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Supersymmetry

A symmetry between fermions and 
bosons
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De-Motivations
No mass degeneracies among SM-particles with 
different spin:
Not an exact symmetry.

No SM-particles are each others partners:
Doubling of the spectrum.

Even that is not enough; 
Two Higgses are needed.

Nucleon stability is not automatic.

Huge number of parameters.
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String Theory

Hierarchy problem 

Dark Matter 

Coupling constant convergence
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The Hierarchy Problem
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though they are the only ones that show beyond any doubt that the standard model cannot

be viewed as a fundamental theory for arbitrarily large energies.

The more common complaint can be summarized as follows. Given the rules we know

for writing down consistent field theories with fermions, gauge bosons and scalars, there is

an enormous number of theories we can write down. Which principle selects the standard

model we observe, including its gauge group, the values of the gauge coupling constant, the

fermion representation and their “triplication”, the Yukawa couplings and last but not least

the weak scale?

Of course it is possible that all theories we can write down are equally good, or that at

least some infinite subset is, and that our universe was born with a given choice out of this

parameter space. Another universe might have a different set of fields and parameters, which

the inhabitants of that universe would call their standard model. In fact, most universes

would presumably have no inhabitants at all, and what makes ours special is precisely that

it does. This sort of reasoning leads to the “anthropic principle”, and whatever one thinks

of that, it is useful to remember that there might be parameters of the standard model

that are part of the “boundary conditions” of our universe, and that can therefore never be

determined from first principles.

But there is a sharper way to ask the foregoing question. There are many dimensionless

ratios between the parameters. Many of these ratios have extremely small values, for example
me

mt
≈ 10−6 or MW

Mplanck
≈ 10−17. This does not look like the result of a random choice.

The problem with the second ratio is a little bit more serious than that of the first. This

has to do with the differences in mass renormalization between fermions and scalars (which

set the weak scale). For fermions one has

δm ∝ g2m log(Λ/m) ,

whereas for scalars

δm = gΛ2 ,

where Λ is the cutoff and g the coupling constant. The latter contribution is due to the

diagram

Loop correction to scalar masses

+ ∫
d4k

1
k2 −m2

≈ gΛ2

m2
phys = m2

bare + gΛ2 << Λ2

Fine tuning
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Fermions vs. Scalars

Fermion +

Scalar
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set the weak scale). For fermions one has

δm ∝ g2m log(Λ/m) ,

whereas for scalars

δm = gΛ2 ,

where Λ is the cutoff and g the coupling constant. The latter contribution is due to the
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 Correction is quadratic instead of logarithmic
 Correction is not proportional to mass

Small fermion mass gets small 
corrections: no fine-tuning.
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How does Susy solve this?
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Boson 
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Fermion 
Loop

+gΛ2
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Fermion-Boson cancellation (if couplings match)

Sunday, 2 May 2010



Technical naturalness

Dirac Naturalness:
Parameters should be of order 1 in natural units.

‘t Hooft naturalness (Technical Naturalness): 
A parameter is naturally small if setting it to zero 
enhances the symmetry of the theory. 
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Naturalness

Natural:   
mtop

MZ

Some examples

Unnatural, but technically natural:
me

mτ

Unnatural (by any definition) mZ

mPlanck

for m = 0 we can rotate ψL and ψR

by separate phases (chiral symmetry)

iψ̄LγµDµψL + iψ̄RγµDµψR + mψ̄LψR + mψ̄RψL

(In SM + gravity)
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Susy & The Hierarchy 
problem

  A priori, supersymmetry only solves the
      technical naturalness problem.

   It does not explain why Mweak is much
       smaller than Mplanck.

         (cf. QCD and “dimensional transmutation”)

   In fact, susy has a Higgs mass parameter that is unnatural
       (but technically natural): µ  

   In supersymmetric theories additional
       mechanisms exist that do explain this ratio     
      (require large Mtop).

   Cosmological constant hierarchy problem much worse, and
       not solved by Susy
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Susy & The Hierarchy 
problem

  A priori, supersymmetry only solves the
      technical naturalness problem.

   It does not explain why Mweak is much
       smaller than Mplanck.

         (cf. QCD and “dimensional transmutation”)

   In fact, susy has a Higgs mass parameter that is unnatural
       (but technically natural): µ  

   In supersymmetric theories additional
       mechanisms exist that do explain this ratio     
      (require large Mtop).

   Cosmological constant hierarchy problem much worse, and
       not solved by Susy

Does this justify (more than) doubling the particle 
spectrum? 
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The Wess-Zumino 
model

γ5 =
(

1 0
0 −1

)

1

− 211 −

is

L = Lboson + Lfermion

where

Lboson = η00ηµν∂µφ†∂νφ

The fermion Lagrangian has the form (see (C.3))

Lfermion = iσ0ψ̄σ̄µ∂µψ

This Lagrangian is supposed to have a symmetry transforming bosons into fermions and

vice-versa. The transformation of the scalars is as follows

δεφ =
√

2εψ ≡
√

2εαψα

Here ε is a spinor, which is assumed to anti-commute with all other spinors in the problem.

The factor
√

2 is the standard convention used in the literature. The conjugate of the scalar

transforms as

δεφ
† =

√
2(εψ)† =

√
2ε̄ψ̄

As a result of this transformation, the scalar Lagrangian transforms as follows

δεLscalar =
√

2η00
(

ε∂µψ∂µφ† + ε̄∂µψ̄∂µφ
)

These terms have to be cancelled by the variation of the fermionic terms. An educated

guess for the fermion transformation is (λ is a real parameter to be determined later)

δεψα = iλ(σµε̄)α∂µφ = iλσµ

αβ̇
ε̄β̇∂µφ

Hence for the conjugate field we get

δεψ̄α̇ = (δεψα)† = −iλ(ε̄β̇)†(σµ

αβ̇
)∗∂µφ† = −iλ(ε̄β̇)†(σµ

β̇α
)†∂µφ† = −iλεβσµ

βα̇∂µφ†

Note that σµ under this Hermitean conjugation must be treated as a set of numbers, and is

Free complex boson + left-handed (Weyl)fermion

Lboson = ηµν∂µφ†∂νφ Lfermion = iψ̄σ̄µ∂µψ

γµ
=

(

0 −iσµ

−iσ̄µ 0

)

1

σµ = (1,"τ) σ̄µ = (1,−"τ)

Sunday, 2 May 2010



− 211 −

is

L = Lboson + Lfermion

where

Lboson = η00ηµν∂µφ†∂νφ

The fermion Lagrangian has the form (see (C.3))

Lfermion = iσ0ψ̄σ̄µ∂µψ

This Lagrangian is supposed to have a symmetry transforming bosons into fermions and

vice-versa. The transformation of the scalars is as follows

δεφ =
√

2εψ ≡
√

2εαψα

Here ε is a spinor, which is assumed to anti-commute with all other spinors in the problem.

The factor
√

2 is the standard convention used in the literature. The conjugate of the scalar

transforms as

δεφ
† =

√
2(εψ)† =

√
2ε̄ψ̄

As a result of this transformation, the scalar Lagrangian transforms as follows

δεLscalar =
√

2η00
(

ε∂µψ∂µφ† + ε̄∂µψ̄∂µφ
)

These terms have to be cancelled by the variation of the fermionic terms. An educated

guess for the fermion transformation is (λ is a real parameter to be determined later)

δεψα = iλ(σµε̄)α∂µφ = iλσµ

αβ̇
ε̄β̇∂µφ

Hence for the conjugate field we get

δεψ̄α̇ = (δεψα)† = −iλ(ε̄β̇)†(σµ

αβ̇
)∗∂µφ† = −iλ(ε̄β̇)†(σµ

β̇α
)†∂µφ† = −iλεβσµ

βα̇∂µφ†

Note that σµ under this Hermitean conjugation must be treated as a set of numbers, and is

Susy transformation on the scalar

ε is a constant spinor

Now we look for a transformation of the fermion 
Lagrangian to cancel this; let us try
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not an operator. Substituting this into the fermion Lagrangian we get

δεLfermion = λσ0(εσµ∂µφ†σ̄ν∂νψ − ψ̄σ̄µσν ε̄∂µ∂νφ)

= λσ0(−εσµσ̄νψ∂µ∂νφ
† − ψ̄σ̄µσν ε̄∂µ∂νφ) ,

up to total derivatives, which are irrelevant. Because of the symmetric appearance of the

derivatives we may replace [σµσ̄ν ]βα by

1
2 [σµσ̄ν + σν σ̄µ]βα = η00ηµνδβ

α ,

a relation that can easily be checked explicitly. A similar relation holds with bars inter-

changed and dots on the spinor indices. Integrating once more by parts, we find then that

the two variations cancel each other if

λ = −
√

2σ0

One may introduce an operator Qα that generates the transformation in the quantum

theory. Since the result has terms proportional to ε and ε̄ we actually use the combination

εQ+Q̄ε̄. One can derive this operator as the charge of the Noether current of supersymmetry.

It is in general some bilinear expression in terms of the quantum fields. Here we will simply

define it by its transformation properties, namely

(

εQ + Q̄ε̄
)

X = δεX ,

where X denotes any field. Since Q has a spinor index, it is natural to take it to be anti-

commuting, which indeed it turns out to be. Then εQ + Q̄ε̄ is a bosonic operator.

As usual with generators of a symmetry, it is interesting to study their commutator.

Consider

[

ε1Q + Q̄ε̄1, ε2Q + Q̄ε̄2
]

.

To see what the result is, it is easiest to make it act on the generic field X.

[

ε1Q + Q̄ε̄1, ε2Q + Q̄ε̄2
]

X = (δε1δε2 − δε2δε1)X
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SUSY Transformations

− 211 −

is

L = Lboson + Lfermion

where

Lboson = η00ηµν∂µφ†∂νφ

The fermion Lagrangian has the form (see (C.3))

Lfermion = iσ0ψ̄σ̄µ∂µψ

This Lagrangian is supposed to have a symmetry transforming bosons into fermions and

vice-versa. The transformation of the scalars is as follows

δεφ =
√

2εψ ≡
√

2εαψα

Here ε is a spinor, which is assumed to anti-commute with all other spinors in the problem.

The factor
√

2 is the standard convention used in the literature. The conjugate of the scalar

transforms as

δεφ
† =

√
2(εψ)† =

√
2ε̄ψ̄

As a result of this transformation, the scalar Lagrangian transforms as follows

δεLscalar =
√

2η00
(

ε∂µψ∂µφ† + ε̄∂µψ̄∂µφ
)

These terms have to be cancelled by the variation of the fermionic terms. An educated

guess for the fermion transformation is (λ is a real parameter to be determined later)

δεψα = iλ(σµε̄)α∂µφ = iλσµ

αβ̇
ε̄β̇∂µφ

Hence for the conjugate field we get

δεψ̄α̇ = (δεψα)† = −iλ(ε̄β̇)†(σµ

αβ̇
)∗∂µφ† = −iλ(ε̄β̇)†(σµ

β̇α
)†∂µφ† = −iλεβσµ

βα̇∂µφ†

Note that σµ under this Hermitean conjugation must be treated as a set of numbers, and is

Define an operator that generates this 
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theory. Since the result has terms proportional to ε and ε̄ we actually use the combination

εQ+Q̄ε̄. One can derive this operator as the charge of the Noether current of supersymmetry.

It is in general some bilinear expression in terms of the quantum fields. Here we will simply

define it by its transformation properties, namely

(

εQ + Q̄ε̄
)

X = δεX ,

where X denotes any field. Since Q has a spinor index, it is natural to take it to be anti-

commuting, which indeed it turns out to be. Then εQ + Q̄ε̄ is a bosonic operator.

As usual with generators of a symmetry, it is interesting to study their commutator.

