22

Anomalies

So far we have been evaluating Feynman diagrams in a straightforward man-
ner, using dimensional regularization whenever encountering ultraviolet diver-
gences. There are, however, situations where a regularization scheme is ob-
viously not correct. Take for instance the Lorentz invariant four-dimensional
epsilon tensor €,,,,. In n # 4 dimensions there is no four-rank antisym-
metric tensor that is Lorentz invariant. A related quantity in spinor space,
which is also Lorentz invariant in precisely four dimensions, is the matrix
V5 = 2*14151wp0 YEAYyPy? . with ep123 = —1. Whenever we encounter these
quantities in divergent expressions the application of dimensional regulariza-
tion becomes problematic.

In itself this does not necessarily pose a problem. One might still be able
to adopt some definition of the troublesome quantities when moving away
from four dimensions and in that way still be able to perform the calculation
without ambiguities. However, whatever the definition, one must then show
that certain undesirable aspects, such as a lack of Lorentz invariance, either
disappear or can be taken care of, for instance, by making appropriate sub-
tractions corresponding to (finite) renormalizations. Alternatively one might
be able to find an alternative regularization method that does not suffer from
these problems. When this is the case, the above problems are only an artefact
of the dimensional regularization method and can be ignored.

However, assume for a moment that there exists no regularization scheme
that is entirely free of these difficulties. In that case it is possible that we
are dealing with a so-called anomaly. This implies that, whatever definition
we give to the ambiguous diagrams, we will always have to sacrifice some
property of the classical theory. Sometimes this will not necessarily render
the theory inconsistent, but in other cases the underlying theory will become
ill-defined. Fortunately a lot is known about anomalies and it is usually rather
clear whether or not the theory becomes untenable in their presence. In this
chapter, where we give an elementary account of anomalies, we will consider
both situations. We should stress that we will primarily be concerned with the
so-called chiral anomaly, which is related to the ~5-matrix. There also exist
other anomalies of a different nature that we will not discuss.
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22.1. The chiral anomaly

Consider a Lagrangian describing massive fermions coupled to external vec-
tor and axial-vector fields, V,, and A, and to a pseudoscalar field ¢,

L= =@+ m)p +igyV, vy + igaAu vy s +igpo sy . (22.1)

The diagrams of interest consist of a closed fermion loop with a certain number
of external lines associated with V,,, A,, and ¢. Diagrams of this type have fre-
quently been discussed in other chapters and their corresponding expressions
have been written down and evaluated. In the case of divergent diagrams we
usually relied on dimensional regularization. Here we are interested in those
diagrams that depend crucially on being in four space-time dimensions. All
fermions loops are proportional to a trace over a number of gamma matrices.
In four dimensions 75 anticommutes with all other gamma matrices and its
square equals the unit matrix. Therefore, when the number of y5-matrices is
even, they can be moved through the other gamma matrices and subsequently
removed. Spinor traces that are free of y5-matrices do not depend sensitively
on the number of space-time dimensions, so that one expects that the re-
sulting expressions can in principle be dealt with by employing dimensional
regularization.

Obviously, when the trace contains an odd number of v5-matrices, it can be
written as the trace over a single 5 with a number of other gamma matrices.
In n = 4 space-time dimensions the relevant spinor trace is Tr(v,7,7,7+75) =
di€,po. However, when moving away from n = 4, as one does in dimensional
regularization, the answer will depend sensitively on how -5 is defined. Assum-
ing that 5 still anticommutes with all n gamma matrices leads, for instance,
to (for p,v, p,o not equal and summing over all possible indices \),

nTr(Vu Y ¥oers) = Tr(V e ¥p¥oVs)
= —Tr(v 1Yo Yo A Y5)
= _(n —4- 4) Tr(’Y/A’YV'Yp'YU'YB) s (22.2)

where in the second line we use the cyclicity of the trace, and in the third
line we distinguish between the n — 4 indices values of A that are not
equal to p,v,p,o and the four remaining ones. This equation shows that
(n—4) Tr(v, %Y, Y0vs) = 0. Hence, only in n = 4 dimensions can the trace of
~5 with four different gamma matrices be non-vanishing! This result is obvious
from the fact that in n dimensions there exists no Lorentz-invariant rank-four
antisymmetric tensor. Of course, one may also choose 5 equal to the product
of the gamma matrices associated with the first four coordinates, so that s
anticommutes with v, for ¢ = 1,2,3,4 but commutes with the extra n — 4
gamma matrices. Now the trace is different from zero, but Lorentz invariance
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in n dimensions is lost as we no longer treat all the gamma matrices on equal
footing.

