined as
the distance light travels in time t. In this way time and distance both have dimension meters.
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where we use the convention that the ‘,’ denotes the partial derivative of the tensor with
respect to the trailing indices and Γµαβ are the Christoﬀel symbols given by
1
Γµαβ = g µν (gνα,β + gνβ,α − gαβ,ν ).
2

(1.6)

The Riemann curvature tensor assigns to each point in the manifold a measure as to
what extent the metric tensor varies from Minkowski (flat) space, while the Christoﬀel
symbols can be seen as a description of how the components of a basis vector change
when parallel transported on the manifold.

1.1.1

Ripples in space

We can now take a first step towards the derivation of gravitational waves [4]. To do that
we consider the linear expansion of the Einstein field equations around the flat space
metric. Therefore we write
gµν = ηµν + hµν ,
(1.7)
where ηµν is the Minkowski metric for flat spacetime and hµν are small metric perturbations, i.e. |hµν | � 1, which allows us to linearize the Einstein equations. The equations
of motion can be written more compactly by defining the trace reversed amplitude
1
h̄µν = hµν − ηµν h,
2

(1.8)

where h ≡ hα α is the trace of hµν . The linearized Einstein equations can now be written
in the form
�h̄µν + ηµν h̄αβ ,αβ − h̄µα,ν α − h̄να,µ α = −16πTµν ,
(1.9)

where � is the fourspace d’Alembertian operator. In cartesian coordinates and flat space
∂2
2
it is denoted by � = − ∂t
2 + ∇ . We have the freedom to choose a convenient coordinate
system and do so such that h̄µα,α = 0. This is known as the Lorentz gauge and it implies
that the wave components are orthogonal to the direction of propagation. By exploiting
this gauge the last three terms on the left hand side of Eq. (1.9) vanish and the Einstein
equations become
�h̄µν = −16πTµν .
(1.10)
To study gravitational waves and their interaction with a gravitational wave detector
we are interested in the field outside the source, i.e. where Tµν = 0. We then simply have
�h̄µν = 0,

(1.11)

which can be recognized as a wave equation and implies that gravitational waves travel
at the speed of light. The solution of the wave equation can be written as
α

h̄µν = Aµν eikα x .

(1.12)
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Each component of h̄ is thus a sinusoidal wave that travels along wave vector k α with
amplitude Aµν . The metric can be further simplified by choosing a gauge such that
h̄ is trace free. Note that now h̄ = h. Together with the previously made Lorentz
gauge condition, this is known as the transverse-traceless gauge. A gravitational wave
propagating along the z-axis can now be described by


0 0
0
0
 0 h+ h× 0 

h(t, z) = 
(1.13)
 0 h× −h+ 0  cos(ω(t − z) + φ0 ),
0 0
0
0

where φ0 is an arbitrary initial phase of the gravitational wave. This reveals the transverse and polarized nature of gravitational waves with what are known as the plus and
cross polarizations with respective amplitudes h+ and h× .

1.1.2

Observable eﬀects of gravitational waves

Consider the distance s that separates two freely falling test masses positioned along the
x axis, one at the origin (0,0,0) and the other at (l,0,0). In transverse-traceless coordinates, they remain at these coordinate locations at all times. Implementing Eqs. (1.3),
(1.7) and (1.13), the proper distance spacetime interval in the transverse-traceless gauge
is given by
ds2 = gµν dxµ dxν

�
�
= −dt2 + dz 2 + (1 + h+ )dx2 + (1 − h+ )dy 2 + 2h× dxdy cos(ω(t − z) + φ0 ).
(1.14)

We now probe the distance s by sending a photon from one test mass, reflecting it oﬀ
the other and measuring the time it takes to return. Note that a photon traveling along
the x-axis moves along a light-like world line where ds2 = 0 and dy = dz = 0. Assuming
that the wavelength of the gravitational wave is larger than the separation distance
λGW � l, and that h+ is spatially uniform over distance l, then h+ can be considered
constant during the photons journey. For a plus polarized gravitational wave, with an
initial phase of φ0 = −π/2 and amplitude h+ � 1, the return time is found to be
� l
� l�
trt = 2
dt = 2
(1 + h+ ) sin(ω(t − z))dx
0
0
� l
1
≈ 2 (1 + h+ ) sin(ω(t − z))dx
2
0
1
= 2l(1 + h+ ) sin(ω(t − z)).
(1.15)
2
In the unperturbed case we would expect trt = 2l so it is evident that the apparent separation distance between the two masses stretches and shrinks by ∆l = 12 h+ l, with the
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frequency of the gravitational wave. This provides a relationship between the gravitational wave amplitude and the measurable length diﬀerence proportional to the original
distance between the test masses
∆l
1
= h+ ,
(1.16)
l
2
which is why gravitational waves are said to produce a strain in space and h is coined
the gravitational wave strain. The same exercise can be done along the y direction
producing an equal but opposite strain on that axis. The eﬀect of the two gravitational
wave polarizations on a ring of freely falling test masses for a gravitational wave incident
to the page is shown in Fig. 1.1.
Gravitational wave, kƠ !

+ polarization
l

l +Δl

l

l -Δl

t=0

t = T/4

t = T/2

t = 3T/4

Time

Time

! polarization
Figure 1.1: The eﬀect of a gravitational wave on freely falling test masses for the plus
(top) and the cross (bottom) polarization. The gravitational wave is incident to the page
and its period is T .

Polarized fields are rather familiar from electromagnetism and in many ways gravitational radiation is similar to the electromagnetic counterpart. The interaction of gravitational waves with mass is analogous to the interaction of electromagnetic waves with
charged particles. However, unlike the electric and magnetic dipoles, conservation of
momentum rules out mass dipole moments. The mass dipole corresponds to motion of
the center of mass of a system and its first derivative represents momentum which is
a conserved quantity, so the mass dipole emits no radiation. Similarly conservation of
mass-energy prevents a mass monopole moment (a monopole moment would necessitate
the creation and destruction of mass-energy). The leading term for gravitational radiation is therefore the quadrupole moment which, in its reduced form, can be defined
as
�
1
I ij (r) ≡ dV (xi xj − δij r2 )ρ(r).
(1.17)
3
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where r is the position vector measured with respect to any origin of our choosing, δij
is the Kronecker delta and ρ(r) is the mass density at r. An estimate of the strain
amplitudes can be made by equating them to the second order time derivatives of the
quadrupole moment Ï ij . In addition, for gravitational waves to radiate away from the
source the amplitude must decay inversely proportional to the distance from the source
d. An estimate for h would then be
hij ≈

2G Ï ij
,
c4 d

(1.18)

expressed in conventional units. The factor cG4 = 8.26 · 10−45 s2 m−1 kg−1 is immensely
tiny and suggests that spacetime is an extremely stiﬀ medium. In order for gravitational
waves to produce a detectable signal the associated energies must be of astronomical
proportions. For this reason the first detections of gravitational waves are expected to
originate from the most violent astrophysical phenomena.

1.2

Sources of gravitational waves

All systems that feature a varying mass-quadrupole moment will generate gravitational
waves. However, the interaction of gravitational radiation with matter is so weak that for
now we can only attempt to detect gravitational waves from the most compact and/or violent phenomena in the Universe. For this reason the gravitational wave sources discussed
here are of astrophysical origin. They can be categorized into four types of sources: gravitational collapse, compact binary coalescence, continuous waves and stochastic background.

1.2.1

Supernova core collapse

A burning star exists in an equilibrium between outward pressure from nuclear reactions
and the inward forces of its gravitational field. Once a star has exhausted its supply of
energy from nuclear reactions, the gravitational forces cause it to collapse. The subsequent dynamics can convert gravitational potential energy into an explosion that blows
oﬀ part of the star. This violent process is known as a supernova and signifies the dying
moments of a star. Depending on the initial mass of the star the core could continue
to collapse to form a compact object, of which three types exist: white dwarfs, neutron
stars and black holes.
A supernova produces a bright optical display making them extremely useful cosmological tools. At the same time this explosion masks what is going on in the core of the
supernova. As a result, the dynamics of a core collapse and how energy is converted into
an explosion is not well understood. If the core collapse occurs in an asymmetric fashion, gravitational waves will be emitted [5]. Gravitational waves, along with neutrinos,
provide the only signals that come to us directly from the core.
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The expected gravitational waveforms from supernova core collapse are poorly understood and diﬃcult to predict. The extraction of the signal out of noisy detector data
from such an event is therefore very challenging. This reduces the chance of a detection.
If, on the other hand, a supernova was to take place within our galaxy, the signal-to-noise
ratio would be high, enhancing the likelihood of detection. From observations within the
Milky Way it is thought that such an event occurs, on average, two times per century [6].

1.2.2

Compact binary coalescence

A pair of compact objects such as neutron stars or black holes, that are bound by each
other’s gravitational fields are known as compact binaries. As they revolve around their
common center of mass, they emit energy in the form of gravitational radiation causing
them to move closer together, orbit more rapidly and finally coalesce. The stages of
coalescence can be regarded in three phases. The first phase is the inspiral, consisting
of the last few thousand orbits before the second phase, know as the merger. During
the merger the two objects combine to form a single compact object. The last phase is
the ring down where the final object settles to a stationary state through emission of
gravitational waves. This whole coalescence process takes place over a period of seconds
to minutes depending on the total mass of the system. Note, however that the lifetime
of the binary before merging can be in excess of tens of millions of years. During the
inspiral phase of two neutron stars the frequency sweeps up to about 1.5 kHz [7] which
falls in the detection band of ground based detectors.
The shape of these modulated sinusoidal signals can be well modeled by post-Newtonian
mechanics and techniques based on numerical relativity [8]. To hunt for these signals
amongst the detector noise, data analysts use matched filter algorithms [9] that compare the detector output against a family of waveform templates that scan the binary
coalescence parameter space.
Let us consider a binary system consisting of two objects of mass m1 and m2 and total
mass M = m1 + m2 . At some time t the masses are separated by a distance a. It can be
shown that (for non-relativistic motion) the evolution of the separation distance can be
written as
�
�1
t − t0 4
a = a0 1 −
,
(1.19)
τ0
where a0 was the separation distance at time t0 and τ0 is the time to coalescence. That
is, τ0 is the amount of time it takes for the binary to go from the initial separation a0
to a = 0. It is described by
1
5
1
M3
τ0 =
,
(1.20)
256 m1 m2 (2πf0 ) 83
where f0 is the orbital frequency at t0 . The eﬀectiveness of the data analysis algorithms
is proportional to the amount of time the inspiral signal can be subjected to the match
filtering. A larger τ0 increases the likelihood of a detection and the accuracy of subsequent
11
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parameter estimation. In Eq. (1.20) it was shown that time to coalescence is inversely
8
proportional to f0 3 . This highlights the importance of improving the low-frequency
sensitivity of gravitational wave detectors. If the detection lower bound can be reduced
8
by a factor of two, the time to coalescence will increase by a factor 2 3 ≈ 6.4. This
makes low-frequency sensitivity an important goal for next generation gravitational wave
detectors.
Compact binary coalescence is considered to be a promising potential source for the
first detection of gravitational waves due to the relatively large strain amplitudes. The
expected strain amplitude from two inspiraling neutron stars at a distance d from the
Earth, can be approximated by
�
��
� 53 �
� 23
100 Mpc
Mc
f
−23
h ≈ 10
,
(1.21)
d
1.2M⊙
200 Hz
3

1

where Mc ≡ (m1 m2 ) 5 /(m1 + m2 ) 5 is known as the chirp mass and M⊙ is the mass of
the Sun. This means that an inspiraling neutron star binary at a distance3 of 100 Mpc,
with a chirp mass equivalent to 1.2 times the mass of the Sun, will produce a strain of
h ≈ 10−23 at 200 Hz.
The study of the resulting waveforms will put general relativity to the test under the most
extreme gravitational conditions [10]. The coalescence signals from binary systems provide enough information to deduce the distance to the source. They can therefore be used
by astronomers to measure the large-scale dynamics of the Universe and to constrain
cosmological parameters [11]. In addition, they will uncover a wealth of information
about the systems themselves, such as the equation of state of neutron stars [12, 13].

An important figure of merit for gravitational wave detectors is the maximum distance to
which they are sensitive to gravitational waves. This is known as the horizon. The horizon
for gravitational waves from typical neutron star - neutron star, neutron star - black hole
and black hole - black hole coalescence for the LIGO-Virgo network of advanced detectors
has been calculated to be 445 Mpc, 927 Mpc and 2187 Mpc respectively [14]. If we take
for example neutron star binary coalescence, the predicted rate for such events is about
100 per million years per Milky Way equivalent galaxy (MWEG). However, this rate
can plausibly range from 1 to 1000 Myr−1 MWEG−1 . The related detection rate is then
40 events yr−1 but could range from 0.4 to 400 yr−1 .

1.2.3

Continuous waves

Continuous waves are emitted from spinning neutron stars. Neutron stars are compact
objects formed during a supernova core collapse. In order to emit gravitational waves a
3

A parsec (pc) is derived from ‘a parallax of one arcsecond’ and is defined as the adjacent side of a
right triangle when the smallest angle is 1 arcsecond and the opposite length 1 astronomical unit. It is
equivalent to ∼3.2 light years. The center of the nearest large galaxy cluster, the Virgo cluster is 16.5
Mpc (53.8 million light years) away from Earth.
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neutron star must have a quadrupole moment which implies a non-axisymmetric asymmetry. Such an asymmetry could be caused by a geometric deformity of the star’s exterior, movement of the fluidic interior or induced by accretion of matter from a companion
star.
Many neutron stars are pulsars. A pulsar emits electromagnetic radiation in concentrated
beams along the magnetic axis of the object. If the magnetic and rotational axes are not
aligned, the beam will sweep across the Universe like a light house, potentially crossing
the Earth. A pulsar’s electromagnetic radiation would therefore arrive at the Earth in
pulses, with a frequency equivalent to its rotation fpul .
Several thousand pulsars have already been discovered and some exist in binary systems.
Due to their relatively weak signals most of the discovered pulsars appear in our neighborhood of the Galaxy but there could be many more of which the radiation does not
pass the Earth. An extrapolation from these observations suggests that over 108 pulsars
exist in our Galaxy [15]. Most pulsars are observed to spin down: their frequency decreases with time. This could partially be due to gravitational wave emission but other
forms of energy loss due to electromagnetic radiation and particle discharge will also
df
play a role [16]. Fig. 1.2 shows the first order spin down − dtpul versus frequency of all
known pulsars as of January 2011 [17, 18].
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Figure 1.2: First order spin down versus frequency for known pulsars. Data taken from
the ATNF Pulsar Catalogue [18].

To estimate the amplitude of gravitational wave emission from non-axisymmetric dis-
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tortions, the level of distortion is expressed in terms of the ellipticity
�=

Ixx − Iyy
,
Izz

(1.22)

for a neutron star spinning along the z-axis, where Ixx , Iyy and Izz are the moments
of inertia along the x, y and x axes respectively. We can approximate the amplitude of
either polarization radiated along the spin axis by [19]
8π 2 f 2 Ins
�,
(1.23)
d
where Ins is the moment of inertia of the spherical neutron star and f is the frequency
of the gravitational waves. Note that for an optimally oriented source f = 2fpul . Taking
typical values we would arrive at a strain of
�
��
��
�2 �
I
10 kpc
f
� �
−25
h ≈ 10
.
(1.24)
d
60 Hz
10−5
1038 kg m2
h≈

To uncover this signal from detector noise data analysts perform a Fourier transform on
long stretches of data. The Fourier transforms concentrate the power of the signal into
one frequency bin, while distributing the noise power over the entire observation band.
The signal-to-noise ratio in the case of an optimally oriented continuous wave source
observed for a time T is then given by
�
� 12
T
SN R = h
,
(1.25)
Sn (f )
where Sn (f ) is the detector
noise spectrum. We see that the signal-to-noise ratio in√
creases according to T . Typically months of data are analyzed which presents computational challenges. Moreover, the analysis is complicated by the fact that the signals
are frequency and amplitude modulated. The apparent frequency of the neutron star is
strongly Doppler modulated by the spin of the Earth and orbit around the Sun over the
measurement periods, while the orientation of the gravitational wave detectors causes
fluctuations in the signal amplitude [20].
From Fig. 1.2 we see that a majority of known pulsars would emit gravitational waves
at frequencies below 10 Hz while the current lower bound of the detection band of
ground based gravitational wave detectors is around 40 Hz. The study and discovery of
gravitational waves from spinning neutron stars would profit greatly from an extension
of the sensitivity band of next generation detectors towards lower frequencies.

1.2.4

Stochastic background

A continuous stochastic gravitational signal from many unresolvable sources is expected
to exist across the full gravitational spectrum. This weak gravitational background includes signals from astrophysical sources such as faint neutron stars and binary systems.
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It is also expected to contain gravitational radiation created during the very early stages
of the Universe. The detection of the cosmic microwave background was a significant cosmological discovery first made by Penzias and Wilson in 1964 [21, 22]. It is a measure of
the first photons that were free to propagate through the primordial Universe produced
approximately 400,000 years after the Big Bang. An analogous gravitational background
has been predicted. Due to the much weaker interaction of gravitational radiation with
matter, in comparison to electromagnetic radiation, these primordial gravitational waves
are expected to have originated much earlier. Predictions suggest as early as 10−34 seconds after the Big Bang. Detection of a cosmic gravitational background would make it
possible to obtain an insight into the very early stages of the Universe. Several sources of
primordial gravitational radiation have been proposed by various Big Bang and inflation
theories. For example, gravitational waves are predicted to originate from the dynamics
and decay of cosmic strings, quantum vacuum fluctuations and phase transitions in the
early Universe [23, 24].
The analysis of stochastic background radiation involves the cross-correlation of signals
from detectors at large separation distances where technical noise sources can be considered uncorrelated. In this way the signal-to-noise ratio can be significantly increased.
Such techniques are used to place constraints on the energy density of stochastic background radiation and impose limits on models of early Universe evolution [25].
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1.3

Mathematical principles of seismic motion

Having established that there is a strong scientific case for the study of low-frequency
gravitational waves, we now turn our attention to the technical aspects of gravitational
wave detection at these frequencies. The low-frequency sensitivity of gravitational wave
detectors is limited due to eﬀects associated with seismic motion. Here we introduce the
mathematical principles used to describe seismic wave propagation that will be useful
in our later understanding and modeling of seismic eﬀects.

1.3.1

Theory of seismic waves

As a result of seismic disturbances a displacement wave field is produced in a medium
that is governed by the elastodynamic wave equation [26, 27]. For an isotropic and
homogeneous medium of density ρ, the elastodynamic wave equation is given by
µ∇2 u + (λ + µ)∇∇ · u + f = ρ

∂ 2u
,
∂t2

(1.26)

where f is the force per unit volume acting on the medium and u the displacement field
vector of the medium. The other terms on the left of Eq. (1.26) originate from the stress
tensor and describe the elastic restoring forces of the medium where λ and µ are known
as Lamé’s first and second parameters and µ is also referred to as the shear modulus.
Body waves
We can investigate the response of an infinite medium by examining the solutions of the
governing equations under certain conditions. If part of the medium undergoes a change
in volume, then the displacement field u will have a non-zero divergence, or dilatation
Λ = ∇ · u. We calculate the divergence of Eq. (1.26) in the absence of volume forces to
obtain
∂ 2 (∇ · u)
2
µ∇ · (∇ u) + (λ + µ)∇ · (∇∇ · u) = ρ
.
(1.27)
∂t2
Since ∇ · ∇ ≡ ∇2 and ∇ · (∇2 u) = ∇2 (∇ · u) we find, for the dilatation
∂ 2Λ
(λ + 2µ)∇ Λ = ρ 2 ,
∂t
2

(1.28)
�

λ+2µ
ρ

� 12

which we recognize as a wave equation with velocity cP =
. This shows that
a compressional or dilatational disturbance will propagate through the medium with a
velocity given by cP . The resulting wave is also known as the pressure or longitudinal
wave as the motion of a particle in the medium is parallel to the direction of wave
propagation. It has the highest velocity of the various wave types and is the first to be
detected after an earthquake. It is therefore also referred to as the primary or P-wave.
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Next we consider a shear disturbance in the medium. In this case we will have a non-zero
curl of the displacement vector Ξ = ∇ × u. We perform the curl operation on Eq. (1.26).
Utilizing the fact that the divergence of the curl of any vector field is equal to zero, we
find
ρ ∂ 2Ξ
∇2 Ξ =
.
(1.29)
µ ∂t2
Once again the result is in the form of a wave equation. We conclude that rotational
� � 12
disturbances will propagate through the medium with a velocity cS = µρ . These wave
types are known as shear or transverse waves as the particle motion is perpendicular
to the direction of the wave. The wave speed is slower than that of P-waves and in
seismology they are referred to as secondary or S-waves. S-waves can be decomposed into
waves with horizontal displacements, ‘SH-waves’, and waves with vertical displacements
‘SV-waves’. It is interesting to note that when the shear modulus µ = 0, as is the case
for liquid and gas media, cS becomes zero. Thus, S-waves cannot propagate through
liquids and gases.
In the following, the elastic properties of soil or rock will be parameterized by Young’s
modulus E and Poisson’s ratio ν. The Poisson ratio describes the relationship between
shear and strain forces, while Young’s modulus is a measure of the stiﬀness of the
Eν
E
medium. The following relationships can be applied: λ = (1−2ν)(1+ν)
, and µ = 2(1+ν)
.
The wave velocities of the P and S-waves are then given by
cP =

�

E(1 − ν)
(1 − 2ν)(1 + ν)ρ

� 12

, and

cS =

�

E
2(1 + ν)ρ

� 12

.

(1.30)

Note that the ratio of the wave speeds is purely a function of the Poisson ratio and from
Eq. (1.30) found to be
�
�1
cP
2 − 2ν 2
ζ≡
=
.
(1.31)
cS
1 − 2ν

Typical values for clay-like soils range from 500 - 1000 m/s for cP , and 250 - 600 m/s
for cS , while for hard rock values of 1500 - 3000 m/s and 3000 - 6000 m/s are common
for cS and cP , respectively. Eq. (1.30) suggests that the P and S- wave velocity vary
inversely as the square root of the density. However, field studies reveal that seismic
velocity is actually higher for denser rocks. This occurs because the Young’s modulus is
also dependent on the density and increases more rapidly than ρ.
Boundary interactions
When a seismic wave encounters a boundary between two media, it will undergo reflection and transmission, from and through the boundary. The interaction is characterized
by the properties of the media and angle of incidence of the incoming wave. At a free
boundary only reflection will occur. In many ways it is akin to the electromagnetic and
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acoustic analog. A distinguishing characteristic of elastic waves in solids is their display of mode conversion during boundary interactions. Mode conversion describes the
transfer of energy from one mode, say a P-wave, into other modes such as SV or SHwaves. This phenomenon and the fact that many combinations of modes are possible,
makes the study of boundary interactions a complex endeavor. Here, the surface reflection of an incident P-wave will briefly be discussed but the notions are similar for other
interactions.

Ƨi
φr
P-wave (Ai)

SV-wave (Br)

P-wave (Ar)

Figure 1.3: A P-wave interaction with a surface boundary. The incident wave has amplitude Ai and arrives at an angle θi . The reflected P and SV waves have respective amplitudes
of Ar and Br .

Consider a P-wave of amplitude Ai incident to the surface at an angle θi with respect
to an axis normal to the surface. The situation is sketched in Fig. 1.3. The P-wave will
reflect oﬀ the surface with a reflection angle equal to the incidence angle: θr = θi . Due
to mode conversion an SV-wave of amplitude Br will also be reflected, but at an angle
ϕr . A form of Snell’s law exists for elastic waves given by
sin θi
cP
=
= ζ.
sin ϕr
cS

(1.32)

In an infinite medium P and S-waves are uncoupled and do not exchange energy. Here,
mode conversion is associated with the compressional wave producing shear forces at
a boundary and therefore allowing exchange of energy. Mathematically this follows by
applying the relevant boundary conditions to Eq. (1.26) (See Ref. [27]). For the case
at hand the following amplitude ratios are obtained for incident angles in the range
0 ≤ θi < π/2
Ar
sin 2θi sin 2ϕr − ζ 2 cos2 2ϕr
=
,
Ai
sin 2θi sin 2ϕr + ζ 2 cos2 2ϕr
Br
2 sin 2θi cos 2ϕr
=
.
Ai
sin 2θi sin 2ϕr + ζ 2 cos2 2ϕr

(1.33)
(1.34)

A number of interesting cases can be explored. Notice from Eq. (1.32) that sin ϕr =
cS
sin θi , from which we can conclude that θi is always larger than ϕr . For waves of
cP
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normal incidence (θi = 0) we obtain AAri = −1 and BAri = 0, which means that the Pwaves undergo a phase change of 180◦ and exhibit no mode conversion. The maximum
amount of mode conversion is found via dθd i BAri = 0 to occur for incident wave angles of
θi ≈ π/4 for a Poisson ratio of ν = 0.25. The amplitude ratio at this point gives for
the SV-wave amplitude Br ≈ 0.64Ai . As θi approaches π/2, ϕr → 35◦ (for ν = 0.25)
and AAri → 1, suggesting that the reflecting SV-waves will vanish towards more acute
incidence.
Special care needs to be taken in the case of θi = π/2 where the previous solutions
become undefined. It has been shown that for such waves parallel to the boundary,
a solution exists in which an additional wave is reflected [28] away from the surface.
This is a special type of head wave. In general, head waves emerge in stratified media
where waves propagating parallel to the interface in a high velocity layer cause energy
to radiate away from the boundary into the low velocity layer. This can be envisaged in
a way similar to the wave front of a sonic boom trailing a faster-than-sound jet plane.

Surface waves
So far we have investigated seismic motion by describing the two types of seismic waves
that were shown to exist in an infinite medium, the P and S-waves. Their behavior
at medium interfaces and boundaries was then discussed. However, when a medium is
bounded, such as at the surface of the Earth, a third type of wave may exist whose
eﬀects are confined closely to the surface. This type of wave was first investigated by
Lord Rayleigh [29] and is therefore coined the Rayleigh wave. The Rayleigh wave is
perhaps most well known for its destructive behavior after an earthquake. Before its discovery, seismologists were puzzled by the relatively weak signals from the P and S-waves,
preceding the arrival of the more violent Rayleigh wave shortly after. This observation
indicated, not only the existence of an additional solution to the wave equation, but also
that it must be confined to the surface, where its energy is dispersed more slowly than
the volumetric dispersion governing P and S-wave attenuation.
At the surface of a medium that is also comprised of layers yet another type of surface
wave can exist: the Love wave. Love waves are a consequence of SH-waves that are
trapped in the superficial layer of the medium and propagate via multiple reflections
within the layer. They therefore involve particle motion parallel to the surface and
transverse to the direction of propagation. Love waves produce no density variations or
deformation of the surface and therefore, by comparison to Rayleigh waves, are of less
interest to gravitational wave detector issues. We thus focus the discussion on Rayleigh
waves.
Rayleigh waves consist of SV and P-waves that are coupled by horizontal discontinuities
in a medium, for example, at the Earth’s surface. The particle motion is confined to
a vertical plane parallel to the direction of propagation and with amplitudes vanishing
with depth. The theory of Rayleigh waves is developed in various standard texts [27].
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The normal components of elastodynamic stress produced by this wave must vanish at
the Earth’s surface. By imposing these boundary conditions we arrive at an expression
for the wave velocity cR , given by
� 2 �3
� 2 �2
�
�� 2 �
cR
cR
2−ν
cR
8
−8 2
+8
−
= 0.
(1.35)
2
2
cS
cS
1−ν
cS
1−ν
There will be three roots to the wave velocity�equation.
The Rayleigh wave velocity
�
c2R
corresponds to the real root in the range 0 < c2 < 1. The other roots are related
S
to unphysical wave solutions where, for example, the amplitudes increase with depth.
The relationship cR /cS is a function of the material’s Poisson ratio ν, varying from
cR /cS = 0.904 for ν = 0.16 (fused quartz) to cR /cS = 0.955 for ν = 0.5 (rubber
and other easily sheared materials). We conclude that Rayleigh waves propagate with
a horizontal wave speed slightly slower than the S-wave speed. The P and SV-wave
components both attenuate exponentially with depth, but with diﬀerent decay factors,
given by q and p respectively. These dimensionless ratios are given by
�
q = 1 − c2R /c2P ,
(1.36)
�
p = 1 − c2R /c2S .
Finally, we arrive at the horizontal and vertical components of the Rayleigh displacement
vector ξ� = [ξ�horiz , ξvert ] [29], given by
�
�
2qp
−qk
z
−pk
z
ξ�horiz = ikR A e R −
e R ei(kR ·x−ωt) k̂R ,
(1.37)
2
1+s
�
�
2
ξvert = −qkR A e−qkR z −
e−pkR z ei(kR ·x−ωt) .
2
1+p
Here A is an arbitrary complex wave amplitude, t is time, x denotes the horizontal
location and kR = kR k̂R is the Rayleigh wave number.
The displacement wave field for one wavelength of a plane harmonic Rayleigh wave
propagating from left to right, is shown in Fig. 1.4a. Each arrow represents a particle
displacement. The motion of a particle at the surface will trace an ellipse in the counter
clockwise direction. It is interesting to note the sign change in the phase diﬀerence
between the horizontal and vertical components. This occurs at a depth of about 0.2λR ,
below which the particle rotation reverses to clockwise. In Fig. 1.4b, the amplitude (with
conservation of sign) of the horizontal and vertical displacements are plotted. Note that
they are separated by a phase diﬀerence of π/2.
The discussions above have involved plane harmonic waves. However, in reality excitation
of a medium results in a combination of all the diﬀerent wave types and geometries:
body and surface; plane, circular and spherical. Miller and Pursey [30] showed that for
a vertically oscillating source on the surface of a homogenous, isotropic, elastic medium,
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Figure 1.4: (a) Plane Rayleigh wave displacement field. Particle motion at the surface is
shown to trace an ellipse in a counter clockwise fashion. The direction of wave propagation
is to the right. (b) Corresponding amplitude of Rayleigh wave displacements. The horizontal and vertical components attenuate diﬀerently with depth. The horizontal component
changes sign at a depth of about 0.2 λR indicated by the dashed horizontal line.

two thirds of the energy is distributed into Rayleigh waves with the remaining energy
going into body waves (26% into S-wave and 7% into P-waves). Fig. 1.5 shows the
response of a two layer elastic half space to an impulse excitation at the origin. The
upper layer consists of a low velocity medium with cP = 300 m/s while for the lowest
layer we have cP = 5000 m/s. At a time 5.5 s after the excitation the various wave
types are clearly visible. The P and S-waves radiate away from the source with the
latter having a velocity roughly half of the P-wave speed. The Rayleigh wave is seen
confined to the surface and has the largest amplitude. When the P-wave arrives at the
layer boundary it reflects and exhibits mode conversion by the production of a reflected
SV-wave.
Wave attenuation
As a wave propagates through the medium, its amplitude decreases. This attenuation
can be attributed to two factors: material and geometrical damping. For homogeneous
media, seismic wave attenuation can be described by [31]
� �n
πηf
r1
A2 = A1
e− c (r2 −r1 ) ,
(1.38)
r2
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Figure 1.5: Ground response to a vertical point source excitation at the origin of a two
layer elastic half space. The top layer (z > -2500 m) is made of a low velocity material with
ρ = 1800 kg/m3 and cP = 300 m/s, while for the bottom layer (z < -2500 m) ρ = 2750
kg/m3 and cP = 5000 m/s. The color scale indicates the total particle displacement and
is arbitrarily scaled by the strength of the source. The simulations were made with EDT:
ElastoDynamic Toolbox for MATLAB [26].

where A1 and A2 are the wave amplitudes at distance r1 and r2 from the source, n
is the geometric damping coeﬃcient, f the frequency and c the propagation speed of
the wave. The frequency dependent material damping is represented by the loss factor
η. It is associated with energy lost due to friction. Geometrical damping is a result of
energy spreading over an increasing area. For surface waves produced by a point source
the seismic power is spread over an increasingly large circumference, proportional to
√r.
The wave amplitude scales with the square root of the power so attenuates with 1/ r,
corresponding to a damping coeﬃcient n = 1/2. Similarly, body waves in the medium
from the same source are distributed over a spherical area and therefore attenuate with
n = 1.
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1.3.2

Seismic correlation

The seismic displacement simultaneously measured at two locations is given by x1 (t) and
x2 (t) with respective Fourier transforms X1 (ω) and X2 (ω). The normalized displacement
cross-spectrum of the two signals is then [32, 33]
�X1 X2∗ �
K12 (ω) = �
,
�X1 X1∗ ��X2 X2∗ �

(1.39)

where X1∗ is the complex conjugate of X1 and �·� denotes an average over several measurements. K12 is complex valued and is sometimes referred to as the complex coherency.
The modulus of K12 is known as the coherence while the real part is called the correlation.
Coherence can be seen as a measure of the similarity between two signals and is an indication of how well the signals would resemble each other under a linear transformation
in time. If, for example, one seismic signal can be obtained by means of a linear transformation of the other, the coherence is equal to one (in the absence of noise). Totally
unrelated signals give a coherence of zero.
Correlation is a related quantity but also provides information about the phase diﬀerence between the signals. When the signals are in phase the correlation is 1 whilst for
signals 180 degrees out of phase the correlation will be -1. In the simple case in which
only Rayleigh waves from distant sources are propagating along the line between two
seismometers, the correlation will be equal to
�[K12 (ω)] = cos(

2π
∆z),
λR

(1.40)

where ∆z is the distance between the seismometers. In a dispersive medium, the wave
number will be dependent on the frequency. If the direction of propagation of the waves
is uniformly distributed around the azimuth angle θ, then the correlation is equal to
the integral over all directions. The perceived wavelength between seismometers is then
given by λ = λR / cos θ and the integral becomes
� π
1
2π
�[K12 (ω)] =
cos( ∆z cos θ)dθ
2π −π
λR
�
�
2π
= J0
∆z .
λR

(1.41)

where J0 is a zero-th order Bessel function of the first kind. It is expected that at low
frequencies the seismic motion will be similar across separation distances of the order
λ and below, so that the coherence will tend to unity as ω → 0. At high frequencies
and/or long separation distances the motion is expected to become uncorrelated and the
coherence will tend to zero. A better understanding of the relation between coherence or
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correlation and frequency and distance around gravitational waves detector test masses
is important for the development of Newtonian noise subtraction techniques with high
density sensor arrays. These correlation properties are dependent on the local geology,
seismic sources and large scale infrastructure. A study of the seismic correlation was
performed at the Virgo site and is described in Chapter 3. Subsequently, in Chapter 4,
the results are used as input for models to evaluate Newtonian noise subtraction and
sensor array eﬃciency.

1.4

Linear control and the Kalman filter

Seismic motion plays an important role in the low-frequency sensitivity of gravitational
wave detectors. Seismic attenuation systems are therefore implemented to isolate detector components from these vibrations. Chapter 5 describes a vibration isolation system
for Advanced Virgo’s in-vacuum optical benches. A key feature of the system is active
control to suppress the excitation of resonance frequencies. Being able to control any
physical system requires suﬃcient knowledge of the state of that system. This is achieved
by placing sensors at the relevant positions. However, it is not diﬃcult to imagine control problems in which it is not possible or undesirable to place sensors at the required
positions, or that the sensors are limited by poor sensitivity. It will be shown that this
is the case for the control of our isolation systems developed for Advanced Virgo. In the
light of these diﬃculties, it would be desirable to implement a feedback control system
that can compare measurements with a priori knowledge of the system dynamics. The
Kalman filter provides the optimal mathematical formalism to do just that.

1.4.1

State space model

The techniques discussed in this section can be applied to systems whose time evolution
can be described by a series of linear, first-order, time-invariant4 ordinary diﬀerential
equations of the form
ẋ(t) = Ax(t),
(1.42)
where x is a vector containing the system’s states. Each state describes, for example,
the position or velocity of an object within the system. The time derivative of the state
vector is denoted by ẋ. The state matrix A characterizes the dynamics of the states. It
has dimensions n × n where n is the number of states. The system is then said to be of
order n. This representation can be extended to incorporate feedback control. In such
a case the systems response to an input vector u via an input matrix B needs to be
included. This gives
ẋ(t) = Ax(t) + Bu(t).
(1.43)
4

Time-invariant implies that the output of the system given an arbitrary input is not dependent on
absolute time.
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The measurements of the system y will be a superposition of the system’s states mapped
to the sensor outputs via the sensing matrix C. Any direct coupling between input and
output signals will be described by the feedthrough matrix D, such that
y(t) = Cx(t) + Du(t).

(1.44)

The mathematical formalism described by Eqs. (1.43) and (1.44) is known as a state
space representation. A state space representation allows the state of a system (often
referred to as the plant) to be projected forward given the current state and inputs, and
similarly the output of the system can be derived from the input and state. A schematic
illustration of the relationship between the signals and matrices is given in Fig. 1.6.
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Figure 1.6: Schematic illustration of a state space representation. The system’s inputs are
given by u and the measurements from �the plant by y. The system’s states are described
by the state vector x. The integral sign represents the computation of x from ẋ.

!"

Transfer function

It is useful to be able to make real measurements of a mechanical system and compare
the results with predictions from a state space model. This can be done by making
transfer function measurements. The transfer function matrix describes the dynamic
relation between each input and each output. For a system with p inputs and q outputs
the transfer matrix will have dimensions p×q. Taking the Laplace transform of the state
space equations (1.43) and (1.44) the following relationship can be obtained
Y(s) = (C(sI − A)−1 B + D)U(s)
= H(s)U(s),

(1.45)

where I is an identity matrix, H(s) is the transfer function matrix, and vectors U(s)
and Y(s) are the Laplace transforms of the input signals and output measurements
respectively.
Observability and controllability
Observability of a system assesses the ability to uniquely determine the state given the
available outputs. It is a mathematical property of the model and is related to being
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able to see the contribution of all modes in the output vector. If the system state is not
uniquely determinable from the system’s outputs, then the system model is considered
unobservable. The observability matrix is given by


C
 CA 


O=
(1.46)
.
..


.
CAn−1
Mathematically, it is suﬃcient (and necessary) for a system to be observable [34] if the
rank (number of linearly independent rows, or columns) of the observability matrix is
equal to the order of the system, i.e. rank(O) = n.

Controllability is related to one’s ability to act upon each of the system’s modes from
the inputs. A system is said to be controllable if there is an input that can transfer the
system from one state to another in a finite amount of time [34]. Controllability can also
be described mathematically from the state space matrices through the controllability
matrix,
�
�
C = B BA · · · BAn−1 .
(1.47)
Once again, for a system to be controllable, rank(C) = n, must be satisfied. A duality
exists between observability and controllability: a realization (A, B, C, D) is controllable
if and only if the dual realization (AT , B T , C T , DT ) is observable and vica versa.
Minimal realization
State space realizations are not unique. State vectors with dimensions larger than the
true system order are feasible without changing the dynamics of the system. A state
space realization is said to be minimal if the model order is minimal. Minimal state
space realizations are linked to observability and controllability in that
• a realization is minimal if and only if it is controllable and observable [35] or,
• only minimal realizations are observable and controllable.
Therefore, a minimal state space realization is a prerequisite for any further feedback
control or observer design.

1.4.2

State observation and the Kalman filter

Feedback control utilizes sensors to measure the state of the system under control, which
is then fed via a controller to the system input or actuator. This approach assumes
that each state of the system is accessible or at least could be calculated directly from
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operations on the available measurements. This is not always the case, particularly for
systems with complex internal dynamics or limited sensor capabilities. A strategy to
overcome these issues, by estimating the states of the system from a limited number of
measurements, is called the state observer.
A state observer is a system which models the internal dynamics of the mechanical
system or plant under control. It is fed the same input signals u as the plant, and
produces an estimate of the corresponding states, denoted by x̂. Its estimates of the
output ŷ are compared against the measured output y. The objective is to ensure that
the states of the observer will track the internal states of the plant. The estimated states
of the observer can then be used as the internal states of the plant, and included in the
feedback control scheme. The estimator has the same dynamics as the plant such that
x̂˙ = Ax̂ + Bu.

(1.48)

The output estimate of the observer is
ŷ = C x̂,

(1.49)

assuming, for simplicity, D = 0 in Eq. (1.44). The error between the measurements of
the plant and the estimates of the observer is therefore given by
e = y − ŷ = y − C x̂.

(1.50)

An eﬀective observer has a minimal error. In order to minimize e, an additional term
is added to Eq. (1.48) that is proportional to the error. The observer equation then
becomes
x̂˙ = Ax̂ + Bu + L(y − C x̂),
(1.51)
where L is the observer gain matrix which weighs the observer error. It has as many
rows as there are states and as many columns as outputs. Fig. 1.7 shows a schematic
version of Eq. (1.51). Finding a suitable observer gain matrix is the subject of various
state estimation techniques, for example Ackermann’s formula [36] or the Luenberger
observer [37, 38]. Naively, one would think that designing an observer to respond rapidly
to diﬀerences between measured and estimated outputs, would be most eﬀective. However, this strategy makes the state estimates more sensitive to uncorrelated noise in the
system, such as measurement noise at the plant output or the uncertainties in the input
response. Given the statistical properties of the various noise sources and knowledge of
the internal dynamics of the system an ‘optimal’ observer can be devised that minimizes
the mean square diﬀerence between the measured (employing the complete history) and
estimated states. Such a state observer is known as a Kalman filter [39, 40].
The Kalman observer takes the measurement noise and process uncertainties into account by including their statistical properties in the computation of the gain matrix. The
outputs of the plant will be plagued by measurement noise nm , while uncertainties in
27

Chapter 1. Background and theory
Plant

x

AB

u

C

y

x̂

B

#"

#"

!"

C

ŷ"!"

#"

A
Observer

L

Figure 1.7: Schematic of a state observer. The plant can be described by the state space
matrices A, B and C. The observer has as input both u and the measurements from the
plant y, which it compares with its estimated outputs ŷ. The error is then weighed with
the
� observer gain matrix L. The observer’s output is the state estimate x̂. The integral sign
˙
represents the computation of x̂ from x̂.

the model dynamics and input response appear as process noise np . The state equations
then become
x̂˙ = Ax̂ + Bu + Bn np ,
ŷ = C x̂ + nm .

