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Our goal: 
  
Derive the discrete structure of the Standard Model: 
The gauge group and representations.  
!
The standard approach is to use Grand Unification. 
!
But this does not really work.



Grand Unification
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Fits beautifully in the (16) of SO(10)  
 
And the coupling constants meet each other if there is low energy 
supersymmetry.

The simplicity is undeniable: 

SU(3)×SU(2)×U(1)   ⊂   SU(5)   ⊂   SO(10) 
!
One family matter representation 
!

So how could this be wrong?



Grand Unification

Even the smallest group, SU(5), can break in two ways, to 
SU(3)×SU(2)×U(1) or SU(4)×U(1).	



The Standard Model Higgs is not determined, and does not fit in an 
SU(5) multiplet. 

In QFT the representations are determined if one assumes some kind of 
minimality, but what is the motivation for that? 

No top-down arguments selecting SU(5) or SO(10).

Even if correct, GUTs do not lead to a derivation of the SM structure: 



String Theory

Numerous options in addition to GUTs: E6 or SO(10) may have seemed to emerge 
naturally in heterotic strings in 1984-1986, but this is really just a “lamppost” effect.


In other contexts (type-II, F-theory, higher level heterotic) GUTs appear by choice, 
not by necessity.


Automatic restriction to small representations, but not the right ones: 
 
 
 
  

Coupling convergence always requires human intervention.

String theory addresses the third point, and to some extent the 
fourth point, but it really makes the argument far worse.  

Heterotic: 
(16) of SO(10) is automatic, but there are additional fractionally charged representations in 
SU(3)×SU(2)×U(1) which usually appear in the massless spectrum. 

Type-II:  
Undesirable rank-2 tensors



The String Theory Landscape

Our working hypothesis is that the Standard Model is just one of many 
QFT’s that can be realized in the fundamental theory 
(so far string theory is the only candidate for this theory). 
!
So then how can we hope to derive the Standard Model? 
!
We still have two clues, that are inevitable in a large landscape:

Anthropic arguments 

Landscape distributions



The String Theory Landscape

The anthropic argument we will use is that the spectrum must be 
sufficiently complicated. In our universe this is achieved by quarks 
binding into protons and neutrons, which bind into nuclei, which 
together with electrons form atoms.  
!
We cannot really derive this from SU(3)×SU(2)×U(1), and hence we 
can certainly not expect to be able to derive this from any QFT that is 
more complicated.  
!
But in some simpler theories the existence of a complicated set of 
bound states can be plausibly ruled out.  
!



The String Theory Landscape

More complicated QFT’s that cannot be anthropically ruled 
out certainly exist, for example

SU(5)×SU(2)×U(1)

With fifth-integer fractionally charged quarks.  
!
So anthropic arguments alone will not do, given our current 
knowledge about strongly interacting gauge theories.



The String Theory Landscape



The String Theory Landscape

The hope is then that we can establish that the Standard Model is the 
simplest one with a complicated spectrum. 



The String Theory Landscape

The hope is then that we can establish that the Standard Model is the 
simplest one with a complicated spectrum. 

Then one may also hope that landscape statistics prefers simpler QFT’s 
over more complicated ones.
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The String Theory Landscape



The String Theory Landscape

The hope is then that we can establish that the Standard Model is the 
simplest one with a complicated spectrum. 

Then one may also hope that landscape statistics prefers simpler QFT’s 
over more complicated ones.

Here “simpler” means smaller gauge groups, smaller representations, 
fewer participating building blocks (e.g. membranes).

In string theory all these quantities are indeed limited by CFT central 
charges and dilaton tadpoles, and hence their distribution will approach 
zero for large values. 
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TABLE II: Data for families over M, MA4
∗ and MD5

∗ .

h1,1 h3,1 h2,2
V ∗

h2,2
H∗

χ(Y ) K

smooth CY 3 3277 4 13160 19728 19716

SU(5) model 7 2148 9 8655 12978 12953

SO(10) model 8 2138 10 8618 12924 12896

decreases quadratically in Ngen. There is an absolute up-
per limit on Ngen for a given family π : Y −→ MA4

∗ due
to the D3-tadpole constraint L∗ ≥ 0.
In the examples of (B3, [S]) we have chosen at the be-

ginning of this section, however, we have L∗ ≪ K (see
Table I). The continuous approximation [8] is not partic-
ularly good for such families, and Ref. [8] suggests that
the estimate of the number of flux quanta (the prefactor)√
πL∗

K
/[(K/2)!] be replaced by e

√
2πKL∗ , in caes with

K ≫ L∗ rather than L∗ ≫ K.
In fact, it is commonplace to find L∗ ≪ K, not just

in the familes cosidered in this section, but in a broader
class of familes π : Y −→ MR

∗ of interest. For B3 with
h1,1(B3) ≈ O(1), for example, h1,1(Y ) still remains O(1),
while h3,1 is much larger, due to the degrees of freedom
for the complex structure of fibration. It is then a quite
natural consequence that h2,2

V and h2,2
RM are not as large

as h2,2
H . From this, we find that K ≈ χ(Y ) ≈ 24Lmax

∗ ≈
8πLmax

∗ ≫ L∗. The number of flux vacua for a family
Y → MR

∗ is then estimated by

e
√
2πKL∗ ≈ eK/2e−2πcN2

gen , (11)

where c is the coefficient of N2
gen in (10), which remains

of order unity. The expansion in N2
gen in the exponent

is valid for Ngen
<∼ 10, since χ(Y )/24 is often around

100–1000. The first factor of (11) depends on the choice
of the 7-brane symmetry R (and on (B3, [S])), while the
second factor is a Gaussian distribution on Ngen for ro-
bust choice of (B3, [S]). Algebraic and topological data
of effective theories have a factorized distribution. One
may further bring the distribution ρI of the effective cou-
pling constants back to (11), without integrating it over
MR

∗ .

3.B Cost of Higher-Rank Gauge Groups
The distribution (5, 6, 11) can be used to derive the sta-
tistical cost of requiring a higher rank gauge group on
7-branes. This idea was pursued already in [12], using
Y = K3×K3 for F-theory compactification; more exam-
ples are obtained in this article to estimate the system-
atics. The choices of (B3, [S]) here are also more realistic
than that of K3 x K3.

The SO(10) version of the family, π : Y −→ MD5
∗ ,

can also be constructed for the choice of (B3, [S]) in (9)
using toric geometry. Various topological data for the
families overMD5

∗ ,MA4
∗ andM (where no 7-brane gauge

symmetry is required) can be computed and the results
are recorded in Table II for the n = 0 case. For more
details of computations, see [13].

One can see from (11) that the difference in the
value of K for different choices of 7-brane symmetry R
determines the relative number of the corresponding flux
quanta (vacua). Ensembles with higher rank 7-brane
gauge group have smaller dimension K (Table II),
confirming the same observation in [12] based on the
family Y = K3 × K3. This leads to the observation
that the rank-4 gauge group on 7-branes is not as
statistically “natural” as vacua without a gauge group
on 7-branes. In the choice of (B3, [S]) in (9) with n = 0,
for example, vacua with the rank-4 SU(5) unification
constitutes only the fraction e−∆K/2 ≈ e−3000 of the
entire flux vacua (smaller than the fraction 10−120 for
the cosmological constant). The authors do not provide
their interpretations for this inconvenient prediction; a
popular attitude will be to hint at poor understanding
of string theory, to count on cosmological factors that
we did not study here, and/or to resort to anthropics.

4. Outlook:
This article only deals with the easiest applications of
the method explained in section 2. Various ideas of using
(11) and ρI to address questions of practical interest are
described in detail in [13].
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Huge suppression of large rank gauge groups in F-theory



The String Theory Landscape

Unfortunately, the fact that we observe three families rather than one is 
counter evidence…    
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GUTs, Anomalies and Charge Quantization



GUTs, Anomalies and Charge Quantization

If there is no low-energy supersymmetry, the three gauge coupling 
constants do not converge.  
!
This removes one of the arguments in favor of GUTs.  
 
 
 
 
 
 
 
 

!
But the arguments based on family structure and charge quantization 
remain valid.  
!



GUTs, Anomalies and Charge Quantization

The observed charged quantization is excellent evidence 
for BSM physics. 
!
Imagine we end up with a consistent theory of quantum 
gravity that imposes no constraints on QFT. Then this 
would allow particles with arbitrary real charges. It is hard 
to accept that we just happen to live in a universe with 
quantized charges. 
!
One often hears the arguments that anomaly cancellation 
imposes charge quantization.  
!



Old QFT arguments

Geng and Marshak (1989) 
A single SM family (without right-handed neutrino) is the 
smallest non-trivial chiral anomaly-free representation of 
SU(3)×SU(2)×U(1). 
!
OK, but: 

There are three families. 
There probably are right-handed neutrinos. 
Why is the smallest representation preferred anyway? 

See also: 
Minahan, Ramond, Warner (1990), Geng and Marshak (1990)



Old QFT arguments

Babu and Mohapatra (1990) 
Assume that the right-handed neutrino has a Majorana mass, 
which fixes its charge to zero. 
!
Babu and Mohapatra (1990) 
Relate electric charge quantization to parity conservation in QED.  
!
See also: Foot, Joshi, Lew and Volkas (1990) 

But all of these are ad hoc arguments — relating one feature 
to another — limited a priori by the fact that QFT allows 
arbitrarily large representations.



GUTs, anomalies and Charge Quantization

!
Anomaly cancellation does not impose charge quantization: 
!
One can add scalars or Dirac fermions of arbitrary real charge. 
!
But even for chiral matter anomaly cancellation is not enough: 
one could add an entire family with rescaled charges. 
!
Such rescalings are not possible if one wishes to couple the 
extra family to the SM Higgs. 
!
!
!



GUTs, anomalies and Charge Quantization

One can try to impose one-family charge quantization on all three families 
by requiring that they all couple to the same Higgs. 
!
But even that does not work: 
One can have chiral fermions with irrational charges (in SM units) that get 
their mass from the SM Higgs
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GUTs, Anomalies and Charge Quantization

We need some kind of BSM physics to explain charge quantization. 
!
String theory is likely to quantize the charges  
(although not necessarily in the right way) 
!
If we already have string theory, do we also need GUTs?