Consider

[

ε1Q + Q̄ε̄1, ε2Q + Q̄ε̄2
]

.

To see what the result is, it is easiest to make it act on the generic field X.

[

ε1Q + Q̄ε̄1, ε2Q + Q̄ε̄2
]

X = (δε1δε2 − δε2δε1)X

X = φ or ψ

δεψα = −i
√

2σ0(σµε̄)α∂µφ
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Susy Commutator

Or, equivalently

[
ε1Q + Q̄ε̄1, ε2Q + Q̄ε̄2

]
= −2i(ε2σ

µε̄1 − ε1σ
µε̄2)∂µ

{
Qα, Q̄α̇

}
= 2iσµ

αα̇∂µ
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Susy Algebra
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form (see appendix C for conventions)

[Qα, Pµ] = 0

{Qα, Qβ} = 0

{Q̄α̇, Q̄β̇} = 0

{Qα, Q̄β̇} = 2σµ

αβ̇
Pµ .

The trace of the second equation implies

H = P 0 = 1
4(Q̄1Q1 + Q1Q̄1 + Q̄2Q2 + Q2Q̄2) .

Therefore, for some state |Ψ〉 we get

〈Ψ|H |Ψ〉 = 1
4(|Q1 |Ψ〉 |2 + |Q̄1 |Ψ〉 |2) + |Q2 |Ψ〉 |2 + |Q̄2 |Ψ〉 |2) ≥ 0

Therefore the expectation value of H is precisely 0 if and only if |Ψ〉 is annihilated by all

supersymmetry generators. Obviouly such a state |Ψ〉 is the state with lowest energy, i.e. the

vacuum. As with other symmetries, supersymmetry is a symmetry under two conditions: it

must commute with the Hamiltonian, and it must be a symmetry of the ground state. The

latter condition is

Qα |0〉 = Q̄α̇ |0〉 = 0

Then trivially 〈0|H |0〉 = 0, i.e. the ground state has zero energy. The contrary is also true.

If Qα |0〉 %= 0 then 〈0|H |0〉 can be written as 1
2

∑

α

|Qα |0〉 |2 > 0.

The fact that the energy of the vacuum is zero is a first indication of cancellation between

fermions and bosons. In a non-supersymmetric bosonic field theory the zero-point energy of

the bosonic oscillators is positive and add up to infinity (which is then set to zero), whereas

fermions give a negative contribution.

Non-trivial extension of the Poincaré Algebra.
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Implies:

Therefore

If the vacuum is supersymmetric 

Vacuum energy is ±∞ in non-supersymmetric QFT
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Supermultiplets

Chiral Multiplet(*)
 complex scalar + left-handed fermion

Vector Multiplet
Vector + Majorana fermion

Graviton Multiplet
Graviton + Gravitino

(*)CPT-Conjugate:
      complex scalar + right-handed fermion [not needed]
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(Extended supersymmetry)

Qi
α; i = 1, . . . N

Generates larger multiplets.

  N=1: previous slide.

  N=2: smallest multiplet has two complex scalars,
           plus a left and a right-handed spinor.
           Non-chiral!

  N=4: smallest multiplet contains a vector, six complex
           scalars plus four left- and right-handed spinors.
           Finite!

  N=8: smallest multiplet contains graviton.

  N>8: smallest multiplet contains spin 5/2
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Supermultiplets (N=1)

Chiral Multiplet(*)
 complex scalar + left-handed fermion

Vector Multiplet
Vector + Majorana fermion

Graviton Multiplet
Graviton + Gravitino

(*)CPT-Conjugate:
      complex scalar + right-handed fermion [not needed]
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Physical state counting

π0

π+,π−

e−L , e−R, e+
L , e+

R

e−L , e+
R (mass = 0)

νR, νc
L(charge = 0)

Real Scalar 1

Complex Scalar 2

Dirac fermion 4

Weyl fermion 2

Majorana fermion 2

Vector boson photon 2

Gravitino 2

Graviton 2

Type Example # d.o.f
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The SSM

e−L (l−L )
e+
L (l+L )

qL

qR

W+,W−, Z

SM particle SSM partner Multiplet

selectron1     (slepton1) Chiral

selectron2      (slepton2) Chiral

squark1 Chiral

squark2 Chiral

photon photino (Majorana fermion) Vector

gluon gluino (Eight Majorana fermions) Vector

Wino±, Zino (Three Majorana fermions) Vector

Higgs ??? Chiral
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The Susy Higgs

φ : (1, 2,
1
2
)→ Weyl fermion(1, 2,

1
2
)L

CPT

φ∗ : (1, 2,−1
2
)→ Weyl fermion(1, 2,−1

2
)L
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The Susy Higgs

φ : (1, 2,
1
2
)→ Weyl fermion(1, 2,

1
2
)L

CPT

φ∗ : (1, 2,−1
2
)→ Weyl fermion(1, 2,−1

2
)L

CPT✕
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The Susy Higgs

φ : (1, 2,
1
2
)→ Weyl fermion(1, 2,

1
2
)L

CPT

φ∗ : (1, 2,−1
2
)→ Weyl fermion(1, 2,−1

2
)L

Two distinct options for 
supermultiplet of SM Higgs 

CPT✕
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The Susy Higgs

φ : (1, 2,
1
2
)→ Weyl fermion(1, 2,

1
2
)L

CPT

φ∗ : (1, 2,−1
2
)→ Weyl fermion(1, 2,−1

2
)L

Two distinct options for 
supermultiplet of SM Higgs 

Both are needed to cancel anomalies

H1

H2

CPT✕
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The MSSM (1)
MSSM spectrum:

 Quarks + sQuarks

 Leptons+sLeptons

 Gauge bosons + gauginos

 H1,H2 + Higgsinos

 + NOTHING
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Interactions

− 223 −

of a superfield. Formally, they make the action look as an integration not just over space,

but over all of superspace. This does not have profound implications for the structure of

space-time, however. Superspace should simply be regarded as a convenient bookkeeping

device.

The most general supersymmetric action is

∫

d4x(d2θLF + c.c) +

∫

d4xd4θLD ,

where LF satisfies the conditions for a left-handed chiral superfield and LD those of a vector

superfield. One usually writes d4θ instead of d2θd2θ̄. We define the normalization so that
∫

d4θθ2θ̄2 = 1.

The terms L are built out of elementary superfields describing single particles. The only

terms surviving the integration are those corresponding to F and D auxiliary fields, hence

the notation. Often one writes

∫

d2θX ≡ [X]F ,

∫

d4θX ≡ [X]D .

The reason that the resulting Lagrangian is invariant under supersymmetry transformations

is that the F and D terms in any superfield (whether composite or elementary) transforms

into a total derivative. Hence the Lagrangian transforms into a total derivative as well, and

the action is invariant.

Consider first the scalar superfields. The kinetic terms come from terms φ†φ in LD. As

observed above, φ† is a right-handed superfield in the right-handed representation. If one

multiplies two superfields in different representations, the supersymmetry has no meaningful

action on the product. One way to deal with this is to write both in the symmetric repre-

sentation; then φ†
SφS transforms as a vector superfield under the S-representation. To got

to the S-representation we have to shift the argument x:

φS(x, θ, θ̄) = φL(x − iθρθ̄, θ, θ̄)

Now we expand φ†
SφS in a Taylor series in iθρθ̄, and we keep only terms of order θ2θ̄2.

Alternatively we may work entirely in the left-handed representation, but then we have to

“F-terms” “D-terms”

Most interactions;
Gauge kinetic terms

Origin of:
Scalar and fermion

 kinetic terms and their
gauge couplings

SSM action:

Easy Hard
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Standard Model Lagrangian
− 10 −

Lagrangian to be gauge invariant and of renormalizable type the most general form is

Lφ = (Dµφ)†(Dµφ) − µ2φ†φ − 1
4λ(φ†φ)2 ,

where Dµ = ∂µ − 1
2ig1Bµ − ig2(

1
2σa)Aa

µ is the covariant derivative. Now suppose that for

some unknown reason the scalar mass µ2 is or becomes negative. Then the true minimum

of the potential is not φ = 0, but some non-trivial value, which by SU(2) rotations we can

bring to the form

<φ>=
1√
2

(

0

v

)

, (2.3)

and which we can make real by U(1) transformations (the normalization is a convention).

The minimum of the potential is at v = 2
√

−µ2

λ . We now expand φ around its classical value

<φ>, i.e. φ =<φ> + . . ., but we will ignore the extra terms for the moment. The constant

term introduces, via the covariant derivative terms, a mass matrix for the vector bosons Aa
µ

and Bµ. Introducing a vector V i
µ = (A1

µ, A2
µ, A3

µ, Bµ), we find the following form for these

mass terms

Lmass = 1
2V i

µ(M2)ijV µ,j

The matrix is

M2 = 1
4v2













g2
2 0 0 0

0 g2
2 0 0

0 0 g2
2 −g1g2

0 0 −g1g2 g2
1













. (2.4)

(The minus sign of the off-diagonal terms is due to the fact that σ3 acts on < φ > via its

lower component.)

The mass matrix has off-diagonal terms, which means that the original vector bosons

A3
µ and Bµ mix. To find the mass eigenstates we must diagonalize the matrix M .

The correct form of the bilinear terms in the Lagrangian for a real vector field Xµ is

Lmassive real vector = − 1
2∂µXν∂µXν + 1

2∂µXν∂νXµ + 1
2M2

XXµXν

For a conjugate pair of complex vectors X±
µ this is

Lmassive complex vector = −∂µX+
ν ∂µXν,− + ∂µX+

ν ∂νXµ,− + M2
XX+

µ Xν,−

i
15∑

!=1

ψ̄!γ
µDµψ!−1

4

12∑

I=1

F I
µνFµν,I +

+

− 13 −

The scalar φ had originally four real (two complex) components. After symmetry break-

ing three of those four become the longitudinal components needed for the massive W± and

Z vector bosons. The fourth one, the real field η which represents the component of φ in

the direction of the vacuum expectation value appears in the spectrum as a scalar with mass
√

−2µ2. Its complete lagrangian can be found by expanding φ(x) as

φ(x) =
1√
2

(

0

v + η(x)

)

This is the last particle of the standard model that has not been discovered yet, the famous

Higgs boson.

The third and fourth order terms in the Lagrangian give rise to interactions. For example

one gets a coupling of the vector fields W±
µ to the photon, confirming that the charge of these

fields is indeed what is suggested by the upper index. There are many other terms giving

rise to couplings among the W , Z and η fields which we will not all present here.

All the fermi fields are still massless and hence the left and right-handed modes are in

principle completely unrelated. Before SU(2) × U(1) breaking it was impossible to write

down a mass term of the form ψ̄LψR without violating one of the gauge symmetries. The

quarks and leptons can only get their masses after the symmetry is broken, and in order to

generate a mass term from the vacuum expectation value of φ they must couple to it. Such

a coupling can indeed be written down without violating SU(3) × SU(2) × U(1), namely

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU ,β
R + gαβ

D ψ̄Q,α
L φψD,β

R + gαβ
E ψ̄L,α

L φψE ,β
R + c.c. , (2.5)

where α and β are generation labels, and gU , gD and gE are complex coupling matrices. Here

“c.c” stands for “complex conjugate”. There is an additional term involving the neutrino

fields. It contains the combination of fields ψ̄E ,α
L [Cφ∗]ψN ,β

R , and puts lepton and quark

couplings more or less on equal footing. However, there are some additional complications

with neutrino masses, and for that reason we postpone their discussion to the next chapter.

Note that the total charge of each term must be zero. This obliges us to use φ∗ in the first

term and φ in the second one. We also have to make sure that all terms are SU(2) singlets.