(1.52)

The noise terms are assumed to be zero mean and have a Gaussian probability density
function, such that their properties can be described by
E[np ] = E[nm ] = 0,
E[np nTp ] = Qn ,
E[nm nTm ] = Rn ,
E[np nTm ]

(1.53)

= Nn ,

where E denotes the expectation operator and Qn and Rn are the process and measurement noise covariance matrices. The covariance between the process and measurement
noises is denoted by Nn . In the case that measurement and process noise are uncorrelated, N can be assumed to be zero. Here, the general, correlated noise solution for the
continuous time Kalman filter will be presented. The Kalman observer gain matrix is
then found to be of the form
L = (P C T + Bn N )Rn−1 ,

(1.54)

in which the error covariance matrix P = E[(x − x̂)(x − x̂)T ] is the solution to the
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algebraic Riccati equation, given by
Ṗ = [A − Bn Nn Rn−1 C]P + P [A − CRn−1 N Bn ]T

− P C T Rn−1 CP + Bn [Qn − Nn R−1 NnT ]BnT .

(1.55)

Notice that if the measurement and process noises are uncorrelated i.e. Nn = 0, then
Eq. (1.55) simplifies considerably. A number of algorithms can be used to numerically
solve the matrix Riccati equation [41] and are included in most common computational
packages.
An actual implementation of the Kalman filter involves finding suitable values for Qn
and Rn prior to operating the filter. In the case of the measurement noise covariance
Rn this is generally straightforward and involves taking noise measurements or modeling
the self noise of the respective sensors. Small measurement covariances represent reliable
sensors and will subsequently place more reliance on the measured outputs. As for the
process covariance Qn , the choice is often less quantitative. This noise source is often
used to represent the uncertainty in the plant model. A poor model can be compensated
for with a high uncertainty by selecting a high Qn . Moreover, the matrix Qn can be
tuned to find a balance between the filter’s reliance on measurements as opposed to the
model, and vice versa.
The Kalman filter is, in itself, a dynamic system and will adapt to changing values of
Qn and Rn . This is useful when measurement and process noise are not constant. For
example, a radar position sensor will be less accurate for objects farther away, or the
modeled plant may behave diﬀerently under varying dynamics. In conditions where Qn
and Rn remain constant, both the error covariance P and the Kalman observer gain
matrix L will quickly stabilize and then remain constant. In this case, one can set Ṗ = 0
in Eq. (1.55) and the filter can be precomputed oﬄine. This is known as the steady-state
Kalman filter.

1.4.3

Linear quadratic regulator

In general, a feedback control system is used to force a mechanical system to obey some
prescribed motion. In many applications (in particular the ones described in this thesis)
the aim of the control system is simply to achieve the greatest possible reduction of
residual motion. Optimal control strategies exist that attempt to minimize a performance
index or cost function that is proportional to the measure of the mechanical system’s
response.
The linear quadratic regulator (LQR) provides an optimal feedback controller for a linear system based on a quadratic cost function. The cost function is used to balance the
relation between feedback signals u and plant states x and can be tuned to reduce deviations from their desired values. For a continuous-time system described by Eq. (1.43)
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the cost function [42, 43] is given by
� ∞
JLQR =
(xT QLQR x + uT RLQR u)dt.

(1.56)

0

The positive-definite symmetric matrices QLQR and RLQR are used to weigh the system
state and control power respectively. These are defined by the control system designer
based on specified control criteria. This usually involves a sequence of trials to tune
the weighing factors to achieve the desired results. It can be shown that the feedback
controller that minimizes the cost function is
u = −Kx,

(1.57)

−1
where K is the LQR gain matrix given by K = RLQR
B T P and P is found by solving
the continuous time algebraic Riccati equation,
−1
AT P + P A − P BRLQR
B T P + QLQR = 0.

(1.58)

This optimal solution does assume that all of the states are available for feedback as in
Eq. (1.57). It has been argued above that this is not always the case. Instead, an observer
can be implemented to estimate all the states from a limited number a measurements.
It can be shown that the characteristics of the observer can be chosen independently of
those for the state feedback system [42]. Eﬀectively, this means that the LQR parameters
will remain the same, regardless of the type or configuration of the observer being used.
This is known as the separation principle. The combination of the LQR controller with a
Kalman filter as an observer, is known as a linear quadratic Gaussian (LQG) controller,
due to the Gaussian characteristics of the Kalman filter noise terms.
The vibration isolation systems described in this thesis go beyond this formalism since
the noise terms are not Gaussian. Therefore, techniques will be used that incorporate
noise shaping filters into the state space models. The shaping filters describe the colored
noise term’s response to a Gaussian input and allow the subsequent extended state space
models to be manipulated using the tools described in this section. The implementation
of a Kalman filter for such a system will be described in Chapter 5.
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2
Gravitational wave detection

In the previous chapter it was shown how violent astrophysical phenomena can lead
to fluctuations in the metric that propagate as waves through spacetime. This chapter
will describe how these gravitational waves can directly be detected. The focus will be
on ground based interferometric detectors, starting with an outline of the principles of
interferometric detection, followed by the most relevant limitations to the sensitivity of
these instruments. A detailed description of the Advanced Virgo detector will be given
and this chapter will be concluded with a brief description of Einstein Telescope, a future
generation gravitational wave observatory.

2.1

Interferometric detection

The first prototype interferometric gravitational wave detector was built at the Hughes
Research Laboratories in California in 1971.
and
√ It had eﬀective arm lengths of 8.5 m
−16
th
reached a strain sensitivity of ∼ 10
1/ Hz at 3 kHz [44]. By the end of the 20 century several prototypes were in operation with arm lengths varying from 10 to 100 m [45–
48]. Having proven the principles of interferometric gravitational wave detection, the
next step to kilometer scale detectors with scientifically relevant sensitivities could be
made. In 2002 the first data were taken by the first generation of such detectors. After
√
several years of commissioning and development, sensitivities as good as 10−23 1/ Hz
were achieved by a global network of long baseline gravitational wave detectors.

2.1.1

Interferometric principles

Laser interferometers can be used to make sensitive displacement measurements. A coherent light beam generated by a laser impinges on a beamsplitter at 45 degrees creating
two orthogonal beams. The beams are then bounced oﬀ highly reflective end mirrors and
are allowed to interfere once back at the beamsplitter surface. An interference pattern
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Figure 2.1: An interferometer can be used to probe the deformations of space as a gravitational wave passes. The plus polarization is depicted here during one period of the
gravitational wave.

will ensue that can be detected by a photodiode. The intensity of the measured light
is dependent on the phase diﬀerence, and hence the diﬀerence in path lengths of the
returning beams. The two beams constitute the interferometer arms and have lengths
L1 ≈ L2 ≈ L, where L = 12 (L1 + L2 ).

An interferometer can detect gravitational waves by monitoring the tidal motion of the
two end mirrors. Fig. 2.1 illustrates the use of an interferometer to probe a passing
gravitational wave. For a wave of plus polarization and amplitude h(t), traveling in the
z direction, each arm will be expanded or contracted by a distance ∆L(t) = 12 h(t)L. The
total power P observed by the photodiode at the interferometer output is modulated as
�

2π
1
2π
1
P (t) = P0 sin
(L1 + h(t)L) −
(L2 − h(t)L)
λ
2
λ
2
�
�
2π
2π
= P0 sin2
(L1 − L2 ) +
h(t)L
λ
λ
= P0 sin2 [φ0 + ∆φ(t)],
2

�

(2.1)

where P0 and λ are is the input laser power and wavelength respectively. The static
phase φ0 = 2π
(L1 − L2 ) is a chosen working point of the unperturbed interferometer and
λ
phase diﬀerence indued by the gravitational wave is given by ∆φ(t) = 2π
h(t)L. Via a
λ
trigonometric transformation and small angle approximation the static and gravitational
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wave contributions can be separated and the total power becomes
P0
(1 − cos[2φ0 + 2∆φ(t)])
2
P0
≈
(1 − cos 2φ0 + 2∆φ(t) sin 2φ0 ) .
(2.2)
2
In eﬀect, the gravitational wave modulates the phase of the laser, which, in the frequency
domain, appears as so-called sidebands at the gravitational wave frequency.
P (t) =

All current ground based interferometric gravitational wave detectors are based on the
Michelson interferometer, made famous by the luminiferous-ether refuting MichelsonMorley experiment in 1887 [49]. To increase the sensitivity required for gravitational
wave detection a number of adaptations have been made to the original design. Here
the most important of these will be addressed.
Dark fringe operation
Gravitational waves, or any other path length disturbance for that matter, will produce
fluctuations of the light intensity measured by the photodiode. These are used in a
closed loop feedback system such that any deviation from a prescribed working point is
corrected for by applying a force to one of the mirrors. In this way, the interferometer
is locked and kept around the desired working point on the interference fringe. Within
the bandwidth of the feedback control system, the arm length diﬀerence is inferred from
the feedback signal.
A gravitational wave detector is most sensitive when operated in proximity to a dark
fringe. This occurs when φ0 ≈ 0. Most of the light entering the interferometer is then
reflected back to the laser and the intensity at the photodiode is close to minimum.
This has several advantages. The signal-to-noise ratio at the photodiode is optimized
as eﬀectively only the signal photons appear at the photodiode, while noise associated
with the beam source, common in both arms, is rejected. Operation on a dark fringe
also minimizes photon shot noise, a fundamental limit to interferometer sensitivity that
will be discussed in Section 2.1.2.
Power recycling
Another way of suppressing shot noise is to increase the optical power in the interferometer. This is done by using a technique called power recylcing: instead of discarding the
light reflected towards the laser, it can be sent back into the interferometer, eﬀectively
increasing the laser power and the sensitivity of the detector. Fig. 2.2 shows that this is
accomplished by adding a mirror between the beamsplitter and the laser. The position
and reflectivity of the so-called power recycling mirror are chosen such as to form a
resonant cavity with the rest of the interferometer. In this way, most of the light stays
in the interferometer until lost due to scattering or absorption.
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Fabry-Perot arm cavities
An ideal interferometer configuration would have arm lengths long enough for the photons to travel back and forth in the duration of half a gravitational wave wavelength.
This maximizes the integration time in which a photon in subjected to the gravitational
wave. The distance traveled by the photons during the passage of a 100 Hz gravitational
wave would be d = c/f ≈ 3·106 m. Arm lengths of 3000 km are obviously unpractical on
Earth so an alternative solution is needed. By placing two partially transmissive mirrors
facing each other, a Fabry-Perot cavity can be made that allows the photons to bounce
back and forth an average number of times. Light entering the cavity will interfere with
light already circulating inside it. If, after a round trip, the light returns in phase with
the impinging light beam, constructive interference will occur and the light will resonate
in the cavity. The amplitude reflectivities r1 and r2 of the cavity mirrors are defined as
ref
the ratio between reflected and incoming light energy r = EEinc
. A cavity can be charac√
π r r

terized by its finesse, given by F = 1−r11r22 . For highly reflective mirrors (r > 0.9) the
light will survive in the cavity for several round trips. A statistical characteristic of the
photon bounce number N is related to the finesse of the cavity by
N =

2F
.
π

(2.3)

For a typical second generation detector with physical arm lengths of L = 3 − 4 km, the
finesse is around 400, giving a bounce number of ∼250 and an eﬀective arm length of
Leﬀ ≈ 800 km.
Input mode cleaner
Spatial and temporal fluctuations of the light source can be reduced by implementing
an input mode cleaner. An ideal light source has a spatial profile given by a Gaussian
distribution. In reality higher order spatial modes of the laser also exist and are detrimental to the functioning of an interferometer. An input mode cleaner is a triangular
cavity that is tuned to only allow passage of the laser’s fundamental spatial mode. In
addition, it suppresses laser beam jitter: the translational and rotational vibrations of
the incoming laser axis. Moreover, being a suspended cavity with low length noise, it is
used as a first-stage reference for the stabilization of the laser frequency.
Signal recycling
In a similar way as light is recycled at the input, the signal light can also be recycled at
the interferometer output. The signal recycling mirror is placed between the beamsplitter and photodiode, eﬀectively forming an optical cavity with the interferometer. The
signal is reflected back into the interferometer, where it continues to interact with the
gravitational wave, increasing the signal intensity within a certain bandwidth.
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Figure 2.2: Schematic layout a power and signal recycled interferometric gravitational
wave detector with Fabry-Perot arm cavities and an input mode cleaner.

The interferometer’s response to signal recycling can be tuned in two ways: by adjusting
the transmittance of the signal recycling mirror, or by adjusting its position and hence
the length of the cavity. By choosing a position such that the carrier frequency is made
to resonate, the signal can be enhanced within a bandwidth determined by the mirror
transmission. The greater the transmission, the larger the bandwidth. This is referred
to as tuned signal recycling. On the other hand, the position can be chosen such that
particular gravitational wave sideband frequencies are resonant in the signal recycling
cavity which enhances the sidebands within a chosen frequency range. This is known
as detuned signal recycling and allows the sensitivity of a detector to be optimized at
certain frequencies at the expense of broadband measurements. This could be useful to
increase the signal-to-noise ratio of particular sources, for example, binary neutron star
mergers. The detuning is parameterized by the displacement from the signal recycling
mirror’s tuned position, in terms of a phase shift of the carrier laser. Signal recycling
configurations for Advanced Virgo are addressed in Section 2.2.4.
A schematic of a power and signal recycled Michelson interferometer with Fabry-Perot
arm cavities and an input mode cleaner is given in Fig. 2.2.
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2.1.2

Limitations to sensitivity

Achieving the required sensitivity to accomplish gravitational wave detection demands
custom built instrumentation and cutting edge technologies. The success of current detectors is a result of decades of intensive study. Ongoing research and development will
be needed to reach future generation detector performance. A detector is designed to optimize performance, given the technology available to tackle the associated noise terms
limiting its sensitivity. These limitations can roughly be categorized according to the
frequency region in which they play a dominant role. Here the most significant noise
sources will be discussed, loosely ordered from high to low frequency. For a comprehensive discussion of all noise sources, see Refs. [50] and [51].
Photon shot noise
Shot noise is associated with the discrete nature of photons and electric charges. The
measurement of the optical power at the interferometer output P is essentially a count
of the number of photons N within a certain time interval T . Each photon carries an
energy �ω such that N = P�ωT . Here � is the reduced Planck constant and ω the angular
frequency of the laser photons. The arrival time of the photons, is governed by Poisson
statistics. When N � 1 the Poisson distribution
√ can be approximated by a Gaussian
distribution with a standard deviation equal to N . This produces fluctuations in the
observed power. According to Eq. (2.2), in the absence of gravitational waves these
fluctuations become
√
N
∆Pshot = �ω
� T
P0
= �ω | sin φ0 |,
(2.4)
T
where P0 is the input laser power and φ0 the static phase diﬀerence. We are interested to
know how these fluctuations relate to those we would expect from gravitational waves.
Again, from Eq. (2.2) the variations in power due to a gravitational wave coming from
the optimal direction are
P0
4πL
| sin 2φ0 |
h.
2
λ
The signal-to-noise ratio in the case of a shot noise limited detector is then
∆Pgw =

∆Pgw
∆P
� shot
�
�
P0 T 4πL �� sin 2φ0 ��
=
h
�ω λ � 2 sin φ0 �
�
P0 T 4πL
=
h| cos φ0 |.
�ω λ

(2.5)

SN R =
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An important consequence of Eq. (2.6) is that the signal-to-noise ratio, and hence the
performance of an interferometer, can be improved by increasing the laser power and by
operating the interferometer on a dark fringe, i.e. where φ0 = 0.
A simple Michelson interferometer (SM) with power recycling will have an increased
eﬀective laser power. In this case P0 can be replaced by the eﬀective laser power at the
beamsplitter Pbs . Furthermore, the photon counting eﬃciency is taken into account and
parameterized by η, the quantum eﬃciency of the photodiode. Typically, the photodiodes
used for gravitational wave detection have η = 0.90 − 0.95. Recall from Eq. (1.25),
that the signal-to-noise ratio for gravitational
wave of frequency fgw from an optimally
�
oriented source is given by SN R = h T /Sn (fgw ). By comparison to Eq. (2.6), the
strain sensitivity due to shot noise for a simple Michelson interferometer operated on a
dark fringe then becomes [4]
�
λ
�ω
SM
Sn,shot
(fgw ) =
.
(2.7)
4πL ηPbs
For a Michelson interferometer with Fabry-Perot arm cavities (FPM), the response as a
result of the increased eﬀective arm-lengths needs to be taken into account. In this case
the shot noise during dark fringe operation becomes [52]
�
�
λ
�ω
FPM
Sn,shot
(fgw ) =
· 1 + (4πfgw τs )2 ,
(2.8)
4πN L ηPbs
where τs is the photon storage time which is related to the cavity finesse by τs ≈ FπcL .
At low frequencies, where 4πfgw τs � 1 the shot noise is frequency independent and is
reduced with respect to the simple Michelson by a factor proportional to the bounce
number. Towards increasing frequencies it is evident that the shot noise will increase with
fgw . This is because the signal-to-noise ratio decreases towards higher gravitational wave
frequencies where the photon storage time becomes larger than λgw /2c, the duration of
half a gravitational wave.
Shot noise is expected to limit advanced detector sensitivity above roughly 300 Hz. An
example of shot noise for an advanced-like power recycled detector with Pbs = 4 kW,
L = 3 km λ = 1064 nm and N = 250, is shown in Fig. 2.3. The shot noise for the same
interferometer without Fabry-Perot cavities is also shown. A significant improvement
due to the increased power in the arm cavities is evident.
Radiation pressure noise
When photons are reflected oﬀ a mirror they exert a pressure proportional to twice
their momentum. Fluctuations in the radiation pressure on the interferometer mirrors
can produce diﬀerential motion that appears as noise at the output. This noise source
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Figure 2.3: Quantum noise
for a typical advanced gravitational wave configuration
(without signal recycling).
The shot noise for a simple Michelson interferometer
is also included to demonstrate the shot noise suppression due to the increased
power in the Fabry-Perot arm
cavities.
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can be envisaged as a result of the statistical uncertainty in the manner in which the
photons are divided up at the beamsplitter. Each photon is scattered independently and
therefore an anti-correlated distribution in the average number of photons N̄ in each arm
is
√ produced. This results in a fluctuating force from radiation pressure proportional to
N̄ . In the case of a Fabry-Perot Michelson interferometer this results in an equivalent
strain noise of [53]
�
8N
π�Pbs
1
FPM
�
Sn,rp
(fgw ) =
,
(2.9)
2
mL(2πfgw )
λc
1 + (4πfgw τs )2

where m is the mass of the arm cavity mirrors: a larger mass will result in a reduction
of radiation pressure noise. It also appears that reducing the laser power will reduce
the radiation pressure noise, at the expense however, of reduced sensitivity at high
frequencies due to shot noise. Radiation pressure noise for the advanced-like detector
with m = 40 kg is also plotted in Fig. 2.3. Despite the increased laser power in the arm
cavities the resulting radiation pressure noise is still below the shot noise of the simple
Michelson configuration. This suggests that the benefit of arm cavities from shot noise
reduction certainly outweighs the radiation pressure drawbacks.
Another side eﬀect of radiation pressure includes the excitation of optical cavity modes.
These need to be actively suppressed by the angular alignment control systems, which
may introduce control noise. This will be discussed in more detail in Section 2.2.3.
The standard quantum limit
The previous discussions have led to conflicting notions with regard to the optimal laser
power in an interferometer. Shot noise considerations would prefer high laser power,
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while radiation pressure favors low laser power. The two noise sources are, in fact, related
via the Heisenberg Uncertainty Principle [54]. A quantum mechanical description of an
interferometer reveals that shot noise arises from the uncertainty in the phase component
of the laser field while radiation pressure noise is associated with uncertainties in the
amplitude component [55]. Due to their related character, shot noise and radiation
pressure noise are often collectively referred to as quantum noise.
For a given frequency there will be an optimal laser power that minimizes the contribution of the two noise sources. This is known as the standard quantum limit. The
uncertainty principle however, only constrains simultaneous measurements of the conjugate variables, but does not put a limit on the accuracy of position measurements.
It is therefore possible to surpass the standard quantum limit by using quantum nondemolition techniques. A promising technique is optical squeezing [56] which has already
been demonstrated in large-scale detectors [57].
Thermal noise
Thermal noise arises form the thermally driven motion of the molecules in the mirrors,
the high reflective coating layers and the mirror suspensions. Thermal motion excites
the internal mechanical modes of the substrates which begin to resonate. By choosing
low-loss materials, most of the energy can be concentrated close to the resonances, thus
reducing the oﬀ-resonance motion. Typically, fused silica is used to fabricate mirrors for
gravitational wave detectors and advanced detectors will also use fused silica wires for the
final stage of the mirror suspensions. Other low-loss materials such as silicon are under
investigation for future generation detectors. Thermal noise is one of the dominant noise
sources in the frequency range of a few Hz to a few hundred Hz. The major contributions
arise from the coating and suspension thermal eﬀects. These can be modeled with the
Fluctuation Dissipation Theorem, which follows from statistical thermodynamics and
relates the fluctuations of a system in thermal equilibrium to the system’s response to
applied perturbations [58]. The suspension thermal noise is then given by [53]
�
2
4kB T ω02 φ(ω)
Sth,sus (ω) =
,
(2.10)
L ωm [(ω02 − ω 2 )2 + ω04 φ2 (ω)]
where kB is Boltzmann’s constant, T is the temperature and the final suspension stage is
modeled by a pendulum with a mass m of the mirror, angular resonance frequency ω0 and
suspension loss angle φ(ω). The loss angle describes the damping or energy dissipation
in the system and is defined as the phase lag angle between the displacement of the
mass and any force applied to the mass at a frequency below ω0 . It is a function of the
material properties, geometry and the tension forces of the suspension wires. Eq. (2.10)
implies that the suspension thermal noise term hth,sus ∝ 1/f 5/2 and therefore falls oﬀ
steeply towards high frequencies.
To achieve the high level of reflectivity, the mirrors of gravitational wave detectors are
coated with multiple layers of dielectric material. In advanced detectors intermittent
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layers of Ti doped Ta2 O5 and SiO2 of thickness ∼4.5 µm are applied to the mirrors after
polishing [59]. The equivalent coating thermal strain noise is shown to be [60]
2
Sth,coat (ω) =
L

�

4kB T φeﬀ (1 − ν)
√
,
πwEω

(2.11)

where w is the half-width of the incident Gaussian laser beam profile, and φeﬀ the
eﬀective loss angle of the substrate and coating materials. Other material properties are
contained in the Poisson ratio ν and Young’s modulus E. Increasing the beam size will
reduce the amount of thermal coating noise. Identifying coating materials with lower
mechanical losses or alternative coating techniques is part of a major research eﬀort for
next generation detectors [61, 62].
Perhaps a more obvious way√to combat thermal noise is the reduction of the temperature.
Note however, the Sth ∝ T dependence on temperature, which suggests cryogenic
temperatures are needed for any significant improvements in detector performance. This
is the approach adopted by KAGRA, the Japanese second generation detector currently
under construction [63] and the proposed future detector Einstein Telescope. Bearing
in mind that the mirrors are under ultra high vacuum and continuously radiated by
a powerful laser, cooling the mirrors is no trivial task. It is achieved with the use of
mirror, suspension materials and heat links with high thermal conducting properties,
such as sapphire, and through thermal radiation to cryogenically cooled shields around
the mirrors. These techniques were successfully demonstrated in a heroic eﬀort at CLIO,
the Japanese 100 m prototype cryogenic gravitational wave detector, that cooled its test
masses to below 20 K [64].
Seismic noise
The ground moves by several orders of magnitude more than the expected diﬀerential
test mass displacement as a result of a gravitational wave. For example
√ at the Virgo
site ground motion has been measured and amounts to roughly 10−9 m/ Hz at 10 Hz,
whereas a strain sensitivity h ≈ 10−22 at
√ the same frequency corresponds to a diﬀerential displacement ∆l = 12 hL ≈ 10−19 m/ Hz. Therefore a suppression of seismic motion
by about 1010 is required. This is achieved with vibration isolation systems that make
use of harmonic oscillator type mechanical filters such as pendulums and mass spring
systems. The transfer function between the motion of the suspension point and that of
the suspended mass falls oﬀ with 1/f 2 above the oscillator resonance frequency. Cascading a number of such filters allows the transfer functions to multiply. For n filters the
transfer function will fall oﬀ with 1/f 2n above the resonance frequencies. In the case of
Virgo, the main optical components (recycling, input and end mirrors, and beamsplitter)
are suspended by 8 m high suspension systems called superattenuators [65]. Although
horizontal motion parallel to the beam is most critical, the vertical motion is also suppressed to reduce vertical to horizontal couplings. The superattenuator implements eight

40

2.1. Interferometric detection
stages of horizontal isolation with (inverted) pendulums and six vertical stages consisting of cantilever blade spring filters. The penultimate stage of the suspension chain is
the so-called marionette, that supports the mirror by four wires and can be steered via
coil-magnet actuators from the stage above. In this way, the mirror can be controlled in
the translational displacement along the beam axis, as well as the yaw and pitch degrees
of freedom. Fine control is performed by actuation directly on the mirror via a reaction
mass that is also hung from the marionette. A superattenuator is illustrated in Fig. 2.4.

Mechanical ground
and safety structure
Supension wire

Pendulum mass
and vertical filter

Cantilever blade
spring
Inverted pendulum
leg

Figure 2.4: The superattenuator: a Virgo vibration isolation system for the main
optical components. A chain
of pendulums and vertical
filters provides eight stages
of horizontal isolation and
six stages of vertical isolation. The mirror is suspended
from the marionette that can
be controlled from the stage
above via coil-magnet actuators. Figure adopted from
Ref. [65].

Base ring supported
by vacuum system

Marionette

Mirror and reaction
mass

In addition to the main optical components, several other mirrors and optical benches
are isolated from seismic vibrations. Chapter 5 will describe in detail a vibration isolation
system designed to suspend five of Advanced Virgo’s in-vacuum optical benches. Another
approach to seismic noise reduction is to construct the detector at a seismically quiet
location. The origins of seismic motion and a description of a site characterization study
for Einstein Telescope are given in Chapter 3.
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Newtonian noise
In addition to the transmission of seismic motion through the mechanical suspension
systems, the test masses also experience a direct coupling to seismic waves through
the local gravitational fluctuations the seismicity produces. Temporal density variations
arising from seismic motion around the test masses, create varying Newtonian attractive
forces on the test masses. This is known as Newtonian or gravity gradient noise. A
schematic illustration of the Newtonian noise eﬀect is depicted as a time lapse in Fig. 2.5.

Newtonian
attraction
Seismic wave

Figure 2.5: Schematic of the Newtonian noise interaction between a test mass and a passing surface seismic wave. The depicted seismic wave could represent vertical displacements
of the surface or density variations within the soil.

Newtonian noise is a direct coupling between the seismic motion and the test masses
and can therefore not be shielded. It scales proportional to the level of seismic activity,
so finding a suitably seismically quiet site for future generation detectors is the first
step in reducing Newtonian noise. In addition subtraction techniques can be employed.
These involve monitoring of the seismic wave fields with arrays of sensors, to subsequently predict the Newtonian signal and subtract it from the interferometer output. In
Chapter 4 the full mathematical background to Newtonian noise is given, its eﬀects from
various types of sources are modeled and the eﬀectiveness of subtraction techniques are
demonstrated.

2.2

Advanced Virgo

At the end of 2011, the Initial Virgo detector was decommissioned. This signaled the
start of a major upgrade campaign that will lead to the commissioning of Advanced
Virgo in 2015. The preceding design phase aimed to improve on the sensitivity of Initial
Virgo by a factor of ten across the full bandwidth. This will increase the volume of the
observable Universe, and hence the detection rate, by about three orders of magnitude.
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2.2.1

Design and optical layout

Advanced Virgo is a power and signal (also referred to as dual) recycled Michelson interferometer with Fabry-Perot arm cavities. Besides the optical components described in
the previous section, Advanced Virgo will include a number of auxiliary optical systems
used for the control, alignment and locking of the interferometer as well as for the detection of the gravitational wave signal. These optical systems are housed on out-of-vacuum
(external) and in-vacuum benches. A schematic of the optical layout of Advanced Virgo
with a selection of the major optical benches is shown in Fig. 2.6. With respect to the
Initial Virgo configuration the main changes include larger mirrors, higher laser power,
improved vacuum, increased arm-cavity finesse and the adoption of signal recycling. Table 2.1 summarizes the main parameters of Initial and Advanced Virgo configurations.
Parameter

Advanced Virgo

Initial Virgo

Arm length
Laser wavelength
Optical power at interferometer input
Optical power at test masses
Mirror material
Test mass radius
Test mass weight
Test mass flatness
Arm cavity finesse
Beam radius at input / end mirror
Vacuum pressure
Test mass suspension
In-vacuum suspended benches
Binary neutron star inspiral range1
Minimum strain sensitivity

3 km
1064 nm
125 W
650 kW
Fused silica
35 cm
42 kg
0.5 nm rms
443
48.7 / 58 mm
10−9 mbar
Fused silica fibres
7
146 Mpc†
√ †
3.4 · 10−24 / Hz

3 km
1064 nm
8W
6 kW
Fused silica
35 cm
21 kg
< 8 nm rms
50
21 / 52.5 mm
10−7 mbar
Steel wires
2
12 Mpc
√
4 · 10−23 / Hz

Table 2.1: Main design parameters for Initial and Advanced Virgo configurations. Dagger
(† ) denotes anticipated values for detuned operation.

The increased laser power and arm-cavity finesse result in a large amount of optical
power stored in the arm cavities (up to 650 kW per arm). This provides challenging
conditions for the control of the interferometer because of significant thermal lensing
eﬀects of the mirrors. This necessitates complex thermal compensation systems described
in Section 2.2.2. To facilitate the control of the interferometer modulation techniques
are used. Modulation involves the phase shifting of the main laser beam (carrier) at
1

This figure of merit indicates to which distance a detector is sensitive to a gravitational wave. It
is calculated from an averaged over all orientations of a gravitational wave signal from a neutron star
binary merger. Both stars have mass 1.4M⊙ and the resulting signal-to-noise ratio is 8.
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Figure 2.6: Schematic layout of the Advanced Virgo gravitational wave detector. A selection of the major optical benches is shown along with the quadrant photodiodes related to
the angular alignment of the interferometer mirrors.

a chosen modulation frequency. As a result, some of the carrier energy is transferred
to what are known as sidebands related to the modulation frequency. The modulation
frequencies are chosen such that the sidebands resonate in diﬀerent parts of the detector,
in this way independently probing the interferometer’s various degrees of freedom. The
signals are extracted at various ports and by demodulating at the sideband frequencies
provide sensing for the control of the relevant degrees of freedom. Advanced Virgo will
utilize four modulation frequencies. The precise modulation frequency and position of the
interferometer mirrors (given the constraints of the existing infrastructure) are chosen
to fulfill the following criteria [66]:
• All sidebands must be transmitted by the input mode cleaner.
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• The sidebands generated by modulation frequency f1 must resonate in the power
recycling but not in the arms or the signal recycling cavity.
• The sidebands generated by modulation frequency f2 must resonate in the power
and signal recycling cavities but not in the arms.
• The sidebands generated by modulation frequency f3 must not resonate anywhere
in the interferometer.
• The fourth modulation frequency is similar to f2 except that the sidebands generated by f4 should have a very low finesse in the recycling cavities.
The first three modulation frequencies are suﬃcient to control the interferometer during
steady state operation while the fourth is foreseen only to be used during the commissioning phase. Its low finesse in the recycling cavities makes it less susceptible to mirror
(thermal) deformations and therefore useful for interferometer locking before the thermal compensation system is fully operational. The optical paths in which each of the
modulation sidebands will be resonant and their respective frequency values are indicated in Fig. 2.6. Modulation frequency f4 is excluded in the figure as it is similar to f2
but its frequency is set to 131.686317 MHz.
The Advanced Virgo design sensitivity for a configuration with full laser power and
broadband signal recycling is shown in Fig. 2.7. It is evident that the major noise
contributors are shot noise at high frequencies (contributing to quantum noise) and
thermal noise, both suspension and coating, at low and intermediate frequencies. The
result of the seismic attenuation system eﬀorts in suppressing seismic noise are evident
in the steep ∼ 1/f 14 fall oﬀ of seismic noise (solid yellow curve). Newtonian noise,
calculated here for average seismic activity, is not limiting sensitivity but will do so
during high seismic motion. This will be addressed further in Section 4.5.

2.2.2

Thermal compensation

One of the major diﬀerences between Initial and Advanced Virgo interferometer configurations is the increased circulating laser power and the presence of the signal recycling
cavity. Although these modifications provide an improved sensitivity they also add to
the complexity of the detector. One crucial implication is that of the thermo-optic and
thermo-elastic deformation of the mirrors due to the thermal power deposited by the
laser. This gives rise to wavefront distortions in the signal and power recycling cavities
and changes the profile of the reflective surface of the test masses. Simulations have
shown that deformations of up to 50 nm, corresponding to an error in the radius of
curvature of the optics of roughly 1500±44 m, can be expected during full power operation of Advanced Virgo [66]. A thermal compensation system has been designed to
counteract these eﬀects. It consists of the following subsystems:
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Figure 2.7: Advanced Virgo design sensitivity for a configuration with full laser power,
power and broadband signal recycling. The neutron star-neutron star and black hole-black
hole merger ranges are 134 and 1191 Mpc respectively.

• Ring heaters. These are circular heating coils placed around the recycling and test
mass mirrors. They radiate energy along the circumference of the mirrors, and in
this way, are able to dynamically restore the proper radius of curvature.
• Auxiliary CO2 lasers that illuminate the appropriate heating pattern on additional
transmissive optics in the recycling cavities. The additional optics, known as compensation plates (see Fig. 2.6), are suspended from the same suspension system as
the input mirrors and allow control of the thermal deformations in the recycling
cavities independent of the control of the radius of curvature of the input test
masses. The heating pattern manipulates the optical path length in the compensation plate and therefore allows control of the beam wavefronts in the recycling
cavities.
• A series of sensors such as Hartman wavefront sensors as well as output channels
from the interferometer itself. These are able to detect the aberrations in the beam
wavefronts to be used in the thermal compensation control system.
• A special type of wavefront sensor is the phase camera, currently under development at Nikhef [67]. It is able to take a snap-shot of the spatial amplitude and
phase profile of the carrier beam as well as of the individual modulation sidebands.
These results are also used in the feedback control system.
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The thermal compensation system relies on active feedback and is able to dynamically
alter the wavefronts in the optical cavities. It is the first of such adaptive optics systems
to be implemented in a long baseline interferometer.

2.2.3

Angular alignment and control noise

The Advanced Virgo configuration requires more sophisticated control strategies than
Initial Virgo. Due to the improved target sensitivity the controls need to be more accurate and less noisy. At the same time, the signal recycling cavity increases the number of
degrees of freedom that need to be controlled, while the increased laser power introduces
stronger mirror motion due to radiation pressure eﬀects.
Once the interferometer has been brought near its working point, the laser power will
be increased. In the arm cavities, where the stored laser power will be as high as 650
kW per arm in the final configuration, the eﬀects of radiation pressure will be largest.
Mirror motion induced by these eﬀects will need to be controlled in order to keep the
interferometer in stable operation over long periods of time. The angular alignment of
the mirrors with respect to the beam axis will be most challenging. The misalignment
of a single cavity exists in two modes each for the yaw (θy ) and pitch (θx ) degrees of
freedom. The modes are referred to as the (-) mode and the (+) mode. They are depicted
in Fig. 2.8a. A misalignment will cause the cavities to no longer be optically resonant
and the stored power will diminish, allowing the mirrors to return to their equilibrium
position. If left uncontrolled, the modes will oscillate at their resonance frequency. During Advanced Virgo full power operation the (+) and (-) modes are expected to have
resonance frequencies of 3.5 Hz and 1.1 Hz respectively.
The modes of the entire interferometer associated with the cavity misalignments are
described by Comm(+), Comm(-), Diﬀ(+) and Diﬀ(-) and depicted in Fig. 2.8b for the
yaw direction. In addition to these modes the alignment of the power and signal recycling
mirrors and beamsplitter need to be controlled. This will be done with the quadrant
photodiodes shown in Fig. 2.6 (B1, B1s, B1p, B2, B4, B7 and B8). The sensing of the
alignment modes and their associated photodiode signals are summarized in Table 2.2.
For a detailed description of the control scheme see Chapter 8 of Ref. [66].
The control schemes were designed such that the control noise, when projected to a
strain noise at the interferometer output, will remain a factor of 10 below the target
sensitivity. Simulations were made [68] for the various control schemes assuming that
the photodiodes will be limited by shot noise. That is, no other sources of noise were
considered. From the simulation results it was apparent that the most critical alignment
modes, in terms of control noise, are the (-)modes. These are controlled by the DC signals
on the terminal bench photodiodes (B7 and B8). It is therefore important that these
sensors are shot noise limited, so as not to introduce any further control noise. The DC
signals measure the relative displacement between laser beam and quadrant photodiode.
Therefore, any bench motion will replicate beam displacement due to a misalignment of
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(-) mode

(+) mode

(a)

Common (+)

Common (-)

Differential (+)

Differential (-)

(b)

Figure 2.8: Radiation pressure eﬀects on mirror misalignment. (a) In a single FabryPerot cavity the misalignments can be described by the minus (-) and plus (+) modes. (b)
Schematic of the misalignment modes of the full interferometer (only the yaw modes are
shown).

Alignment mode

Photodiode sensing signal

Diﬀ(+)
Diﬀ(-)
Comm(+)
Comm(-)
Power recycling
Signal recycling
Beam splitter

B1p demodulated at f2
Diﬀerence of DC signals at B7 and B8
B2 demodulated at f3
Sum of DC signals at B7 and B8
B4 demodulated at f1
DC signal at B1p
B4 demodulated at f2

Table 2.2: Interferometer angular alignment modes and corresponding photodiode sensing
for alignment control scheme [66].

the cavity mirrors. The bench motion must be low enough that displacement noise does
not exceed the shot noise limit of the photodiodes. This places stringent requirements
on the bench seismic isolation systems. Chapter 5 will describe a multi-stage isolation
system designed for the suspension of the five in-vacuum benches foreseen to house the
angular alignment sensing optics.
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2.2.4

Sensitivity evolution

Advanced Virgo will undergo a series of commissioning steps before the final design sensitivity is reached. Each step will increase the complexity of the interferometer operation
by, for example, adding more laser power or incorporating the signal recycling cavity.
Advanced Virgo is foreseen to initially operate at a lower laser input power of 25 W
without the signal recycling cavity in use. This will allow the scientists and engineers
to get to grips with the detector before pushing on to higher power operation and more
complex configurations. Once a suﬃcient sensitivity has been accomplished (approximately 40 Mpc) the commissioning phases will be interspersed with periods of scientific
data taking [69].

25 W, power recyc. Range: 111/1026
125 W, power recyc. Range: 112/648
125 W, dual recyc. broadband Range: 134/1191
125 W, dual recyc. detuned Range: 146/1161
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Figure 2.9: Evolution of Advanced Virgo sensitivity. Initially the detector will operate with
low laser power (25 W) and no signal recycling (solid blue curve). The laser power will be
increased to its design value of 125 W (dashed magenta curve) and the signal recycling
mirror will be incorporated. The latter can be tuned to optimize broadband sensitivity,
with transmittance of 20% (dash-dotted green curve), or detuned to 0.35 rad to optimize
sensitivity to signals from neutron star-neutron star binaries (solid red curve). The indicated
ranges (in Mpc) correspond to neutron star-neutron star and black hole-black hole mergers.

The sensitivity of proposed Advanced Virgo configurations is shown in Fig. 2.9. The
design sensitivity given the initial configuration is shown by the solid blue curve. An
increase in laser power to 125 W (dashed magenta curve) shows improved high frequency
sensitivity, due to shot noise reduction, at the expense of increased radiation pressure
noise at low frequencies. As mentioned earlier it is possible to adjust the signal recycling
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mirror position and transmittance to achieve broad or narrowband enhancement of the
gravitational wave signal. For the Advanced Virgo baseline broadband signal recycling
configuration, a transmittance of 20% was chosen (dash-dotted green curve). Proposed
narrowband operation involves a transmittance of 20% and a detuning of 0.35 radians.
These values were chosen to optimize sensitivity to signals from neutron star-neutron star
and black hole-black hole binary systems, with an emphasis on the former sources [70].
The solid red curve in Fig. 2.9, showing the design sensitivity under these conditions,
indeed shows an improved sensitivity in the 50-400 Hz range, but reduced sensitivity
elsewhere, particularly above 500 Hz.

2.3

Global detector network

The study of gravitational waves requires a number of detectors located around the globe.
This has two main reasons: coincidence of detections, and sky localization. Measuring a
gravitational wave in coincidence at a number of distantly separated locations, increases
the confidence of the signals coming from extraterrestrial sources, rather than from
technical glitches in the detector outputs, which are expected to be uncorrelated. This
is of particular importance for the first direct detections of gravitational waves. To
claim such a monumental discovery, one would need to substantiate it with simultaneous
signals (or those arriving within the appropriate time frame) at at least two, preferably
three detectors or with an electromagnetic counterpart.
In addition, in order to locate the position of the source in the sky, triangulation techniques are used based on the arrival times at the various detectors. The more detectors
and the further away they are separated, the better the accuracy of the sky localization.
This is not only of cosmological interest but also essential for so-called electromagnetic
follow up. This involves using available optical telescopes to probe the sky for signals
of electromagnetic counterparts to astrophysical phenomena, such as supernova and binary mergers. Sky localization by gravitational wave detection will be poor by optical
telescope standards. To be able to quickly scan the relatively large area of designated
sky (roughly between 3 and 50 square degrees for advanced detectors [71]), dedicated
telescopes for gravitational wave follow up have been proposed and are under construction [72]. Correlated gravitational, electromagnetic and neutrino detections will play an
important role in the discovery and subsequent study of astrophysical phenomena [73].
Next, we briefly discuss the partners in the global gravitational wave detector network.
Virgo
The Virgo detector is situated 15 km southeast of Pisa, in Tuscany, Italy. The facilities
are administered by the European Gravitational Observatory (EGO) [74], an Italian,
French and Dutch consortium. The Initial Virgo detector engaged in a number of periods
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Figure 2.10: Global network of gravitational wave detectors; Advanced Virgo in
Italy, two Advanced LIGO
detectors in Washington and
Louisiana, USA, and a third
LIGO-India detector in India (precise location not yet
known), GEO600 in Germany
and KAGRA in Japan.

of scientific observation, also
√ known as science runs from 2006 to 2011 and reached
a sensitivity of 5 · 10−23 / Hz around 100 Hz with unprecedented sensitivity at low
frequencies (see solid red curve of measured sensitivity in Fig. 2.11). Currently Virgo is
undergoing an upgrade to its advanced configuration and is expected to have a first lock
with power recycling in 2016.