Hence, for fermion loops involving an odd number of y5-matrices the use
of dimensional regularization seems problematic. Of course, as we stressed
already, it is in principle possible that there exists some other regularization
method that will avoid these problems and yields more reasonable answers.
Or, one might hope that the result of the integral is free of divergences, in
which case one can stay in four dimensions and evaluate the answer with-
out encountering ambiguities. Nevertheless in certain cases it turns out that
problems are unavoidable, irrespective of the regularization prescription that
is being used.

To examine the situation more closely consider the triangle diagrams con-
sisting of a closed fermion line with one external axial-vector and two external
vector fields attached. Obviously the fermion loop leads to a trace over gamma
matrices that involves a single 5. The invariant amplitude can be written as

M(AV,V) = ga g My, (p,q) , (22.3)

where p and ¢ are the outgoing momenta associated with the vector fields
carrying indices v and p, respectively. The incoming momentum associated
with the axial-vector field (with index p) is therefore Q@ = p + ¢. There are
two one-loop diagrams that contribute, which are shown in figure 22.1. Their
corresponding expression equals

4 1 1 1

M,Wp(p,Q):/Wrﬁ(%%i(k_ﬁ)—|—m%ik+m%i(k‘+f1)+m
)
WSE =t m Pt m i) +m) '

where we included an extra minus sign for the closed fermion loop.

It turns out that we will also need the diagrams consisting of a fermion loop
with two vector fields and a pseudoscalar field attached. Again we define the
invariant amplitude by

M(P,V,V) =dpr 9\2/ Sup(pu q) . (225)
The corresponding expression is almost the same as (22.4) and given by
d* 1 1 1
Svp(p,q) = | 757 Tr(s: V3 -
)= [ o s
+ : ! ! ) (22.6)
B =) +m Pkt m i+ P +m) ’

This amplitude was already studied in section 8.1 in the calculation of the
decay amplitude for 7° — v, where we observed that the two triangle dia-
grams are in fact equal. From a more general viewpoint this was discussed in
problem 8.3.
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Figure 22.1: The two triangle diagrams with three external gauge fields

Clearly both expressions (22.4) and (22.6) involve linearly divergent in-
tegrals. Nevertheless the resulting expressions are still finite, owing to the
fermion trace which suppresses the divergences. For the second expression this
result was already explicitly established in section 8.1. It follows from Lorentz
invariance and parity reversal. Namely, (22.6) must be a second-rank tensor
that is negative under parity. The only tensor that has these properties and
that involves at most two independent momenta is proportional to €, 1+ A"
However, the contributions of the divergent integral proportional to two ex-
ternal momenta is finite. This follows for instance from Taylor expanding the
integrals, in the same way as we did in section 14.3. So the expression (22.6)
is finite and unambiguous, provided we insist on manifest invariance under
Lorentz transformations and parity reversal. The first expression (22.4) turns
out to be finite as well, but here the arguments are more involved, because an
explicit Lorentz covariant decomposition (which we intend to present later on)
reveals that the integral has contributions that are only linear in the external
momenta. To see that (22.4) is nevertheless finite we may use the formulae
(14.20), which give the infinite parts of certain integrals in dimensional regu-
larization. We refer the reader to problem 22.5 for an explicit treatment. From
the fact that the expressions are in fact finite, we anticipate no problems and
continue our discussion in the context of n = 4 space-time dimensions.

