14 ‘
Renormalization of gauge fields

In the previous chapter we introduced the Lagrangian that must be used
in the calculation of Feynman diagrams with closed loops for generic gauge
theories. In this chapter we turn to the calculation of one-loop diagrams in a
nonabelian gauge theory coupled to fermions. We shall evaluate the infinite
contributions of the diagrams and show how they can be absorbed in the
allowed counterterms, thus establishing the renormalizability of the theory at
the one-loop level.

The calculations are performed in a class of Lorentz gauges and may be
regarded as the nonabelian analogue of the calculations performed for the
abelian gauge theory (i.e. quantum electrodynamics) in chapters 9 and 10;
we will in fact make use of the results recorded in these chapters whenever
possible. The calculations will be for a general gauge group. The case of SU(3)
is particularly relevant, as this is the gauge group that underlies quantum
chromodynamics, the gauge theory of the strong interactions. This theory
will be discussed in later chapters.

We shall start by recalling some of the main ingredients and derive some
group-theoretical results needed for the subsequent calculations. Then we turn
to a discussion of the renormalization and derive the counterterm Lagrangian.
We demonstrate that all the ultraviolet infinities that we determine subse-
quently can be absorbed by these counterterms, and thereby establish the
one-loop renormalizability. Then we present the explicit calculation of the
infinite graphs, first for the fermions (as they follow mostly from previous
results) and then for the pure gauge theory. We demonstrate how ultraviolet
and infrared divergences can be disentangled in dimensional regularization,
and determine all the ultraviolet one-loop divergences. Readers who are not
interested in these somewhat cumbersome calculations may prefer to ignore
part of this chapter and proceed to the next chapter where we discuss the
phenomenon of asymptotic freedom, whose existence can be inferred from the
one-loop results evaluated in this chapter, and the consequences of having
different mass scales in a quantum field theory.

14.1.  Preliminaries

The relevant Lagrangians for the gauge fields and the gauge-fixing terms in
the Lorentz gauge were already given in section 13.5. The interactions with the
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gauge fields are determined by the generators and the structure constants, t,
and f,p°. We restrict ourselves to compact simple gauge groups (for a precise
definition of these concepts, see appendix C). In that case the gauge-field
indices a, b, . . . can be freely raised and lowered and f,;. is antisymmetric in all
three indices. As explained in section 12.3, compact gauge groups are required
in order that the kinetic terms for each of the gauge fields in the Lagrangian
are nonvanishing and of equal signs. The restriction to simple groups is just for
convenience and has no important consequences; compact groups can always
by written as products of simple groups, i.e. groups that have no invariant
subgroup, so that the corresponding gauge-field Lagrangian can be written as
a sum of the gauge-field Lagrangians for each of the invariant subgroups. The
gauge fields interact with matter fields such that the generators ¢, associated
with different subgroups commute.

We recall that the gauge group generators satisfy the commutation relations

[ta;tb} = fabc te. (141)

In the adjoint representation associated with the gauge fields the generators
are the structure constants (more precisely, (tq4)oc = — fabe). Hence in this
representation (14.1) takes the form of the Jacobi identity

fabe fecd 'i_fbce fead +fcae febd =0. (142)

For compact simple groups, one can show that the generators and structure
constants must satisfy the relation

tata =—C2(R)I,  Tr(taty) = —Co(R) InE 5, (14.3)
where the matrices t, refer to a single irreducible representation, and the co-
efficient! Cy(R) depends on the representation R. For compact groups, Ca(R)
is always positive (or zero when the representation is trivial). In this section
we are dealing with only two representations: the adjoint one for the gauge
fields and another one corresponding to the fermions. The Casimir constant
for the adjoint representation shall be denoted by C2(G), so that (14.3) takes
the form

facd fbcd = 02 (G) 5ab . (144)

However, neither the structure constants nor the generators t, are uniquely
determined by (14.3), as one can still rescale all the generators uniformly (in
the Lagrangian this rescaling can be absorbed into the coupling constant). To
fix the overall normalization of the generators, it suffices to impose a condition

IThese coefficients are related to the so-called quadratic Casimir invariants (see, e.g.
appendix C).
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on the generators in some given representation. In this context this is done
by imposing, usually for some simple representation,

Tr (tats) = —% ab - (14.5)
This fixes C2(R) to be equal to

Co(R) = 2dim& (14.6)

For instance, for SU(N) and SO(N) the normalization (14.5) is usually imposed
on the defining N-dimensional representations of the group. In that case one
finds (N > 2)

NZ 1

for SU(N) ,

-1
3 for SO(N)

since the dimensions of SU(N) and SO(N) equal N?> — 1 and 1N (N — 1),
respectively. The corresponding values of C2(G) are

N for SU(N),

(N —2) for SO(N). (14.7)

C2(G) = {

For arbitrary groups the determination of these constants requires more de-
tailed knowledge of the structure of the group. However, for SU(N) and SO(N)
these results can be derived from relatively simple algebraic manipulations (see
problem 14.1).

In the calculations that follow, one does not need explicit knowledge of the
normalization conventions and the values for the coefficients Cs. The results
will always be expressed in terms of C(G) and C2(R) and when one is inter-
ested in a certain gauge group one simply substitutes the appropriate values
for C5. In order to express the various results in terms of these constants
we need a number of simple relations; we evaluate four of them here, using

(14.1- 14.4),

fabe to te = 5 fabe freata = $C2(G) ta ,
totaty = (tats + fracte)ts = —(Co(R) — $C2(G))ta,
Tr (to [t te]) = —Ca(R) L2& f,),
Tr ([ta, to] [te, ta]) = —Co(R) $2E fove fede -

(14.8)

The above relations hold for any representation R, so we can also write them
down for the adjoint representation where (t4)pe = — fape- We then establish
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the following identities,

fade fbef fcfd = %CQ(G) fabca
faef {fbfgfcgh fdheffbfgfdgh fche
- fcfg fdgh fbhe + fdfg fcgh fbhe} - *02((;’) fabe fcdev (149)

Generalizations of these identities are easily derived, but are not needed in
this chapter.

Before proceeding to actual calculations, we first turn to a discussion of the
renormalization programme in the next section.