LIGO
The LIGO collaboration operates three gravitational wave detectors in the USA. During
the first generation of these instruments, one 4 km detector was situated near Livingston,
Louisiana, and another 4 km detector was located near Hanford, Washington. The third
detector had 2 km arm lengths and was operated alongside the 4 km interferometer at
the Hanford site, utilizing much of the same vacuum system. The first joint science run
of the LIGO detectors started in 2002. After several years of intermittent science runs,
√
upgrades and commissioning, the design sensitivity of the 4 km detectors of 2·10−23 / Hz
around 200 Hz was reached (see dashed blue curve of measured sensitivity in Fig. 2.11).
The last first generation science run ended in October 2010 and signaled the start of
preparations for the upgrade to Advanced LIGO. The first Advanced LIGO science run
is expected to take place in 2015.
In addition, a project known as LIGO-India has proposed a joint venture between LIGO
and a consortium of Indian universities and institutes to house the third Advanced
LIGO detector in India, instead of the initial location alongside the Hanford detector.
An obvious scientific gain is an increase in the baseline between the detectors, and hence
an improved sky resolution (see Fig. 2.10, the precise location of the Indian detector is
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not yet known). This proposal has gained much momentum in the past year and sights
are set on having the 4 km LIGO-India interferometer up and running by 2019 [75].
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Figure 2.11: Measured sensitivities of the first generation GEO600, LIGO and Virgo
detectors, and the design sensitivity of the (detuned) Advanced Virgo, Advanced LIGO
and KAGRA detectors.

GEO600
GEO600 is a British/German detector with arm lengths of 600 m constructed near
Hannover, Germany [76]. It is unique in that instead of Fabry-Perot cavities it uses
folded arm cavities to create a 4 pass delay-line interferometer. It achieved first lock
in 2001 and is a useful test-bed for advanced detector technologies. Techniques such
as signal recycling, fused-silica suspensions and squeezed light have successfully been
implemented in GEO600. Despite its small size it has achieved sensitivities comparable
to the first stages of LIGO and Virgo operation. The next phase of this detector is known
as GEO-HF and will concentrate on improved high frequency sensitivity.
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KAGRA
KAGRA is a Japanese initiative to build an advanced era gravitational wave detector [63] with arm lengths of 3 km and cryogenically cooled test masses. It will be built
underground in the Kamioka mine so that it can profit from the seismically stable and
quiet conditions. Construction of the tunnels and underground facilities is currently underway as is the fabrication of the vacuum facilities and seismic attenuation systems.
The proposed sensitivity of KAGRA is similar to that of Advanced LIGO and Advanced
Virgo and is expected to partake in joint science runs starting in 2018 (see dash-dotted
magenta curve in Fig. 2.11).
CLIO, a prototype to KAGRA was constructed in the same mine, had arm lengths of
100 m and demonstrated the principles of interferometer operation with cryogenically
cooled sapphire mirrors. KAGRA itself, will be an important test case for future generations of detectors that intend to like-wise implement test mass cooling and operate in
underground locations.

2.4

Einstein Telescope

Looking beyond the era of advanced detectors, one may ask: what next? An upgrade of
the advanced detectors will allow them to surpass their current design sensitivities by
small factors. A number of studies are already underway to investigate the feasibility of
such upgrades [77, 78]. However, these detectors will eventually be limited by their available infrastructure and to make significant improvements on the sensitivity of advanced
detectors, new facilities will need to be built. Einstein Telescope is a European project
to establish the conceptual design for a third generation gravitational wave detector [61].
Einstein Telescope will be a gravitational observatory that improves on the sensitivity
of advanced detectors by about a factor of 10, and extends the detection band down to
2 Hz.

2.4.1

Design concept and sensitivity

Einstein Telescope will consist of three nested detectors, interlocked around an equilateral triangle, so that each side of the triangle houses two arms of a detector and each
corner the central part of the interferometers. Arm lengths of 10 km will be used in
order to suppress displacement noise to tolerable levels. Fig. 2.12a shows a basic layout
of the three detectors. In contrast to the traditional L-shaped geometry of the first and
second generations of gravitational wave detectors, this arrangement is equally sensitive
to both polarizations of the gravitational wave. Additionally, it shows a more isotropic
antenna pattern compared to the L-shaped detectors [61]. This comes at the cost of
reduced sensitivity due to the more acute angle, which amounts to a loss in performance
of about 18%.
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(b) Each Einstein Telescope detector comprises a low and a high
frequency interferometer that produce a combined total sensitivity for a single detector.

Figure 2.12: Einstein Telescope layout and sensitivity.

An important feature of Einstein Telescope is its so-called xylophone configuration [79].
This means that each detector is made up of two interferometers, one designed to optimize sensitivity at low frequencies and the other at high frequencies. This choice was
made in order to partially separate the shot noise vs. radiation pressure and high laser
power vs. cryogenic optics dualities. This is based on the following considerations for
each type of interferometer:
• Low frequency interferometer: features low laser power in combination with
cryogenic optics in order to suppress radiation pressure and thermal noise respectively. It will require large seismic attenuation systems and Newtonian noise
subtraction techniques as these noise sources will be the limiting factors at low
frequencies.
• High frequency interferometer: features high laser power and is operated at
room temperature. This suppresses shot noise at high frequencies at the cost of high
thermal noise at lower frequencies. The requirements of the seismic attenuation
systems can therefore by relaxed, as can the test mass weight that would otherwise
need to be very large in order to combat radiation pressure noise.
Each individual interferometer has a classical dual-recycled Michelson topology with
Fabry-Perot arm cavities. The design sensitivity of both interferometers and the com-
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bined sensitivity of an Einstein Telescope detector are shown in Fig.2.12b while the
proposed interferometer configurations are given in Table 2.3.
Parameter

ET-HF

ET-LF

Arm length
Laser wavelength
Optical power at interferometer input
Optical power at test masses
Mirror material
Test mass radius
Test mass weight
Test mass temperature
Scatter loss per surface
Arm cavity finesse
Beam radius at mirror
Vacuum pressure
Binary neutron star inspiral range
Maximum strain sensitivity

10 km
10 km
1064 nm
1550 nm
500 W
3W
3 MW
18 kW
Fused silica
Silicon
62 cm
>45 cm
200 kg
211 kg
290 K
10 K
37.5 ppm
37.5 ppm
880
880
72 mm
90 mm
−10
10
mbar
10−10 mbar
∼10 Gpc
√ (total sensitivity)
√
−25
9 · 10 / Hz 3 · 10−25 / Hz

Table 2.3: Main design parameters for Einstein Telescope’s low and high frequency interferometers.

2.4.2

Noise budget

Fig. 2.13 shows the projected noise budgets for Einstein Telescope’s low and high frequency detectors [79]. At low frequencies, Newtonian noise is expected to be the major
contributor to noise between 2 and 6 Hz. Below 2 Hz, the observatory will be limited
by ground vibrations coupling mechanically through the conceived seismic isolation systems. The sensitivity of Einstein Telescope’s high frequency detector will be mainly
limited by thermal and shot noise and not by seismic or Newtonian noise.
Achieving the Einstein Telescope low-frequency goals is closely linked to seismic motion
at the chosen site. Thus, finding a suitably quiet seismic environment is an important
first step in realizing this sensitivity. The level of seismic noise assumed in
√ Fig. 2.13 is
derived from seismic studies presented in Chapter 3 and set to 0.5 nm/ Hz (Hz/f )2
above 1 Hz. These levels of seismic motion are achievable at underground sites and
perhaps at remote surface locations [80]. A site with lower seismicity would simply reduce
the seismic and Newtonian noise contributions. A reduction of Newtonian noise by a
factor of 3 would, on average, be suﬃcient to let other noise sources, such as suspension
thermal and quantum noise dominate. Further reduction of Newtonian noise is possible
only through subtraction techniques. The techniques under development [81, 82] (see
Chapter 4) are based on closely monitoring the surrounding geology with high density
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sensor networks, which allows to predict the resulting Newtonian noise for each test
mass. These predictions can then be subtracted from the interferometer output, in this
manner providing an eﬀective reduction in the Newtonian noise.

2.4.3

Site and infrastructure

The baseline Einstein Telescope design includes an underground location. Sources of
seismic waves in the frequency range of interest to gravitational wave detectors (> 1 Hz)
predominately originate from and propagate mainly on the surface. Moving the detector
underground has the advantage of providing a controllable, stable and seismically quiet
environment. In addition, eﬀects from atmospheric conditions such as wind and pressure
fluctuations will be suppressed. The construction of underground facilities at a scale
required for Einstein Telescope is, needless to say, a formidable task. An objective of the
design project is to conceive an infrastructure that will suﬃce the needs of a gravitational
wave observatory for many generations to come.
An artists impression of an Einstein Telescope corner station is depicted in Fig. 2.14. The
central interferometer of one of the detectors can be seen as well as the end stations of
two other detectors. The vacuum systems of the high and low frequency interferometers
are distinguishable by the respective gray and red colors.
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Figure 2.13: Left: proposed noise budget for Einstein Telescope’s low frequency interferometer. Seismic noise (dashed brown curve) will limit the sensitivity below 2 Hz and
Newtonian noise (dashed green curve) below 6 Hz. Right: proposed noise budget for Einstein Telescope’s high frequency interferometer. Figure adopted from Ref. [79].

Figure 2.14: Artist’s impression of an Einstein Telescope corner station. The high and
low frequency interferometers are distinguishable by the respective gray and red colors [61].
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3
Seismic noise

Seismic motion is a major contributor to low-frequency noise in gravitational wave detectors. The origins of seismic motion will be discussed followed by an account of the
seismic characterization studies conducted as part of the Einstein Telescope design study.
Finally, results from seismic correlation measurements carried out at the Virgo site will
be presented.

3.1

Introduction

Seismic motion enters into the output of an interferometer, either via mechanical coupling of vibrations to key optical components or via direct Newtonian interactions between seismic density fluctuations and the test masses. Either way, seismic motion is
expected to limit performance of gravitational wave detectors below 20 Hz for advanced
detectors and below 7 Hz for future generation observatories. We have shown (see Section 1.2) that improving the low-frequency sensitivity of gravitational wave detectors is
crucial to increasing the accuracy of parameter estimation and the likelihood of detecting gravitational waves from certain astrophysical phenomena such as spinning neutron
stars and binary black hole coalescence.
To have a better grasp on the problems associated with these noise sources a comprehensive understanding of the expected seismic wave fields is imperative. As part of the
Einstein Telescope design study a seismic noise investigation was conducted, that involved data taking at various sites in Europe and across the globe. In addition, data
were available from about 500 seismic stations that make up the Virtual European
Broadband Seismograph Network (VEBSN) coordinated by ORFEUS (Observatories
and Research Facilities for EUropean Seismology) [83]. Seismic motion in the frequency
range of interest for gravitational wave detectors, predominately originates from human
or wind activity. The resulting wave fields consist mainly of waves propagating along
the surface and vanishing with depth. For this reason there is an emphasis on the re-
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lation between seismic motion and depth. An introduction to seismic wave theory was
given in Section 1.3. In the next section we elaborate on the origins of ambient seismic
noise and discuss the studies performed to characterize seismic environments for Einstein
Telescope.
The concept of seismic correlation, introduced in Section 1.3.2, will be developed further in the final section of this chapter, where we present results from seismic correlation
measurements performed at the Virgo site. Seismic correlation is of importance to Newtonian noise issues. Results from the correlation measurements will later provide input
for Newtonian noise models and subtraction techniques. A thorough investigation of
Newtonian noise is saved for Chapter 4.

3.2

Ambient seismic motion

The term ‘ambient’ refers to motion that is continuously present, in the absence of
unpredictable sources, such as major earthquakes or temporary mining and construction
work. Peterson [84] set out to characterize ambient seismic noise levels on a global scale
over a period of several years, by cataloguing data from 75 seismic stations distributed
worldwide. The results included data from surface and borehole (100 - 340 m depth)
measurements. From the upper and lower bounds of the power spectral densities (PSD)
of all the data, Peterson derived what is now known as the new high and low noise
models (NHNM/NLNM). These provide a means of comparing seismic spectra to global
high and low noise environments. The data and limits are shown in Fig. 3.1.
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Figure 3.1: Overlay of network station spectra used in Peterson’s ambient noise study [84]
together with straight-line segments fitted to the upper and lower bounds of the overlay
that constitute the new high and low noise model. Figure adapted from Ref. [84].
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Sources of seismic motion can be roughly categorized according to frequency. The largest
PSD values are seen at low frequencies where the Earth is subjected to large gravitational
tidal forces due to the attraction of the Sun and the Moon. This causes displacements
of about 0.5 m with respect to the equilibrium position of the Earth’s surface. This
tidal motion can be seen in Fig. 3.1 at periods of about 12 and 24 hours (2.3 × 10−5
and 1.16 × 10−5 Hz). Since this motion occurs at very low frequencies the test masses
of a GW detector interferometer will move coherently. The resulting common test mass
motion presents no problem for GW detection.
The noticeable increase in seismic noise between 0.03 and 1 Hz is known as the ocean
microseism. It is associated with characteristic ocean swell periods and can be linked
to two distinct natural phenomena, producing two microseismic peaks. The first and
weakest peak has a frequency around 0.06 Hz and is a result of ocean waves transferring energy into seismic motion in shallow water and coastal areas. This motion has
the same frequency as the waves that produce them and is referred to as the primary
microseismic peak. The second and stronger peak is found at around twice the frequency
(0.12 Hz) and is a result of ocean swells of roughly the same frequency, but traveling is
opposite direction. The interaction of these swells produces a combined standing wave
with a frequency of roughly twice the original waves. This is known as the secondary
microseismic peak. It has been shown by us with the Dusel array, that seismic motion
at these frequencies can be correlated with ocean waves from buoy data on the northern
Pacific and northern Atlantic [85]. Similarly in Europe, microseismic activity can be attributed to northern Atlantic ocean activity [86]. Italian sites suﬀer from an additional
analogous peak around 0.5 Hz as a result of Mediterranean sea activity [87]. The excitation strength of the microseismic peak is therefore dependent on weather conditions on
a continental scale and is sensitive to seasonal variations. In Fig. 3.2a a comparison is
made between winter and summer PSD values at 0.1 Hz for stations in the VEBSN. On
the winters day of February 13 2011 shown in on the left of Fig. 3.2a the stations closest
to the Atlantic ocean tend to have the highest PSD values. A similar trend is seen in the
data taken at 1 Hz in Fig. 3.2b. The inset of Fig. 3.2a shows the PSD values at 0.1 and
5 Hz from the Heimansgroeve station in the south of the Netherlands. Here the seasonal
trend in the 0.1 Hz PSD values is evident, with the lowest PSD values occurring during
the summer months where activity can be as much as 40 dB lower than during noisy
winter days. Meanwhile the 2 Hz data remain steady over the entire year.
In the frequency range of interest for gravitational wave detectors (above 1 Hz), ambient
seismic motion is dominated by wind and human activity. The seismic wave fields from
these sources are excited on (and propagate predominately along) the surface, resulting
in a reduction in seismic motion with depth [88]. The influence of nearby traﬃc on
GW detectors has been reported at the LIGO [89] and Virgo [90, 91] sites. This socalled anthropogenic noise is discernible in diurnal patterns in PSD values above 1 Hz,
including a diﬀerence between weekend and weekday spectra. VEBSN data for 1 and 5
Hz PSD values are shown in Figs. 3.2b and 3.2c with the insets showing the evolution
of PSD values over the course of one week (Mon April 11 - Sun April 17 2011) at the
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(a) Left: PSD data at 0.1 Hz during a day of high microseismic activity (Feb. 13, 2011). Stations
closest to the Atlantic ocean are eﬀected most. Right: PSD data at 0.1 Hz during a day of low microseismic activity (Aug. 4, 2011). Inset: PSD values for 0.1 (blue) and 2 Hz (red) at Heimansgroeve in
the Netherlands during a whole year. This illustrates the seasonal behavior of microseismic activity.
Black vertical lines indicate days chosen for low and high seismic activity.

(b) PSD data at 1 Hz during a day of high
microseismic activity. The correlation between
PSD value and distance to the Atlantic is weaker
but still noticeable. Inset: PSD values for 0.5
(blue) and 1 Hz (red) over the course of one
week.

(c) PSD data at 5 Hz during a day of high
microseismic activity. At this frequency seismic
motion depends on the local conditions such as
population density and anthropogenic activity.
A diurnal variation can be seen in the inset data
of 2 (blue) and 5 Hz (red).

Figure 3.2: Analysis of VEBSN data from 211 seismic stations in Europe during 2011.
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Heimansgroeve station. A clear daily pattern can be seen in the 2 and 5 Hz PSD versus
time data of Fig. 3.2c. Similar patterns have been attributed to atmospheric eﬀects such
as wind. The presence of wind causes movement of surface objects, such as trees or
buildings, or directly exerts displacements through turbulent pressures on topographical
irregularities [92, 93].

3.3

Seismic characterization studies

As part of the Einstein Telescope design project, a study was performed to determine
seismic noise characteristics at various sites. The study’s objective was to explore potential locations that exhibit lower seismic power spectral density in comparison with the
current LIGO, GEO600 and Virgo sites, and thus provide a valid estimate of achievable
low seismic noise environments in Europe. During the study the geophysical aspects of
underground infrastructure were also considered. Sites were chosen from varying geologies such as clay, salt and hard rock. The study includes 15 locations in 9 European
countries, USA and Japan. In the USA two Trillium 240 broadband seismometers were
installed at the Dusel 3D seismic network [94] in Lead, South Dakota. Data were also
taken at the site of KAGRA, the gravitational wave detector currently under construction in the Kamioka mine, Japan. Close collaboration with the Royal Dutch Meteorological Institute [95] provided cross checks of data and analysis techniques at their
permanent seismic observatory, in Heimansgroeve, the Netherlands.

3.3.1

Measurement procedure and data analysis

The investigation was carried out with two seismic measurement stations. Each station
consists of a Trillium 240 (T240) and a data acquisition system. The T240 is a broadband
low-noise seismometer with a flat velocity response from 4 mHz to 35 Hz and a self noise
below the low noise model from 0.01 to 10 Hz [96]. The seismometer is placed on top of
a granite tile that is fixed to the solid rock floor with tile glue. A polyurethane thermal
and acoustic insulation cover is then placed over the seismometer. The read-out system
of the seismometers comprises a portable data acquisition system consisting of a 19 inch
rack mounted computer with a National Instruments data acquisition card (NI6289), a
low noise pre-amplifier, a battery UPS and a power supply to both the seismometer and
amplifier. The seismometer produces a sensitive measurement of the ground velocity in 3
directions (north, east and vertical) and a number of diagnostic signals. The raw velocity
signals are in the order of tens of millivolts. These are amplified by a factor of roughly
100 to make full use of the analogue-to-digital converter (ADC) input range (± 10 V),
eﬀectively increasing the resolution of the read-out system. The amplifier also included
a low-pass anti-aliasing filter with a -3 dB point at 30 Hz. A sampling rate fs = 128 Hz
was configured and every 128 seconds of data were written to a single ascii data file by
a custom made LabView program. The seismic measurements were made over a period

63

Chapter 3. Seismic noise
of 4 to 7 days. Care was taken to ensure that the measurement time included at least a
weekend and a number of week days.
The measurement noise of the seismic station is dominated by the self-noise of the T240
and the electronic noise Enn from the pre-amplifer. The latter can be decomposed into
voltage, thermal and current noise contributed by the first stage operational amplifier
(INA128) and ADC or quantization noise Dnn at the digitizer. The electronic noise at
the input of the amplifier, can be modeled with the following equations [97]
�
�
�
�
fcv
fci
Dnn
Enn = V00
+ 1 + I00
+ 1 rp2 + 4kB T rp + 2
[V2 /Hz], (3.1)
f
f
AG
�
�2
2A
1
Dnn =
[V2 /Hz],
(3.2)
enb
2
12fN
where fcv and fci are the corner frequencies of op-amp voltage and current noise, V00 and
I00 are the high frequency op-amp voltage and current noise PSD levels. The Boltzmann’s
constant kB and temperature T in Kelvin appear in the op-amp Johnson or thermal noise
contribution. The parallel combination of rc (seismometer resistance) and rd (shunt
resistance) is denoted by rp (in this case the shunt resistor was excluded so rd becomes
the input resistance of the op-amp). The terms associated with the ADC noise include
the maximum amplitude of the ADC input, given by A, the amplifier gain AG , the
Nyquist frequency fN = fs /2 and the eﬀective number of bits in the ADC denoted
by enb. All of the values of the parameters mentioned here regarding the T240 seismic
measurements are given in Table 3.1.
Operational amplifier parameters
Type
V00 [V2 /Hz]
fcv [Hz]
I00 [A2 /Hz] fci [Hz] AG Gain
INA128
6.4 · 1017
10
9 · 10−26
200
105
ADC parameters
Type
A [V]
Eﬀ. bits, enb
fN [Hz]
rc [Ω]
rd [Ω]
NI 6289
10
16.5
64
300
1010
Table 3.1: Op-amp and ADC parameters used in the self-noise model calculations.

The electronic noise terms of Eq. (3.1) can be transformed to equivalent seismic motion
via the transfer function of the seismometer [96]. These noise terms are shown in Fig. 3.3
along with the T240 self-noise provided by the manufacturer and the measured ADC
and amplifier noise. The latter was obtained by short-circuiting the amplifier input with
a impedance equal to that of the seismometer output (300 Ω). The ADC and amplifier
noise is consistent with the expected values from Eq. (3.1), the bend in the measured
noise above 10 Hz is due to the seismometer transfer function. This suggests that the
electronic noise is dominated by ADC noise. The total noise of the system stays below
the NLNM between 0.03 and 8 Hz and is dominated by the T240 self-noise, except
between 0.3 and 20 Hz where the ADC noise plays a dominate role.
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Figure 3.3: Noise characterization of the seismic data acquisition system. The main
contributor to the electronics noise is ADC and voltage
noise from the first stage opamp of the pre-amplifier. The
Trillium 240 self-noise is provided by the manufacturer.
The total noise is below the
new low noise model (dashed
black curve) between 0.03 and
8 Hz.
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The analysis of the seismic data involved Fourier transforms of stretches of data, typically
128 seconds long. The mean of each stretch of data was first subtracted and the data
windowed with a Nuttall window to prevent spectral leakage such that
ṽ[n] = w[n](v[n] − �v�),

(3.3)

where v is the raw velocity data and �v� the data average. The window function is given
by w and n is the sample number. A fast Fourier transform was performed on ṽ[n] to
obtain Vk . The one-sided PSD of the seismic motion is then given by
Pvv,k =

2
|Vk |2 ,
fs · N · W

(3.4)

where N is the total number of samples in the (discrete) time series and k is the Fourier
number related to the frequency f = k fNs . The normalization factor W is to account
N
1 �
for the power lost due to the windowing and is given by W =
w[n]2 . Typically
N n=1
we have that W ≈ 0.26. The factor 2 in Eq. (3.4) is to provide a single sided PSD
and assumes that Vk is conjugate symmetric, i.e. ṽ is real, which is the case for seismic
measurements. It is common practice to average PSD values over several time series
to obtain a more accurate estimate of the PSD. We typically combine roughly half an
hour of measurement time by averaging over 14 separate segments containing 128 s of
data. The PSD is given in units of v squared per Hz. The raw seismic data from a T240
corresponds to velocity measurements. It is often more convenient to express the seismic
data in terms of displacement or acceleration. A simple transformation from a velocity
PSD is performed by multiplying or dividing by ω 2 for acceleration ((m/s2 )2 /Hz) and
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displacement (m2 /Hz), respectively. For example, for the displacement PSD we have
Pxx = Pvv /ω 2 .
We characterize the sites in terms of rms displacement and their acceleration power
spectral variation. The rms displacement is the square root of the displacement PSD
integrated from the Nyquist frequency to some cut-oﬀ frequency fc = l fNs [98], given by
�
� N/2+1
�1 �
rms(fc ) = �
Pxx,k ,
(3.5)
T k=l

where the measurement period is denoted by T = fNs and l is the cut-oﬀ frequency index.
The rms values are a convenient way of quantitatively comparing seismic motion from
various sites.
Spectral variation plots are useful as they depict not only the amplitude of the seismic
signal but also the temporal variation of the PSD values, as a percentage of time spent
at a certain level. This is indicated by the color of the plot. For the spectral variation
plots, the PSDs are averaged over a period of half an hour. Averaged PSD values are
then smoothed by taking the mean over values in a constant relative bandwidth of
1/10 decade. (So for low frequencies the averaging is over only a few points, for high
frequencies the averaging is over many more points). For ease of comparison it is common
to include the new high and low noise models in plots of seismic spectra. The spectral
variation plots also contain three solid curves to indicate the mode and the 90 and 10
percentile levels. The mode is the most common PSD value in each frequency bin, and
90 and 10 percentile levels indicate the point under which the PSD will stay for 90 or
10% of the time, respectively.

3.3.2

Measurement sites

Next, we will briefly describe all the locations that were visited to characterize underground seismic motion. The selection criteria for these sites were based on the availability
of a suitable underground measuring location. Gaining safe access to underground locations with little or no nearby (underground) activity proved challenging. A number
of sites therefore consisted of the major European underground physics laboratories,
while others were decommissioned mines that are being environmentally rehabilitated
or converted for touristic purposes. Sites could generally not be selected on the basis
of suitability for hosting the Einstein Telescope observatory. The main purpose of this
research was to ear-mark a selection of locations for an extensive seismic and geological
study. This consequent study will assess the suitability of constructing Einstein Telescope at or near the location or in similar geological conditions. Section 3.3.3 will address
these ‘candidate’ sites in more detail.
In Fig. 3.4 the site locations are indicated on a map while Table 3.2 lists the sites with
their depth, elevation above sea level and indication of general geology. To ensure some
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Figure 3.4: Map showing the locations of sites investigated during the Einstein Telescope
site studies. Data were collected from the sites indicated by red markers with a dot. Third
party data were used for the locations represented by blue markers. Source: GoogleMaps.

level of seasonal consistency, all the sites, with the exception of Mol, Belgium, were
visited between April 1 and July 30, 2010.
• The Netherlands: Heimansgroeve. The Heimansgroeve is an old quary situated in
the southern tip of the Netherlands. It contains the oldest rock type found in the
Netherlands, from the Carboniferous period; about 360 - 300 million years old. The
stone consists of slate and carbonic sandstone. The Royal Netherlands Meteorological Institute (KNMI) [95] has a seismic observatory in a small underground laboratory some 10 meters below the surface. Our seismic stations were placed alongside
the institutes’ permanent seismometers, which provided an excellent cross check
between instruments and data analysis. A photo of the measurement setup is given
in Fig. 3.5
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Figure 3.5: Photo of the seismic measurement setup at the Heimansgroeve in the Netherlands. Our seismometers are housed in the black acoustic and thermal insulation covers in
the foreground, while the permanent seismometers belonging to the KNMI are visible in
the background. Their instruments are insulated by glass vacuum enclosures.

• Hungary: Gyöngyösoroszi. The Gyöngyösoroszi mine is situated 107 km NorthEast from Budapest in the Mátra mountains. This old zinc-lead mine has horizontal access with underground depths ranging from 100 to 400 m at an elevation of
∼400 m. Local rock type consists of volcanic andesite and andesite tuﬀ. An ecological rehabilitation of the neighborhood and mine was started in 2009. The mine
contains a number of long straight drifts of which the longest is 3 km. The seismic
stations were placed 1.4 and 3.8 km from the entrance at depths of 70 and 400
m respectively. There is a permanent seismological observatory of the Hungarian
Academy of Sciences at Piszkéstetö on the site of the Konkoly Thege Astronomical
Observatory. It is situated about 4 km from the mine entrance.
• Romania: Slănic. Slanic-Prahova is located 40 km NE of Ploiesti, or 100 km north
of Bucarest in Romania. Large caverns 30 m wide and 35 m high, dug in salt,
are presently existing and a low background laboratory was successfully installed
in one of the caverns. The salt exploitation ended in 1971, however, another salt
mine is still active in the same salt deposit. For the time being the mine is used for
tourism and medical purposes. Access into the mine is available via an elevator able
to carry up to 10 tons. The current network area of galleries of the Unirea salt mine
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are large, 70 000 m2 with 2.9 million m3 having already been excavated. Nearby
seismic stations show very low seismic activity in the area. Both seismometers were
set-up side by side at a depth of 190 m.
• France: Frejus. The underground laboratory ‘Laboratoire Souterrain de Modane’
(LSM), is located along the road tunnel between the French town of Modane
and Italy. The overburden at this site is 1700 m of hard-rock or 4800 meters of
water equivalent. LSM, in operation since 1982, already hosts two particle physics
experiments requiring an extremely low-background environment to study neutrino
properties and to search for dark matter. A seismic station was set-up next to
NEMO 3, a neutrinoless double beta decay experiment.
• Spain: Canfranc. The Canfranc Underground Laboratory ‘Laboratorio Subterráneo de Canfranc’ (LSC) is located on the Spanish side of the Pyrenees, under the
mountain of ‘El Tobazo’ and has various particle physics programs aimed at very
low background experiments for the study of neutrino properties and the search
for dark matter. It has 2500 m water equivalent overburden at depths of around
900 m and can be accessed via the roadway or decommissioned railway tunnels.
A seismic station was placed in an escape gallery between the road and railway
tunnels at a depth of 800 m.
• Italy: Gran Sasso. The Gran Sasso National Laboratory is the largest underground
laboratory in the world for experiments in particle physics, particle astrophysics
and nuclear astrophysics. It is located between the towns of L’Aquila and Teramo,
about 120 km from Rome. The underground facilities are located on one side of the
ten kilometer long freeway tunnel through the Gran Sasso mountain at an average
depth of 1400 m. They consist of three large experimental halls, each about 100
m long, 20 m wide and 18 m high and service tunnels, for a total volume of about
180,000 cubic meters. One station was setup in a secluded gallery behind Hall A
while another was situated closer to the main tunnel.
• Italy: Sardinia. The Mediterranean island of Sardinia is seismically quieter than
the Italian main land. This is due to its more central position on the European
tectonic plate, as opposed to near its boundary. Measurements were performed in
a mine near Lula, 50 km south of Olbia on the north-eastern side of the island.
This former lead-zinc mine is currently being rehabilitated to allow safe passage
into the mine for tourists.
• Italy: Sicily. The Italkali salt mine is situated near the town of Realmonte on the
southern coast of Sicily, 10 km east of Agrigento. Salt is excavated by creating
huge caverns, some as large as 100 m in length. Measurements were taken at a
depth of about 60 m, at an elevation of 30 below sea level. Both stations were
installed in a storage cavern about 50 meters apart. One seismic station was on
a large concrete pad while the other was placed straight onto the salt floor. The
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mine was still in active use with a nearby conveyor belt in continuous operation
during the measurements.
• Germany: Black Forest. The Black forest observatory (BFO) is a geophysical observatory in operation since 1972, owned and operated by Karlsruhe University
and Stuttgart University. It is located in an abandoned silver mine and that now
houses various instruments including gravimeters, seismometers, tiltmeters and
strain gauges. The local rock type is granite and the overburden is up to 180 m.
The measurements were taken at a depth of 90 m along side one of the BFO
seismic stations.
• Finland: Sumiainen. The Finish bedrock is amongst the oldest and most stable in
Europe, ranging from 3.5 to 2.6 billion years old. This makes it relatively trivial to
construct underground caverns and tunnels. For this reason much of the infrastructure in Finish cities is built underground. Finland’s isolation from major oceans
and small population density could prove ideal for a low seismic background environment. No site was visited but data from an already installed surface seismic
observatory in central Finland, near Sumiainen, were acquired.
• Belgium: Mol. Near Mol in northern Belgium an underground laboratory has been
constructed to investigate the long-term eﬀects of construction in the “Boomse”
clay layer. Clay is impenetrable to water and has self healing properties. For these
reasons it has been proposed as an excellent candidate for the long-term storage
of highly active nuclear waste. The HADES underground laboratory administered
by EURIDICE is situated at a depth of 230 m in a clay layer roughly 150 m thick.
In 2002 a new gallery was constructed, in a cylindrical shape with a diameter of
4 m and a length of 80 m. A seismic station was setup in the new gallery and
measurements were carried out during the Christmas break of 2010.
• Japan: Kamioka. CLIO, a 100 m prototype cryogenic gravitational wave detector
has successfully been built in the former Kamioka mine near Toyama, 200 km
west of Tokyo. The same mine is also home to the Super-Kamiokande neutrino
observatory, and will house the 3 km interferometric gravitational wave detector
KAGRA, currently under construction. Two seismic stations were installed at the
CLIO end stations at depths of around 1000 m.
• USA: Homestake. The Homestake mine is located in the city of Lead close to
the western border of the state of South Dakota. Until its closure in 2002 it was
the largest and deepest gold mine in North America. It is also famous for the
deep underground experiment, set up by Raymond Davis Jr., that was the first
to detect solar neutrinos. Since 2007 the mine is being rehabilitated to house the
Deep Underground Science and Engineering Laboratory (DUSEL). An array of
seismic stations is being installed at depths ranging from 0 to 1500 m and will be
the first of its kind in terms of 3D coverage and depth. Two seismometers have
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been contributed by us to this array and data were taken for several months in
2010 and 2011.

3.3.3

Results from candidate sites

The following section discusses, in more detail, three locations that have been ear-marked
as potential sites for further investigation. The selection was based on the site’s low
seismic environment in the frequency range of interest to GW detectors. Seismic measurement results will be presented and discussed, then summarized for all sites in the
following section. A summary of data from all other sites is given in Appendix A.
Sos Enattos mine, Sardinia, Italy
The Sos Enattos mine, Lula, Sardinia, is a former lead and zinc mine of schist rocks
composed of sphalerite ([Zn,Fe]S) and galena (PbS). It is situated 50 km south of Olbia
on the north-western side of the island, 20 m from the coast. A map of the mine is
shown in Fig 3.6, where the yellow circle indicates the area where the measurements
were carried out. The seismometers were placed at a depth of 189 m, at an elevation of
206 m above sea level. Data were collected from June 31, to July 5 2010.
The spectral variation plots from data taken from the Sos Enattos mine are shown
on the left of Fig. 3.7. The primary and secondary microseismic peaks are visible at
0.08 and 0.2 Hz respectively and are within an order of magnitude of, or touching
the low noise model. This is due to the relatively large distance to the Atlantic ocean
(1000 km to west coast of France). At higher frequencies, between 0.4 and 0.8 Hz an
extra ‘tertiary’ microseismic peak can be seen. This is due a similar eﬀect that cause
the usual microseisms but originates from the Mediterranean sea and is typical of other
Italian sites [99].
In the frequency range from 2 to 20 Hz a large variation in the spectral density is evident.
Observing the spectrogram on the right of Fig. 3.7 that plots the spectral density as
a function of time, it is clear that this variation has a daily pattern, indicating that
the dominant seismic noise at these frequencies originates from anthropogenic sources.
Moreover, in the 2 - 8 Hz range the heightened activity seems to occur during the
late morning, on all days except Sunday. This coincides with the miners schedule of
underground works and tourist activity during these hours.
LSC, Canfranc, Spain
The Canfranc Underground Laboratory is located under the mountain ‘El Tobazo’ in the
Northern Pyrenees, along the 8.5 km road tunnel spanning the French-Spanish border.
Situated under 850 m of rock providing an overburden a 2500 m water equivalent makes
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Figure 3.6: Underground map of the Sos Enattos mine, Sardinia. The yellow spot indicates
the measurement location, at an elevation of 206 m and depth of 189 m.

Figure 3.7: Left: The horizontal acceleration spectral variation from the Italy - Sardinia
site. The ‘tertiary’ microseismic peak as a result of microseisms from the Mediterranean
sea is evident from 0.4 to 0.8 Hz. Large variations at higher frequency are the result of
work in the mine and other anthropogenic activity. Right: The spectrogram of the horizontal motion. Day and night variation is visible as is the morning underground activity on
Thursday, Friday and Saturday.
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it suitable for low background experiments. Access to the laboratory is via either the
road tunnel or the parallel decommissioned railway tunnel.
Seismic measurement stations were set up at two separate locations. The first was just
behind the access door to a small low background laboratory along the railway tunnel.
Due to continuos mechanical activity from pumps and ventilators in the laboratory as
well as nearby construction work at the main laboratory, the data from this station were
deemed unsuitable for background seismic measurements. A second seismometer was
installed in a gallery connecting the road and railway tunnels and acts as an emergency
escape route. This location was half way along the tunnel and 1 km away from the
laboratory and other human or mechanical activity (besides the traﬃc in the road tunnel
some 50 m away) at a depth of 900 m.

Figure 3.8: Left: The horizontal acceleration spectral variation from the Spain - Canfranc
Underground Laboratory site. The relatively large microseismic peak is a result of the sites
proximity to the atlantic ocean. The small spectral variation at high frequencies is due to
the low population density of the area. Right: The spectrogram of the horizontal motion. No
diﬀerence in day and night activity is distinguishable indicating there are no anthropogenic
sources contributing to seismicity at this site. The heightened low-frequency activity at
t ≈ 0.6 days is thought to be an earthquake of magnitude 6.5 originating from the Bering
sea area.

The results from the second Canfranc seismic station are presented in Fig. 3.8 showing
the horizontal spectral variation on the left. The high microseismic peak around 0.2 Hz
is evident, consistent with the relatively close proximity of 130 km to the Atlantic ocean.
At higher frequencies (2 - 20 Hz), the seismicity is low. The variation in the PSD values
at these frequencies is small, having just half an order of magnitude between the 10 and
90% levels. In the spectrogram on the right of Fig. 3.8, the day and night variation, a
measure of anthropogenic activity, is not observed, a result of the very low population
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density of the area and the considerable depth of the site. This is also evident in day
and night ratios to be discussed later and plotted in Fig. 3.10, for this and the other
sites.
Gyöngyösoroszi mine, Hungary
The Gyöngyösoroszi mine in Hungary is a former lead and zinc mine that is currently
being rehabilitated for environmental reasons. This provided an excellent opportunity to
enter safely into the mine without any large scale mining activity nearby. It is situated
107 km north-east of Budapest in the Mátra mountains at an elevation of 400 m above
sea level. The surrounding geology is andesite, an extrusive igneous, volcanic rock. Access
into the mine was possible on an electric locomotive through a horizontal access tunnel.

Figure 3.9: Left: The horizontal acceleration spectral variation from the Hungary Gyöngyösoroszi mine site. The microseismic peak drops oﬀ quickly providing a low noise
environment above 1 Hz. Right: The spectrogram of the horizontal motion. The large event
after 2 days is an Earthquake in Mexico with a magnitude of 7.2. Day and night variations
due to anthropogenic noise at higher frequencies are still visible.

Two separate seismometer stations were installed at locations along the main drift. At
each site the miners had excavated a small hollow into the tunnel wall so that the
instruments could be safely installed without being inundated by the small, but steady,
flow of water and mud. The first location was 1435 m from the entrance with a rock
overburden of 70 m. The second location was 3750 m from the entrance at a depth of
400 m. A permanent seismic station of the Hungarian Academy of Science was situated
at the surface, just 2.5 km away from the deepest station. Data were also obtained from
this station and compared with the two underground sites. The results show an order
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of magnitude decrease in seismic noise between the surface and underground locations
at frequencies above 1 Hz.
The spectral variation plot of the Gyöngyösoroszi seismic results are plotted on the
left of Fig. 3.9. The microseismic peak at 0.2 Hz is again obvious and its tail drops oﬀ
faster than, for example, the Spanish site. From 1 to 8 Hz the acceleration PSD of the
horizontal component stays flat and just 1.5 orders of magnitude above the NLNM. At
higher frequencies the upper limit of the spectral variation increases by another order
of magnitude. This is due to anthropogenic activity that is penetrating down to the
measurement site. Evidence of this can be seen in the spectrogram plotted on the right
of Fig. 3.9, where a clear day and night pattern is visible. The large event after 2 days
is an Earthquake in Mexico with a magnitude of 7.2 [100].