We will show that in a certain minimal string setting 
where GUT realizations are available, anthropic 
arguments work far better: 

Gauge group determined to be SU(3)×SU(2)×U(1).	



Matter determined to be a number of standard families. 
Correct charge quantization without GUTs. 
Standard Model Higgs determined. 

Assuming at least one unbroken non-abelian and at 
least one unbroken electromagnetic interaction



Towards a derivation of the Standard Model

Main anthropic assumption: 
!
We are going to need electromagnetism and a handful of 
particles with various charges.  
!
We are not asking for a particular quantization, and we are not 
requiring particles of charge 6 (Carbon) to exist, but too simple 
sets will not do (e.g. charges −1,1,2: just Hydrogen and Helium) 
!
So perhaps one could just “emulate” atomic physics with some 
fundamental particles with charges −1,1,2,….N for sufficiently 
large N: fundamental “electrons” and “nuclei”.



Towards a derivation of the Standard Model

Pure QED with a set of charged particles has some problems: 
No fusion-fueled stars, no stellar nucleosynthesis, baryogenesis difficult, ….

But we focus on another problem, namely that there has to be a hierarchy 
between the Planck scale and the masses of the building blocks of life.

✓
mPlanck

mp

◆3Maximal number of building blocks 
with mass mp of an object that does 
not collapse into a black hole

Brain with 1027 building blocks requires a hierarchy of 10−9



Towards a derivation of the Standard Model

So to get a substantial number of light atoms, we have to solve a 
hierarchy problem for each of the constituents. 
!
In the Standard Model this is solved by getting the particle masses 
from a single Higgs. 
!
There may be landscape distribution arguments to justify this. 
!
Is having N light fermions* statistically more costly than having a 
single light boson?

(*) Our nuclei can be bosons and fermions, but that is not essential  



The Hierarchy Problem

is needed, and there are indeed anthropic arguments that get much closer to the observed
hierarchy, but they make much stronger assumptions about the laws of physics. See [40]
and [39] for further discussion and references.

Nothing we assumed so far precludes using pure QED with elementary particles as
building blocks for life. This idea encounters numerous challenges. There would be
no fusion-fueled stars, but degenerate stars, like neutron stars or white dwarfs in our
Universe, could take over their rôle [41]). There would be no possibility for Big Bang or
stellar nucleosynthesis. Instead one needs a mechanism analogous to baryogenenis in our
Universe, where a net surplus of fundamental particles over anti-particles is created for all
relevant building blocks of matter. It is totally unclear how to realize that in pure QED.
But we will focus here on another problem, namely the huge hierarchy problem caused
by a substantial number of light particles.4

2.3 The Gauge Hierarchy

In the Standard Model the proliferation of light particles is solved by obtaining all masses
of the light fundamental fermions from a single scale, the mass of the Higgs boson. Note
that the strong scale (set in a natural way by means of dimensional transmutation) dom-
inates the proton and neutron masses, but that is only true because the quark masses are
small.

Inspired by this we add the Higgs mechanism to our list of assumptions. We will
require that the fundamental theory has some high energy gauge group G, broken at
some small scale by the vev of a Higgs to a subgroup H. This is not really an anthropic
assumption, but an assumption about landscape statistics. We are assuming that it is
statistically less costly to make a single scalar light than a number (at least three) of
fermions. If that is the case, one would expect that the high energy gauge group has a
chiral, massless spectrum, with just one light scalar. Anything non-chiral, and all other
bosons would be very massive, because it is too unlikely for them to be light. Of course
this is precisely what we observe.

2.3.1 Naturalness and the Hierarchy Problem

The aforementioned statistical assumptions may seem to run counter to the idea of techni-
cal naturalness. The µ2 mass parameter in the Higgs potential receives quadratic correc-
tions from any high scale, so that its perturbative expansion takes roughly the following
form

µ2
phys = µ2

bare +
X

i

ai⇤
2 , (1)

For simplicity we use here a single large scale ⇤. The existence of a hierarchy problem
is indisputable if there exist particles with masses larger than the weak scale. In string
theory there are particles with Planck masses, and hence in this context one cannot solve

4The particles must be light, but not massless, since massless charged particles have disastrous impli-
cations. We will return to this later.

9

the hierarchy problem by denying its existence. Eq. (1) does not imply that µ2
phys is of

order ⇤2, but only that in a su�ciently large ensemble of theories with coe�cients ai of
order 1, the fraction of theories with a desired mass scale µphys = m is of order m2/⇤2.

By contrast, technically natural parameters � renormalize as

�phys = �bare

 
X

i

bilog(⇤/Q)

!
(2)

where Q is some low energy reference scale. The important di↵erence with (1) is not only
that the corrections are logarithmic, and hence of order 1, but also that the corrections
are all proportional to the parameter itself. Hence if the parameter is small, it stays small.

However, whereas (1) determines the statistical distribution of the parameter, (2) does
not. Any fundamental distribution of µ2

bare is washed out by the loop corrections, but this
has the advantage that we can at least estimate the statistical cost. This is not the case
for (2), since knowing the distribution requires knowing something about the fundamental
theory. If, for example, a non-chiral fermion mass is given by �v, where v is a Planck
scale vev (one may think of a modulus), and if � has a flat distribution, the statistical
cost of a single light fermion with mass m is m/⇤, and three light fermions would be more
costly than a single boson, i.e. (m/⇤)3 ⌧ (m/⇤)2. The observed Yukawa couplings for
quarks and leptons do not suggest a flat, but scale invariant distribution [42]. However,
such a distribution requires a cut-o↵ at small �, or else exponentially small values are
highly preferred. This is apparently not the case for the observed Yukawa couplings, nor
for masses of vector-like fermions (since we have not seen any yet). In some string theory
examples, those couplings originate from exponents of actions, which are given by the
surface area of a world-sheet enclosed by three branes (word-sheet instantons). On a
compact surface, these areas are geometrically limited. This would lead to a sharp fall-o↵
of the distribution at small values of the coupling constant, which could well be much
stronger than a power law.

All of this shows that the intuitive idea that “technically natural” always wins against
“technically not natural” is not a foregone conclusion. For technically not natural param-
eters the statistical cost can be computed assuming all terms in (1) have their natural
size. But for technically natural parameters we need to know the unknown cost of a pa-
rameter being very far from its natural value. We are assuming that for three or more
fermions the latter is higher. Then statistically a single Higgs always wins against three
or more non-chiral light fermions. Basically we are viewing the Higgs mechanism as a
solution rather than the cause of the hierarchy problem! An additional advantage of this
assumption is that it is very unlikely that there is more than one Higgs. Models requiring
several low scale Higgs mechanisms to arrive at atomic physics are severely challenged
statistically in comparison to the Universe we observe.

The previous argument would be more convincing if the Higgs hierarchy problem is
reduced by low energy supersymmetry (or other mechanisms such as large extra dimen-
sions or compositeness). Then it would be much more plausible that the statistical cost
of a single Higgs scale outweighs that of three or more fermions [43]. However, since the

10

Renormalization of scalar masses

Renormalization of fermion masses

Computable statistical cost of about 10−34 for the observed 
hierarchy. This is the “hierarchy problem”.

Statistical cost determined by landscape distribution of λbare



The Hierarchy Problem

It is certainly possible that one fundamental scalar wins against N 
fermions for moderate N (even for N ≥ 3). 
!
This depends on the landscape distribution of Yukawa couplings 
and Dirac masses of vector-like particle. 
!
There is circumstantial experimental evidence that these 
distributions do not favor small values 
!
!
!



-20 -15 -10 -5 0

log(mfermion/v)

The Hierarchy Problem

(*) Donoghue, 1997

String theory has a large number of massless vector-like particles, but 
none of them have been seen, suggesting that they acquire masses, with 
a distribution that suppresses small masses.

The charged quark and lepton Yukawa coupling distributions may be flat 
on a log scale*, but not over a large range. 

 



The Hierarchy Problem!
!
One would also have to show that one fundamental scalar wins 
against dynamical Higgs mechanism or low energy supersymmetry. 
!
Not enough is known theoretically to decide this, so we take 
experiment as our guiding principle. 
!
Currently it seems we have a single Higgs + nothing. 
!
This suggests that in a landscape the Higgs is not the origin but the 
solution of the Hierarchy problem: it could be the optimal way to 
create the anthropically required large hierarchy.  
!
This would immediately imply that there is only a single Higgs. 



No Higgs?

Statistically, no Higgs is better than one. 
If there is a credible alternative to the SM with only dynamical symmetry breaking, 
that would be a serious competitor.  
!
But generically these theories will have a number of problems. 
!
Consider the SM without a Higgs. It is well-known that in that case the QCD 
chiral condensate will act like a composite Higgs and give mass to the quarks. 
The photon survives as a massless particle.  
!
But the quark masses are not tuneable, and the leptons do not acquire a mass. 
!
Massless charged leptons turn the entire universe into an opaque particle-
antiparticle plasma. (C. Quigg, R. Shrock, Phys.Rev. D79 (2009) 096002) 



Higgs Multiplets



Higgs Multiplets

In the Standard model, left-handed SU(2)-doublets are paired with two right-
handed SU(2) singlets to get massive fermions.  

We can try to generalize this to Higgs symmetry breaking of SU(N)×U(1) to 
SU(N−1)×U(1) by a Higgs in the vector representation of SU(N) with charge q.  

Fermions in a representation R of SU(N) can couple to H or H*, but in general 
that is not sufficient to give mass to all components of R.  

A Higgs multiplet is a set of SU(N)×U(1) fermions such that after symmetry 
breaking all components can get a mass from the Higgs. 

!

 



Higgs Multiplets
Take for example SU(2), but fermions (j,q) with weak isospin j 
(instead of ½) and charge q. Take j to be the highest weak 
isospin in the Higgs multiplet. 
!
The Higgs is assumed to be (2, −½), as in the Standard Model.  
!
Coupling to H and H* we get (j − ½,q − ½) and (j − ½,q + ½).  
Their dimensions do not add up to that of (j,q) 
!
                         2j+1 ≠ 2 ⨉ (2j)   
!
except if j = ½. 
!
  



Higgs Multiplets

A complete Higgs multiplet has an extra component (j −1,q) 
which must be left-handed

Model. It has the unique property that each quark and lepton gets its mass from just
a single coupling to the Higgs and its conjugate. Although this feature will not play a
central rôle in the discussion, it is noteworthy.