14.2.  Renormalization and one-loop counterterms

In chapter 8 we gave an explicit exposition of the renormalization pro-
gramme in quantum electrodynamics at the one-loop level. Here we perform
the analogous exercise for the case of a nonabelian gauge theory associated
with some group G and coupled to fermions in some (irreducible) represen-
tation of this group. Because the total number of fermions turns out to have
important consequences for the result of our calculation, we allow an arbitrary
number Ny of identical fermion multiplets. As we assume that all fermions
have the same mass, this will not complicate the calculation in view of the fact
that their interaction with the nonabelian gauge fields is uniquely determined
by the properties of the representation.

For a renormalizable theory, the ultraviolet divergences that one encounters
in the calculation of the various Feynman diagrams can consistently be ab-
sorbed into the various quantities that occur in the original Lagrangian, order
by order in perturbation theory. In the theory at hand, these quantities are
the gauge fields W}, the ghost and antighost fields ¢* and b*, and the fermion
fields 1; furthermore there are the gauge-coupling constant g, the fermion
mass m and the gauge-fixing parameter A. Following (9.45) we scale all these
quantities by renormalization factors according to

W= ZwWe, = Zyh, & —\Zec", b —\Zb",

g— 299, m—Znpm, X—ZyA. (14.10)

In tree approximation each of the renormalization factors is equal to unity;
the higher-order terms are usually infinite and generate precisely those infinite
terms required to render the theory finite. These infinite terms are the so-
called counterterms. They follow from substituting the redefinitions (14.10)
into the Lagrangian,

L— L+ L. (14.11)
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Here we should already emphasize that there is no a priori reason why the
counterterms are generated by multiplicative factors. In general there are ad-
ditive renormalizations as well, but in this case they can be avoided. We divide
the counterterms into three different terms

Lot — Ei.t. Jrﬁg.t. Jrﬁg»t»’ (14.12)
where

L5Y = X (Zw —1)(0, W — 9, We)? — IN(Z22 Zw — 1) (8"W)°
+ 9(Zy Z3? = 1) fare WS WL OPWEY
— 1922 Zyyy = 1) faefade WS WHFWEWE
Eg't' =—(Z,—1) &&w —m(Zy Zp — 1) P
+9(Zy 2y 23 =) Wi "ta,
L5Y = =N (20 2,7 Z1? = 1) (0#6%) (0,c®)
—iNg(Zy 25 237 27 ZH? — 1) fupe W (000) .
(14.13)

The reader may easily verify that we have generated nine different countert-
erms in this way, while on the other hand we have only seven independent
constants to adjust (actually, there is some arbitrariness in the choice of Zj,
and Z., as only the product of these constants appears). Therefore, in order
that the theory be renormalizable, it is important that a number of conditions
between the infinities are satisfied.

The infinite terms (in one-loop approximation) will be evaluated in the
subsequent sections. Here, following our exposition in chapter 8, we will sim-
ply summarize the result of these laborious calculations. In section 14.3 we
calculate the divergences induced by loops that contain fermion lines. We dis-
tinquish diagrams with only external gauge fields and a closed fermion loop,
and the diagrams with two external fermion lines and none or one gauge field
(all other diagrams do not give rise to divergences). The diagrams with only
external gauge fields are obviously proportional to the number of fermion rep-
resentations. There are diagrams with two, three or four external gauge fields.
In order to cancel the corresponding divergences we must add the following
terms to the Lagrangian,

2, €
dimgr 9 K1 1
qmi L L L@uwp - oWy

9 fare Wi WEOPWE = 302 fupe faae WEWHWEWE L (14.14)

AL = Ny Cy(R)
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The divergent contributions from graphs with external fermion lines are can-
celled by the addition of the following terms,

2 €
ML= LE L o)X 590 - m CalR) (34 477)

+9[CaR) A2 + 1Co(G) (3+ A7) Wi dyitaw ). (14.15)
To these contributions we have to add the divergences from diagrams without
any fermion lines. These are harder to calculate and discussed in sections

14.4 and 14.5. Their divergences are cancelled by the contributions from the
following terms,

gzlf 1 1 -2 2
AL = —C(G) 355 E{ — (26— 6A~2) (9, W2 — 0, %)
+ g (17 = ON2) fur WE W2 DH W (14.16)

— 367 (8 = 12X7?) favcfade WL W W ww} .

Finally we have the divergences coming from the ghost graphs, which are
cancelled by

2,,€
g ly - a :
3;2 E{ —A(3 = A72) (9"b%) (D,.c%)

AL = Cy(G)
+ 2807 fupe WP (0"5°) CC} . (14.17)

As it turns out, the combined result from (14.14- 14.17) can be cast in the
form (14.13), which confirms that the theory is renormalizable. The renormal-
ization constants defined by (14.10) are then easily extracted and are given
by

2 € 1 .
Ty =14+ L1 2 {Nf Co(R) dmE _ 10y(@) (13 — 3x2)} +O(gY),

612 €
Zy=1- i’;‘rg % [N} Co(R) SmE — 104(G) (13— 33) } + 0(¢Y).
2, =1+ 2 Loy a2 1 o(),
Zo =1+ 2 Loy ()
z,=1- 9 LN o) imE — 10u(@) ) + 0L,
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(14.18)

Observe that the renormalization factors associated with the mass and the
coupling constant are independent of the gauge parameter A. Furthermore this
result agrees with that of quantum electrodynamics (cf. 9.47) in the abelian
limit: Go(G) = 0 and Ny = Co(R) = 1.

14.3.  One-loop divergent graphs; fermions

In this section we consider all one-loop diagrams with fermions that give rise
to ultraviolet divergences. Subsequently, in the next two sections, we turn to
the diagrams without fermions, which are more difficult to evaluate. The first
set of graphs that we consider here are those with a closed fermion loop. They
are the only divergent one-loop diagrams that are proportional to the number
of fermion representations Ny, as one can easily verify. Therefore they form
an independent subclass of diagrams whose contributions to the counterterms
should separately satisfy the restrictions imposed by renormalizability. There
are three different types of graphs, depending on whether two, three or four
external gauge fields are attached. These diagrams, shown in fig 14.1, are
called vacuum polarization, triangle and box diagrams, for obvious reasons.
Diagrams with more than four gauge fields attached to the fermion loop are
finite and will thus be ignored. We should stress here that the gauge fields
interact with the fermions through a vector interaction with the fermions. It
is possible to incorporate also axial-vector couplings, but there is a number of
subtleties in that case. We shall discuss these matters in due course. Here we
note that we will still be able to make use of some of these calculations when
discussing chiral couplings (combinations of vector and axial vector couplings),
albeit that some caution is required.