3.3.4

Summary of seismic measurement results

Next we discuss general observations from the seismic survey as well as presenting an
overview of results from all sites.
The relation between seismic noise above 1 Hz and cultural activity has been stressed
several times. It becomes evident in the day to night ratios plotted for various sites in
Fig. 3.10. There is an obvious dependence on day-time activity with day-time spectra
exceeding night-time spectra by up to 30 dB. The Spanish site however, shows no sign
of diurnal variation which can be explained by the depth and remoteness of the site. It
is situated in the northern Pyrenees, where the population density is just 1.38 people
per km2 in comparison with 10, 75 and 180 people per km2 for the Sardinian, Hungarian
and Romanian sites respectively. The extreme ratio of the Romanian site is also due to
daily mining activities in the same salt structure.
The seismic characterization studies focused on underground locations as cultural seismic noise is generated at the surface and reduces with depth. At various sites it was
possible to also obtain seismic data taken at various depths during the same measurement period so that an analysis could be made of seismic noise as a function of depth.
At the Hungarian site, surface data just 2.5 km away from the measurement location
were made available by the Hungarian Academy of Science. These have been plotted
in Fig. 3.11a as a spectral variation along with data taken by us at 70 m and 400 m
depths. At least an order of magnitude diﬀerence in seismic power is evident above 1
Hz. Data from the Homestake mine seismic array in South Dakota, USA, were used by
us to characterize underground seismic noise [85]. Average spectra of data taken during
January 2010 at 90, 610 and 1250 m depths are plotted in Fig. 3.11b. They show that
seismic power is nearly two orders of magnitude weaker at the 1250 m than at the 90 m
level.
The horizontal displacement amplitude spectral density (ASD) of the Spanish site and
resulting integrated rms curve are shown in Fig. 3.12. These results represent a low
seismic noise environment. The corresponding rms value at 2 Hz is 0.07 nm.
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Figure 3.10: Midday versus midnight noise PSD ratios as a function of frequency. The
variations show a strong correlation between seismic noise and human activity at frequencies
above 1 Hz. The Romanian site is an extreme case due to the mining activities in the same
salt deposit during data taking.
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Figure 3.11: Seismic noise dependence on depth. a) Comparison of seismic spectral variation from the Hungarian site taken during the same period (3 - 6 April 2010) at the surface
and at 70 and 400 m depths. The seismic power is more than an order of magnitude weaker
at a depth of 400 m than at the surface b) Comparison of average seismic spectra measured
at 90, 610 and 1250 m depths at the Homestake mine in South Dakota, USA (1 - 31 Jan
2010). The seismic power is nearly two orders of magnitude weaker at 1250 m depth than
at the 90 m level.
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The rms levels for all the locations are given in Table 3.2. An rms cut-oﬀ frequency of
fc = 2 Hz was chosen as this is roughly the sensitivity lower bound of proposed future
generation detectors and where Newtonian noise is expected to limit the sensitivity. We
see that the three quietest sites have rms values below 0.1 nm while, by contrast, the
noisiest site (Virgo) has an rms value of 27 nm. We notice a rough trend in rms values
with respect to depth, with generally lower rms values obtained at underground sites,
while most of the surface sites feature amongst the seismically loudest. We have already
shown that there is a strong correlation between seismic noise and depth, however it is
not true that the deepest sites always provide the quietest locations. As we have seen
there is still a strong dependence on nearby cultural activity and population density. In
addition, it is also possible to find surface sites that are as quiet as many of the underground locations. This is an important conclusion as it means that a future generation
detector may be built at a suitable location on the surface, potentially reducing the
construction costs.
A plot of the spectral variation from a selection of sites is given in Fig. 3.13. The
spectral variation is calculated from half hour averaged power spectra. The 90 and 10
percentiles, defined as the level under which the PSD remains for 90 and 10 percent of
the time respectively, provide an indication of the variation in the seismic power. The
transparent color regions of Fig. 3.13 are bounded by the 90 and 10 percentiles while the
solid curves represent the mode or most common PSD value in each frequency bin. For
comparison the spectral variation at the site of the Virgo gravitational wave detector is
also given.
From these results and those given in Table 3.2, we conclude that selecting a suitable
location will improve seismic conditions by several orders of magnitude above 1 Hz. A
realistic requirement for a suitably seismically quiet site for a future generation gravita-
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Location
Spain
- LSC, Canfranc
Italy
- Sardinia
Hungary
- Gyöngyösoroszi
France
- Frejus
Japan
- Kamioka
Finland
- Sumiainen
Italy
- Gran Sasso
Germany
- Black forest
USA
- Homestake mine
Romania
- Slănic-Prahova
Germany
- Moxa
Netherlands
- Heimansgroeve
Belgium
- Mol
USA
- LIGO, Hanford
Germany
- GEO600, Sarstedt
USA
- LIGO, Livingston
Italy
- Sicily
Italy
- Virgo, Pisa

Depth [m]

Elev. [m]

900

1600

Seis. rms [nm]
(fc = 2 Hz)
0.070

Basic geological
description
Granite/limestone

185

205

0.077

Granite/schist

400
70
1750

400
400
1000

0.082
0.12
0.10

Andesite

1000

358

0.11

Granite/gneiss

0

185

0.11

Granite/granodiorite

1400

970

0.13

Sedmentary rock

95

850

0.20

Granite

1250
610
190

350
990
195

0.21
0.39
0.25†

Sandstone/granite

35

455

0.70

Clay slate/graywacke

10

135

1.1

Carboniferous rock

230

-205

2.1

Clay

0

142

3.8

Sedimentary rock

0

64

4.0

Sedimentary rock

0

-7

4.3

Sedimentary soil

60

-30

9.2†

Salt

0

52

27

Sedimentary soil

Basement rock

Salt

Table 3.2: Summary of the locations investigated as part of the Einstein Telescope seismic
studies. The seismic noise rms level is obtained from displacement spectra averaged over
several days and integrated for frequencies above 2 Hz. For rms values denoted by a dagger
(†) mining or other underground activities were underway during data taking.
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Figure 3.13: Spectral variation results for various sites. The transparent color regions are
bounded by the 90 and 10 percentiles while the solid curves represent the mode or most
common PSD value in each frequency bin. The dashed black curves indicate the Peterson
new high and low noise models.

tional wave detector can now be given. The requirement defines a level below which the
seismic motion, averaged over several days, should remain. We propose that this requirement be set by the following parameterization of the average displacement amplitude
spectral density:
�
�2
�
√
1 Hz
−10
Pxx (f ) = 5 · 10
[m/ Hz], 1 < f < 10 Hz.
(3.6)
f
This corresponds to an rms value of 0.1 nm at 2 Hz and an acceleration PSD requirement
that is constant in frequency and given by 4 · 10−16 (m2 /s4 )/Hz.

Geophysical aspects of (underground) construction will play a crucial role in site selection
and covers a vast number of topics and considerations. Here we will restrict the discussion
to a few general observations. From Table 3.2 we notice that the most seismically quiet
sites are found in hard rock geologies, while the soft geologies such as salt and clay,
feature amongst the highest seismic noise environments. In terms of construction of
underground facilities, rock stability is a crucial factor, which tends to be more favorable
in hard rock geologies. However, rock properties will also play a role in the transfer of
seismic to Newtonian noise as we will demonstrate in Chapter 4.

79

Chapter 3. Seismic noise

3.4

Virgo seismic correlation measurements

The correlation properties of the seismic motion is of importance to the Newtonian noise
problem and in particular to developing an eﬀective subtraction array. For example, large
areas of coherently moving ground mass produce Newtonian noise adding coherently at
the test mass and may require a less-densely populated sensor array to predict the testmass motion. On the other hand, smaller areas of incoherently vibrating soil will produce
Newtonian noise that adds incoherently at the test-mass yet will require a denser grid of
sensors to monitor the seismic fields. In addition, the (cross) correlation between sensors
and Newtonian noise is important for developing optimal filters for the subtraction of
Newtonian noise, as we will see later. A theoretical background to seismic correlation
was given in 1.3.2. Here we discuss the measurements done at the Virgo site followed by
a presentation of the results and analysis of the seismic correlation data.

Figure 3.14: Virgo central area indicating station locations for the seismic correlation
measurements. Two Trillium 240 seismometers were used with one permanently stationed
at the site closest to the central building and the other at a distance of 10, 35, 135, 300, 540
and 1500 m (not shown) along the west arm. The measurements were taken in the evenings
after 7 pm when activity at the site was minimal. At each site the Trillium was allowed to
settle for half an hour and then 40 minutes of data were taken. Source: GoogleMaps.

3.4.1

Correlation measurements

Seismic correlation measurements were performed at Virgo during week 26 of 2012.
Measurement stations were set up by digging holes about 10 cm deep to remove veg-
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etation and loose soil. Then a thin layer of cement was used to secure a granite tile
to the ground. Stations were setup along Virgo’s west arm starting outside the central
building between the input mode cleaner and main arm tube buildings. Stations were
situated at distances of 10, 35, 135, 300, 540 and 1500 m from the first (0 m) station.
The measurement stations are indicated by blue markers in Fig. 3.14.
Two Trillium 240 seismometers were used with one situated permanently at the 0 m
station and the other consecutively at each of the other stations. The seismometer was
placed on a tile, water leveled and covered by a polyurethane acoustic and thermal
insulating cover. It was allowed to settle for around 30 minutes and then 40 minutes of
data were taken. Taking data synchronously at both stations is imperative for correlation
measurements. This was achieved with GPS receivers that could be triggered to record
an absolute time stamp, accurate to within 20 ns, on the same trigger that starts the
data acquisition. This was repeated every 128 seconds so the data could later be shifted
by the diﬀerence between the two GPS time stamps. Data were sampled at 2048 Hz
providing a timing accuracy of around 1 ms. All measurements, with the exception of
those from the 540 m site, were performed after 7 pm when human activity at the site
was minimal. The wind activity also dropped noticeably in the evening hours.

3.4.2

Correlation results and analysis

The coherence results for all separation distances are shown in Fig. 3.15. As predicted the
coherence is close to unity at low frequencies and short separation distances, and falls oﬀ
considerably at higher frequencies and longer separation distances. At a distance of 10
m no significant coherence was detected above 6 Hz, while at 1500 m this threshold has
reduced to 0.5 Hz. Heightened coherence is detected between 1.5 and 3.2 Hz possibly due
to local sources such as traﬃc on the nearby high-way [90]. Various peaks in coherence
are also observed at higher frequencies, likely a result of other local sources. The generally
poor coherence at the 540 m station can be attributed to the connection of the Trillium
to the ground; also these were the only measurements taken during the day when wind
and human activity were highest.
The poor coherence at frequencies below 0.2 Hz relate to the settling time and thermal
eﬀects of the T240s. The manufacturer recommends a settling time of around 5 hours
in order for the instrument to reach a thermal equilibrium and allow release of any
mechanical stresses. In view of the limited time available to us this was impractical and
was of little significance at the frequencies most relevant for this study.
The correlation (real part of Eq. (1.39)) results for 10 and 35 m separation are plotted
in Fig. 3.16. From these results we can learn more about the dispersive properties of the
soil. An estimate of the wave speed is made as a function of frequency. To do this the
correlation results shown in Fig. 3.16 were divided into frequency bins of width 0.1 Hz
and the data in each bin averaged. The Bessel function of Eq. (1.41) was fit through
the averaged results, with velocity as the only free parameter. An example of such a fit
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Figure 3.15: Coherence results for separation distances of (a) 10, 35 and 135 m and (b)
300, 540 and 1500 m. Even at short distances coherence between seismic motion is lost above
6 Hz, this threshold decreasing with increasing distance to 0.5 Hz at 1500 m. Heightened
coherence is detected between 1.5 and 3.2 Hz possibly due to local sources such as traﬃc
on the nearby high-way. Various peaks in coherence are also observed at higher frequencies,
likely a result of other local sources. The generally poor coherence at the 540 m station
may be attributed to the connection of the Trillium to the ground, also these were the only
measurements taken during the day when wind and human activity were highest.

for the frequency bin centered around 2.35 Hz is shown in Fig. 3.17a and results in a
wave speed of 368 m/s. The resulting measured velocity profile is shown in Fig. 3.17b
together with an empirical exponential fit given by
cR,Virgo (f ) = 150 + 1000e−f /1.5

[m/s].

(3.7)

Based on our velocity profile a model of the correlation can be made based on Eq. (1.41).
The model results have also been plotted for the 10 and 35 m separation distances in
Fig. 3.16 and correspond well with the measured correlation up to frequencies around
the first node of the Bessel function. The physical origin of the dispersive properties
lies in the penetration depth of the surface Rayleigh waves. At low frequencies and long
wavelengths the Rayleigh waves penetrate to greater depths where the soil density is
much higher, allowing them to propagate at higher velocities. A study of the seismic
impact of a nearby wind farm on Virgo was performed by Saccorotti et al. in 2009 [101].
A 2D array of seismometers was deployed close to the wind farm, roughly 7 km from
Virgo’s central building. The inter-seismometer delay times were analyzed to derive the
apparent velocity of the waves impinging on the array. These results are also plotted in
Fig. 3.17b where the gray bars indicate the spread of derived wave speeds adopted from
Fig. 7 of Ref. [101]. The two techniques provide similar results although we estimate the
wave speeds to be slightly higher in the 1.5 - 4 Hz region at the Virgo site.

82

3.4. Virgo seismic correlation measurements

1


Correlation




0

ï
ï
ï
ï
10

10 m
10 m model
35 m
35 m model
0

1

10
Frequency [Hz]

10

Figure 3.16: Correlation results for separation distances 10 (red curve) and 35 m (green
curve). Bessel function models calculated by using the dispersion profile derived from the
measurements are also plotted (dashed black curves). This shows that the models are
accurate assumptions for frequencies below the Bessel functions first node.
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Figure 3.17: The velocity profile fitting process. a) Fitting the Bessel function (black
dashed curve) with wave velocity as only free parameter for measured data averaged in the
range from 2.3 - 2.4 Hz for separation distances 10 and 35 m (blue markers). The velocity
in this case was found to be 368 m/s. b) Velocity profile found from fitting Bessel functions
to the data. An exponential curve was fitted empirically resulting in the velocity profile
approximation of cR (f ) = 150 + 1000e−f /1.5 (black dashed curve). The spread in wave
speeds derived by Saccorotti [101] at a nearby site are indicated by grey bars.
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Soil density is a key factor in Newtonian noise calculations. From the velocity measurements we can derive an estimate of the soil density profile at the Virgo site. We
remember from Eq. (1.30) that the wave speed is dependent on the medium density ρ,
the Young’s modulus (which is also dependent on ρ) and the Poisson ratio. We have no
valid assumptions for the Young’s modulus or Poisson ratio. Instead we rely on Gardner’s equation that provides a relationship between soil density and P-wave speed cP .
The equation reads
ρ = αcP β ,
(3.8)
for a soil density in g/cm3 and P-wave speed in m/s. The constants α and β are empirically fit parameters based on in situ results in various geologies. Gardner et al. [102]
proposed that a good fit could be obtained by taking α = 0.31 and β = 0.25. We arrive
at the P-wave speed via the Rayleigh and S-wave speed ratio found with Eq. (1.35) and
the P- and S-wave speed ratio obtained from Eqns. (1.30) and given by
cS
=
cP

�

1 − 2ν
.
2 − 2ν

(3.9)

Literature provides us with estimates of the Poisson ratio for various soil types with
hard rock and concrete having values in the range 0.1 - 0.3 and clay in the range 0.3 0.45. As mentioned before, the dispersive properties are associated with the penetration
depth of the Rayleigh waves. We define the penetration depth of Rayleigh waves as
the average depth weighed by the vertical displacement amplitude. This works out to
be 0.25λR . We therefore define a characteristic depth of 0.25λR to which we can now
assign a density value. This definition will not be exact but can give an indication of
the densities we could expect at the Virgo site. The P-wave speed and corresponding
densities for various Poisson ratios have been plotted in Fig. 3.18 as a function of the
characteristic depth.
We see that the estimated density at the Virgo site is around 1.4 g/cm3 within the
first few meters of soil before rising to approximately 1.9 g/cm3 at characteristic depths
of a few hundred meters. The corresponding P-wave speeds range from roughly 400 to
1750 m/s. It should be noted that Gardner’s equation is valid for P-wave speeds in
the range 1000 - 8000 m/s. The shallow depth P-wave speeds presented here fall below
these limits so must be viewed with caution. Such low wave speeds and densities are
however, not unusual for dry alluvial soils [103]. In 2006 Stefanelli et al. combined data
from a microgravity vertical gradient survey with bore hole measurements to estimate
soil densities at the Virgo site, up to depths of 70 m [104]. They presented densities
between 1.5 and 1.7 g/cm3 , with a thin gravel layer of density 2.1 g/cm3 at a depth of
roughly 50 m. These values coincide well with those presented here. From these results
we conclude that the average density within the first few hundred meters of the soil
below Virgo can conservatively be estimated at 1.8 g/cm3 . Although this is likely to
be higher than the real value for shallow depths, it will not produce an overestimate of
Newtonian noise in subsequent calculations.
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Figure 3.18: P-wave speed and density as a function of characteristic depth for various
Poisson ratio’s. The characteristic depth has been defined as 0.25λR . The results give a
rough indication of the density profile expected at the Virgo site and coincide with those
found in other studies.

3.4.3

Discussion

It has been shown that seismic coherence at the Virgo site drops oﬀ quickly at high frequencies with no significant coherence detected above 6 Hz at a separation distance of 10
m. At larger distances this frequency threshold reduces to approximately 1 Hz at 135 m
and 0.5 Hz at 1500 m. High coherence at higher frequencies have been observed and
could be a result of local activity. The correlation analysis for the short baseline stations
at 10 and 35 m separation distances were used to estimate the dispersion properties
of the soil. The corresponding Bessel function model provided an accurate approximation up to frequencies around the first node. The dispersion relation obtained from the
data at the Virgo site was in good agreement with velocity profiles previously measured
nearby.
Future on-site measurements of seismic correlation would be useful to verify the results
presented here and in particular improve the accuracy of the dispersion model. This
could be done by using more measurement sites with a higher spatial density and by
including locations along Virgo’s north arm. Further analysis can also be done to verify
the origin of high frequency areas of increased coherence to link them to specific sources.
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3.5

Summary

The sources of ambient seismic motion have been discussed and characterized by frequency. VEBSN data from sites throughout Europe were used to illustrate microseismic
activity in relation to a site’s proximity to the North Atlantic ocean. From the same
data we were able to demonstrate the diurnal patterns in seismic noise at frequencies
above 1 Hz which was attributed to cultural noise.
We reported on global seismic noise characterization studies performed by us in conjunction with the Einstein Telescope design study. These focused on underground locations
in various types of geologies. The seismic studies have revealed that future generation
gravitational wave detectors will be able to benefit from significantly lower seismic environments, by up to several orders of magnitude in power spectral density, in comparison
with current
This amounts to a seismic requirement for Einstein Telescope
√ detector sites.
2
of 0.5 nm/ Hz (Hz/f ) above 1 Hz. It is important to note that by simply moving to a
more quiet seismic environment both Newtonian noise and seismic noise will decrease.
When considering a potential gravitational wave detector site, it is important to avoid
nearby industry, busy roads and train routes and highly populated areas. These anthropogenic sources are the main contributor to seismicity above 1 Hz. In general hard rock
underground sites provided the lowest seismic noise. Although some sites were shown to
exhibit clear reduction in seismic noise with depth, it is not the case that the deepest
locations were the quietest. Seismic noise at depth is still strongly dependent on the local
conditions and activity. More importantly, it was also shown that surface sites exist that
provide suitably quiet locations and have the added benefit of not needing expensive
underground construction.
We presented in more detail three sites that have promising seismic noise levels for
a future generation detector. These were the Gyöngyösoroszi mine in Hungary, LSC
in Canfranc, Spain and the Sos Enattos mine on Sardinia, Italy. Further seismic and
geological investigations will need to be carried out at or near these sites to address
issues such as long term (seasonal) seismic characteristics and suitability for underground
construction. In addition, we propose to include a low noise surface site (such as the site
at Sumiainen in Finland) in further investigations. Such a site could have a focus on
understanding how atmospheric eﬀects aﬀect seismicity, and the feasibility of a surface
detector.
Seismic correlation measurements performed at the Virgo site were presented and used to
estimate the dispersion relation of surface waves. From these results it was also possible
to make assumptions about the density of the soil around and below Virgo test masses.
The dispersion and density results will be used as input for Newtonian noise models to
make realistic predictions of Newtonian noise for Advanced Virgo and test optimized
Newtonian noise subtraction techniques.
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4
Newtonian noise

Fluctuations of the local gravitational field as a result of seismic displacements will limit
the sensitivity of future generation gravitational wave detectors at frequencies below 6
Hz and will already be visible in second generation detectors below 20 Hz during high
seismic activity. This eﬀect is known as Newtonian noise (NN). To get a better understanding of Newtonian noise and its eﬀect on gravitational wave detectors, Newtonian
noise models have been developed both analytically and by using finite element techniques. This chapter introduces Newtonian noise and its mathematical background, then
describes various models and discusses the implications for advanced and future generation gravitational wave detectors. Results of seismic studies presented in the previous
chapter show that considerable seismic noise reduction is possible compared to what
is achieved at current detector sites, particularly at underground locations. It will be
shown that in addition to a reduction in seismic activity, Newtonian noise subtraction
techniques will also be needed to achieve Advanced Virgo and Einstein Telescope target
sensitivities.

4.1

Introduction

Gravitational wave detectors are designed to measure the spatial and temporal fluctuations as a result of gravitational radiation from astrophysical phenomena. Seismic isolation systems, such as Virgo’s super-attenuator [65], have been developed to suppress the
mechanical coupling of seismic motion into unwanted vibrations of the interferometer
components. However, the seismic motion also creates variations in the local gravitational field, in turn producing fluctuating Newtonian forces on the interferometer test
masses. These subsequently appear as noise at the interferometer output. This so-called
‘Newtonian’ noise is a direct coupling between the interferometer test masses and their
surroundings. Newtonian noise can therefore not be shielded or otherwise mechanically
suppressed. In addition, it cannot be measured directly by any instrument other than
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the interferometer itself (or an equally sensitive gravitational wave detector). Therefore,
ensuring a suitably quiet environment is the first step in reducing the eﬀects of Newtonian noise. Newtonian noise is also associated with the movement of other media in the
surroundings of the test masses, such as the atmosphere, but also ventilation fans and
people walking by [105]. Newtonian noise generated by seismic motion has been shown
to produce the largest contribution [106] and will be the focus of this chapter.

4.1.1

Mathematical background

Seismic Newtonian noise is associated with density fluctuations in the surrounding
medium, such as soil or rock. Fig. 4.1 describes the key factors associated with Newtonian noise for a gravitational wave detector: A test mass is suspended above or, in the
case of an underground detector, within a medium and is free to move at the passing
of a gravitational wave. A coordinate system, xyz is chosen and the mirror is located
3
at y. The medium has a static or equilibrium density ρ0 and an instantaneous
d
r density
� t), where r is the position vector. The
ρ(r, t) caused by the seismic displacement field ξ(r,
position of any volume of soil dV with respect to the test mass is given by r� = r − y. A
δainNN
Newtonian acceleration a(y, t) is acting on the test mass and can be expressed
terms
of a static contribution astatic (y) plus a Newtonian noise contribution δaNN (y, t) due to
the seismic density fluctuations.
Test mass!

a(y, t) = astatic (y) + δaNN (y, t)
�

r

y
z y

r

dV

� t)
ξ(r,

x

Soil!

ρ(r, t)

Figure 4.1: Schematic overview of the mathematical description of Newtonian noise. The
interferometer test mass is suspended at y. A volume dV of soil at r undergoes a seismic
� t). The medium has an equilibrium density ρ0 (r) and an instantaneous
displacement ξ(r,
density ρ(r, t) = ρ0 (r) + δρ(r, t) caused by the seismic wave field.

In the case of seismic motion the continuity equation states that a change in density of
any part of a system is due to the inflow and outflow of material from that part of the
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system. Eﬀectively this means that mass is conserved. It is given by
∂ρ
+ ∇ · j = 0,
∂t

(4.1)

where j is the soil flux in kg m−2 s−1 . When the ground is displaced by a seismic wave
� t), the amount of material passing through an arbitrarily small area dS within
field ξ(r,
�˙ t) · dS. Here ξ(r,
�˙ t) is the
the medium, per second at r, is given by j · dS = ρ0 (r)ξ(r,
velocity vector field of the seismic motion. For a homogenous medium ρ0 (r) = ρ0 and
Eq. (4.1) simplifies to
∂ρ
�˙ t) = 0.
+ ρ0 ∇ · ξ(r,
(4.2)
∂t
� t) + C,
Integrating the above equation with respect to time, gives ρ(r, t) = −ρ0 ∇ · ξ(r,
� t) = 0),
where C is an integration constant. When there are no seismic excitations (ξ(r,
we see that C = ρ0 . Thus the density fluctuations as a result of seismic motion are
described by
� t).
δρ(r, t) = ρ(r, t) − ρ0 = −ρ0 ∇ · ξ(r,
(4.3)
We can now move to calculating the Newtonian forces acting on an interferometer test
mass. Newton’s second law determines that the acceleration a, due to Newtonian forces,
experienced by the test mass located at position y is given by
�
r�
a(y, t) = G
ρ(r, t) � 3 dV,
(4.4)
|r |
V
where G is the universal gravitational constant and ρ(r, t)dV represents an infinitesimal
mass element.
�

By combining Eqs. (4.3) and (4.4) and substituting |rr� |3 = k, the diﬀerential contribution
to Newtonian noise from density fluctuations as a result of the seismic displacements
within the medium, is given by
δaNN,Med (y, t) ≡ a(y, t) − astatic (y)
�
� t))kdV
= −Gρ0 (∇ · ξ(r,
�V
∂ξx ∂ξy ∂ξz
= −Gρ0 (
+
+
)kdV
∂y
∂z
V ∂x
��
�
�
∂k
∂k
∂k
= −Gρ0
(ξx knx + ξy kny + ξz knz )dS − (ξx
+ ξy
+ ξz )dV
∂x
∂y
∂z
S
V
�
�
� t) · ∇)kdV − Gρ0 (ξ(r,
� t) · n̂(r))kdS.
= Gρ0 (ξ(r,
(4.5)
V

S

Integration by parts (between step 3 and 4) has been used to separate volume V and
boundary S integral terms. Here n̂(r) = [nx , ny , nz ] is the unit vector normal to the
surface.

89

Chapter 4. Newtonian noise
The density perturbations of Eq. (4.3) are derived from density variations within a
medium and neglect eﬀects across medium boundaries where the density can no longer be
considered homogeneous. This term therefore only describes a contribution to Newtonian
noise from within the medium. An additional boundary contribution needs to be included
such that the total Newtonian noise, δaNN = δaNN,Med + δaNN,Bound . To illustrate the
origin of the boundary contribution we consider a surface area dS of a rock-air boundary.
� t) · n̂ of rock, or vicaDue to seismic vibrations, the surface area displaces air by ξ(r,
versa creates a void in the surface. Assuming that for small perturbations �n(r) does not
change with time and is evaluated at the unperturbed location of the surface, we can
describe the boundary contribution by
�
�
� t) · n̂(r)) r dS.
δaNN,Bound (y, t) = Gρ0 (ξ(r,
(4.6)
|r� |3
S
Comparing Eqs. (4.5) and (4.6) we see that the boundary integral term from Newtonian
noise within the medium cancels with the boundary Newtonian noise contribution. This
leaves us with a final total given by
�
� t) · ∇)kdV.
δaNN (y, t) = Gρ0 (ξ(r,
(4.7)
V

Physically this equation describes the gradient of the position vector k, scaled by the
seismic motion in each respective direction.

4.1.2

Newtonian noise derivation for numerical analysis

Numerical calculations of Newtonian noise require that the above integrals become summations over discretely sampled finite volumes of simulated media. This is useful, for
example, for finite element simulations. We now rewrite the Newtonian noise equations
into a form that can easily be cast into numerically solvable formulae. The scalar gradi� t) · ∇ = ξx ∂ + ξy ∂ + ξz ∂ ), acting on vector k, yields a
ent operator in Eq. (4.7) (ξ(r,
∂x
∂y
∂z
Jacobian type matrix with for the first derivative of component kx :
� � �
∂kx
∂
rx
=
∂x
∂x |r� |3
�
�
∂
rx�
=
∂x (rx�2 + ry�2 + rz�2 )3/2
1
rx� rx�
= �2
−
3
(rx + ry�2 + rz�2 )3/2
(rx�2 + ry�2 + rz�2 )5/2
�
1 �
= � 5 |r� |2 − 3rx� rx� ,
(4.8)
|r |
and for the general case
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�
∂ki
1 �
= � 5 δij |r� |2 − 3ri� rj� ,
∂rj
|r |

(4.9)
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where δij is the Kronecker delta function, and the indices take the values x, y and z.
The Newtonian noise term can now be written as
 �2


�
|r | − 3rx�2
−3rx� ry�
−3rx� rz�
ξx
1 
−3ry� rx�
|r� |2 − 3ry�2
−3ry� rz�   ξy  dV. (4.10)
δaNN (y, t) = Gρ0
� |5
|r
�
�
�
�
V
ξz
−3rz rx
−3rz ry
|r� |2 − 3rz�2
The rotation free property of the gravitational field is evident in the symmetry of the
matrix above. We continue by rewriting Eq. (4.10) as
�
�
1 �� � 2
�
�
�
�
δaNN (y, t) = Gρ0
ξ|r | − 3(rx ξx + ry ξy + rz ξz ) · r dV
� 5
V |r |
�
�
1 �� � 2
� �
�
= Gρ0
ξ|r | − 3(r · ξ) · r dV
|r� |5
�V
�
1 ��
� �
�
= Gρ0
ξ
−
3(r̂
·
ξ)
·
r̂
dV,
(4.11)
� 3
V |r |
�

where the unit vector r̂� = |rr� | has been introduced and points to the position of the
center of mass of the volume element. Note that Eq. (4.10) can also take the form
�
�
δaNN (y, t) = Gρ0 (∇ ⊗ k)ξdV,
(4.12)
V

where ⊗ denotes a dyadic product. The Newtonian noise equations can now be cast into
equivalent numerical approximations given by
N
�
�
1 ��
� �
�
δaNN (y, t) = Gρ0
ξi − 3(r̂i · ξi ) · r̂i Vi ,
|r� i |3
i

(4.13)

where i = [1, .., N ] with N the number of discrete elements and Vi the volume of the
i-th element.
Alternatively one could consider the problem from a discrete point of view right from
the start. We will demonstrate that this is mathematically equivalent to the previously
presented expression derived from the continuous case. We now consider one soil volume
element i of mass mi situated at ri . The mass will create a constant Newtonian acceleration at a test mass at y of ai . This is shown schematically in Fig. 4.2. The volume
element is then displaced (due to a seismic wave field) by ξ�i (t). The element is now situated at r��i (t) = r�i + ξ�i (t) (remembering that r� = r − y) and the Newtonian acceleration
gets an additional Newtonian noise term, δaNN,i . The initial Newtonian acceleration is
given by
ai (y, r�i ) = Gmi ki ,
(4.14)
while for a displaced element a Taylor series expansion at r�� can be made around r� to
approximate the Newtonian acceleration after the displacement. For simplicity we now
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ξ�i (t)

Figure 4.2: A point mass
dmi produces a static Newtonian acceleration at point y
of ai . When the point mass
is displaced by ξ�i (t) an additional fluctuating Newtonian
noise contribution δaNN,i (t) is
generated at y.

dmi

r�i

ri

r��i (t) = r�i + ξ�i (t)

δaNN,i (y, t)
dai (y, t)

O

y

only consider one component of the Newtonian acceleration ax which can be described
by
1
ax,i (y, r�i + ξ�i (t)) = ax,i (y, r�i ) + ∇ax,i (y, r�i )ξ�i + ξ�iT ∇2 ax,i (y, r�i )ξ�i + O(ξ�i )3 .
2

(4.15)

Note that ∇ax,i (y, ri � ) is the gradient of a scalar function, producing a vector. In the
general case, ∇ai is the gradient of a vector function which is often denoted by the
Jacobian matrix Ja (x, y, z) or by the dyadic product ∇ ⊗ ai . Similarly ∇2 ax,i (y, r�i ) is a
matrix of all second partial derivatives of the scalar function ax,i (y, ri � ) and is known as
the Hessian matrix, Ha (x, y, z).
The first term in Eq. (4.15) is the constant acceleration term of a stationary particle
and is of no interest to Newtonian noise. The second or dipole term, contains the first
Newtonian noise contribution and scales with |rξ� | . The third or quadrupole term also
i

contributes to Newtonian noise but scales with ( |rξ� | )2 . For Newtonian noise from seismic
motion where

ξ
|r�i |

i

is in the order of 10−6 or less, this quadrupole and all higher order

terms can be neglected. However, for other sources of Newtonian noise where |rξ� | is on
i
much larger scales these terms may not be negligible. For example this may be the case
for vibrations of support structures close to the test mass [107], or for objects which
display movement on the same order as the distance to the test mass e.g. ventilation
fans and people walking [105].
Combining Eq. (4.14) with the second term in Eq. (4.15) and exploiting mi = ρ0 Vi , we
arrive at a description of Newtonian noise from seismic displacements given by
δaNN,i (y, t) = Gρ0 (ξ�i · ∇)ki Vi .

(4.16)

This is an identical result as that found in Eq. (4.7). In the same way presented at
the beginning of this section, Eq. (4.16) can be rewritten into the following identical
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equations
δaNN,i (y, t) = Gρ0 (∇ ⊗ ki )ξ�i Vi ,
�
1 �
δaNN,i (y, t) = Gρ0 � 3 ξ�i − 3(r̂�i · ξ�i ) · r̂�i Vi ,
|ri |

(4.17)
(4.18)

where r̂�i is the unit vector in the direction of r�i . A summation over all mass elements
will provide the total Newtonian noise contribution.

4.2

Surface detector models

In his 1984 article on ‘Terrestrial gravitational noise’ Saulson [108] presents an analytical
solution to the Newtonian noise problem for a homogeneous half-space model. In this way
he is able to estimate Newtonian noise for a surface detector due to density fluctuations
in the atmosphere and ground. This model assumes that all the contributions to seismic
motion and hence Newtonian noise are from compressional (P) waves and that the
seismic fluctuations are coherent over regions of λ/2, where λ is the acoustic wavelength.
In this simplified model of discrete regions Saulson had to introduce an integral lower
cut oﬀ (rmin = λ/4) for regions close to the test mass. This was needed in order to
allow the summation over all regions to converge due to the 1/r2 characteristic of the
gravitational field. The resulting equation yields the diﬀerential arm cavity motion of
the interferometer mirrors which is four times (in power) the motion of an individual
mirror. It is given by
4π Gρ0
Xdiﬀ (ω) = √
Xseis (ω),
(4.19)
3 ω2
where G is the gravitational constant, ρ0 is the ground density and Xseis (ω) the seismic
displacement amplitude spectral density. The squared radial frequency ω 2 appears in
the denominator on the right hand side to transform acceleration to displacement.
Thorne and Hughes [109] extend Saulson’s model by expressing Newtonian noise as
a function of a dimensionless factor β. This factor was coined the reduced transfer
function. Its purpose is to account for the coupling of the various seismic wave modes
to Newtonian noise and is constructed out of a weighted sum of the reduced transfer
functions of individual modes. The equation for the diﬀerential test mass motion then
becomes
Gρ0
Xdiﬀ (ω) = 4π 2 βXseis (ω).
(4.20)
ω
Thorne and Hughes go on to derive expected values of β which vary between β ≈
0.35–0.6 and β ≈ 0.15–1.4 for seismically quiet and noisy times respectively, depending
on geology and wave mode composition. Comparing√Eqs. (4.19) and (4.20) we see that
Saulson’s estimate of β would have been βSaulson = 1/ 3 = 0.58 which is easily within the
range given by Thorne and Hughes. The outcome of these models is used to verify later
results and is plotted in Fig. 4.12. The model can also be applied to data from seismic
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Figure 4.3: Estimated Newtonian noise for Advanced Virgo. Calculated from Eq. (4.20)
with 1 week of seismic data from the Virgo site. Newtonian noise is shown as a spectral
variance indicating the amount of time that is spent at each strain level. Other relevant
noise sources and the total strain budget are also plotted. We see that during high seismic
activity the Advanced Virgo sensitivity will be limited by Newtonian noise.

measurements taken at the Virgo site to provide an estimate of the Newtonian noise
levels for Advanced Virgo. From the diﬀerential test mass motion the strain sensitivity
of a gravitational wave detector is simply h ≡ δx/L 1 , where L is the interferometer arm
length which is 3 km in the case of Advanced Virgo. An estimate of the Newtonian noise
from 1 week (14 - 21 July 2010) of relatively high seismic activity is plotted in Fig. 4.3
along with the Advanced Virgo sensitivity curve (without Newtonian noise) and other
significant noise sources. Here β = 1.18 and ρ = 2.3 g/cm3 as defined in the Advanced
Virgo sensitivity document [110]. We see that during high seismic activity the Advanced
Virgo sensitivity will be limited by Newtonian noise.

1

Here δx is the diﬀerential motion or path length diﬀerence between both interferometer arms. This
is often denoted by two times the single arm motion, δx = 2δl.
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4.3

New methods for Newtonian noise modeling

Recent modeling of Newtonian noise involves both analytical and finite element (FE)
analysis techniques. Because future gravitational wave detectors are likely to be built
underground, these models attempt to describe Newtonian noise as a function of depth
of the underground test masses. A major challenge of underground Newtonian noise
modeling is making correct assumptions about contributions from the various seismic
wave types. In addition, the proximity of sources needs to be taken into account. For
nearby or ‘local’ excitations, the wave fields are seen to propagate radially away from
a single point source, whereas wave fields from distant sources can be approximated as
a combination of plane waves. We typically assume that sources of distant wave fields
are at a distance d � λP = cP /f from the observer. For local sources, the analytical
solutions of the wave fields are complex and involve all wave field types. In this case,
we rely on FE analysis that can predict seismic motion for a given excitation and well
defined model properties [111]. This will be discussed in Section 4.6 while a plane wave
model for distant sources will be described next.

4.4

Numerical ambient Rayleigh wave model

There are no instruments, besides gravitational wave detectors, sensitive enough to measure Newtonian noise. In order to test the feasibility and eﬃciency of subtraction schemes
we set out to computationally reproduce a seismic model based on our knowledge of the
expected wave fields. This will provide both a seismic displacement field that can be
sampled by an arbitrary number of sensors, and a numerically calculated Newtonian
noise signal.

4.4.1

Model description and method

We start out by considering contributions from surface waves. We have seen in the
previous chapter that, at the surface, the seismic motion is dominated by Rayleigh
waves. These represent the dominant source of Newtonian noise for gravitational wave
detectors on the surface, and their penetration depth is significant for future underground
detectors. Plane Rayleigh waves traveling through a (flat) homogenous medium can be
described analytically by Eqs. (1.37). This will be the starting point of our Rayleigh
wave model. It should be noted that as Rayleigh waves propagate along the surface
they are subjected to scattering and interaction with surface structures, deformations
and discontinuities. The plane wave model is therefore a simplification of reality yet is a
suitable tool for understanding wave field modeling and the interaction between seismic
and Newtonian noise.
The model sets out to construct a seismic wave field by the summation of plane waves,
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(a)

(b)

Figure 4.4: (a) A snap shot of the vertical displacement field of a single plane Rayleigh
wave from a distant source, viewed from above. (b) A snap shot of the vertical displacement
field after adding ten plane Rayleigh waves of the same frequency but with random phases
and directions of propagation.

thus assuming that all waves originate from distance sources and do not undergo scattering. The following steps describe the modeling procedure. It is illustrated by Figs. 4.4a
and 4.4b.
1. A 3D model framework of grid points is constructed. The model must be large
enough to include all contributions to Newtonian noise and must have a grid
spacing small enough to suﬃciently sample the seismic wave fields.
2. A random propagation direction is chosen from a uniform θ ⊂ [0, 2π] distribution.
Here θ indicates the angle between the wave vector and the horizontal x axis. On
average this will result in isotropic wave fields.
3. The plane Rayleigh wave is constructed by using Eqs. (1.37) and the θ chosen
in step 2, then added to each grid point. The amplitude of the wave is selected
from a distribution according to a desired spectral density and sampling rate.
The Rayleigh wavelength is calculated from the wave’s frequency and dispersion
relation of the medium, λR = cR (f )/f . See Fig. 4.4a.
4. Points 2 and 3 are repeated for the required number of plane waves and frequency components. See Fig. 4.4b. Typically 20 waves are suﬃcient to approximate
isotropic behavior.
The transverse and longitudinal components of the Rayleigh field attenuate diﬀerently
with depth. This results in a vertical dependence on the phase diﬀerence between vertical and horizontal particle motion. As a consequence, the amplitude of the horizontal
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Figure 4.5: The Rayleigh wave displacement field as a function of propagation distance
and depth as seen along y = 0 in Fig. 4.4a. The dashed line at 0.2λR indicates the depth
where the horizontal component is zero.

component passes through zero at about 0.2λR . The particle displacement field as a
function of depth and propagation direction is plotted in Fig 4.5.