This is easy for terms of the form ψ̄Lφ, which are singlets automatically if we contract their

SU(2) doublet indices in the obvious way: ψ̄i
Lφi. This is because ψ̄ transforms as the complex

+

(+ neutrino contributions)

(+FµνF̃µν terms)
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The third and fourth order terms in the Lagrangian give rise to interactions. For example

one gets a coupling of the vector fields W±
µ to the photon, confirming that the charge of these

fields is indeed what is suggested by the upper index. There are many other terms giving

rise to couplings among the W , Z and η fields which we will not all present here.

All the fermi fields are still massless and hence the left and right-handed modes are in

principle completely unrelated. Before SU(2) × U(1) breaking it was impossible to write

down a mass term of the form ψ̄LψR without violating one of the gauge symmetries. The

quarks and leptons can only get their masses after the symmetry is broken, and in order to

generate a mass term from the vacuum expectation value of φ they must couple to it. Such

a coupling can indeed be written down without violating SU(3) × SU(2) × U(1), namely

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU ,β
R + gαβ

D ψ̄Q,α
L φψD,β

R + gαβ
E ψ̄L,α

L φψE ,β
R + c.c. , (2.5)

where α and β are generation labels, and gU , gD and gE are complex coupling matrices. Here

“c.c” stands for “complex conjugate”. There is an additional term involving the neutrino

fields. It contains the combination of fields ψ̄E ,α
L [Cφ∗]ψN ,β

R , and puts lepton and quark

couplings more or less on equal footing. However, there are some additional complications

with neutrino masses, and for that reason we postpone their discussion to the next chapter.

Note that the total charge of each term must be zero. This obliges us to use φ∗ in the first

term and φ in the second one. We also have to make sure that all terms are SU(2) singlets.

This is easy for terms of the form ψ̄Lφ, which are singlets automatically if we contract their

SU(2) doublet indices in the obvious way: ψ̄i
Lφi. This is because ψ̄ transforms as the complex

+

(+ neutrino contributions)

(+FµνF̃µν terms)
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Standard Model Lagrangian
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Lagrangian to be gauge invariant and of renormalizable type the most general form is

Lφ = (Dµφ)†(Dµφ) − µ2φ†φ − 1
4λ(φ†φ)2 ,

where Dµ = ∂µ − 1
2ig1Bµ − ig2(

1
2σa)Aa

µ is the covariant derivative. Now suppose that for

some unknown reason the scalar mass µ2 is or becomes negative. Then the true minimum

of the potential is not φ = 0, but some non-trivial value, which by SU(2) rotations we can

bring to the form

<φ>=
1√
2

(

0

v

)

, (2.3)

and which we can make real by U(1) transformations (the normalization is a convention).

The minimum of the potential is at v = 2
√

−µ2

λ . We now expand φ around its classical value

<φ>, i.e. φ =<φ> + . . ., but we will ignore the extra terms for the moment. The constant

term introduces, via the covariant derivative terms, a mass matrix for the vector bosons Aa
µ

and Bµ. Introducing a vector V i
µ = (A1

µ, A2
µ, A3

µ, Bµ), we find the following form for these

mass terms

Lmass = 1
2V i

µ(M2)ijV µ,j

The matrix is

M2 = 1
4v2













g2
2 0 0 0

0 g2
2 0 0

0 0 g2
2 −g1g2

0 0 −g1g2 g2
1













. (2.4)

(The minus sign of the off-diagonal terms is due to the fact that σ3 acts on < φ > via its

lower component.)

The mass matrix has off-diagonal terms, which means that the original vector bosons

A3
µ and Bµ mix. To find the mass eigenstates we must diagonalize the matrix M .

The correct form of the bilinear terms in the Lagrangian for a real vector field Xµ is

Lmassive real vector = − 1
2∂µXν∂µXν + 1

2∂µXν∂νXµ + 1
2M2

XXµXν

For a conjugate pair of complex vectors X±
µ this is

Lmassive complex vector = −∂µX+
ν ∂µXν,− + ∂µX+

ν ∂νXµ,− + M2
XX+

µ Xν,−

i
15∑

!=1

ψ̄!γ
µDµψ!−1

4

12∑

I=1

F I
µνFµν,I +

+
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The scalar φ had originally four real (two complex) components. After symmetry break-

ing three of those four become the longitudinal components needed for the massive W± and

Z vector bosons. The fourth one, the real field η which represents the component of φ in

the direction of the vacuum expectation value appears in the spectrum as a scalar with mass
√

−2µ2. Its complete lagrangian can be found by expanding φ(x) as

φ(x) =
1√
2

(

0

v + η(x)

)

This is the last particle of the standard model that has not been discovered yet, the famous

Higgs boson.

The third and fourth order terms in the Lagrangian give rise to interactions. For example

one gets a coupling of the vector fields W±
µ to the photon, confirming that the charge of these

fields is indeed what is suggested by the upper index. There are many other terms giving

rise to couplings among the W , Z and η fields which we will not all present here.

All the fermi fields are still massless and hence the left and right-handed modes are in

principle completely unrelated. Before SU(2) × U(1) breaking it was impossible to write

down a mass term of the form ψ̄LψR without violating one of the gauge symmetries. The

quarks and leptons can only get their masses after the symmetry is broken, and in order to

generate a mass term from the vacuum expectation value of φ they must couple to it. Such

a coupling can indeed be written down without violating SU(3) × SU(2) × U(1), namely

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU ,β
R + gαβ

D ψ̄Q,α
L φψD,β

R + gαβ
E ψ̄L,α

L φψE ,β
R + c.c. , (2.5)

where α and β are generation labels, and gU , gD and gE are complex coupling matrices. Here

“c.c” stands for “complex conjugate”. There is an additional term involving the neutrino

fields. It contains the combination of fields ψ̄E ,α
L [Cφ∗]ψN ,β

R , and puts lepton and quark

couplings more or less on equal footing. However, there are some additional complications

with neutrino masses, and for that reason we postpone their discussion to the next chapter.

Note that the total charge of each term must be zero. This obliges us to use φ∗ in the first

term and φ in the second one. We also have to make sure that all terms are SU(2) singlets.

This is easy for terms of the form ψ̄Lφ, which are singlets automatically if we contract their

SU(2) doublet indices in the obvious way: ψ̄i
Lφi. This is because ψ̄ transforms as the complex

+

(+ neutrino contributions)

(+FµνF̃µν terms)
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Superspace
Extend space-time by four anti-commuting variables

θ2 ≡ θ1θ2

θ̄2 ≡ θ̄1θ̄2

θα,α = 1, 2 θ̄α,α = 1, 2

{θα, θβ} = 0

{θ̄α, θβ} = 0

{θ̄α, θ̄β} = 0

θ2
1 = θ2

2 = θ̄2
1 = θ̄2

2 = 0

Superspace integrals

∫
d4xd2θ

∫
d4xd2θd2θ̄ ≡

∫
d4xd4θ

{

(Spinor index)
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Chiral Superfields
For each supermultiplet              define a
Chiral Superfield 

(φ,ψL)

− 221 −

representations these covariant derivatives are

S : Dα = ∂α − iρµ

αβ̇
θ̄β̇∂µ

D̄α̇ = −∂̄α̇ + iθβρµ
βα̇∂µ

L : Dα = ∂α − 2iρµ

αβ̇
θ̄β̇∂µ

D̄α̇ = −∂̄α̇

R : Dα = ∂α

D̄α̇ = −∂̄α̇ + 2iθβρµ
βα̇∂µ

Chiral superfields

There are only a few representations of the super algebra that we need to consider. At

first sight the fields and the invariant actions do not look very natural, but a very large

amount of work is quite simply summarized by these rules.

Fields φ(x, θ, θ̄) satisfying D̄α̇φ = 0 are called left-handed chiral superfields (also scalar

superfields). The reason that this is an interesting restriction is that D̄ anti-commutes

with the supersymmetry transformation. Therefore the property D̄α̇φ = 0 is preserved by

supersymmetry. This implies that chiral superfields form all by themselves representations

of supersymmetry; without the restriction D̄α̇φ = 0 the superfield φ has more components

then necessary. The restriction in the number of components is most clearly seen in the

left-handed representation, since D̄ is simplest in that representation. Then the requirement

is simply that φ should not depend on θ̄. Hence its expansion in terms of θ can go at most

to second order:

φL(x, θ) = ϕ(x) +
√

2θψ(x) + θ2F (x) ,

where, according to a previous convention, θ2 = θαθα.

The supersymmetric variation of this field is

δεφL ≡ (εQ + Q̄ε̄)φL =
√

2εψ + 2εθF − 2iθρµε̄∂µϕ + i
√

2θ2∂µψρµε̄ ,

where one has to use the identity θαθβσµ
βα̇ = −1

2σµα
α̇θ2. In terms of components these

L

F (x) : auxiliary field

Conjugate:

φ†
L(x, θ̄) = ϕ∗(x) +

√
2ψ̄L(x)θ̄ + θ̄2F ∗(x)
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Chiral Superfields
For each supermultiplet              define a
Chiral Superfield 

(φ,ψL)

− 221 −

representations these covariant derivatives are

S : Dα = ∂α − iρµ

αβ̇
θ̄β̇∂µ

D̄α̇ = −∂̄α̇ + iθβρµ
βα̇∂µ

L : Dα = ∂α − 2iρµ

αβ̇
θ̄β̇∂µ

D̄α̇ = −∂̄α̇

R : Dα = ∂α

D̄α̇ = −∂̄α̇ + 2iθβρµ
βα̇∂µ

Chiral superfields

There are only a few representations of the super algebra that we need to consider. At

first sight the fields and the invariant actions do not look very natural, but a very large

amount of work is quite simply summarized by these rules.

Fields φ(x, θ, θ̄) satisfying D̄α̇φ = 0 are called left-handed chiral superfields (also scalar

superfields). The reason that this is an interesting restriction is that D̄ anti-commutes

with the supersymmetry transformation. Therefore the property D̄α̇φ = 0 is preserved by

supersymmetry. This implies that chiral superfields form all by themselves representations

of supersymmetry; without the restriction D̄α̇φ = 0 the superfield φ has more components

then necessary. The restriction in the number of components is most clearly seen in the

left-handed representation, since D̄ is simplest in that representation. Then the requirement

is simply that φ should not depend on θ̄. Hence its expansion in terms of θ can go at most

to second order:

φL(x, θ) = ϕ(x) +
√

2θψ(x) + θ2F (x) ,

where, according to a previous convention, θ2 = θαθα.

The supersymmetric variation of this field is

δεφL ≡ (εQ + Q̄ε̄)φL =
√

2εψ + 2εθF − 2iθρµε̄∂µϕ + i
√

2θ2∂µψρµε̄ ,

where one has to use the identity θαθβσµ
βα̇ = −1

2σµα
α̇θ2. In terms of components these

L

F (x) : auxiliary field

+ Nothing

+ Nothing

Conjugate:

φ†
L(x, θ̄) = ϕ∗(x) +

√
2ψ̄L(x)θ̄ + θ̄2F ∗(x)
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Vector Superfields

V (x, θ, θ̄) = −θρµθ̄V µ + iθ2θ̄λ̄− iθ̄2θλ +
1
2
θ2θ̄2D

To describe vector bosons we need 
an additional kind of superfield

Vector Superfield

V µ is a vector boson

λ is a Majorana fermion

D is the auxiliary field

Satisfies V = V †

Sunday, 2 May 2010



Interactions

− 223 −

of a superfield. Formally, they make the action look as an integration not just over space,

but over all of superspace. This does not have profound implications for the structure of

space-time, however. Superspace should simply be regarded as a convenient bookkeeping

device.