Consider the weak gauge group SU(2) ⇥ U(1) and the Standard Model Higgs boson
H in the representations (2,�1

2). In the Standard Model this couples the two charged
fermions6 in a left-handed doublet to two left-handed singlets of opposite electric charge.
This requires one Yukawa coupling to H and another to H⇤. If we try to generalize this
to other weak SU(N) gauge groups and/or other matter representations we find that the
Standard Model configuration is unique.

More precisely, consider a weak group SU(N)⇥U(1) and a charged Higgs boson H in
the SU(N) vector representation (R, q) = (N, h), where the second entry is the charge.
This Higgs boson breaks the symmetry to SU(N�1)⇥U(1), in such a way that a vector
representation with arbitrary charge q decomposes as (N, q) ! (N�1, q+ h

N�1)+(1, q�h).
Consider now a Weyl spinor  . It can have Yukawa couplings to spinors in the tensor
product representations  ⇤ ⌦H and  ⇤ ⌦H⇤ (we denote fields and representations with
the same symbol). These tensor products contain several components. What is special
about the Standard Model is that the dimensions of the smallest components in the tensor
products add up to the dimension of  . This is a necessary condition for pairing all states
in the set ( , ⇤ ⌦ H, ⇤ ⌦ H⇤) into massive Dirac fermions. Consider for example an
SU(2) representation with spin j and a Standard Model Higgs. The Yukawa couplings
can pair it with fermions in the representations j ± 1

2 , but even if we take the smallest
ones, there is no way to match the dimension of  for arbitrary values of j. The only
solution to 2j + 1 = 2⇥ (2j) is j = 1

2 . For N > 2 not even the vector representation for
the fermions satisfies the analogous condition.

This does not mean that one cannot give masses to higher representations. It turns out
that one may consider larger sets of representations with the property that all fermions
can acquire a mass from the Higgs coupling. We will call such a set a “Higgs multiplet”.
In SU(2), for arbitrary j, it consists of the representations

H(j, q) ⌘ (j, q)+ + (j � 1
2 , q � 1

2)� + (j � 1
2 , q +

1
2)� + (j � 1, q)+ (3)

where the Higgs boson representation is (j,�1
2), using the Standard Model normalization.

The subscript denotes the chirality. If it is �, one should either use a right-handed
fermion in the given representation, or a left-handed one with the complex conjugate of
the representation. We choose the second option, since we are using left-handed fields
throughout. There are Yukawa couplings combining the first entry with the second, and
the first with the third, and yet another Yukawa coupling combining the third with the
fourth.

A Higgs multiplet can be combined with a representation of another gauge group, for
example color. Then one must assign all members of the Higgs multiplet to the same
representation of that group, and conjugate the entire representations according to the
chirality subscript.

6Generically, there are two charged fermions; the lepton doublet in the Standard Model is an exception
to this rule.
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Such a Higgs multiplet has an SU(2)×U(1) mixed 
anomaly 2jq and a cubic anomaly −3jq. All other 
anomalies cancel within the multiplet.  
!
A standard model family is 

to each Higgs multiplet. The color and color-charge mixed anomalies cancel automatically
within each Higgs multiplet, and so does the gravitational U(1) trace anomaly. This is
true for all Higgs multiplets that can be constructed, because it follows from the fact that
all fermions can be chirally paired when the symmetry is broken.

In general, the SU(N) and U(1) cubic and mixed anomalies must be canceled among
di↵erent Higgs multiplets (note that the cubic SU(N) anomalies cancel within the Higgs
multiplet given above forN even, but not forN odd, as one can see in the examples above).
Consider now N = 2. One can easily work out the two non-trivial chiral anomalies. The
cubic anomaly of the multiplet is �3jq. The SU(2)2 ⇥U(1) mixed anomaly is 2jq. Both
anomalies cancel in any combination satisfying

P
i Nijiqi = 0, where i labels di↵erent

Higgs multiplets with highest weak isospin ji, charge qi and multiplicity Ni. The Standard
model solves these conditions with N1 = 3, j1 = 1

2 , q1 = 1
6 and N2 = 1, j2 = 1

2 , q2 = �1
2 ,

per family. In terms of Higgs multiplets a Standard Model family takes the form

[3,H(12 ,
1
6)] + [1,H(12 ,�1

2)] (8)

One often hears the claim that anomaly cancellation fixes the electron-proton charge
ratio to exactly �1. This is true in the sense that changing one of the charges q1 and
q2 by any amount destroys anomaly cancellation, but from a more general perspective
one can easily write down many solutions to

P
i Nijiqi = 0, including solutions with

irrational charges. This is true even though the spectrum is chiral and couples to the
Higgs. Therefore this is not a solution to the charge quantization problem.

The minimal anomaly-free solution requires two Higgs multiplets, but if one chooses
q1 = �q2 the entire configuration is non-chiral. The simplest solutions that are non-chiral
are given by the set of generalizations of the Standard Model with SU(M) color,

[M,H(12 ,
1

2M )] + [1,H(12 ,�1
2)] (9)

One may also obtain a non-trivial solution by using higher isospin SU(2) representations,
for example H(1, 1) +H(12 ,�2).

4 Towards a derivation of the Standard Model

Our chirality assumptions immediately rule out a pure, single photon electromagnetic
theory. The fermion spectrum can be chosen chiral, but then to get a non-chiral low
energy spectrum the Higgs has to break the U(1).

Hence we need to extend the U(1) with additional gauge symmetries. In quantum
field theory the number of possibilities for a chiral gauge theory that is broken by a single
Higgs to a non-chiral spectrum is gigantic, and at this point we are going to need a
well-motivated top-down assumption, namely a particular string realization of our theory.

4.1 Single stack models

We will consider brane realizations, starting with the minimal number of branes. The
allowed particles in the massless spectrum in such models are vectors, adjoints, symmetric
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Higgs Multiplets for SU(N)⨉U(1)→ SU(N−1)×U(1)

The simplest Higgs multiplet in SU(N) is

([0], q � h)� + ([1], q)+ + ([2], q + h)�,

. . . , ([r], q + (r � 1)h)✏(r) . . . ([N ], q + (N�1)h)✏(N) (4)

where [r] denotes an anti-symmetric tensor of rank r and the Higgs is ([1], h) ⌘ (V, h).
The subscript ✏(r) denotes the chirality, which must be alternating, ✏(r) = �(�1)r. The
Higgs multiplet for a rank-2 tensor in SU(N) is depicted in fig. 1 in terms of Young
tableaux. The vector Higgs multiplet (4) can be depicted in a similar way. It corresponds
to the first column of fig. 1 but with an additional singlet on top with an arrow pointing
downwards to the box at the top of the column. We denote these two multiplets asH(V, q)
and H(T, q).

... ...

q+h

q+2h

qq-h

q

q+h

Saturday, 7 December, 2013

Figure 1: Higgs Multiplet for rank 2 tensors for SU(N)⇥ U(1) with a Higgs (V,h).

Each arrow corresponds to a Yukawa coupling of the form

H(V, h) L(R1, q)C�L(R
⇤
2,�q � h) (5)

where (R1, q) denotes the SU(N)⇥U(1) representation where the arrow starts and (R2, q+
h) the representation where it ends, and C is the charge conjugation matrix in spinor space
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String Theory



String Theory Input
!
We would like to enumerate all QFT’s with a gauge group and chiral matter. All 
non-chiral matter is assumed to be heavy, with the exception of at most one scalar 
field, the Higgs. We demand that after the Higgs gets a vev, and all possible 
dynamical symmetry breakings have been taken into account, at least one 
massless photon survives, and all charged leptons* are massive. 
!
This condition is very restrictive, but still has an infinite number of solutions in QFT.  
!
So at this point we invoke string theory. Its main rôle is to restrict the 
representations. It also provides a more fundamental rationale for anomaly 
cancellation. 
!

*lepton: a fermion not coupling to any non-abelian vector boson



Intersecting Brane Models

We will assume that all matter and the Higgs bosons are massless particles 
in intersecting brane models. Then the low-energy gauge groups is a 
product of U(N), O(N) and Sp(N) factors. 
!
The low energy gauge group is assumed to come from S stacks of branes. 
There can be additional branes that do not give rise to massless gauge 
bosons: O(1) or U(1) with a massive vector boson due to axion mixing.  
!
All matter (fermions as well a the Higgs) are bi-fundamentals, symmetric or 
anti-symmetric tensors, adjoints or vectors (open strings with one end on a  
neutral brane)  
!
We start with S = 1, and increase S until we find a solution. 
!



Intersecting Brane Models: S=1
!
Chan-Paton group can be U(N), O(N) or Sp(N), but only U(N) can be chiral. 
!
Matter can be symmetric or anti-symmetric tensors or vectors.  
Chiral multiplicities S, A, K; charges 2q, 2q, q. 
!
Anomaly cancellation:

and anti-symmetric tensors, all belonging to a single brane stack, and bi-fundamentals
stretching between stacks. We allow for open strings with just one endpoint on the stack,
and another endpoint on a neutral object. This might for example be a O(1) brane or
a U(1) brane with an anomalous gauge symmetry, so that the gauge boson gets a mass
from a Green-Schwarz mechanism. These give rise to vectors on the stack to which the
other end of the string is attached.

