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The standard model for electroweak interactions

This chapter deals with the electroweak sector of the standard model. Most
elements in its construction have already been introduced in the preceding
chapters. Its characteristic features are the SU(2)×U(1) gauge group, a single
doublet of scalar fields which causes a mixing between the Z-boson and the
photon, parametrized by the electroweak mixing angle θW, and the chiral
assignments of the fermions.
The model has turned out to be extremely successful. Present-day experi-

ments confirm predictions derived from it to a very high degree of accuracy.
Yet many open questions remain. From a theoretical viewpoint there are many
gauge models that one can write down, so naturally there are intriguing ques-
tions concerning the possible reasons behind the assumptions that underly this
model. A central one regards the generation structure of quarks and leptons,
for which the model offers no explanation. The requirement of asymptotic
freedom for the strong interactions restricts the number of generations to
eight, while there are arguments from astrophysics restricting the number of
light neutrinos to three or four. The number of known generations is precisely
three, and measurements of Z-boson decays show that there are no additional
families, at least none containing fermions lighter than about half the Z-boson
mass. Of course, this is all under certain (mild) assumptions, but from a the-
oretical point of view we know of no argument why different generations, let
alone, how many, should exist. Here we should add that an intriguing feature
of the generation structure is that it allows for CP violation, provided we have
at least three generations.
In this chapter we first discuss a simple prototype model for a pair of

fermions, which contains all the essential features of the standard model except
for the mixing of different generations. This aspect is dealt with separately in
later sections. We briefly discuss the cancellation of anomalies and the con-
straints this imposes on the standard model. The more intricate aspects of
anomalies are discussed at a later point in chapter 22. Finally, in the last
section, we formulate the complete model in a renormalizable class of gauges,
which will form the starting point for the evaluation of quantum corrections.
These and some of the more phenomenological implications of the standard
model are further elaborated on in chapter 21.
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20.1. The prototype model

In this section we present a prototype model that incorporates all the basic
ingredients of the standard electroweak model. It is based on the gauge group
SU(2) × U(1) and contains two fermions denoted by p and n. As the gauge
group is of dimension 4, there will be four gauge fields; the three gauge fields
of SU(2) and the U(1) gauge field, denoted by Wµ

a and Bµ, respectively.
However, the Brout-Englert-Higgs mechanism now introduces a novel feature.
Initially the three gauge fields of SU(2) and the gauge field of U(1) are mass-
less and have no direct interactions. After the emergence of mass terms, it
turns out that precisely one linear combination of these gauge fields remains
massless. This field, which will describe the photon, is therefore associated
with a nontrivial subgroup of SU(2) × U(1). The underlying reason for the
existence of just one massless gauge field is directly linked to the choice of
the representation for the scalar field, which transforms as a doublet under
SU(2).
However, let us first comment on the way in which the fermions transform

under the gauge transformations. Just as before, we decompose the fields in
chiral components with the help of the projection operators 1

2 (1± γ5). Their
left-handed components are assigned to a doublet representation of SU(2),
and their right-handed counterparts are SU(2) singlets:

ψL =

(
pL

nL

)
; pR ; nR . (20.1)

In the original leptonic version of this model p and n correspond to the neu-
trino and the electron, respectively. The right-handed neutrino was chosen to
decouple from the gauge fields in that case, and was a free field (which could
be dropped). Noadays, we know that neutrinos have a small mass, as we shall
discuss in due course, so that the right-handed neutrino must be kept. For
hadrons, p and n may, for instance, correspond to the ‘up’ and the ‘down’
quark, respectively.
Now that we have grouped the fields into SU(2) doublets and singlets it

remains to specify their transformations under the additional U(1) group. We
parametrize these transformations as follows

φ→ φ′ = e
1
2 iqξ φ , ψL → ψ′L = e

1
2 iq1ξ ψL , (20.2)

and the singlets as

pR → p′R = e
1
2 iq2ξ pR , nR → n′R = e

1
2 iq3ξ nR , (20.3)

where ξ is the parameter of the U(1) transformations and, for the moment, q,
q1, q2 and q3 are arbitrary numbers.
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We now assume that the potential is such that it acquires a minimum for
φ 6= 0. In that case we can decompose φ according to (19.15). Setting the
matrix Φ to unity, which amounts to choosing the unitary gauge, gives

φ(x) =
1√
2

(
0

ρ(x)

)
, (20.4)

with ρ(x) a real scalar field. A crucial observation is that the form of (20.4)
remains invariant under a nontrivial U(1) subgroup of SU(2)×U(1). To iden-
tify this subgroup, consider first a somewhat larger subgroup of SU(2)×U(1)
consisting of diagonal matrices. They are parametrized as follows,

U(ξa, ξ) =



e

1
2 i(gξ

3+qξ) 0

0 e
1
2 i(−gξ

3+qξ)


 , (20.5)

where we have rescaled the SU(2) parameter ξ3 with the SU(2) gauge coupling
constant g according to the procedure outlined for non-abelian gauge fields at
the end of section 12.1. The subgroup consisting of the transformations (20.5)
involves two independent phase factors and is therefore equal to U(1)×U(1). It
is convenient to reparametrize these phases in terms of linear combinations.
One combination, denoted by ξEM, will contribute only to the first phase,
gξ3 + qξ, and not to the second one, −gξ3 + qξ, so that the transformations
induced by ξEM leave the scalar field (20.4) invariant. The latter phase thus
coincides with a second linear combination, i.e. −gξ3 + qξ ∝ ξZ. In this way
we arrive at the following decomposition of ξ3 and ξ,

ξ = cos θW ξEM − sin θW ξZ ,

ξ3 = cos θW ξZ + sin θW ξEM , (20.6)

where the weak mixing angle θW is defined by the condition

tan θW =
q

g
. (20.7)

Indeed, as the reader may verify explicitly, the U(1) group associated with
the parameter ξEM leaves the scalar field (20.4) invariant. Therefore it will
remain a manifest local gauge symmetry when the field ρ takes a non-zero
value (20.4).1 Henceforth this group will be denoted by U(1)

EM
. Hence ξEM

1Note that this conclusion is independent of the precise form for the value of φ; if the
field is pointing in a different direction than specified by (20.4), there still is a manifest
U(1) invariance, which will involve a different subgroup of SU(2). In the language of section
18.3 the stability subgroup of SU(2)× U(1) associated with a single doublet field, is equal
to either U(1) or to the full SU(2)×U(1) group (when the scalar field vanishes altogether).
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parametrizes the electromagnetic gauge transformations in this model, and the
weak mixing angle θW characterizes the embedding of U(1)

EM
into the full

gauge group SU(2)×U(1). Although we have not yet considered a Lagrangian,
the symmetry structure of the model is already to a large extent determined
by the representation content of the scalar fields. The fact that the model
of this section has precisely one massless gauge field is a direct consequence
of introducing a single doublet field. For other scalar field assignments one
obtains a different mass spectrum for the gauge fields. The gauge fields W 3

µ

and Bµ are now redefined in accordance with the decomposition (20.6),

Bµ = cos θW Aµ − sin θW Zµ ,

Wµ
3 = cos θW Zµ + sin θW Aµ . (20.8)

Let us now examine how the various gauge fields transform under the two
U(1) transformations parametrized by ξEM and ξZ. Using the infinitesimal
gauge transformations of W a

µ and Bµ in terms of the original parameters of
SU(2)×U(1),

δW a
µ = ∂µξ

a + gǫabcW
b
µ ξ

c , δBµ = ∂µξ , (20.9)

it follows that the fields Aµ and Zµ transform according to

δAµ = ∂µξ
EM , δZµ = ∂µξ

Z , (20.10)

which identifies Aµ as the photon field. The other field, denoted by Zµ, corre-
sponds to a neutral massive vector boson, whose mass will be different from
that of the fields W 1,2

µ because of the electroweak mixing. The fields W 1,2
µ are

electrically charged since they transform under electromagnetic gauge trans-
formations. It is convenient to decompose them according to

W±µ = 1
2

√
2 (W 1

µ ∓ iW 2
µ) . (20.11)

Under infinitesimal electromagnetic gauge transformations W±µ transform as

δW±µ = ±i(g sin θW) ξEMW±µ , (20.12)

which shows that the W-bosons associated with W±µ carry an electric charge
equal to ±(g sin θW). This charge will be denoted by e, so that we define

e = g sin θW = q cos θW . (20.13)

Henceforth we use a notation in terms of a complex field,

Wµ =W+
µ = 1

2

√
2(W 1

µ − iW 2
µ) ,

W̄µ =W−µ = 1
2

√
2(W 1

µ + iW 2
µ) . (20.14)
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The coupling of the gauge fields Aµ, Zµ and Wµ can be conveniently sum-
marized in terms of the generators of the group SU(2) × U(1). Denoting the
generator of the U(1) group by 1