Consider now the following algebraic identities,

1 1

. 1 1 )
TS hrm it m
. 1 1
+ 2im i(k+gi)+m%i(k*]/f)+m’ (22.7)
1 1 : 1 o1
m(ﬁ+d)ik+m:_li(k_¢)+m+lik+m- (22.8)

These identities can be used to find expressions for (p + ¢)* My, D" M),
q"Mvp, p”Syp and ¢”S,,. It turns out that, with the exception of the last
term on the right-hand side of (22.7), all contributions vanish. To show a
typical example, consider for instance the first term in (22.4) corresponding
to the first diagram in 22.1, contract with (p+¢)* and make use of (22.7) and
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the cyclicity of the trace,

4
(p—i_Q)M[MIWP(p? Q)]ﬁrstdiagram :/ %
_ 1 1 . 1 1
<{m( T T T P ) =
. 1 1 1
+21mTr(’y5i(k_¢)_’_m’Yui%_i_m’Ypi(k_’_d)_’_m)}. (22.9)

To obtain the corresponding contribution from the second diagram one simply
interchanges v with p and p with ¢. With this contribution we have two more
terms that contain two propagators, just as the terms exhibited in the first
spinor trace in (22.9). As it turns out, these resulting terms cancel pairwise
upon using the cyclicity of the trace and shifting the integration momentum
k.

In this way one proves the following relations,

(p+ @) Muwp(p,q) =2im Sy,(p, q) , (22.10)
pVMqu(pv (]) =0= qu;wp(p7 Q) ) (2211)
P"Sup(pyq) =0 =q"S,p(p, q) - (22.12)

As we just recalled the tensor S,, was evaluated in section 8.1, where we
derived the result

1
SVP(p7 q) = _Eup)\'r p/\qT a S(Q27p27 q2) ) (2213)
where the dimensionless function S(Q?, p?, ¢?) takes the form
d% 8im?
S(Q%p%,4%) :/ 1 2 2) (1.2 2 2 2\
(2m)* ((k = p)? + m?) (k* + m?) ((k + q)2 + m?)

(22.14)

The function S(Q?, p?, ¢?) was explicitly calculated for p? = ¢? = 0 and found
equal to
Q2

m2 "’

J () ,
2 _ —
S(Q*,0,0) = rord with &= —
where J(§) is the dimensionless function listed in (8.22). Obviously S, ,(p, q)
satisfies the conditions (22.12). However, as we will explain shortly, it is not
possible to satisfy also the two preceding identities (22.10) and (22.11)!

(22.15)

LActually in this case one can argue that each of the four terms vanishes separately.
Each integral depends on only one linear combination of external momenta and must be
proportional to the epsilon tensor. It is not possible to write down rank-two Lorentz tensors
that satisfy these criteria. However, this case is special and we prefer the more general
arguments presented in the text.
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To see this we decompose M,,,, into a number of scalar functions. First, we
observe that this tensor must be odd under parity reversal (meaning that the
tensor should change sign when all spatial vectors change sign, which requires
that M,,, must be proportional to the epsilon tensor. Furthermore we use
the so-called Schouten identity, cf. (A.17)

Eyvpo Pr + €vpor Pu+ €porp Pu 4 €orp Po + €rp0p Po = 0, (22.16)

which follows from the observation that the left-hand side is totally antisym-
metric in five indices. In four dimensions this expression must therefore vanish
for any four-vector P! By means of this identity we can ensure that the index
1 is always attached to the epsilon tensor without loss of generality. Insisting
on Bose symmetry (so that the tensor is invariant under the simultaneous in-
terchange of v, p and p, ¢, the most general decomposition of M,,,,(p, q) takes
the form,

Mup(p,q) = AQ%, 1%, ¢%) epwpr P — A(Q, @, %) vpr
+ B(Q%, 0%, @) pv cpprr P07 — B(Q*,¢*,9°) Gp cpure 1™ ¢7
+C(Q* P, ) pp e P 07 — C(Q* . 0°) G Euprr 1™ 4,
(22.17)

where A, B and C are Lorentz-invariant functions (so that they depend only
on p?, ¢% and Q?).
With the help of these decompositions we obtain the following results

(p+a)"Mu,(p,q) = — [AQ*, 1%, ¢*) + A(Q*, 4%, P°)|evprr P4,
P Mu,(p, @) = [AQ% ¢*,p°) + p” B(Q*,p*,¢°)
- HQ*—p* = ) C(Q%. .07 |eppr P,
¢’ Mup(p,q) = — [AQ% 0, ¢°) + ¢* B(Q*, ¢*,p*)
- %(Qz - p2 - q2) C(Q27p27 qQ)} Euvr p)\qT .
(22.18)

Observe that the functions B and C are supposed to be unabiguously de-
fined, while A is logarithmically divergent by powercounting, and therefore
ambiguous.

from here there may be slight discrepancies due to inconsistent conventions
of the €150 tensor! Comparing the right-hand sides of (22.18) to the equations
(22.10)-(22.12), yields an unambiguous definition for the function A, as well
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as to the result
S(Q%p%¢%) = — [AWQ% P, &%) + A(Q%. ¢, p%)]
- [pZ B(Qzapzaqz) + q2 B(Q27q27p2)]
+3(Q* - — ) [C(@Q% ¢ p*) + C(Q% 1%, ¢%)] .