The first option to consider is that the electromagnetic U(1) is embedded in a single
brane stack. This must be a unitary stack, since otherwise all representations are non-
chiral. The gauge group is U(N). The spectrum of the single stack consists of K vectors
of charge q, S symmetric tensors of charge 2q and A anti-symmetric tensors of charge 2q,
where the charge refers to the overall phase U(1) of the stack. Here K,S and A can be
both positive and negative (a sign change implies a chirality change), and q can be zero
– if the U(1) is broken by the Green-Schwarz mechanism – or non-zero. The U(1) has to
satisfy the following cubic and mixed (gauge and gravity) anomaly cancellation conditions

KNq3 + 1
2N(N + 1)S(2q)3 + 1

2N(N � 1)A(2q)3 = 0

KNq + 1
2N(N + 1)S(2q) + 1

2N(N � 1)A(2q) = 0

Kq + (N + 2)S(2q) + (N � 2)A(2q) = 0

These can only be solved if either K = S = A = 0 or q = 0. In the latter case K,S
and A are only constrained by cubic SU(N) anomaly cancellation, and a chiral spectrum
can be obtained. But then the electromagnetic U(1) must emerge from a Higgs breaking
SU(N). The choice of Higgs bosons is: a vector, a symmetric tensor, an anti-symmetric
tensor or an adjoint. The resulting symmetry breaking patters have been worked out
in [41] (with a correction in [43]). A vector breaks SU(N) to SU(N�1), a symmetric
tensor breaks it to SO(N) or to SU(N � 1) (depending on the Higgs potential) and
an anti-symmetric tensor breaks SU(N) to Sp(N) (if N is even) or Sp(N�1) (if N is
odd), or to SU(N�2) ⇥ SU(2). The only way these symmetry breakings could yield a
U(1) is if SU(2) is broken by means of a symmetric tensor to SO(2). But SU(2) has
no complex representations, and hence is not a suitable high-energy theory by itself; it
violates assumption 3. An adjoint representation breaks SU(N) to SU(p)⇥SU(q)⇥U(1),
p + q = N . This looks promising, because at least it produces a U(1). But it is easy to
see that this can never break a chiral representation to a non-chiral one. We will discuss
this in more detail for two-stack models in section 4.2.3.

4.2 Two Stack Models

The next possibility is to obtain the U(1) from two brane stacks. In this paper we will
only consider the possibility that both are unitary, and consider a general U(M)⇥U(N)
two-stack model. The gauge group is SU(M)⇥ SU(N)⇥U(1)2, but anomalies (canceled
by a Green-Schwarz mechanism) will leave at most one linear combination of the two
U(1)’s unbroken. We will write it as Y = qaQa + qbQb where Qa and Qb are the brane
charges of the two stacks. The possibilities for chiral matter representations are then
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!
Solutions: K=S=A=0 or q=0. In the former case, there is no chiral spectrum, in the latter case no 
electromagnetism. 
!
Higgs symmetry breaking could still produce a U(1), but the choice of Higgses is limited to vectors 
and rank-2 (anti)-symmetric tensors or adjoints.  
!
Adjoints never turn a chiral spectrum into a non-chiral one.  
!
The others produces a U(1) only for a symmetric tensor breaking SU(2) to SO(2). But SU(2) is not 
chiral, so by assumption all matter then has Planck scale masses.   
!



Two stack models

Y = qaQa + qbQb

an anti-symmetric tensor breaks SU(N) to Sp(N) (if N is even) or Sp(N�1) (if N is
odd), or to SU(N�2) ⇥ SU(2). The only way these symmetry breakings could yield a
U(1) is if SU(2) is broken by means of a symmetric tensor to SO(2). But SU(2) has
no complex representations, and hence is not a suitable high-energy theory by itself; it
violates assumption 3. An adjoint representation breaks SU(N) to SU(p)⇥SU(q)⇥U(1),
p + q = N . This looks promising, because at least it produces a U(1). But it is easy to
see that this can never break a chiral representation to a non-chiral one. We will discuss
this in more detail for two-stack models in section 4.2.3.

4.2 Two Stack Models

The next possibility is to obtain the U(1) from two brane stacks. In this paper we will
only consider the possibility that both are unitary, and consider a general U(M)⇥U(N)
two-stack model. The gauge group is SU(M)⇥ SU(N)⇥U(1)2, but anomalies (canceled
by a Green-Schwarz mechanism) will leave at most one linear combination of the two
U(1)’s unbroken. We will write it as Y = qaQa + qbQb where Qa and Qb are the brane
charges of the two stacks. The possibilities for chiral matter representations are then
(note that adjoints are not chiral, so we do not have to consider them)

Q (M,N, qa + qb)

U (A, 1, 2qa)

D (M, 1,�qa)

S (S, 1, 2qa)

X (M,N, qa � qb) (10)

L (1, N,�qb)

T (1, S, 2qb)

E (1, A, 2qb)

where A, S denote (anti)symmetric tensors. We have given these multiplets suggestive
names referring to the Standard Model, but of course those names can correspond to
genuine quarks and leptons only for M = 3 and N = 2. We will use variables Q,U,D, . . .,
which can be any integer, to denote the multiplicity of these representations. If a mul-
tiplicity is negative this implies a positive multiplicity for the conjugate representation.
The representations themselves will be denoted asQ,U,D, . . .. We have chosen to use the
anti-vectors for L and D, because then the Standard Model multiplicities will be positive
integers. Note however that for notational convenience we have not added superscripts
to denote anti-particles. So U and D correspond to anti-quarks in the Standard Model,
and L corresponds to anti-leptons.

4.2.1 Anomaly cancellation conditions

The integer multiplicities are subject to anomaly cancellation. We will denote anomalies
by a three-letter code, where ‘S’,‘W’ and ‘Y’ refer to SU(M), SU(N) and U(1), and ‘G’
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SU(M)⇥ SU(N)⇥ U(1)

qa, qb determined by axion couplings

(We have only considered 
unitary branes so far)



Anomalies

There are six kinds of anomalies: 
!

SSS	
WWW	
YYY	
SSY	
WWY	
GGY

SU(M)⇥ SU(N)⇥ U(1)

S     W     Y

Mixed gauge-gravity

} From tadpole cancellation: also for M, N < 3

At most one linear combination of the U(1)’s is anomaly-free 



Anomalies

to gravity. Hence we have anomalies of type SSS, SSY, WWW, WWY, YYY and GGY.
Note that the WWW anomaly is trivial in field theory for N = 2, but in a brane model
the requirement of tadpole cancellation still imposes it as if it were a non-abelian anomaly.
Hence the anomaly contributions of vectors, symmetric and anti-symmetric tensors are 1,
N + 4 and N � 4 respectively, even for N = 2 (the case N = 1 is discussed below). We
will see however that there is a linear dependence among the six anomalies, so that the
WWW anomaly is not really needed. Since we want to assume as little as possible about
the string theory origin of these gauge groups, it is useful to know that the anomalies we
use are really just the field-theoretic ones. Furthermore, we can use the linear dependence
to trade the awkward YYY anomaly for the much more manageable WWW anomaly.

The condition of anomaly cancellation constrains the parameters qa and qb as well as
the particle multiplicities. Note that in brane models, U(1)’s do not have to be anomaly
free, because their anomalies are canceled by the Green-Schwarz mechanism. But in
that case the corresponding gauge boson acquires a mass, and cannot be the one of the
Standard Model. In brane models it may also happen that a non-anomalous U(1) acquires
a mass from mixing with axions, but this is irrelevant for our purposes. There exist models
where this is not the case, and those are the only ones of interest.

The anomaly cancellation conditions can be greatly simplified and brought to the
following form

(S + U)q̃a = C1

(T + E)q̃b = �C2

(D + 8U)q̃a = (4 +M)C1 +NC2 (11)

Lq̃b +Dq̃a = 0

2Eq̃b + 2Uq̃a = C1 � C2

Here q̃a ⌘ Mqa, q̃b ⌘ Nqb, C1 = �(Q�X)q̃b and C2 = (Q +X)q̃a. The Standard model
parameter values are q̃a = �1, q̃b = 1, C1 = C2 = �3, Q = U = D = L = E = 3 and
S = T = X = 0, and of course satisfy these equations for M = 3, N = 2. For any M and
N there are just five independent equations, demonstrating that the WWW equation is
redundant even if N 6= 2.

In the derivation of these equations we used N 6= 1, M 6= 1, qa 6= 0 and qb 6= 0. If
N or M are equal to one, the SSS and WWW anomaly conditions continue to hold in a
brane model, because they follow from the requirement of tadpole cancellation. If N = 1
this leads to the strange results that the open string sector E contributes to anomaly
cancellation, even though it contains no massless states! However, the reason (11) is not
necessarily valid is that the SSY and/or WWY anomaly cancellation conditions have no
meaning anymore if M and/or N are equal to 1.

If we choose just one of the two brane stack multiplicities equal to one, we lose one
equation, but we still have five left. Since the original set of six equations has a redun-
dancy, one may expect to obtain exactly the same equations, and by inspection this is
indeed correct. Note that for N = 1 or M = 1 the anomaly cancellation conditions are
not just the field theoretic ones, but that there is one stringy SSS or WWW condition.
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Only five independent ones. In most cases of interest,the 
stringy SU(2)3 anomaly is not an independent constraint. 

Cubic charge dependence can be linearized. 
(qa = 0 and/or qb = 0 must be treated separately)



Abelian theories

Single U(1):  Higgs must break it, no electromagnetism left 
U(1)×U(1):  No solution to anomaly cancellation for two stacks

So in two-stack models we need at least one non-abelian factor in 
the high-energy theory.



Strong Interactions
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elementary particle charge spectrum is otherwise too poor. We need some additional 
interaction to bind these particles into bound states with larger charges (hadrons and 
nuclei in our universe).  
!
For this to work there has to be an approximately conserved baryon number. 
This means that we need an SU(M) factor with M ≥ 3, and that this SU(M) factor 
does not become part of a larger group at the “weak” scale. 
!
Note that SU(2) does not have baryon number, and the weak scale is near the 
constituent mass scale. We cannot allow baryon number to be broken at that scale. 
!
But let’s just call this an additional assumption. 
!



Higgs Choice

Therefore we do not consider bi-fundamental Higgses breaking both U(M) 
and U(N). We assume that U(N) is the broken gauge factor. Then the only 
Higgs choices are L,T and E. 
!

!
This implies that at least one non-abelian factor is not broken by the Higgs. 
We take this factor to be U(M).

We will assume thatU(M) it is strongly coupled in the IR-regime and stronger 
than U(N).



SU(M)×U(1) (i.e. N=1) 

Higgs can only break U(1), but then there is no electromagnetism. 
!
Hence there will be a second non-abelian factor, broken by the Higgs. 



M = 3, N = 2

Higgs = L
Decompose L, E, T: chiral charged leptons avoided only if  

                                      L = E, T = 0 

Substitute in anomaly equation:

For M = 3, N = 2: S = 0

Sq̃a =

✓
5�N �M

2M

◆
C1

Therefore we get standard QCD without symmetric tensors.