2 iq Y , so that Y takes the values 1, q1/q, q2/q
and q3/q, for the fields φ, ψL, pR and nR, respectively, the coupling appears
in the combination i( 12q Bµ Y + gWµ

aTa), where the hermitean matrices Ta
are defined by ta = iTa. The quantity Y is often called “weak hypercharge”
and measures the U(1) coupling in units of the coupling constant q associated
with the scalar field (cf. (20.2)). Hence for the field φ the weak hypercharge
equals Y = 1, while its complex conjugate φ∗ its value has Y = −1. The
fermions carry weak hypercharges equal to q1/q, q2/q and q3/q. Similarly the
SU(2) is sometimes called “weak isospin”. Dropping the overall factor i the
four gauge-field couplings can be decomposed as

1
2qBµ Y + gW a

µ Ta = eAµQ
EM +

g

cos θW
ZµQ

Z

+
g√
2

[
Wµ T+ + W̄µ T−

]
, (20.15)

where T± = T1±iT2. The electric charge QEM, measured in units of e, appears
straightforwardly upon the substitution of (20.8) into the left-hand side of
(20.15). One then finds

eQEM = g sin θWT3 +
1
2q cos θW Y = e

(
T3 +

1
2Y
)
, (20.16)

where we made use of (20.13). From group theory we know that the eigenval-
ues of the matrices Ta are equal to −m,−m+1, . . . ,m, where m is a positive
integer or half-integer, and furthermore, the sum of the T3 eigenvalues van-
ishes, i.e. Tr (Ta) = 0. Therefore charge differences within SU(2) multiplets
are necessarily multiples of e and the average charge within a multiplet is
given by one-half times the value of the weak hypercharge. Likewise we derive
for the coupling QZ to the Z-boson (in units of g/ cos θW),

g

cos θW
QZ = g cos θW T3 − 1

2q sin θW Y

=
g

cos θW

(
T3 − sin2 θWQEM

)
. (20.17)

Observe that for the fermions the above formula should be applied to their
chiral components separately.
The kinetic terms for the gauge fields can now be presented. We note the
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Lie-algebra valued form,

gWµ = gW a
µ (

1
2 iτa)

= 1
2 i




g cos θWZµ + eAµ g
√
2Wµ

g
√
2 W̄µ −g cos θWZµ − eAµ


 , (20.18)

and its corresponding field strength tensor,

Gµν = ∂µWν − ∂νWµ − g[Wµ,Wν ] , (20.19)

or, in components,

Gµν
a = ∂µWν

a − ∂νWµ
a + g ǫabcWµ

bWν
c . (20.20)

It is convenient to decompose the SU(2) field strengths according to

Gµν ≡ 1
2

√
2 (G1

µν − iG2
µν)

= ∂EM
µ Wν − ∂EM

ν Wµ + ig cos θW(WµZν −WνZµ) ,

G3
µν = cos θW(∂µZν − ∂νZµ) + sin θW(∂µAν − ∂νAµ)

− ig(WµW̄ν −WνW̄µ) , (20.21)

where ∂EM
µ Wν = (∂µ − ieAµ)Wν . The U(1) field strength becomes

G0
µν ≡ ∂µBν − ∂νBµ

= cos θW(∂µAν − ∂νAµ)− sin θW(∂µZν − ∂νZµ) . (20.22)

In terms of the above field strengths the gauge field Lagrangian equals,

LG = − 1
2Gµν Ḡ

µν − 1
4G

3
µν G

3µν − 1
4G

0
µν G

0µν , (20.23)

and gives rise to the following kinetic terms

L0 = − 1
2 |∂

EM
µ Wν − ∂EM

ν Wµ|2

− 1
4 (∂µZν − ∂νZµ)

2 − 1
4 (∂µAν − ∂νAµ)

2 . (20.24)

Note that the normalization factor for the charged field Wµ is different from
the factor of the neutral fields, because it is complex. In addition to the con-
tributions from the electromagnetic derivatives there are cubic and quartic
gauge field interactions. These have all be collected in section 20.4 in a renor-
malizable gauge and in appendix G in the unitary gauge. Here we only note
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one of these terms which involves the photon field and gives rise to a magnetic
moment coupling of the W-boson,

Lmag = ie(∂µAν − ∂νAµ)Wµ W̄ ν . (20.25)

To derive the expressions for the masses of the Wµ and Zµ bosons we
examine the Lagrangian for the scalar field φ,

Lφ = −|Dµφ|2, (20.26)

where the explicit form for the covariant derivative on φ is equal to

Dµφ =



∂EM
µ φ1

∂µφ2




+




− 1
2 i

g

cos θW
(1− 2 sin2 θW)Zµ − 1

2

√
2 igWµ

− 1
2

√
2 igW̄µ

1
2 i

g

cos θW
Zµ







φ1

φ2




=




− 1
2 igWµρ

1
2

√
2
(
∂µρ+

1
2 i

g

cos θW
Zµρ

)


 , (20.27)

where ∂EM
µ φ1 = (∂µ−ieAµ)φ1. The first equation may be compared to (20.15),

(20.16), (20.17); in the second equation we used (20.4). Substituting this result
into (20.26) we find,

Lφ = − 1
2 (∂µρ)

2 − 1
8

g2

cos2 θW
ρ2Z2

µ − 1
4g

2ρ2|Wµ|2 . (20.28)

We can now read off the masses of the W- and Z-bosons after combining
(20.24) with (20.28) and substituting ρ = v,

MW = 1
2gv, MZ = 1

2

gv

cos θW
. (20.29)

This leads to the well-known relation

MW

MZ
= cos θW , (20.30)

so that MZ > MW. The contribution to the Lagrangian of the potential for
the field ρ does not involve new features and will be recorded in section 20.4
and appendix G.
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The gauge boson couplings to the fermions follow directly from substituting
covariant derivatives into the free massless Dirac Lagrangians,

Lfermion = − ψL /DψL − pR /DpR − n̄R /DnR

= − ψ̄L /̂∂ψL − pR /̂∂pR − n̄R /̂∂nR

+ 1
2

√
2 ig
(
W̄µ nLγ

µpL +Wµ p̄Lγ
µnL

)

+
ig

2 cosθW
Zµ

(
p̄Lγ

µpL − nLγµnL
)
, (20.31)

where we have used (20.17) and the definition

∂̂µ = ∂µ − i
(
eAµ − gZµ

sin2 θW
cos θW

)
QEM. (20.32)

Some of these couplings are summarized in appendix G and in table 5.5.
The Fermi coupling constant GF is defined by the strength of the four-

fermion coupling (as, for instance, appearing in neutron decay, n→ p+ e− +
ν̄e, caused by the exchange of a charged intermediate W-boson. Since the
momentum trasfer in these processes is much smaller than the W-boson mass,
we can drop the momentum transfer in the propagator. In that way we find
an expression of the GF in this model. given by2

GF√
2
=

1

4

( 12
√
2g)2

MW
2

=
1

2v2

=
e2

8MW
2 sin2 θW

. (20.33)

At this point let us consider some typical parameter values. From the value
of the Fermi coupling constant, GF = 1.166× 10−5 GeV−2, we conclude from
(20.33) that3 v ≈ 250 GeV. Using (20.29) and the value of the W-mass,
MW = 80.22 GeV/c2, we deduce that g2/4π ≈ 0.0025. The value for sin2 θW
follows from 1−MW

2/MZ
2 according to (20.30). Substituting the value for the

Z mass,MZ = 91.187 GeV/c2, one obtains sin2 θW ≈ 0.22, which in turn gives

2See problem 20.1.
3We are a little cavalier here with units, because we have set ~ = c = 1 thoughout. There-

fore the proper dimension of a field (and thus its vacuum-expectation value) is somewhat
ambiguous, as we have been introducing them within these restricted conventions. Here we
assign a field the dimension of an energy, while for masses we keep the obvious GeV/c2

dimension. The actual dimension of the Fermi coupling constant times (~c)3 is (GeV)−2.
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q2/4π ≈ 0.072 after use of (20.13). The results for these parameters can then
be confronted with high-precision data for the various electroweak coupling
constants for the fermions and the value for the fine-structure constant. All
these results lead to excellent agreement, even more so after including one-
loop quantum corrections. Some of the one-loop corrections will be discussed
in chapter 21.
A specific prediction of the model is the existence of the so-called neutral-

current interactions, induced by he exchange of the neutral vector boson Z
between the fermions. Historically the discovery of these neutral-current in-
teractions provided the first experimental evidence that the standard model
was correct.
We now discuss the generation of fermion masses in this model. Mass terms

are constructed from the product of a right-handed and a left-handed fermion
field. However, right- and left-handed fermions belong to different SU(2) repre-
sentations, so that a direct construction of an invariant mass term is excluded.
The only way for the fermions to acquire masses is via a Yukawa coupling of
the scalar doublet φ to products of a right- and a left-handed fermion field.
Expanding φ about v will then lead to fermionic mass terms. In order to con-
struct the necessary Yukawa couplings we first form two left-handed SU(2)
singlets, ψ1 and ψ2, by taking the SU(2) invariant products of ψL with φ,

