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Orientifold Partition Functions
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Orientifold
Partition Functions

Closed

Open

• Closed string projection
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• Open string projection
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Na = Chan-Paton Multiplicity

i : Primary field label (finite range)
a : Boundary label (finite range)
χi : Character
Na : Chan-Paton (CP) Multiplicity
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Algebraic choices
Basic CFT (N=2 tensor, free fermions...) 
(Type IIB closed string theory)

Chiral algebra extension(*)
May imply space-time symmetry (e.g. Susy: GSO projection).
Reduces number of characters.

Modular Invariant Partition Function (MIPF)(*)
May imply bulk symmetry (e.g Susy), not respected by all boundaries.
Defines the set of boundary states
(Sagnotti-Pradisi-Stanev completeness condition)

Orientifold choice(*)

(*) all these choices are simple current related
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Accessible RCFT’s

“Gepner Models” (*)
 (minimal N=2 tensor products)

Free fermions (4n real + (9-2n) complex)

Kazama-Suzuki models
 (requires exact spectrum computation)

Permutation orbifolds

....
(*) See also: Angelantonj et. al.
                      Blumenhagen et. al.
                      Aldazabal et. al.
                      Brunner et. al.
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MIPFs*
CFT has a discrete “simple current” group        
Choose a subgroup      of

Choose a rational matrix          obeying

 This defines the torus partition function as

G
H G

Xαβ

Simple current MIPFs are specified by

• A group H that consists of simple currents.3

H =
∏

α ZNα.
The generator of the ZNα will be denoted as Jα;
Then J =

∏

α Jnα
α

• A symmetric matrix Xαβ that obeys

2Xαβ = QJα(Jβ) mod 1, α != β

Xαα = −hJα

NαXαβ ∈ Z for all α,β

Here QJ(a) = h(a) + h(J) − h(Ja), h is the
conformal weight.

Then Zij is the number of currents L ∈ H such that

j = Li

QM(i) + X(M,L) = 0 mod 1

for all M ∈ H. (X(J, J ′) =
∏

α,β nαmβXαβ)
3Satisfying Order x Weight = Integer

QJ(a) = h(a) + h(J)− h(Ja)

Simple current MIPFs are specified by

• A group H that consists of simple currents.3

H =
∏

α ZNα.
The generator of the ZNα will be denoted as Jα;
Then J =

∏

α Jnα
α

• A symmetric matrix Xαβ that obeys

2Xαβ = QJα(Jβ) mod 1, α != β

Xαα = −hJα

NαXαβ ∈ Z for all α,β

Here QJ(a) = h(a) + h(J) − h(Ja), h is the
conformal weight.

Then Zij is the number of currents L ∈ H such that

j = Li

QM(i) + X(M,L) = 0 mod 1

for all M ∈ H. (X(J, J ′) =
∏

α,β nαmβXαβ)
3Satisfying Order x Weight = Integer

Simple current MIPFs are specified by

• A group H that consists of simple currents.3

H =
∏

α ZNα.
The generator of the ZNα will be denoted as Jα;
Then J =

∏

α Jnα
α

• A symmetric matrix Xαβ that obeys

2Xαβ = QJα(Jβ) mod 1, α != β

Xαα = −hJα

NαXαβ ∈ Z for all α,β

Here QJ(a) = h(a) + h(J) − h(Ja), h is the
conformal weight.

Then Zij is the number of currents L ∈ H such that

j = Li

QM(i) + X(M,L) = 0 mod 1

for all M ∈ H. (X(J, J ′) =
∏

α,β nαmβXαβ)
3Satisfying Order x Weight = Integer

*Gato-Rivera, Kreuzer, Schellekens  (1991-1993)
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orientifold Choices*

“Klein bottle current” K  (element of      )

 “Crosscap signs” (signs defined on a 
subgroup of     ), satisfying

H

H

Orientifold specification

• A Klein bottle current K. This can be any simple
current that obeys

QI(K) = 0 mod 1 for all I ∈ H, I2 = 0.

• A set of phases βK(J) for all J ∈ H that satisfy

βK(J)βK(J ′) = βK(JJ ′)e2πiX(J,J ′) , J, J ′ ∈ H

with βK(J) = eiπ(hKL−hK)η(K, L), η(K, L) = ±1.
if H has N even factors, there are 2N free signs in
the solution of this equation.
These are called the crosscap signs

— This includes all know RCFT orientifold choices.
— Not all choices are inequivalent.

*Huiszoon, Sousa, Schellekens (1999-2000)

Sunday, 2 May 2010



Boundary coefficients

Crosscap coefficients

Boundaries and CrosscapsBoundaries and crosscaps

• Boundary coefficients

R[a,ψa](m,J) =

√

|H|
|Ca||Sa|

ψ∗
a(J)SJ

am

• Crosscap coefficients

U(m,J) =
1

√

|H|

∑

L∈H

η(K, L)PLK,mδJ,0

SJ is the fixed point resolution matrix
Sa is the Stabilizer of a
Ca is the Central Stabilizer (Ca ⊂ Sa ⊂ H)
ψa is a discrete group character of cCa

P =
√

TST 2S
√

T

U(m,J) =
1√
|H|

∑

L∈H
eπi(hK−hKL)βK(L)PLK,mδJ,0

Cardy (1989)
Sagnotti, Pradisi, Stanev (~1995)
Huiszoon, Fuchs, Schellekens, Schweigert, Walcher (2000)
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Coefficients
Klein bottle

Annulus

Moebius

Partition functions

— Klein bottle:

Ki =
∑

m,J,J ′

Si
mU(m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

— Unoriented Annulus:

Ai
[a,ψa][b,ψb]

=
∑

m,J,J ′

Si
mR[a,ψa](m,J)g

Ω,m
J,J ′ R[b,ψb](m,J ′)

S0m

— Moebius:

M i
[a,ψa]

=
∑

m,J,J ′

P i
mR[a,ψa](m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

Here gΩ,m is the Ishibashi metric

gΩ,m
J,J ′ =

Sm0

SmK
βK(J)δJ ′,Jc .