M = 3, N = 2

Sq̃a =
1
2(C2 � C1). Now we substitute this into the third equation of (11), and obtain

(5�N)C1 = MC2 (12)

For N = 2 and M = 3 this result implies that C1 = C2, and hence S = 0 (note that
there is a second solution to the condition C2 = C1, namely M = 4, N = 1, and we will
see later what that implies). Hence to avoid chiral leptons for M = 3 we must set S = 0.
Since the anti-symmetric tensor of SU(3) is an anti-triplet we are now in the desirable
situation of an SU(3) gauge group with matter only in the fundamental representation.

We will present the rest of the argument without directly using the anomaly conditions
(11), because this is more insightful, and the derivation of (11) is straightforward, but
rather tedious. The quark multiplets split up in the following way

Q(3, qa) +Q(3, qa + 2qb) +X(3, qa) +X(3, qa � 2qb)� U(3,�2qa)�D(3, qa) , (13)

where we have conjugated U and D in order to have only triplets. We have to pair all
these components. The first term can be paired with a component of X and with D,
without any constraints on charges. But the second component can only be paired with
U, since qb 6= 0. Hence if Q 6= 0, we find the relation qa+2qb = �2qa, i.e. 3qa = �2qb, and
Q = U . This charge relation implies immediately that there is no partner for the second
component of X, so that X must vanish. Then the first component of Q can only pair
with D, and we get D = Q. If Q = 0, we can apply the same reasoning to X, with the
result 3qa = +2qb, and X = U = D. This is just the solution with X $ Q interchange
that exists on general grounds. If Q and X both vanish there is no solution, since qa 6= 0.

All anomalies involving SU(3) already cancel, and the quark contribution to the U(1)
trace anomaly cancels by itself. The relation between the charges qa and qb is the familiar
one from SU(5), and so we know that all particles have their familiar charges. We choose
the Standard Model normalization conventions. We get the following equations for L, T
and E

SSY 1
2Q� 1

2L+ 4T = 0

GGY �L+ 3T + E = 0

YYY �3
4Q� 1

4L+ 3T + E = 0

which imply that L = E = Q and T = 0. Note that the SU(2) anomaly 3Q�L+6T �2E
is not really needed, and follows from the others. We do not need to check that the Higgs
does indeed give mass to all quarks and leptons, because this is the Standard Model.

Triplet Higgs

The triplet Higgs can break SU(2)⇥U(1) in two ways [52], depending on the signs of two
terms in the Higgs potential. The Higgs vev can either take the form

hHi =
✓
0 0
0 v

◆
, (14)
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                    or 
X = U  if and only if  qa−2qb  = −2qa 

In both cases we get an SU(5) type charge relation, and 
hence standard charge quantization



M = 3, N = 2

Hence either Q = 0 or X = 0; the choice is irrelevant. 
 
Take X = 0. 
Then D = Q = U, T = 0, L = E 
Remaining anomaly conditions: L = Q 
!
Hence the only solution is a standard model family, occurring Q times.

The branes a and b are in principle unrelated, and can generally not 
be combined to a U(5) stack 



M = 3, N = 2

Higgs = T
The symmetric tensor can break SU(2)×U(1) in two ways, either to U(1), in the 
same way as L, or to SO(2).

No allowed Higgs couplings to give mass to the charged components of L, E and T,  
so we must require E = L = T = 0. Then there is no solution.

Breaking to U(1)  (same subgroup as L)

Breaking to SO(2)
Then SO(2) must be electromagnetism. Y-charges forbid cubic T couplings, so T = 0 
to avoid massless charged leptons. Quark charge pairing (to avoid chiral QED, broken 
by QCD) requires Q =−X. If we also require S = 0, everything vanishes.

Note: stronger dynamical assumption: S = 0



M > 3  and/or  N > 2

Unless Q = −X, we get quarks and anti-quarks coupling to SU(N) 
representations that are not mutually conjugate. Hence dynamical 
symmetry breaking breaks SU(N) completely. 
!
If we also use the fields D and U (for M = 3) then SU(N)×U(1) 
contains a current that is non-chiral. It must be a linear combination  
!
                                       Qem =  Λ + Y, 
!

where Λ ∈ SU(N). There can be at most one such U(1) factor. 
  

(Q = −X: see paper)



M > 3  and/or  N > 2

Lepton charge pairing:

at least possible in principle to obtain a solution. It follows that any solution must involve
the U(1), and that there can be only one U(1), because otherwise a linear combination
would live entirely within G, which was already ruled out.

The Main Argument

We will now determine the possibilities for the surviving U(1), assuming Q 6= �X. It
will in any case be a linear combination of a generator of the non-abelian flavor group
SU(N) and Y .

Qem = ⇤+ Y (21)

Note that we use the entire unbroken flavor group here. The Higgs just breaks SU(N) to
a subgroup, which by dynamical symmetry breaking is broken to a smaller subgroup. But
in any case, the final result is of the form (21), with ⇤ = diag(�1, . . . ,�N), and

P
i �i = 0.

The advantage of working with the full group SU(N) is that the results can be applied
directly to all choices for the broken subgroup G listed above. Furthermore it will contain
all possibilities of dynamical symmetry breaking of the flavor group as well as the most
general Higgsless case.

To avoid massless charged leptons it is in any case essential to avoid chiral ones. This
implies that the trace of Qem in the lepton sector much vanish. Note that this trace is
also the leptonic contribution to the mixed anomaly of Qem with gravity. So if this trace
does not vanish, the strong SU(M) interactions would have to produce chiral massless
charged baryons to match it. But we have already assumed that this will not happen.
This trace yields the equation

� L+ (N � 1)E + (N + 1)T = 0 . (22)

which can be added to the set of anomaly equations.
These can now be solved completely in terms of C1 and C2. The result is

U = 3+M
6 C1

S = 3�M
6 C1

D = NC2 � M
3 C1

Lq̃b = �NC2 +
M
3 C1

Eq̃b = �1
2C2 +

M
6 C1

T q̃b = �1
2C2 � M

6 C1

For M = 3 this implies S = 0. As was the case for N = 2 this follows from lepton
charge pairing, but under the slightly stronger condition that no non-abelian factor is left
unbroken in the flavor group. Note that in the case N = 2 we also used T = 0. We see
now that only (22) is needed.

The derivation of (22) holds only if there is a non-vanishing contribution to Qem from
Y . Hence it can be avoided if the Higgs mechanism breaks the Y charge. This happens
for the SU(N) ! SO(N) breaking pattern for H = T, and for the SU(N) ! Sp(N)
breaking pattern for H = E, N even. We will discuss these cases separately in section 5.
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Combined with the five anomaly constraints this gives the following solution

For M = 3, S = 0 automatically!

to gravity. Hence we have anomalies of type SSS, SSY, WWW, WWY, YYY and GGY.
Note that the WWW anomaly is trivial in field theory for N = 2, but in a brane model
the requirement of tadpole cancellation still imposes it as if it were a non-abelian anomaly.
Hence the anomaly contributions of vectors, symmetric and anti-symmetric tensors are 1,
N + 4 and N � 4 respectively, even for N = 2 (the case N = 1 is discussed below). We
will see however that there is a linear dependence among the six anomalies, so that the
WWW anomaly is not really needed. Since we want to assume as little as possible about
the string theory origin of these gauge groups, it is useful to know that the anomalies we
use are really just the field-theoretic ones. Furthermore, we can use the linear dependence
to trade the awkward YYY anomaly for the much more manageable WWW anomaly.

The condition of anomaly cancellation constrains the parameters qa and qb as well as
the particle multiplicities. Note that in brane models, U(1)’s do not have to be anomaly
free, because their anomalies are canceled by the Green-Schwarz mechanism. But in
that case the corresponding gauge boson acquires a mass, and cannot be the one of the
Standard Model. In brane models it may also happen that a non-anomalous U(1) acquires
a mass from mixing with axions, but this is irrelevant for our purposes. There exist models
where this is not the case, and those are the only ones of interest.

The anomaly cancellation conditions can be greatly simplified and brought to the
following form

(S + U)q̃a = C1

(T + E)q̃b = �C2

(D + 8U)q̃a = (4 +M)C1 +NC2 (11)

Lq̃b +Dq̃a = 0

2Eq̃b + 2Uq̃a = C1 � C2

Here q̃a ⌘ Mqa, q̃b ⌘ Nqb, C1 = �(Q�X)q̃b and C2 = (Q +X)q̃a. The Standard model
parameter values are q̃a = �1, q̃b = 1, C1 = C2 = �3, Q = U = D = L = E = 3 and
S = T = X = 0, and of course satisfy these equations for M = 3, N = 2. For any M and
N there are just five independent equations, demonstrating that the WWW equation is
redundant even if N 6= 2.

In the derivation of these equations we used N 6= 1, M 6= 1, qa 6= 0 and qb 6= 0. If
N or M are equal to one, the SSS and WWW anomaly conditions continue to hold in a
brane model, because they follow from the requirement of tadpole cancellation. If N = 1
this leads to the strange results that the open string sector E contributes to anomaly
cancellation, even though it contains no massless states! However, the reason (11) is not
necessarily valid is that the SSY and/or WWY anomaly cancellation conditions have no
meaning anymore if M and/or N are equal to 1.

If we choose just one of the two brane stack multiplicities equal to one, we lose one
equation, but we still have five left. Since the original set of six equations has a redun-
dancy, one may expect to obtain exactly the same equations, and by inspection this is
indeed correct. Note that for N = 1 or M = 1 the anomaly cancellation conditions are
not just the field theoretic ones, but that there is one stringy SSS or WWW condition.
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at least possible in principle to obtain a solution. It follows that any solution must involve
the U(1), and that there can be only one U(1), because otherwise a linear combination
would live entirely within G, which was already ruled out.

The Main Argument
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will in any case be a linear combination of a generator of the non-abelian flavor group
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in any case, the final result is of the form (21), with ⇤ = diag(�1, . . . ,�N), and
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These can now be solved completely in terms of C1 and C2. The result is
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For M = 3 this implies S = 0. As was the case for N = 2 this follows from lepton
charge pairing, but under the slightly stronger condition that no non-abelian factor is left
unbroken in the flavor group. Note that in the case N = 2 we also used T = 0. We see
now that only (22) is needed.

