Chirality, helicity and discrete symmetries

In earlier chapters we have discussed how fields associated with particles of
spin 0, % and 1 transform under Lorentz transformations. These transforma-
tions depend on six continuous parameters, namely three angles and three
boost parameters. In addition there are also discrete symmetries which have
some relation with space and time, such as parity reversal, time reversal and
charge conjugation. In this chapter we shall introduce some of these sym-
metries. In a separate section we also demonstrate how, for certain theories,
these symmetries can be exploited to facilitate the actual calculations of cross
sections and decay rates. Here we are alluding to the so-called spinor-helicity
methods. In principle these methods are designed to deal with massless par-
ticles, but they can also be used in processes where the relevant energies are
so high that particle masses can be neglected.

We conclude this chapter with a brief exposition of Monte Carlo methods,
which allow the efficient computation of the cross sections and decay rates by
computer and are flexible enough to incorporate a large variety of experimen-
tal acceptance cuts. Although this topic is not directly related to quantum
field theory, it is such an important tool in present-day experimental and the-
oretical particle physics that we believe it deserves some attention. Readers
who are less inclined to get involved in such explicit computations may safely
skip the later part of this chapter.

7.1.  Discrete symmetries

From the Lagrangian (5.41) for quantum-electrodynamics one can easily
conclude that the photon field A,, transforms under parity reversal as a vector
field. The reason is that A, couples to matter through the “minimal coupling
substitution” 9, — 0, —iA,. Because the derivative transforms as a vector
under parity reversal, so must the vector field A,,. Of course, this presupposes
that the theory as a whole is invariant under parity reversal. It is important
to realize that one can only unambiguously assign symmetry transformations
to the fields in the context of a symmetric theory.

However, the above argument is not conclusive. To see this let us consider
the following Lagrangian of a massless spin-1 field (5.41), but now with a v,,vs
term in its interaction,

L=~y (0 +i(g+d v5) Ap)b — mapyp. (7.1)
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The interaction with the field A,, suggests that the spinor fields must trans-
form under gauge transformations according to (cf. 5.42)

W = ellaTdWE Y, ¥ — ) = e i@md e (7.2)

where the second transformation follows directly from the definition of the
adjoint spinor field . Note that the exponential factor is now a matrix and
can be written as

eilata vs)§ _ oigg [1 cosq'€ +ivs sin q'f] .

This was the reason why we wrote the exponential factor in (7.2) on the right-
hand side of the row vector 1. The above transformation rules together with
the standard transformation rule for the gauge field leave the Lagrangian (7.2)
gauge invariant provided m ¢’ = 0. As long as g and ¢’ are both nonzero (so
that m must vanish), it is not possible to assign a definite parity to the gauge
field A,,, as it couples to a fermionic current that is a linear combination of a
vector and an axial-vector current. Clearly, the Lagrangian is only invariant
under parity reversal provided that either ¢’ or ¢ vanishes, in which case the
gauge field tranforms as a vector or as an axial-vector, respectively.

Let us explore the symmetries of this Lagrangian a bit further. The be-
haviour of a spinor field under parity reversal was already discussed in prob-
lem 5.3, where we found the transformation rule

D(x, %) Loy gP(x,20),  (x,a0) Lot P (x,20) (7.3)

Here n, is some phase factor, which must be assigned to 1) such that the
theory becomes invariant under parity reversal, and

1/)p(Xa xO) = 1’74 1/)(—X,$0) ’ d_)p(x’xO) = —i?ZJ(—X, xo)’y4 . (74)

The factor i in the above definition is such that it also applies to a real spinor
(a so-called Majorana spinor, which we will discuss in more detail shortly).
Note that we have (¢P)P = —1), as was also discussed in problem 5.3. ! The
phase factor in (7.4) can only be complex for a Dirac field. For the standard
Dirac action which is invariant under rigid phase transformations, one has
the freedom of choosing an arbitrary phase factor in the definition of P. In
an interacting theory, this phase factor may need adjusting in order that
the interactions with other fields remain invariant under parity reversal (see
e.g. problem 7.x). Observe that the phase factors are constrained by the fact
that repeated application of the P transformation should should not lead to

IThe reader may also consult G. Racah, Nuovo Cim. 14 (1937) 322 and C.N. Yang and
J. Tiomno, Phys. Rev. 79 (1950) 495, where this phase convention is motivated from various
viewpoints.
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a proliferation of new symmetries that no nontrivial theory will be able to
satisfy. This is clearly no problem when P? is proportional to the identity, up
to sign factor for the fermion fields, as the theory is invariant under a uniform
change of sign of the fermionic fields.