(22.19)

At this point we discover a discrepancy. According to the above equation
S(Q?,p?,¢?) tends to zero when Q2 ,p?, ¢*> — 0. On the other hand we can
explicitly evaluate the function S(Q?, p?, ¢) in this limit and we find (cf. 8.23),

5(0,0,0) = ——— . (22.20)
472
Hence we see that the explicit results, although finite, disagree with the equa-
tions that we derived formally before performing the integral, shifting the
integration momentum when necessary. Obviously when the integrals are well
defined, no such inconsistency should arise and the formal derivations should
be in accord with explicit evaluations.

The difficulty resides in the contributions to M,,, that are linear in the
external momenta. Owing to the spinor trace, the actual expressions take the
form of differences of linearly divergent integrals. Although the divergencies
cancel at the end, the finite remainders depend on the way in which the in-
tegrals are evaluated. For instance, the definition of the trace may depend on
the regularization, so that terms which tend to zero when the regularization
is removed, still yield finite terms when multiplied by integrals that tend to
infinity when the regularization is removed. This ambiguity is associated with
all terms that are generically infinite. The terms in (22.4) that are linearly
proportional to the external momenta are generically logarithmically diver-
gent. Although their infinite part cancels by virtue of the spinor trace, their
finite part is still ambiguous. It thus follows that the function A(Q?,p?,¢?)
is only determined up to an additive constant! Assuming Lorentz invariance
and Bose symmetry M, , is therefore determined up to

My = My, + acupe (0 —q)7, (22.21)

where ¢ is an arbitrary constant. In terms of the vector and axial-vector fields
the extra term corresponds to the following addition to the Lagrangian

Lambiguity = —ia ga gi e"*7 AV, 0,V, . (22.22)

The presence of this ambiguity leads to corresponding ambiguities in the ex-
pressions for (p+ q)* Muup, p* My, and ¢ M,,,,,. Therefore we should expect
the identities (22.10)-(22.12) to hold, up to such ambiguities.
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The ambiguous term is implicitly fixed by assuming one or two of the iden-
tities (22.10)-(22.12) to be valid. According to the previous analysis, it is then
not possible to statisfy the remaining identities either. For instance, assuming
that (22.11) is valid, we conclude that the function A must tend to zero for
vanishing external momenta (cf. (22.18). In that case we must allow for an
extra term so as to ensure that the right-hand side exhibits the required be-
haviour for small external momenta. This means that (22.10) must be replaced
by

. 1 T
(P + @) Myup(p, @) = 2m S (P, ) + 5 5€0pr P (22.23)

With this extra term there is no longer any inconsistency. Another way in
which this result can be formulated is in terms of the following identity,

—_ —_ 1 2
Ou (10750)) = 2im Gs) — 76¥5 €7 (Vi = V) (O, Va = 06V))
(22.24)

In the limit m — 0 the axial-vector current is conserved, but the anomalous
term violates this conservation law. Classically, the anomalous term is not
present, so that we are dealing with a situation where it is not possible to
preserve all symmetries of a classical theory at the quantum level.

Of course, there is a certain arbitrariness in our prescription that the equa-
tions (22.11) must be preserved. This arbitrariness can be made more explicit
by uniformly modifying M,,,, according to (22.21), so that (22.10) and (22.11)
will take the form

: a .
(p + Q)MMqu(pa Q) =2im Sup<pa Q) + o3 CvpAr qu ,

2w
v a AT
p Muup(pa Q) = ﬁgup)\‘rp q ,
a T
qu;wp(pa Q) = - ﬁf‘:m/)\r p’\q . (2225)

By choosing suitable values for the parameter a we can thus shift the effect of
the anomaly to certain identities. This phenomenon is typical when dealing
with anomalies. An anomaly forces one to modify at least one of the equations,
because it is the combined set of equations that are incompatible. However,
one still has a choice in deciding which equation should be sacrificed.