ψ1 =
√
2φ∗aψLa

=
√
2 (φ∗1 pL + φ∗2 nL) ,

ψ2 = −
√
2 ǫabφaψLb

=
√
2 (−φ1 nL + φ2 pL) . (20.34)

Using the parametrization (20.4) these singlets take the following form

ψ1(x) = ρ(x)nL(x) , ψ2(x) = ρ(x) pL(x) . (20.35)

Under U(1) ψ1 and ψ2 transform as

ψ1 → ψ′1 =e
1
2 i(q1−q)ξ ψ1 ,

ψ2 → ψ′2 =e
1
2 i(q1+q)ξ ψ2 . (20.36)

We can now construct two invariant Yukawa couplings, if we assume the fol-
lowing relations among the U(1) coupling constants,

q2 = q1 + q ,

q3 = q1 − q . (20.37)

The corresponding invariants are, respectively,

Lp = −Gp pRψ2 + h.c. ,

Ln = −Gn nRψ1 + h.c. , (20.38)
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which, using (20.35), can be written as

Lp = −Gp ρ pRpL + h.c. ,

Ln = −Gn ρnRnL + h.c. . (20.39)

The coupling constants Gp and Gn can be chosen real by absorbing possible
phases into the definitions of pR and nR. Expanding ρ(x) about the constant
v then gives rise to the following expressions for the masses

mp = Gpv , mn = Gnv , (20.40)

which shows that the Higgs field ρ tends to couple weakly because it is pro-
portional to the fermion masses divided by v. Indeed for the light quarks, for
instance, the coupling to the Higgs is very small indeed (even for a bottom
quark it is still about 0.02), but for the top quark, whose mass is about 175
GeV/c2, the coupling constant is of order unity. Needless to say, such a large
coupling raises questions about the validity of perturbation theory.
Let us now briefly outline the two versions of this prototype model. In its

hadronic version the model requires the presence of two Yukawa couplings
in order to generate masses for both the quarks corresponding to p and n.
Because of the two restrictions (20.37) we have three independent gauge cou-
pling constants, say, q1, θW, and g. Since the Yukawa couplings (20.39) will
be invariant under electromagnetic gauge transformations, the coupling of
the photon must be purely vectorlike. This can indeed be verified explicitly
by considering (20.16) for the right- and left-handed quarks. According to
(20.38), the right-handed quarks have hypercharges equal to y ± 1, where
the hypercharge of the left-handed quarks is denoted by y. The right-haded
quarks are SU(2) singlets, so that their electric charges are proportional to
their hypercharge and equal to 1

2e(y ± 1), according to (20.16). Because the
left-handed quarks are SU(2) doublets, the same relation (20.16) shows that
the electric charges of the left-handed quarks also equal to 1

2e(y ± 1). The
choice y = 1

3 leads to the conventional electric charges for the quarks, namely
2
3e and − 1

3e, respectively. In that case the left-handed quarks have Y = 1
3 ,

and the right-handed quarks have Y = 4
3 and Y = − 2

3 .
Incidently, one may also consider the value y = 1, leading to the electic

charges e and 0 for the fields p and n respectively. These are the values that
correspond to the identification of p and n with the proton and the neutron,
respectively.
In the leptonic version of the model, p and n correspond to the neutrino

and its corresponding lepton, respectively. When including a right-handed
neutrino, this model will coincide with the hadronic version, and one has to
make an appropriate choice for the weak hypercharge. In its original incarna-
tion the right-handed neutrino did not seem to exist experimentally atht the
time, so that the field pR was supresssed. Consequently, the corresponding
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Yukawa coupling Lp and the first condition (20.38) were not present. In that
case the model still depends on three independent gauge coupling constants,
namely q1, θW , and g. Denoting the hypercharge of the left-handed doublet
again by y, then the second condition (20.37) implies that the right-handed
lepton must have Y = y− 1. The lepton has then a vectorlike coupling to the
photon with charge 1

2e(y− 1). Also the eletric charge of the neutrino remains
arbitrary and is equal to 1

2e(y+1), as follows again from (20.16). Requiring the
(left-handed) neutrino to be electrically neutral requires the choice y = −1. In
this case the left-handed lepton has Y = −1 and the right-handed lepton has
Y = −2. Hence there is a relative factor 3 between the hypercharges of the
left-handed quarks and the left-handed leptons. However, this original model
without right-handed neutrino is no longer supported by the data. We will
return to this in section 20.3.

20.2. Generations and anomaly cancellation

One of the intriguing features of the standard model is that fermions appear
in so-called generations. Each generation consists of four pairs of fermions: one
lepton doublet and three quark doublets comprising a colour triplet. One gen-
eration is thus based on the prototype model of the previous section with
four fermion doublets. At present we know that three generations exist in Na-
ture. The charged leptons corresponding to these generations are the electron,
the muon and the tau, each with a corresponding neutrino and accompanied
by the ‘up’ and ‘down’, the ‘charm’ and ‘strange’, and the ‘top’ and ‘bottom’
quarks (see table 14.1). The neutrinos are almost massless and the mass of the
positively charged quark is always bigger than that of the negatively charged
quark. All fermion species corresponding to these three generations have been
detected. Their masses extend over a large range from the electron mass of
0.5 MeV/c2 to the mass of the top quark at approximately 175 GeV/c2.

To combine the quarks and leptons into one generation is straightforward.
Leptons and quarks cannot mix, because the SU(3) gauge symmetry acts only
on the quarks and not on the leptons. The quarks change colour through their
interaction with the gluons, while they change their flavour through the weak
interactions. Likewise the two lepton species in a generation can change into
each other via the weak interactions. There are three independent fermion
mass parameters per generation, one for the lepton and two for the quarks.
Models with several generations are more complicated and quarks coming
from different generations can mix through the weak interactions. We return
to the phenomenon of generation mixing in the next section.
We already emphasized that the generation structure is one of the most

intriguing features of the standard model. One cannot help but wonder why
the fermions are organized in multiples of four fermion pairs. There is at least
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a partial answer to this question. While the prototype model of the previous
section is of the renormalizable type, it turns out that there is nevertheless a
subtlety at the quantum level, which is related to the fact that the weak vector
bosons have both vector and axial-vector interactions with the fermions. It is
known that axial-vector couplings can lead to so-called anomalies. So far we
have not discussed these anomalies and we present a more detailed account of
them in chapter 22. Here it suffices to say that anomalies associated with vec-
tor bosons destroy the renormalizability of the theory. Fortunately, anomalies
can be avoided by choosing the fermions in certain balanced decompositions
of gauge-group representations. Suprisingly enough, the decomposition of the
fermions in a single generation is precisely such that the effects of the anoma-
lies cancel!
In fact we can uniquely determine the standard weak hypercharge assign-

ments within a generation by requiring the absence of anomalies. The basic
anomaly diagram consists of a triangle diagram in which a closed fermion loop
couples to three gauge fields. Such diagrams are linearly divergent, at least
generically, but in practice they are finite but ambiguous. When there is an
anomaly we cannot assign a value to the diagram (consistent with Lorentz in-
variance, Bose symmetry and locality) such that all gauge symmetries remain
unaffected. The fermion masses are not important in this respect, because
their contribution to the triangle diagram is generically less divergent. These
issues are explained in chapter 22. To verify whether there are any anomalies
one computes the numeric factor for the three-point gauge couplings generated
by the triangle graphs, which is proportional to the symmetric tensor

Dabc = Tr (tatbtc + tatctb) . (20.41)

The sum in the trace extends over both colour and flavour. The symmetriza-
tion is due to Bose symmetry and follows from the fact that there are two
ways to construct the triangle diagram for given external gauge fields with
generators ta, tb and tc. To see whether or not there is an anomaly for a cer-
tain fermion representation, one must construct Dabc for both the right- and
the left-handed fermions. If they are not equal then one finds an anomaly.
For gauge fields with pure vector couplings, such as QCD, the right- and
left-handed fermions transform identically under the gauge group, so there is
no anomaly for pure QCD. However, for the electroweak SU(2)×U(1) gauge
group, the right- and the left-handed fermions transform differently so there is
a potential anomaly. Fortunately, for certain groups the tensor Dabc vanishes
identically. An example of this is SU(2). For instance, in the doublet represen-
tation one has tbtc + tctb = − 1

2δbc I. Taking the trace with a third generator
ta gives zero because the ta are traceless. So a pure SU(2) theory has no
anomalies. Similarly one can show that this happens for all groups SO(N)
(see problem 20.2). Furthermore Dabc vanishes whenever one of the indices
refers to SU(3) and another one to SU(2). Combining all this information one
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concludes that potential anomaly diagrams fall in three classes. One, denoted
by 〈Bgg〉, corresponds to one U(1) and two SU(3) gauge fields, another one,
denoted by 〈BWW 〉, corresponds one U(1) and two SU(2) gauge fields, and
the third denoted by 〈BBB〉, corresponds to three U(1) gauge fields.
Let us consider the case 〈Bgg〉, where the tensor Dabc carries two SU(3)

indices and the remaining index refers to the generator Y . Since SU(3) acts
identically on all quarks we are left with Y summed over all quark fields.
Hence the absence of anomalies requires

∑

left−handed
quarks

Y =
∑

right−handed
quarks

Y . (20.42)

It turns out that this condition is automatically satisfied already in the pro-
totype model. Denoting the hypercharge of the left-handed quark doublet by
y, the two right-handed quarks will have Y = y ± 1. Therefore the two com-
ponents of the left-handed doublet each contributes y to the left-hand side,
while the right-handed ones yield (y+1)+(y−1) = 2y to the right-hand side
of the equation. Hence the mixed 〈Bgg〉 anomaly contribution vanishes.