The second set of one-loop divergent graphs with fermions have external
fermion lines. As shown in fig 14.2 these are the fermion self-energy diagram
and two types of vertex diagrams.

Before turning to the actual calculation we digress for a moment and turn
to a brief discussion of the various infinite momentum integrals that we are
about to encounter in this section as well as in the next one. Let us list the
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relevant integrals,
d"q 1 w1
== = 14.19
/ i(2m)" (q2 + m2) ((q —p)?2+ m2) 872 € ( )

+ finite terms,

d"q du pe o1
=— - 14.20
/ i(2m)" (¢2 + m?)((g — p)® + m?) 1672 ¢ P1 ( )

+ finite terms,

/ i((217rq)n (@@ +m?) (g - p)quq;lQ) (b2 m?) (14.21)
- 35—;2 g% + finite terms,
dn 14
/ 1(27Tq)n (@ +m2)((q- p)g“i 352) (@t R +m2) = (14.22)
_ gg:rz %(Wu(? —k)p+ (P —E)p + pu(p — k:),,) + finite terms,
/ i(;i:rq)” (qui%qz}; == 19’;2 % (s o0+ T M+ o ) (14.23)

+ finite terms.

The derivation of the above results follows a uniform pattern. To extract the
infinite terms one makes a Taylor expansion in the external momenta. At
sufficiently high order in these momenta, the integrals are finite and can be
ignored. One then evaluates the infinite terms by exploiting the symmetry of
the integrand, making suitable shifts in the integration variable. Needless to
say these integrals can all be evaluated explicitly, including the finite terms, as
we have demonstrated for certain integrals in chapter 9. The reader is advised
to consult also appendix F where we listed a number of relevant n-dimensional
integrals.

The first integral (14.19) was evaluated explicitly in section 9.3 (cf. 9.26).
To obtain the result (14.20) we shift the integration variable g to ¢ + %p, SO
that the numerator becomes ¢, + %pu. As the denominator is now symmetric
under ¢ — —q, one may drop the g, in the numerator. The result is therefore
equal to %p# times the integral (14.19) and this leads to the result quoted in
(14.20). Expanding the third integral in terms of p and k, it turns out that
the terms of higher order in these momenta are finite. To obtain the infinite
terms, one may thus evaluate the integral directly for p = k = 0. This is
done by symmetric integration, or, alternatively, one uses Lorentz invariance
to argue that the integral must be proportional to 7,,; this allows one to
replace g,q, in the numerator by n=1 qQUW. Subsequently one changes the
term ¢2 by (¢* +m?), which only changes the integral by a finite amount, to
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cancel a (¢ + m?) term in the denominator. Hence the infinite part of the
first integral is equal to n~ 17, times the infinite part of the integral (14.19).
Substituting n = 4 in the residue of the 1/ pole, the result (14.21) follows.

The derivation of the fourth integral follows the same steps but is a lit-
tle more involved. Here the integral vanishes for p = k& = 0, because the
integral is then odd in g. Taylor expanding in p and k shows that only the
terms linear in these momenta are infinite. From the symmetry in u, v, p and
Lorentz invariance it then follows that the infinite part must be proportional
to (77#,, P, +1up Py +1pu Pl,), where P is some linear combination of p and k.
As the integral changes sign under the interchange of p < &, the momentum P
must be proportional to p —k (to see this one must simultaneously change the
integration momentum ¢ into —¢). Having determined the tensorial structure,
it remains to determine the infinite constant that multiplies it. This is done
by contracting the integral with n*¥. The tensor on the right-hand side then
yields (n + 2) (p — k),,, while the numerator of the integrand on the left-hand
side becomes equal to g2 g,- Now replace again ¢ by (¢* + m?), which only
changes the integral by a finite amount, to cancel the factor (g2 + m?) in the
denominator. The result is then an integral of type (14.19) and (14.20) upon
an appropriate shift of the integration momentum. Substituting the result
given in (14.20) and substituting n = 4 in the residue of the 1/e term gives
the result quoted in (14.22).

Finally, the result for the integral (14.23) follows from Lorentz invariance
and the symmetry in pu, v, p and o, from which one deduces that the tensorial
structure of the integral must take the form indicated in (14.23). The infinite
proportionality constant is then determined by contracting the integral by
N nP°, which leads to a factor ¢* in the numerator of the integrand, which
can be modified by adding m? terms to cancel against similar terms in the
denominator. Again this modification introduces only finite terms. On the
right-hand side the contraction leads to a factor n(n + 2). Comparing this
result with the integral (14.19) then gives the above result after substituting
n = 4 in the residue of the 1/¢ pole.

We are now fully equiped to extract the ultraviolet divergences, first from
the diagrams with a fermionic closed loop, and subsequently from diagrams
with external fermion lines. Fortunately, some of the diagrams were already
calculated in chapter 9 for the abelian case and the results were listed in (9.31-
9.33). For these diagrams only minor changes are required and the result can
be written down without much work.

(a) Vacuum polarization diagram

This diagram is the same as the diagram calculated in chapter 9 except that
the coupling of the gauge field to the fermions is not equal to —iey,, but to
gtqyu. Therefore in the expression for the vacuum polarization diagram (cf.
9.31) a factor —e? is to be replaced by g2 Tr (t,t;). Furthermore there will
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be a factor Ny because we have to sum over the contributions of the various
fermion multiplets. Hence we obtain

2, €
a im g p 1 a
%0 (k%) = =Ny Ca(R) g2 ) (K0 — Kuky) - (14.24)

The divergent term is cancelled by the contribution of the first term in the
counterterm Lagrangian (14.14).

Pap

(a)

+
Pau q T Pa o
q ‘ q + Da + Do
Pd,o DPe,p
q — Pd

Figure 14.1: The divergent diagrams with one closed fermion loop: the vacuum
polarization diagram (a), the triangle diagram (b) and the box diagram (c).