The most general supersymmetric action is

∫

d4x(d2θLF + c.c) +

∫

d4xd4θLD ,

where LF satisfies the conditions for a left-handed chiral superfield and LD those of a vector

superfield. One usually writes d4θ instead of d2θd2θ̄. We define the normalization so that
∫

d4θθ2θ̄2 = 1.

The terms L are built out of elementary superfields describing single particles. The only

terms surviving the integration are those corresponding to F and D auxiliary fields, hence

the notation. Often one writes

∫

d2θX ≡ [X]F ,

∫

d4θX ≡ [X]D .

The reason that the resulting Lagrangian is invariant under supersymmetry transformations

is that the F and D terms in any superfield (whether composite or elementary) transforms

into a total derivative. Hence the Lagrangian transforms into a total derivative as well, and

the action is invariant.

Consider first the scalar superfields. The kinetic terms come from terms φ†φ in LD. As

observed above, φ† is a right-handed superfield in the right-handed representation. If one

multiplies two superfields in different representations, the supersymmetry has no meaningful

action on the product. One way to deal with this is to write both in the symmetric repre-

sentation; then φ†
SφS transforms as a vector superfield under the S-representation. To got

to the S-representation we have to shift the argument x:

φS(x, θ, θ̄) = φL(x − iθρθ̄, θ, θ̄)

Now we expand φ†
SφS in a Taylor series in iθρθ̄, and we keep only terms of order θ2θ̄2.

Alternatively we may work entirely in the left-handed representation, but then we have to

SSM action:

Supersymmetric if and only if 

LF is only a function of θ (and NOT of θ̄)

LD = (LD)†
→ LF is a chiral superfield

→ LD is a vector superfield
} Built with

Fundamental
Superfields
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The superpotential
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of a superfield. Formally, they make the action look as an integration not just over space,

but over all of superspace. This does not have profound implications for the structure of

space-time, however. Superspace should simply be regarded as a convenient bookkeeping

device.

The most general supersymmetric action is

∫

d4x(d2θLF + c.c) +

∫

d4xd4θLD ,

where LF satisfies the conditions for a left-handed chiral superfield and LD those of a vector

superfield. One usually writes d4θ instead of d2θd2θ̄. We define the normalization so that
∫

d4θθ2θ̄2 = 1.

The terms L are built out of elementary superfields describing single particles. The only

terms surviving the integration are those corresponding to F and D auxiliary fields, hence

the notation. Often one writes

∫

d2θX ≡ [X]F ,

∫

d4θX ≡ [X]D .

The reason that the resulting Lagrangian is invariant under supersymmetry transformations

is that the F and D terms in any superfield (whether composite or elementary) transforms

into a total derivative. Hence the Lagrangian transforms into a total derivative as well, and

the action is invariant.

Consider first the scalar superfields. The kinetic terms come from terms φ†φ in LD. As

observed above, φ† is a right-handed superfield in the right-handed representation. If one

multiplies two superfields in different representations, the supersymmetry has no meaningful

action on the product. One way to deal with this is to write both in the symmetric repre-

sentation; then φ†
SφS transforms as a vector superfield under the S-representation. To got

to the S-representation we have to shift the argument x:

φS(x, θ, θ̄) = φL(x − iθρθ̄, θ, θ̄)

Now we expand φ†
SφS in a Taylor series in iθρθ̄, and we keep only terms of order θ2θ̄2.

Alternatively we may work entirely in the left-handed representation, but then we have to

F-terms

d2θ ≡ “Expand in θ and keep only the quadratic terms”

(but NOT their conjugates)
W (φ) = Any polynomial in the superfields

LF = gauge kinetic terms + W (φ)

Superpotential:

Contains most of the information about couplings

  Superpotential contains all allowed terms
  Renormalizability: at most order 3 in superfield

Rules:

(Superpotential)
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D-terms
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of a superfield. Formally, they make the action look as an integration not just over space,

but over all of superspace. This does not have profound implications for the structure of

space-time, however. Superspace should simply be regarded as a convenient bookkeeping

device.

The most general supersymmetric action is

∫

d4x(d2θLF + c.c) +

∫

d4xd4θLD ,

where LF satisfies the conditions for a left-handed chiral superfield and LD those of a vector

superfield. One usually writes d4θ instead of d2θd2θ̄. We define the normalization so that
∫

d4θθ2θ̄2 = 1.

The terms L are built out of elementary superfields describing single particles. The only

terms surviving the integration are those corresponding to F and D auxiliary fields, hence

the notation. Often one writes

∫

d2θX ≡ [X]F ,

∫

d4θX ≡ [X]D .

The reason that the resulting Lagrangian is invariant under supersymmetry transformations

is that the F and D terms in any superfield (whether composite or elementary) transforms

into a total derivative. Hence the Lagrangian transforms into a total derivative as well, and

the action is invariant.

Consider first the scalar superfields. The kinetic terms come from terms φ†φ in LD. As

observed above, φ† is a right-handed superfield in the right-handed representation. If one

multiplies two superfields in different representations, the supersymmetry has no meaningful

action on the product. One way to deal with this is to write both in the symmetric repre-

sentation; then φ†
SφS transforms as a vector superfield under the S-representation. To got

to the S-representation we have to shift the argument x:

φS(x, θ, θ̄) = φL(x − iθρθ̄, θ, θ̄)

Now we expand φ†
SφS in a Taylor series in iθρθ̄, and we keep only terms of order θ2θ̄2.

Alternatively we may work entirely in the left-handed representation, but then we have to

LD = (LD)†

d4θ ≡ “expand to order θ2θ̄2 and take its coefficient”

− 226 −

This is very easily generalized to situations with more than one superfield, and more

general superpotentials W (φi). For each term in the polynomial we only need to find the

θ2 terms. If we consider a term φ1 . . . φk we get two kinds of θ2 terms: one kind consists

of Fi and factors ϕi′ for all terms with i "= i′, and the other kind comes from
√

2θψi
√

2θψj

times factors ϕk for all k "= i, k "= j. Hence, including the F †F terms we get (note that

(θψi)(θψj) = −1
2(ψiψj)θ2)

∑

i

F †
i Fi + (1

2

∑

i,j

ψiψj
∂W (ϕ)

∂ϕi∂ϕj

+
∑

i

Fi
∂W (ϕ)

∂ϕi

+ c.c)

The equation for F is

F †
i = −∂ϕiW (ϕ) ≡ Wi

The bosonic part of the action has the form

(F †
i + Wi)

†(F †
i + Wi) − W †

i Wi

The equations of motion for F remove the first term, and hence we are left with

V =
∑

i

∣

∣

∣

∣

∂W

∂ϕi

∣

∣

∣

∣

2

Note in particular that this potential is positive definite, a consequence of supersymmetry.

The lagrangian for vector fields is more complicated to derive in superfield formalism. If

one has a non-abelian gauge group there will be an adjoint multiplet of vector superfields V a.

To write down the coupling to a chiral superfield φ one contracts them with the generators T a

of the gauge group in the representation of φ. The minimal coupling to the chiral superfield

is then the D term in φ†e2gV φ. Expanding this in components yields

−|Dµϕ|2 − iψρµDµψ̄ + 2ig[ϕ∗λψ − ϕλ̄ψ̄] + FF ∗ + gϕ∗Dϕ .

The explicit indices have been suppressed, but are uniquely determined by gauge invariance.

For example the third term is explicitly iϕ∗
i λ

aT a
ijψj + c.c, and the last one, involving the

LD =
Example

Yields

−|Dµϕ|2 − iψσµDµψ̄ + 2ig[ϕ∗λψ − ϕλ̄ψ̄] + FF ∗ + gϕ∗Dϕ
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Example

A single chiral superfield φ, with superpotential
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Integrating out the θ’s we find then

Lfermion = −i∂µψ̄α̇ρ̄µ
α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λφψ2 − λ∗φ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.

Coefficient of θ2:

Kinetic terms (from D-terms)

−∂µϕ∂µϕ + iψσµ∂µψ̄ + FF ∗

 (Wess-Zumino model + interactions)

W (φ) =
1
2
mφ2 +

1
3
λφ3

φ(x, θ) = ϕ(x) +
√

2θψ(x) + θ2F (x)
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Elimination of auxiliary fields 

Complete action:
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Integrating out the θ’s we find then

Lfermion = −i∂µψ̄α̇ρ̄µ
α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λφψ2 − λ∗φ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.

Equation of motion for F:
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Integrating out the θ’s we find then

Lfermion = −i∂µψ̄α̇ρ̄µ
α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λφψ2 − λ∗φ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.

Substitute back into action:

− 225 −

Integrating out the θ’s we find then

Lfermion = −i∂µψ̄α̇ρ̄µ
α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λϕψ2 − λ∗ϕ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.
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Elimination of auxiliary fields 

Complete action:
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Integrating out the θ’s we find then
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we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It
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result is
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2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λφψ2 − λ∗φ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.

Equation of motion for F:

− 225 −

Integrating out the θ’s we find then
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α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λφψ2 − λ∗φ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.

Substitute back into action:

Note: Zero electric charge (Majorana mass allowed)
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Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λϕψ2 − λ∗ϕ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.
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Remarks 

Scalar and fermion have equal mass

Trilinear terms can be read off directly from 
the superpotential ([scalar][fermion]2)

Quartic terms derived from cubic and 
quadratic terms in the superpotential.
(no additional parameters).
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Integrating out the θ’s we find then

Lfermion = −i∂µψ̄α̇ρ̄µ
α̇αψα = iψ̄α̇ρ̄µ

α̇α∂µψα

Finally, the quadratic terms for the auxilliary field comes out immediately as

Laux = F ∗F

This completes the discussion of the kinetic terms. We see that they have precisely the form

we started with in the previous section.

All other terms in the scalar superfield lagrangian are F-terms. Any polynomial built

out of left-handed chiral superfields is manifestly a left-handed chiral superfield as well. It

is a bit more difficult to see (but true) that this is the only way to build chiral superfields.

It turns out that to get a renormalizable theory one can allow terms of at most third order

in the superfields. For a single superfield φ the most general polynomial is thus

LF = 1
2mφ2 + 1

3λφ3 ≡ W (φ) (E.5)

this is called the superpotential. It is straightforward to expand it to second order in θ. The

result is

L =

∫

d4θφ†φ + [

∫

d2θ (1
2mφ2 + 1

3λφ3) + c.c]

= −∂µϕ∂µϕ + iψρµ∂µψ̄ + FF ∗ + [m(ϕF − 1
2ψ2) + λ(Fϕ2 − ϕψ2) + c.c] .

The field F appears without kinetic terms and can thus be eliminated using the equations

of motion (hence the name auxiliary field). Clearly

F = −mϕ∗ − λ∗(ϕ∗)2

Substituting this back into the action we get

L = −∂µϕ∂µϕ + iψρµ∂µψ̄ − 1
2m(ψ2 + ψ̄2) − λϕψ2 − λ∗ϕ∗ψ̄2 − |mϕ + λϕ2|2

The last term is −VF , where VF is the contribution to the scalar potential due to F terms.
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The MSSM interactions: 
The good

Yukawa’s

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU,β
R +gαβ

N ψ̄L,α
L [Cφ∗]ψN ,β

R +

gαβ
D ψ̄Q,α

L φψD,β
R +gαβ

E ψ̄L,α
L φψE,β

R + c.c.
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The MSSM interactions: 
The good

Yukawa’s

− 19 −

Having done this we can now describe all physics in terms of ψc
L instead of ψR. This

removes an arbitrary distinction between left- and right-handed fields. This distinction

made sense below the scale of weak symmetry breaking, since the left and right-handed

components are paired by the mass-terms, but not in the unbroken theory. Furthermore we

can now consider transformations that take any field to any other fermion field. This would

be quite hard to describe if part of the fields had opposite handedness. A standard model

family now looks like this

(3, 2, 1
6)

(

uL

dL

)

(3∗, 1,−2
3) uc

L

(3∗, 1, 1
3) dc

L

(1, 2,−1
2)

(

νL

e−L

)

(1, 1, 1) e+
L

(1, 1, 0) νc
L

(3.2)

The Yukawa couplings and mass terms now look somewhat different. For example a typical

(off-diagonal) mass term like

ψ̄RMχL + χ̄LM†ψR

transforms to

−(ψc
L)T MCχL − χ̄LM†C†(ψ̄c

L)T . (3.3)

All indices have been suppressed here, but note that M and C are respectively matrices in

generation and in spinor space. Mass terms clearly looked nicer in L-R notation, but that is

a price we will have to pay. Yukawa couplings are very similar to mass terms in this respect.