The second case is 〈BWW 〉. Because the SU(2) gauge fields act only on the
(left-handed) doublets we obtain

∑

fermion
doublets

Y = 0 . (20.43)

Denoting the hypercharge of the left-handed quark doublet by y and of the
left-handed lepton doublet by y′, this restriction gives

3y + y′ = 0 , (20.44)

where the factor 3 originates from the three quark colours. Hence the left-
handed lepton and quark hypercharges should differ by a factor −3.
Finally consider the case 〈BBB〉. Since the gauge field Bµ couples to the

weak hypercharge Y the tensor Dabc is proportional to Y 3, summed over all
right- or left-handed representations. Hence anomaly cancellation requires

∑

left−handed
fermions

Y 3 =
∑

right−handed
fermions

Y 3 . (20.45)

The left-hand side of this equation yields 6y3 + 2y′3, where we counted three
quark and one lepton doublets. For the right-hand side it makes a difference
whether or not we have right-handed neutrinos. The six right-handed quarks
contribute 3(y+1)3+3(y−1)3 = 6y(y2+3). Without a right-handed neutrino,
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the right-handed lepton contributes (y′−1)3 and with a right-handed neutrino,
we obtain (y′ + 1)3 + (y′ − 1)3 = 2y′(y′2 + 3). Hence (20.45) takes the form

6y3+2y′2 =




6y(y2 + 3) + 2y′(y′2 + 3), (with right-handed neutrino)

6y(y2 + 3) + (y′ − 1)3. (without right-handed neutrino)

(20.46)

Combining this result with (20.44) shows that there is no restriction in the
presence of a right-handed neutrino, other than (20.44). In case one wishes
to suppress the right-handed neutrino, it is necessary to fix the hypercharge
assignment of the left-handed leptons to y′ = −1. This choice leads to the
same assignment discussed in the previous section.
This is a striking result! Without a right-handed neutrino the quantum-

mechanical consistency of the one-generation model uniquely predicts the
electric charges of all the fermions, precisely in agreement with what is ob-
served in Nature. The neutrino is necessarily massless in this case as well
as electrically neutral. With a right-handed neutrino such constraints do not
exist. The neutrino can be massive and it can also carry an electric charge.
Assuming that it is electrically neutral leads to y′ = −1 and thus again to the
standard electric charges for all the fermions. Then the right-handed neutrino
is non-interacting; its only role is to enable the neutrino to acquire a mass.

Of course there is no a priori reason why the anomaly cancellation should be
realized within one generation. On the other hand, without such a cancellation
it would be natural to expect that the mass scales in different generations
would be much more comparable. It is also interesting that the cancellation
requires a hypercharge relation between quarks and leptons, particles which
hitherto could be viewed as totally independent. Of course, the existence of
precisely three different generations remains a puzzle.
As we alluded to at the beginning of this section, quarks and leptons cannot

mix in the single-generation model, for the simple reason that quarks carry
colour while leptons do not. Therefore lepton and baryon number are sepa-
rately conserved, meaning that the number of leptons minus the number of
antileptons, as well as the number of quarks minus the number of antiquarks,
should remain separately invariant in reactions between elementary particles.
More precisely one assigns one unit of lepton number L to each lepton and
minus one unit of lepton number to each antilepton. Lepton number conserva-
tion is then associated with the fact that the Lagrangian is invariant under the
certain (constant) phase transformations of the lepton fields. Similarly, baryon
number B is defined such that one assigns one-third unit of baryon number
to each quark and minus one-third unit of baryon number to each antiquark.
The factor of one-third is chosen such that physical baryons (consisting of
three quarks) carry baryon number one.
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The decomposition of fermions into leptons and quarks seems to point at
some underlying structure, which cannot be addressed in the framework of
the standard model. One might hope to explain the generation structure by
assuming that the higher-mass generations can be thought of as excited states
of the lowest-mass generation. This would mean that the quarks and leptons
are build from even smaller constituents, whose binding forces would somehow
give rise to bound states that exhibit the pattern of generations. However, it is
then difficult to understand why the excited states should carry the same spin
as well as other quantum numbers, while the conservation of lepton types and
quark flavours (in the absence of weak interactions) seems equally mysterious
in such a framework.
After combining the three generations, leptons and quarks remain very dis-

tinctive, but with more generations there is a priori the possibility that the
various generations mix in some nontrivial way. For leptons no such mix-
ing has been observed and electron-, muon- and tau-type lepton numbers
are separately conserved to a high degree of accuracy. For quarks the situ-
ation is different. All the higher-generation quarks are unstable and decay
into lower-mass quarks, so that none of the quark flavours, or linear combi-
nations thereof, are conserved. The only exception is baryon number. In the
next section we explain how these mixing phenomena are incorporated into
the standard model.

20.3. Generation mixing and CP violation

When considering N generations, one introduces 3N pairs of quarks, so that
all quarks appear in three colours, and N pairs of leptons. However, because
quarks and leptons do not mix and the colour degeneracy is trivial, the essence
is fully captured by studying N copies of the prototype model. Generations
will be labeled by indices A,B, . . . = 1, 2, . . . , N , so that we considerN doublet
fields ψLA and 2N right-handed fields pRA and nRA. All these fields transform
identically under the action of the SU(2)×U(1) gauge group; in particular they
carry the same weak hypercharge. In what follows we concentrate exclusively
on the fermions. As far as the Lagrangian is concerned, the kinetic terms for
the gauge and scalar fields and the scalar field potential remain as before.

If the generations do not mix, then we simply write down the sum of the
fermion Lagrangians, consisting of the properly covariantized kinetic terms
(20.31) and the masslike terms (20.38)-(20.39). For the latter we need the
obvious generalization of (20.34), namely,

ψ1A ≡
√
2φ∗aψLaA , ψ2A ≡ −

√
2 ǫabφaψLbA . (20.47)

However, as there is no difference whatsoever between corresponding fields
of these generations, there is no reason why these terms should not mix. For
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instance, the general gauge-invariant kinetic term for the left-handed spinors
takes the form,

L = −
∑

A,B

HAB ψ̄LA /DψLB , (20.48)

Here H is an N -by-N matrix, which must be hermitean (so that the La-
grangian is real) and positive definite (so that its eigenvalues are positive and
the kinetic terms have the correct sign). However, one can always diagonalize
an hermitean matrix and absorb the (positive) eigenvalues into the fermion
fields. Hence without any loss of generality, we may assume

L = −
∑

A

ψ̄LA /DψLA . (20.49)

The same argument applies for the kinetic terms for the right-handed fields.
Therefore the kinetic terms for the fermion fields are just (20.31), summed
over all generations,

Lf = −
∑

A

[
ψ̄LA /DψLA + p̄RA /DpRA + n̄RA /DnRA

]
. (20.50)

The normalizations of the fields are now determined, but we can still change
the left- and right-handed fields by independent unitary rotations. More pre-
cisely, under redefinitions

ψLA → (Vψ)AB ψLB , ψRA → (Up)AB pRB , nRA → (Un)AB nRB ,

(20.51)

where Vψ, Up and Un are arbitrary unitary matrices, the kinetic terms in
(20.50) remain unaffected.
After these preparatory remarks we turn to the fermion mass terms, where

we encounter the same problem. A priori the various generations can mix in
the mass terms, without affecting gauge invariance. Hence, the two Yukawa
couplings related to the mass terms can be written as

Lp = −
∑

A,B

(Gp)AB p̄RAψ2B + h.c. ,

Ln = −
∑

A,B

(Gn)ABn̄RAψ1B + h.c. , (20.52)

where Gp and Gn are now arbitrary complex N -by-N matrices.
Now we make use of a mathematical result (which we will prove in prob-

lem 20.3) acccording to which any complex matrix M can be written as a
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product of two unitary matrices U and V and a positive diagonal matrix D,
according to

M = U DV † . (20.53)

Using this result, we can decompose the matrices Gp and Gn as (here and
henceforth we suppress summation signs)