Partition functions

— Klein bottle:

Ki =
∑

m,J,J ′

Si
mU(m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

— Unoriented Annulus:

Ai
[a,ψa][b,ψb]

=
∑

m,J,J ′

Si
mR[a,ψa](m,J)g

Ω,m
J,J ′ R[b,ψb](m,J ′)

S0m

— Moebius:

M i
[a,ψa]

=
∑

m,J,J ′

P i
mR[a,ψa](m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

Here gΩ,m is the Ishibashi metric

gΩ,m
J,J ′ =

Sm0

SmK
βK(J)δJ ′,Jc .

Partition functions

— Klein bottle:

Ki =
∑

m,J,J ′

Si
mU(m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

— Unoriented Annulus:

Ai
[a,ψa][b,ψb]

=
∑

m,J,J ′

Si
mR[a,ψa](m,J)g

Ω,m
J,J ′ R[b,ψb](m,J ′)

S0m

— Moebius:

M i
[a,ψa]

=
∑

m,J,J ′

P i
mR[a,ψa](m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

Here gΩ,m is the Ishibashi metric

gΩ,m
J,J ′ =

Sm0

SmK
βK(J)δJ ′,Jc .

Partition functions

— Klein bottle:

Ki =
∑

m,J,J ′

Si
mU(m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

— Unoriented Annulus:

Ai
[a,ψa][b,ψb]

=
∑

m,J,J ′

Si
mR[a,ψa](m,J)g

Ω,m
J,J ′ R[b,ψb](m,J ′)

S0m

— Moebius:

M i
[a,ψa]

=
∑

m,J,J ′

P i
mR[a,ψa](m,J)g

Ω,m
J,J ′ U(m,J ′)

S0m

Here gΩ,m is the Ishibashi metric

gΩ,m
J,J ′ =

Sm0

SmK
βK(J)δJ ′,Jc .
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tadpoles & Anomalies

Na
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Tadpole cancellation condition:

Cubic           anomalies cancel

Remaining anomalies by Green-Schwarz 
mechanism

In rare cases, additional conditions for
global anomaly cancellation*

TrF 3

• Tadpoles and Anomalies

Cancellation of massless tadpoles between disk and crosscap

X

b

NbRb(m,J) = 4ηmU(m,J) ,

Determines Chan-Paton multiplicities Nb

Then: purely cubic Tr F 3 anomalies cancel

Remaining ones cancelled by Green-Schwarz terms

Two-point RR-twoform/gauge boson vertices generate masses for anomalous
U(1) and some non-anomalous ones

In these models: B+L massive, Y massless (required), B-L massive or massless

Baryon and Lepton number remain as perturbative symmetries

*Gato-Rivera, Schellekens (2005)

tadpoles & Anomalies
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Model Building
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SU(3)

SU(2)

U(1)

Hidden (Dark matter)

Quark

Lepton
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Models

SM “branes”
(3 or 4)

Hidden
Sector

Anything that cancels the tadpoles 
(not always needed)

Fully vector-like
(not always present)

3 families 
+ anything vector-like

Vector-like: mass allowed by SU(3) × SU(2) × U(1)
(Higgs, right-handed neutrino, gauginos, sparticles....)
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b

(u,d)
(e-,!)

u
c e+

!
c

d
c

The Madrid Model*

Y =
1
6
Qa −

1
2
Qc −

1
2
Qd

U(2), Sp(2)

U(1), O(2), Sp(2)

(*) Ibanez, Marchesano, Rabadan
Sunday, 2 May 2010



Abelian Masses

• Tadpoles and Anomalies

Cancellation of massless tadpoles between disk and crosscap

X

b

NbRb(m,J) = 4ηmU(m,J) ,

Determines Chan-Paton multiplicities Nb

Then: purely cubic Tr F 3 anomalies cancel

Remaining ones cancelled by Green-Schwarz terms

Two-point RR-twoform/gauge boson vertices generate masses for anomalous
U(1) and some non-anomalous ones

In these models: B+L massive, Y massless (required), B-L massive or massless

Baryon and Lepton number remain as perturbative symmetries

Green-Schwarz mechanism

RR-axion

• Tadpoles and Anomalies

Cancellation of massless tadpoles between disk and crosscap

X

b

NbRb(m,J) = 4ηmU(m,J) ,

Determines Chan-Paton multiplicities Nb

Then: purely cubic Tr F 3 anomalies cancel

Remaining ones cancelled by Green-Schwarz terms

Two-point RR-twoform/gauge boson vertices generate masses for anomalous
U(1) and some non-anomalous ones