4.4.2

Analysis and results

Once a seismic model has been generated the Newtonian noise can be calculated numerically via Eq. (4.22). Numerical errors will be incurred due to the finite size of the model
and the grid spacing. The extent to which these aﬀect the Newtonian noise result have
been quantified and is presented for a surface detector in Fig. 4.6. A cut-oﬀ radius of
25 m was used. The results show that a grid spacing smaller than λR /30 will provide a
Newtonian noise estimate within 90% of the expected value. In addition, it is predicted
that more than 95% of the Newtonian noise is generated within a distance of λR /2 from
the test mass.
Of particular interest for underground detectors is the reduction of Newtonian noise as a
function of depth. Fig. 4.7a presents the predicted reduction averaged over 10 realizations
of the Rayleigh wave model, each with 20 plane waves. The three components of the
Newtonian noise are given as well as the total Newtonian noise which is defined as the
square root of the sum of the squared x, y and z components. The reduction is plotted as
a function of the depth normalized to the Rayleigh wavelength. The dip in the reduction
at 0.2λR in the horizontal components is due to the zero crossing in the horizontal
component of the Rayleigh wave at the same point. In Fig. 4.7b the reduction is plotted
for various frequencies as a function of the depth in meters. It is seen that the reduction
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Figure 4.6: (a) The eﬀect of grid size on Newtonian noise results from the Rayleigh wave
model. Calculated surface Newtonian noise as a percentage of Newtonian noise obtained
with the smallest grid size, plotted as a function of number of grid points per λR or λR /grid
size. (b) The influence of model size. The cumulative surface Newtonian noise as a function
of increasing integration radius as a percentage of the Newtonian noise obtained with largest
integration radius. Here, one realization of 20 plane randomly incident Rayleigh waves with
a frequency of 1 Hz was used. Plots for other realizations and frequencies reveal similar
results.
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Figure 4.7: (a) The reduction in the absolute value of Newtonian noise as a function
of depth averaged over 10 realizations of a Rayleigh wave field comprised of 20 randomly
incident plane waves at 1 Hz. The grid size is λR /30 and integration distance λR . The
dip at roughly 0.2λR in the horizontal Newtonian noise components is due to the π phase
change at the same point in the horizontal component of the Rayleigh wave field. (b) The
same simulations at wave frequencies of 1, 2 and 4 Hz.
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is stronger for higher frequencies. If a reduction in surface Newtonian noise by a factor
of 100 is required then at 1 Hz this would imply depths of up to 2λR . These results are
strongly dependent on the wave speed and for the hard rock geologies most suited to
stable large-scale underground construction, acoustic wave speeds can be as high as 6
km/s, resulting at 1 Hz in λR ≈ 3000 m. Since such depths are unrealistic, subtraction
techniques have been studied to suppress the Newtonian noise from the interferometer
signal. This will be discussed later; see Section 4.7.
The previous cases have all involved simplified ground models of homogenous nondispersive media with monochromatic waves. We now consider approximating more
realistic ground properties by incorporating measurable characteristics, such as power
spectral densities and correlations. The former is easily measured with a broadband seismometer while the later is related to measurable dispersion properties as described in
Section 3.4 and modeled by Eq. (1.41). Two characteristic ground models will be studied here. The first will involve ‘Virgo’ like soil conditions with low seismic correlation
and a high spectral density. The dispersion relation from measured data were parameterized by Eq. (3.7) and a model of typical power spectral density from Virgo seismic
measurements is also available. The second case will involve high seismic correlation like
that found at the site of the Stanford Linear Accelerometer Center (SLAC) [112]. The
dispersive characteristics at the SLAC site were shown to be parameterized by
cR,SLAC (f ) = 450 + 1900e−f /2 ,

(4.21)

which corresponds to Rayleigh and P-wave speeds at 1 Hz of around cR = 1600 m/s and
cP = 3000 m/s respectively (assuming a Poisson ratio of ν = 0.25). The models also
include Rayleigh waves across a broad range of frequencies. The procedure is identical
to that described above with an additional loop through the desired frequency bins. A
sampling period of typically T = 4 seconds is chosen which defines the frequency bin
size ∆f = 1/T . Within each bin 20 Rayleigh waves with a velocity given by the relevant
dispersion relation, but of random direction and phase are added to the seismic wave
field. The same waves are propagated in time, at time steps separated by the interval
∆t = 1/fs .
Seismic correlations obtained with the Rayleigh wave model are shown in Fig. 4.8a for
both ground types. The separation distance between the two simulated seismometers
is 30 m. The predicted correlations based on the dispersion relation inputs are also
plotted (dashed black curves). Each frequency bin is constructed out of 20 isotropically distributed plane Rayleigh waves with a frequency uniformly distributed across
the frequency bin width. Data were simulated with a sampling rate of 32 Hz. Fourier
analysis was performed on 4 second stretches of data and the correlation averaged over
10 datasets. The average simulated amplitude spectral density is plotted in Fig. 4.8b
along with the Virgo seismic noise model adopted from the Virgo sensitivity document
(solid black curve) [110]. This seismic noise model was used as input for the frequency
dependent amplitude of the Rayleigh waves. Virgo seismic spectra, measured during
high anthropogenic activity and used to calculate the Newtonian noise in Fig. 4.3, are
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Figure 4.8: (a) Seismic correlation of two ground models at a separation distance of 30
m. The red triangles were recovered from the ‘Virgo’ ground model while the blue squares
correspond to results from the SLAC model [112]. The dashed black curves correspond to
the expected correlation from Eq. (1.41) given the respective dispersion relations. (b) The
amplitude spectral density results from our Rayleigh wave model. The Virgo seismic noise
model (solid black curve) was adapted from Ref. [110] and used as input for the amplitudes
of the Rayleigh waves. Measured seismic spectra 10 and 90 percentile levels (solid gray
curves) indicate that the model underestimates high seismic activity in the 8 - 20 Hz range.
The dashed black curve represents the new high noise model.

presented in Fig. 4.8b as 10 and 90 percentile levels (solid gray curves). This shows that
the seismic model underestimates high seismic activity in the 8 - 20 Hz range.
The Newtonian noise is calculated as a function of time at various depths within the
medium. Once again a cut-oﬀ radius was used to facilitate discrete sampling of the
medium and to simulate a virtual underground cavity. Here rcut-oﬀ = 25 m and ρ = 2
g/cm3 . Due to computational constraints only a limited number of frequencies were implemented in the model. Model parameters were chosen such that the medium extended
to a radius of 0.6λR for the lowest frequency and was sampled by at least 10 grid points
per wavelength for the highest frequency. For a frequency range of 1 to 4 Hz this resulted
in a model with dimension x × y × z = 800 m ×800 m ×1000 m and an even grid spacing
of 6.5 m for Virgo-like soil properties. The Newtonian noise signal was sampled at 16
Hz for 40 seconds at various depths and Fourier analysis was performed on 4 second
stretches of data. The Newtonian noise can be plotted as an equivalent gravitational
wave detector strain by dividing the calculated diﬀerential path diﬀerence by the interferometer arm length L. For an Einstein Telescope type detector (L = 10 km) the
Newtonian noise equivalent strain for both ground types, with the same input seismic
noise model, is shown in Fig. 4.9 as a function of depth for various frequencies. Once
again a dip in the Newtonian noise levels is seen, however, it has become less pronounced
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due to the contributions from frequencies across the bin width. At 1 Hz where the soil
models have roughly the same correlation, the Newtonian noise for both models are
almost identical. As the frequency increases the low correlation model predicts weaker
Newtonian noise levels compared to the high correlation site. The physical origin of
this result can easily be explained. A medium with weaker correlation produces smaller
pockets of soil vibrating incoherently with respect to each other. During the Newtonian
noise integration process the contributions of these regions add incoherently, on average
partially canceling each other out.
ï

Figure 4.9:
Newtonian
noise as equivalent strain for
an Einstein telescope like detector, as a function of depth
for 1, 2 and 3 Hz. Suppression of Newtonian noise increases with depth and with
frequency. At higher frequencies the Newtonian noise suppression is enhanced by low
seismic correlation.
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These results again reveal the notion that the Newtonian noise suppression increases
significantly with depth and with frequency. The same results are plotted as a function
of frequency at various depths along with the Einstein Telescope target sensitivity in
Fig. 4.10. This time the SLAC model seismic amplitudes are scaled by 1/100 to simulate
an Einstein Telescope-like, low seismic noise environment. The Saulson model results
for each surface site are also plotted in Fig. 4.10 (black dashed curves). Note that
these coincide well with the Rayleigh wave model results at low frequencies. At higher
frequencies the results of the two models diverge. For each of the models this occurs
roughly where the correlation at the relevant length scales starts to drop oﬀ. Saulson, in
his derivation of Newtonian noise, did consider uncorrelated areas of soil on length scales
of λ/4. He did not include the eﬀect of dispersive media that exaggerates the reduction
in seismic wavelength at higher frequencies. This explains the diﬀerences observed here.
An important consequence of these findings is that for low correlation media Saulson’s
model only provides an upper bound on the Newtonian noise. For advanced surface
gravitational wave detectors, the seismic noise is expected to be largely uncorrelated in
the detection band of the detector (> 10 Hz). For future generation detectors, where
the detection band will be pushed to lower frequencies, the seismic noise environment is
expected to be highly correlated.
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Figure 4.10: Results from the Rayleigh wave model for surface wave Newtonian noise
contributions at various depths, plotted as equivalent strain for an Einstein Telescope type
detector. The red curves represent results for a low correlation ‘Virgo’-like seismic environment with λR,1Hz,Virgo = 663 m. The blue curves correspond to the high correlation
environment with λR,1Hz,SLAC = 1600 m. The depths are indicated as a fraction of the
Rayleigh wavelength at 1 Hz. Predictions from the traditional Saulson models for the respective locations have also been plotted for the respective surface sites.

This raises the question: what level of Newtonian noise can we expect to see with Advanced Virgo and how, if at all, will it limit sensitivity?

4.5

Newtonian noise and Advanced Virgo

Newtonian noise as equivalent strain for the Advanced Virgo detector was simulated
using the Rayleigh wave model and soil properties measured at the site. In the simulations the mirrors were suspended 1.5 meters above the ground and no cut-oﬀ radius
was used. This configuration was chosen to coincide with a rough approximation of the
Advanced Virgo test mass setup. The ground was modeled with dispersive and nondispersive properties with a constant density of 1.8 g/cm3 based on an average density
derived from Fig. 3.18. In the non-dispersive model the Rayleigh wave speed was set
at that measured for 1 Hz waves (663 m/s) and constant across all frequencies. This
provides relatively high correlation over the extent of the model. The dispersive model

102

4.5. Newtonian noise and Advanced Virgo

Virgo model dispersive
9LUJRPRGHOQRQïGLVSHUVLYH
Saulson ` = 1.18 l JFP
Saulson ` = 0.45 l = 1.8g/cm


Saulson ` = 0.25 l = 1.8g/cm
Adv. Virgo target sens. (detuned)
1

ï

10

Correlation @ 15 Hz

NN equivalent strain [1/3Hz]

ï

10

ï

10

10

12

14
16
Frequency [Hz]

18

20

Dispersive
1RQïGLVSHUVLYH

0.5

0

ï
0

10
20
Distance [m]



Figure 4.11: Newtonian noise as equivalent strain for the Advanced Virgo detector. Here
the mirror was suspended 1.5 meters above the ground and no cut-oﬀ radius was used. The
soil was simulated with non-dispersive properties in which the Rayleigh wave speed was
set at that measured for 1 Hz waves, and for dispersive properties where the wave speed
profile of Eq. (3.7) was used. Included in the plot are three variations of Saulson’s model
with varying values of β and ρ. The inset shows the correlation as a function of separation
distance for 15 Hz waves.

implemented the measured wave speed profile of Eq. (3.7). The inset in Fig. 4.11 shows
the correlation between two points as a function of their separation distance for 15 Hz
Rayleigh waves, for the dispersive and non-dispersive models. Simulated results of the
Newtonian noise as equivalent strain are plotted in Fig. 4.11. Included in the plot are
three variations of Saulson’s model with varying values of β and ρ. A β value of 0.25
coincides best with the results found in the dispersive ambient Rayleigh wave model
with Advanced Virgo soil properties. Note that the level of seismic noise can vary by
more than an order of magnitude between noisy and quiet times.
These results suggest that the values of β and ρ previously used to estimate the sensitivity of Advanced Virgo overestimate Newtonian noise by roughly an order of magnitude.
This owes to the highly dispersive character of the Virgo site and the relatively high
soil density previously assumed. It is therefore proposed that, for the modeling of Advanced Virgo Newtonian noise, the values of ρ and β be adjusted to 1.8 g/cm3 and
0.25 respectively. Reexamining Fig. 4.3 in light of a factor of 10 reduction it is evident
that Newtonian noise will not pose too great a threat to Advanced Virgo sensitivity as
previously thought. But, bearing in mind that seismic motion can be roughly an order
of magnitude higher than the modeled values (see Fig. 4.8b), Newtonian noise will still
limit performance during high seismic activity. It should be noted that Newtonian noise
from the concrete buildings and foundations around the test masses may produce signif-
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icant contributions. The motion and correlation behavior of these objects will also need
to be investigated.

4.6

Finite element models

Simulation of the ground displacement fields was done with the FE software package
Comsol [113]. In the FE framework we subdivide a 3D continuum into small hexahedral
elements. Each element has eight corner points called nodes. The mass associated with
each element is divided evenly among the nodes and remains constant during a simulation. Within each element the relevant physical parameters, like displacement and
stress, can be approximated by piecewise polynomial or ‘spline’ functions of arbitrary
order. In this way the diﬀerential equations of Eq. (1.26) can be solved numerically.

4.6.1

Comparison with surface detector models

The calculation of Newtonian noise via FE models was validated by creating simple
rectangular homogenous half-space models, equivalent to those discussed by Saulson for
a surface detector [108]. The isotropic, elastic half-space with ρ = 1.8 g/cm3 , ν = 0.33,
cP = 440 m/s and cS = 220 m/s was excited on one boundary to yield plane
√ harmonic
pressure waves scaled to a flat ambient seismic noise spectrum of 1 nm/ Hz between
1 and 10 Hz. The subsequent nodal displacements were recorded as a function of time.
The model’s boundary conditions were set such that no reflections occurred and seismic
waves were continuous. The Newtonian noise calculation is done by a summation over
all the contributions from each node as per Eq. (4.18), given by
�
� 1 �
�i − 3(r̂� · ξ�i ) · r̂� mi ,
δaNN (y, t) = G
ξ
(4.22)
i
i
|r�i |3
i

where mi = ρ0 Vi is the mass per node and is assumed constant for all nodes of an
element. The results are shown in Fig. 4.12. The FE results are compared with those of
Saulson and Hughes and Thorne [108, 109]. To facilitate comparison, an integral cutoﬀ radius equal to that used in Saulson’s analysis (rcut-oﬀ = λ/4) was employed in the
summation process. Fig. 4.12 shows that good agreement is obtained. To assess the eﬀect
of this cut-oﬀ the above model was calculated analytically with Eq. (4.7). Removing the
cut-oﬀ leads to an increase of Newtonian noise by about a factor 2. It was found that the
FE results approach those of the analytic expression in the limit that rcut-oﬀ decreases
to zero.

4.6.2

Finite element simulations of local excitations

A local excitation will produce a complex wavefield consisting of all wave types (see
Fig. 1.5). To predict these wavefields and their resulting Newtonian noise we turn to FE
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models of a homogenous semi-infinite medium. A homogenous half-space was simulated
by creating a half-sphere model with no reflection of waves incident at the spherical
boundary. In view of symmetry the model could be further simplified to a quarter halfspace with symmetric boundary conditions on the vertical surfaces. A single vertical
excitation force was applied uniformly within a circular area of radius a around the
origin, given by F (t) = A sin2 (πt/Te ) for 0 ≤ t ≤ Te where Te is the excitation period.
Note that the force is positive in z and thus ‘pulls’ on the surface. The amplitude scaling
factor A was adjusted to create a vertical displacement at the edge of the excitation
point of 1 µm. This constitutes a relatively small excitation. By comparison, 1 µm is
roughly the maximum displacement a seismometer would record at a distance of 100 km
from the epicenter of a magnitude 0 earthquake. Earthquakes of this magnitude occur
continuously and are not felt by humans. The parameters chosen for the medium are
E = 1.07 GPa, ρ = 2.0 g/cm3 , ν = 0.25 and a radius of 2.2 km. This results in wave
speeds of cP = 800 m/s, cS = 462 m/s and cR = 425 m/s. The model with resulting
seismic wave field 2.34 s after a pulse excitation at the origin, with Te = 0.33 s, is shown
in Fig. 4.13. The P- and S-waves can be seen radiating away from the source, with
the fastest being the P-wave, and the S-wave traveling at 58% of the P-wave speed. A
Rayleigh wave propagates along the surface at a speed related to the S-wave speed as
described by Eq. (1.35). A head wave can just be distinguished at a tangent across the
S-wave front. It is the result of P-waves interacting with the surface and in this way
generating S-waves that propagate away from the surface.
The arrival times and geometric damping of the various wave types can now be studied.
No material damping was implemented in this model. Fig. 4.14 shows the FE results
of simulated seismic displacements along with expected arrival times at two locations
placed at a horizontal distance of 800 m from the excitation, one on the surface and
the other at a depth of 800 m. Only the horizontal x and vertical z degrees of freedom
are shown since the y horizontal motion is zero due to the radial symmetry of the
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Head wave
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S - wave
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Figure 4.13: Total displacement for a time domain FE simulation at 2.34 seconds after a
1 µm pulse excitation at the center of the half-sphere. The P, S and Rayleigh waves can be
seen radiating away from the source and a head wave can be made out at a tangent to the
S wave front. The medium is modeled by a clay-like soil with a P-wave speed, cP = 800
m/s. Simulation made with FE software package Comsol [113].

excitation and resulting wave field. Initially the P-wave can be seen arriving mainly
as a horizontal motion at the surface and in equal horizontal and vertical proportions
at the subterranean location. Then a Rayleigh wave arrives at the surface site and an
S-wave at the underground site. Note the phase diﬀerence of π/2 between the x and z
displacements of the Rayleigh wave.
As discussed in Section 1.3.1 two thirds of the energy from a vertical excitation on the
surface will couple into the Rayleigh wave mode and 26% and 7% into S-wave and Pwave modes respectively. In addition, Rayleigh waves attenuate with the square root of
distance while body waves attenuate proportional to the distance within the medium
and with the square of the distance along the surface. This corresponds to geometrical damping proportional to (1/r)n with respective values of n = 0.5, 1 as described in
Eq. (1.38). Fig. 4.15 shows wave amplitude with increasing distance from the source
across the surface and within the medium. The data from within the medium are taken
along a straight line through the origin at 45 degrees from the surface. Models for the
geometric attenuation of surface and body waves are also plotted. The FE results follow
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Figure 4.14: Results from a
FE model simulating ground displacements after a pulse excitation at the origin as shown in
Fig. 4.13. Data are shown from
a surface and subterranean location. P, S and Rayleigh wave arrival times are also indicated as
tP , tS and tR respectively.
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Figure 4.15: The FE results
for the rms amplitude of the
surface (blue triangular markers)
and body (red square markers)
waves with increasing distance
from the source. The geometric damping contribution according to Eq. (1.38) (with η = 0)
is plotted for comparison (black
curves). The body wave data
within the medium are taken
along a straight line through the
origin at 45 degrees from the
surface. The modeled damping
curves are normalized to the amplitude at 400 m.

the models closely yet seem to overestimate the damping for both surface and body
waves. For surface displacements this is due to the presence of body wave motion on
the surface. This can not easily be distinguished from Rayleigh wave displacements and
provides higher than expected motion at distance close to the excitation. Because body
waves at the surface attenuate more rapidly than Rayleigh waves, their relative contribution decreases with distance from the source. Similarly, for the body wave attenuation
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the rms motion at small distances from the source is larger than anticipated due to contributions from the surface Rayleigh wave. Displacements from Rayleigh waves are still
significant to depths of typically one P-wavelength.
Under certain conditions analytical solutions of the seismic displacements from excitations on elastic media exist. Here these are used to verify the ground response from the
FE model. For example, Mooney [114] presented a solution for surface displacement,
velocity and acceleration as a result of a vertical point load on a homogenous half-space.
A vertical uniform stress σzz (t) is applied to a free surface over a circular area of radius
a. The total applied force is then given by Zf (t) = πa2 σzz (t) where f (t) is the normalized time history of the force and Z its amplitude. The displacement motion due to an
arbitrary force can then be described by
�
�
�
Zδ 2 df (t) ��
u(t) = 2 2
∗ G(τ )
(4.23)
π γr
dt �t= r τ
cs

where r is the distance from the�
source, τ is the dimensionless time parameter given by
√
1
τ = cS t/r and we define γ = 2 3 + 3 and δ = cP /cS . The term in square brackets
presents a convolution between the time diﬀerential of the applied force and G(τ ), the
vertical or horizontal step response of the medium. For vertical motion, where ν = 0.25,
we have
G(τ ) = 0

�

π
G(τ ) = −
6−
96
�
π
G(τ ) = −
6−
48
π
G(τ ) = −
8

√

√

(3 3 + 5)1/2
(3 3 − 5)1/2
31/2
√
+
−
1
(γ 2 − τ 2 )1/2
(τ 2 + 43 − 34 )1/2 (τ 2 − 4 )1/2
�
√
(3 3 + 5)1/2
(γ 2 − τ 2 )1/2

�

τ < 1/δ
1/δ < τ < 1
1<τ <γ
γ<τ
(4.24)

For the expression of the horizontal response the reader is referred to the literature [114,
115]. A comparison can now be made between ground displacement from the method
described here and of that found in our FE model. The results for distances of 200 and
400 m from the excitation point are presented in Fig. 4.16. The applied force in both
models is normalized to obtain a 1µm displacement at the edge of the excitation area,
in this case a = 10 m. In general the FE model provides a good estimate of the expected
displacements. Some comments can be made about the diﬀerences. The P-wave, starting
for example at 0.5 s at 400 m from the source, is underestimated by the FE model, and
the height of the Rayleigh wave peak is roughly 15% smaller in the FE model. The
Rayleigh wave also has a longer lagging tail than expected from Mooney’s prediction.
An extra small peak is also seen preceding the Rayleigh wave (at approximately 0.8 s
at 400 m) in the FE model. These diﬀerences could be attributed to the size of the
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Figure 4.16: Vertical surface
displacement results due to a
point source on a homogenous
half-space at a distance of 200
and 400 m from the source.
Comparison between results
as calculated by Eq. (4.23)
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elements used in the FE model. It was checked that, using both smaller elements and
integration time steps, the theoretical displacements were approached at the expense of
increased computation time.

4.6.3

Newtonian noise from local excitations

The pulse excitation in the half-sphere model described in the previous section, was
used to investigate Newtonian noise from local sources. The nodal displacements were
recorded as a function of time and the Newtonian noise was calculated at various depths
on a vertical line at a distance of 800 m from the z-axis, between the red markers in
Fig. 4.13. In order to artificially separate the contributions of the surface and body
waves to the Newtonian noise acceleration the nodes with a depth less than 200 m were
summed separately to those deeper than 200 m. The respective ‘surface’ and ‘body’
contributions were combined to give a total acceleration. Note that for times shortly
after the excitation, this distinction is not precise. An integral cut-oﬀ radius of 25 m was
used and represents a rough implementation of an underground cavern. The results for
a test mass at the surface and a test mass at a depth of 800 m are shown in Fig. 4.17.
Only the Newtonian noise acceleration in the horizontal direction is shown since it has
the largest eﬀect on the performance of an interferometer. The expected arrival times
of the diﬀerent waves are indicated in the figures and show that the Rayleigh wave
dominates the Newtonian noise contribution of a detector on the surface. At a depth
of 800 m the arrival of the S and P-waves can clearly be distinguished. The Newtonian
noise contribution of a wave is initially negative as the wave approaches then changes
sign as the wave passes by the test mass. It is interesting to note the sign change of the
surface contributions between a surface and underground detector. This is due to the
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phase change of the horizontal component of the Rayleigh wave for depths larger than
0.2λR ≈ 80 m.

An important consequence of these results is that Newtonian noise acts upon the test
mass before any seismic disturbance actually reaches the test mass position, and, for
short times, is only dependent on surface contributions. The Newtonian noise builds up
instantaneously after the excitation and becomes small roughly 1.5 seconds after the
last wave has passed by. We conclude that for pulse excitations seismic motion out to
distances of roughly 1.5 λP (at 1 Hz), produces significant contributions to Newtonian
noise. It is also interesting to note that the contribution of the P-wave to Newtonian noise
is considerable in comparison to its relatively small displacement field. This confirms that
compressional waves have a relatively large eﬀect on the Newtonian accelerations.
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Figure 4.17: Time domain
evolution of Newtonian noise
acceleration at a surface (z
= 0 m) and underground (z
= -800 m) test mass. Only
the horizontal component of
the Newtonian noise acceleration is shown. Arrival times of
Rayleigh, S and P-waves are
also indicated.
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We also notice that the level of Newtonian noise at depth displays only a marginal
reduction in comparison to that of a surface site. In Fig. 4.17 it is shown that at a depth
of 800 m, which corresponds to a 1 Hz P-wavelength of 1λP or a Rayleigh wavelength
of ≈ 2λR , there is only a factor of two reduction in Newtonian noise amplitude.

Newtonian noise reduction as a function of depth was also investigated for periodic
sources, where the pulse excitation was repeated periodically. The results for 1 and 4
pulses per second are shown in Fig. 4.18. The simulations were done along a line connecting the red markers in Fig. 4.13. The reduction in Newtonian noise as a function of
depth is significantly less than previously presented for distant source surface wave models. This confirms that in these simulations the Newtonian noise at depth is dominated
by contributions from body waves. These results also verify the notion that Newtonian
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Figure 4.18: Newtonian
noise reduction as a function
of depth for periodic pulse
excitations. Simulations done
at 800 m (corresponding to
λP for 1 Hz waves) horizontally from the excitation
point, along the line between
the red markers shown in
Fig. 4.13.
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noise suppression with depth increases with lower seismic velocities and higher frequencies. The reduction at 4 pulses per second is initially less than that at 1 pulse per second,
possibly because the superposition of the waves from 4 pulses add in such a way to increase the Newtonian noise amplitudes. The 4 pulses per second reduction then drops
oﬀ after a depth of 300 m. This is a consequence of surface wave averaging: the notion
that at depth a larger portion of the surface contributes to the Newtonian noise. The
Newtonian noise integration is then performed over more wavelets that on average cancel
each other out.

4.7

Ambient Newtonian noise subtraction

We have seen that, even at a seismically quiet location, the sensitivity of a future generation detector will be limited by Newtonian noise from distant and local sources. In this
section we discuss techniques that will need to be implemented to further reduce the
eﬀects of Newtonian noise. Newtonian noise subtraction involves measuring the seismic
wave field with suﬃcient accuracy and resolution, so that the corresponding Newtonian
forces at an interferometer test mass can be predicted and subsequently subtracted from
the interferometer output signal.
To achieve an accurate prediction of Newtonian noise, precise monitoring of the seismic
motion is required and will necessitate a network of seismic sensors. An understanding
of the required accuracy and number of sensors needed for an adequate Newtonian noise
subtraction will be addressed in this section. To do that, we make use of the Rayleigh
wave models developed in Section 4.4. The models provide us with a framework in which
we can simulate realistic ambient seismic motion and its corresponding Newtonian noise.
The seismic motion can then be sampled by virtual sensors placed arbitrarily throughout
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the model and a Newtonian noise estimate constructed from these signals. Comparing
Newtonian noise estimates with the modeled Newtonian noise will provide a means to
test the eﬃciency of the subtraction scheme. The Newtonian noise estimate will be
generated with a Wiener filter. The derivation of a Newtonian noise subtraction Wiener
filter will be given next followed by results of the subtraction eﬃciency.

4.7.1

Wiener filter subtraction

Let us consider a given a signal, H that is corrupted by additive noise N , such that
Y = H + N . The Wiener filter α attempts to produce an estimated signal Ŷ in such a
way as to minimize the power of an error function defined by E ≡ Y − Ŷ .

In the case of Newtonian noise subtraction the signal H is the gravitational wave signal
in the interferometer output Y . The estimated signal Ŷ is constructed from the network
of seismic sensors with corresponding filter coeﬃcients. It contains an estimate of N
and, in the case of Newtonian noise, will be correlated with the seismic motion but not
with the gravitational wave signal. We assume that a network of seismic displacement
sensors is placed around each test mass. The Fourier series of the i-th sensor is given by
Xi = Ui + Σi , where Ui is the seismic displacement measured at the sensor’s position
and Σi its instrumental noise. The Newtonian noise estimate will be subtracted from the
interferometer output resulting in a Newtonian noise suppressed interferometer output,
E(ω). This Newtonian noise suppressed signal will be constructed in such a way as to
satisfy the given optimization criterium. This involves applying a linear, time invariant
filter αi (ω, ω � ) to each of the Xi (ω) signals and subtracting them from Y (ω). The filters
must be chosen such as to minimize the power spectrum of E(ω) where
E(ω) = Y (ω) − Ŷ (ω)
� �
= Y (ω) −
αi (ω, ω � )Xi (ω � )dω � .

(4.25)

i

Here αi (ω, ω � ) are the coeﬃcients of the Wiener filter to be applied to the i-th sensor
before subtracting its contribution from Y . In the second term on the right hand side
the integral over ω � implies that the filter coeﬃcients at ω are frequency dependent. If
we assume that the seismic noise is stationary and has no non-linear eﬀects, then this
integral can be omitted as seismic motion will contribute only to the filter solely at the
same frequency. This will be done in the following derivation; however, for the general
case the derivation is analogous [81]. Eq. (4.25) can then be written as
E(ω) = Y (ω) −
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�
i

αi (ω)Xi (ω),

(4.26)

4.7. Ambient Newtonian noise subtraction
and the power spectrum of E becomes
�E(ω)∗ E(ω)� = �Y (ω)∗ Y (ω)� −
+

�

αj (ω)�Y (ω)∗ Xj (ω)�

j

�

αi (ω)∗ αj (ω)�Xi (ω)∗ Xj (ω)�

i,j

−

�
i

αi (ω)∗ �Xi (ω)∗ Y (ω)�.

(4.27)

We now attempt to minimize this expression with respect to αi (ω)∗ so that
�
∂
∗
�E(ω)
E(ω)�
=
αj (ω)�Xi (ω)∗ Xj (ω)� − �Xi (ω)∗ Y (ω)�
∂αi (ω)∗
j
= 0.

Hence we obtain a set of linear equations for the optimal filters given by
�
�Xi (ω)∗ Y (ω)� =
αj (ω)�Xi (ω)∗ Xj (ω)�.

(4.28)

(4.29)

j

Physically, these results mean that we need to find filter coeﬃcients such that the cumulative filtered cross-correlation between sensor i and all the other sensors is the same
as (or as close as possible to) the correlation between the interferometer signal and the
seismic motion detected by sensor i.
We now have an inversion problem to find α. The sum on the right hand side of Eq. (4.29)
can be seen as the multiplication of vector αj (ω) of dimension m with the m × m matrix
�Xi (ω)∗ Xj (ω)�. It can then be seen that
αj (ω) = �Xi (ω)∗ Xj (ω)�−1 �Xi (ω)∗ Y (ω)�.

(4.30)

We can now define these results in terms of relevant measurable quantities, such that
1
�Xi (ω)∗ Y (ω)� = CSN i (ω),
2
1
�Y (ω)∗ Y (ω)� = [CN N (ω) + CHH (ω)],
2
1
�Xi (ω)∗ Xj (ω)� = [CSS (ω) + CΣΣ (ω)]ij ,
2

(4.31)

where the quantities above have the following physical interpretation:
• CSN i is a vector with the spectral covariance between the seismic signal of sensor
i and the Newtonian noise.
• CN N is the power spectrum of the Newtonian noise in the interferometer output
signal Y and CHH the power spectrum of all other contributions that are not
correlated with Newtonian noise (such as the gravitational wave signal).
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• [CSS (ω)+CΣΣ (ω)]ij is a cross correlation matrix of all the seismic sensors. The sensor noise term CΣΣ (ω) will only appear in the diagonal (auto correlation) elements
of the matrix as it is assumed to be uncorrelated between sensors.
Incorporating Eqs. (4.30) and (4.31) into Eq. (4.27) and dividing by the power spectrum
of the unsuppressed interferometer signal Y we get
∗
CSN i [CSS (ω) + CΣΣ (ω)]−1
�E(ω)∗ E(ω)�
ij CSN j
=
1
−
�Y (ω)∗ Y (ω)�
CN N + CHH
−1 ∗
[CSS (ω) + CΣΣ (ω)]−1
ij CSN i [CSS (ω) + CΣΣ (ω)]ij CSN j [CSS (ω) + CΣΣ (ω)]ij
+
CN N + CHH
−1 ∗
CSN i [CSS (ω) + CΣΣ (ω)]ij CSN j
−
CN N + CHH
∗
CSN i [CSS (ω) + CΣΣ (ω)]−1
ij CSN j
=1−
.
(4.32)
CN N + CHH

We define a Newtonian noise subtraction relative residual 1 − �(ω) as the ratio of the
amplitude of the suppressed and unsuppressed interferometer signals. In the case that
the Newtonian noise signal dominates other uncorrelated interferometer signal sources,
i.e. CN N � CHH , (1 − �)2 gives the ratio between the power spectra of the Newtonian
noise remaining in the error signal and the raw interferometer output. It is given by
(1 − �(ω))2 =

∗
CSN i [CSS (ω) + CΣΣ (ω)]−1
�E(ω)∗ E(ω)�
ij CSN j
=
1
−
.
�Y (ω)∗ Y (ω)�
CN N

(4.33)

A subtraction residual of 1 means that Ŷ bears no resemblance to the Newtonian noise
signal and no Newtonian noise is subtracted. A residual of zero means that Ŷ = Y
or total coherence between seismic sensors and Newtonian noise and results in 100%
possible Newtonian noise subtraction.

4.7.2

Newtonian noise subtraction results

To illustrate the eﬀectiveness of the Wiener filter subtraction, a Rayleigh wave model
was chosen to resemble a future generation gravitational wave detector situated at the
surface. Virgo-like soil characteristics were given as input to the model. No cut-oﬀ radius
was used and the test mass was suspended 3 meters above the ground to resemble
a scaled up version of an advanced detector. Seismic waves with frequencies from 2
to 6 Hz were simulated as this is the range in which Newtonian noise is expected to
limit the sensitivity of future generation detectors. The ground displacements and the
corresponding Newtonian displacement signals were recorded.
We assume that the interferometer arm is oriented along the x-axis, and focus on the x
component of the Newtonian noise as this will have the largest contribution to Newtonian
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induced arm-length diﬀerences. Sensors were positioned on the surface of the model and
comprise single axis devices sensitive in the x direction. Due to the related nature of
horizontal and vertical motion of Rayleigh waves, similar results are obtained using
vertical sensors. Finally, the sensors have a variable self noise level defined by a signalto-noise ratio SNR = �U �2 /�Σ�2 . The subtraction residual for any set of sensors can now
be calculated.
We start out by placing the sensors in a regular grid around the test mass. The distance
between lines of sensors is given by Lgrid . By increasing Lgrid we spread the same number
of sensors out over a larger area. Two examples of grid sensor arrays are shown in
Fig. 4.19.
Figure 4.19: Grid sensor
arrays for Newtonian noise
subtraction. Both arrays of
sensors contain 256 sensors.
The sensors denoted by black
dots have a grid spacing
Lgrid = 2.6 m, while the
sensors marked as red circles
have Lgrid = 5.2 m. The test
mass (blue square) is placed
in the middle of the network,
3m above the surface.

Newtonian noise subtraction results (Eq. (4.33)) obtained with grid sensor arrays are
given in Fig. 4.20 for increasing numbers of sensors. Three diﬀerent grid lengths are
shown with sensor noise corresponding to an SNR of 25. The residual is a function of
frequency. Here we average over 1 Hz bands centered around 2.5, 3.5, 4.5 and 5.5 Hz.
Unless otherwise mentioned, the results presented are those for the 4.5 Hz band. To
illustrate the eﬀect of sensor noise, the sensor array simulation with Lgrid = 5.2 m were
repeated with an SNR of 9 and 4. These results are also included in Fig. 4.20.
From the grid sensor results we see that with just a few sensors close to the test mass, half
the Newtonian noise (in amplitude) can be subtracted from the interferometer output.
As the number of sensors increases the residual decreases logarithmically until about
100 sensors, after which the eﬀect of additional sensors starts to level out. A grid length
of Lgrid = 5.2 m generally provides the best subtraction eﬃciency, but for more than 100
sensors the results are similar to those for Lgrid = 2.6 m. Once 500 sensors have been
placed the geometry of the network has no eﬀect on the eﬀectiveness of Newtonian noise
subtraction and all grid length results approach a residual of roughly 0.02, an equivalent
Newtonian noise amplitude reduction of 98%. The eﬀect of sensor noise on subtraction
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Figure 4.20: Newtonian noise subtraction residuals for grid sensor arrays from ambient
Rayleigh wave model simulations. Colored curves with circles, squares and diamonds represent grid lengths of 1.3, 2.6 and 5.2 m respectively, all with a sensor SNR of 25. Dashed
black curves with triangles denote diﬀerent SNR values for 5.2 m grid lengths.

eﬃciency is also evident in Fig. 4.20. If the SNR is reduced to 4, roughly three times
as many sensors would be needed to reach the same subtraction results obtained with
an SNR of 25. This is an important observation. Selecting a seismically quiet site for
a future generation detector will place stringent requirements on the noise levels of the
sensors.
We now consider an optimal method for positioning the sensors. We set out to achieve
the best possible subtraction results, by using a minimum number of sensors. To do
that we adopt an incremental approach which involves stepwise placement of each additional sensor at the point that minimizes the residual. This optimization process involves
scanning the available surface area. At each point the cross and auto correlations and
corresponding residual of Eq. (4.33) are calculated as if the sensor were to be placed
at that location. This provides a subtraction eﬃciency contour map. The sensor is subsequently placed at the point that minimizes 1 − �. The exercise is repeated for each
additional sensor. The eﬃciency contour map for the positioning of the first sensor is
shown in Fig. 4.21a. Here we see a clear structure oriented in the x direction as we would
expect for the x component of the Newtonian noise. The lobes visible along the x-axis
correspond to the Bessel function behavior of the seismic correlation (Eq. (1.41)). For
the 4.5 Hz band shown here the first Bessel function lobe is expected, and found, to be
at x = ± 28 m. The red dot in Fig. 4.21a represents the optimal location of the first
sensor.
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Figure 4.21: (a) Optimized positioning of subtraction sensor network. The color map
indicates the eﬃciency of placing a sensor at that location. The red dot indicates the most
eﬀective position of the first sensor. (b) Placing of the second sensor. The process is repeated
for each subsequent sensor. (c) The resulting sensor network after placing 24 sensors. Red
dots represent sensor locations for a network optimized at 4.5 Hz, while the blue squares
correspond to a 5.5 Hz optimized network. A Virgo end mirror building is included and
drawn to scale.
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The optimized sensor network after adding 24 sensors is shown in Fig. 4.21c. The red
dots represent sensor locations for a network optimized at 4.5 Hz, while the blue squares
correspond to a 5.5 Hz optimized network. We see that the sensors are distributed in
an ‘hour glass‘ formation aligned along the direction of the Newtonian noise component
that is being subtracted, the x-axis in this case. They are more sparsely distributed than
the grid sensors and are distributed across the full x range of the surface. The lower the
optimization frequency, the more spread out the network becomes, covering a larger
area. The evolution of the subtraction residual for an increasing number of sensors is
shown in Fig. 4.22 for an array optimized at 4.5 Hz. In comparison to the grid results we
notice an improved eﬃciency for optimized networks with a similar numbers of sensors.
For example, 24 optimized sensors subtracts 90% of the Newtonian noise, while a grid
configuration would require about 3 times as many sensors for the same subtraction
results. The eﬃciency in the 2.5 and 5.5 Hz bands for the same sensor configuration is also
plotted in Fig. 4.22 (dashed black curves). We see that the eﬀectiveness of subtraction
is significantly reduced at frequencies out of the optimization band.

Subtraction efficiency, 1ï¡
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Optimized for 4.5 Hz
Efficiency at 5.5 Hz
Efficiency at 2.5 Hz
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0 0
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Figure 4.22: Subtraction eﬃciency results for optimal sensor positioning. The array
(shown in Fig. 4.21b) is optimized for 4.5 Hz and is therefore not optimal for other frequencies. The eﬃciency in the 2.5 and 5.5 Hz bands for the same sensor network are given
by the dashed black curves.
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4.7.3

Discussion

In reality, it may not be possible to optimize an actual array in the way described here.
However, these simulations teach us a lot about the best approach to sensor network
design. Placing sensors at a large distance perpendicular to the interferometer arm is
of little use, instead placing them along the axis parallel to the arm and in an ’hour
glass’ configuration will provide better results. A sensor array can be optimized for a
particular frequency, however, Newtonian noise will need to be subtracted from a broad
range of frequencies where Newtonian noise is limiting sensitivity. This will require a
more generalized array spread over a large area for low frequency subtraction, and higher
density closer to the test mass for subtraction at higher frequencies. Finally, the sensor
noise also plays a crucial role in the subtraction eﬃciency. A poor signal-to-noise ratio
will require more sensors for the same subtraction result. At the current gravitational
wave detector sites, the seismic signal is large enough to provide significant signal-tonoise ratios in relatively low-cost seismic sensors. A seismically quiet site like those
proposed for future generation detectors will require more sensitive sensors. The results
presented here simulated surface detectors, however, the same principles can be extended
to assess subtraction results for underground detectors.

4.8

Summary

Newtonian noise is derived from the soil density fluctuations in the medium surrounding
a gravitational wave detector test mass. We have shown that, to second order (see
Eq. (4.15), the derivation from the continuous case produces the same outcome as a
discrete formulation. The latter making it possible to implement numerical and finite
element simulations.
New methods of Newtonian noise modeling are implemented and cover two categories
of seismic sources. The first involves distant sources producing ambient seismic motion
that could be simulated by the summation of isotropically distributed plane Rayleigh
waves. This model was able to incorporate measurable properties of ground motion
such as power spectral density and seismic correlations. Results from these simulations
showed that Newtonian noise eﬀects are dependent on correlation, with higher correlation producing higher Newtonian noise. This confirmed the idea that weaker correlation
produces more areas of incoherently vibrating soil, the eﬀects of which cancel each other
out in the Newtonian noise integration process. Results were also presented of Newtonian
noise as a function of depth and frequency. These showed that there is a reduction of
Newtonian noise with depth and that the reduction is increasingly significant the higher
the frequency of the seismic waves. At 1 Hz the reduction is an order of magnitude at
depths of roughly one Rayleigh wavelength. In hard-rock geologies these are unfeasibly
large depths. It should be noted that these simulations included only contributions from
surface waves. Although these can penetrate to considerable depths, their contribution
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to Newtonian noise will, with depth, become less signifiant than the contribution from
body waves. A phenomenon yet to be implemented in the models.
The second type of seismic source considered during the Newtonian noise simulations
were local sources. These were emulated by pulse excitations on a homogenous halfspace with finite element modeling techniques. These excitations produced all wave types
and the finite element techniques were shown to accurately predict the surface particle
motion. Simulated test masses at the surface and underground locations showed that
the Newtonian noise was felt before any seismic signal reached the respective test mass
locations. In addition, the reduction as a function of depth was only small even at large
depths. This is due to the fact that, at short distances, body waves have not attenuated
significantly with respect to the surfaces waves and that there are no canceling eﬀects
in the Newtonian integration process.
All the models presented in this chapter represent simplified models of reality. Soil
properties were always considered isotropic and homogeneous, and seismic wave fields
were free of scattering. In reality, the geologies at gravitational wave detectors sites will
be much more complex and the properties in the immediate vicinity of the test masses
will the determined by man-made facilities. For example, the concrete floors and walls
around the Virgo test masses will have diﬀerent properties than the surrounding soil
and will cause scattering of incident seismic waves.
Although it was not covered extensively here, other sources of Newtonian noise exist.
These include atmospheric Newtonian noise and Newtonian noise from the motion of
physical objects around the test masses. In the case of motion with magnitudes of the
same order as the distance to the test mass, higher order eﬀects of Newtonian interactions
will also play a dominant role. Seismic Newtonian noise is the largest contributor to
Newtonian noise and was therefore the focus of this chapter. A detailed discussion of
the other Newtonian noise sources was omitted here but will be increasingly important
for future generation detectors. Subsequent studies will reveal to what level they will
aﬀect detector sensitivity.
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5
Vibration isolation

Seismic motion presents a challenge to all ground based gravitational wave detectors.
Although future detectors may take advantage of seismically quiet sites, vibrations induced by seismic motion will still be many orders of magnitude higher than displacement
limits required to reach the low-frequency sensitivity targets. The Initial Virgo detector
achieved unprecedented low-frequency sensitivity by implementing vibration isolation
technology such as the superattenuator, in the suspension of its main optical components [65]. The advanced era of gravitational wave detectors requires improved vibration
isolation, not only for the main optical components, but also for the auxiliary optical
systems.
This chapter will focus on a compact vibration isolator designed to suspend in-vacuum
optical benches for Advanced Virgo. It is a multi-stage seismic attenuation system known
as MultiSAS. MultiSAS achieves most of its attenuation performance through passive
isolation; yet, an important feature of the design involves the active control of low frequency (< 5 Hz) resonances. The design and realization of MultiSAS, including its
separate components will first be discussed followed by results of the system’s characterization campaign. A detailed account of the active control subsystem will then be
presented, concentrating on a multi-channel feedback approach for vertical control, that
is novel to the field.