(Gp)AB = (Up)AC(Gp)C(V
†
p )CB ,

(Gn)AB = (Un)AC(Gn)C(V
†
n )CB , (20.54)

with GpA and GnA positive numbers and Vp, Vn, Up and Un unitary N ×N
matrices. Without loss of generality we can absorb the matrices Up and Un
into the definitions of the right-handed fermion fields by substituing,

pRA → (Up)AB pRB , nRA → (Un)AB nRB . (20.55)

This redefinition does not affect the kinetic terms for pR and nR, as we ob-
served already below (20.50). In the same way we can also absorb Vp or Vn
into the doublet fields. However, it is not possible to get rid of both Vp and
Vn, because ψ1 and ψ2 are both proportional to the same doublet field ψL.
For instance, making the replacement

ψLA → (Vp)ABψLB , (20.56)

which again leaves the kinetic terms (20.50) unaffected, yields the same re-
definition for SU(2) singlets ψ1 and ψ2,

(ψ1,2)A → (Vp)AB(ψ1,2)B . (20.57)

Hence we are not able to redefine ψ1 and ψ2 independently.
If we drop the second right-handed fermions nR, then all mixing affects can

consistently be absorbed into the definition of the fields. This conclusion is
directly relevant for the leptons. In the absence of right-handed neutrinos, we
have no mixing between different lepton types. Therefore there is a natural
conservation of electron- muon- and tau-lepton numbers.
In the presence of two right-handed fermion singlets per generation it is

thus no longer possible to diagonalize both Yukawa couplings simultaneously.
This mixing phenomenon is known to take place for quarks. After the various
definitions derived above (20.53) takes the form

(Gp)AB = (Gp)AδAB , (Gn)AB = (Gn)AV
†
AB , (20.58)

Choosing the form (20.4) for the scalar field the Yukawa interactions have the
following form

Lp + Ln = ρ
[
GpA p̄RApLA +GnA V

†
AB n̄RAnLB + h.c.

]
, (20.59)
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with GpA and GnA positive numbers and V a unitary matrix related to the
previous matrices by

V = V †p Vn . (20.60)

It is usually more convenient to work with a diagonal mass matrix. The
fermion mass matrix, which follows from setting ρ = v in (20.59), is not diag-
onal due to the presence of the mixing matrix V . However, the mass matrix
can be diagonalized by making another unitary redefinition of the fields nL,
but not of pL. Redefining the two components in the doublet fields differently
interferes, of course, with the structure of the SU(2) gauge invariance. This
will reflect itself in a modification of the gauge field interactions that depends
on the mixing matrix V . Nevertheless, a unitary redefinition of the fields nLA
will not interfere with the interactions of the neutral gauge fields, Aµ and Zµ,
because the n̄Lγ

µnL terms couple with uniform strength to the neutral gauge
fields. This phenomenon is often called the GIM mechanism, after Glashow,
Iliopoulos and Maiani who discovered it in the case of two generations (or,
equivalently, four quark flavours).
Let us consider the effect of the mixing in more detail. To obtain a diagonal

interaction (20.59) we replace nLA according to

nLA → VAB nLB . (20.61)

Then (20.59)(17.c13) takes the form

Lp + Ln = ρ (GpA p̄ApA +GnA n̄AnA). (20.62)

When ρ(x) is expanded about the constant value v this leads to masses for
the p and n fermions equal to

mpA = GpAv, mnA = GnAv. (20.63)

The interactions with the gauge fields can be written down in their standard
form, but now on the basis of left-handed doublets (pLA, VABnLB). Indeed,
the effect of the mixing matrix V cancels for the neutral currents, whose left-
handed terms are linear combinations of p̄LAγµpLA and n̄LAγµnLA. But the
mixing does manifest itself for the charged current interactions, which take
the form

Lcharged = 1
2

√
2ig
[
W+
µ p̄LAγ

µUAB nLB +W−µ n̄LAγ
µV †AB pLB

]
. (20.64)

In principle the unitary mixing matrix V depends on N2 free parameters,
which can be decomposed into 1

2N(N−1) angles and 1
2N(N+1) phases. How-

ever it is still possible to absorb some of the phases into the definitions of the
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fermion fields, without affecting any of the other terms in the Lagrangian. Ob-
viously 2N independent phase factors can be absorbed into the fields pLA and
nLA, without modifying the mass terms and the neutral gauge interactions.
But in the charged gauge interaction, these phase factors will multiply the
matrix elements of the mixing matrix V . Note, however, that a uniform phase
factor for all fields pR and nR would cancel in all terms of the Lagrangian, so
that in this way we can only modify 2N−1 phase parameters of the mixing ma-
trix V . Without loss of generality it is thus clear that V can be parametrized
in terms of 1

2N(N − 1) angles and 1
2N(N +1)− (2N − 1) = 1

2 (N − 1)(N − 2)
phases. This is under the assumption that the flavours are non-degenerate. If
for instance some of the Yukawa coupling constants are equal then the num-
ber of independent parameters in U can be further reduced. However, this
situation is not realized in Nature.
Let us illustrate this for the case of N = 2 and 3 generations, corresponding

to four and six quark flavours, respectively. For N = 2 the mixing matrix can
be parametrized in terms of a single angle, the Cabibbo angle θ,

V =

(
cos θ − sin θ

sin θ cos θ

)
. (20.65)

The charged current interactions then have the form

LN=2
charged = 1

4

√
2igW+

µ

[
cos θ [ūγµ(1 + γ5)d+ c̄γµ(1 + γ5)s]

+ sin θ [ūγµ(1 + γ5)s− c̄γµ(1 + γ5)d]
]

+ 1
4

√
2igW−µ

[
cos θ [d̄γµ(1 + γ5)u+ s̄γµ(1 + γ5)c]

+ sin θ [s̄γµ(1 + γ5)u− d̄γµ(1 + γ5)c]
]
.(20.66)

Experimentally the Cabibbo angle is small; cos θ can be extracted from nu-
cleon or nuclear beta decay after taking into account radiative corrections.
Presently accepted values are cos θ = 0.974 ± 0.002 or θ = (13.1 ± 0.5)◦,
which is consistent with sin θ = 0.24 (from strange-particle decays). Thus the
strangeness conserving weak processes will dominate at low energy. Notice
that there are no phase factors in (20.65)- (20.66), which means that the two-
generation model cannot accommodate CP violation in the weak interaction
sector.
This is different in the case of three generations, corresponding to six quark

flavours. The 3×3 mixing matrix V can now be parametrized in terms of three
angles and one phase factor. The latter gives rise to CP-violating interactions.
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The standard parametrization of V is

V =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 . (20.67)

It can be expressed in terms of three angles θ12, θ23 and θ13, and one phase δ,
in the following way,

V =




c12c13 s12c13 s13e
−imδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13




(20.68)

with cij = cos θij and sij = sin θij . This matrix iis called the the Cabibbo-
Kobayashi-Maskawa (CKM) matrix. Note that there are other ways to
parametrize this matrix but (20.93) is the one that is most commonly used.
All the angles can be chosen between 0-degrees and 90-degrees. The first an-
gle θ12 corresponds to the Cabibbo angle and in the case of exact Cabibbo
universality θ23 and θ13 must vanish, which would have the consequence that
particles with bottom flavour are stable under weak interactions. The pres-
ence of the extra angles introduces a violation of Cabibbo universality corre-
sponding to the situation described by (20.65). Since such violations are small
experimentally the extra angles are small. Therefore it is safe to assume that
s13 6 s23 6 s12. In the Wolfenstein parametrization one defines

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣ Vcb
Vus

∣∣∣

s13e
iδ = V ∗ub = Aλ3(ρ+ iη) =

Aλ3(ρ̄+ iη̄)
√
1−A2λ4√

1− λ2[1−A2λ4(ρ̄+ iη̄)]

(20.69)

and one can check that ρ̄+ iη̄ = −(VudV ∗ub)/(VcdV ∗cb) is phase independent. If
we expand in terms of λ and choose ρ̄ = ρ(1− λ2/2 + · · · ) then we can write
the CKM matrix as

V =




1− λ2/2 λ Aλ3(ρ− η)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1


 (20.70)
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with corrections of order Λ4. The unitarity of the CKM matrix requires that
ΣiVijV

∗
ik = δjk and ΣjVijV

∗
kj = δik. These relations define triangles in the

(ρ̄, η̄) plane. Data are usually shown by using the relation

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 , (20.71)

and dividing each side by the value of VcdV
∗
cb. Then the vertices are at (0, 0),

(1, 0) and (ρ̄, η̄) and the area is given by one-half of the Jarlskog invariant J
defined by

Im[VijVklV
∗
ilV
∗
kj ] = JΣm,nǫikmǫjln , (20.72)

Many experiments have yielded data for the above parameters. A recent fit
for the Wolfenstein parameters gives

λ = 0.2257+0.0009
−0.0010 , A = 0.814+0.021

−0.022

ρ̄ = 0.135+0.031
−0.016 , η̄ = 0.349+0.015

−0.017 (20.73)

The fit results for the magnitudes of all nine CKM elements are

V =




0.97419± 0.00022 0.2257± 0.0010 0.00359± 0.00016

0.2256± 0.0010 0.97334± 0.00023 0.0415+0.0010
−0.0011

0.00874+0.00026
−0.00037 0.0407± 0.0010 0.999133+0.000044

−0.000043


 .