The diagonalization of the mass matrices goes exactly as before, but our previous nota-

tion is now a bit unattractive. Therefore we define

Ux ≡ UL,x

Vx ≡ U∗
R,x ,

(3.4)

where x denotes U ,D, E or N . In this notation the matrices U act on particles and V on

Q
Ū
D̄
L
Ē
N̄

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU,β
R +gαβ

N ψ̄L,α
L [Cφ∗]ψN ,β

R +

gαβ
D ψ̄Q,α

L φψD,β
R +gαβ

E ψ̄L,α
L φψE,β

R + c.c.
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MSSM interactions:
 The good

Yukawa’s

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU,β
R +gαβ

N ψ̄L,α
L [Cφ∗]ψN ,β

R +

gαβ
D ψ̄Q,α

L φψD,β
R +gαβ

E ψ̄L,α
L φψE,β

R + c.c.

α, β : family labels
ψQ : fermion field
Q : corresponding superfield
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MSSM interactions:
 The good

Yukawa’s

LY = gαβ
U ψ̄Q,α

L [Cφ∗]ψU,β
R +gαβ

N ψ̄L,α
L [Cφ∗]ψN ,β

R +

gαβ
D ψ̄Q,α

L φψD,β
R +gαβ

E ψ̄L,α
L φψE,β

R + c.c.

Note: the Higgs field     is needed with and 
without conjugate 

φ

Hence both H1 and H2 are needed to get all required Yukawa’s

− 125 −

right-handed field (in the particle representation). Hence for example the up quark has two

scalar partners, often denoted ũL and ũR; of course since they are scalars the chirality index

only refers to the fermion they belong to.

The kinetic terms of these fields require no further discussion, but the Yukawa couplings

are more interesting. In the non-supersymmetric standard model we needed the Higgs scalar

φ as well as the conjugate Cφ∗ to give mass to all quarks. Suppose we introduce a left-handed

chiral superfield H1 in the representation (1, 2,−1
2). Thus H1 transforms exactly like L, and

the scalar component of H1 transforms exactly like the complex conjugate Higgs field Cφ∗.

Using this field we can write down the following Yukawa couplings:

gDQH1D̄ + gELH1Ē (6.1)

Here all indices have been suppressed, but they are exactly as in (2.5). The two terms given

in (6.1) yield the complex conjugates of the last two terms in (2.5), when one considers

only the terms involving standard model particles. Of course both fermions in the resulting

Yukawa coupling will be left-handed, and one has to convert one of them to right-handed

notation to get (2.5) (up to an irrelevant overall phase). The structure of (6.1) is dictated

by gauge invariance, and in particular the SU(2) indices must be contracted as QaHb
1εab.

Now we would like to write down the equivalent of the first term in (2.5), and we would

also like to introduce neutrino Yukawa couplings. The obvious guess is QH†
1U , but H†

1 is a

right-handed superfield, and there exists no supersymmetric coupling to the two left-handed

superfields Q and U . This forces us to introduce a new field H2 which transforms like (1, 2, 1
2).

Then the missing Yukawa couplings are

gUQH2Ū + gNLH2N̄ + c.c

Here again all indices are contracted in the obvious way, flavor indices as in (2.5), and all

others as dictated by gauge invariance.
!

There is another reason why we are anyway forced to introduce an additional Higgs dou-

blet. The supermultiplet H1 contains a left-handed fermion in the representation (1, 2,−1
2).

! We have chosen H1 and H2 to transform in the same SU(2) representation and not in complex conjugate
representation, as some others do. The difference is merely an ε tensor.
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1 is a
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superfields Q and U . This forces us to introduce a new field H2 which transforms like (1, 2, 1
2).
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Here again all indices are contracted in the obvious way, flavor indices as in (2.5), and all

others as dictated by gauge invariance.
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MSSM interactions:
 The bad

Some undesirable terms are also allowed:

Violate Baryon number and/or Lepton number

Not allowed in SM because of odd number of fermions

− 127 −

In addition one can add

QLD̄; LLĒ ; LH̄2; ŪD̄D̄; (6.3)

where again the index structure is dictated by gauge invariance. Each term would appear

with a coupling tensor with as many flavor indices as there are fields.

These terms are undesirable, since they manifestly violate either baryon or lepton

number. They do not appear in the standard model although they would be allowed by

SU(3) × SU(2) × U(1) group theory. The reason is that in the standard model Lorentz-

invariance forbids them: one cannot couple three fermions to a singlet, or a fermion to a

scalar. This is a clear disadvantage of the supersymmetric extension of the standard model.

Note that the first three terms are simply the Yukawa couplings of the field H1, with

H1 replaced by L. This gives us yet another reason why one should not identify H with L,

because in that case such undesirable couplings are certainly inevitable.

A contribution to proton decay due to these terms is shown below. Here the dashed line

indicates a scalar component of a superfield and the solid line a fermion component. The

diagram corresponds to the decay p → e+ + . . .. (the terms denoted by . . . are hadrons that

are needed for energy-momentum conservation, and that would be created when the proton

breaks up).

u

u d

e+

d
~

One may suppress this decay either by making the coupling constant extremely small

or the mass of the scalar component of the d-quark (usually called the d-squark) extremely

large. From GUTs we know that with couplings of order 1 the mass of this squarks would

have to be of order 1015 GeV. This would imply an extremely large supersymmetry breaking,

and it is hard to see how supersymmetry could in that case still have something to do with

the breaking of weak interaction symmetries.

Disastrous unless very small, or sparticles very heavy

QLD̄; LLĒ ; Ū ŪD̄; LH2
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MSSM interactions:
 The bad

Violate B-L.
Hence we may postulate B-L as an exact symmetry of nature
(not possible for B and L separately!)

How to prevent this?
Note that

A less restrictive constraint is R-parity

Rp = (−1)3(B−L)+2S

But this would forbid Majorana neutrino masses!

QLD̄; LLĒ ; Ū ŪD̄; LH2
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R-parity
Rp = (−1)3(B−L)+2S S: Spin

B-L
 conservation

R-parity
Conservation×

    SM particles:  R-parity +
  Superpartners: R-parity -

  Superpartners are pair-produced
  Lightest superpartner is stable (LSP)

Two important consequences
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MSSM interactions:
 The ugly

Another undesirable term

− 126 −

This field contributes to the SU(2) × U(1) and U(1)3 anomalies of the standard model,

and hence we have to introduce additional matter to cancel these anomalies. The simplest

solution is to add a left-handed chiral superfield in the representation (1, 2, 1
2).

This gives also another reason why it is not a good idea to identify the fields H1 with

one of the flavors of the lepton doublets Li: to get masses for the up quarks we would in

any case need a chiral superfield in the representation (1, 2, 1
2), and to cancel the anomalies

introduced by this field we need to add a (1, 2,−1
2) superfield. So the fields H1 and H2 are

needed in any case.

6.4. Additional interactions

The Yukawa couplings are not the only interactions one can write down.

First of all one may have a term

µH1H2 (6.2)

in the superpotential. If one works out the scalar potential one finds that this simply gives

rise to a mass term

µ2(|h1|2 + |h2|2)

for the higgs scalars h1 and h2 in the superfield, as well as a contribution to higgsino mass

matrix. Note that these Higgs scalar masses are free parameters, just as in the standard

model, but that – unlike the standard model Higgs mass term – µ2 can only be positive.

Hence there is no possibility for spontaneous SU(2) × U(1) breaking with the present form

of the potential. This gives us no reason for concern: all this is true only as long as su-

persymmetry is not broken, but we know that it has to be broken. There are no other

renormalizable superpotential contributions involving only H1 and H2. Note that we do not

get any quartic scalar potential terms from the superpotential.

The extra term (6.2) is not good news. Unlike the Yukawa coupling constants, µ has

the dimension of a mass. If our ambition is only to build a theory with naturally protected

hierarchies, µ poses no problem: as we will see the coefficients of the superpotential are not

renormalized, and hence we can give µ any value we like in a “natural” way. But unless

µ is of order MPlanck its existence introduces a µ/MPlanck hierarchy problem (here instead of

MPlanck one can substitute any other large scale that occurs in the theory).
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This field contributes to the SU(2) × U(1) and U(1)3 anomalies of the standard model,

and hence we have to introduce additional matter to cancel these anomalies. The simplest

solution is to add a left-handed chiral superfield in the representation (1, 2, 1
2).

This gives also another reason why it is not a good idea to identify the fields H1 with

one of the flavors of the lepton doublets Li: to get masses for the up quarks we would in

any case need a chiral superfield in the representation (1, 2, 1
2), and to cancel the anomalies

introduced by this field we need to add a (1, 2,−1
2) superfield. So the fields H1 and H2 are

needed in any case.

6.4. Additional interactions

The Yukawa couplings are not the only interactions one can write down.

First of all one may have a term

µH1H2 (6.2)

in the superpotential. If one works out the scalar potential one finds that this simply gives

rise to a mass term

µ2(|h1|2 + |h2|2)

for the higgs scalars h1 and h2 in the superfield, as well as a contribution to higgsino mass

matrix. Note that these Higgs scalar masses are free parameters, just as in the standard

model, but that – unlike the standard model Higgs mass term – µ2 can only be positive.

Hence there is no possibility for spontaneous SU(2) × U(1) breaking with the present form

of the potential. This gives us no reason for concern: all this is true only as long as su-

persymmetry is not broken, but we know that it has to be broken. There are no other

renormalizable superpotential contributions involving only H1 and H2. Note that we do not

get any quartic scalar potential terms from the superpotential.

The extra term (6.2) is not good news. Unlike the Yukawa coupling constants, µ has

the dimension of a mass. If our ambition is only to build a theory with naturally protected

hierarchies, µ poses no problem: as we will see the coefficients of the superpotential are not

renormalized, and hence we can give µ any value we like in a “natural” way. But unless

µ is of order MPlanck its existence introduces a µ/MPlanck hierarchy problem (here instead of

MPlanck one can substitute any other large scale that occurs in the theory).

This gives an equal mass to Higgses and Higgsinos

Problems:
  Natural size: MPlanck or MGUT

    (but technically natural)
  Positive definite: No “Mexican hat”

    (but susy still unbroken)

“The µ problem”
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Supersymmetry Breaking
At low energy, susy is broken.
At high energy it can be:
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Supersymmetry Breaking

 A fundamental symmetry of nature

 Not a fundamental symmetry of nature.

At low energy, susy is broken.
At high energy it can be:
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Supersymmetry Breaking

 A fundamental symmetry of nature

 Not a fundamental symmetry of nature.

At low energy, susy is broken.
At high energy it can be:

Then it must be symmetry of gravity as well:
Supergravity.
This symmetry is not a symmetry of the vacuum:
Spontaneous breaking.
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Supersymmetry Breaking

 A fundamental symmetry of nature

 Not a fundamental symmetry of nature.

At low energy, susy is broken.
At high energy it can be:

Then it must be symmetry of gravity as well:
Supergravity.
This symmetry is not a symmetry of the vacuum:
Spontaneous breaking.