In these models: B+L massive, Y massless (required), B-L massive or massless

Baryon and Lepton number remain as perturbative symmetries

Axion-Vector boson vertex

Generates mass vector bosons of anomalous symmetries

But may also generate mass for non-anomalous ones
(Y, B−L)

(e.g . B + L)
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Searches
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data
2004-2005* 2005-2006†

Trigger “Madrid” All 3 family models

Chiral types 19 19345
Tadpole-free(per type) 18 1900

Total configs 45 x 106 145 x 106

Tadpole free, distinct 210.000 1900

Max. primaries ∞ 1750

(*) Huiszoon, Dijkstra, Schellekens                                       

(†) Anastasopoulos, Dijkstra, Kiritsis, Schellekens               
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A “madrid” Model

      3 x ( V  ,V  ,0  ,0 ) chirality 3
      3 x ( V  ,0  ,V  ,0 ) chirality -3
      3 x ( V  ,0  ,V* ,0 ) chirality -3
      3 x ( 0  ,V  ,0  ,V ) chirality 3
      5 x ( 0  ,0  ,V  ,V ) chirality -3
      3 x ( 0  ,0  ,V  ,V*) chirality 3
     18 x ( 0  ,V  ,V  ,0 ) 
      2 x ( V  ,0  ,0  ,V ) 
      2 x ( Ad ,0  ,0  ,0 ) 
      2 x ( A  ,0  ,0  ,0 ) 
      6 x ( S  ,0  ,0  ,0 ) 
     14 x ( 0  ,A  ,0  ,0 ) 
      6 x ( 0  ,S  ,0  ,0 ) 
      9 x ( 0  ,0  ,Ad ,0 ) 
      6 x ( 0  ,0  ,A  ,0 ) 
     14 x ( 0  ,0  ,S  ,0 ) 
      3 x ( 0  ,0  ,0  ,Ad) 
      4 x ( 0  ,0  ,0  ,A ) 
      6 x ( 0  ,0  ,0  ,S ) 

Gauge group: Exactly SU(3) × SU(2) × U(1)!
[U(3)×Sp(2)×U(1)×U(1),  Massive B-L, No hidden sector]

Q 
U*
D*
L
E*+(E+E*)
N*
Higgs
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A “madrid” Model

Vector-like matter
V=vector
A=Anti-symm. tensor
S=Symmetric tensor
Ad=Adjoint

      3 x ( V  ,V  ,0  ,0 ) chirality 3
      3 x ( V  ,0  ,V  ,0 ) chirality -3
      3 x ( V  ,0  ,V* ,0 ) chirality -3
      3 x ( 0  ,V  ,0  ,V ) chirality 3
      5 x ( 0  ,0  ,V  ,V ) chirality -3
      3 x ( 0  ,0  ,V  ,V*) chirality 3
     18 x ( 0  ,V  ,V  ,0 ) 
      2 x ( V  ,0  ,0  ,V ) 
      2 x ( Ad ,0  ,0  ,0 ) 
      2 x ( A  ,0  ,0  ,0 ) 
      6 x ( S  ,0  ,0  ,0 ) 
     14 x ( 0  ,A  ,0  ,0 ) 
      6 x ( 0  ,S  ,0  ,0 ) 
      9 x ( 0  ,0  ,Ad ,0 ) 
      6 x ( 0  ,0  ,A  ,0 ) 
     14 x ( 0  ,0  ,S  ,0 ) 
      3 x ( 0  ,0  ,0  ,Ad) 
      4 x ( 0  ,0  ,0  ,A ) 
      6 x ( 0  ,0  ,0  ,S ) 

Gauge group: Exactly SU(3) × SU(2) × U(1)!
[U(3)×Sp(2)×U(1)×U(1),  Massive B-L, No hidden sector]

Q 
U*
D*
L
E*+(E+E*)
N*
Higgs
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An SU(5) model

      3 x  (A  ,0  ,0 ) chirality 3
     11 x  (V  ,V  ,0 ) chirality -3
      8 x  (S  ,0  ,0 ) 
      3 x  (Ad ,0  ,0 ) 
      1 x  (0  ,A  ,0 ) 
      3 x  (0  ,V  ,V ) 
      8 x  (V  ,0  ,V ) 
      2 x  (0  ,S  ,0 ) 
      4 x  (0  ,0  ,S ) 
      4 x  (0  ,0  ,A ) 

Gauge group is just SU(5)!

U5 O1 O1

Top quark Yukawa’s?

U(5)

(10)

(5*)
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Neutrino masses
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neutrino masses*
In field theory: easy; several solutions.
Most popular: 
add three right-handed neutrinos
add “natural” Dirac & Majorana masses (see-saw)

In string theory: non-trivial.
(String theory is much more falsifiable!).

Questions: 
  Can we find vacua with small neutrino masses?
  Are they generically small?
  If not, why do we observe small masses?

(*) Ibañez, Schellekens, Uranga, arXiv:0704.1079, JHEP (to appear)

      Blumenhagen, Cvetic, Weigand, hep-th/0609191
      Ibañez, Uranga, hep-th/0609213

      Other ideas: see e.g. Conlon, Cremades; Giedt, Kane, Langacker, Nelson; 
                                       Buchmuller, Hamaguchi, Lebedev, Ratz, ....
      

mν =
(MD)2

MM
; MD ≈ 100 MeV, MM ≈ 1011 . . . 1013 GeV
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lepto-quark

Higgs

charge 1/2

Madrid model (with hidden sector)
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All these models have three right-handed
neutrinos (required for cubic anomaly cancellation)

In most of these models:
B-L survives as an exact gauge symmetry

Neutrino’s can get Dirac masses, but not Majorana 
masses (both needed for see-saw mechanism).