(20.74)

The experimental information on the angles in the triangle are as follows. One
defines the angles

β = φ1 = arg
(
− VcdV

∗
cb

VtdV ∗tb

)

α = φ2 = arg
(
− VtdV

∗
tb

VudV ∗ub

)

β = φ1 = arg
(
− VudV

∗
ub

VcdV ∗cb

)
(20.75)

The notation is such that the angle φ1 is between the two lines which meet
at the origin, the angle φ2 is between the two lines which meet at the point
(1,0) and the angle φ3 is the angle between the two lines which meet at the
point (ρ̄, η̄). The world average of measurements yields

sin 2β = 0.681± 0.025 (20.76)

α = (88+6
−5)

o (20.77)
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γ = (77+30
−32)

o (20.78)

Therefore the sum of the three angles of the unitarity triangle is

α+ β + γ = (186+31
−32)

o (20.79)

which is consistent with the expectations of the standard model. The Jarlskog
invariant is J = (3.05+0.19

−0.20)×10−5. These measurements leave very little room
for possible extensions of the standard model. Model independent conclusions
on new physics are very unreliable because new flavor physics contain so
many new parameters. The minimal supersymmetric model (MSSM) is one
such extension but it contains 69 new CP-conserving parameters and 41 CP-
violating phases. However one conclusion is that the value of the Jarlskog
invariant (the magnitude of CP-violating effects in the Standard Model) is
too small to explain the present domination of matter over anti-matter in the
observable Universe.
In the Standard Model it is assumed that there are three massless neutrinos

νi, where i = 1, 2, 3 refers to νe, νµ, and ντ respectively. They are all left-
handed and lepton number is conserved. Evidence for nonzero neutrino masses
is now overwhelming and requires an extension of the model. Finite neutrino
masses thus imply the existence of right-handed neutrino components. Within
the context of the previous SU(2) × U(1) models it is easy to accommodate
massive neutrinos by repeating the same construction as for quarks. Hence we
introduce a unitary leptonic mixing matrix U analogously to (17.c11) which
leads to a mixing of neutrino generations. To be explicit assume that there are
three neutrino mass eigenstates να where α = 1, 2, 3 which are associated with
the charged lepton mass eigenstates e, µ and τ which we call li, i = 1, 2, 3.
Since the leptons can mix the weak interaction coupling of a W -boson to
leptons is more complicated. If we assume the vertex for the W+-decay into a
specific combination of leptons lα + νi is U

∗
αi then the neutrino state created

in the decay W+ → l+α + ν is the state

|να >= ΣiU
∗
αi|νi > . (20.80)

Thus when we refer to a neutrino of flavour α which is produced in associ-
ation with a charged lepton of flavor α we mean this superposition of mass
eigenstates. The unitarity of U , which is implied by invariance of the theory
under the CPT transformation allows us to express a specific mass eigenstate
νi as a superposition of neutrinos with definite flavour, namely

|νi >= ΣβUβi|νβ > . (20.81)

When a neutrino with flavour α propagates (in vacuum or matter) it can
change into one of flavour β. This quantum mechanical process is called neu-
trino oscillations.
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To illustrate this work with neutrino mass eigenstates in vacuum. Then the
amplitude for the oscillation να → νβ is a coherent sum over all contributions
from the νi, so

Amp(να → νβ) = ΣiU
∗
αiProp(νi)Uβi . (20.82)

Quantum mechanics says that the propagator factor is exp(−imiτi), wheremi

is the mass of the νi and τi is the proper time of the propagation in the νi rest
frame. If we assume the neutrinos are very relativistic with E the laboratory
frame energy and L the laboratory frame distance then (see problem.. ) the
propagator factor is exp(−im2

iL/(2E)). When we square the amplitude the
quantities which enter are ∆m2

ij = m2
i −m2

j , L and E which are expressed in

eV2, in km and GeV units respectively. Inserting all the appropriate factors
of h̄ and c we find

∆m2
ij(L/4E) ≈ 1.27∆m2

ij(eV
2)L(km)/E(GeV). (20.83)

Now we can square the amplitude and use the unitarity if the U -matrix to
find

P (να → νβ) = δα,β

−4Σi>j |RE(U∗αiUβiUαjU∗βj) sin2(1.27∆m2
ij(L/E)]

+2Σi>j |Im(U∗αiUβiUαjU
∗
βj) sin

2(2.54∆m2
ij(L/E)] .

(20.84)

The probability for an antineutrino oscillation into another antineutrino is
equal to that for a neutrino into another neutrino by CPT invariance. There
is another relation which follows from the above equation, namely

P (νβ → να;U) = P (να → νβ ;U
∗) , (20.85)

so from CPT

P (ν̄α → ν̄β ;U
∗) = P (να → νβ ;U

∗) . (20.86)

If U is not real then the neutrino and anti-neutrino oscillation probabilities are
different because the last term in the above equation changes sign. It may be
the case that only two mass eigenstates are relevant because the third one does
not couple significantly to the lepton in question. In that case there is only
one ∆m2 and the two-by-two unitary mixing matrix is real and parametrized
by one angle θ (like the Cabibbo for quarks). In this case the complicated
formula above reduces to

P (ν̄α → ν̄β) = sin2 2θ sin2(1.27∆m2(L/E)) , (20.87)
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with β 6= α and

P (ν̄α → ν̄α) = 1− sin2 2θ sin2(1.27∆m2(L/E)) . (20.88)

The actual experimental situation is more complicated because the neutri-
nos usually travel through matter such as the Sun or the Earth. In this case
they can coherently scatter in the forward direction from their interactions
with the matter and this modifies their propagation characteristics. However
this scattering does not change their flavour and it can be analysed as follows.
There is a Schroedinger equation which describes the evolution of a neutrino
state vector, which has one component for each flavour. The Hamiltonian in
the equation is a matrix which includes the interaction energies which appear
from the coherent forward scattering. The diagonal elements of the Hamil-
tonian arise from the virtual W exchange with the electrons in the matter.
Hence it is proportional to Ne, the number of electrons per unit volume and
to the Fermi constant GF . One usually includes the interaction energy

V =
√
2GFNe , (20.89)

for the νe − νe element of the Hamiltonian. There is also Z-boson exchange
but this has the same form for the νe, νµ and ντ elements of the Hamiltonian
so it adds a common constant and therefore has no effect.
For example consider what happens to solar neutrinos in the Sun. They are

born as νe in nuclear reactions and turn into a combination of νmu and ντ .
Let us call this combination νx. The Hamiltonian is a two-by-two matrix in
νe − νx space. As a function of the distance r from the center of the Sun, the
Hamiltonian has two parts

V =

(
cos θ − sin θ

sin θ cos θ

)
(20.90)

and

H1 =
∆m2

4E

(− cos 2θ sin 2θ

sin 2θ cos 2θ

)
, (20.91)

and

H2 =

(
V (r) 0

0 0

)
. (20.92)

The first term contains the vacuum Hamiltonian and the second term the
matter Hamiltonian. The angleθ is the solar mixing angle and the splitting
∆m2 = m2

2 −m2
1. Here we simply define ν2 = νx to be the heavier state so
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∆m2 is positive. V (r) is the interaction energy with Ne(r) the electron density
at distance r from the center of the Sun. Note that the νe− νe element of the
solar Hamiltonian contains both terms in cos 2θ and V (r) so it does distinguish
between the two possibilities θ < π/4, where the lighter mass eigenstate is
more νe than νx and θ′ = π/2− θ, where the lighter mass eigenstate is more
νx than νe.

lepton type charged lepton mass [MeVc−2] neutrino mass [MeVc−2]

electron m(e) = 0.5110034± .0000014 mνe 6 0.05

muon m(µ) = 105.65946± .00024 mνµ 6 0.57

tau m(τ) = 1784± 4 mντ 6 250

Table 20.1: Mass values in MeVc−2 of the three lepton generations.

In conventional weak interactions it has generally been assumed that neu-
trinos are massless. Evidence for nonzero neutrino masses have been reported
from nuclear reactor experiments but refuted by other experiments. The sit-
uation regarding neutrino flux measurements from the Sun is confusing. The
experimental situation remains unclear, but has prompted many people to
examine the effects of nonzero neutrino masses. One obvious theoretical mo-
tivation is that the quarks exhibit flavour mixing, so probably the leptons
should mix in a similar way.
Within the context of the previous SU(2)×U(1) models it is easy to accom-

modate massive neutrinos by repeating the same construction as for quarks.
Hence we introduce a mixing matrix V analogously to (20.57) which leads
to a mixing of neutrino generations. Finite neutrino masses thus imply the
existence of right-handed neutrino components. For Majorana neutrinos the
above schemes have to be modified considerably. We prefer to let the reader
delve into the literature by himself and give a few references as a starting
point.