Accidental low-energy symmetry:
Explicit breaking
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Spontaneously broken 
supergravity

Vacuum not invariant:

Qα|0> != 0

This would lead to a massless
Goldstone particle in the spectrum;
Because susy is fermionic this particle is fermion:
The Goldstino.

Supergravity implies that supersymmetry is a local
symmetry. The gauge boson is a spin-3/2 particle:
The Gravitino.

Symmetry breaking now leads to a Higgs-like mechanism:
The Gravitino eats the Goldstino and become massive
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Soft susy breaking
Parametrization of broken supersymmetry
(independent of how it is broken).

Soft supersymmetry breaking term: 
term in the action that breaks susy, but not its good
properties at high energies:
“non-renormalization theorems”.

In particular, these terms respect the absence of 
quadratic divergencies for scalar masses:
The hierarchy problem is solved in the technical sense.

Sunday, 2 May 2010



Allowed soft breaking terms

− 133 −

the fermion loop against the scalar loop diagram. This is precisely why one introduces

supersymmetry to solve the hierarchy problem.

Supersymmetry was not supposed to make the theory finite, but it was supposed to

remove quadratic divergencies. There is still one term that can be quadratically divergent

though, namely
∫

d2θd2θ̄ V

This yields simply the D-term of the superfield V , and is gauge invariant only if V is a vector

superfield of an abelian gauge symmetry. It receives quadratically divergent corrections

proportional to Tr Q at one loop (and at one loop only), and hence there is no problem if

Tr Q = 0 (which was also the condition for absence of gravitational anomalies). Apart from

this problem (which is easy to circumvent) all corrections are logarithmic.

6.8. Soft supersymmetry breaking

Remarkably, the absence of quadratic divergencies can be maintained even if certain

terms are added to the Lagrangian that break supersymmetry explicitly. The allowed terms

are

mijϕiϕ
∗
j ; αijϕiϕj + c.c ; βijkϕiϕjϕk + c.c ; µ(λλ + λ̄λ̄) ,

where λ is a gaugino and ϕi a scalar field from one of the chiral multiplets; m, α, β and µ

are arbitrary parameters. The most interesting terms that are not allowed are mass terms

for the fermions in chiral multiplets, and fourth order scalar interactions.

Note that the second and third terms have precisely the structure of term in the super-

potential, when the scalar field ϕ is replaced by a superfield φ. The conditions for invariance

under global and local symmetries that commute with supersymmetry are identical for these

terms. However, they appear directly in the potential, whereas the similar-looking super-

potential terms lead to totally different term in the potential. The last soft breaking term

does not respect continuous R-symmetries, since the gaugino transforms non-trivially under

such a symmetry. Most of the terms of the second and third type will generically also violate

R-symmetries.

If other terms are added to the action this leads in general to quadratic divergencies,

so that everything one hoped to get from supersymmetry is lost. There are exceptions

Allowed:

λ can be any gaugino in the theory
ϕi can be any scalar in the theory

All superpartners plus the Higgs can get a mass after susy-
breaking, but before SU(3) × SU(2) × U(1) breaking.

Not allowed:
Fourth order scalar terms.
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MSSM (2)
soft breaking parameters

Lsoft = −
∑

i m2
i |ϕi|2

− 1
2

∑
a Maλ̄aλa

+[m2
12h1h2 + c.c]

+[gUAUϕQϕŪh2 + gNANϕLϕN̄h2 + c.c]
+[gDADϕQϕD̄h1 + gLALϕLϕl̄h1 + c.c]
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soft breaking parameters

(*) Ignoring neutrino masses
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MSSM (2)
soft breaking parameters

But: just a parametrization of an 
unknown breaking mechanism

(*) Ignoring neutrino masses
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Constraints
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different lifetimes of these particles. This is due to the fact that the final states allowed by

CP are different).

In any supersymmetrized version of the standard model there are additional diagrams.

The following ones are sensitive to the up squark masses

d s

s d

u,c,t

u,c,t

_ _

~ ~ ~

~ ~ ~

These diagrams yield the following bound on the mass differences

1

M2

(

∆m̃2
U

m̃2
U

)

< 10−7 GeV−2 ,

where M is the maximum of the Wino mass and the up squark masses, m̃U In this result it

was assumed that the relevant mixing angles are precisely the same as those of the quarks.

In general that does not have to be the case, but it is true if the up squark and up quark

mass matrices are diagonalized by the same matrices. Note that for the quarks themselves

∆m2
U is dominated by the top quark, so that this quantity is essentially equal to m2

U . If

the ratio within parentheses is close to 1 also for the squarks, it means that the scale M

must be 3 TeV or more, which seem rather large in comparison to the weak scale. This is

an argument in favor of the unification assumption that all squarks masses are equal at the

unification scale. Then renormalization group corrections will still generate differences, but

it is likely that those differences are small enough.

A similar limit on the down squarks is obtained from the same diagrams with the Wino’s

replaced by gaugino’s.

d s

s d
_ _

~ ~ ~

~ ~ ~
s,d,b

s,d,b
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Just an example: the KL-KS mass difference
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Additional assumptions
To reduce the parameter space often some model-
inspired assumptions are made for the parameter values 
at some high (GUT?) scale.

(mi)2 = (m0)21 [Universal scalar mass]

Ma = m 1
2

[Universal gaugino mass]

Ax = Am01 [Universal three-point coupling]

Then there are just 5 additional parameters:

− 139 −

etc. (note that ũL is the upper component of the SU(2) doublet ϕQ, and that ũR = ϕ∗
Ū ).

The parameter m2
12 is in principle a complex number, which can be chosen real and positive

by absorbing a phase in h1 (or h2). The parameters gU , gD and gE are the standard model

Yukawa coupling matrices, which are modified by matrices AU , AD and AE , which have the

dimension of a mass.

Each of these matrices alone contributes 18 real parameters. Altogether there are thus

more than 60, although not all of them are necessarily observable. In principle all (or

most) of these parameters are determined by the supersymmetry breaking mechanism, and

for example in supergravity models one usually finds that they are determined by a much

smaller number of input parameters. Nevertheless, if one really wants to compare the MSSM

as defined so far to the data in a supersymmetry-breaking-independent way, one should keep

all these parameters.

This is a fairly hopeless task, and what one usually does is make some additional “uni-

fication” assumptions. One assumes relations among these parameters at some high scale

ΛU , and then one uses renormalization group evolution to derive the low-energy parameters.

These assumptions may include gauge coupling unification à la SU(5), universal gaugino

masses (Ma = m1/2, for all a), universal scalar masses (m2
i = m2

0, for all i), and universal

trilinear couplings (Ax = m0A1, for all x). If one makes all these assumptions, the set

of parameters of the model is reduced to g, gU , gD, gE , µ, m1/2, m
2
0, m

2
12 and A. The latter

five are then the parameters which are added to the standard model (without Higgs) by

supersymmetry.

For all these assumptions one can give more or less convincing arguments, of two types:

either they hold in a certain class of models, or violating them would in general have unde-

sirable phenomenological consequences (some of these will be discussed later).

The equality of the gaugino and scalar masses is not as unreasonable as it may seem at

first sight, if we imagine that supersymmetry breaking is an effect involving (super)gravity

interactions. With respect to gravity all matter is on equal footing, and hence it would

not be a total surprise if all chiral multiplets and all vector multiplets, regardless of their

gauge properties, experience the same supersymmetry breaking. Since gravity is sensitive to

differences in spin, it is also not unreasonable that gaugino masses and scalar masses come

out different. The relations among the trilinear couplings are less easy to understand from

this point of view.
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The Higgs System
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Hence the Higgs potential has the form

V (h1, h2) = |µ|2|h1|2 + |µ|2|h2|2 + 1
8g2

1(|h1|2 − |h2|2)2 + 1
8g2

2(h
†
1!σh1 + h†

2!σh2)
2 ,

where |h1|2 ≡ h†
1h1 Using the identity

σi
αβσi

γδ = 2δαδδβγ − δαβδγδ ,

we can also write this as

V (h1, h2) =|µ|2|h1|2 + |µ|2|h2|2

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 .

(6.10)

This potential has manifestly positive quadratic terms, and hence there is no possibility

to break SU(2) × U(1). But we still have to add the soft supersymmetry breaking terms.

Including them, one gets

V (h1, h2) = µ2
1|h1|2 + µ2

2|h2|2 − (m2
12h1h2 + c.c)

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 ,

(6.11)

where µ2
1 = |µ|2 + m2

h1
and µ2

2 = |µ|2 + m2
h2

. The importance of supersymmetry breaking is

that now these parameters can be negative.

It should be emphasized that the positivity of |µ|2 is independent of perturbative cor-

rections. We will see later that the parameters µ2
1 and µ2

2 may be positive at some scale,

and then evolve to negative values at some lower scale. This would not be possible if su-

persymmetry were unbroken. Then the superpotential, from which (6.10) is derived, is not

renormalized, and hence the form of (6.10) cannot change.

However, this is not the most general Higgs potential one can write down with two scalar

fields h1 and h2. The most general one has the same set of quadratic terms, but has the

following quartic terms

λ1(h
†
1h1)

2 + λ2(h
†
2h2)

2 + λ3h
†
1h1h

†
2h2 + λ4|h†

1h2|2

+ [λ5(h1h2)
2 + λ6h

†
1h1(h1h2) + λ7h

†
2h2(h1h2) + c.c] ,

(6.12)

As usual SU(2) invariant contractions are not explicitly indicated. The Higgs potential in the

MSSM satisfies the additional constraints λ5 = λ6 = λ7 = 0, and λ1 = λ2 = −1
2λ3. There

The complete Higgs potential is

hi : Scalar in Higgs superfield Hi

µ2
i = |µ|2 + m2

hi

m2
hi

can be negative

gi : Gauge coupling
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F-terms

The Higgs System
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and then evolve to negative values at some lower scale. This would not be possible if su-

persymmetry were unbroken. Then the superpotential, from which (6.10) is derived, is not

renormalized, and hence the form of (6.10) cannot change.

However, this is not the most general Higgs potential one can write down with two scalar

fields h1 and h2. The most general one has the same set of quadratic terms, but has the

following quartic terms

λ1(h
†
1h1)

2 + λ2(h
†
2h2)

2 + λ3h
†
1h1h

†
2h2 + λ4|h†

1h2|2

+ [λ5(h1h2)
2 + λ6h

†
1h1(h1h2) + λ7h

†
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D-terms

The Higgs System
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Hence the Higgs potential has the form

V (h1, h2) = |µ|2|h1|2 + |µ|2|h2|2 + 1
8g2

1(|h1|2 − |h2|2)2 + 1
8g2

2(h
†
1!σh1 + h†

2!σh2)
2 ,

where |h1|2 ≡ h†
1h1 Using the identity

σi
αβσi

γδ = 2δαδδβγ − δαβδγδ ,

we can also write this as

V (h1, h2) =|µ|2|h1|2 + |µ|2|h2|2

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 .

(6.10)

This potential has manifestly positive quadratic terms, and hence there is no possibility

to break SU(2) × U(1). But we still have to add the soft supersymmetry breaking terms.

Including them, one gets

V (h1, h2) = µ2
1|h1|2 + µ2

2|h2|2 − (m2
12h1h2 + c.c)

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 ,

(6.11)

where µ2
1 = |µ|2 + m2

h1
and µ2

2 = |µ|2 + m2
h2

. The importance of supersymmetry breaking is

that now these parameters can be negative.

It should be emphasized that the positivity of |µ|2 is independent of perturbative cor-

rections. We will see later that the parameters µ2
1 and µ2

2 may be positive at some scale,

and then evolve to negative values at some lower scale. This would not be possible if su-

persymmetry were unbroken. Then the superpotential, from which (6.10) is derived, is not

renormalized, and hence the form of (6.10) cannot change.