The derivation of (22) holds only if there is a non-vanishing contribution to Qem from
Y . Hence it can be avoided if the Higgs mechanism breaks the Y charge. This happens
for the SU(N) ! SO(N) breaking pattern for H = T, and for the SU(N) ! Sp(N)
breaking pattern for H = E, N even. We will discuss these cases separately in section 5.
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M > 3  and/or  N > 2

⇤ = diag(�1, . . . ,�N )

qb + �i = ↵qa

Quark charge pairing is possible only for α = 0, ±3 

Charges of Q:  
Charges of X: 
Charges of D: 
Charges of U,S: 
Lepton Charges:

qa � qb � �i

qa + qb + �i

qb + �i; 2qb + �i + �j

�qa

2qa

Define

All solutions satisfy Standard Model charge quantization! 



M > 3  and/or  N > 2

Tr ⇤ = q̃b

✓
3

M
� 1

◆

⇤ : n⇥ {�qb}+ n+ ⇥ {�qb + 3qa}+ n� ⇥ {�qb � 3qa}

R = �(Q+X)
q̃a
q̃b

2 Z
n+ =

Q

R

n� = �X

R

N = n+ n+ + n�

We can obtain a solution for any Q and X

The trace of Λ must vanish

Hence M = 3!



M > 3  and/or  N > 2

D = n(Q+X)

U = (N � n)(Q+X)

L = nR

E =
1

2
(N � n+ 1)R

T = �1

2
(N � n� 1)R

The spectrum can be computed

Absence of massless charged leptons only for N = 2!



Couplings

and then we get the following result for gY

g2Y = g21sin
2(✓) =

1

2

g2ag
2
b

Ng2aq
2
b +Mg2bq

2
a

(54)

For N = 2,M = 3, qa = �1
3 , qb =

1
2 this yields

g2Y = g2asin
2(✓) =

3g2ag
2
b

3g2a + 2g2b
(55)

For SU(5) (ga = gb ⌘ g) this yields the familiar result gY =
q

3
5g. The relation (55) can

be written as
1

↵Y

=
2

3

1

↵s

+
1

↵w

(56)

This agrees with [57]. Precisely the same relation was found in [58] for a class of Pati-
Salam models. In this class there is a relation between the three gauge couplings of
SU(4) ⇥ SU(2)L ⇥ SU(2)R if the two SU(2) factors have a related brane origin. More
recently, the same relation was found in a class of U(5) F-theory models with hypercharge
flux breaking [59].

Extrapolating the measured coupling constants to higher energies from their values at
100 GeV (g1 = .357, g2 = .652, g3 = 1.212) we find that relation (56) is satisfied at a scale
Mnon-susy = 1013.76 GeV, with

g1 = 0.5511, g3 = ga = 0.570 and g2 = gb = 0.5391 (57)

where we used the non-supersymmetric �-function coe�cients. With supersymmetric
�-functions and a susy breaking scale at 1 TeV we find Msusy = 1016.15 GeV, with

g1 = 0.699, g3 = ga = 0.696 and g2 = gb = 0.702 (58)

In the supersymmetric case the scale where (56) holds is of course the usual susy-GUT
scale, and there is an obvious candidate for the physics associated with that scale: GUT
unification. In the non-supersymmetric case there is no unification into a larger gauge
group, and it is less obvious what happens.

The natural guess is that at 1013.76 GeV = 5.75⇥ 1013 GeV we reach the string scale,
and that the gauge groups U(M) and U(N) are described by a Dirac-Born-Infeld action
at that scale. But there are other possibilities if one allows dimensions to decompactify
at di↵erent scales, and the result also depends on the dimension of the branes on which
the unitary groups live. We will not pursue this point further in this paper. The afore-
mentioned scale just gives a rough indication of the location of “new physics” in this class
of models.
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see also: 
Ibañez, Munos, Rigolin, 1998; 
Blumenhagen, Kors, Lüst, Stieberger, 2007 

Extrapolation this to higher energies we see that this is satisfied at 5.7×1013 GeV  (1.4×1016 GeV 
for susy). 
!
Proton decay by SU(5) vector bosons would be far too large, but generically we do not have 
such bosons in the spectrum. There is no SU(5) in any limit. 

But what happens at that scale? 
!
If it is the string scale, one would still expect quantum-gravity related proton decay, which would 
be much too large. 
!
But there are many ways out.  

The U(3)×U(2) structure of this class of models implies one relation among the SM couplings, 
instead of the two of SU(5)   



Complete list of solutions

Nr. M N qa qb Higgs Q U D S X L E T
1 1 2 2 �3 L 3 6 3 3 0 1 1 0
2 1 2 4 �1 L 2 1 1 0 0 2 3 1
3a 1 2 2 �1 L 3 4 1 3 �4 1 0 �1
3b 1 2 2 �1 L 2 2 1 1 �1 1 1 0
3c 1 2 2 �1 L 4 5 0 3 �4 0 1 �1
4 1 3 3 �2 L 2 3 2 1 0 1 1 0
5 1 3 3 �1 E 0 0 �2 �1 1 �2 1 0
6 1 4 4 �1 L 1 1 1 0 0 1 1 0
7 M 2 1 ⇢ T 1 �⇢ 2M⇢ �⇢ �1 2M 0 0
8 2 3 3 �2 L 1 1 1 0 0 1 1 0
9 3 2 2 �3 L 1 1 1 0 0 1 1 0

Table 1: All chiral spectra without massless charged free leptons that can be obtained for
all M and N with qa 6= 0 and qb 6= 0. In item nr. 7 the value of M is 1 or 2.

Spectrum nr. 1 can be obtained from the Standard Model by interchanging the rôle
of U and S, and replacing color by a mere multiplicity. It is built out of the combination
of Higgs multiplets 3H(12 , 1) + H(12 ,�1

2). The field U has no massless states, but its
presence cancels the “SU(1)” anomaly in the first factor. The corresponding string sector
still exists, and starts at the first excited level. The low energy spectrum is just QED with
charges proportional to ±1,±2 and ±3. Note that here and in the following we divide
all electromagnetic U(1) charges in the low energy spectrum by their largest common
denominator.

Spectrum nr. 2 can be written in terms of the Higgs multiplets H(1,�2) = T+Q+
L+E, H(12 , 3) = Q+D+E and H(12 , 1) = L+E+N, where N is a singlet. One family
is equal to H(1,�2) +H(12 , 3) +H(12 , 1). So all fermions can indeed get a mass from the
Higgs. The low energy spectrum has charges proportional to ±1 and ±2.

Spectrum nr. 3 has complete charge pairing for any solution of the anomaly can-
cellation conditions. Hence even after the pairing requirement we are left with a three
parameter family of spectra. Three independent combinations are shown in the table. All
three can be written in terms of Higgs multiplets, but this requires adding some mirror
pairs. We will omit the details. The low energy theory has charges proportional to ±1
and ±2. This is the only example we have found that does not have automatic family
repetition: di↵erent families can have a di↵erent structure.

All of these spectra have only a very limit number of possible charges, and no strong
interactions to make larger ones. So their anthropic prospects are bleak.

Spectrum nr. 4 consists entirely of SU(3) ⇥ U(1) Higgs multiplets. The Higgs rep-
resentation is L = (1, V ⇤, 2). This solution is related to solution nr. 8 in the same way
as nr 1. is related to the Standard Model. Solution nr. 8 was already described above,
and has a low energy spectrum (38); it is like the Standard Model, but with the color
triplet Higgs. To obtain spectrum nr. 4 from spectrum nr. 8 one has to replace the SU(2)
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All chiral spectra without massless charged free leptons that can be obtained for all 
M and N with qa ≠ 0 and qb ≠ 0. Here M = 1,2 and 𝜌 is a free integer parameter.



Complete list of solutions

This realizes the SU(4)×U(1) subgroup of SU(5).  
The Higgs boson breaks this to SU(3)×U(1), QCD × QED.  
!
But this implies SU(5)-type proton decay at the weak scale. 
!
A family constitutes a single, complete SU(4) Higgs multiplet.

Nr. M N qa qb Higgs Q U D S X L E T
1 1 2 2 �3 L 3 6 3 3 0 1 1 0
2 1 2 4 �1 L 2 1 1 0 0 2 3 1
3a 1 2 2 �1 L 3 4 1 3 �4 1 0 �1
3b 1 2 2 �1 L 2 2 1 1 �1 1 1 0
3c 1 2 2 �1 L 4 5 0 3 �4 0 1 �1
4 1 3 3 �2 L 2 3 2 1 0 1 1 0
5 1 3 3 �1 E 0 0 �2 �1 1 �2 1 0
6 1 4 4 �1 L 1 1 1 0 0 1 1 0
7 M 2 1 ⇢ T 1 �⇢ 2M⇢ �⇢ �1 2M 0 0
8 2 3 3 �2 L 1 1 1 0 0 1 1 0
9 3 2 2 �3 L 1 1 1 0 0 1 1 0

Table 1: All chiral spectra without massless charged free leptons that can be obtained for
all M and N with qa 6= 0 and qb 6= 0. In item nr. 7 the value of M is 1 or 2.

Spectrum nr. 3 has complete charge pairing for any solution of the anomaly can-
cellation conditions. Hence even after the pairing requirement we are left with a three
parameter family of spectra. Three independent combinations are shown in the table. All
three can be written in terms of Higgs multiplets, but this requires adding some mirror
pairs. We will omit the details. The low energy theory has charges proportional to ±1
and ±2. This is the only example we have found that does not have automatic family
repetition: di↵erent families can have a di↵erent structure.

All of these spectra have only a very limit number of possible charges, and no strong
interactions to make larger ones. So their anthropic prospects are bleak.