20.4. The standard model in renormalizable gauge

In the previous sections we derived and discussed the electroweak inter-
actions in the standard model. However, the form in which the model was
presented is rather unsuitable for evaluating quantum corrections. The calcu-
lation of these corrections will inevitably lead to terms which diverge more
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than quadratically and cannot be absorbed into the fields and the coupling
constants of the original Lagrangian. Although such divergent terms must
cancel amongst themselves when considering physical quantities, they make
the calculations very cumbersome. As we have pointed out previously the La-
grangian in this formulation coincides with what is conventionally called the
unitary gauge. However, we have also shown that it is possible to formulate
the theory in alternative gauges in which the divergences are less severe and
can all be absorbed in the fields and coupling constants of the Lagrangian.
Such gauges are called renormalizable gauges. It is obvious that it much more
convenient to work in such a renormalizable gauge. We already discussed
renormalizable gauges in previous chapters so the ideas are not new. The pur-
pose of section is to formulate the standard model in a renormalizable gauge
in order to pave the way for the one-loop corrections that we evaluate in the
next section.
In the renormalizable gauge the scalar doublet field φ = (φ1 , φ2) is no

longer set equal to the field ρ, as in (20.4). Instead we keep it general and
parametrize its components according to

φ1 = iφW , φ2 =

√
2MW

g
+ 1

2

√
2(H − iφZ) , (20.93)

which involves the complex scalar field φW (its complex conjugate will be
denoted by φ̄W), and neutral scalar fields H and φZ. The field φW carries
the same charge as Wµ ≡ W+

µ = (W 1
µ − iW 2

µ)/
√
2. Observe that we directed

the vacuum-expectation of φ in the same direction as before, such that ρ =
v+H with H the field associated with the physical Higgs particle. The other
fields φW, φ̄W and φZ do not correspond to physical particles. In this section,
we express the vacuum-expectation value v and the mass and φ4 coupling
constant in terms of g, MW and mH, which represent the SU(2) coupling
constant and the masses of W and H in tree approximation. This implies that
H will develop a vacuum-expectation value in higher orders of perturbation
theory, which, as we shall show in the next chapter, is crucial in order to get
sensible results.
For convenience we first list the infinitesimal transformation rules for the

gauge fields and the scalars in the conventions that we will use here and in
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the next chapter. They take the form

δAµ = ∂µξ
EM ,

δWµ = ∂EM
µ ξW + i

(
e ξEM + g cos θW ξZ

)
Wµ − ig cos θW ξW Zµ ,

δZµ = ∂µξ
Z + ig cos θW

(
ξ̄WWµ − ξW W̄µ

)
,

δφW = MW ξW + 1
2g ξ

W(H − iφZ) + i
(
e ξEM + g

1− 2 sin2 θW
2 cos θW

ξZ
)
φW ,

δφZ = MZ ξ
Z + 1

2

g

cos θW
ξZH − 1

2 ig
(
ξ̄W φW − ξW φ̄W

)
,

δH = − 1
2

g

cos θW
ξZ φZ − 1

2g
(
ξ̄W φW + ξW φ̄W

)
, (20.94)

where ξW = (ξ1 − iξ2)/
√
2.

To define a gauge we introduce a gauge-fixing term for each of the gauge
fields. Here we assume three independent gauge parameters, denoted by λA,
λW and λZ. The sum of the squares of the gauge-fixing terms leads to the
Lagrangian,

Lg.f. = − 1
2

(
λA ∂µA

µ
)2
−
∣∣∣λW ∂EM

µ Wµ − MW

λW
φW

∣∣∣
2

− 1
2

(
λZ ∂µZ

µ − MZ

λZ
φZ

)2
. (20.95)

We can now use the general construction explained in section 13.4 to find the
corresponding ghost Lagrangian. We introduce ghost fields cA, cW and cZ and
corresponding antighost fields bA, bW and bZ. Observe that cW and bW are
complex and carry the same charge as the gauge field Wµ, while the other
(anti)ghost fields are real and electrically neutral 4. The ghost Lagrangian is
determined from the variation of the gauge-fixing terms under the infinitesimal
gauge transformations, given in (20.94). All of this was explained previously
(cf. sections 13.3 and 13.4); the only new feature is the use of a complex basis
for the charged fields. However, by decomposing complex into real fields, we
can make direct contact with the prescription presented in section 13.4.
It is convenient to decompose the ghost Lagrangian into three terms. The

first one comprises the kinetic terms, covariantized with respect to electro-

4Note that there are also ghost fields associated with the gluons of quantum chromody-
namics. Because we have already introduced them in chapters 13 and 14 and they do not
couple to the weak and the electromagnetic sector, there is no reason to include them here.
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magnetic gauge transformations,

L(1)
ghosts = −iλA (∂µbA) (∂

µcA)

−iλW
[
(∂EM
µ b̄W) (∂EMµ

cW) + (MW/λW)2 b̄W cW

+(∂EM
µ bW) (∂EMµ

c̄W) + (MW/λW)2 bW c̄W
]

−iλZ
[
(∂µbZ) (∂

µcZ) + (MZ/λZ)
2 bZ c

Z
]
, (20.96)

which shows that the ghost associated with the photon is massless, whereas
the other ghosts have gauge-dependent masses equal to MW/λW and MZ/λZ.
Then we distinguish two types of interaction terms. The first one is diagonal
in the sense that it is proportional to a ghost and an antighost field of the
same type. These terms read as follows,

L(2)
ghosts = −λW g cos θW Zµ

[
(∂µb̄W) cW − (∂µb̄W) cW

]

− 1
2 iλ
−1
W gMW

[
b̄W cW (H − iφZ) + bW c̄W (H + iφZ)

]

− 1
2 iλ
−1
Z gMZ bZ c

ZH . (20.97)

The remaining terms are not diagonal in the ghost and antighost fields. They
take the form

L(3)
ghosts = +ig cos θWλWWµ

[
(∂µb̄Z)c

W − (∂µb̄W)cZ
]

+ieλWWµ

[
(∂µb̄A)c

W − (∂µb̄W)cA
]

+ig cos θWλWW̄µ

[
(∂µb̄W)cZ − (∂µb̄Z)c

W
]

+ieλWWµ

[
(∂µb̄W)cA − (∂µb̄A)c

W
]

+ieλAAµ

[
(∂µb̄W)cW − (∂µc̄W)bW

]

− 1
2gMWλ

−1
W

[
b̄Wc

WH + b̄Wc
WH +

1

cos2 θW
b̄Zc

ZH
]

− 1
2 ig(1− 2 sin2 θW)MZλ

−1
W

[
b̄Wc

ZφW − bZc̄Wφ̄W
]

+ 1
2 igλ

−1
Z MZ

[
b̄Zc

WφW − bWc̄Zφ̄W
]

+ieMWλ
−1
W

[
b̄Wc

AφW − bAc̄Aφ̄W
]

+ 1
2 igλ

−1
W MW

[
b̄Wc

WφZ − bWc̄Wφ̄Z
]

(20.98)

Let us now turn to the scalar-field Lagrangian,

Lscalars = −|Dµφ1|2−|Dµφ2|2+µ2(|φ1|2+|φ2|2)−λ(|φ1|2+|φ2|2)2 , (20.99)
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The covariant derivatives of the separate fields follow directly from (20.94),

DµφW = ∂EM
µ φW −MWWµ − 1

2gWµ(H − iφZ)− 1
2 igZµ

1− 2 sin2 θW
cos θW

φW ,

DµφZ = ∂µφZ −MZZµ − 1
2

g

cos θW
ZµH + 1

2 ig(W̄µφW −Wµφ̄W) ,

DµH = ∂µH + 1
2

g

cos θW
Zµ φZ + 1

2g(W̄µφW +Wµφ̄W) . (20.100)

Following the treatment in (20.27) through (20.31), (20.96)(17.d4) yields

L(1)
scalars = − 1

2 (∂µH)2 − 1
2m

2
HH

2

−|∂EM
µ φW|2 −M2

W|φW|2 − 1
2 (∂µφZ)

2 − 1
2M

2
Z(φZ)

2 (20.101)

L(2)
scalars = −gMWH|Wµ|2 − 1

2g
1

cos θW
MZHZ

2
µ

− 1
4g

m2
H

MW

[
H3 +Hφ2Z + 2H|φW|2

]

+ 1
2 igφZ

[
W̄µ ∂

EM
µ φW + ∂EM

µ φ̄WWµ

]

+ 1
2gH

[
W̄µ ∂

EM
µ φW + ∂EM

µ φ̄WWµ

]

+ig
1− 2 sin θ2W
2 cos θW

Zµ

[
φ̄W
↔

∂
EM

µ φW

]
(20.102)