(b) Triangle diagrams

As shown in fig 14.1 there is a divergent diagram with three gauge fields
attached to the fermion loop. At first sight one may think that this diagram
will also appear in the abelian theory. Strictly speaking this is indeed so, but
one should be aware of the fact that there are in fact two different diagrams,
depending on the order in which the gauge-field lines have been attached to
the fermion line. In the abelian case these two diagrams cancel exactly (at
least for pure vector coupling). This is a consequence of charge-conjugation
invariance: according to Furry’s theorem fermion loops with an odd number
of abelian gauge fields attached in all possible ways cancel (see problem 8.1).
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Let us now consider the triangle graph with three gauge fields carry-
ing group indices a, b, ¢, polarization indices u, v, p and incoming momenta
p®, p?, p°, respectively; they are attached in this order to a closed fermion line
(when following the orientation of the fermion line). The expression corre-
sponding to this diagram is

aovc a c dn
T,ul;p(p 7pb7p):7Nfg TI‘(t ty ta )/ (

)
T [(—id o+ m)y (il - zzf m) (—i(d + ) + m) 7]
. .

(-
(¢* +m?)((a —p°) +m2) q+p®)? +m?)

n

(14.25)

Note that we have included a minus sign for the closed fermion loop and
divided by a factor i(27)™ in order to compare to the lowest-order vertex (cf.
9.29).

The divergent terms in (14.25) come from the terms in the numerator pro-
portional to ¢2 or ¢2. The term proportional to m ¢? is proportional to the
trace over an odd number of gamma matrices, which vanishes. Hence the
relevant part of the trace in the numerator is

Tr (ot — B0 dvady + B vudpdre] - (14.26)

At this point one may use the expressions for the divergent integrals (14.21)
and (14.22) and then evaluate the spinor trace. However, we find it more
convenient to first perform the trace and then use the expressions for the
integrals; here the reader should realize that the trace can be directly evaluated
in n = 4 dimensions, as we are only interested in the residue of the 1/¢ pole
term. Before evaluating the trace, we may use the relation

dvud = =" v+ 2qu d (14.27)

to reduce the number of gamma matrices inside the trace. One is then left
with a trace over four or two gamma matrices, which is easily computed (cf.
appendix E.4 or 9.4). A few lines of calculation show that (14.26) is equal to

4i{mu[q2(p“ +0° = @)p — 24 D Q) + Mp [~ (0" + P° + Q) + 20 P q]
+ Do @ (=P + 0° — @)v + 44,000 + 20,9, (" — )

—2quq.p, + 2qqupﬁ} ,
(14.28)
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Using the expressions for the divergent integrals (14.19- 14.22), this leads to

Tabc a b ,c — _iNsTr (.1t M€g31
Hup(papap)_ LNy (cba) 67T2€

X i (0 + 20 = up (0" + 26 = Mpu(0° = P°)y | - (14:29)

By virtue of momentum conservation, p® + p® 4+ p¢ = 0, the last factor can
be written in a more symmetric form: —{n,,(p* — p*), + M, (P — P°), +
Npu(P® —p°)v }. When combining the two possible diagrams, corresponding to
inequivalent attachments of the gauge fields to the fermion loop, this term
remains as an overall factor while there will an additional term in the trace,
which becomes Tr (¢.tpt, — tptcts). Using (14.27) we then obtain the following
result for the divergent gauge-field coupling induced by a fermion loop,
b b : dim R peg® 1
Z szlc)(pa,p apc>:1NfCQ(R)%fabc—_

) 672 €
diagrams

X {an(pb - pa)p + Nvp (p° — pb)u + Upu(pa - pc)l/} . (14.30)

Clearly, for an abelian theory this result vanishes in accord with Furry’s the-
orem. Note that the infinite part is proportional to the lowest-order cubic
gauge-field coupling, which is an obvious requirement for a renormalizable
theory. This infinite term is cancelled by the contribution from the second
term in the counterterm Lagrangian (14.14).

(¢) Boz diagrams

The box diagrams of a closed fermion line with four gauge fields attached with
indices u, v, p,o and a, b, ¢, d, respectively, in an order that coincides with the
orientation of the fermion line, corresponds to the expression

Birea(p®,p”,p¢p") = =Ny g* Tr (tatctyta) / i(;%
I [(d = im)yo (d = #7 = im) v, (d+ #° + #° — im) v (d + 9" — im) ]
(@ +m2)((a—p"? +m?) ((q+p* +p)? +m?) (¢ +p)* + m?)
(14.31)

Again we included a minus sign for the closed fermion loop and a factor Ng
for the sum over fermion representations, and we divided by the usual factor
i(2m)L.

The divergent terms originate from the ¢* terms in the numerator so that
the relevant part of the trace is

Tr [d'Vaql'Vpd'Vud'Vu} . (14.32)
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Also the external momenta in the denominator may be suppressed when cal-
culating the divergent terms. Using again (14.27) to reduce the number of
gamma matrices we find,

4{(]4 [nﬁw Npo + Nuo Mvp — Nup 771/0]

- 2(]2 [77;w 4p90 + Mo Gudp + Mvp Qudo + Npo quu] + SQMQVQPQU} .
(14.33)

Substituting the results for the divergent integrals (14.19 - 14.23) this leads
to

Bebed(p pb,p°,pt) =
,LLG g4

1
Ny 67 ¢ Tr (tgtets ta){nw Npo + Mo Mvp — 2Mup 771/0}- (14.34)

This result must now be combined with that of five other diagrams where the
gauge fields have been attached in an inequivalent order to the fermion loop.
As the external momenta have been suppressed, this amounts to taking the
linear combination

abed abdc acbd acdb adcb adbc
Buupa + Bul/o’p + B npvo + B npov + B;,La'pl/ + B;,Lallp (1435)

The result then becomes proportional to traces of products of two commuta-
tors. Summing all contributions and using the last result in (14.8) yields

Bab(,d N:Co(R d]LRN’Engl
Y. Biloa ' ptp?) = Ny Ca(R) G £ —

diagrams

X {nuu ures (face fbde + fade fbce) + Nue Mvp (fabe fdce + face fdbe)

+ Npp Mvo (fabe fede + fade fcbe)} . (14-36)

Clearly this result vanishes for abelian theories, as we know from quantum
electrodynamics (cf. problem 9.2). The above ultraviolet divergence is just
proportional to the lowest-order quartic gauge-field vertex, which makes it
consistent with renormalizability. It cancels against the contribution from the
last term in the counterterm Lagrangian (14.14). (9.32)

(d) Self-energy diagrams

These diagrams are the same as the diagram calculated in chapter 9, except
that the gauge field couples to the vertex with a factor gt,y, rather than
with —ievy,; furthermore one must sum over the contributions of the various
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e < -

Figure 14.2: The divergent diagrams with external fermion lines: the self-
energy diagram (d) and the vertex diagrams (e.1) and (e.2)

gauge fields. Consequently the factor e must be replaced by Ca(R) times the
unit matrix (cf. 14.3). From comparison with the results quoted in (9.32) we
thus obtain straightforwardly

g2 ME

Z(p) = 702(R) 72

% (mB+A72) +ipr?), (14.37)

for each fermion. Observe that we do not indicate the group-representation in-
dices of the fermions; (14.37) is thus proportional to the identity matrix in the
corresponding space. The divergence is precisely cancelled by the contribution
from the first term in the counterterm Lagrangian (14.15).