5.1

Vibration isolation for Advanced Virgo

To reach the desired sensitivity of the Advanced Virgo detector, suppression of seismic
noise induced vibrations of the main optical components is required. The residual motion of the interferometer arm mirrors, recycling mirrors and the beam-splitter must be
suppressed by up to 10 orders of magnitude above 10 Hz. This is achieved with 8 m high
suspension systems called superattenuators [65].
Auxiliary optical systems distributed around the detector (see Fig. 2.1) are essential
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for the control, readout and alignment of the interferometer. The benches housing these
optics also need to be isolated from seismic motion. In Section 2.2.3 it was described how
the angular alignment of the interferometer will be measured with quadrant photodiodes.
Unwanted motion of these photodiodes will mimic a misalignment of the cavities and
hence introduce control noise. The most critical alignment modes, in terms of control
noise, are the interferometer common and diﬀerential (-)modes (see Section 2.2.3). These
are sensed by the DC signals from the terminal bench photodiodes (B7 and B8), placing
stringent demands on their seismic isolation systems. Furthermore, light that is scattered
or diﬀused oﬀ the optical components can re-enter the interferometer. This light is
modulated by the residual motion of the optics. Any non-linear behavior of this coupling
can lead to the up-conversion of low-frequency seismic excitations (< 10 Hz) into the
detection band (> 10 Hz) [116, 117].
Table 5.1 lists the isolation requirements in terms of residual rms motion and spectral
displacement above 10 Hz. The translational rms requirements are driven by the tolerance on scattered and diﬀused light, while the rotational and spectral requirements are
based on control noise limits. The most challenging demands are those for the rotational
motion (pitch, roll and yaw) of the bench.
Bench motion
δz
δθ
zrms
θrms

Requirement
√
2.1 · 10−12 m/ √Hz
3.3 · 10−15 rad/ Hz
1 · 10−6 m
3.1 · 10−8 rad

Table 5.1: Requirements for the suspended terminal benches. Spectral requirements are
valid above 10 Hz. All the translational and rotational degrees of freedom are represented
by z and θ respectively.

MultiSAS, a compact seismic attenuation system was designed based on the required isolation performance and the limited space provided by the existing Virgo infrastructure.
The system is based on compact inverted pendulums in combination with geometric
anti-springs. Five of Advanced Virgo’s in-vacuum optical benches shown in Fig. 2.1 will
be suspended by a MultiSAS: the end benches (SNEB and SWEB), the injection bench
(SIB2), the power recycling pick-oﬀ bench (SPRB) and the detection bench (SDB2). An
impression of MultiSAS supporting an end bench is given in Fig. 5.1.
An out of vacuum system, based on similar technology was designed for the seismic
isolation of the Advanced Virgo external injection bench (EIB) and is known as EIBSAS [118]. It is a single stage system, supporting an optical bench from underneath and
utilizes similar isolation technology as that of MultiSAS. EIB-SAS was designed and
constructed at Nikhef in 2010 - 2011, before being installed and intensively tested at the
Virgo site [119, 120]. The knowledge gained from EIB-SAS proved extremely valuable
during design and construction of MultiSAS.
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Figure 5.1: An impression of MultiSAS suspending an Advanced Virgo end bench in a
MiniTower vacuum chamber. 1) Optical bench. 2) MultiSAS. 3) Transmission beam from
end mirror. 4) MiniTower vacuum chamber. 5) Removable cupola. 6) Observant physicist.
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A prototype of MultiSAS was constructed at Nikhef starting at the end of 2011, with the
mechanical assembly of the full system completed in the summer of 2012. A number of
tests were performed, first on subsystems and then on the entire (out of vacuum) system.
These tests were crucial to verify critical design strategies and isolation performance and
prompted small design changes before MultiSAS was committed to a final production
status. The next steps are the integration of MultiSAS in the proposed vacuum enclosure,
followed by the production of five more MultiSAS systems and the commissioning in
Advanced Virgo. The first of these systems (suspending SIB2) is scheduled to be installed
in Advanced Virgo in the middle of 2014 and will form an integral part of the first
Advanced Virgo commissioning phase.

5.2

Vibration isolation with anti-spring technology

There are two main strategies that can be pursued when it comes to seismic noise isolation: active and passive. Active isolation involves broadband monitoring of payload
motion, the signals of which are used in a feedback control system, to produce a corrective force on the to-be-isolated object. Limitations of purely active systems are the
sensitivity and bandwidth of sensors and the speed and precision of the feedback control
system. An important advantage of active systems is their low compliance and flexibility of payload design. Passive isolation makes use of the mechanical second-order
lowpass filter characteristics inherent to harmonic oscillators such as pendulums and
mass-spring systems. MultiSAS combines both passive and active isolation techniques.
Seismic attenuation is provided by passive filters, while active feedback is used to damp
resonance frequencies. Applications of such technology has found widespread use in
seismic attention systems for gravitational wave experiments, such as the Japanese detectors TAMA300 [121] and KAGRA [63], the 10 m prototype suspension AEI-SAS in
Hannover [122] and the Australian initiative AIGO [123].
Consider a simple harmonic oscillator with a spring of mass m and spring constant k
supporting a payload of mass M . It is assumed that the motion is confined to a single
degree of freedom x, and that the mass of the spring is evenly distributed so that its
center of mass moves according to xs = (x + x0 )/2. Here the ground displacement is
given by x0 . Neglecting the internal dynamics of the system, the equation of motion can
then be described by
m
m
(M + )ẍ + ẍ0 + k(1 + iφ)(x − x0 ) + γ ẋ = f,
(5.1)
4
4
where γ is a viscous damping coeﬃcient and φ is the loss angle, a measure of a spring’s
anelasticity. It is defined as the phase angle in radians by which the response x would
lag behind a sinusoidal driving force [58]. A constant (in frequency domain) loss angle
accounts for internal or structural damping by describing a force proportional to the
displacement but in phase with velocity. Typically φ � 1 and, in the case of pure
structural damping, it is the inverse of the oscillator’s quality factor, φ = 1/Q. A force
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Figure 5.2: A simple massspring harmonic oscillator.
The spring of mass m and
spring constant k supports a
payload of mass M . Viscous
damping is represented by the
dashpot with damping coeﬃcient γ.

acting on the supported mass is described by f . Fourier transforming Eq. (5.1), one
obtains
m
− Meﬀ ω 2 X − ω 2 X0 + k(1 + iφ)(X − X0 ) + iγωX = F,
(5.2)
4
where an eﬀective mass has been defined as Meﬀ ≡ M + m4 . Substituting for the un�
damped resonance frequency ω0 ≡ k/Meﬀ , the displacement and force transfer functions can be written as
ω0 2 (1 + iφ) + 4Mmeﬀ ω 2
X
Hx =
= 2
,
X0
ω0 (1 + iφ) − ω 2 + i Mγeﬀ ω
X
1
Hf =
= 2
.
F
ω0 (1 + iφ) − ω 2 + i Mγeﬀ ω

(5.3)
(5.4)

Note that for the displacement transfer function we assume F = 0 and for the force
transfer function, that F is much larger than the forces imposed by the ground motion.
Generally, for well engineered systems 4Mmeﬀ � 1 and Mγeﬀ � 1 so that the transfer
function decreases with 1/ω 2 above the resonance frequency ω0 . Well below the resonance
frequency Hx = 1. As ω → ∞ the transfer function will level out to a value given
by β = 4Mmeﬀ . This is known as the center of percussion eﬀect and can be tuned by
adjusting the mass distribution of the oscillator with the use of counterweights, as will
be demonstrated later. Note that the center of percussion eﬀect is not visible in the force
transfer function.
The lower the resonance frequency, the higher the attenuation factor at the frequencies
of interest, above ω0 . Attenuation requirements therefore place constraints on ω0 . In
basic mechanical oscillators, such low resonance frequencies can only be achieved with
large, often impractical dimensions. For example, a 40 dB suppression at a few Hertz
requires f0 < 100 mHz.
� In the case of a simple pendulum, this would mean a length of
25 m (ω0 = 2πf0 = g/l).

This section will describe two types of harmonic oscillators that are implemented in
MultiSAS. Their design incorporates an anti-spring eﬀect, allowing for low resonance
frequencies, while still having compact dimensions. An anti-spring is a system that incorporates a negative spring constant. That means that once perturbed out of equilibrium
the system will keep on moving away from its equilibrium point. In combination with a
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positive spring constant the system’s overall stiﬀness can be tuned, eﬀectively making
it possible to achieve near zero stiﬀness.

5.2.1

The inverted pendulum

A platform supported by two simple inverted pendulums is shown on the left of Fig. 5.3.
Each inverted pendulum is comprised of a rigid rod of mass m and length l, supporting a
mass M . It is well known1 that such a system behaves as an anti-spring: once disturbed
out of equilibrium, it will continue to fall over. By fixing the inverted pendulums to the
ground with a flexible pivot with a positive angular spring constant kθ , a quasi-stable
system is obtained. The platform is also fixed to the pendulums by flexures at the top
of the legs, the stiﬀness of which are neglected for now. These allow the platform to
translate horizontally (in a small angle approximation). By adjusting the amount of
supported mass it is possible to tune the resonance frequency given by [124]
ω02

≈

kθ
l2

− (M + m2 ) gl
.
M + m3

(5.5)

m
The inverted pendulum transfer function is similar to Eq. (5.3), but with β = 6(M +m/3)
determining the saturation level of the displacement transfer function due to the center
of percussion eﬀect. For an inverted pendulum the center of percussion can be envisaged
as follows [124]: when the base of the leg is displaced by translational ground motion
at frequencies above resonance, the leg√rotates around a center of percussion at point
P which remains still. Below
ω = ω0 / β, the center of percussion coincides with the
√
top flexure. For ω > ω0 / β, the center of percussion shifts towards P � and away from
the top flexure. As a result the top of the leg translates out of phase with the ground
motion with an amplitude x ≈ −βx0 .

To counteract this eﬀect the mass of the pendulum rod can be designed as light as
possible, thus reducing β. This approach is recommended although limited for legs that
bear heavy loads. Additionally, the high frequency center of percussion can be moved
to again coincide with the bending point of the top flexure. This restores the leg’s high
frequency rotational point back to that of the 1/ω 2 dynamics. Tuning the center of
percussion is achieved by adding counterweights on an extension of the pendulum rod
that reaches below the flexible pivot. This can be seen on the right hand side of Fig. 5.3.

5.2.2

The geometric anti-spring

A geometric anti-spring (GAS) filter, as shown in the left panel of Fig. 5.4a, is a set of
radially positioned blade springs, each supporting a load Fy [125–127]. They are radially
1

Anybody who has tried to balance an broom, upside down, on their hand will immediately identify
with this situation.
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Figure 5.3: Left: A schematic of a platform of mass 2M supported by two basic inverted
pendulums with legs of mass m. The inverted pendulum is attached to the floor via a
flexible joint with a spring constant kθ . The ground and platform displacement are given
by x0 and x respectively and the bending angle by θ. MultiSAS features three inverted
pendulums, typical values for MultiSAS are l = 440 mm, m = 1.5 kg and M = 200 kg (per
inverted pendulum). Right: A cross-section of the inverted pendulum installed in MultiSAS.
1) Inverted pendulum leg. 2) Bottom flexure 3) Top flexure. 4) Counter weights. 5) Top
stage support.

compressed in such a way that the horizontal force they exert on each other results in a
tunable anti-spring eﬀect along the vertical axis. In this way the vertical stiﬀness can be
tuned to an arbitrarily low value by adjusting the compression distance. The right panel
of Fig. 5.4a shows a schematic of a single GAS blade whose bending profile is described
by θ(s), the angle between horizontal and the tangent of the blade. It is a function of
s; the distance along the blade, starting from the clamp. The compressional force Fc is
reacted on by the opposing blade and produces a horizontal component represented by
Fx . Once perturbed out of equilibrium the vertical component of this force Fa will provide
the anti-spring eﬀect: a force pushing away from the working point, that increases the
farther from equilibrium. This is balanced by the vertical force from the bending of the
blade spring: a force restoring the keystone to its working point. To accommodate the
high loads and stresses on the blades, they are made from heat treated maraging steel,
a low carbon alloy with high tensile strength and low creep under stress [128].
The static properties of a GAS filter can be solved analytically for a simplified model,
as was done by Cella et al. [129] and is derived from the potential energy of a massless
elastic line [130]. It involves solving the diﬀerential equation
�
�
d
dθ
EI(s)
= Fx sin θ(s) − Fy cos θ(s),
ds
ds

(5.6)
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Maraging steel blades
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Compression bolts
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(a) Left: Example of a GAS filter. Maraging steel blade springs of thickness d and length L are
distributed radially around a base plate and clamped at a set angle θ0 . The tips of all the blades
are connected to a singe central keystone at an angle θL . The compressional distance xL can be
tuned by adjusting the compression bolts that slide the blade clamps inwards or outwards. Right: A
schematic of a single GAS blade. Compressional and load forces are given by Fx and Fy respectively.
The distance along the blade is denoted by s and θ(s) describes the tangential angle.
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(b) Left: Finite element results of applied filter load versus the vertical position of the blade tip, for
various compression distances xL . A bi-stability state is evident for xL = 244.7 mm. The solid red
curve corresponds to a well-tuned GAS filter. Right: Resonance frequency versus vertical position of
the blade tip for various compression distances. Tuning the GAS spring involves finding a compression distance xL that corresponds to the desired resonance frequency at the required load, whilst
remaining stable.

Figure 5.4: Geometric anti-spring design and tuning.
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with boundary conditions θ(0) = θ0 , θ(L) = θL , where L is the length of the blade and
EI(s) the blades flexural rigidity at point s. This model neglects the force due to stress
and strain in the blades and is therefore only valid for materials of Poisson ratio ν = 0.
Finite element models of the GAS blades were used by us to accurately reproduce the
solutions to Eq. (5.6). In addition, finite element methods were used to extend the model
to account for diﬀerent material Poisson ratios and variations in the blade geometries.
The tunable spring constant properties of the GAS are evident in plots of finite element
results for various compressional distances xL . In the left panel of Fig. 5.4b the blade
tip height yL is plotted as a function of the load supported by the GAS filter. The slope
of these curves indicate the spring’s vertical stiﬀness at each point. Note that in this
case a negative slope implies a positive stiﬀness. The solid red curve corresponds to a
well-tuned GAS filter i.e. one that is stable and has a low vertical stiﬀness. If the blades
are compressed even further, the system passes a critical point and becomes bi-stable.
This can be seen on the right of Fig. 5.4b where the corresponding resonance frequency
for each point is plotted as a function of the blade tip vertical position. For increasing
compression it is possible to tune the GAS filters to increasingly lower frequencies, down
to the critical point, after which the resonance frequencies become undefined.
The dynamic behavior of a GAS filter is governed by Eqs. (5.3) and (5.4) and will also
suﬀer from the center of percussion eﬀect. For a typical GAS filter β ≈ 0.001. The value
of β can be tuned by adding so called magic wands [122]. A magic wand is a lightweight rigid tube attached to the filter base near the blade clamp via a flexible pivot. A
counterweight is fixed to one end and the other end is attached to the keystone via a thin
flexure. In this way the counterweight will follow the vertical movement of the keystone
but in opposite phase. An illustration of a magic wand is given in Fig. 5.5. By tuning
the mass and/or position of the counterweight, it is possible to reduce the β value to
below 10−4 as will be demonstrated in Section 5.5.1. The tube is made of silicon carbide
for its rigidity and low mass, thus shifting any internal modes to high frequencies, where
displacement amplitudes become very small. The lowest (banana) mode of the tube is
expected to be above 250 Hz.

5.3

MultiSAS design

MultiSAS has been designed to achieve its seismic attenuation requirements within the
limited space available in the existing Virgo facility. It is a hybrid system in which
bulk isolation is provided by means of a chain of low natural frequency (f0 < 1 Hz)
mechanical oscillators, or filters. Filters are realized with pendulums for horizontal and
GAS for vertical isolation. An active feedback control system is used only to damp the
rigid body eigenmodes and to maintain long term position and orientation of the optical
bench.
Based on the translational requirements for residual seismic motion, a single stage system
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Figure 5.5: Illustration of a GAS with magic wand. 1) Silicon carbide tube. 2) Movable
counterweight. 3) Flexible pivot connecting magic wand to base plate. 4) Flexible pivot
connecting to keystone. 5) Base plate. 6) GAS blade.

would have been suﬃcient to achieve
√ the isolation goal. The horizontal seismic motion
measured at Virgo is around 1 nm/ Hz at 10 Hz. A single stage mechanical filter with
a resonance frequency at 0.5 Hz providing -60 dB of attenuation at 10 Hz, would yield
suﬃcient isolation. However the rotational requirements, being much stricter, necessitate additional stages. MultiSAS is therefore equipped with two vertical stages realized
with GAS filters and three horizontal stages consisting of one inverted pendulum and
two conventional pendulum stages. Fig. 5.6 shows a schematic layout of the five attenuation stages realized in MultiSAS. Furthermore, MultiSAS was conceived based on the
following design criteria:
• Minimize cross-couplings between degrees of freedom due to asymmetries in the
mechanics. In particular the horizontal to tilt coupling is expected to dominate
the residual pitch and roll motion of the bench.
• Reduce the transmission of seismic motion around the high frequency internal
modes of the system.
• Utilize the full potential of the filters by allowing the mechanical tuning of their
mass distributions.
• Parasitic stiﬀness of the cabling must be kept as small as possible.

5.3.1

Mechanical overview

An illustration of the MultiSAS design is shown in Fig. 5.7. Note that the coordinate
system is chosen to be consistent with the Virgo coordinate convention where z is in
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Figure 5.6:
Sketch of
the five attenuation stages
of MultiSAS: Two vertical
stages realized by GAS filters
and three horizontal stages
consisting of one inverted
pendulum and two conventional pendulum stages.

Ground
Intermediate
stage

Bench

the direction of the laser beam and y is the vertical component. MultiSAS features the
following components and subsystems:
• A horizontal pre-isolation stage known as the top stage. It is a rigid structure
supported by three inverted pendulum legs with a length of 440 mm. The mass
of the top stage is adjusted so that the lowest horizontal modes of MultiSAS are
around 100 mHz. The yaw (θy ) mode of the top stage is at 800 mHz. This stage
also provides an inertial platform from which to detect and damp the modes of
the suspension chain that recoil to top stage horizontal motion.
• A vertical top filter stage consisting of a 12 blade GAS filter supported by the
top stage. The top filter will be able to support a maximum load of 450 kg on a
single wire connected at the GAS keystone and is tuned to a resonance frequency
of about 200 mHz. Two weak blade springs known as fishing rods are connected
to the filter keystone. Via a stepper motor they will control the DC position of the
keystone without spoiling the seismic isolation.
• An intermediate stage suspended by the 694 mm long wire from the top filter.
It consists of an 8 blade GAS filter tuned to around 300 mHz that can support
up to 320 kg. It has an inverted base design which allows the positioning of the
center of mass close to the bending point of the suspending wire in order to reduce
the coupling between the horizontal and tilt degrees of freedom. The intermediate
filter utilizes up to 4 magic wands to compensate for the moment of inertia of the
GAS blades. A photo of the intermediate stage is shown in Fig. 5.8.
• The optical bench will be suspended from the intermediate filter keystone by a 760
mm long wire. The tilt modes of the bench will be set (by adjusting the connection
point of the wire with respect to the bench’s center of mass) to around 200 mHz
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Figure 5.7: An overview of the MultiSAS design.

to decouple these modes from the horizontal pendulum modes of the chain. The
single wire design introduces a second stage of decoupling between the pitch and
roll modes of the bench and the translational degrees of freedom of the chain.

MiniTower vacuum chamber
The entire MultiSAS and optical bench will be incased by a vacuum system coined
MiniTower. MiniTower is designed to provide both a rigid support for MultiSAS and a
clean vacuum environment for the optical systems, and to eliminate acoustic coupling
to the bench. An impression of MultiSAS supporting an end bench in a MiniTower is
given in Fig. 5.1.
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Figure 5.8: Intermediate filter as viewed from underneath, showing the 8 GAS blades
attached in the center to the keystone. There are two magic wands installed, connected to
the keystone and via a flexible pivot to the intermediate stage frame. The magic wand’s
counter weights can be seen attached outside of the pivots.

5.3.2

Sensors and actuators

MultiSAS is monitored continuously by two types of motion sensors: linear variable
diﬀerential transformers (LVDT) and inertial sensors called geophones.
A geophone is a velocity sensor that produces a voltage proportional to the velocity
diﬀerence between its housing and an internally suspended reference mass. An electromotive force E (voltage) is induced in a pick-up coil (of resistance rc ) wound on the
reference proof mass as it moves with respect to a permanent magnet attached to the
housing of the geophone. The electromotive force is given by
E = −N

dΦ
dΦ
= −N
ẋ,
dt
dx

(5.7)

where N is the number of coil turns and Φ the magnetic flux produced by the permanent
magnet. We see that the voltage is proportional to the velocity diﬀerence ẋ between coil
and housing. The geophone sensitivity as defined by G = E/ẋ in terms of volts per meter
per second. It can therefore be described by G = −N dΦ
. Geophone design permits dΦ
dx
dx
and hence G to be uniform over the proof mass displacement range.
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The frequency response of a geophone can be described in the Laplace domain by
Ggeo (s) = G

rd
s2
rd + rc ω02 + 2ξω0 s + s2

[

V
],
m/s

(5.8)

where rd is the damping resistance placed in parallel with rc , ξ the damping ratio, ω0 the
resonance frequency of the geophone’s mass spring system and s the Laplace parameter.
d
For s � ω0 the transfer function is flat providing a constant Ggeo ≈ G rdr+r
. For s � ω0 ,
c
Ggeo approaches zero. For this reason geophones lose sensitivity at low frequencies where
their reference mass looses its inertial properties.
The custom built MultiSAS LVDTs consists of three solenoidal coils, centered along the
same axis with the central primary coil placed within the two outer secondary coils [131].
A bisection of an LVDT is shown on the right of Fig. 5.9. The primary coil is attached to
the suspended object and is free to move along the measurement axis between the two
secondary coils that are fixed to a reference frame. At the zero displacement position
the center of the primary coil is situated equidistant from both secondary coils. A 10
kHz excitation current is driven through the primary coil which induces currents in both
secondary coils. Because the secondary coils are wound in opposite directions (in a socalled Maxwell pair configuration) the equal yet opposite induced currents will cancel
at the zero displacement position. The LVDT’s voltage output, after demodulation, is
linear
√ to displacement within 1%, over a range of ±4 mm, with a noise level of a few
nm/ Hz. It should be noted that the measurement is always made with respect to the
reference frame and hence contains information on the motion of both reference frame
and suspended object. In the case of MultiSAS, seismic motion of the reference frame is
therefore included in the raw LVDT measurements and will dominate the signal above
the resonance frequency of the filters. Later, a technique known as sensor correction will
be introduced to reduce these eﬀects.
Each of the LVDTs are co-located with co-axial magnetic voice coil actuators that allow active control of the system. The geometry of the coil and magnetic yoke of these
actuators are designed to deliver constant force (within 1%) over a 10 mm movement
range. The actuators are capable of positioning the optical table within the resolution
of the LVDTs. A bisection of a voice coil actuator is also shown on the left of Fig. 5.9.
Top stage sensing and actuation
The top stage houses three L4C horizontal geophones [132] positioned around a circle
separated by 120 degrees. These will provide inertial sensing of the top stage for the
dynamic control of the eigenmodes of the pre-isolator itself as well as all other modes
of the chain that recoil to the horizontal motion of the top stage. Three LVDT position
sensors mounted underneath the top stage (co-located with the geophones) will monitor
its DC and low frequency position with respect to the reference frame that is rigidly
connected to the base ring (and hence the ground). Voice coil actuators are co-located
with the LVDTs to provide feedback forces for dynamic control. Fig. 5.10 shows a photo
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Figure 5.9: Schematic bisection of a magnetic voice coil actuator (left) and an LVDT
(right) .

of the MultiSAS top stage, indicating the locations of a horizontal geophone, LVDT and
voice coil.
Bench sensing and actuation
The rotational modes of the bench will not recoil to the top stage and are therefore not
controllable by the top stage dynamic control. Four horizontal and four vertical LVDT
sensors and co-located coil-magnet actuators will be placed at each corner of the bench,
and referenced from the base of the vacuum chamber. From there, they will be used for
the active damping and low frequency positioning of the bench. The actuators have been
optimized for the weaker forces required by the control to minimize any re-injection of
seismic noise from the vacuum chamber reference. One L22E vertical geophone [132] will
be placed in the center of the bench to provide an inertial measurement of the bench’s
vertical motion.
DC positioning
It will be required to provide intermittent (at intervals of several weeks), out of loop
control of the DC position of the optical bench. This is to cope with large scale temperature changes and to correct any long term drift of the chain’s vertical position due to
residual creep of the GAS blades. For this reason, DC positioning of the bench in all 6
degrees of freedom is foreseen by a series of stepper motor controlled adjustment blade
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Figure 5.10: Photo of the MultiSAS top stage. 1) Horizontal LVDT secondary coils (the
primary coil is out of view centered within the secondary coils). 2) Horizontal voice coil
actuator. 3) Horizontal geophone. 4) Stepper motors. 5) Adjustment blade springs for DC
horizontal positioning. 6) Reference frame (mechanical ground)

springs or counter weights. All degrees of freedom will in this way be controllable to
within 1 µm / 1 µrad. Three motorized adjustment blade springs act on the top stage
in the horizontal plane to move the entire MultiSAS chain in the horizontal and yaw
degrees of freedom within the range set by the horizontal stops (± 8 mm); see Fig. 5.10.
Motorized ‘fishing rod’ blade springs are mounted on each of the vertical filters. Two
stepper motor controlled counterweights underneath the bench will be used to perform
fine leveling of the tilt degrees of freedom. The tilt error signal will be provided by a
commercial dual axis tilt meter which has a resolution better than 1 µrad.

5.4

System modeling

Modeling of the attenuation system is an important part of understanding its dynamic
characteristics and a useful tool for the design of control strategies. Here, MultiSAS is
modeled as a rigid body system. That means that it is assumed that each component
of the system has no internal vibrational modes and we concentrate on the modes only
associated with the coupled vibrations of the rigid components. This assumption is
generally accurate when studying the low frequency (< 10 Hz) dynamics of such systems.
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This corresponds to the frequency range in which active feedback will be implemented,
allowing us to use these models to analyze control strategies. Furthermore, we assume
that the vertical, horizontal and yaw modes are uncoupled. In this way, we can divide
the modeling problem into three separate models, each one responsible for describing
vertical, horizontal and yaw motion. In this section only the vertical and horizontal
models will be presented. The yaw motion could not be properly measured in the current
setup and is therefore left for subsequent studies.

5.4.1

Vertical model

The vertical dynamics of MultiSAS can be reduced to a double mass spring system shown
in Fig. 5.11. The assumption is made that the mass of the springs (GAS blades) are
negligible with respect to the suspended masses. The generalized coordinates describing
the degrees of freedom are the vertical displacement of the intermediate filter of mass m1
given by y1 , and the vertical displacement of the bench payload with mass m2 denoted
by y2 . The GAS filters are characterized by the corresponding spring constants k1 and
k2 , with viscous damping coeﬃcients γ1 and γ2 . The actuation force fy for the resonance
frequency damping is applied to the intermediate stage to evoke a control displacement
uy . Finally the top stage vertical motion is given by y0 and can be considered equivalent
to the vertical ground motion.

y0
LVDT

fy

k1

γ1
m1

y1
γ2

k2
m2

y2

Figure 5.11: Schematic of
MultiSAS vertical model.
Vertical displacements of
the ground, intermediate
stage (m1 ) and payload
(m2 ) are given by y0 , y1
and y2 respectively. The top
and intermediate GAS filter
spring constants are given by
k1 and k2 with corresponding
viscous damping coeﬃcients
γ1 and γ2 . The feedback
and actuation force fy is
applied to the intermediate
mass. LVDT and geophone
positions are also indicated.

Geophone
The Euler-Lagrange approach is used to solve the equations of motion. Given the potential energy U and the kinetic energy T and defining the Lagrangian L = T − U , the
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equations of motion will follow from the Euler-Lagrange equation [133]
d
dt

�

∂L
∂ ẏi

�

−

∂L
= Qi .
∂yi

(5.9)

Here each of the generalized coordinates y1 and y2 are accounted for by i = [1, 2] and external forces enter into the equation through the generalized forces Qi . Non-conservative
forces2 such as friction and other sources of dissipation or damping require special treatment in the Euler-Lagrange method. In the special case of viscous damping it is useful
to introduce the Rayleigh dissipation function R and describe the generalized forces in
terms of their conservative contribution only, denoted here by Q∗i [134]. Eq. (5.9) then
becomes
�
�
d ∂L
∂L ∂R
−
+
= Q∗i .
(5.10)
dt ∂ ẏi
∂yi ∂ ẏi
The MultiSAS vertical kinetic energy, potential energy and dissipation are described by
1
1
m1 ẏ12 + m2 ẏ22 ,
2
2
1
1
U =
k1 (y1 − y0 )2 + k2 (y2 − y1 )2 ,
2
2
1
1
2
R =
γ1 (ẏ1 − ẏ0 ) + γ2 (ẏ2 − ẏ1 )2 ,
2
2
T =

(5.11)

and the conservative contribution of the external forces become Q∗1 = fy∗ = k1 uy and
Q∗2 = 0. We then arrive at the following equations of motion for y1 and y2 respectively
m1 ÿ1 = −k1 (y1 − y0 ) + k2 (y2 − y1 ) − γ1 (ẏ1 − ẏ0 ) + γ2 (ẏ2 − ẏ1 ) + fy∗ ,
m2 ÿ2 = −k2 (y2 − y1 ) − γ2 (ẏ2 − ẏ1 ).

(5.12)
(5.13)

To facilitate a transformation to a state space description, the additional first order
diﬀerential equations v1 = ẏ1 and v2 = ẏ2 are defined. It is now possible to reduce the
equations of motion from two second order, to four first order diﬀerential equations.
2

Conservative forces, also known as potential forces, can be described as the gradient of a potential
fi = −∆U . Forces arising from gravitation (U = mgy) or ideal springs (U = 12 kx2 ) are conservative.
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These can be rewritten into a state space representation given by
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(5.14)
(5.15)

The dynamics of the MultiSAS vertical system (in control terms often referred to as
the plant) can now be described by the state space matrices [Ap , Bp , Cp , Dp = 0],
state vector xp = [y1 y2 v1 v2 ]T and input uy . Disturbances to the system from ground
motion are contained in Bu ud . The state space model also provides transfer function
predictions of input forces to output measurements; see Eq. (1.45). Measurements were
made for the MultiSAS vertical transfer by applying lowpass filtered white noise to the
vertical voice coil on the top filter. The filter corner frequency was set at 5 Hz. The
displacement y1 was recorded with the top filter LVDT and the velocity v2 with the
geophone on the payload. Note that the raw LVDT measurement is in fact y1 − y0 ,
here ylvdt refers to the sensor corrected LVDT signal. Sensor correction is discussed in
Section 5.6.1. It is assumed that the force displacement is much larger than the external
(seismic) displacement (uy � ud ) such that the last term in Eq. (5.14) can be neglected.
The measurement and model results are shown in Fig. 5.12. The parameters used in the
model were chosen to best fit the measurements given the constraint that the known
total mass is 420 kg. They are given in Table 5.2.
Parameter Value
Mass [kg]
m1
105
−1
Spring constant [N m ]
k1
1036
Damping coeﬃcient [N s m−1 ] γ1
20

Parameter Value
m2
315
k2
1046
γ2
12

Table 5.2: Parameters for the vertical MultiSAS state space model.

There is agreement between the modeled and measured transfer functions. The noise
seen above 5 Hz is from the loss of correlation between the excitation noise and the
measured signals. At around 620 mHz a small glitch is visible. This is due to the coupling of the dummy payload pitch and roll modes to the vertical motion of the top
keystone. One can also notice a diﬀerence between measurements and model in the lowfrequency damping properties. This is evident in the sharper modeled peaks and steeper
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Figure 5.12: Comparison between measured and modeled force to displacement transfer
functions for the vertical stages of MultiSAS. Modeled results given with no structural
damping (φ = 0, dashed black curve) and with structural damping (φ = 0.05, dot dashed
cyan curve). The insets plot the ratio between modeled and measured transfer functions in
the range 0.1 to 1 Hz. (a) Top filter measured LVDT displacement over forced displacement.
(b) Measured bench geophone velocity over forced displacement.
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modeled phase transitions, and emphasized by the insets showing the ratio between measured and modeled transfer function magnitudes. This can be attributed to additional
structural damping in the GAS blades, where the model only regards viscous damping.
Structural damping is more prevalent the lower the resonance frequency. It can partially
be accounted for in the model by adding a small complex term in the spring constant
such that k � = k(1 + iφ). This eﬀectively adds a damping term that is proportional
to the displacement but in phase with the velocity. For the MultiSAS vertical model
φ ≈ 0.05 rad is suﬃcient to account for the structural damping. However, to simplify
subsequent computations and control schemes this term is further neglected.
Fig. 5.12 also demonstrates the attenuation performance of MultiSAS. At 5 Hz the
top filter already provides -40 dB of vibration suppression while the transmission to the
velocity of the bench is -60 dB. Translated to bench displacement this is equal to an
attenuation of roughly 90 dB (20 log10 [10−60/20 /(2πf )]).

5.4.2

Horizontal model

To model the horizontal dynamics of MultiSAS a number of assumptions were made to
simplify the problem. The model developed here is a useful tool in the understanding of
MultiSAS dynamics and a starting point for a more elaborate framework. Computational
assistance from Maple, a symbolic math program, was used to arrive at the final results.
The following assumptions were made:
• The three inverted pendulums can be described by a single pendulum.
• There is no coupling from the vertical and yaw degrees of freedom to horizontal
motion. This is based on the assumption of having a symmetric design and perfect
construction.
• The top stage undergoes no tilt, roll or vertical motion when translated horizontally. In the small angle regime this would seem a valid assumption. The tilt motion
of the intermediate stage is the only rotational mode accounted for in the model.
• Similarly, the rotational motion of the payload will not couple to a horizontal
response in the chain. Suﬃciently low bending stiﬀness of the final wire and correct
placement of the suspension point with respect to the bench’s center of mass should
validate this assumption.
• The horizontal dynamics are isotropic. Under this assumption the problem can be
reduced from a three to a two dimensional system and is founded on a perfectly
symmetric design.
• Viscous damping is neglected but structural damping will be included as complex
stiﬀness terms.
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• The masses of the wires are negligible with respect to the masses of the top and
intermediate stages and payload.
MultiSAS is described by the inverted pendulum with an eﬀective horizontal stiﬀness
kIP , supporting the top stage of mass m0 , which in turn supports the suspension chain.
The latter consists of a top wire of length l1 suspending the intermediate stage of mass
m1 and moment of inertia J, followed by the bottom wire suspending the payload of
mass m2 on a wire of length l2 . At the intermediate stage the wire bending points are
not exactly at the center of mass but rather shifted vertically by a distance d1 and d2 for
the top and bottom wires respectively. A schematic of the MultiSAS horizontal model
is given in Fig. 5.13.

x0

fx

m0
k1
y1
xgr
y2

β1

l1
m1

J
x1

k2

l2

m2

α

Bench

Intermediate
stage

α

Top stage

kIP

δ1

d1

d2

δ2

x2

β2
α

Figure 5.13: Schematic of the horizontal model of MultiSAS.

The horizontal translational motion of the ground, top stage, intermediate stage and
payload are given by xgr , x0 , x1 and x2 respectively. Vertical motion of the top stage is
neglected but the respective vertical displacements of the intermediate stage and payload
are denoted by y1 and y2 . The tilt angle of the intermediate stage is represented by α
while the angles of the suspension wires with respect to the vertical are given by δ1
and δ2 . Finally the bending angles of the wires at the intermediate stage are defined as
βi ≡ α − δi where i = [1, 2] correspond to the top and bottom wires respectively. The
wire angular bending stiﬀness ki , is considered identical at both ends of the wire.
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The Euler-Lagrange approach will again be used to derive the equations of motion with
the generalized coordinates x0 , x1 , x2 and α. In this case the kinetic and potential
energies can be described by
2

�1
1
T = J α̇2 +
mi ẋ2i ,
2
2
i=0

�
2 �
�
1
1
2
2
2
U = kIP (x0 − xgr ) +
mi gyi + ki (βi + δi ) ,
2
2
i=1

(5.16)

where the last term in the sum of the potential energy accounts for the angular bending
energy in the top and the bottom of each wire. Note also that the inverted pendulum
2
stiﬀness has been converted from an angular to a linear stiﬀness kIP = kθ /lIP
. In the
small angle approximation the vertical displacements can be written as
1
y1 = (l1 δ12 + d1 α2 ),
2
1
y2 = y1 + (l2 δ22 + d2 α2 ),
2

(5.17)

where the small angle approximation cos θ ≈ 1 − θ2 /2 has been applied. The first term
between brackets accounts for the center of mass vertical position moving due to the
pendulum motion and the second term is an additional contribution due to the displaced
bending points with respect to the intermediate stage center of mass. The angles δi are
related to the generalized coordinates via
δi =

xi − xi−1 − di α
.
li

(5.18)

It is more convenient to write the masses in terms of the tension forces they create on
the wires so that for the top wire T1 = (m1 + m2 )g and the bottom wire T2 = m2 g.
Deriving the equations of motion via the Euler-Lagrange equation produces
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where the mass matrix M and stiﬀness matrix K have been defined and the displacements from the horizontal control force fx are described by ux . To simplify the above
equation the following substitutions are made
li Ti + 2ki
bi =
,
li2
1
1
and
c i = bi l i + bi d i − T i .
(5.20)
2
2
The values for the various parameters can now be substituted into these equations or
calculated. The bending stiﬀness of the wires was derived from their flexural rigidity by
�
ki = EIi Ti (1 + iφ),
(5.21)
where the wire’s properties are contained in the material’s Young’s modulus E and
the second moment of area, given by I = πri4 /4 for a cylindrical rod of radius ri . The
structural damping is accounted for in the complex coeﬃcient φ. The inverted pendulum
stiﬀness is obtained from its resonance frequency fIP by
kIP = (m0 + m1 + m2 )(2πfIP )2 (1 + iφ).

(5.22)

Finally the moment of inertia of the intermediate stage is assumed to be that of a thin
disk of radius R: J ≈ m1 R2 /4. The parameters of the model and their corresponding
values are given in Table 5.3 and are equivalent to the designed mechanical dimensions.
Description
Mass of the top stage [kg]
Mass of the intermediate stage [kg]
Payload mass [kg]
Inverted pendulum resonance freq. [Hz]
Top wire - Length [m]
- Radius [mm]
Bottom wire - Length [m]
- Radius [mm]
Intermediate mass radius [m]
Maraging steel Young’s modulus [GPa]
Structural damping coeﬃcient [N m−1 ]

Parameter Value
m0
100
m1
105
m2
315
fIP
0.11
l1
0.7
r1
1.5
l2
0.8
r2
1.25
R
0.6
E
186
φ
0.02

Table 5.3: Parameters for the horizontal MultiSAS model.

The state space representation of the horizontal model is easily derived from the mass
and stiﬀness matrices. When the state vector is given by xH = [x0 , x1 , x2 , α, ẋ0 , ẋ1 , ẋ2 , α̇]
consisting of n = 4 generalized coordinates, the state space equations become
�
�
�
�
∅n×n
In
∅n×1
ẋH =
xH +
ux ,
−M −1 K ∅n×n
κ/m0
�
��
�
� �� �
AH
BH
y H = CH x H ,
(5.23)
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where κ = [kIP 0 0 0]T from the final term in Eq. (5.19). Setting CH = [In×n ∅n×n ] will
simulate a measurement of each of the generalized coordinates.
Simulated force transfer function results of the modeled horizontal MultiSAS are shown
in Fig. 5.14. The model predicts the three horizontal modes associated with: the inverted
pendulum resonance where all three masses move in common motion (∼0.1 Hz), the top
stage moving in anti-phase to the suspension chain (∼0.75 Hz) and the fastest mode
(∼1.8 Hz) where the top stage and bench move in opposite phase to the intermediate
stage. A fourth mode corresponding to the rotational resonance of the intermediate stage
is found at ∼1.3 Hz in the simulated results of α/ux . This mode couples weakly to the
other degrees of freedom, evident in the relatively small glitches that are produced in
the modeled x0 and x2 results. The MultiSAS horizontal attenuation performance is
demonstrated by these simulations. Transmission of ground motion is reduced at the
level of the bench motion x2 by 150 dB (a factor of 3 · 10−7 ) at 10 Hz.
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Figure 5.14: Left: Comparison between measured (solid red curve) and modeled (dashed
blue curve) forced displacement transfer functions for the horizontal top stage motion.
Parameters for modeled results are given in Table 5.3. Right: Modeled forced displacement
transfer functions for the horizontal payload (bench) motion (solid green curve) and the
intermediate stage tilt motion (dashed magenta curve).

The modeled top stage motion is verified against a forced displacement transfer function
measurement by applying a lowpass filtered white noise excitation at the horizontal voice
coils and measuring the subsequent response on the LVDTs. These results are also shown
in the left panel of Fig. 5.14 (solid red curve). There is agreement between the modeled
and measured results. Above 5 Hz the measurements are distorted due to the diminishing
signal to noise ratio. The additional structures around 0.5 Hz are most likely the result
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of tilt motion of the payload (during these measurements represented by a dummy mass)
recoiling to the top stage. These couplings were neglected in the model as this eﬀect is
expected to be reduced once the prototype bench has been installed. The appropriate
wire suspension position close to the bench’s center of mass will drive the tilt modes to
lower frequencies and reduce the couplings.

5.5

System characterization

The MultiSAS prototype underwent a number of characterization and performance tests
to verify its dynamic behavior and fulfillment of design criteria. All tests described here
(and in subsequent sections) were not performed in vacuum. This was done in order to
gain a full understanding of the system before committing it to a vacuum system where
access is less trivial. To emulate an optical bench a dummy payload consisting of two
steel disks, each 1 meter in diameter and weighing 150 kg, were suspended from the
intermediate filter.

5.5.1

Vertical transfer functions

The isolation performance of the GAS filters makes it challenging to measure their
characteristics over a large frequency span and dynamic range. Common measurement
techniques fail because sensors are not sensitive enough to measure residual motion of
the isolated object. On the other hand, the signals may clip around the filter resonance
frequency due to dynamic range restrictions. Forced excitation in combination with a
series of accelerometers with varying sensitivity helped to overcome these issues.
Top stage and filter
The forced excitation of the base ring was achieved with piezo actuators. Three actuators
were installed to support the base ring under each of the three inverted pendulum legs.
By applying a (high voltage) in-phase signal to each of the piezo actuators the entire
MultiSAS could be excited vertically. Increasing the amount of input displacement made
it possible to detect vibrations on the isolated objects with a suﬃciently high signal to
noise ratio. Note that both the GAS filters were first tuned and tested separately in a
dedicated setup. The tests described here present those performed on the fully assembled
system. The base ring was excited with a swept sine signal that increased the frequency
of excitation at set intervals. An accelerometer with relatively low sensitivity was placed
on the base ring, while a second accelerometer was placed on the top or intermediate
stage. The latter was fastened as close as possible to the center of mass of the respective
objects to reduce tilt to vertical coupling. For the top filter test, the sine wave amplitudes
were kept small around the resonance frequency to prevent the accelerometer signals
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from clipping, and increased at high frequencies, where the isolation was largest and the
signal to noise ratio would otherwise be too small.
The results of the piezo actuated vertical transfer function measurements are shown in
Fig. 5.15. The dashed black curve represents the base to top stage transfer and shows
that the inverted pendulum can be considered vertically stiﬀ up to around 50 Hz. Above
50 Hz a number of peaks and notches appear. These are a result of the finite stiﬀness of
the inverted pendulum legs and flexures in the vertical direction causing the top stage
to ‘bounce’ on its supports. The solid green curve is the transmission from the base
ring to the intermediate stage. The curve follows the expected 1/f 2 before leveling out
to 6 · 10−3 (-45 dB) above 2 Hz. Note that there are no magic wands installed on the
top filter and that the filters are tuned to slightly diﬀerent resonance frequencies with
respect to the measurements done in Section 5.4.1.
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Figure 5.15: MultiSAS vertical piezo actuated swept sine transfer functions for separate
stages. The total transfer function is a projection obtained by multiplying the top and
intermediate stage transfer functions.