22.2.  Triangle anomaly

Subsequent sections:

- the consequences of the anomalies; pion decay

- coupling the vector and axial vector currents to gauge fields
- AAA anomaly; nonabelian anomaly; anomaly cancellation
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22.3.  Once more pion decay

In this section we consider all one-loop diagrams with fermions that may
give rise to ultraviolet divergences. Subsequently, in the next section, we turn
to the diagrams without fermions, which are more difficult to evaluate. The
first set of graphs that we consider here are those with a closed fermion loop.
They are the only divergent one-loop diagrams that are proportional to Ny,
as one can easily verify. Therefore they form an independent

22.4. Gauge fields

In this section we consider all one-loop diagrams with fermions that may
give rise to ultraviolet divergences. Subsequently, in the next section, we turn
to the diagrams without fermions, which are more difficult to evaluate. The
first set of graphs that we consider here are those with a closed fermion loop.
They are the only divergent one-loop diagrams that are proportional to Ny,
as one can easily verify. Therefore they form an independent

Problems

22.1. Consider the expression (22.4) for the two triangle diagrams. Let us first
concentrate on the momentum integrals, and leave the evaluation of the spinor trace
until later. There are two divergent momentum integrals, namely,

(1) _ [ 4"k (k —p)okr(k +q)r
130 = [ Gy G i (ko
(2) _ d"k mkqkx
1.5 (p,q) = / @m)m (k—p)2 + m2) (k2 — m2)((k — q)2 —m?) (1)

These integrals can be evaluated with dimensional regularization and we can colloect
the infinite terms, represented by 1/e poles, from the equations (14.20). Subsequently
contract the result for the 1/¢ terms with the spinor trace (taken in n = 4 dimensions
and prove that the residue of the pole vanishes for both integrals. This shows that
the result for the triangle diagrams is actually finite. Argue now why the finite terms
are ambiguous.

22.2. To understand chiral anomalies in a somewhat simpler context we consider
quantum electrodynamics in two space-time dimensions. This model is also known
as the Schwinger model. It contains a massive fermions coupled to a photon field,
described by the following Lagrangian,

L=—3(0.Vs —0,V)? = (@ +m)y +iedVy, (1)

where e denotes the electric charge of the fermion and V), the photon field. Observe
that the charge e has the dimension of mass. For the moment we disregard possible



666 Anomalies [Ch.22

couplings to axial-vector and pseudoscalar fields. They will be considered in the
next two problems. In two space-time dimensions, the only divergent diagrams are
those that contribute to the vacuum polarization. These diagrams are logarithmically
divergent.

Argue that the one-loop vacuum polarization diagram takes the form,

Mo () = (1 — #25) TI(&7) . @)

Find an expression for the function II(¢?), by evaluating the contraction n** Il,,,..
This can be done in two different ways, namely by assuming n dimensions, or by
assuming exactly two dimensions. To see the difference evaluate first the expression
for v*K~v, in n and in 2 space-time dimensions. For arbitrary n the integral for
n*" 11,,, reads,

d"k (n—2)(k*+ k- q) +nm?
i@n)? (4 m)((h + 0)? + )

P M) = Te(1) [ 3)
where Tr(1) equals the trace of the unit matrix in the spinor space (which can be
taken two-dimensional). It is is easy to see that this integral is finite. However, it
makes a difference whether or not the limit n — 2 is taken before or after this
evaluation. In the latter case one rewrites the numerator as %(n —2)[(k* +m?) +
((k+q)?+m?)—¢*]+2m?, and subsequently make use of the n-dimensional formula
(2) of problem 9.2. Show that the results for n and for 2 dimensions lead to (we
suppress coupling constants and normalize as in (22.4))

I(¢*/m?) — I(0) (n dimensions)

I(g%) = 2Tr(1) (4)
I(¢*/m?) (2 dimensions)
with the finite, dimensionless, function I(z) defined by

2

2, 2y 1 2 m
1@ /m™) = Gy /d Tkt R T mR) ©®

The evaluation in n dimensions is claimed to be consistent with gauge invariance.
Can you give an argument based on the explicit result of your calculation why this
claim is indeed correct, while the evaluation performed directly in two dimensions
must be incorrect?