(e) Vertex diagrams with external fermions

There are two types of diagrams, indicated by (e.1) and (e.2) in fig 14.2. The
first one is known from quantum electrodynamics and was already calculated
in chapter 9. We take the result as quoted in (8.36) after replacing ie® by
P tytaty,

3 ,,€
2 g p 1
=—(Ca2(R) — $C5(G)) A2 57 - dntes (14.38)

)]
where we used the second line of (14.8).

The second graph (e.2) is not present for the abelian theory and involves the
cubic gauge-field vertex. Before writing down the corresponding expression, let
us first consider a useful intermediate result, which will also be convenient for
the calculations in subsequent sections. Consider a cubic gauge-field vertex,
where a gauge field with incoming momentum ) and indices i, a couples to
two gauge fields with incoming momenta q— ;Q and —q— %Q, and indices v, b
and p, ¢, respectively. To each of the latter two gauge fields we have connected
a propagator (cf. fig 14.3). The expression corresponding to this diagram will
be written as (we ignore factors i(27)%)

! V, (qu_ %Qa_q_ %Q)a (1439>

9o IR g+ Q)
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where

Vul/p(Qa q— %Q7 —q — %Q) = Nup (q + %Q)V + Ny (q - %Q)p = 2Nup qu
(1- /\72)((1 - lQ)V
- (¢ — %Q)QQ [nup ((g+3Q)°-Q%)-

(a+ 3Qula + 3Q), + Q)|

(1-2")(g+3Q), 12 A2y
gl G

(4~ $Qula — 3Q) + Q@

o2

(¢-3Q)%(¢+3Q) 8 :
It is now relatively easy to write down the expression for the vertex diagram
(e.2),

[Aﬂdmﬂ@)Z
if/‘w@ favetote " (—if — 3i(p+ ') + m)y?
i2m)" ((g+ 50+ )2 +m?)(q — 3Q)%(¢ + 5Q)?
X V,pr(qu - %Qv —-q— %Q) (1440)

where (Q = p’ — p is the incoming gauge-field momentum and p and p’ are
the momenta of the incoming and outgoing fermion, respectively. The gauge-
group factor can be rewritten using the first result in (14.8). As the integral
is only logarithmically divergent, one can ignore the external momenta in the
numerator. This yields

856 p)] =

13 d"q 7’
19" CA0) | o (T e SO 0P

Nup v q2 — quqvqp
(¢ —3Q)?

} } + finite terms,

X {nup Qv+ Nuw dp = 20wp qu — (1 — )\_2)[

Nuv dp q2 — qudvdp
(¢ + 3Q)?

(14.41)

where we used again (14.8); the terms proportional to (1 — A72)? were su-
pressed as they give rise to finite contributions. Writing out the various terms
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in the above expressions, changing ¢ terms in the denominator by (g + %Q)Q,
whenever possible, to cancel them against similar factors in the denomina-
tor, one is left with integrals of the type discussed before. A straightforward
evaluation then shows that

/ 3 NV
M6 p)] = =30(@) 0427 g St (14.42)

The combined contribution to the fermion vertex diagram is thus

gPpc 1
A;(p',p):_{cg(R) A2 4 10y (@) (3-1—)\_2)} L uta. (1443)

This divergence is cancelled by the contribution from the second term in the
counterterm Lagrangian (14.15).

We should point out that there is a subtlety with the vertex diagrams. As
we already discussed extensively in chapter 8, these diagrams are also infrared
divergent. Those divergences only manifest themselves when the fermion mo-
menta approach the mass shell and the momentum transfer @? tends to zero.
Hence one must be careful in taking certain limits when extracting the ultravi-
olet divergent terms and not drop the dependence on the external momenta in
the propagators too early. In the expressions derived for the divergent integrals
(cf. 14.19 - 14.23) this problem does not arise when the masses in the denom-
inators are nonvanishing. Nevertheless, we may still apply these expressions
for zero mass, as long as we avoid putting the external lines on shell. These
subtleties are important in quantum chromodynamics. In the next section we
will discuss the infrared divergences in a little more detail.

0.

+10-%,

Figure 14.3: A cubic gauge-field vertex with two propagators attached, as
described in the text.
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14.4. Vacuum polarization; ultraviolet wversus infrared diver-
gences

The evaluation of the one-loop graphs for the pure gauge theory, which
consists only of gauge and ghost fields, is considerably more complicated than
that of the diagrams considered in the previous section. Nevertheless, in or-
der to establish the renormalization of the theory at the one-loop level, it is
necessary to compute them all. This will give us ample opportunity to exhibit
all the intricacies of diagrams that involve gauge fields.

In principle we will be interested in the ultraviolet divergences. However,
in this section we present a detailed treatment of the full one-loop vacuum
polarization for the gauge fields, in order to exhibit the subtleties that one
encounters in diagrams that are both ultraviolet and infrared divergent. The
presence of the latter is caused by the fact that gauge and ghost fields are
massless (at least in covariant gauges without spontaneous symmetry break-
ing). The relative simplicity of the vacuum-polarization diagrams is such that
we can explicitly demonstrate their most salient features. Some of this ma-
terial will again be relevant in the next chapter on perturbative quantum
chromodynamics. In the following section we turn to the diagrams with three
or four external gauge or ghost fields. There we restrict ourselves to the ultra-
violet divergent part, without paying attention to infrared divergent or finite
parts.