Intermediate filter
Similar techniques to those implemented for the top stage were used to determine the
intermediate filter transfer function. In these tests the intermediate stage was excited
using the voice coil in the top filter. This bypasses the top filter entirely making it
possible to isolate the intermediate filter properties. The results of the intermediate
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filter transfer function results are presented by the dash-dotted blue curve in Fig. 5.15
and will be described in more detail in Section 5.5.2.

Total vertical transfer function
Despite the forced actuation it was still not possible to perform measurements from the
base ring all the way to the suspended bench. Instead, the separate measurements from
the base ring to intermediate stage and intermediate stage to the bench, were combined
to predict the full MultiSAS vertical transmission performance. This is done by multiplying the top and intermediate filter transfer functions. These results are represented
in Fig. 5.15 by the solid red curve. Here we see that an attenuation, from base ring to
bench, of a factor 10−5 is achieved at 10 Hz and a factor of 1 million at 30 Hz.
The seismic noise level
√ at the Virgo site at 10 Hz has been measured and amounts
to around 10−9 m/ Hz.
√ This would result in a residual vertical motion of the bench
−14
at 10 Hz of 10
m/ Hz √
which is well within the translational requirements of the
−12
end benches (2.1 · 10
m/ Hz). As mentioned earlier the additional filter stages were
foreseen to achieve the more stringent rotational requirements. Unfortunately, the performance of the rotational dynamics could not be measured with the current setup, but
will be performed once the optical bench prototype and accompanying sensing system
have been installed.

5.5.2

Magic wand performance

The swept sine tests were performed on the intermediate filter with and without the
magic wands installed. The results are shown in Fig. 5.16 in terms of displacement
transfer functions. Modeled responses of the respective configurations based on Eq. (5.3)
are also plotted. It is clear that the resonance of the filter is tuned to 300 mHz above
which it shows the expected 1/f 2 drop in transmission. The resonance frequency is
poorly sampled so the modeled structural damping loss angle φ is chosen to best fit
the resonance flanks. Without magic wands the transfer function plateaus out at 10−3
(-60 dB). Installation of the magic wands adjusts the weight distribution of the blade
springs and lowers the value of β, allowing the filter to better follow the 1/f 2 model.
As a result, an attenuation of 10−4 (-80 dB) is achieved around 50 Hz. Above 50 Hz
the transmission of both configurations starts to increase again as a result of the first
higher order vertical mode of the system. This mode reaches its peak at 135 Hz and is
associated with the keystone of the intermediate filter oscillating on the non-rigid wire
supporting the suspended mass.
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Figure 5.16: MultiSAS intermediate filter swept sine transfer function with and without
magic wands installed. Modeled transfer functions based on Eq. (5.3) are also included.
The magic wands allow the filter to better reproduce the 1/f 2 characteristic of an ideal
harmonic oscillator. The peak at 135 Hz is the first higher order vertical mode associated
with the filter keystone mass.

5.6

Control system

We have seen that a harmonic oscillator can function as a mechanical second-order
lowpass filter. At the resonance frequency, however, seismic motion can be amplified
by up to several orders of magnitude, depending on the quality factor of the respective
oscillator. For MultiSAS an amplification of 20 dB is typical. The requirements for
the suspended bench residual motion demand full suppression of these modes. This is
achieved by an active feedback control system.

5.6.1

Coordinate system transformation and pre-filtering

Coordinate system transformation involves combining the real sensor signals y, into
virtual sensors ỹ, that describe the motion of the bench in the xyz coordinate system
referred to the Virgo optical coordinate frame. For example, the three horizontal LVDT
signals from the top stage are combined to produce the x, z displacements and yaw (θy )
rotation. This transformation is done via the sensing matrix S. The feedback signals
are then computed in the usual way, only now for the virtual actuator ũ, in the xyz
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coordinate system. Again a transformation is required to obtain the correct real actuator
signal u and this is done with driving matrix D. Mathematically these relations can be
described by
ỹ = Sy, and u = Dũ.
(5.24)
The top stage control is shown schematically in Fig. 5.17. Sensing matrix S is derived
geometrically from the physical positions of each sensor, while D is obtained by measuring transfer functions between actuators and sensors, described in Section 5.6.2. The
numerical values for S for the top stage LVDT sensing matrix are given by


 


x̃
−0.5773
0
0.5773
Hor0
 z̃  =  0.333 −0.667 0.333   Hor1  .
0.725
0.725 0.725
Hor2
θ̃y
��
� � �� �
� �� � �
yLVDT
SLVDT
ỹLVDT

(5.25)

This matrix transforms the LVDT signals, Hor0, Hor1 and Hor2 into the xyz coordinate
system measured in µm or µrad. The information from the geophones is diagonalized in
an identical way to the LVDTs to obtain inertial measurements in the same degrees of
freedom.
Sensor correction
The LVDT displacement measurement is made with respect to the reference frame and
is therefore sensitive to the (seismic) motion of this frame. A technique known as sensor
correction involves subtracting the measured seismic motion from the LVDT signal [135].
It is performed on the top stage vertical and horizontal LVDT signals where a Trillium
240 seismometer, placed on the ground near the MultiSAS setup, provides the reference
correction. Sensor correction is applied in a bandwidth up to a few Hz, above which the
self noise of the LVDTs begins to dominate its signal.
Sensor blending
Sensor blending is used to cope with the incongruity between LVDT and geophone sensitivity. Where both LVDT and geophone signals are available for the same reconstructed
degree of freedom, the two measurements are blended into one super sensor. A super
sensor combines the low frequency LVDT signals with high frequency geophone data.
This is done by applying a lowpass filter, with frequency response L(s) to the LVDT
signal and a complimentary highpass filter H(s) = 1 − L(s) to the geophone signal,
before combining the two [136]. This ensures that there is no phase distortion around
the blending point. Typically, fifth order Butterworth filters are used with respective
corner frequencies around 0.3 Hz.
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Figure 5.17: Schematic of the top stage control scheme for the horizontal degrees of freedom, showing the sensing matrix S transforming the real LVDT and geophone signals y into
virtual sensors ỹ. Sensor correction is performed on the x and z LVDT measurements before blending of the geophone and LVDT signals. Via the single-input single-output (SISO)
compensator filter C(s) (discussed in Section 5.7.1) the virtual feedback actuation signals
ũ are calculated before being transformed back to the real actuators coordinates u via the
driving matrix D. Analog hardware such as geophone preamplifiers, LVDT demodulators
and voice coil drivers have been omitted for clarity.

Geophone calibration
The geophones have a frequency dependent sensitivity response that is unique for each
sensor. It is given by Eq. (5.8) and is a function of a geophone’s properties such as
natural frequency, coil resistance and damping ratio. Often it suﬃces to use the values
provided by the manufacturer but a cross check with a Trillium 240 is always performed
and where necessary used to refine the calibration. An additional 1/s is included in the
geophone digital filters to apply a velocity to displacement transformation.

5.6.2

Actuator diagonalization

Obtaining a suitable driving matrix is an iterative process that can take several steps
before arriving at a satisfactory result. The method described below aims to obtain a
driving matrix such that when one degree of freedom is excited, only movement in that
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degree of freedom will be detected. At DC the horizontal actuators apply forces only in
the horizontal direction and the vertical actuator only in the vertical direction. Therefore
the horizontal diagonalization can be treated regardless of the vertical dynamics. The
resulting matrices will have dimension 3×3. For example, the desired horizontal motions
(in µm or µrad) ũx , ũz and ũθy will translate to real actuator signals through

 


Act0
VAct0,x VAct0,z VAct0,θy
ũx
 Act1  =  VAct1,x VAct1,z VAct1,θy   ũz ,
(5.26)
Act2
VAct2,x VAct2,z VAct2,θy
ũθ
� �� � �
��
� � ��y �
u
D
ũ
where the ActX values give the voltages that need to be sent to the actuators and the
elements of matrix D have units V/µm or V/µrad. Matrix D is determined according
to the following procedure:

1. A first guess for D is a 3×3 unity matrix. This is a poor guess as couplings are
expected for each actuator with all degrees of freedom, but it is the starting point
of the diagonalization procedure.
2. Each virtual actuator is separately driven by a sine wave with a frequency fD well
below the resonance frequencies, typically around 30 mHz. Here one can assume
the system to be stiﬀ and the movement of the top stage follows the actuators
with zero phase. Note that during the first iteration virtual and real actuators are
equivalent because D = I. The magnitude of the transmission between measured
and driven signal at fD is calculated and populates matrix E as shown in Eq.
(5.27). Each column is obtained separately for each virtual actuator.



|x/ũx |fD |x/ũz |fD |x/ũθy |fD
E =  |z/ũx |fD |z/ũz |fD |z/ũθy |fD  .
|θy /ũx |fD |θy /ũz |fD |θy /ũθy |fD

(5.27)

3. The driving matrix is updated by multiplying it with the inverse of E: Dnew =
E−1 D. If the system was perfectly diagonalized then E would be the identity
matrix (the excitation ũx would equal the measured response x). However, for a
poorly diagonalized system E will have non-diagonal components and its inverse
provides a correction factor to the previous D.
4. Step 2 is repeated to verify the new driving matrix. Typically, after the first trial
there are still around 20 percent admixtures in coupled coordinates and steps 2
and 3 are repeated two or three times to obtain a suﬃciently diagonalized system.
To test the eﬀectiveness of the diagonalization, broadband white noise is injected in one
degree of freedom and the transfer function between the measured and injected noise
is determined. A perfect diagonalization would result in zero transfer from the injected
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Figure 5.18: a) Test of top stage horizontal diagonalization by injection of white noise in
the x direction. b) Test of top stage horizontal diagonalization by injection of white noise
in the θy degree of freedom. Couplings into the other degrees of freedom are evident in both
plots.

noise to other degrees of freedom. Results from such a test for white noise from DC to
8 Hz, injected in the x and θy direction are shown in Fig. 5.18. At 30 mHz a decoupling
of 10% or less is observed. However, at resonance frequencies the coupling becomes much
stronger but never exceeds the on-diagonal coupling. Although not desirable, these oﬀdiagonal couplings do not present a problem for the active control of MultiSAS.

5.6.3

Vertical control and the state observer

A state observer can be a useful tool in the development of control strategies as it
allows states of a system to be estimated based on measurements from diﬀerent types
of sensors, monitoring a limited number of states. The use of observer based control in
the context of seismic attenuation for gravitational wave detectors has been proposed
before, for diﬀerent types of suspension systems [137–139]. Here the vertical control of
MultiSAS is approached from a state observation point of view.
Motivation
MultiSAS foresees the use of an LVDT vertical displacement sensor on the top filter and
a geophone on the bench monitoring vertical motion. There is a strong case for the use
of both types of sensors in the control of MultiSAS.√The LVDT has an excellent low frequency performance with a resolution of a few nm/ Hz across a broad frequency range.
It provides error signals for the DC and low frequency (< 0.1 Hz) control. Geophones
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on the other hand, typically loose sensitivity below 0.1 Hz, yet have superior performance in comparison to the LVDTs at frequencies above roughly 0.5 Hz. In addition,
being inertial sensors they are not limited by noise from a reference frame and will not
re-inject seismic noise. A standard technique in a situation where LVDT and geophone
measurements of the same object are available is sensor blending, as described earlier.
In the MultiSAS vertical motion case at hand, the LVDT registers displacements between the top and intermediate stages, while the geophone monitors the bench motion,
the dynamics between the two are governed by Eq. (5.14). Standard sensor blending
techniques can therefore not be implemented. State observer can however be generated
based on Eq. (5.14) with both LVDT and geophone measurements as inputs.
Another crucial element of MultiSAS control is the fact that all of the feedback (with
the exception of the rotational modes of the bench) is performed on the top stage. This
has the advantage of allowing the mechanics of the system itself to be used to filter
out any noise introduced by the sensors. For example, the geophone directly monitors
the payload but the force is applied to the intermediate stage; therefore, any injected
geophone noise is filtered by the intermediate GAS.
Kalman filter with non-Gaussian noise
The theoretical background for state estimation with a Kalman filter was introduced
in Section 1.4.2. It was shown that an optimal estimator could be constructed given a
plant state space model and known input and measurement noises. It was assumed that
the noise terms have zero mean, are Gaussian distributed and mutually uncorrelated.
In reality it is often the case, as it is with MultiSAS, that the relevant noise sources are
not Gaussian distributed. Here a method is presented to extend the state-space model
to include the non-Gaussian properties of the disturbance and measurement noises. The
method utilizes shaping filters that produce colored noise from a white noise input. The
extended state space model can then be manipulated with the usual tools, to generate
a Kalman state observer Kest and subsequent feedback controllers [34, 43, 140, 141]. A
schematic of the MultiSAS vertical state observer is shown in Fig. 5.19.
The measurement noise of the LVDT and geophone are readily determined. By locking
the LVDT firmly in its zero position while recording the demodulated output, its noise
floor could be measured. The LVDT noise is flat with a low frequency 1/f characteristic
(due to electronic noise) with a corner frequency at 0.03 Hz. A single order shaping filter
WL is suﬃcient to model the LVDT noise and is described by a state space system with
states xL , zero mean flat input noise n1 and output wL , such that
ẋL = AL xL + BL n1 ,
wL = CL xL + DL n1 .

(5.28)

At frequencies below a few hundred Hz, the geophones are limited by the electronic noise
of their preamplifier [97]. Preamplifier noise can be measured by shorting the input with
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Figure 5.19: Schematic of the MultiSAS vertical state observer Kest . The MultiSAS
dynamics are described by the plant P . The shaping filters WL , Wg and Wd account for
the colored frequency response of the LVDT, geophone and disturbance noises respectively.
The feedback control signal is denoted by uy and the displacements measured by the LVDT
and geophone by ylvdt and ygeo respectively.

a resistor of the same resistance as the geophone coil. The resulting geophone noise can
be described by a second order shaping filter Wg represented by [Ag , Bg , Cg , Dg ] with
states xg , zero mean flat input noise n2 and output wg . The measured and modeled
LVDT and geophone noises are plotted in Fig. 5.20.
The disturbance noise wd is a term that enters into the input of the plant u. In the
case of MultiSAS seismic motion of the top stage acts on the system by applying additional forces to the intermediate mass. Neglecting other input disturbances such as
DAC noise or voice coil non-linearities we can model ud by the measured seismic noise
in the laboratory. The seismic noise will be modeled by a sixth order shaping filter Wd
with a corresponding state space representation given by [Ad , Bd , Cd , Dd ] with states xd ,
zero mean white input noise d and output ud . The disturbance noise shaping filter and
measured seismic noise are plotted in Fig. 5.20.
It is clear that, based on these noise properties, an ideal combination of the LVDT and
geophone data would require the blending of the two signal with a cross over frequency
around 0.3 Hz. Note that the geophone noise tapers down at low frequencies. This is
not a property of the geophone sensitivity but simply the eﬀect of the highpass filters
used to eliminate large oﬀsets as a result of dividing out the geophone sensitivity which
approaches zero as ω does. The disturbance noise shown in Fig. 5.20 is seen to be larger
than the best respective sensor.
The state space equations governing the dynamics of the MultiSAS vertical stages given
by Eq (5.14), can now be extended to include the shaping filters [140]. They are then
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(5.30)

where Cp1 and Cp2 are the rows of Cp corresponding to the ylvdt and ygeo outputs respectively. The symbol ∅ denotes zero matrices of the relevant sizes.

An optimal approach to MultiSAS control with multiple sensors is to perform sensor
blending via a state observer to obtain optimized estimates of the state variables associated with Eq. (5.29). These estimates can subsequently be used in the feedback control
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(see Section 1.4.2). To be sure the system under consideration is in fact observable
and controllable, a verification of the observability and controllability criteria can be
performed on the state-space model. This corresponds to determining the rank of the
respective observability and controllability matrices defined by Eqs. (1.46) and (1.47).
The rank must equal the order of the system and in the case of observability implies
that each state of the system can be inferred from the outputs. The dual concept of
controllability implies that each state can be moved from an initial to a final position
by the system’s inputs. The vertical MultiSAS model given by [Ap , Bp , Cp , Dp = 0] is
reassuringly found to be observable and controllable.
The optimal estimate of state x denoted by x̂ will be obtained here with a Kalman filter.
The state equations of Eqs. (5.29) and (5.30) can be rewritten as
�

ylvdt
ygeo

ẋ = Ax + Bu uy + Bn np ,
�
= Cx + nm ,

where np = [d n1 n2 ]T is defined to be the process noise and nm is the measurement noise
defined by nm = Dn np = [DL n1 Dg n2 ]T . Of importance for the Kalman filter equations
are the process and measurement noise covariance matrices Qn , Rn and Nn defined as
Qn ≡ E(np nTp ) = I3×3 ,
�
DL 2
T
Rn ≡ E(nm nm ) =
0

0
T

Nn ≡ E(np nm ) = DL
0

�
0
,
Dg 2

0
0 .
Dg

(5.31)

A steady state Kalman filter can now be constructed. The Kalman observer gain matrix
is given by L = (P C T + Bn Nn )R−1 , where the covariance matrix P is derived by solving
the algebraic Riccati equation
[A − Bn Nn Rn−1 C]P + P [A − Bn Nn Rn−1 C]T

− P C T Rn−1 CP + Bn [Q − Nn R−1 NnT ]BnT = 0.

(5.32)

The resulting observer equations are given by
ˆ = Ax̂ + Bu uy + L(y − ŷ),
ẋ
ŷ = C x̂.

(5.33)

The state observer relates measurements y and input uy to estimates of the states x̂ and
outputs ŷ in an optimal way based on the respective noise levels of the measurements
and input.
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Of interest to the MultiSAS vertical control issues is the state observer for y1 : the
displacement of the intermediate stage. This is also the point where a control force
will be applied via the top stage vertical voice coil actuator. The frequency response of
the Kalman filters for the estimate of y1 is shown in Fig. 5.21. At low frequencies the
y1 estimate is based solely on the LVDT signal. This is expected due to the superior
sensitivity of the LVDT with respect to the geophone at these frequencies. Towards
increasing frequency the geophone signal is blended with that of the LVDT and from
0.5 Hz starts to dominate the y1 estimate. This corresponds to the cross over in sensor
noise as seen in Fig. 5.20. The form of the geophone filter reflects the dynamics of
the plant by gaining magnitude towards higher frequencies where the bench motion is
attenuated by the system’s mechanics. This drops oﬀ again above 4 Hz as the signal to
noise ratio in the geophone becomes too small. The estimate of y1 based on the input
u is largely neglected due to the high level of disturbance noise introduced by seismic
motion.
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ï ï
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ï







1



Frequency (Hz)

Figure 5.21: Frequency response of the Kalman filters for the y1 estimator. The LVDT
signal contributes the most at low frequencies while the geophone contribution dominates
above 0.5 Hz. The contribution from input u is small due to the high level of disturbance
noise.

The Kalman filter’s ability to observe all states is demonstrated with time domain data
in Fig. 5.22. MultiSAS was excited vertically by a sinusoidal input uy with an amplitude
of 10 µm and a frequency of 0.1 Hz. The (sensor corrected) LVDT, geophone and input
signals were collected and the estimates ŷ and x̂ were calculated oﬄine. The output
estimates ŷ will include the dynamics of the measurement noise shaping filters, as these
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are included in the measurement matrix C of Eq. (5.30), while the estimates x̂ are state
observations governed by the system and disturbance noise dynamics only. The top
panel of Fig. 5.22 plots the LVDT signal, the estimated LVDT output and the estimate
of state y1 . The system takes some time to respond to the input signal but after roughly
30 seconds the sinusoidal excitation is clearly visible. The estimated output and state are
very similar because the LVDT noise is not significant at these levels of displacement.
The diﬀerence between the measured LVDT and its estimate is the contribution, largely
at higher frequencies, from the geophone. The low frequency components, in particular
the 0.1 Hz excitation response, are contributed mainly by the measured LVDT signal.
The two central panels present data from the estimates of the unmeasured states, v1 and
y2 . Finally, the measured and estimated geophone signals and corresponding estimate of
state v2 are shown in the bottom panel of Fig. 5.22. The measured and estimated outputs
are very similar owing to the filter’s belief that the LVDT will not be able to contribute
to the estimated output: at low frequencies the LVDT may have better sensitivity but
the output will be dominated by sensor noise from the geophone anyway. In the state
estimate, on the other hand, the filter rejects low frequency geophone signal in favor of
(low frequency) LVDT measurements made at the top filter.

5.7

Control performance

The focus here will be on the control of the vertical degrees of freedom presenting in-loop
results of a multiple-input single-output (MISO) controller based on a state observer.
This is the first time that such results have been presented in the context of seismic
attenuation for Virgo. For the purpose of the vertical controls it was useful to damp
the horizontal degrees of freedom of the top stage as well, in order to reduce couplings
between the various degrees of freedom. These results will also briefly be discussed.

5.7.1

Top stage horizontal control

The horizontal control was performed with inertial damping. This is a simple form of
derivative control in which the feedback signal is proportional to the velocity of the
isolated object. Each degree of freedom is sensed and controlled separately; hence, the
control loops are considered to be single-input single-output (SISO) regulators. The
feedback signals are band-passed to avoid injection of control noise at high frequencies
(> 10 Hz) where the top stage is passively isolated, and at low frequencies (< 0.01 Hz)
where dynamic control is not needed. The resulting feedback controller is given by
C(s) = sG · HL (s) · HH (s)
2s2L
s2
= sG · 2
·
,
s + 2sL s + 2s2L s2 + 2sH s + 2s2H

(5.34)
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Figure 5.22: Time domain results of the MultiSAS vertical Kalman filter. State estimates
x̂ (dashed blue curves) are shown in order from top to bottom: y1 , v1 , y2 and v2 . Measured
y (solid red curves) and estimated ŷ (dash dotted green curves) outputs are shown for the
LVDT and geophone signals in the top and bottom panels respectively.

where HL (s) is a second order lowpass filter defined by a corner frequency sL and HH (s)
a highpass filter with corresponding corner frequency sH . The additional s in Eq. (5.34)
transforms the displacement measurements into a velocity signal and G represents the
feedback gain. The corner frequencies of the high and lowpass filters should be chosen
well below and above the to be damped resonances respectively. For the MultiSAS
top stage horizontal control sH = 0.05 rad/s and sL = 20 rad/s were chosen, which
correspond to 0.008 Hz and 3.2 Hz respectively. A schematic outline of the top stage
horizontal control is given in Fig. 5.17 where the SISO regulators are given by Eq. (5.34).
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The controller gain G could be selected separately for each degree of freedom. For θy it
was set to 1, and for x and z to 10. The lower frequency resonances of x and z required a
larger gain where sG would otherwise be less than unity. Results of top stage horizontal
control performance is shown in Fig. 5.23 for the x and θy degrees of freedom. These
data are observed by the blended super sensors which are the same sensors used in the
feedback control. It should be noted that these are hence in-loop sensor results.
It is evident that the resonance frequencies are damped by at least an order of magnitude.
The ground motion of the x direction as observed by the Trillium 240 seismometer is
included in Fig. 5.23a and used to calculate the transfer functions shown in Fig. 5.23b.
The pre-isolation performance of the top stage is observed and amounts to -40 dB
attenuation at 3 Hz. Above 3 Hz the top stage motion is dominated by acoustic noise,
an issue often associated with out of vacuum passive attenuation systems [120]. These
eﬀects are expected to disappear once the system is installed in the vacuum enclosure.
The peak at ∼0.5 Hz is a coupling of the poorly suspended dummy mass tilt motion
recoiling to the top stage. This is also expected to diminish once the actual optical bench
is installed. However, as demonstrated here, this mode can be eﬀectively suppressed by
the horizontal controls of the top stage.

5.7.2

Vertical proportional integral derivative control

The first step in the control of the MultiSAS vertical degrees of freedom is the design
of a proportional integral derivative (PID) controller. Here the sensor corrected vertical
top stage LVDT signal is used in the feedback loop and the actuation signal applied
to the co-located vertical voice coil actuator. Both are situated under the keystone of
the top filter. This is the traditional approach to resonance frequency damping and will
function as a performance base line against which to later compare the MISO control.
The vertical PID controller can be described by
�
�
GI
C(s) = G GD s + GP +
· HL (s) · HH (s),
(5.35)
s
where GD , GP and GI are the derivative, proportional and integral gains respectively
with G representing an overall gain. The feedback signals are again high- and lowpass
filtered by HH (s) and HL (s) from Eq. (5.34). For the MultiSAS vertical PID controller
the values GD = 1, GP = 0.5 and GI = 0.05 were chosen. At low frequencies (s < 0.05
rad/s) the integration term dominates and produces a feedback signal proportional to the
integrated value of the vertical position. As the frequency increases the proportional term
takes over applying a force proportional to the measured displacement. This is useful
for keeping the vertical position around zero (or an arbitrary set position) at frequencies
below the resonance. At increasing frequencies (s > 0.5 rad/s) the derivative term
begins to dominate and produces a feedback signal proportional to the vertical velocity,
essentially implementing inertial control, a technique eﬀective in damping resonance
frequencies.
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(a) Left: open and closed loop horizontal motion of the top stage. The ground motion as measured
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(b) Ground to top stage transfer function in open and closed loop operation. Horizontal top stage
motion x over ground motion as observed by the Trillium 240. Roughly 40 dB pre-isolation is gained
at 3 Hz. Above 3 Hz top stage motion is dominated by acoustic noise.

Figure 5.23: Top stage horizontal control results based on inertial damping.

The eﬀectiveness of the control scheme can be tested by injecting white noise at the
input, i.e. at the voice coil, while at the same time implementing the feedback control
and monitoring the system response. In this way, the signal levels are increased above
any sensor noise floors. In addition, the results can be plotted as forced displacement
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transfer functions. Fig. 5.24a shows the forced displacement transfer function results
of the vertical PID controller for various values of the overall controller gain. On the
left the transmission of input noise to LVDT displacement is shown. On the right the
same transmission to the bench velocity measured by the geophone is presented. We
see that the control is successful in damping the resonance frequencies as seen at both
the top stage LVDT and the bench geophone. However, due to a notch in the top stage
response, only a small signal is measured by the LVDT and hence a weak feedback force
is applied around 300 mHz. As a result, the bench motion is left largely intact at these
frequencies. This limits the eﬀectiveness of the PID in reducing the rms motion of the
payload. A certain amount of noise injection is evident above 4 Hz. Increasing the gain
further aggravates this issue.

5.7.3

Vertical linear quadratic gaussian control

Linear quadratic Gaussian (LQG) control combines the linear quadratic regulator (LQR)
outlined in Section 1.4.3 with the Kalman state observer discussed in Section 5.6.3 [34,
139, 141]. The term Gaussian comes from the fact that the Kalman observer assumes
Gaussian input noise. The LQR assumes that all the states of the system are known
and produces a gain matrix K that optimizes a quadratic cost function (see Eq. (1.56)).
However, in real control problems all of the states are not always easily accessible.
The Kalman observer provides an optimal means to estimate all the states based on
the measurements that are available, and on knowledge of the system dynamics and
noise sources. Finally, the separation principle makes it possible to compose an optimal
LQG controller by first determining the LQR and Kalman observer separately before
combining them. LQG control for MultiSAS utilizes multiple measurement inputs to
produce a single feedback signal. It is therefore considered to be a MISO regulator. A
schematic of an LQG controlled system is shown in Fig. 5.25.
An LQG regulator can be tuned by adjusting the weighting matrices QLQR and RLQR
of the LQR, and Qn and Rn of the Kalman filter. Generally, one of the matrices in each
pair is set to unity and the other scaled accordingly. In the case of the MultiSAS LQR,
RLQR = 1 and QLQR = Diag[Q, 0, 0, Q], where Q can be tuned and weighs the y1 and
v2 state estimates evenly. Increasing Q places more emphasis on minimizing the system
states, rather than the input signal. This has a similar eﬀect to increasing the overall
gain of the controller.
The Kalman filter weighting matrices are given in Eqns. (5.31) - (5.32). To facilitate the
ability to tune the disturbance noise with respect to the measurement noise the process
covariance matrix is redefined here as


Qd 0 0
Qn =  0 1 0  ,
(5.36)
0 0 1

where Qd is the variance of the white noise input to the disturbance noise shaping filter.
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(a) Vertical transfer functions in open and closed loop to test the performance of the PID controller.
The gain is varied from 0 (open loop) to 2. The left panel shows the LVDT displacement over forced
displacement results. Right panel the geophone velocity over forced displacement results.
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(b) Vertical transfer functions in open and closed loop to test the performance of the LQG controller.
The parameters Q and Qd are varied. The left panel shows the LVDT displacement over forced
displacement results. Right panel the geophone velocity over forced displacement results.

Figure 5.24: MultiSAS vertical forced displacement transfer functions in open and closed
loop configurations.
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Figure 5.25: Schematic of the MultiSAS vertical control scheme with a MISO regulator
consisting of a state observer Kest and LQR gain matrix K. The MultiSAS dynamics are
described by the plant P . The shaping filters WL , Wg and Wd account for the colored
frequency response of the LVDT, geophone and disturbance noises respectively.

By increasing Qd with respect to Rn and the other diagonal elements of Qn , the Kalman
filter places a stronger belief in the measurements, rather than the system model.
Forced displacement transfer functions with LQG control are shown in Fig. 5.24b for
various values of Q and Qd . The LQG regulator is successfully able to damp the vertical resonances. Examining the bench motion as observed by the geophone, we see a
significant improvement over the PID control. Because the LQG controller is designed
to minimize both LVDT and geophone signal, the bench motion is actively suppressed.
However, there is evidence of additional noise injected in the frequency range from 1 to 5
Hz. This eﬀect is somewhat reduced by increasing Qd . As Qd becomes large the injected
noise decreases, suggesting that a stronger belief in the measurement (with respect to
the model) reduces injected noise. Forced displacement measurements however, increase
signal levels well above their noise floors making an increased Qd a plausible solution.
Under normal conditions, this may not be the case.
For the controlled MultiSAS to meet its requirements, the control system must suppress
rms motion without interfering with the passive isolation performance above 10 Hz.
Therefore, the injection of noise in the 1 - 5 Hz range is not troublesome. In fact, the
improved reduction of bench rms motion will be highly advantageous.

5.7.4

Comparative results

The performance of the control system was tested with MultiSAS in its free running
state with only environmental disturbances i.e. without forced excitation. These results
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are shown in Fig. 5.26. In the top panel the LVDT displacements are shown for the open
and closed loop configurations alongside the ground motion as measured by the Trillium
240 seismometer. In the bottom panel the projection of bench displacement from the
geophone is presented. In addition to the spectral density the rms motion of the bench
is also plotted (black curves). The resonance peaks are clearly visible in the open loop
results (solid red curves). These are eﬀectively damped by both the PID (dotted blue
curve) and LQG (dash-dotted green curve) control schemes. In both the LVDT and
geophone results we see the injection of control noise by the LQG controller above 1 Hz.
However in the critical range above 10 Hz, no injection could be identified. In general
the LQG control method outperforms the PID control below 1 Hz. This is most evident
in the LVDT measurements below 0.1 Hz. However, a more aggressive PID proportional
and integral gain may be able to improve the PID results.
A critical measure for control performance is the low frequency rms motion. Observing
the rms curves in Fig. 5.26b at 0.1 Hz the PID control is seen to reduce rms motion
by a factor of 3 in comparison to the open loop system. The LQG controller improves
on this by an additional factor of 2, bringing the rms motion down to 0.5 µm. This is
within the translational requirements for the optical bench of 1 µm. Geophone results
below 0.1 Hz are limited by the instrument’s sensitivity. Measuring above 10 Hz was
not feasible with the current setup as acoustic coupling acting directly on the payload
dominates its residual motion above a few Hz.
The increase in displacement registered by the LVDT towards low frequencies is a result of thermal eﬀects induced by the air conditioning in the cleanroom. As a result,
MultiSAS is subjected to temperature variations of ±0.3 ◦ C over periods of roughly 10
minutes. This is expected to reduce significantly once MultiSAS has been installed in
the vacuum system where thermalization of the top stage can occur only by conduction
and radiation. The associated time constants are much larger than is the case for out of
vacuum convection thermalization.

5.8

Summary

MultiSAS is a vibration isolation system designed to suspend in-vacuum optical benches
for Advanced Virgo. Its design is based on passive isolation from multiple stages of
mechanical oscillators such as (inverted) pendulums and geometric anti-springs. Active
feedback is used for the dynamic control of the system’s resonance frequencies in a
bandwidth up to about 5 Hz. The control system is based on input from a series of
diﬀerential displacement (LVDT) and inertial (geophone) sensors and the actuation
forces are applied by magnetic voice coil actuators.
It was shown that the system could be eﬀectively modeled with Lagrangian mechanics.
This was done by assuming uncoupled dynamics between horizontal, vertical and yaw
motion and developing separate models for each. The vertical and horizontal models
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Figure 5.26: MultiSAS vertical control results with environmental disturbances only.
Closed loop performance plotted for the PID controller with a gain G = 2 and the LGQ
controller designed with Q = 100 and Qd = 10.
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were presented here and were shown to coincide with measured transfer functions.
The characterization campaign of the vertical performance of MultiSAS was described
showing measured transfer functions of the GAS filters. Magic wands on the intermediate
filter were shown to improve high frequency performance by an additional factor of 10.
The total projected transmission of vertical ground vibrations to the optical bench is
expected to be 10−6 at 30 Hz, well within the spectral translation requirements. The
horizontal and rotational characterization tests could not be presented here but are
currently underway.
MultiSAS implements a feedback control system to damp the resonance frequencies.
Conventional techniques were eﬀectively implemented to control the horizontal motion
of the top stage, and vertical motion of the suspension chain. A novel approach to
the vertical control problem, by using Kalman filters and linear quadratic regulators,
was addressed in more detail. This approach proved eﬀective in damping resonance
frequencies and outperformed conventional techniques in reducing low frequency rms
motion. More attention can now be paid to optimizing both conventional techniques
and the Kalman filter approach.
The following steps for the MultiSAS prototype will be the installation of the system
inside the MiniTower vacuum chamber. The currently suspended dummy payload will be
replaced by an optical bench prototype with its dedicated sensing and actuation systems.
Then the performance of the entire system can be fully tested and characterized. The
attenuation performance above 10 Hz is expected to reduce residual motion of the bench
well below the sensitivity of conventional sensors so special techniques will be adapted.
Higher order modes have only briefly been addressed in this chapter but their dynamics
may spoil performance above 10 Hz so they will need to be carefully investigated. The
control system plays an important role in achieving low frequency rms requirements.
The control schemes presented here may be improved upon, and extended to include all
the controllable degrees of freedom.
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7
Conclusions, discussions and future work

General relativity describes gravity as the curvature of spacetime, with the properties
of the curvature contained in the metric. Gravitational waves are fluctuations in the
spacetime continuum and are represented by perturbations of the metric. They propagate at the speed of light and are one of the last predictions of general relativity yet to
be validated. The emission of gravitational waves follows from any object that exhibits
a quadrupole (or higher order) moment. Since the fabric of spacetime is extremely stiﬀ,
the first detectable gravitational wave signals are expected to originate from events of
astronomical proportions. Sources such as supernovae gravitational core collapse, spinning neutron stars and binary mergers were described in Chapter 1. It was established
that signals below roughly 40 Hz, the low-frequency regime of ground based detectors,
are of great importance. This is due to the many potential sources of gravitational waves
that exists at these frequencies, such as spinning neutron stars and binary black hole
8
mergers. Furthermore, the time to coalescence of binary mergers increases with f − 5
which means that a lower detection frequency improves the signal-to-noise ratio and
subsequent parameter estimation of these events.
Gravitational waves can be detected by closely monitoring the separation distance between freely falling test masses. This is done with kilometer scale interferometric detectors, like Virgo in Italy, where the mirrors act as freely suspended test masses. Virgo
is currently being upgraded to what is known as a second generation detector coined
Advanced Virgo. Together with a global network of a handful of other second generation
detectors, sensitivities ten times better than first generation instruments will be reached
and gravitational wave detections are expected from 2016. Looking onwards, future generation detectors such as Einstein Telescope are in a mature phase of conceptual design.
Einstein Telescope will improve on second generation sensitivity by another order of
magnitude and pushes the lower bound of the detection band to even lower frequencies.
The limitations of ground based detectors lie in sources of quantum noise (from shot
noise and radiation pressure), thermal noise and noises associated with seismic motion.
The latter appears as mechanical transmission through the suspension systems of the

183

Chapter 7. Conclusions, discussions and future work
optical components, or via the direct Newtonian coupling due to density fluctuations
from seismic waves. In addition, technical noises such as angular alignment control noise
necessitates the use of vibration attenuation systems to isolate optical benches from
seismic vibrations.

Seismic noise
Seismic noise (and associated Newtonian noise) plays a major role in limiting lowfrequency performance of ground based detectors from 1 Hz, up to 6 Hz for Einstein
Telescope and up to 20 Hz for Advanced detectors. At 1 Hz there was evidence of the tail
of the microseismic peak, a result of ocean activity coupling to seismic motion that has
its maximum amplitude around 0.2 Hz. It was shown with data from a European seismometer network (VEBSN), that at these frequencies there exists a relation to a site’s
proximity to the North Atlantic ocean. Above 1 Hz it was shown that seismic motion
originates from anthropogenic sources, such as traﬃc, industry and other human activity. For this reason, future sites should avoid highly populated and industrious areas.
Furthermore, the energy
from these sources was shown to couple largely to surface waves
√
that decay with 1/ r, with r the distance from the source. In contrast, the remaining
energy is distributed among body waves that decay as 1/r. This motivates the notion
of constructing a future detector underground.
A global campaign to characterize underground seismic motion in conjunction with the
Einstein Telescope design study was carried out. It showed that significant improvements
of the seismic environment could be obtained by careful site selection. A number of locations in Europe show several orders of magnitude reduction in seismic power spectral
density in comparison to current detector sites. Some sites were shown to exhibit reduced
seismic motion at greater depth, however surface sites also exist that provide low seismic activity. These studies conclude by specifying a realistic seismic noise requirement
for Einstein Telescope that corresponds
to an average displacement amplitude spectral
√
density no greater than 0.5 nm/ Hz (Hz/f )2 above 1 Hz.
Three underground and one surface location were proposed as potential sites for further
investigation. Subsequent studies will identify the long term seismic characteristics of
these or similar environments. Another important aspect that will need to be addressed
for a subterranean detector is the feasibility of large underground construction. At the
surface site the focus could lie more on the study of the eﬀects of atmospheric conditions,
such as wind, and the feasibility of a future generation surface detector.
Chapter 3 concluded by describing a study of seismic correlations performed at the
Virgo site. This provided information on the typical coherence length of seismic motion
as a function of frequency. From these results it was also possible to generate an estimate of the surface wave velocity and soil density. Both were useful in modeling the
Newtonian noise contributions to the Advanced Virgo noise budget. A more detailed
seismic correlation study at the Virgo site would be useful. Such a study should involve
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longer measurement periods at various separation distances including locations along
Virgo’s North arm. This will provide a more accurate description of the site’s dispersion
properties and soil density profile.
Seismic noise for next generation detectors can be summarized as:
�
�
�
�
�
�

Frequency range of interest: > 1 Hz up to 6 Hz for Einstein Telescope and up to
20 Hz for advanced detectors.
Generally originates from anthropogenic sources at the surface (roads, industry,
human activity).
Rayleigh
waves contain roughly two thirds of the excitation energy, and decay as
√
1/ r, as apposed to one third of the energy and 1/r decay for body waves.
Future generation detector sites should therefore avoid highly populated and industrious areas and consider underground locations.
Reductions of several orders of magnitude in seismic power spectral density is achievable with respect to current detectors sites.
A realistic
seismic noise requirement for Einstein Telescope is set to
√ background
2
0.5 nm/ Hz (Hz/f ) above 1 Hz.