For fermionic bilinears 1), ', where I'y is some spinor matrix, we find

YITYE = Yy yalyathy . (7.5)

For vector and axial-vector bilinears, this result gives

Y1yt — =11 Mp2 (1 = 20,0) Y1yutb2, (7.6)
7;17/L'Y5¢2 i} 7];1 Tlp2 (1 - 26#0) 1;17//751&2 . (77)

We remind the reader that the coordinates of the fields are simultaneously
changed according to (x,z2°) — (—x,z"). With these results it is straight-
forward to show that the Dirac action is invariant under parity reversal (see
problem 7.x).

There is another important transformation acting on the spinor fields, which
is induced by complex conjugation. This transformation is called charge con-
jugation, because complex fields are usually employed in the description of
electrically charged particles and the charge assignment changes sign when
one interchanges a field with its complex conjugate. For a spinor field this
interchange is somewhat subtle, as ¢ and 9T (or 1) do not transform in the
same way under Lorentz transformations. Therefore in order to define charge
conjugation in such a way that it commutes with Lorentz transformations,
one must introduce a charge-conjugation matrix Cyg (see problem 7.1) such
that

Vo~ mets, Yo TG, (78)
where we assigned a phase factor 7. and
YS = Cagthg = (CPT)a, b = s (74 CTv4) a (7.9)

Here the superscript T indicates the transpose of a matrix, or the fact that
we are writing a column (row) vector such as ¢ (1) as a row (column) vector.

The charge-conjugation matrix C' was already introduced in section 5.3
and problem 7.1. In the representation for the gamma matrices chosen in
in chapter 5, it takes the form C = ~479. For general representations of
gamma matrices, the properties of the charge conjugation matrix are discussed
extensively in appendix E.6. For our purpose the defining condition for C,s

1S

C71uC = =T, (7.10)
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but we stress that this condition cannot be satisfied for any number of space-
time dimensions. One can prove that C' can be determined uniquely from
(7.10) modulo a multiplicative constant, which can be chosen such that C' is
unitary. Furthermore C' is antisymmetric in four space-time dimensions, so
that

ct=c7', (Cc"=-C. (7.11)
This result implies that the second formula of (7.9) can be written as
Vo= —¥5Ch = =" Ca. (7.12)

It is straightforward to determine how quantities bilinear in fermion fields
transform under charge conjugation. Using (7.9) and (7.12) we find

UL g5 =~ CTITC Yy = CTTC (7.13)

Observe that we have added a minus sign when interchanging the order of the
spinor fields 17 and 5 in the last line in order to respect Fermi-Dirac statis-
tics; therefore fermion fields should be treated as anticommuting quantities.
Again it is instructive to compare the behaviour of vector and axial-vector
bilinears ¥, and 17,7512 under C conjugation. From (7.13) we find

wll}//ﬂ;[}? — N1 T2 ¢2’Yu¢1 ) (714)
D17, Y592 — i Ne2 Y2Vt - (7.15)

Hence vector and axial vector bilinears transform with opposite signs under
both parity reversal and charge conjugation. Under the combined transforma-
tion, denoted by C'P, they therefore transform with the same phase, so that
the Lagrangian (7.1), which is not separately invariant under P and C for
general values of ¢ and ¢/, is still invariant under C'P. Under CP the gauge
field transforms as

Au(x,2%) 5 (1 -26,0) A (—x,2°) (7.16)
with no possibility of assigning an arbitrary phase factor.

It is convenient to include 75 via chiral projection operators, defined by

Pr=1(1=%ns). (7.17)
They satisfy
pP? =Py, P?=p_, P,P_=P_ P, =0. (7.18)

Using these projection operators one can decompose every fermion field into
chiral components

Y =9 +Yr, (7.19)
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with
YL = Py, Yr=P_1. (7.20)

It is obvious from (to be fixed) (7.d17) that 1, and ¢¥r can now indepen-
dently be assigned to representations of the gauge group. For the abelian
example, we thus find (cf. 7.2)

Y — P =Yy, Y — Vi =R g, (7.21)

with qr = q + ¢’ and qg = ¢ — ¢’. Observe that the gauge transformations
take the form of phase transformations when acting on chiral components.

The operators Py are called chiral projection operators because in certain
limits they project out particles of a certain helicity (chirality = ”handed-
ness”). In our conventions a left-handed (right-handed) polarization corre-
sponds to positive (negative) helicity. In section 5.3 we introduced the helic-
ity operator, which measures the spin (in units of %h) along the direction of
motion of the particle. The helicity operator takes the form (cf. 5.72)

—iysyay P
h(P) = P

where P is the momentum of the particle. For vanishing mass or high mo-
menta, the helicity operator tends to minus ~5 (cf. problem 5.5),

h(P) u(P) = —y;u(P) + O(m/|P|),

when acting on a spinor u(P) that satisfies the Dirac equation. Hence for
massless fermions or at momenta large compared to the mass, the eigenstates
of Py coincide with the helicity eigenstates.