The diagrams that contribute to the vacuum polarization are of three kinds,
as is shown in Fig. 14.4. We first concentrate on diagram (a.1), which involves
two three-point indices for the gauge fields. The Feynman rules given in section
13.5 yield the following expression

d"q 1
Hab k =14 ac c /
0], = 40" et et | o TP IR

+ nup(_q + %k)o' + 277p0'qu] Vupa(ka q— %ka —q — % ) ’ (1444)

_g—3
)2[77#0( q gk)p

where here and elsewhere in this section we include the standard normaliza-
tion factor [—i(2m)4]=! (cf. (2.64)). Here the indices ¢, d and p, o refer to the
internal gauge-field lines. Note the factor 1/2, which is required to avoid over-
counting of the diagrams, as all possible ways of connecting to the vertices
are already included in the definition of the three-point vertex. Substituting
the expression for V,°?, a straightforward but somewhat lengthy calculation
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gives

ab d"q 1
o) i) (q— 1h)2(a + 107

% { (K2 +26) 1 + (4 = 6)g,0, — Bk — (1= A2 Kk,

1—)22

+ {— (* — (g + %k)2)2mw + ((g+ 1k)? - 2k%) quq0
(q - §k)
+ ((g+ 3k)* = 55%) (quko + kugy)

(1 = g+ 50 Rl |

71_)‘_2 2 17.12)2 1742 2
+(q+lk)2 {*(’f —(a=55)%) " + ((a = 55)° = 2k%) quan
2

— ((a— 3K)* = 3K) (quks + kpay)
+ (8 = 3(q — 1)) bk |
(1-22)°
(¢ — 3k)2(q + 3k)?
+(q- k:)Qk:Hk:l,} } :

= —égQ Ca(G) 5,11,/

+ {k4ququ - k2q -k (qul/ + kuqu)

(14.45)

To simplify this expression we first collect all terms with an explicit factor (¢4
%k)Q in the numerators, cancel them against similar terms in the denominator,
and shift the integration momentum ¢ to q F %k We also bring the terms
over a common denominator whenever necessary to make the denominators



478 Renormalization of gauge fields [Ch.14

symmetric under £ — —k. The result of this is

ab .
{H“”(k)}u) N
9 d"q 1
—g C2(G)5ab/.(2ﬂ_) (q——k:) (q—i—%kﬁ)Q
< L (2R + @) s + (20 — 3)qugy — 2kpk, — 11— A72) kukl,}
) 1
9 C(G) 8 / i@n)" (q— Th)i(q + Tkt
X { [ k(¢ + 267w — 2( + 26%) 40

— 30+ b (@uky + hua) + (@ + 50%) bk, |
+3(1-27%)? |:k4quu — k2q -k (quky + k) + (g - k)Qk:ukzy] }

dg 1-X72
2 -4 - 2 2
g° C2(G) 5ab/i(27r)n 7 {(k q )mtquuqu}.

(14.46)

Before we further evaluate the above expression, let us turn to the other two

. -

o0 o

cSee®

Figure 14.4: The vacuum polarization diagrams for the gauge fields.

diagrams (a.2) and (a.3). The diagrams (a.2) follow directly from the four-
point vertex. Again, we divide by a factor 2 to avoid overcounting. The result
reads

ab _

|:H,uu(k)1| (2) -
d"q 1 _0.q”q°
2 o 2
9~ faca fbcd/ (27T) [WW Npo — Nup 771/0} q_2 {Up — (1 - A ) e }
dqg n—1 11—\

__ 2 -
=g CQ(G) Oab / i(27‘f‘)" { q2 Nuv q (77,ul/ q q,uQV)} )

(14.47)
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The third diagram (a.3) gives rise to

d"q (g + 3k)ula — 3k)
00 (k)| = =0 facd fode : i f 2
{ LS) / (2m)" (¢ = 3k)*(q¢ + k) (14.48)

d"q GGy — 2kuk,
2 G M 1
26 i2m)" (¢ — 3k)*(q + 3h)?

where we included a minus sign for the closed ghost loop and the proper
normalization factor. In the last line we dropped the terms in the numerator
that are odd in gq.

Combining the expressions for the three diagrams gives

d"g 1
i) (g — 3K)2(q + 3077
x {(n =2 = (¢ + 1K) Mo + 20,0.] + 20k — ) }

2 -2 d™ 1
~ 0@ 03 | e

x { —K22¢% + k) quqn + [3(® + 2622 + (k- 9)?] K s
+[5(6® + 1K) = (@ + 1) (P — kuk)
+32 =27 [Kua — kg k (@b, + k)
Jr

(q- k)QkukU} } .

28 () = —g% Ca(G) bup /

(14.49)

In order to extract a common denominator, we shifted the integration mo-
mentum in the terms proportional to ¢~2 and ¢~* and multiplied numerators
and denominators with the same factors.

For large ¢ the integrand in the above expression behaves as ¢~* and lower
powers of g, so that we are dealing with quadratic, linear and logarithmic
ultraviolet divergences. In addition there are infrared divergent contributions,
associated with ¢ = i%k. In principle we could ignore all this and just calcu-
late the integral in n dimensions, encountering 1/€ pole terms associated with
these divergences. However, in this way we would not be able to distinguish
between ultraviolet and infrared divergences. This could be troublesome as the
prescriptions for dealing with the two types of divergences are rather different.
The ultraviolet divergences are removed by renormalization, as we explained
in previous chapters. In contrast, infrared divergences are usually expected to
vanish at the end of the calculation when computing physical results, such
as cross sections. We demonstrated this already in section 4.6 and 9.6 in the
context of quantum electrodynamics. Nethertheless the infrared divergences
are encountered at an intermediate level, such as in the expression (14.49).

—2
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The first integral contains terms proportional to [(g+3k)?(q— 3k)?] _1, which
generically give rise to a logarithmic divergence at k2 = 0; the second integral
contains higher powers of (¢ + %k)_2, which may give rise to infrared diver-
gences that are independent of the value of k2. All these divergences must
be treated in a consistent fashion. This is notoriously difficult for nonabelian
gauge theories. The simplest method is to introduce a small cut-off mass, as
we did in chapter 9 for quantum electrodynamics. However, in that case the
presence of the photon mass only causes minor violations of gauge invariance
and does not affect the renormalizability of the theory. In the nonabelian
gauge theories, where the gauge fields are self-interacting, the effect of the
cut-off mass is much more severe. As mentioned above, dimensional regular-
ization can also be employed for dealing with infrared divergences, but unlike
for ultraviolet divergences the 1/¢ poles are not cancelled at an intermediate
level by some sort of renormalization scheme and one has to keep these terms
until the end. If one knows that the quantity one is calculating is free of in-
frared divergences, then one could of course suppress all such divergences at
intermediate levels of the calculation. There exists such a subtraction scheme,
similar to minimal subtraction in the context of dimensional regularization,
which can be used for this purpose. We will not discuss it here and refer the
reader to the original literature.