In a very small* subset, B-L acquires a mass due to axion 
couplings.

(*) 391 out of 213000, all with SU(3)× Sp(2)× U(1)× U(1)

Neutrinos in Madrid 
Models

Sunday, 2 May 2010



B-L Violation

But even then, B-L still survives as a perturbative symmetry.

It may be broken to a discrete subgroup by instantons.

6.1 The instanton scan

Our detailed strategy will become clear along the description of the results. Given a

set of a,b,c,d standard model branes, we must look for additional boundary states M

that satisfy the requirements of a (B−L)-violating instanton. From the internal CFT

point of view this is just another boundary state, differing from 4d spacefilling branes

only in the fully localized 4d spacetime structure. The minimal requirement for such

a boundary state is B − L violation, which means explicitly

IMa − IMa′ − IMd + IMd′ "= 0 (6.1)

It is easy to see that the existence of such an instanton implies (and hence requires) the

existence of a Stückelberg coupling making B−L massive. To see this, consider adding

to the Standard Model configuration a 4d spacefilling braneM (in fact used in Section

5) associated to the boundary state M (RR tadpoles can be avoided by simultaneously

including M antibranes, which will not change the argument). The new sector in

the chiral spectrum charged under the branes M can be obtained by reversing the

argument in Section 5, and is controlled by the intersection numbers of M . From

the above condition it follows that the complete system has mixed U(1)B−L × (GM)2

anomalies, where GM is the Chan-Paton-factor of brane M. These anomalies are

cancelled by a Green-Schwarz mechanism involving a (B − L)-axion bilinear coupling,

which ends up giving a mass to B−L via the Stückelberg mechanism. This coupling is

in fact not sensitive to the presence of the braneM, hence it must have been present

already in the initial model (withoutM).

Hence the existence of a boundary label M that satisfies (6.1) implies that B−L is

massive. Unfortunately the converse is not true: even if B−L has a Stückelberg mass,

this still does not imply the existence of suitable instantons satisfying 6.112 Indeed, in

several models we found not a single boundary state satisfying (6.1).

Note that, since hypercharge must be massless, one can use the reverse argument

and obtain that

IMa − IMa′ − IMc + IMc′ − IMd + IMd′ = 0 (6.2)

12From intuition in geometric compactifications, one expects that there may always exist a D-brane
with the appropriate topological pairings, but there is no guarantee that there is a supersymmetric
representative in that topological sector, and even less that it would have no additional fermion zero
modes. Note also that even if such D-brane instantons exists, there is no guarantee that it will fall in
the scan over RCFT boundary states.

37

This possibility can be explored if the instanton is 
described by a RCFT brane M. 
B-L violation manifests itself as:

IMa = chiral [# (V,V*) - # (V*,V)]   between branes M and a

a’ = boundary conjugate of a

Sunday, 2 May 2010
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B-L anomalies

6.1 The instanton scan

Our detailed strategy will become clear along the description of the results. Given a

set of a,b,c,d standard model branes, we must look for additional boundary states M

that satisfy the requirements of a (B−L)-violating instanton. From the internal CFT

point of view this is just another boundary state, differing from 4d spacefilling branes

only in the fully localized 4d spacetime structure. The minimal requirement for such

a boundary state is B − L violation, which means explicitly

IMa − IMa′ − IMd + IMd′ "= 0 (6.1)

It is easy to see that the existence of such an instanton implies (and hence requires) the

existence of a Stückelberg coupling making B−L massive. To see this, consider adding

to the Standard Model configuration a 4d spacefilling braneM (in fact used in Section

5) associated to the boundary state M (RR tadpoles can be avoided by simultaneously

including M antibranes, which will not change the argument). The new sector in

the chiral spectrum charged under the branes M can be obtained by reversing the

argument in Section 5, and is controlled by the intersection numbers of M . From

the above condition it follows that the complete system has mixed U(1)B−L × (GM)2

anomalies, where GM is the Chan-Paton-factor of brane M. These anomalies are

cancelled by a Green-Schwarz mechanism involving a (B − L)-axion bilinear coupling,

which ends up giving a mass to B−L via the Stückelberg mechanism. This coupling is

in fact not sensitive to the presence of the braneM, hence it must have been present

already in the initial model (withoutM).

Hence the existence of a boundary label M that satisfies (6.1) implies that B−L is

massive. Unfortunately the converse is not true: even if B−L has a Stückelberg mass,

this still does not imply the existence of suitable instantons satisfying 6.112 Indeed, in

several models we found not a single boundary state satisfying (6.1).

Note that, since hypercharge must be massless, one can use the reverse argument

and obtain that

IMa − IMa′ − IMc + IMc′ − IMd + IMd′ = 0 (6.2)

12From intuition in geometric compactifications, one expects that there may always exist a D-brane
with the appropriate topological pairings, but there is no guarantee that there is a supersymmetric
representative in that topological sector, and even less that it would have no additional fermion zero
modes. Note also that even if such D-brane instantons exists, there is no guarantee that it will fall in
the scan over RCFT boundary states.