We now summarize some relations for chiral spinor components. First of all
we have

v = 31 +35)0n] v = 3L (1 +v5)7 = 390(1 - 7s). (7.22)
Likewise
Yr = $VR(1+175). (7.23)

The relations (7.22,7.23) lead directly to the following decompositions for
fermionic bilinears,

VYuX = VLYuXL + VRVuX R (7.24)
VY Y5X = YLYuXL — YRYuXR> (7.25)
(5% = YrXL +VLXR,
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Uy5X = UrXL — VLXR- (7.26)

Note that the standard fermionic mass terms are formed from products of
positive and negative chirality components.

The discussion of P and C can also be given for chiral spinors by projecting
the chirality components of the defining equations (7.4) and (7.9). This leads
to

Y =114 ) YP =ivavr, Y = 2(1—v5) P =iy ¢, ,(7.27)
of = 5(1+75) ¥ = g, Ui =5(1—75) 9 =Cvp. (7.28)
where we used 7574 = —7475 and v5C = CvZ. Hence, under P and C a

left-handed spinor is converted into a right-handed one, and vice versa. The
above result also shows that it is possible to express a general spin—% field in
terms of left- and right-handed spinors v, and ¥, or, alternatively, in terms
of two left-handed spinors, 11, and 9§, or two right-handed spinors 9 and
v

Obviously under the combined C'P transformation left- and right-handed
spinors transform among themselves. One easily verifies that

PP =21+ 95) P = iuCyL T, PP =11 — ) YP = i Oy .
(7.29)

Using the definions above we give some additional material about spinors. The
charge conjugation matrix C' enables one to write down Lorentz-invariant
expressions that contain both the original and the C-conjugated fields. An
example of this is the so-called Majorana mass term, which reads

»Cmass = —%m(d_ﬂﬁc + &Cd}) = _%m(d—}C@[_}T - wTCildj) . (730)

Obviously this expression is not invariant under phase transformations since
1 and )¢ transform in exactly the same way as follows from the definition of
¥e (7.9).

For electrically neutral fields there is no a priori reason for a description in
terms of complex fields and the discussion can be given in terms of two real
fields. Complex spinor fields are called Dirac fields, whereas real spinor fields
are called Majorana fields. The reality condition on the latter is simply

Pe=1, or  Yp=Cy". (7.31)

The Dirac field can be decomposed into two Majorana fields v, and 5 ac-
cording to (to be fixed with “cases”)

Y =11 +ipp,  where (7.32)
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The Dirac Lagrangian with a Majorana mass term or an ordinary mass term
(i.e. m1)) are then almost the same (here we suppress a total divergence),

L= —10P1 — Y20ha — m(P191 F hatha) (7.33)

where the upper sign refers to the Majorana mass term. However, this sign
can be changed by making a subsequent field redefinition (cf. problem 7.x)

Wy =751, (7.34)

so that the two expressions coincide. Note that ) is still a Majorana field, as
it satisfies the Majorana condition.

In general one should be careful with constrained fields when introducing
possible (continuous) symmetry transformations. Obviously, real scalar fields
cannot transform under complex transformations. Majorana fields can still
avoid this obstacle, as they can transform under chiral transformations ¢ —
' = exp(i€vs) 1, because v’ satisfies the Majorana condition. This can be
extended to the general case by basing oneself on chiral components. In terms
of chiral components the Majorana condition reads

YL = Cp, YR = CYf. (7.35)

This shows that one cannot have spinors in four space-time dimensions that
are both Majorana and chiral (so-called Majorana-Weyl spinors). Further-
more, general (nonabelian) transformations on arrays of Majorana spinors
take the form

VY =¥ =U¢r,  Yr — g =U"Yr. (7.36)

In order that the standard kinetic term is invariant U must be a unitary
transformation, whereas an invariant mass term requires U to be real and
orthogonal.

As shown by (7.33) a Dirac field corresponds to two Majorana fields. As a
Majorana field contains four independent real components, whereas a chiral
field depends on two complex components, one expects the two to be related
somehow. It is easy to see that this is indeed the case. A Majorana spinor
describes a real spin—% particle (so its antiparticle is just the same), whereas
a chiral spinor describes a particle and an antiparticle. In the massless case,
these correspond to two different helicity states, whereas in the massive case
they together comprise the two states of a spin—% particle. All this can be
verified by rewriting the Majorana Lagrangian in terms of chiral components,

Liajorana = —39@Y — gmapy

—3{ VL dvr + VrPUR} — Am{vr + YrYL}

—3{LPr — YL CTPCYL } — m{pCYr — ¢ C L}
— Y, — dm{YCY] — I C YL}, (7.37)
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where we dropped a total derivative and used (7.35) and (7.11). The resulting
Lagrangian is the Dirac Lagrangian with a Majorana mass term for a left-
handed field. Of course, the Lagrangian can also be expressed exclusively in
terms of right-handed fields.

7.2.  Spinor-helicity methods

7.83.  Monte Carlo techniques