Spectrum nr. 4 consists entirely of SU(3) ⇥ U(1) Higgs multiplets. The Higgs rep-
resentation is L = (1, V ⇤, 2). This solution is related to solution nr. 8 in the same way
as nr 1. is related to the Standard Model. Solution nr. 8 was already described above,
and has a low energy spectrum (38); it is like the Standard Model, but with the color
triplet Higgs. To obtain spectrum nr. 4 from spectrum nr. 8 one has to replace the SU(2)
dimensions by a mere multiplicity, and let S play the rôle of U. The Higgs multiplets are
essentially the same as (37), with minor modifications:

(1,H(V ,�4)) = S+ E+ L+N; 2⇥ (1,H(V, 1)) = Q+D (40)

The low energy spectrum consists of SU(2) doublets with charges ±1 and 0, and singlets
with charges ±1,±2. A family has the form

2(3, 13) + 2(1,�1) + (1, 2) + (3, 23) + (3,�4
3) , (41)

where the unbroken gauge group is SU(3)⇥ U(1), and the particles are in the canonical
order, Q, D, S, L, E. We have omited N. After symmetry breaking this becomes

(2, 1) + (2,�1) + 2(2, 0) + 2(1, 1) + 2(1,�1) + (1, 2) + (1,�2) (42)
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Nr. M N qa qb Higgs Q U D S X L E T
1 1 2 2 �3 L 3 6 3 3 0 1 1 0
2 1 2 4 �1 L 2 1 1 0 0 2 3 1
3a 1 2 2 �1 L 3 4 1 3 �4 1 0 �1
3b 1 2 2 �1 L 2 2 1 1 �1 1 1 0
3c 1 2 2 �1 L 4 5 0 3 �4 0 1 �1
4 1 3 3 �2 L 2 3 2 1 0 1 1 0
5 1 3 3 �1 E 0 0 �2 �1 1 �2 1 0
6 1 4 4 �1 L 1 1 1 0 0 1 1 0
7 M 2 1 ⇢ T 1 �⇢ 2M⇢ �⇢ �1 2M 0 0
8 2 3 3 �2 L 1 1 1 0 0 1 1 0
9 3 2 2 �3 L 1 1 1 0 0 1 1 0

Table 1: All chiral spectra without massless charged free leptons that can be obtained for
all M and N with qa 6= 0 and qb 6= 0. In item nr. 7 the value of M is 1 or 2.

Spectrum nr. 3 has complete charge pairing for any solution of the anomaly can-
cellation conditions. Hence even after the pairing requirement we are left with a three
parameter family of spectra. Three independent combinations are shown in the table. All
three can be written in terms of Higgs multiplets, but this requires adding some mirror
pairs. We will omit the details. The low energy theory has charges proportional to ±1
and ±2. This is the only example we have found that does not have automatic family
repetition: di↵erent families can have a di↵erent structure.

All of these spectra have only a very limit number of possible charges, and no strong
interactions to make larger ones. So their anthropic prospects are bleak.

Spectrum nr. 4 consists entirely of SU(3) ⇥ U(1) Higgs multiplets. The Higgs rep-
resentation is L = (1, V ⇤, 2). This solution is related to solution nr. 8 in the same way
as nr 1. is related to the Standard Model. Solution nr. 8 was already described above,
and has a low energy spectrum (38); it is like the Standard Model, but with the color
triplet Higgs. To obtain spectrum nr. 4 from spectrum nr. 8 one has to replace the SU(2)
dimensions by a mere multiplicity, and let S play the rôle of U. The Higgs multiplets are
essentially the same as (37), with minor modifications:

(1,H(V ,�4)) = S+ E+ L+N; 2⇥ (1,H(V, 1)) = Q+D (40)

The low energy spectrum consists of SU(2) doublets with charges ±1 and 0, and singlets
with charges ±1,±2. A family has the form

2(3, 13) + 2(1,�1) + (1, 2) + (3, 23) + (3,�4
3) , (41)

where the unbroken gauge group is SU(3)⇥ U(1), and the particles are in the canonical
order, Q, D, S, L, E. We have omited N. After symmetry breaking this becomes

(2, 1) + (2,�1) + 2(2, 0) + 2(1, 1) + 2(1,�1) + (1, 2) + (1,�2) (42)
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Complete list of solutions

This is the same SU(3)×SU(2)×U(1) subgroup of SU(5) that 
gives rise to the Standard Model, but with a triplet Higgs 
instead of a doublet Higgs.   
!
At low energies, there is a non-abelian SO(4) ≈ SU(2)×SU(2) 
gauge group without conserved Baryon number. 
!

Nr. M N qa qb Higgs Q U D S X L E T
1 1 2 2 �3 L 3 6 3 3 0 1 1 0
2 1 2 4 �1 L 2 1 1 0 0 2 3 1
3a 1 2 2 �1 L 3 4 1 3 �4 1 0 �1
3b 1 2 2 �1 L 2 2 1 1 �1 1 1 0
3c 1 2 2 �1 L 4 5 0 3 �4 0 1 �1
4 1 3 3 �2 L 2 3 2 1 0 1 1 0
5 1 3 3 �1 E 0 0 �2 �1 1 �2 1 0
6 1 4 4 �1 L 1 1 1 0 0 1 1 0
7 M 2 1 ⇢ T 1 �⇢ 2M⇢ �⇢ �1 2M 0 0
8 2 3 3 �2 L 1 1 1 0 0 1 1 0
9 3 2 2 �3 L 1 1 1 0 0 1 1 0

Table 1: All chiral spectra without massless charged free leptons that can be obtained for
all M and N with qa 6= 0 and qb 6= 0. In item nr. 7 the value of M is 1 or 2.

Spectrum nr. 3 has complete charge pairing for any solution of the anomaly can-
cellation conditions. Hence even after the pairing requirement we are left with a three
parameter family of spectra. Three independent combinations are shown in the table. All
three can be written in terms of Higgs multiplets, but this requires adding some mirror
pairs. We will omit the details. The low energy theory has charges proportional to ±1
and ±2. This is the only example we have found that does not have automatic family
repetition: di↵erent families can have a di↵erent structure.

All of these spectra have only a very limit number of possible charges, and no strong
interactions to make larger ones. So their anthropic prospects are bleak.

Spectrum nr. 4 consists entirely of SU(3) ⇥ U(1) Higgs multiplets. The Higgs rep-
resentation is L = (1, V ⇤, 2). This solution is related to solution nr. 8 in the same way
as nr 1. is related to the Standard Model. Solution nr. 8 was already described above,
and has a low energy spectrum (38); it is like the Standard Model, but with the color
triplet Higgs. To obtain spectrum nr. 4 from spectrum nr. 8 one has to replace the SU(2)
dimensions by a mere multiplicity, and let S play the rôle of U. The Higgs multiplets are
essentially the same as (37), with minor modifications:

(1,H(V ,�4)) = S+ E+ L+N; 2⇥ (1,H(V, 1)) = Q+D (40)

The low energy spectrum consists of SU(2) doublets with charges ±1 and 0, and singlets
with charges ±1,±2. A family has the form

2(3, 13) + 2(1,�1) + (1, 2) + (3, 23) + (3,�4
3) , (41)

where the unbroken gauge group is SU(3)⇥ U(1), and the particles are in the canonical
order, Q, D, S, L, E. We have omited N. After symmetry breaking this becomes

(2, 1) + (2,�1) + 2(2, 0) + 2(1, 1) + 2(1,�1) + (1, 2) + (1,�2) (42)
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Nr. M N qa qb Higgs Q U D S X L E T
1 1 2 2 �3 L 3 6 3 3 0 1 1 0
2 1 2 4 �1 L 2 1 1 0 0 2 3 1
3a 1 2 2 �1 L 3 4 1 3 �4 1 0 �1
3b 1 2 2 �1 L 2 2 1 1 �1 1 1 0
3c 1 2 2 �1 L 4 5 0 3 �4 0 1 �1
4 1 3 3 �2 L 2 3 2 1 0 1 1 0
5 1 3 3 �1 E 0 0 �2 �1 1 �2 1 0
6 1 4 4 �1 L 1 1 1 0 0 1 1 0
7 M 2 1 ⇢ T 1 �⇢ 2M⇢ �⇢ �1 2M 0 0
8 2 3 3 �2 L 1 1 1 0 0 1 1 0
9 3 2 2 �3 L 1 1 1 0 0 1 1 0

Table 1: All chiral spectra without massless charged free leptons that can be obtained for
all M and N with qa 6= 0 and qb 6= 0. In item nr. 7 the value of M is 1 or 2.

Spectrum nr. 3 has complete charge pairing for any solution of the anomaly can-
cellation conditions. Hence even after the pairing requirement we are left with a three
parameter family of spectra. Three independent combinations are shown in the table. All
three can be written in terms of Higgs multiplets, but this requires adding some mirror
pairs. We will omit the details. The low energy theory has charges proportional to ±1
and ±2. This is the only example we have found that does not have automatic family
repetition: di↵erent families can have a di↵erent structure.

All of these spectra have only a very limit number of possible charges, and no strong
interactions to make larger ones. So their anthropic prospects are bleak.

Spectrum nr. 4 consists entirely of SU(3) ⇥ U(1) Higgs multiplets. The Higgs rep-
resentation is L = (1, V ⇤, 2). This solution is related to solution nr. 8 in the same way
as nr 1. is related to the Standard Model. Solution nr. 8 was already described above,
and has a low energy spectrum (38); it is like the Standard Model, but with the color
triplet Higgs. To obtain spectrum nr. 4 from spectrum nr. 8 one has to replace the SU(2)
dimensions by a mere multiplicity, and let S play the rôle of U. The Higgs multiplets are
essentially the same as (37), with minor modifications:

(1,H(V ,�4)) = S+ E+ L+N; 2⇥ (1,H(V, 1)) = Q+D (40)

The low energy spectrum consists of SU(2) doublets with charges ±1 and 0, and singlets
with charges ±1,±2. A family has the form

2(3, 13) + 2(1,�1) + (1, 2) + (3, 23) + (3,�4
3) , (41)

where the unbroken gauge group is SU(3)⇥ U(1), and the particles are in the canonical
order, Q, D, S, L, E. We have omited N. After symmetry breaking this becomes

(2, 1) + (2,�1) + 2(2, 0) + 2(1, 1) + 2(1,�1) + (1, 2) + (1,�2) (42)
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The special case qa = 0 (all M,N)

Anomaly cancellation:

small single vector exchange potential due to all flavor gaugings, which will determine
which direction is chosen in flavor space. This potential is of the same form as the one
proposed in [56], namely

V / g2b
r
[(�c ��1 ��2] , (33)

where �c, �1 and �2 are the quadratic Casimirs of the condensate and the quark and
anti-quark it is made of. The most attractive channel is the one that minimizes V , i.e. the
smallest Casimir in the product V ⌦V . For orthogonal and symplectic groups this tensor
product always contains a singlet, which of course has the smallest �c. This suggests
that these groups are not broken at all, and in particular that no electromagnetic U(1) is
produced.