However, this is not the most general Higgs potential one can write down with two scalar

fields h1 and h2. The most general one has the same set of quadratic terms, but has the

following quartic terms

λ1(h
†
1h1)

2 + λ2(h
†
2h2)

2 + λ3h
†
1h1h

†
2h2 + λ4|h†

1h2|2

+ [λ5(h1h2)
2 + λ6h

†
1h1(h1h2) + λ7h

†
2h2(h1h2) + c.c] ,

(6.12)

As usual SU(2) invariant contractions are not explicitly indicated. The Higgs potential in the

MSSM satisfies the additional constraints λ5 = λ6 = λ7 = 0, and λ1 = λ2 = −1
2λ3. There

The complete Higgs potential is

hi : Scalar in Higgs superfield Hi

µ2
i = |µ|2 + m2

hi

m2
hi

can be negative

gi : Gauge coupling
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Soft breaking

The Higgs System
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Hence the Higgs potential has the form
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2g2
2|h

†
1h2|2 .
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This potential has manifestly positive quadratic terms, and hence there is no possibility
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2g2
2|h

†
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(6.11)
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h1
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rections. We will see later that the parameters µ2
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and then evolve to negative values at some lower scale. This would not be possible if su-
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†
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Higgs alignment
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is no symmetry one can impose to enforce such a relation. For example, the interchange

h1 ↔ Ch∗
2 would explain one of these relations, but because of the Yukawa couplings this is

not a symmetry of the MSSM. For the same reason one cannot impose a symmetry hi → −hi

to get rid of the last two terms. These constraints are in fact due to supersymmetry. For

example, the term with coefficient λ5 does not appear because it doesn’t come from the

supersymmetric part of the action, nor is it a soft term.

This has several consequences. First of all, the absence of the λ5 term ensures that the

Higgses h1 and h2 align correctly. A potential danger of a two-Higgs potential with two

Higgses that have to get a vacuum expectation value (as is the case here) is that the two

Higgses choose an “arbitrary” direction with respect to each other. Then SU(2)×U(1) does

not break to U(1)em but to nothing at all, and the photon gets a mass. Even an extremely

small misalignment would clearly be fatal. Let us assume that the mass parameters in the

potential are such that the two Higgses do indeed get a vacuum expectation value. Using

SU(2) × U(1) rotations we may bring the 〈h1〉 to the form

1√
2

(

v1

0

)

.

Note that h1 has U(1)Y charge Y = −1
2 , so that with this choice the vacuum has charge

Qem = T3 + Y = 0. The correct alignment of h2 (Y = 1
2) is then

〈h2〉 =
1√
2

(

0

v2

)

.

However, let us assume that h2 is misaligned by an arbitrary U(2) rotation. This can be

parametrized by choosing

〈h2〉 =
1√
2

(

v2 eiα sin γ

v2 eiη cos γ

)

.

The terms in the potential that depend on the orientation are

h†
1h2 = v1v2e

iα sin γ

h1h2 = εijh
i
1h

j
2 = v1v2e

iη cos γ

Substituting this into the Higgs potential (6.11), but with the more general quartic interac-
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2
)

H2 : (1, 2,
1
2
)

h1 direction is irrelevant

h2 direction with respect 
to h1 is relevant:
If not exactly aligned, 
the photon is massive!
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the photon is massive!
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small misalignment would clearly be fatal. Let us assume that the mass parameters in the

potential are such that the two Higgses do indeed get a vacuum expectation value. Using
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2) is then
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Substituting this into the Higgs potential (6.11), but with the more general quartic interac-

Parametrize the h2 direction

V (v1, v2,α, η, γ) = µ2
1v

2
1 + µ2

2v
2
2 − 2m2

12v1v2 cos η cos γ

+ 1
8 (g2

1 + g2
2)(v2

1 − v2
2)2 + 1

2g2
2g2

2v2
1v2

2 sin2 γ

Then:

Minimum: sinγ = 0

(not true for general two-Higgs potential)
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Hence the Higgs potential has the form

V (h1, h2) = |µ|2|h1|2 + |µ|2|h2|2 + 1
8g2

1(|h1|2 − |h2|2)2 + 1
8g2

2(h
†
1!σh1 + h†

2!σh2)
2 ,

where |h1|2 ≡ h†
1h1 Using the identity

σi
αβσi

γδ = 2δαδδβγ − δαβδγδ ,

we can also write this as

V (h1, h2) =|µ|2|h1|2 + |µ|2|h2|2

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 .

(6.10)

This potential has manifestly positive quadratic terms, and hence there is no possibility

to break SU(2) × U(1). But we still have to add the soft supersymmetry breaking terms.

Including them, one gets

V (h1, h2) = µ2
1|h1|2 + µ2

2|h2|2 − (m2
12h1h2 + c.c)

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 ,

(6.11)

where µ2
1 = |µ|2 + m2

h1
and µ2

2 = |µ|2 + m2
h2

. The importance of supersymmetry breaking is

that now these parameters can be negative.

It should be emphasized that the positivity of |µ|2 is independent of perturbative cor-

rections. We will see later that the parameters µ2
1 and µ2

2 may be positive at some scale,

and then evolve to negative values at some lower scale. This would not be possible if su-

persymmetry were unbroken. Then the superpotential, from which (6.10) is derived, is not

renormalized, and hence the form of (6.10) cannot change.

However, this is not the most general Higgs potential one can write down with two scalar

fields h1 and h2. The most general one has the same set of quadratic terms, but has the

following quartic terms

λ1(h
†
1h1)

2 + λ2(h
†
2h2)

2 + λ3h
†
1h1h

†
2h2 + λ4|h†

1h2|2

+ [λ5(h1h2)
2 + λ6h

†
1h1(h1h2) + λ7h

†
2h2(h1h2) + c.c] ,

(6.12)

As usual SU(2) invariant contractions are not explicitly indicated. The Higgs potential in the

MSSM satisfies the additional constraints λ5 = λ6 = λ7 = 0, and λ1 = λ2 = −1
2λ3. There

Flat direction in quartic potential: h2 = eiαCh†
1

(hCh ≡ hiεijhj = 0)

Quadratic terms:

− 143 −

tions (6.12), we get

V (v1, v2, α, η, γ) =µ2
1v

2
1 + µ2

2v
2
2 − 2m2

12v1v2 cos η cos γ

+ λ1v
4
1 + λ2v

4
2 + λ3v

2
1v

2
2 + v2

1v
2
2λ4 sin2 γ

+ 2v2
1v

2
2λ5 cos 2η cos2 γ + 2(λ6v

3
1v2 + λ7v1v

3
2) cos η cos γ

If λ5 = λ6 = λ7 = 0 and λ4 > 0, as is the case in (6.11), the quartic terms are minimized

for sin γ = 0, and the quadratic ones for cos η = cos γ = ±1 (if m2
12v1v2 > 0) or cos η =

− cos γ = ±1 (if m2
12v1v2 < 0). No matter how we choose the signs, the solutions are

always γ = 0 mod π and η = 0 mod π, so that h1 and h2 are indeed aligned properly. For

the general potential the minimization is more complicated. For example, if we change the

sign of λ4 and keep λ5 = λ6 = λ7 = 0, the minimum occurs for a non-trivial value of γ

due to competition between the quadratic and quartic terms. In general there are regions

in parameter space where the true minimum respects U(1)em, and hence the alignment is

not something unnatural even for the full potential. Fortunately the extra constraints due

to supersymmetry put us precisely in a region of parameter space where the alignment is

automatic.

The Higgs potential (6.11) has another interesting feature: the quartic terms vanish if

one choose h2 = eiαCh∗
1 for any phase α. This means that if we vary the fields along this

direction, the quartic terms cannot guarantee that the potential is bounded from below. The

quadratic terms are along this direction in parameter space equal to

(µ2
1 + µ2

2 − 2m2
12 cos α)|h1|2 ,

and hence we see that there is a positivity condition,

µ2
1 + µ2

2 ≥ 2m2
12 (6.13)

The condition for the occurrence of symmetry breaking is that the mass matrix of h1 and

h2 has a negative eigenvalue. The existence of a single negative eigenvalue is equivalent to

the requirement that the determinant be negative:

|m2
12|2 > µ2

1µ
2
2 (6.14)

Of course this is not relevant if both eigenvalues are negative, but usually one is interested

in a situation where the determinant is positive at high energies, and changes sign when

evolved to lower energies.
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Of course this is not relevant if both eigenvalues are negative, but usually one is interested
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Incompatible if µ1 = µ2 (universal scalar masses)

Sunday, 2 May 2010



Radiative Breaking
At some large scale: 

mh1 = mh2 = m0 → µ1 = µ2

Then both masses start running separately
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If we make the unification assumption m2
1 = m2

2, it follows that at the scale ΛU µ2
1 = µ2

2.

Then (6.13) and (6.14) can just not be satisfied: choosing m2
12 = µ2

1 = µ2
2 saturates both

inequalities. The potential is flat along the lines h2 = eiαCh∗
1, and there is no symmetry

breaking, but all vacua along these lines are exactly degenerate. Normally these conditions

will not be saturated, but at least (6.13) will be satisfied so that the potential is bounded.

Now what happens if we evolve these parameters to lower mass scales? Note that the

Higgs potential looks symmetric in h1 and h2, but the Yukawa couplings are not. Most

importantly, h2 couples to the top quark, and h1 does not. Since the top quark is very heavy,

it has a large Yukawa coupling, and this coupling turns out to dominate the evolution. Some

of the contributing diagrams are

In the supersymmetric limit they would exactly cancel, so that m2
1 and m2

2 are renor-

malized only by wave function renormalizations. Both Higgs masses are equal to µ2 in the

supersymmetric limit, since they both come from the superpotential term µH1H2. Radia-

tive corrections may change the value of µ, but not the form of the superpotential, nor the

resulting equality m1 = m2. But once supersymmetry is broken the scalar in the loop gets a

mass, while the fermion remains massless. This suppresses the scalar contribution (which is

positive) with respect to the fermion contribution, which is negative. Hence the net effect of

this contribution is to drive the scalar mass of the external lines to lower values. It is then

possible that even if (6.14) is not satisfied at the higher scale, it is satisfied at a lower one.

There is a competing effect due to non-cancellation of the gauge boson and gaugino con-

tributions. In this case a fermionic contribution, namely that of the gaugino, is suppressed,

and hence in this case the effect is precisely opposite. If the Yukawa coupling is sufficiently

large the first effect will be larger than the second, and the mass will indeed decrease with

h2 couples to t
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Physical Higgses 
h1,h2: Eight real d.o.f.       
Three are “eaten” by W, Z                
Hence five massive scalars left (vs. just one in SM).

Electric charges per Higgs:  2 × 0, +1, -1

Charged Higges: two are eaten, two survive: H+, H-

Neutral Higges: Common phase is eaten;            
Scales and relative phase survive: h0, H0, A0 
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Hence the Higgs potential has the form

V (h1, h2) = |µ|2|h1|2 + |µ|2|h2|2 + 1
8g2

1(|h1|2 − |h2|2)2 + 1
8g2

2(h
†
1!σh1 + h†

2!σh2)
2 ,

where |h1|2 ≡ h†
1h1 Using the identity

σi
αβσi

γδ = 2δαδδβγ − δαβδγδ ,

we can also write this as

V (h1, h2) =|µ|2|h1|2 + |µ|2|h2|2

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 .

(6.10)

This potential has manifestly positive quadratic terms, and hence there is no possibility

to break SU(2) × U(1). But we still have to add the soft supersymmetry breaking terms.