Before proceeding we want to present some typical integrals. First we recall
from section 9.3 that one can show by standard methods that

d’ﬂ/
/(612—)‘1& =0, unless 2a = n. (14.50)

The question that arises is how to evaluate the integral over ¢—*. Clearly this
integral has both an ultraviolet as well as an infrared divergence. As the inte-
grand behaves as ¢"~° for large (Euclidean) momenta, analytic continuation
to dimensions n > 4 leads to and integral that is infrared but not ultravi-
olet finite, while continuation to n < 4 makes the integral ultraviolet but
not infrared finite. Consequently there is no region in the complex-n plane
for which the integral can be given a well-defined meaning. However, we can
combine dimensional regularization with some other method to separate the
divergences. For instance, let us insert a small mass x and, by dimensional
regularization, evaluate the integral

d"q . o1 K2
/m =2 {0+ b+ i VR ()} (14.51)

which shows the ultraviolet divergence as a 1/¢ pole and the infrared diver-
gence as a In k term. Alternatively we can introduce an ultraviolet regulariza-
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tion depending on a large cut-off mass A,

dn A2 1 A2
e Y Cha 2/ dz /d"q - T, (14.52)
¢ g+ 0 (¢* + A%(1 —x))

where we introduced Feynman parameters using (9.27). Performing the n-
dimensional integral gives

1 1 L
im?T2¢ AC / de x(1—z)" T2, (14.53)
0

which can be evaluated by means of the standard formula for the Euler beta
function

oo CTla+1)D(B+1) _
/de:c (1—z)f = Mot 512 =Bla+1,8+1). (14.54)

The result is

d™ A2 1 A2

q—f m=2i7'r2{;—%—F%’YE"F%IHF-FO(G)}. (14.55)
The 1/e pole in (14.55) characterizes the infrared divergence and appears with
opposite sign as compared to the ultraviolet pole in (14.51). Observe that the
infrared pole emerges from the integration over the Feynman parameters. This
is typical for infrared divergences.

When straightforwardly applying dimensional regularization, the 1/€ pole
terms due to the ultraviolet and the infrared divergences cancel, and so do
the finite remainders. However, when extracting the separate ultraviolet and
infrared divergences one must remember to include these integrals appropri-
ately, in spite of the fact that their combined result equals zero.

After this digression we continue the evaluation of the vacuum polarization,
keeping track of what the precise nature is of the various divergences. It is
not difficult to show the expression (14.49) is conserved, i.e. that it vanishes
upon contraction with k* and/or k”. Here one uses that k - ¢ and ¢* + ikQ
are proportional to the difference and the sum, respectively, of the two de-
nominator factors. By partial fractioning the integrand and suitable changes
in the integration momentum one proves the desired result. Alternatively, on
can use (9.39) to evaluate the integrals with two uncontracted momenta in
the numerator. Either way one concludes that (14.49) must take the form

180 (k) = g° Co(G) 6" T1(K?) (K*nuw — kuky) (14.56)

where TI(k?) follows from taking the trace over p and v of both sides of the
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equation and using (14.49),

n(kz)_/ d"q 1 {(n—2>2q2+ik2_%n*1}
) i@m)m (g - 3k)2(g+ $k)2 0 n—1 k2 n—1

1 A2 d"q 1
=/ i) (¢ = $h) (g + 38)1
x{(n= 3@+ 1K + Lk 4 nlg- ) — (n = DR (¢ + 14?)
+12-A) (e (k) |
(14.57)

We can further simplify this expression. The first term in the first line can
be dropped, as it can be written as an integral over 1/¢? (up to a term
antisymmetric in ¢) by shifting integration variables. Then in the first term of
in the second integral (¢>+1k?)? can be replaced by (q+3k)? (¢—1k)*+(q-k)>.
Finally, one observes that

n—4 2(q-k)? — k*(¢* + 1k?)
(@+3k)2(@—3k)?  (¢+3k)* (¢—35k)* ~

(14.58)

which itself does not give rise to infrared divergences associated with ¢ = :I:%k,
is a total divergence which can be dropped in the n-dimensional integral.
Making use of this, we obtain the expression

d"q 1
II(%? :/
U= ] im0 SRR+ 1hp
" —2n2 +5n— 1+ A"2(2n? — 8n + 3)

2(n—1) (14.59)
1-A"2 [ dy 1
-1 /i(QW)" (¢ — 5k)* g+ 5h)*

< {(a-1)? =4 = 2= A2 (¢ - (a-0)) |

Only the first integral is ultraviolet divergent. The infrared divergences as-
sociated with ¢ = +1k are absent in both integrals; in principle the terms
proportional to (¢ % )~* give rise to such divergences, but the numerator
in the second integral of (14.59) vanishes for ¢ = j:%k, thus suppressing this
singular behaviour. Only for k2 = 0 do we encounter infrared divergences in

the form of log k2 terms.
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14.5.  One-loop divergent graphs; gauge and ghost fields

After this explicit computation of the gauge-field vacuum polarization, we
turn to an evaluation of the remaining one-loop divergences for the pure gauge
theory. We try to follow the set-up of the previous subsection but concentrate
as quickly as possible on the ultraviolet divergent terms. Therefore we drop
contributions that are finite by power counting. First we give the result for the
gauge-field vacuum polarization and then consider the diagrams with three
and four external gauge fields. Finally we turn to the diagrams with external
ghost lines, which are fortunately relatively easy to compute.

(a) Diagrams with two external gauge fields
These are the diagrams considered in section 14.4 (cf. fig. 14.4). We only have
to extract the ultraviolet divergent part of (14.59), which equals
2 €

gl

— (K*nu — kuky) . 14.60
4872 ¢ ( e " ) ( )
These divergences are cancelled by the contribution from the counterterm
Lagrangian (14.16).