Use the results from sections 9.2 and 9.3 to determine I(x) (with z = k*/m?).
Analyze the behaviour of I(z) for |z| — 0o, z — 0 and |z + 4| — 0. Draw both the
real and imaginary parts of I(x). With these results, give 1T, (¢?) for the case of
massless fermions.

Finally, determine the full propagator for the vector field in the one-loop approx-
imation for m = 0, by solving the Dyson equation. What is your conclusion with
regard to the photon mass?

22.3. We return to the Lagrangian (1) of problem 22.2 and consider first the def-
inition of the gamma matrices. Verify that they can be defined by 1 = o1 and
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Yo = —ios, where 01,03 are the two real Pauli spin matrices; the analogue of s
in two space-time dimensions is given by v5 = y0y1, which is hermitean and whose
square equals unity. Show that v,7vs = €., 7", where €10 = 1.
Assuming that the fermion mass vanishes, the Lagrangian is invariant under chi-
ral transformations, which generate the product of two U(1) groups. The explicit
transformations take the following form on the spinor fields,

¥ — exp(3A£(1£75)) . (1)

The symmetry implies that we have conserved vector and axial-vector currents,
given by ity and iy, v,, respectively. Just as in the Lagrangian (22.1) we may
couple a vector and an axial vector field to these currents. The vector field couples
then to the photon field as in (1). In this Lagrangian the photon field is dynamic
and it is again denoted by V). The axial-vector field, denoted by A, is treated as
an external field

In principle we can now compute the vacuum polarization diagrams for both the
vector and axial vector fields. In the previous problem we calculated H){y () =
I1,..(q) for the one-loop diagram with two external vector fields. In a similar way
we define IT;Y (¢) as the amplitude of the one-loop diagram with an external axial-
vector and a vector field, and Hﬁf(q) for the diagram with two external axial-vector
fields. Write down the expressions for IT}) (¢) and I15/* (¢) in terms of corresponding
integrals. Using formal manipulations (such as given in (22.7) and (22.8)) show that
Hﬁl\,/ and Hﬁf indeed satisfy current conservation.

Subseqently use the relation between the gamma matrices to express Hﬁy and Hﬁf
algebraically in terms of H;‘fy . Current conservation of the three amplitudes, now
leads to a set of identities for HXZY . Use these to show that HX;/ must vanish. Argue,
by referring to our earlier evaluation of H)fly , that we are dealing with an anomaly
because there is no non-trivial solution that is consistent with current conservation
of both the vector and the axial-vector current.

Similar arguments can be used to demonstrate that all the one-loop diagrams with
an arbitrary number of external vector and axial-vector fields will vanish. A more
rigorous diagrammatic proof of this fact can be given by using arguments similar to
those used in problem 8.3.

22.4. Consider the same model as in the previous two problems, but now with
massive fermions (i.e., m # 0). The mass term will break the chiral invariance, so
that the axial-vector field no longer couples to a conserved current.

First consider Hﬁy(q). Show that, by Lorentz invariance and parity reversal, it can
be expressed in the form.

1Y (q) = e 112V (6%) + £1p@” 0 115 (62) + 0007, 115 (¢2) . (1)

Argue, based on the structure of the one-loop integral, that II; and IIs are both
finite functions of ¢2.

Prove that q”Hff,Y (¢®) < IIFV (¢), where IITV refers to the one-loop diagram with
one external photon and one pseudoscalar field ¢ (c.f. 22.1). Express this new dia-
gram in terms of the function I(z) defined in (4) of problem 22.2, and argue using
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the same arguments as before that TILY can be wrtitten as,

1LY (q) = ievpq” 17V (q7) (2)
with IV (¢?) a finite function of ¢2. Likewise,

150 (@) = 7 TV (6%) + quae 1157 (%) (3)

with I3V (¢?) finite. The same decomposition applies to Hﬁ,f (9)

Noting that all functions are finite and unambiguously defined, with the exception
of I3V, TV, and 13V,

Use these results to discuss the apparent discrepancy between the results from the
previous two problems.

Consider again the case m = 0. Show that by adding a constant term to IIZV one
can impose current conservation on either the vector current or the axial-vector
current, but not on both.

22.5. XXX