37

Implies a cubic B-L anomaly if M is a “matter” brane
(Chan-Paton multiplicity ≠ 0).

Implies a (B-L)(GM)2 anomaly even if we cancel the 
cubic anomaly

⇒  M cannot be a matter brane:
    non-gauge-theory instanton

⇒  B-L must be massive

(The converse is not true: there are massive B-L models without such 
instanton branes)
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Required zero-modes

The desired neutrino mass term νcνc 

violates c and d brane charge by two units.
To compensate this, we must have

and all other intersections 0.  
(d’ is the boundary conjugate of d)

from U(1) gauge bosons made massive through the Stückelberg mechanism. The kind

of operator we are interested in has the form

W ! e−Sins νRνR (3.5)

where νR is the right-handed neutrino superfield 5. Here Sins transforms under both

U(1)B−L and U(1)R in such a way that the overall operator is gauge invariant. This

operator may be created if the mixed open string sectors lead to fermionic zero modes

αi, γi i=1,2 appropriately charged under the background brane gauge factors. As

we discussed in the previous section, in principle the Chan-Paton symmetry of the

instanton can only be O(1) in order to lead to two uncharged fermion zero modes to

saturate the d2θ 4d superspace integration. On the other hand, as we argued, instantons

with USp(2) or U(1) CP symmetries may also induce the required superpotentials if

there is some additional dynamics getting rid of the extra uncharged zero modes which

in principle appear in instantons with these symmetries. We thus consider all O(1),

USp(2) and U(1) instantons in our discussion.

In order to to get a νR bilinear the intersection numbers of instanton M and d, c

branes must be

IMc = 1 ; IMd = −1 (3.6)

in the USp(2) case,

IMc = 2 ; IMd = −2 (3.7)

in the O(1) case and

IMc = 2 ; IMd = −2 or IMd′ = 2 ; IMc′ = −2 (3.8)

in the U(1) case. Furthermore there must be cubic couplings involving the right-handed

neutrino νa in the ath family and the fermionic zero modes αi, γj

Lcubic ∝ dij
a (αi νaγj) , a = 1, 2, 3 (3.9)

In type IIA geometric compactifications, this coupling arises from open string disk

instantons, see Fig. 3.1. In general (even non-geometric) IIA models (resp. IIB models),

the coefficients dij
a depend on the Kähler (resp. complex structure) moduli, and possibly

on open string moduli. In CFT models (like e.g. in toroidal cases) these quantities

may be in principle explicitly computed.

5 Actually we denote by νR the left-handed νc
L field following the usual (a bit confusing) convention.
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Neutrino-zero mode coupling
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Figure 2: World-sheet disk amplitude inducing a cubic coupling on the D2-brane in-

stanton action. The cubic coupling involves the right-handed neutrinos lying at the

intersection of the c and d∗ D6-branes, and the two instanton fermion zero modes α

and γ from the D2-D6 intersections.
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U transforms with a shift under an anomaly free U(1). If it also had couplings to the
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9

The following world-sheet disk is allowed by 
all symmetries

from U(1) gauge bosons made massive through the Stückelberg mechanism. The kind

of operator we are interested in has the form

W ! e−Sins νRνR (3.5)

where νR is the right-handed neutrino superfield 5. Here Sins transforms under both

U(1)B−L and U(1)R in such a way that the overall operator is gauge invariant. This

operator may be created if the mixed open string sectors lead to fermionic zero modes

αi, γi i=1,2 appropriately charged under the background brane gauge factors. As

we discussed in the previous section, in principle the Chan-Paton symmetry of the
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saturate the d2θ 4d superspace integration. On the other hand, as we argued, instantons

with USp(2) or U(1) CP symmetries may also induce the required superpotentials if

there is some additional dynamics getting rid of the extra uncharged zero modes which

in principle appear in instantons with these symmetries. We thus consider all O(1),

USp(2) and U(1) instantons in our discussion.

In order to to get a νR bilinear the intersection numbers of instanton M and d, c

branes must be

IMc = 1 ; IMd = −1 (3.6)

in the USp(2) case,

IMc = 2 ; IMd = −2 (3.7)

in the O(1) case and

IMc = 2 ; IMd = −2 or IMd′ = 2 ; IMc′ = −2 (3.8)

in the U(1) case. Furthermore there must be cubic couplings involving the right-handed

neutrino νa in the ath family and the fermionic zero modes αi, γj

Lcubic ∝ dij
a (αi νaγj) , a = 1, 2, 3 (3.9)

In type IIA geometric compactifications, this coupling arises from open string disk

instantons, see Fig. 3.1. In general (even non-geometric) IIA models (resp. IIB models),

the coefficients dij
a depend on the Kähler (resp. complex structure) moduli, and possibly

on open string moduli. In CFT models (like e.g. in toroidal cases) these quantities

may be in principle explicitly computed.

5 Actually we denote by νR the left-handed νc
L field following the usual (a bit confusing) convention.
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Zero-mode integrals

Figure 2: Disk amplitude coupling two charged zero modes to νR in the geometrical Type

IIA intersecting brane approach.