Newtonian noise
Newtonian noise will limit the low frequency sensitivity of advanced detectors during
high seismic activity and will be a dominant limitation to Einstein Telescope’s performance below 6 Hz. New methods to model Newtonian noise were presented for two
categories of seismic wave sources: distant sources, numerically modeled by isotropic
plane Rayleigh waves; and local sources for which finite element techniques were relied
upon.
Results from plane Rayleigh wave models showed dependence on seismic correlation:
weaker correlation produces more areas of incoherently vibrating soil, the eﬀects of
which cancel each other out in the Newtonian noise integration process. This was evident in simulations of two diﬀerent soils properties: that of the Virgo site with low
correlation; and the higher correlated properties of those found, for example, at SLAC,
Paolo Alto, USA. The results also presented the idea of Newtonian noise reduction as
a function of depth. At lower frequencies, Rayleigh waves penetrate to greater depths,
and the seismic motion is correlated over greater distances. Therefore, the reduction increases with increasing depth and frequency. However, at 1 Hz, a depth of one Rayleigh
wavelength is needed to achieve an order of magnitude suppression, which corresponds
to unfeasibly large depths for an underground detector. At 3 Hz this is already reduced
to roughly a quarter of that depth. This is due to the shorter penetration depths and
the stronger Newtonian integration cancelation eﬀects at higher frequencies.
In the case of Advanced Virgo, simulations were made based on seismic noise, soil density

185

Chapter 7. Conclusions, discussions and future work
and dispersive properties measured at the site. This led to results that diverged from
current Newtonian noise models which do not take dispersion into account. Due to the
lower correlation associated with the dispersive properties, simulations produced lower
estimates of Newtonian noise, by roughly an order of magnitude in the 10 - 20 Hz band.
As a result, it is proposed that the Rayleigh wave contribution to the Advanced Virgo
Newtonian noise budget be adjusted to coincide with a density of ρ = 1.8 g/cm3 , and
a reduced transfer function β = 0.25. Even in this case, Newtonian noise will still limit
Advanced Virgo’s sensitivity below 20 Hz during high seismic activity.
The above simulations modeled surface Rayleigh waves only. At a surface detector such
as Advanced Virgo it is expected, and indeed shown in Chapter 3, that surface waves
will be the dominant source of seismic motion. At underground sites however, where
the eﬀects of surface wave motion are reduced, body waves will dominate. The models
can be extended to include body waves from distant sources to further improve our
understanding of underground Newtonian noise issues.
Finite element models were shown to accurately predict the seismic wave fields from
point source excitations at the surface of a homogenous half-space. These included all
wave types: body and surface. Subsequent Newtonian noise simulations with virtual test
masses at the surface and at depth, showed that Newtonian noise was felt immediately,
before any seismic motion was detected at the respective locations. In addition, there was
only a small reduction in Newtonian noise signal with depth, suggesting that body wave
contributions from these sources will be significant, even at large depths. The strength
of finite element simulations is their ability to model complex structures and excitations.
This would make it suitable to study more complex geologies, such as layered media,
or the eﬀects of buildings and topological structures close to the test masses. However,
high resolution sampling of the seismic wave fields together with suﬃciently large models
make it computationally challenging.
Finally, subtraction of Newtonian noise from ambient seismic motion at a surface detector, based on arrays of seismic sensors and an optimal Wiener filtering technique was
presented. Simulations were made by using the plane Rayleigh wave model and showed
that over 90% of the signal could be subtracted with an array of several hundred sensors.
Even better results could be obtained by carefully selecting the optimal positions of the
sensors. However, this placement strategy optimizes the array within a chosen narrow
bandwidth, while a broadband solution may be needed. The technique does provide
valuable insights into a semi-optimal configuration of the sensor array. Based on the
results an hourglass arrangement aligned parallel to the interferometer arm is proposed
and should feature with a higher density of sensors closer to the test mass. The extension
of these simulations to three dimensional arrays and underground detectors would be
valuable for assessing the feasibility of Newtonian noise subtraction for future generation
detectors, such as Einstein Telescope.
Newtonian noise for next generation detectors can be summarized as:
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�

Distant sources
◦ Originate at a distance d � λP from the test mass.
◦ Predominately from Rayleigh waves at the surface.
◦ Modeled by isotropic plane Rayleigh waves with measured dispersion properties.
◦ Dependent on seismic correlations due to integration over coherently vibrating
areas of soil.
◦ Low frequency � 2 Hz
� Long coherence lengths.
� Limited noise reduction as a function of depth.
� Order of magnitude reduction at z ≈ λR,1Hz .
� Subtraction requires sparse seismic arrays over large distances.
◦ High frequency � 5 Hz
� Short coherence lengths. Stronger Newtonian integration cancelation eﬀects.
� Noise reduction as a function of depth.
� Order of magnitude reduction at z ≈ 0.25λR,1Hz .
� Subtraction requires denser arrays in closer proximity to the test masses.
� Local sources
◦ All wave types are produced by these sources.
◦ Modeled with finite element methods.
◦ Newtonian noise is immediately felt at test mass before corresponding seismic
signals arrive.
◦ Limited reduction as a function of depth: roughly a factor of 2 at λP,1Hz .
◦ Body waves from surface sources are still dominant at depth.
◦ Sources are generally known and controllable.

Vibration isolation
A compact vibration isolation system called MultiSAS has been developed to suspend
five of Advanced Virgo’s in-vacuum optical benches. Scattered light and alignment control issues place stringent requirements on the residual motion of the benches, particularly in the rotational degrees of freedom. MultiSAS implements multiple stages of
mechanical filters in the form of (inverted) pendulums and geometric anti-springs, such
that the bulk attenuation is obtained via passive isolation. The rigid body modes of
the system are suppressed by an active feedback control system that acts in a bandwidth up to 5 Hz. Sensing is performed by a series of diﬀerential displacement sensors
called LVDTs and inertial velocity sensors called geophones, while the feedback forces
are applied via magnetic voice coil actuators.
MultiSAS is designed to provide 150 and 100 dB of attenuation of ground vibrations for
frequencies above 10 Hz in the horizontal and vertical degrees of freedom respectively.
In addition, the design is conceived to minimize couplings between translational and
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rotational degrees of freedom. The vertical performance was demonstrated by actuated
swept sine transfer function measurements and was well within the requirements for
translational motion. More crucial is the performance of the rotational degrees of freedom. This will need to be tested once the MultiSAS prototype has been installed in the
custom build vacuum enclosure, including the prototype optical bench.
Vertical and horizontal models of MultiSAS were developed based on Lagrange mechanics. These were shown, via comparison with measured transfer functions, to provide an
accurate description of the system’s dynamics. Based on the vertical state-space model
a Kalman filter was designed to observe the states of the system, including those that
could not be measured. This meant that the signal measured by the LVDT at the top
stage could be eﬀectively blended with the geophone signal from the bench, to estimate
the various system states. Furthermore, in combination with an optimal regulator a linear quadratic Gaussian feedback controller could be realized. This implementation of a
multiple-input single-output controller was shown to reduce the residual rms motion of
the bench well below the required 1 µm, a reduction in motion by more than an order
of magnitude in comparison to the open loop motion.
Exciting times await MultiSAS in the immediate future. It will be installed in the MiniTower vacuum enclosure and its prototype optical bench will also be commissioned. In
this configuration the system’s dynamics, including those of the MiniTower, can be further explored. The control strategies outlined here can be extended across more degrees
of freedom and perhaps tuned for more optimal performance. Ultimately five such systems will be installed in Advanced Virgo with the first of these to be installed in the
middle of 2014.
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Appendix

A
Seismic survey results

All of the data acquired for the seismic site survey described in Chapter 3 will be summarized here. The data are presented by a horizontal spectral variation and a horizontal
spectrogram. Only the horizontal component is shown in view of space constraints; furthermore, horizontal motion is the most critical in terms of Newtonian noise generating
displacement along the beam axis of the interferometer.

Figure A.1: France - Frejus, underground laboratory LSM “Laboratoire Souterrain de
Modane”.
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Figure A.2: Japan - Kamoika mine, CLIO gravitational wave prototype.

Figure A.3: Finland - Sumiainen, surface location in central Finland. ORFEUS data. The
steep drop at 8 Hz is due to a low-pass filter.

Figure A.4: Italy - Gran Sasso National Laboratory.
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Figure A.5: Germany - Black forest observatory.

Figure A.6: Romania - Slănic, Unirea salt mine.

Figure A.7: Germany - MOXA, ORFEUS data. The steep drop at 8 Hz is due to a
low-pass filter.
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Figure A.8: The Netherlands - Heimansgroeve, KNMI seismic observatory.

Figure A.9: Belgium - Mol, HADES underground laboratory.

Figure A.10: Itlay - Virgo. Site of the Virgo gravitational wave detector.
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Quantum Grav., 27:194011, 2010.
[117] D.M. Macleod et al. Reducing the eﬀect of seismic noise in LIGO searches by targeted
veto generation. arXiv:1108.0312v2 [gr-qc], 2011.
[118] M.G. Beker, A. Bertolini, M. Blom, J.F.J. van den Brand, H.J. Bulten, and M. Doets.
EIB-SAS performance. Internal Virgo Note, VIR-0582A-11, 2011.
[119] M.G. Beker, M. Blom, J.F.J. van den Brand, E. Hennes, and D. Rabeling. Seismic
attenuation technology for the Advanced Virgo gravitational wave detector. Physics
Procedia, 37:1389–1397, 2012.
[120] M.R. Blom, M.G. Beker, A. Bertolini, J.F.J. van den Brand, H.J. Bulten, E. Hennes,
F.A. Mul, D.S. Rabeling, and A. Schimmel. Seismic attenuation system for the external injection bench of the advanced virgo gravitational wave detector. Nucl. Instrum. Meth. A, 2012. url: http://www.sciencedirect.com/science/article/pii/
S0168900212014556.
[121] K. Agatsuma et al. Control system for the seismic attenuation system (SAS) in
TAMA300. J. Phys. Conf. Ser., 122:012013, 2008. url: http://iopscience.iop.org/
1742-6596/122/1/012013.
[122] A. Wanner et al. Seismic attenuation system for the AEI 10 meter Prototype. Class.
Quantum Grav., 29(24):245007, 2012. url: http://stacks.iop.org/0264-9381/29/i=
24/a=245007.
[123] J-.C. Dumas, P. Barriga, C. Zhao, L. Ju, and D.G. Blair. Compact vibration isolation
and suspension for Australian International Gravitational Observatory: Local control
system. Review of Scientific Instruments, 80:114502, 2009. url: http://dx.doi.org/
10.1063/1.3250861.
[124] G. Losurdo. Ultra-Low frequency inverted pendulum for the Virgo test mass suspension.
PhD thesis, Scuola Normale Superiore de Pisa, 1998.
[125] V. Sannibale et al. Seismic attenuation performance of the first prototype of a geometric
anti-spring filter. Nucl. Instrum. Meth. A, 587:652–660, 2002.
[126] A. Bertolini et al. Seismic noise filters, vertical resonance frequency reduction with
geometric anti-springs: A feasibility study. Nucl. Instrum. Meth. A, 435:475–483, 1999.
[127] S. Márka et al. Anatomy of the TAMA SAS seismic attenuation system. Class. Quantum

200

References

Grav., 19(7):1605, 2002. url: http://stacks.iop.org/0264-9381/19/i=7/a=351.
[128] S. Braccini et al. The maraging-steel blades of the Virgo super attenuator. Measurement
Science and Technology, 11(5):467, 2000. url: http://stacks.iop.org/0957-0233/11/
i=5/a=304.
[129] G. Cella, V. Sannibale, R. DeSalvo, S. Márka, and A. Takamori. Monolithic geometric
anti-spring blades. arXiv:gr-cq, 0406091v2:502–519, 2004.
[130] L.D. Landau and E.M. Lifshitz. Theory of Elasticity, chapter: 18. Pergamon Press,
Oxford, second edition, 1970.
[131] H. Tariq et al. The linear variable diﬀerential transformer (lvdt) position sensor for gravitational wave interferometer low-frequency controls. Nuclear Instruments and Methods
in Physics Research, 489(1-3):570–576, 2002. url: http://www.sciencedirect.com/
science/article/pii/S0168900202008021.
[132] Sercel seismometers. url: http://www.sercel.com/.
[133] L.N. Hand and J.D. Finch. Analytical mechanics. Cambridge University Press, Cambridge, 1998.
[134] H. Goldstein, C. Poole, and J. Safko. Classical Mechanics, pages 22–25. Addison Wesley,
San Fransisco, third edition, 2002.
[135] N.A. Robertson et al. Seimsic isolation and suspension systems for Advanced LIGO. In
J. Hough and G.H. Sanders, editors, Proceedings of SPIE, volume 5500, 2004.
[136] G. Losurdo, D. Passuello, and P. Ruggi. The control of the Virgo superattenuator revised
(i). Inertial damping: present and future. Internal Virgo Note, VIR-NOT-FIR-1390-318,
2006.
[137] V. Boschi et al. A state observer for the Virgo inverted pendulum. Review of scientific
instruments, 82:094502, 2011.
[138] B.N. Shapiro. Modal control with state estimation for Advanced LIGO quadruple suspensions. Master’s thesis, Massachusetts Institute of Technology, 2007.
[139] L. Ruet. Active control and sensor noise filtering duality application to Advanced LIGO
suspensions. PhD thesis, L’Institut National des Sciences Appliqués de Lyon, 2007.
[140] A. Sebastian and A. Pantazi. Nanopositioning with multiple sensors: A case study in
data storage. IEEE transactions on control systems technology, 20:382–394, 2012.
[141] R.L. William and D.A. Lawrence. Linear state-space control systems. John Wiley and
Sons, Inc, New Jersey, 2007.
[142] DGI, CoViz 4D. url: http://www.dgi.com/coviz/cvmain.html.
[143] James Crandell.
The original E&P spending survey, 2009.
url: http:
//www.oilandgasinvestor.com/Files/The_Original_E_P_Spending_Survey_
Analysis_of_Worldwide_E_P_Expenditures.pdf.
[144] Directional broadcast TDMA wireless mesh network. Patent pending, 2013.
[145] Headwaters Economics. Solutions to the rising costs of fighting fires in the wildlandurban interface, 2009. url: http://www.headwaterseconomics.org/wildfire.php.

201

References

[146] L. Dale and the Western Forestry Leadership Coalition. The true cost of wildfire in the
western U.S., 2009. url: http://www.wflccenter.org/news_pdf/324_pdf.pdf.
[147] Voltree Power, Bioenergy Harvester. url: http://voltreepower.com/bioHarvester.
html.
[148] Canalys. Mobile device market to reach 2.6 billion units by 2016, 2013. url: http://www.
canalys.com/newsroom/mobile-device-market-reach-26-billion-units-2016.
Press release 2013/056.
[149] F. Acernese, R.D. Rosa, G. Giordano, R. Romano, and F. Barone. Mechanical monolithic accelerometer for suspension inertial damping and low frequency seismic noise
measurement. J. Phys. Conf. Ser., 122(1):012012, 2008. url: http://stacks.iop.org/
1742-6596/122/i=1/a=012012.
[150] A. Bertolini et al. Mechanical design of a single-axis monolithic accelerometer for advanced seismic attenuation systems. Nucl. Instrum. Meth. A, 556(2):616–623, 2006. url:
http://www.sciencedirect.com/science/article/pii/S0168900205020930.
[151] MicroSense, Capacitive Position Sensors.
products-position-sensors.htm.
[152] Attocube, Metrology Sensors.
introduction.html.

url: http://www.microsense.net/

url: http://www.attocube.com/attoMETROLOGY/

[153] S Janssens et al. System control for the CLIC main beam quadrupole stabilization
and nano-positioning. (EuCARD-CON-2011-033. CLIC-Note-918), 2011. url: http:
//accelconf.web.cern.ch/accelconf/IPAC2011/papers/tupc014.pdf.
[154] Ph. Brax, C. van de Bruck, A. C. Davis, D. J. Shaw, and D. Iannuzzi. Tuning the mass
of chameleon fields in casimir force experiments. Phys. Rev. Lett., 104:241101, 2010. url:
http://link.aps.org/doi/10.1103/PhysRevLett.104.241101.
[155] R. Sedmik, A. Almasi, D. Iannuzzi, A. Bertolini, M. Doets, E. Hennes, and J. van den
Brand. Hybrid vibration isolation system for high resolution force measurements. In
preparation, 2013.
[156] ESA statement of work - Design, development and installation of a versatile, vibration
isolation system, 2011. url: http://www.esa.int.
[157] Minus K Technology, Vibration isolation. url: http://www.minusk.com/.
[158] MECAL, Hummingbird - active vibration isolation. url: http://www.mecal.eu/
semiconductor-industry/products/active-vibration-isolation/.

202

Summary

For millennia mankind has admired and studied the skies and in doing so has learned
more and more about the nature of the cosmos. This led to the rejection of the Earth’s
central position in the Universe and the adoption of the heliocentric model in the
16th century, placing the Sun at the center of the Universe. With the advent of the
optical telescope, early-day astronomers could further refine their models and discover
new planets and even their moons. Finally these developments led, in the 19th century,
to the notion that our Sun was not at the center of the Universe but one of billions of
stars that make up the Milky Way.
By the middle of the 1900s astronomy was experiencing a golden age thanks to a range of
new technologies that expanded the observational scope beyond that of visible light. This
included radio and infrared astronomy which provided new ways of observing the skies.
Probing the entire spectrum of electromagnetic radiation, physicists continued to unravel
the mysteries of the cosmos and our existence within it. Yet a number of fundamental
questions still remain unanswered until today. To help solve these mysteries, scientists
are now poised to uncover a whole new spectrum, that of gravitational radiation. It is
linked to the gravitational forces associated with all matter and energy, and carries with
it a treasure trove of information about the dynamic behavior within the cosmos. It may
eventually allow revealing imprints of the earliest stages and evolution of the Universe
itself.
What is gravity?
Gravity plays a role in the dynamics of all matter and energy. At the beginning of last
century the reigning theory of gravity was that devised by Isaac Newton, first published
in 1687. Newton’s theory described gravity as an instantaneous force, acting on any two
objects, which is proportional to the masses of the two objects and decreasing with the
squared distance between them. In this way Newton was able to predict the motion
of most celestial bodies such as the Moon and the planets. Yet a number of mysteries
puzzled early-day astronomers. One of which was the notion that a force could act
instantaneously and over large distances through a vacuum, without the mediation of
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anything else. Another was the observation of the precession of Mercury’s elliptical orbit
which was unexplainable within Newton’s theory.
In 1915 Albert Einstein published the theory of general relativity that did away with all
conventional thinking of gravity. General relativity introduced compelling ideas about
the relationship between space, time, matter and energy. It describes gravity as the
curvature of spacetime, a type of flexible field that encompasses the entire Universe.
Einstein’s equations show how spacetime is curved by the presence of matter and energy,
while at the same time dictating the motion that matter and energy must undergo. Fig. 1
is an illustrative example of how spacetime is curved by the Sun and how the orbital
motion of Earth and all the other planets is governed by this warping of spacetime.
Einstein’s theory has been extremely successful in describing the observable eﬀects of
gravity. It accurately describes the motion of the planets including the precession of
their orbits. It was also shown to accurately predict the deflection of light around the
Sun, and it is now used to model the evolution of the entire Universe.

Figure 1: Illustration of Einstein’s notion of gravity as the curvature of spacetime. The
Sun, depicted in the center, causes spacetime to warp and curve. The motion of the Earth
(and the other planets) is dictated by this dent in spacetime.

General relativity’s approach to describing gravity as a dynamic field, paved the way
to the notion of gravitational waves. These are one of the last predictions of general
relativity yet to be observed directly. Gravitational waves are minute ripples in the
curvature of spacetime that are produced by dynamic changes in the gravitational field.
They propagate through space much like the waves in a pond after a pebble is thrown
onto its surface. However, spacetime is extremely resilient to change and the interaction
between gravitational waves and matter is decidedly weak. Therefore, the first sources
of gravitational waves most likely to be detected, are expected to be huge astrophysical
events. Candidates for such events include the violent death of an aging star, and the
coalescence of two compact objects, such as neutron stars and black holes.
The study of gravitational waves will open a new window on the Universe to expose
it in a way never seen before. This will enable us to test general relativity under the
most extreme conditions and develop a firm understanding of the Universe. Furthermore,
entirely new discoveries and insights await us in this fledgling field of astronomy.
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Measuring gravitational waves
Because curvature of spacetime and gravity are interconnected, a gravitational wave
will change the way falling objects fall with respect to each other. Consider two freely
falling masses; as a gravitational wave passes, the distance between them will expand
and contract, similar to the relative height of two corks floating on the surface of a pond.
We can therefore measure gravitational waves by accurately monitoring the relative motion between several freely suspended test masses. This is done by using kilometer scale
laser interferometers. An interferometer splits coherent light from a laser into two beams
traveling in perpendicular directions, through vacuum tubes several kilometers long. The
beams are retro-reflected oﬀ highly reflective end mirrors, which subsequently act as test
masses. The beams then recombine at the beamsplitter. The resulting interference pattern is a measure of the path-length-diﬀerence between the two beams. In this way, the
relative motion of the end mirrors caused by a passing gravitational wave can be detected. However, due to the extremely weak gravitational interaction the measurements
need to be phenomenally precise. In fact, the required accuracy is equivalent to measuring the distance between Earth and Moon with a precision of less than one millionth
the width of a human hair. To achieve these challenging requirements the noise sources
associated with the measurements as well as any external eﬀects that may disrupt the
measurement, need to be controlled or suppressed by several orders of magnitude.
A global network of large-scale interferometric gravitational wave detectors has been
constructed. The first generation of these devices has successfully demonstrated the
technological feasibility of gravitational wave detection. Currently, the detectors are being upgraded to second generation configurations which will improve sensitivity by a
factor of ten, resulting in an expected number of detectable gravitational wave events of
roughly one every week. Several of these detectors are expected to come online in 2016.
These are Advanced Virgo, in Italy (see Fig. 2), and Advanced LIGO, two detectors, one
each in Louisiana and Hanford, USA. By 2018 other second generation detectors will
strengthen the world-wide network including KAGRA in Japan and a third LIGO detector in India. In addition, future generation instruments that would improve on second
generation sensitivity by a further order of magnitude are already in conceptual design
phase. This thesis discusses Einstein Telescope, a proposed European future generation
gravitational wave observatory.
The gravitational wave signals from the sources described above are expected to span
the audio band, that is, from roughly 1 Hz to 1 kHz. A number of potential sources
from spinning stars are expected to exist at the lower end of this frequency range. Furthermore, the information gained from coalescing star systems during the inspiral phase
is greatly improved when they can be studied from the lowest possible frequency. The
detection of gravitational waves at these frequencies is therefore crucial, and designing
detectors that are sensitive in this frequency range is a major experimental challenge
for next generation detectors.
Some of the key limitations to detector sensitivity at low frequencies are associated with
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Figure 2: Aerial photograph of the Virgo gravitational wave detector. The two 3 km arms
converge at the central building where the laser, and beamsplitter are housed.

seismic motion. This is due to two fundamental eﬀects. Firstly, the ground motion which
couples mechanically to unwanted vibrations of the detector components. This is referred
to as seismic noise. Secondly, seismic motion produces fluctuating density variations in
the surrounding soil that result in minute variations in the local gravitational field.
These Newtonian forces act directly on the test masses and interfere with the detection
of gravitational waves. This is known as Newtonian noise. Understanding the nature of
seismic motion, the way it influences a gravitational wave detector and how to combat
its eﬀects are the topic of this thesis.
Seismic motion
The ground is an elastic medium that is continuously moving. We may only feel the
displacements due to an earthquake or a passing train, yet the ground is in fact in constant motion. The driving forces behind this seismic motion determine the characteristic
period with which the ground oscillates. At periods of roughly 10 down to 1 seconds
(frequencies of 0.1 - 1 Hz) seismic motion is driven by ocean waves pounding Earth’s
shores and pressing on the sea floors. This is known as microseismic activity. It penetrates the entire globe, yet proximity to the oceans determines how strongly it is felt. In
addition, seasonal variations produce annual trends in microseismic activity, as winter
storms in nearby seas aggravate its eﬀects. Fig. 3a shows the level of seismic activity
at 0.5 Hz from sites throughout Europe on a winters day in 2011 (February 13). The
general trend is clear: locations furthest from the North Atlantic ocean exhibit lower
levels of ground motion.
At shorter periods, seismic motion is dominated by cultural noise. This is a term used
to describe all man-made seismic motion produced by, for example, traﬃc, industrial
practices and other human activity. It becomes most evident in the day and night varia-
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tions above 1 Hz. At night seismic activity drops and can be several orders of magnitude
smaller than during the day. Weekly patterns are also discernible with day time activity
typically dropping on Sundays. Fig. 3b shows the level of seismic activity over a number
of days from a site in the Black Forest, Germany. The horizontal axis shows the time,
in days, since midnight on a Friday in July 2010. The vertical axis shows the frequency,
while the color indicates the level of seismic activity. The microseismic peak is evident
in a relatively constant band between 0.1 and 1 Hz. Above 1 Hz the day and night time
variations become obvious, as well as the apparent lull in activity on Sunday. Seismic
noise from a nearby saw mill which is turned on at specific hours on weekdays, can be
identified at around 5 Hz. The heightened low-frequency activity after 1 day is due to
an earthquake of magnitude 7.6 that occurred near the Philippines.

(a)

(b)

Figure 3: (a) Seismic activity levels at 0.5 Hz from seismic stations throughout Europe.
This illustrates that microseismic activity is stronger for locations closer to the North
Atlantic. (b) Evolution of seismic activity over the course of several days at a site in the
Black Forest, Germany. Human activity is evident in the day/night variations above 1 Hz.

Ground based interferometric gravitational wave detectors are most aﬀected by seismic
motion in the 1 - 10 Hz range. We have seen that at these frequencies the main sources
of seismic motion are from cultural activity and therefore originate at the surface. In
addition, the resulting seismic waves propagate predominately along the surface, while
decreasing in amplitude with depth. Therefore, underground sites are expected to exhibit
the least amount of seismic motion in this crucial frequency range.
This thesis describes a study that set out to characterize seismic motion at various
surface and underground sites throughout Europe and around the globe. It aimed to
gain a better understanding of underground seismic motion and to define realistic seismic
noise requirements for Einstein Telescope. The study showed that there are a number of
sites in Europe that would provide a suﬃciently seismically quiet environment. These
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sites proved to exhibit several orders of magnitude less seismic activity in comparison
to current detector sites.
What to do about seismic motion?
In order to mitigate the eﬀects of seismic motion, measures are taken to isolate the
detector from these unwanted vibrations. All of the most sensitive components of the
interferometer are suspended from so called seismic attenuation systems. These are a
kind of advanced shock-dampers based on mechanical filters made of springs and pendulums. An attenuation system designed to suspend optical benches in Advanced Virgo is
presented in this thesis. The system is coined MultiSAS, after ‘multi-stage seismic attenuation system’. In order to control the position and left-over motion of the suspended
benches, feedback systems are employed to actively manipulate the bench’s position.
Research presented here describes an innovative way of applying feedback for the vertical control of MultiSAS. The system is based on a Kalman state observer that utilizes
sensors on diﬀerent parts of the suspension system, to produce a feedback signal to a
single force actuator. This technique was shown to improve performance with respect to
conventional feedback systems.
Despite all eﬀorts to reduce the mechanical coupling of seismic noise, the secondary
process of Newtonian forces caused by seismic density fluctuations, will by-pass all suspension systems and spoil the measurement. These gravitational fluctuations act directly
on the test masses and cannot be shielded in any way. Instead, this thesis presents a
method to estimate and subsequently subtract the Newtonian noise from the interferometer output. To do this the seismic waves are monitored with an array of up to several
thousand sensors. Based on the correlation between each sensor and the interferometer
output, an optimal filtering process can be performed. Simulations have shown that for
typical seismic waves up to 90% of Newtonian noise could be subtracted with arrays of
roughly one hundred evenly spaced sensors at each test mass. Even better results could
be obtained by paying careful attention to the exact sensor positions.
Future research
The research presented in this thesis has led to a better understanding of seismic motion
and its eﬀects on a gravitational wave detector. A global study of seismic noise presented
guidelines for site requirements of future generation detectors, but additional studies will
be carried out at a number of sites to further pinpoint the most suitable location for
Einstein Telescope. The seismic attenuation system MultiSAS will soon be installed in
Advanced Virgo and further development of the feedback control systems may provide
even better performance. The subtraction of Newtonian noise by using sensor arrays
will move from simulations to actual field tests once Advanced Virgo comes online. The
experience gained then, will be extremely valuable for future generation detectors such
as Einstein Telescope.
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De mensheid bestudeert de hemel al duizenden jaren en op deze wijze heeft zij in toenemende mate kennis opgedaan van de aard van de kosmos. Dit heeft in de 16e eeuw onder
andere geleid tot de verwerping van de Aarde als het centrum van het Universum en de
adoptie van een heliocentrisch model. Na de introductie van de optische telescoop waren
astronomen in staat hun modellen te verfijnen en nieuwe planeten, en zelfs hun manen,
te ontdekken. Deze ontwikkelingen leidden uiteindelijk, in de 19e eeuw, tot het begrip
dat de Zon niet het middelpunt van ons heelal is, maar slechts een van de miljarden
sterren die de Melkweg vormen.
In de 20e eeuw maakte de astronomie een gouden eeuw door, dankzij een breed scala aan
nieuwe technologische hulpmiddelen, die het mogelijk maakten ook elektromagnetische
straling buiten het zichtbare licht te observeren. Zo voorzagen radio- en infraroodastronomie in nieuwe manieren om de hemel te observeren. Door het hele spectrum van
elektromagnetische straling te benutten hebben natuurkundigen hun onderzoek naar het
Universum, en onze plaats daarin, voortgezet.
Tot op vandaag blijft echter nog een aantal fundamentele vragen onbeantwoord. Om deze
vragen te helpen beantwoorden, staan wetenschappers nu op het punt om observaties met
een volkomen nieuwe soort straling te ontsluiten: gravitatiestraling. Gravitatiestraling
herbergt een schat aan informatie over het dynamische gedrag van de kosmos, en kan
aanwijzingen geven over de vroegste stadia en evolutie van het Universum.

Wat is zwaartekracht?
De zwaartekracht speelt een rol bij het dynamisch gedrag van alle materie en energie.
Rond het begin van de 20e eeuw was de gangbare zwaartekrachtstheorie die van Isaac
Newton, die voor het eerst gepubliceerd werd in 1687. Newton beschreef de zwaartekracht
als een instantane kracht die wordt uitgeoefend tussen twee objecten, die evenredig is met
de massa’s van de twee objecten en afvalt met het kwadraat van hun onderlinge afstand.
Op basis van deze aanname kon Newton de bewegingen van verschillende hemellichamen
beschrijven, zoals die van de Maan en planeten. Bepaalde verschijnselen bleven echter
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onverklaarbaar, waaronder de notie dat een kracht direct en over een grote afstand
door een vacuüm uitgeoefend kan worden, zonder enige andere tussenkomst. Een ander
vraagstuk was de precessie van Mercurius’ elliptische baan, die niet op basis van Newtons
theorie verklaard kon worden.
In 1915 publiceerde Albert Einstein zijn algemene relativiteitstheorie, die het conventionele beeld van zwaartekracht volledig overboord zette. De algemene relativiteitstheorie
beschrijft zwaartekracht als een kromming van ruimtetijd: een flexibel veld dat het gehele
Universum beslaat. Einsteins berekeningen laten zien hoe de aanwezigheid van materie
en energie ruimtetijd kromt, terwijl het tegelijk de beweging van materie en energie bepaalt. Fig. 1 op pagina 204 illustreert hoe ruimtetijd kromt in de nabijheid van de Zon
en hoe de banen van de Aarde en andere planeten bepaald worden door deze kromming.
Einsteins theorie heeft een revolutie teweeggebracht in ons vermogen de waarneembare
eﬀecten van de zwaartekracht te beschrijven. Zijn theorie is zeer accuraat in de beschrijving van planeetbanen. De theorie bewees ook succesvol te zijn in het beschrijven van
het afbuigen van licht rondom de zon, en wordt tegenwoordig gebruikt om de evolutie
van het gehele Universum te modelleren.
Het concept van gravitatie als dynamisch veld baande de weg voor de notie van gravitatiegolven: een van de laatste nog direct te observeren voorspellingen van de algemene
relativiteitstheorie. Gravitatiegolven zijn rimpelingen in ruimtetijd, die geproduceerd
worden door dynamische veranderingen in het gravitatieveld. Ze bewegen zich door de
ruimte op een manier die vergelijkbaar is met de beweging van de golven die gevormd
worden wanneer een steen in een vijver wordt gegooid.
Ruimtetijd is echter in zeer geringe mate aan verandering onderhevig en daarnaast is de
interactie tussen gravitatiegolven en materie uiterst zwak. Daarom wordt aangenomen
dat de eerste waar te nemen gravitatiegolven veroorzaakt zullen worden door de meest
energetische astrofysische gebeurtenissen, zoals de supernova explosie van een verouderde
ster of de samensmelting van twee compacte objecten zoals neutronensterren of zwarte
gaten.
De studie naar gravitatiegolven zal het Universum blootleggen op niet eerder vertoonde
wijze. Dit zal ons in staat stellen de algemene relativiteitstheorie in de meest extreme
omstandigheden te toetsen en een beter begrip van het Universum en haar oorsprong
te verkrijgen. Sterker nog, geheel nieuwe ontdekkingen staan ons wellicht te wachten in
dit maagdelijke veld binnen de astronomie.
Gravitatiegolven meten
Omdat er een verband bestaat tussen kromming van ruimtetijd en gravitatie, zal een
gravitatiegolf een verandering teweeg brengen in de manier waarop objecten ten opzichte van elkaar vallen. Neem ter illustratie twee vrij vallende objecten. Wanneer er een
gravitatiegolf passeert, zal de fysieke afstand tussen de twee objecten uitrekken en samentrekken, op een manier die vergelijkbaar is met de relatieve hoogte van twee kurken

210

Samenvatting
die drijven op het oppervlak van een vijver. Gravitatiegolven kunnen gemeten worden
door de beweging van vrij bewegende testmassa’s nauwkeurig te bestuderen. Dit wordt
gedaan met behulp van laserinterferometers die kilometers lang zijn. Een interferometer
verdeelt een coherente lichtstraal van een laser in twee loodrechte bundels met behulp
van een beamsplitter. De lichtstralen propageren door vacuüm in buizen van enkele kilometers lang en worden dan weerkaatst door hoogreflectieve spiegels, die hier fungeren
als testmassa’s. De lichtstralen worden vervolgens herenigd bij de beamsplitter. Het resulterende interferentiepatroon van het licht is een maat voor het weglengteverschil van
de twee lichtstralen. Op deze manier kan de relatieve beweging van de spiegels door een
passerende gravitatiegolf waargenomen worden. Echter moet deze met grote nauwkeurigheid gemeten worden, gezien de zwakke interactie van gravitatiegolven. De benodigde
nauwkeurigheid is in feite vergelijkbaar met een meting van de afstand tussen Aarde en
Maan met een precisie van minder dan een miljoenste van de breedte van een haar. Om
aan dergelijke criteria te kunnen voldoen, dienen meetruis en andere externe eﬀecten die
de meetresultaten kunnen verstoren, sterk onderdrukt te worden.
Er is een wereldwijd netwerk van grootschalige interferometrische gravitatiegolfdetectoren opgesteld. De eerste generatie van deze detectoren heeft de technische haalbaarheid
van de detectie van gravitatiegolven al succesvol gedemonstreerd. Op dit moment worden deze detectoren omgebouwd tot tweede generatie detectoren. Hun gevoeligheid zal
tien maal groter zijn dan die van hun voorgangers. Verwacht wordt dat deze detectoren
ongeveer een gravitatiegolf per week zullen kunnen detecteren.
De eerste van deze detectoren zullen waarschijnlijk in 2016 in werking zijn. Dit zijn
Advanced Virgo in Italië (zie Fig. 2 op pagina 206) en de twee Advanced LIGO detectoren, een in Louisiana en een in Hanford, Verenigde Staten. Rond 2018 zullen andere
tweede generatie detectoren het netwerk versterken, waaronder KAGRA in Japan, en
mogelijk een derde LIGO detector in India. Daarnaast worden er nieuwe instrumenten
ontwikkeld die de gevoeligheid van de tweede generatie detectoren zullen overtreﬀen.
Dit proefschrift beschrijft Einstein Telescope, een beoogd Europees observatorium voor
gravitatiegolven.
De signalen van gravitatiegolven van de eerder beschreven bronnen worden verwacht
binnen de audioband (ongeveer 1 Hz tot 1 kHz) te vallen. Er is een aantal potentiële
bronnen van gravitatiegolven ontdekt die aan de lage kant van deze bandbreedte stralen.
Verder heeft de studie van samensmeltende compacte objecten er baat bij als golven met
zo laag mogelijke frequentie kunnen worden waargenomen. De detectie van gravitatiegolven bij deze frequenties is cruciaal en het ontwikkelen van detectoren die gevoelig
genoeg zijn in dit lage frequentiegebied is een belangrijke experimentele uitdaging.
Enkele beperkingen van de gevoeligheid van detectoren bij lage frequenties worden geassocieerd met seismische activiteit. Dit is het gevolg van twee fundamentele eﬀecten.
Allereerst, de seismische beweging die mechanisch koppelt aan ongewilde vibraties van
componenten van de detector. Dit wordt seismische ruis genoemd. Daarnaast produceert de seismische activiteit fluctuaties in de dichtheid van de omliggende bodem, wat
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resulteert in variaties in het lokale gravitatieveld. Deze krachten zijn sterk genoeg om de
detectie van gravitatiegolven te beı̈nvloeden en kunnen op geen enkele wijze afgeschermd
worden. Dit wordt Newtoniaanse ruis genoemd.
De aard van seismische grondbeweging, de verschillende mechanismen waarlangs het
gravitatiegolfdetectoren beı̈nvloedt en de bestrijding van deze eﬀecten zijn het onderwerp
van dit proefschrift.

Seismische activiteit
De aardbodem is een elastisch medium dat constant in beweging is. We voelen deze
verplaatsingen doorgaans alleen tijdens aardbevingen of wanneer er een trein langsrijdt,
maar toch is de grond onophoudelijk in beweging. De krachten die deze beweging veroorzaken bepalen de karakteristieke perioden waarmee de grond vibreert. Trillingen met
perioden tussen 1 en 10 seconden (0.1 en 1 Hz) worden veroorzaakt door de golfslag
van oceanen op de kust en op de oceaanbodem. Dit staat bekend als microseismische
activiteit. Alhoewel die overal op Aarde aanwezig is, wordt de intensiteit ervan bepaald
door de afstand tot de kust. Daarnaast varieert het per seizoen. In de winter wordt het
eﬀect bijvoorbeeld verergerd door stormen op zee. De seismische activiteit bij 0.5 Hz
op een winterse dag (13 februari 2011), gemeten op verschillende plaatsen in Europa
is te zien in Fig. 3a op pagina 207. Er is een duidelijke trend: op locaties ver van de
Atlantische oceaan is er minder microseismische activiteit.
Bij hogere frequenties wordt de seismische activiteit gedomineerd door culturele ruis.
Deze term wordt gebruikt om alle seismische activiteit die wordt veroorzaakt door mensen, zoals de verkeer en industrie, te beschrijven. Het is het duidelijkst te zien aan de
dagelijkse variatie boven 1 Hz. ‘s Nachts kan de seismische activiteit ordes van grootte
kleiner zijn dan overdag. Ook wekelijkse variaties zijn meetbaar. Met name zondag is
een rustige dag. In Fig. 3b op pagina 207 is de seismische activiteit te zien gedurende
een aantal dagen in het Zwarte Woud in Duitsland. Op de horizontale as staat de tijd
in dagen na middernacht op een vrijdag in juli 2010, op de verticale as de frequentie.
De kleuren geven het niveau van de seismische activiteit aan. De microseismische piek
is duidelijk zichtbaar tussen 0.1 en 1 Hz. Boven 1 Hz is er een duidelijke dag en nacht
variatie te zien en zondag is klaarblijkelijk de rustigste dag.
Bovengrondse interferometrische gravitatiegolfdetectoren hebben het meeste last van
seismische activiteit tussen de 1 en 10 Hz: de frequentieband waarin culturele activiteit de dominante ruisbron is. Deze ruis ontstaat op het oppervlak. Daarbij propageren
seismische trillingen voornamelijk langs het aardoppervlak, terwijl ze in amplitude afnemen met toenemende diepte. Daarom ondervinden ondergrondse locaties waarschijnlijk
minder hinder van seismische ruis in dit frequentiegebied. In dit proefschrift wordt een
studie gerapporteerd die zich richt op het karakteriseren van de seismische activiteit,
aan het aardoppervlak en onder de grond, op een aantal locaties verspreid over de hele
wereld. Het doel was een beter begrip te krijgen van de aard van ondergrondse seismi-
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sche activiteit en het definiëren van realistische eisen voor seismische ruis voor Einstein
Telescope. Uit de studie blijkt dat er een aantal locaties in Europa is die een acceptabel
niveau van seismische activiteit hebben. Op deze locaties is de seismische activiteit ordes
van grootte lager dan op de huidige detector locaties.
Wat te doen aan seismische activiteit?
Om de eﬀecten van seismische activiteit te verminderen zijn er stappen ondernomen
om de detector te isoleren van ongewenste vibraties. De gevoeligste onderdelen van de
detector zijn opgehangen aan zogenoemde seismische isolatiesystemen. Dit zijn geavanceerde schokdempers die bestaan uit mechanische filters van bladveren en slingers. Een
seismisch isolatiesysteem waaraan een optische tafel kan worden gehangen wordt beschreven. Dit systeem heet MultiSAS wat is afgeleid van multi-stage seismic attenuation
system. Een terugkoppelsysteem wordt gebruikt om actief de positie van een optische tafel te regelen. Dit proefschrift beschrijft een innovatieve manier om terugkoppeling toe te
passen op de verticale vrijheidsgraden van MultiSAS. Het controlesysteem is gebaseerd
op een Kalman state observer die twee sensoren op verschillende plaatsen in het systeem
gebruikt om een controlesignaal te genereren voor een enkele actuator. Het is aangetoond
dat deze techniek een betere prestatie geeft dan conventionele regelsystemen.
Ondanks alle inspanningen om de mechanische koppeling van seismische ruis te verminderen, zal de detector toch verstoord worden door Newtoniaanse krachten afkomstig
van seismische fluctuaties van de bodem, die alle filtersystemen kunnen omzeilen. Deze
gravitationele fluctuaties werken direct op de testmassa, en kunnen niet worden afgeschermd. In plaats daarvan beschrijft dit proefschrift een methode om het eﬀect van
deze Newtoniaanse ruis af te schatten en het detectorsignaal ervoor te compenseren.
Om dit te bewerkstelligen worden de seismische vibraties waargenomen met een netwerk van sensoren. Gebaseerd op de correlaties tussen het signaal van de interferometer
en de sensoren in het netwerk kan het gravitatiegolfsignaal optimaal worden gefilterd.
Volgens simulaties kan bij typische seismische activiteit tot 90% van de Newtoniaanse
ruis worden gecompenseerd met een netwerk van enkele honderden sensoren op gelijke
afstand. Betere resultaten worden behaald als de onderlinge posities van de sensoren
zorgvuldig worden geoptimaliseerd.
Toekomstig onderzoek
Het onderzoek dat is gerapporteerd in dit proefschrift heeft geleid tot een beter begrip
van seismische trillingen en hun eﬀecten op gravitatiegolfdetectoren. Een wereldwijde
studie van de seismische activiteit stelt richtlijnen voor de selectie van een geschikte
locatie voor toekomstige gravitatiegolfdetectoren. Verdere studies zullen worden ondernomen om te bepalen wat de beste locatie is voor Einstein Telescope. Het seismische
isolatiesysteem, MultiSAS, zal binnenkort worden geı̈nstalleerd in Advanced Virgo en
het bijbehorende meet- en regelsysteem zal verder ontwikkeld worden. Zodra Advanced
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Virgo volledig in bedrijf is, zal het gebruik van een sensornetwerk om het interferometersignaal te compenseren voor Newtoniaanse ruis, in de praktijk worden getest. Dit zal
waardevolle bevindingen opleveren voor toekomstige generaties gravitatiegolfdetectoren
zoals Einstein Telescope.
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