Including them, one gets

V (h1, h2) = µ2
1|h1|2 + µ2

2|h2|2 − (m2
12h1h2 + c.c)

+1
8(g2

1 + g2
2)(|h1|2 − |h2|2)2 + 1

2g2
2|h

†
1h2|2 ,

(6.11)

where µ2
1 = |µ|2 + m2

h1
and µ2

2 = |µ|2 + m2
h2

. The importance of supersymmetry breaking is

that now these parameters can be negative.

It should be emphasized that the positivity of |µ|2 is independent of perturbative cor-

rections. We will see later that the parameters µ2
1 and µ2

2 may be positive at some scale,

and then evolve to negative values at some lower scale. This would not be possible if su-

persymmetry were unbroken. Then the superpotential, from which (6.10) is derived, is not

renormalized, and hence the form of (6.10) cannot change.

However, this is not the most general Higgs potential one can write down with two scalar

fields h1 and h2. The most general one has the same set of quadratic terms, but has the

following quartic terms

λ1(h
†
1h1)

2 + λ2(h
†
2h2)

2 + λ3h
†
1h1h

†
2h2 + λ4|h†

1h2|2

+ [λ5(h1h2)
2 + λ6h

†
1h1(h1h2) + λ7h

†
2h2(h1h2) + c.c] ,

(6.12)

As usual SU(2) invariant contractions are not explicitly indicated. The Higgs potential in the

MSSM satisfies the additional constraints λ5 = λ6 = λ7 = 0, and λ1 = λ2 = −1
2λ3. There

Invariant under hi → h†
i

Provided         is real (can be chosen real w.l.o.g.)m2
12

This symmetry can be extended to an    
approximate CP symmetry of the full 
Lagrangian.

Neutral mass eigenstates are approximate CP eigenstates
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Relative phase: Odd under CP, massless if m2
12 = 0

− 147 −

rather easily

µ2
1 + µ2

2 = m2
12

v2
1 + v2

2

v1v2

If m2
12 has been chosen positive one may assume without loss of generality that both v1 and

v2 are positive. It is customary to define

tanβ ≡ v2

v1
.

Furthermore one has

M2
W = 1

4g2
2(v

2
1 + v2

2) ,

which fixes the value of (v2
1 + v2

2) to the usual value (246 GeV)2.

The quartic terms in the potential are completely independent of the field A0. Its mass

is thus independent of g1 and g2, and one finds

m2
A0 =

m2
12

cos β sin β
.

This relation is often used to replace the parameter m2
12 by the directly measurable quantity

m2
A0 .

The two CP-even states mix with each other. Their mass matrix does depend on the

quartic terms in the Higgs potential, but only on the terms proportional to g2
1 + g2

2 =

4M2
Z /(v2

1 + v2
2). The mass matrix can in fact be expressed completely in terms of MZ, mA0

and β. The eigenvalues are

m2
H0,h0 = 1

2

(

m2
A0 + M2

Z ±
√

(m2
A0 + M2

Z )2 − 4m2
A0M2

Z cos2 2β

)

From this relation we find immediately that the lightest particle, h0 has a mass that is less

than that of the Z-boson!

This prediction is a consequence of the fact that the quartic terms in the tree level

potential are completely determined by the gauge couplings, whereas in the standard model

there is a free parameter λ.

The remaining four degrees of freedom of the Higgs system are charged. Two of them

are absorbed by W±, whereas the remaining two form a charge conjugate pair H± whose

masses are easily found to be equal to M2
W + m2

A0 .
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A0 .Charged Higgs masses
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12 by the directly measurable quantity

m2
A0 .

The two CP-even states mix with each other. Their mass matrix does depend on the

quartic terms in the Higgs potential, but only on the terms proportional to g2
1 + g2

2 =

4M2
Z /(v2

1 + v2
2). The mass matrix can in fact be expressed completely in terms of MZ, mA0

and β. The eigenvalues are

m2
H0,h0 = 1

2

(

m2
A0 + M2

Z ±
√

(m2
A0 + M2

Z )2 − 4m2
A0M2

Z cos2 2β

)

From this relation we find immediately that the lightest particle, h0 has a mass that is less

than that of the Z-boson!

This prediction is a consequence of the fact that the quartic terms in the tree level

potential are completely determined by the gauge couplings, whereas in the standard model

there is a free parameter λ.

The remaining four degrees of freedom of the Higgs system are charged. Two of them

are absorbed by W±, whereas the remaining two form a charge conjugate pair H± whose

masses are easily found to be equal to M2
W + m2

A0 .
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which fixes the value of (v2
1 + v2

2) to the usual value (246 GeV)2.

The quartic terms in the potential are completely independent of the field A0. Its mass

is thus independent of g1 and g2, and one finds

m2
A0 =

m2
12

cos β sin β
.

This relation is often used to replace the parameter m2
12 by the directly measurable quantity

m2
A0 .

The two CP-even states mix with each other. Their mass matrix does depend on the

quartic terms in the Higgs potential, but only on the terms proportional to g2
1 + g2

2 =

4M2
Z /(v2
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2). The mass matrix can in fact be expressed completely in terms of MZ, mA0
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m2
H0,h0 = 1

2

(

m2
A0 + M2

Z ±
√

(m2
A0 + M2

Z )2 − 4m2
A0M2

Z cos2 2β

)

From this relation we find immediately that the lightest particle, h0 has a mass that is less

than that of the Z-boson!

This prediction is a consequence of the fact that the quartic terms in the tree level

potential are completely determined by the gauge couplings, whereas in the standard model

there is a free parameter λ.

The remaining four degrees of freedom of the Higgs system are charged. Two of them

are absorbed by W±, whereas the remaining two form a charge conjugate pair H± whose

masses are easily found to be equal to M2
W + m2

A0 .Charged Higgs masses
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rather easily

µ2
1 + µ2

2 = m2
12

v2
1 + v2

2

v1v2

If m2
12 has been chosen positive one may assume without loss of generality that both v1 and

v2 are positive. It is customary to define

tanβ ≡ v2

v1
.

Furthermore one has

M2
W = 1

4g2
2(v

2
1 + v2

2) ,

which fixes the value of (v2
1 + v2

2) to the usual value (246 GeV)2.

The quartic terms in the potential are completely independent of the field A0. Its mass

is thus independent of g1 and g2, and one finds

m2
A0 =

m2
12

cos β sin β
.

This relation is often used to replace the parameter m2
12 by the directly measurable quantity

m2
A0 .

The two CP-even states mix with each other. Their mass matrix does depend on the

quartic terms in the Higgs potential, but only on the terms proportional to g2
1 + g2

2 =

4M2
Z /(v2

1 + v2
2). The mass matrix can in fact be expressed completely in terms of MZ, mA0

and β. The eigenvalues are

m2
H0,h0 = 1

2

(

m2
A0 + M2

Z ±
√

(m2
A0 + M2

Z )2 − 4m2
A0M2

Z cos2 2β

)

From this relation we find immediately that the lightest particle, h0 has a mass that is less

than that of the Z-boson!

This prediction is a consequence of the fact that the quartic terms in the tree level

potential are completely determined by the gauge couplings, whereas in the standard model

there is a free parameter λ.

The remaining four degrees of freedom of the Higgs system are charged. Two of them

are absorbed by W±, whereas the remaining two form a charge conjugate pair H± whose

masses are easily found to be equal to M2
W + m2

A0 .

Lightest one has mass below MZ

− 148 −

6.15. Corrections to the Higgs masses

All results obtained so far are based upon the tree level potential, and are subject to

radiative corrections. These are computed either by first calculating the one-loop effective

potential or directly by diagrammatic calculation. There are at least two important things

to check: is the alignment of the Higgses respected, and does the tree-level result mh0 < MZ

survive.

The statement that the alignment is respected is equivalent to the statement that the

original vacuum remains stable in charged directions, in other words that H± do not develop

a v.e.v. This in its turn implies that the mass2 of the charged Higgses must remain positive.

At tree level these masses are larger than that of the W -boson, so that it appears implausible

that radiative corrections would make them negative. In other words, we saw before that

the potential forces alignment of H1 and H2 if λ4 > 0. In the MSSM, this parameters is
1
2g2

2, and hence comparable in size to the other quartic terms. It is unlikely that radiative

corrections would lead to a sign flip of a parameter of order 1, such as λ4/λ1. Explicit

computations confirm this: there are corrections that increase the masses of the charged

Higgses, and corrections that decrease them. Only in rather extreme limits of parameter

space m2
H± could in principle be negative, but for generic parameter values it receives fairly

moderate corrections.

On the other hand, for most of the parameter space the result mh0 < MZ does not

survive. There are rather large radiative corrections to m2
h0 proportional to αm4

t/M
2
W:

∆M2 =
3

8π2

g2
2m

4
t

M2
W sin2 β

log(1 +
m2

0

m2
t
) ,

where m0 is the universal squark mass.
!

Since the top quark mass is large, these corrections

can be considerable, and for most of the parameter space they push mh0 above MZ. Just

to give an example: for mt = 175 GeV and m0 = 100 GeV one finds that the absolute

maximum for the light Higgs mass is about 95 GeV. If we choose m0 equal to 1 TeV, as it

might well be, the maximum increases to 130 GeV; for m0 = 5 TeV (considered a very high

value) one gets 150 GeV. Here the maximum value is obtained by maximizing with respect

to all the other parameters on which mh0 depends, in particular mA0 and tan β.

! This is the correction to one of the diagonal entries of the 2 × 2 mass matrix, namely the h2-h2 entry;
since h1 does not couple to the top quark, the other entries receive negligible corrections.

Loop corrections (due to top quark loops) 

Mh0 < 135 GeV
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Inverse

coupling

Fig. 1. Running of the standard model coupling constants

Any such statement is based on assumptions about the physics beyond the weak scale.

Since any particle in SU(3) × SU(2) × U(1) representations alters the β-functions, one is

assuming that there are no (or very few) unobserved particles between 100 and 1015 GeV,

except for SU(3)× SU(2)×U(1) singlets. Any unknown massive particle changes the slope

of one or more of the lines. Since it only has effects for scales larger than its own mass,

the result would be a kink in the straight lines in the figure. Note that any additional

matter affects all three lines by bending them in the same direction (namely downward, with

increasing energy), since matter contributions to b0 always have the same sign. We will see

in a moment that it is not quite true that no matter is allowed in the “desert” between 100

and 1015 GeV, since there is a natural mechanism for bending all lines in exactly the right

way so that they continue to merge, as shown by the dashed line in figure 1.

The fact that two coupling constants are equal at a certain scale need not have physical

implications. They may just cross each other and continue. But one is tempted to conclude

that it has a deeper meaning, namely that the three groups of the standard model somehow

are combined into one “unified” theory.

4.2. Coupling constant unification: generalities

One of the mechanisms to give a physical explanation for the apparent convergence of

coupling constant unification is to assume that at the convergence scale the standard model

gauge group enlarges to a group G containing it. The group G is assumed to break at that

Squarks + Sleptons

Sunday, 2 May 2010



Split Supersymmetry

Hierarchy Problem

Dark Matter

Coupling Constant Convergence

Sunday, 2 May 2010



Split Supersymmetry

Hierarchy Problem

Dark Matter

Coupling Constant Convergence

Gauginos, sFermions

Gauginos

Gauginos

Sunday, 2 May 2010



Split Supersymmetry

Hierarchy Problem

Dark Matter

Coupling Constant Convergence

Gauginos, sFermions

Gauginos

Gauginos

(Arkani-Hamed, Dimopoulos, Giudice, Romanino  2004)

Sunday, 2 May 2010



Susy at Hadron 
Colliders

Sunday, 2 May 2010



Sunday, 2 May 2010



Conclusion

Sunday, 2 May 2010