These trilinear couplings appear in the instanton action and after integration of the

fermionic zero modes αi, γi one gets a superpotential coupling proportional to

∫
d2α d2γ e−dij

a (αiνaγj) = νaνb ( εijεkld
ik
a djl

b ) (3.10)

yielding a right-handed neutrino mass term. This term is multiplied by the exponential

of the instanton euclidean action so that the final result for the right-handed neutrino

mass (up to a 1-loop prefactor) has the form

MR
ab = Ms( εijεkld

ik
a djl

b ) exp(−VΠM

gs
+ i

∑

r

qM,rar ) (3.11)

For geometric compactifications VΠM is roughly related to the wrapped volume. We

keep the same notation to emphasize that the effect is non-perturbative in gs. In

supersymmetric models the term in the exponential is the linear combination U of

complex structure moduli to which the instanton D-brane couples, as described in the

previous section. As explained, the gauge U(1)c, U(1)d transformation of the bilinear

piece and the e−SD2 factor nicely cancel. Note that from the viewpoint of the 4d SM

effective field theory, the instanton has generated a Majorana neutrino mass violating

B − L. Notice that since this symmetry is non-anomalous, its violation cannot be

associated to a gauge instanton, hence this is a pure string theory instanton effect.

3.3 Flavor and the special case of USp(2) instantons

In order to extract more specific results for the flavor structure of the obtained Majo-

rana mass operator, one needs to know more details about the quantities dij
a coming

from the disk correlators. However in the particular case of USp(2) instantons 6, the

6By this we mean instanton D-branes with USp(2) world-volume gauge symmetry.
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Additional zero modes yield additional fermionic 
integrals and hence no contribution 

Therefore IMa=IMb=IMx=0 (x = Hidden sector), 
and there should be no vector-like zero modes.

There should also be no instanton-instanton 
zero-modes except 2 required by susy.
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instanton types
In orientifold models we can have complex and real branes

Matter brane M Instanton brane M
U(N) U(k)
O(N) Sp(2k)

Sp(2N) O(k)

from U(1) gauge bosons made massive through the Stückelberg mechanism. The kind
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W ! e−Sins νRνR (3.5)
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U(1)B−L and U(1)R in such a way that the overall operator is gauge invariant. This
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αi, γi i=1,2 appropriately charged under the background brane gauge factors. As

we discussed in the previous section, in principle the Chan-Paton symmetry of the

instanton can only be O(1) in order to lead to two uncharged fermion zero modes to

saturate the d2θ 4d superspace integration. On the other hand, as we argued, instantons

with USp(2) or U(1) CP symmetries may also induce the required superpotentials if

there is some additional dynamics getting rid of the extra uncharged zero modes which

in principle appear in instantons with these symmetries. We thus consider all O(1),

USp(2) and U(1) instantons in our discussion.

In order to to get a νR bilinear the intersection numbers of instanton M and d, c

branes must be

IMc = 1 ; IMd = −1 (3.6)

in the USp(2) case,

IMc = 2 ; IMd = −2 (3.7)

in the O(1) case and

IMc = 2 ; IMd = −2 or IMd′ = 2 ; IMc′ = −2 (3.8)

in the U(1) case. Furthermore there must be cubic couplings involving the right-handed

neutrino νa in the ath family and the fermionic zero modes αi, γj

Lcubic ∝ dij
a (αi νaγj) , a = 1, 2, 3 (3.9)

In type IIA geometric compactifications, this coupling arises from open string disk

instantons, see Fig. 3.1. In general (even non-geometric) IIA models (resp. IIB models),

the coefficients dij
a depend on the Kähler (resp. complex structure) moduli, and possibly

on open string moduli. In CFT models (like e.g. in toroidal cases) these quantities

may be in principle explicitly computed.

5 Actually we denote by νR the left-handed νc
L field following the usual (a bit confusing) convention.
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Possible for:

  U, k=1 or 2
  Sp, k=1
  O, k=1,2
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Universal instanton-
instanton zero-modes

 U(k):    4 Adj
 Sp(2k): 2 A + 2 S
 O(k):    2 A + 2 S

Only O(1) has the required 2 zero modes
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Instanton scan
Can we find such branes M in the 391 models with massive B-L?
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Instanton scan
Can we find such branes M in the 391 models with massive B-L?

About 30.000 “instanton branes”  (                                            )
Quantized in units of 1,2 or 4
   (1 may give R-parity violation, 4 means no Majorana mass)
 Some models have no RCFT instantons
 1315 instantons with correct chiral intersections
 None of these models has R-parity violating instantons. 
 Most instantons are symplectic in this sample.
 There are examples with exactly the right number, non-chirally,
 except for the spurious extra susy zero-modes (Sp(2) instantons).

6.1 The instanton scan

Our detailed strategy will become clear along the description of the results. Given a

set of a,b,c,d standard model branes, we must look for additional boundary states M

that satisfy the requirements of a (B−L)-violating instanton. From the internal CFT

point of view this is just another boundary state, differing from 4d spacefilling branes

only in the fully localized 4d spacetime structure. The minimal requirement for such

a boundary state is B − L violation, which means explicitly

IMa − IMa′ − IMd + IMd′ "= 0 (6.1)

It is easy to see that the existence of such an instanton implies (and hence requires) the

existence of a Stückelberg coupling making B−L massive. To see this, consider adding

to the Standard Model configuration a 4d spacefilling braneM (in fact used in Section

5) associated to the boundary state M (RR tadpoles can be avoided by simultaneously

including M antibranes, which will not change the argument). The new sector in

the chiral spectrum charged under the branes M can be obtained by reversing the

argument in Section 5, and is controlled by the intersection numbers of M . From

the above condition it follows that the complete system has mixed U(1)B−L × (GM)2

anomalies, where GM is the Chan-Paton-factor of brane M. These anomalies are

cancelled by a Green-Schwarz mechanism involving a (B − L)-axion bilinear coupling,

which ends up giving a mass to B−L via the Stückelberg mechanism. This coupling is

in fact not sensitive to the presence of the braneM, hence it must have been present

already in the initial model (withoutM).