L(3)
scalars = − 1

32g
2 m

2
H

M2
W

[
H4 + φ4Z + 4(|φW|2)2 + 4φ2Z|φW|2

+4|φW|2H2 + 2φ2ZH
2
]

− 1
4g

2|Wµ|2
[
H2 + φ2Z + 2|φW|2

]

− 1
8g

2 1

cos θ2W
Z2
µ

[
H2 + φ2Z + 2(1− 2 sin θ2W)2|φW|2

]

− 1
2g

2 sin θ
2
W

cos θW
ZµφZ

[
Wµφ̄W + W̄µφW

]

− 1
2 ig

2 sin θ
2
W

cos θW
ZµH

[
Wµφ̄W − W̄µφW

]
, (20.103)

where we have used relations (20.13), (20.28) and (20.33)(17.34).
The Lagrangian which contains the couplings between the fermion fields

and the scalar fields follows from substituting (20.93) into (20.34)(17.35) and
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using (20.40)(17.40). This yields

Lfermions = −ēl/∂el −mlēlγµel − ν̄l/∂νl − p̄A(/∂ +mpA)pA − n̄A(/∂ +mnA)nA

+ 1
4

√
2
ml

MW

[
− φWν̄l(1− γ5)el + φ̄Wēl(1 + γ5)νl

]

− 1
2g

ml

MW

[
Hēlel + iφZēlγ5el

]

+ 1
4

ig

MW
φW

[
−mnB(p̄AVAB(1− γ5)nB) +mpA(p̄AVAB(1 + γ5)nB)

]

+ 1
4

ig

MW
φ̄W

[
mnA(n̄AV

†
BA(1 + γ5)pB)−mpA(n̄AV

†
AB(1− γ5)pB)

]

− 1
2g
mpA

MW

[
Hp̄ApA + iφZp̄Aγ5pA

]
− 1

2g
mnA

MW

[
Hn̄AnA + iφZn̄Aγ5nA

]
.

(20.104)

where l runs over e, µ and τ . The subscript on the quark fields pA runs over
u, c and t while the corresponding subscript on the fields nA runs over d, s
and b.

Problems

20.1. Consider the prototype model of section 20.1, but now with two doublet
fields, one correspondng to the electron and its neutrino νe, and the other one to the
proton and the neutron. The hypercharges for the left-handed doublets are equal
to Y = −1,+1, respectively, as discussed in the text at the end of section 20.1.
Derive the electric charges for all the four fermions. Subsequently, write down the
amplitude for the neutron decay: n → p + e + ν̄e. This process is mediated by a
W-boson. Due to the fact that the neutron-proton mass difference is very small as
compared to the W-boson mass, the momentum dependence in the W-propagator
can be suppressed. Compare the result for the decay amplitude and compare its
effective coupling constant with (20.33).
Subsequently consider the scattering reaction νe + p→ νe + p, which is mediated by
the Z-boson. Write down the corresponding amplitude in the same approximation
of small momentum transfer.

20.2. Consider a group with generators ta and form the following trace Dabc =
Tr(tatbtc + tatctb). For the group SU(2), the generators are expressed into the Pauli
spin matrices according to ta = 1

2
τa. Prove that Dabc = 0. Subsequently consider

the group SO(N). In the defining representation, the 1
2
N(N − 1) generators take

the form of real anti-symmetric N -byN matrices ta. Show again that Dabc = 0.

20.3. In this problem we consider the decay of a neutral scalar particle, such as the
standard-model Higgs boson, into two photons,

H(Q) → γ(p) + γ(q) , (1)
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Figure 20.1: Higgs decay into two photons

as is described by the diagram in fig. 20.1. The relevant Lagrangian for describing
this process is

L = −ψ̄(/∂ +m)ψ + ie ψ̄ /Aψ + g Hψ̄ψ , (2)

where ψ, Aµ, and H are the fermion, photon and Higgs fields, respectively, e is the
fermionic electric charge and g is the coupling constant of the Higgs boson.
We start by decomposing the general H-γ-γ amplitude Sµν(p, q)(p, q), where µ, ν
and p, q refer to the polarization indices and the momenta of the two photons, such
that the on-shell invariant amplitude will take the form

M(H → γγ) = ge2 Sµν(p, q) ε
µ(p) εν(q) , (3)

with p2 = q2 = 0. Note that the Higgs boson momentum equals Qµ = (p + q)µ.
Argue that this process cannot be caused by a direct coupling in the standard
model Lagrangian, because of the requirement of renormalizability. Therefore this
amplitude must originate from closed-loop corrections.
Make a Lorent-covariant decomposition of Sµν(p, q) in terms of the momenta and a
number of coefficient functions. Since the photons and the Higgs boson are electri-
cally neutral, this amplitude should satisfy current conservation, even for off-shell
momenta. Use this requirement to show that Sµν(p, q) must decompose as follows,

Sµν(p, q) =
(

p · q ηµν − pνqµ
)

S(1)(p2, q2, Q2)

+
(

p · q pµqν + p2q2ηµν − q2pµpν − p2qµqν
)

S(2)(p2, q2, Q2) . (4)

Show that the physical decay amplitude will depend on only one constant, namely
ge2 S(1) taken at p2 = q2 = 0 and −Q2 equal to the Higgs boson mass square.
Let us consider an alternative way of constructing the previous decomposition.
Namely, one can impose current conservation by extracting two transverse projec-
tors, i.e., Sµν =

(

ηµρp
2−pµpρ

)(

ηνσq
2−qνpσ

)

Ŝρσ(p, q). Subsequently one decomposes

Ŝρσ in a Lorentz covariant way. Argue now that Ŝρσ contains only two terms, namely
one proportional to ηρσ and another one proportional to qρpσ. Show that this con-
struction leads to the same result (in spite of the fact that this construction seems
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to give rise to terms that are at least of fourth order in the momenta). Compare this
situation with a similar situation described in section 11.5.
Derive the following expression for the function S(1)(p2, q2, Q2) in terms of the full
off-shell amplitude Sµν(p, q), where we set the number of space-time dimensions
equal to n,

S(1) =
1

n− 2

p · q
(p · q)2 − p2q2

[

Sµ
µ − (p · q)2 + (n− 2)p2q2

p · q
(

(p · q)2 − p2q2
) qµpνSµν

]

. (5)

Given the result from the calculation of a closed-loop diagram, this result enables
us to extract the physically relevant function S(1). Note that the above expression
simplifies considerably upon substituting the mass-shell condition p2 = q2 = 0 and
p · q = 1

2
Q2.

20.4. Remaining:

ii) We will work in n = 4 + ǫ dimensions. Argue that the tensor Sµν(p, q) must
have the following structure, and prove that

S(1) =
1

Q2

(

Sµ
µ − 2

Q2
qµSµνp

ν
)

, (1)

S(2) =
4

(n− 2)Q2

(

− Sµ
µ +

2(n− 1)

Q2
qµSµνp

ν
)

. (2)

iii) Draw the relevant one-loop diagrams for Sµν(p, q) and show that they lead to

Sµν(p, q) =
1

i(2π)n

∫

dnkTr
( 1

i(/k − /p) +m
γµ

1

i/k +m
γν

1

i(/k + /q) +m

+
1

i(/k − /q) +m
γν

1

i/k +m
γµ

1

i(/k + /p) +m

)

. (3)

iv) Prove that the above expression Ward identity pµSµν = 0, and discuss its
meaning.

Let us examine the numerator of Sµν as a polynomial in the mass m by working out
the spinor trace.

v) Argue that the terms proportional to m2 and m0 are zero. Show that terms
proportional to m and m3 term read,

∫

dnk

i(2π)n
8m

D1D2D3

×
{

(m2 − p · q − k2)ηµν + 4 kµkν − 2 pµkν + 2 kµqν − pµqν + qµpν
}

, (4)

where D1 = k2 +m2, D2 = (k + q)2 +m2 and D3 = (k − p)2 +m2.

vi) Show that

Sµ
µ = 8im

(

2I(0,m2,m2)

− (n− 2)I(Q2,m2,m2)− (n p · q + 4m2)K(Q2,m2)
)

. (5)
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vii) Argue that this expression is finite in the limit ǫ→ 0. Discuss why this must
be the case, based on general arguments. Conisder also the finiteness of the
functions S(1) and S(2).

Some useful relations (preliminary):

Tr(γµ1 . . . γµi) = 0 i odd (6)

Tr(γµγν) = 4ηµν (7)

Tr(γµγνγργσ) = 4ηµνηρσ − 4ηµρηνσ + 4ηµσηρν (8)

I(Q2,m2,m2) =

∫

dnk

(2π)n
1

[(k + 1
2
Q)2 +m2] [(k − 1

2
Q)2 +m2]

(9)

=
−iµǫ

8π2

(1

ǫ
+ finite

)

(10)

K(Q2,m2) =

∫

dnk

(2π)n
1

D1D2D3
= finite (11)

20.5. Consider the model