Hence we conclude that all of these possibilities are ruled out if we assume S = 0. If
S 6= 0 there is no obvious solution for the strong interaction spectrum, and it is possible
that the strong interaction group SU(M) itself has to be broken. We regard this case as
undecided. The low energy spectrum is obviously chiral, so this violates condition 5b.

5.2 qa = 0

If qa = 0 the solution of the anomaly conditions (11) is X = Q, L = T = E = 0, with
U, S,D,Q and X subject to the SU(M) anomaly cancellation condition. The resulting
unbroken SU(M)⇥ SU(N)⇥ U(1)Y spectrum is

Q[(V, V, 1) + (V, V ,�1)] + flavor-neutral U, D, S matter ,

with the flavor-neutral matter canceling the SU(M) anomaly. Since only SU(M) vectors
(and no anti-vectors) couple to the flavor gauge group, there is no combination of an
SU(N�1) generator and the U(1) that is non-chiral with respect to SU(M). Hence for
M � 3 the most plausible assumption is therefore that there will not be electromagnetism.
There are solutions with Q = 0, but then one only gets an SU(M) gauge group, and no
electromagnetism. For M = 1 and M = 2 the entire spectrum is non-chiral before
symmetry breaking, so that assumption 3 is violated.

5.3 qb = 0

If qb = 0, the anomaly cancellation conditions imply that Q = �X and U = S = D = 0.
Then the matter representation before symmetry breaking is

Q[(V, V, 1) + (V , V,�1)] + Y -neutral L, E, T matter

For N = 1 and N = 2 this case can be discarded since the high energy theory is non-chiral.
For N � 3 it is chiral. Since we are assuming throughout this paper that SU(M) remains
unbroken, the only candidate Higgses are uncharged, and cannot break Y . Furthermore Y
is non-chiral with respect to SU(M), so there is no reason why it should break dynamically.
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small single vector exchange potential due to all flavor gaugings, which will determine
which direction is chosen in flavor space. This potential is of the same form as the one
proposed in [56], namely

V / g2b
r
[(�c ��1 ��2] , (33)

where �c, �1 and �2 are the quadratic Casimirs of the condensate and the quark and
anti-quark it is made of. The most attractive channel is the one that minimizes V , i.e. the
smallest Casimir in the product V ⌦V . For orthogonal and symplectic groups this tensor
product always contains a singlet, which of course has the smallest �c. This suggests
that these groups are not broken at all, and in particular that no electromagnetic U(1) is
produced.

Hence we conclude that all of these possibilities are ruled out if we assume S = 0. If
S 6= 0 there is no obvious solution for the strong interaction spectrum, and it is possible
that the strong interaction group SU(M) itself has to be broken. We regard this case as
undecided. The low energy spectrum is obviously chiral, so this violates condition 5b.

5.2 qa = 0

If qa = 0 the solution of the anomaly conditions (11) is X = Q, L = T = E = 0, with
U, S,D,Q and X subject to the SU(M) anomaly cancellation condition. The resulting
unbroken SU(M)⇥ SU(N)⇥ U(1)Y spectrum is

Q[(V, V, 1) + (V, V ,�1)] + flavor-neutral U, D, S matter ,

with the flavor-neutral matter canceling the SU(M) anomaly. Since only SU(M) vectors
(and no anti-vectors) couple to the flavor gauge group, there is no combination of an
SU(N�1) generator and the U(1) that is non-chiral with respect to SU(M). Hence for
M � 3 the most plausible assumption is therefore that there will not be electromagnetism.
There are solutions with Q = 0, but then one only gets an SU(M) gauge group, and no
electromagnetism. For M = 1 and M = 2 the entire spectrum is non-chiral before
symmetry breaking, so that assumption 3 is violated.

5.3 qb = 0

If qb = 0, the anomaly cancellation conditions imply that Q = �X and U = S = D = 0.
Then the matter representation before symmetry breaking is

Q[(V, V, 1) + (V , V,�1)] + Y -neutral L, E, T matter

For N = 1 and N = 2 this case can be discarded since the high energy theory is non-chiral.
For N � 3 it is chiral. Since we are assuming throughout this paper that SU(M) remains
unbroken, the only candidate Higgses are uncharged, and cannot break Y . Furthermore Y
is non-chiral with respect to SU(M), so there is no reason why it should break dynamically.
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For M = 1,2  this is vectorlike (hence massive) 
For M > 3 there is no U(1) in the flavor group that is non-chiral with respect to 
SU(M), hence no electromagnetism.

Note: we treat Higgs and dynamical breaking on equal footing



The special case qb = 0  (all M,N)

Anomaly cancellation:

small single vector exchange potential due to all flavor gaugings, which will determine
which direction is chosen in flavor space. This potential is of the same form as the one
proposed in [56], namely

V / g2b
r
[(�c ��1 ��2] , (33)

where �c, �1 and �2 are the quadratic Casimirs of the condensate and the quark and
anti-quark it is made of. The most attractive channel is the one that minimizes V , i.e. the
smallest Casimir in the product V ⌦V . For orthogonal and symplectic groups this tensor
product always contains a singlet, which of course has the smallest �c. This suggests
that these groups are not broken at all, and in particular that no electromagnetic U(1) is
produced.

Hence we conclude that all of these possibilities are ruled out if we assume S = 0. If
S 6= 0 there is no obvious solution for the strong interaction spectrum, and it is possible
that the strong interaction group SU(M) itself has to be broken. We regard this case as
undecided. The low energy spectrum is obviously chiral, so this violates condition 5b.

5.2 qa = 0

If qa = 0 the solution of the anomaly conditions (11) is X = Q, L = T = E = 0, with
U, S,D,Q and X subject to the SU(M) anomaly cancellation condition. The resulting
unbroken SU(M)⇥ SU(N)⇥ U(1)Y spectrum is

Q[(V, V, 1) + (V, V ,�1)] + flavor-neutral U, D, S matter ,

with the flavor-neutral matter canceling the SU(M) anomaly. Since only SU(M) vectors
(and no anti-vectors) couple to the flavor gauge group, there is no combination of an
SU(N�1) generator and the U(1) that is non-chiral with respect to SU(M). Hence for
M � 3 the most plausible assumption is therefore that there will not be electromagnetism.
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5.3 qb = 0
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For N � 3 it is chiral. Since we are assuming throughout this paper that SU(M) remains
unbroken, the only candidate Higgses are uncharged, and cannot break Y . Furthermore Y
is non-chiral with respect to SU(M), so there is no reason why it should break dynamically.
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V / g2b
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[(�c ��1 ��2] , (33)
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For N = 1,2 this is vector-like, and hence massive 
For N ≥ 3 the candidate Higgses do not break U(1)Y 

Hence the Higgs just has to break SU(N) to a real group, and this is 
indeed possible, for example Higgs = T, breaking SU(N) to SO(N)

The three Higgs choices L, T and E break SU(N) to some group G. If G has only real
representations, then we have found a solution to our conditions. This happens if H = L
or H = T and N = 3 (with SU(3) breaking to SU(2)), if H = T for all N if we choose the
breaking to SO(N), and H = E for N = 4 (breaking SU(4) to SU(2) ⇥ SU(2)) and for
all N if we choose the breaking to Sp(N) or Sp(N � 1). We do not have to worry about
massless charged free leptons, because there are no charged free leptons at all. Hence
this case provides a solution to all our conditions, in the form 5a or 5b, for all M and all
N � 3.

Since the presence of free leptons was not part of our requirements we do not discard
these cases. To get some sort of atomic physics, strong interaction bound states with
opposite charges must somehow make atoms. The strong interactions will in general break
the gauge group, and one can make a plausible guess about how it is broken. Obviously,
G (which from now on can be any of the non-abelian factors obtained from the Higgs
mechanism, or SU(N) itself) must break to a subgroup that has real representations. Is
it possible that this subgroup contains an additional U(1) factor, so that the fermions L,
T and E could produce charge free leptons after all?

Once again we can use the MAC hypothesis explained above. This suggests that
orthogonal and symplectic groups are not broken at all. For SU(N), N > 2, the most
attractive channel is the anti-symmetric tensor. This may break SU(N) to a symplectic
group or SU(N � 2) ⇥ SU(2), but in neither case there is an additional U(1) factor. In
fact, the only way one might have obtained an additional U(1) is from the breaking of
SO(N) or Sp(N) by rank-2 tensors (for example SO(2N) ! SU(N) ⇥ U(1)), but we
have just seen that the rank two tensors are a less attractive channel than the singlet.
Therefore it is not likely that there will be an additional U(1), and U(1)Y will have to
play the rôle of electromagnetism.

Condition 5c can also be satisfied in some cases, so that all fermions can get a mass
from the Higgs mechanism. We will only discuss the case H = T to demonstrate this.
This Higgs has couplings H⇤QX and HLL that can give mass to all components of Q, X
and L. The fermionic fields T and E are not needed to cancel the SU(N) anomaly, only
L is needed. Its multiplicity must then be L = 2MQ. Then we end up with a low energy
SU(M)⇥ SO(N)⇥ U(1) spectrum

Q[(V, V, 1) + (V , V,�1) + 2M(1, V, 0)] (34)

This is a solution to all our conditions in the form 5a, 5b and 5c. It is chiral at high
energies, and the Higgs renders it non-chiral and gives mass to all fundamental fermions.

However, there is an obvious problem. Let us assume that M is odd, because for M
even there would be no fermions in the spectrum at all, and the prospects look worse.
Quarks have positive electric charges, anti-quarks negative ones. This means that baryo-
genesis, starting from zero baryon number and zero charge cannot work because of electric
charge conservation. Furthermore, even if one could somehow make an asymmetric uni-
verse, for example by starting with an asymmetric initial state and not having inflation,
then all charged particles have positive charges. There would be no negative charges and
no atomic physics.
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No charged leptons; Baryon number is gauged, so baryogenesis would be problematic.



Conclusions

The Standard Model is the only anthropic solution within the set of two-stack models. 

Family structure, charge quantization, the weak interactions and the Higgs choice are 
all derived. 

Standard Model charge quantization works the same way, for any value of N, 
even if N+3 ≠ 5. 

The GUT extension offers no advantages, only problems (doublet-triplet splitting) 

Only if all couplings converge (requires susy), GUTs offer an advantage. 

The general class is like a GUT with its intestines removed, keeping only the good 
parts: GUTs without guts.