Hence the existence of a boundary label M that satisfies (6.1) implies that B−L is

massive. Unfortunately the converse is not true: even if B−L has a Stückelberg mass,

this still does not imply the existence of suitable instantons satisfying 6.112 Indeed, in

several models we found not a single boundary state satisfying (6.1).

Note that, since hypercharge must be massless, one can use the reverse argument

and obtain that

IMa − IMa′ − IMc + IMc′ − IMd + IMd′ = 0 (6.2)

12From intuition in geometric compactifications, one expects that there may always exist a D-brane
with the appropriate topological pairings, but there is no guarantee that there is a supersymmetric
representative in that topological sector, and even less that it would have no additional fermion zero
modes. Note also that even if such D-brane instantons exists, there is no guarantee that it will fall in
the scan over RCFT boundary states.

37
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anomalies, where GM is the Chan-Paton-factor of brane M. These anomalies are

cancelled by a Green-Schwarz mechanism involving a (B − L)-axion bilinear coupling,

which ends up giving a mass to B−L via the Stückelberg mechanism. This coupling is

in fact not sensitive to the presence of the braneM, hence it must have been present

already in the initial model (withoutM).

Hence the existence of a boundary label M that satisfies (6.1) implies that B−L is

massive. Unfortunately the converse is not true: even if B−L has a Stückelberg mass,

this still does not imply the existence of suitable instantons satisfying 6.112 Indeed, in

several models we found not a single boundary state satisfying (6.1).

Note that, since hypercharge must be massless, one can use the reverse argument

and obtain that

IMa − IMa′ − IMc + IMc′ − IMd + IMd′ = 0 (6.2)
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with the appropriate topological pairings, but there is no guarantee that there is a supersymmetric
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be positive for instantons giving rise to the Weinberg operator (or the LH operator),

see table 2.

The 1315 instantons are divided in the following way over the different types: 3 of

types O1+ and O1−, 46 of type U1+, 24 of type U1−, 550 S2+, 627 S2−, 27 of types

U2+ and U2− and four of types O2+ and O2−. Notice that the vast majority (97.5%)

of the instanton solutions are of type S2+ and S2−. This is encouraging given the

nice properties of such instantons, concerning e.g. R-parity conservation. Note also

that in almost all cases both S− and S+ are simultaneously present,18 so both sources

of physical neutrino Majorana masses (from the see-saw mechanism or the Weinberg

operator) are present. The other instanton classes possibly generating right-handed

neutrino masses are O1− and U1−, which are much less abundant. There is just one

orientifold with O1− instantons, for which one can obtain cancellation of RR tadpoles,

see below. On the other hand we have found no orientifold with U1− instantons and

cancellation of tadpoles, see below.

Table 5: Summary of instanton branes.

Tensor MIPF Orientifold Instanton Solution

(1,16,16,16) 12 0 S2+, S2− Yes

(2,4,12,82) 19 0 S2−! ?

(2,4,12,82) 19 0 U2+!, U2−! No

(2,4,12,82) 19 0 U1+, U1− No

(2,4,14,46) 10 0

(2,4,14,46) 16 0

(2,4,16,34) 15 0

(2,4,16,34) 15 1

(2,4,16,34) 16 0 S2+, S2− Yes

(2,4,16,34) 16 1

(2,4,16,34) 18 0 S2− Yes

(2,4,16,34) 18 0 U1+, U1−, U2+, U2− No

(2,4,16,34) 49 0 U2+, S2−!, U1+ Yes

Continued on next page

18In some models contributing many instantons there is an exact symmetry between S− and S+.
This explains the approximate symmetry in the full set. In some cases this symmetry can be understood
in terms of flipping the degeneracy labels of boundary states. We regard it as accidental, since it is
not found in all models.
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Table 5 – continued from previous page

Tensor MIPF Orientifold Instanton Solution

(2,4,18,28) 17 0

(2,4,22,22) 13 3 S2+!, S2−! Yes!

(2,4,22,22) 13 2 S2+!, S2−! Yes

(2,4,22,22) 13 1 S2+, S2− No

(2,4,22,22) 13 0 S2+, S2− Yes

(2,4,22,22) 31 1 U1+, U1− No

(2,4,22,22) 20 0

(2,4,22,22) 46 0

(2,4,22,22) 49 1 O2+, O2−, O1+, O1− Yes

(2,6,14,14) 1 1 U1+ No

(2,6,14,14) 22 2

(2,6,14,14) 60 2

(2,6,14,14) 64 0

(2,6,14,14) 65 0

(2,6,10,22) 22 2

(2,6,8,38) 16 0

(2,8,8,18) 14 2 S2+!, S2−! Yes

(2,8,8,18) 14 0 S2+!, S2−! No

(2,10,10,10) 52 0 U1+, U1− No

(4,6,6,10) 41 0

(4,4,6,22) 43 0

(6,6,6,6) 18 0

As is clear from the table most instanton solutions are of type S2+ and S2−.

There are a number of orientifolds allowing for such instantons. The other clases

possibly generating right-handed neutrino masses are O1− and U1− which are much

less abundant. There is just one orientifold with O1− instantons for which one can

obtain cancellation of RR tadpoles. On the other hand we have found no orientifold

with U1− instantons and cancellation of tadpoles, see below.

Most models have a hidden sector containing extra boundary states beyond the

SM ones. In the same spirit of imposing chiral conditions first, we should require

that IMh = IMh′ , where h is a hidden sector brane. This is to guarantee that the
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An Sp(2) instanton model
                        
      3 x ( V  ,V  ,0  ,0  ,0 ) chirality 3
      3 x ( V  ,0  ,V  ,0  ,0 ) chirality -3
      3 x ( V  ,0  ,V* ,0  ,0 ) chirality -3
      3 x ( 0  ,V  ,0  ,V  ,0 ) chirality 3
      5 x ( 0  ,0  ,V  ,V  ,0 ) chirality -3
      3 x ( 0  ,0  ,V  ,V* ,0 ) chirality 3
      1 x ( 0  ,0  ,V  ,0  ,V ) chirality -1
      1 x ( 0  ,0  ,0  ,V  ,V ) chirality 1
     18 x ( 0  ,V  ,V  ,0  ,0 ) 
      2 x ( V  ,0  ,0  ,V  ,0 ) 
      2 x ( Ad, 0  ,0  ,0  ,0 ) 
      2 x ( A  ,0  ,0  ,0  ,0 ) 
      6 x ( S  ,0  ,0  ,0  ,0 ) 
     14 x ( 0  ,A  ,0  ,0  ,0 ) 
      6 x ( 0  ,S  ,0  ,0  ,0 ) 
      9 x ( 0  ,0  ,Ad, 0  ,0 ) 
      6 x ( 0  ,0  ,A  ,0  ,0 ) 
     14 x ( 0  ,0  ,S  ,0  ,0 ) 
      3 x ( 0  ,0  ,0  ,Ad, 0 ) 
      4 x ( 0  ,0  ,0  ,A  ,0 ) 
      6 x ( 0  ,0  ,0  ,S  ,0 ) 

U3 S2 U1 U1 O
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The O1 instanton
Type:       U  S  U  U  U  O  O  U  O  O  O  U  S  S  O  S
Dimension   3  2  1  1  1  2  2  3  1  2  3  1  2  2  2 --
      5 x ( V ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -3
      5 x ( 0 ,0 ,V ,V*,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality 3
      3 x ( V ,0 ,V*,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -3
      3 x ( 0 ,0 ,V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -3
      3 x ( V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality 3
      3 x ( 0 ,V ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality 3
      2 x ( 0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ) chirality 2
     12 x ( 0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ) chirality -2
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,V ) 
      2 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,V ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,V ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ) 
      3 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,S ) 
      4 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,V ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,A ) 
      2 x ( V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ) 
      3 x ( 0 ,0 ,0 ,0 ,S ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -1
      3 x ( 0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ) chirality 1
      1 x ( 0 ,0 ,0 ,0 ,A ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -1
      2 x ( 0 ,0 ,0 ,0 ,V ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality 2
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ) chirality -1
      1 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -1
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,V ,0 ,0 ,0 ,0 ) chirality 1
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,V ,0 ,0 ,0 ,0 ) chirality -1
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ) chirality -1
      1 x ( 0 ,0 ,0 ,0 ,V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) chirality -1
      1 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ) chirality 1
      1 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,V*,0 ,0 ,0 ,0 ) chirality -1
      3 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ) chirality 1
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ) chirality 1
      2 x ( 0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ) 
      1 x ( Ad,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,S ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,Ad,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      6 x ( 0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,A ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,Ad,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,V*,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( S ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,S ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      6 x ( 0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ) 
      2 x ( 0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ) 
     25 x ( 0 ,0 ,Ad,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( A ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      4 x ( V ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,A ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
     34 x ( 0 ,0 ,A ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
     14 x ( 0 ,0 ,S ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,V ,0 ,0 ) 
      1 x ( 0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      1 x ( 0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ) 
      1 x ( 0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( V ,0 ,0 ,V*,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( V ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,V ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ) 
      6 x ( 0 ,V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( V ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,S ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,S ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,V ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,V ,0 ,0 ,0 ) 
      1 x ( 0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,V ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,0 ) 
      2 x ( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,V ,0 ,V ,0 ) 
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other operators

νRνR

Operator U S O
3 627 3

LHLH 5 550 3
LH 6 0 4

QDL 12 0 4
UDD 0 0 4
LLE 12 0 4

QQQL 4 0 3892
UUDE 4 0 3880
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Conclusions

 Neutrino masses:
  “an incomplete success.”
  With sufficient statistics, O1 instantons
  without superfluous zero-modes will be found.
 Boundary state statistics: 
  12 million Unitary
  3 million Orthogonal
  2 million Symplectic ➡ 270000 O1
  But what is the real reason why neutrino 
  masses are small?
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