65 (k) = (13 = 3A72) Co(G) 6*°

(b) Diagrams with three external gauge fields

The one-loop diagrams with three external gauge-field lines are shown in
fig. 14.5. Let us start by giving the expressions corresponding to each of these
graphs. The diagram (b.1) gives

[TSIZZ(P“anaPC)} e 19° fade fodf feef
X/iégn( V_HGLT(Q;q_ %1(2_2 __%1 )2
q—35Q)*(¢+3Q)*(a— 3P)
X {(— —3Q+ P)onur+ (—¢+Q — 3P)a 1o
+(20-3Q — $P)umas }
x {(q —3Q = P)rnpy + (g +Q+ 3P)x npr
+ (=20 3Q+3P)p o |

: L, (g=iP) g - iP)Y
x{n/\/\—(l—)\ ) (- 1pp }

(14.61)

where the momentum assignments are shown in the diagrams and @Q = p® and
P = p®—p°. This diagram does not need any combinatorial factors. It contains
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terms that are linearly and logarithmically divergent. Collecting terms in the
integrand that behave asymptotically as ¢~2 or ¢~* leads to the expression

Tt 8] | = 0" Ca(G) fne

o / . d"g 1
i2m)" (¢ — 5Q)*(g + 3Q)%(q — 5 P)?
< {4=2) (6000, — 30,0.(P = Q) — $0,0,(P + Q).]
FA 2 [ dp g (P+Q) +1up v q- (P~ Q) + 204 q- P
—A (g~ %P)Q [n#V(%PP - %Qp) + Wp(%Pv + %Qv) - 277,,pP#]}
(14.62)

where we made use of (14.9). For the moment we leave the answer in this
form, as we shall encounter similar expressions in diagram (b.3).

Figure 14.5: The diagrams with three external gauge fields.

The next diagram (b.2) requires a factor 3 to avoid overcounting, and has
to be combined eventually with two similar expressions related to different
attachments of the external lines. The expression is

[T[Zﬁ,i(p“,p”,pc)} @~ —2i9% faae(foap fees + focs faer)

o / d"q 1
1(2m)" (¢ — 2p*)%(q + $p*)?
X {Vuyp(p“, q—3p% —q—1p") = Vi (p*,q — 2p*, —q — %p“)} -
(14.63)

As we are interested in the ultraviolet contribution, we can suppress those
terms in V), that behave as 1/¢. The linearly divergent terms drop out,
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either by antisymmetry in v and p, or by symmetric integration, and we are
left with (using (14.4) and (14.9))

. . . d"q
Tabc a b  c — _3:,3 Co (G . C/
|: ,uvp(p PP ):| 2) 519 2( )f b ’L(27T)n
y { S (up 02— 0?) (1= A2 a2 (a0 15 — 1S q,) } (14.64)
(a— 3p")%(q + 5p")? (g — 5p7)*(q + 3p°)*

The other two graphs follow by interchanging i, a with v, b or p, c. As the inte-
gral is only logarithmically divergent we may suppress the external momenta
in the denominator. One then easily combines the three graphs and obtains

d"q

Tabc a b c:| — _3;.3 ac/
Z |: ,ul/p(p P ap) ) 219 CQ(G)fb 2(27_0”

diagrams

% {ymp (P* —P)v + N (r° — P*)p + Mvp (P° —Pb)u

2 4

q
a b

b1 - a2yl (P* —1")p + 4ulp (p6
q

C

=) + @y (P — P9, }

(14.65)

Finally we have the diagram (b.3) with the ghost loop. The following expres-
sion corresponds to a particular attachment of external lines, namely the one
where the external lines with group indices a,b, ¢ are attached in this order
to the ghost line, following its orientation.

d"q
i(2m)m
(—a+35Q)u(=a~ 3P)u(~q— 3Q),
(¢ —3Q)%(¢+3Q)%(q + 3P)?

The expression for the second diagram corresponding to the alternative at-
tachment of external lines follows from interchanging the momenta p® and
p¢ (so that P — —P), as well as the indices v,b and p,c. To bring the re-
sulting expression over the same denominator, one changes the integration
momentum g — —q. The combined result of the two diagrams is then

[Tt 0% |, = =i e Fora s |

(14.66)

S [Teewt )] = —Lig? Ca(G) fune
diagrams ®)
y / 4" —2qu009 + 399 (P — Q)p + 56u0,(P + Q).
i(2m)m (¢—3Q)%(¢+ 35Q)* (¢ — 3P)? ’

(14.67)
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where we used (14.9). This expression is identical to the first line in (14.62),
so it can readily be combined with the diagram (b.1).

We now use the formulae (14.23 - 14.23) to extract the ultraviolet divergence
in (14.62), (14.65) and (14.67). The combined result for all the graphs of
fig. 14.5 reads

abc(,a b ,cy _ i 3 \y—2 ME 1
T,u.l/p(p 07, p°) =1ig” A )CQ(G)fabcmg

X {(pa - pc)l/ Nup + (pb _pa)p Nuv + (pc - pb)u 77p1/} . (14'68)

This divergence is cancelled by the second term in the counterterm Lagrangian
(14.16).

(¢) Diagrams with four external gauge fields
There are four types of one-loop diagrams with four external gauge fields.
These diagrams are logarithmically divergent and their divergent part can
be extracted conveniently by setting all external momenta to zero. As men-
tioned previously, the integrals are also infrared divergent, but using the re-
sults (14.23 - 14.23) for the divergent integrals, one correctly extracts the
ultraviolet divergences.

With zero external momenta the expressions coresponding to the various
graphs become relatively simple. Let us start with the first diagram of fig. 14.6,

nvpo

[Babcd(0,0,07o)} -
(1)
dnq 1 Iy
4 AT /A 14.69)
ae elJc —— =V 0; y V 0; » (
0 focs e S Jon. [ g < Vi (0.0, ~0) V7™ (0.0.=0)
X [q)\’ Mo + ax v — 2QU 77)\/\/] [Q‘r Nor’ + qr' Nor — 2(]0' 777'7'/] .

To this result we must add two similar expressions corresponding to diagrams
with inequivalent attachments of external lines. No combinatoric factors are
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required. Evaluating the expression under the integral one obtains

d"q

Babcdoooo} =gt f. f /_
|: ;,LupU(? s Yy )(1) g f ffbg fhgfdfh ’i(2ﬂ')”

5 {)\74 Nuv Mpo + Nue Mvp

q4
-2 —on NMuv 9p90 + NMue Qwldp + Mvp Qudo + Npo 4uly
+ A (4—)\ ) -
4 (16(n — 1) — 16A~2 + 2074 W} (14.70)
q

_ pe 1
=g faef fbge fchg fdfh 19272 ¢

x {(48 +32)72

+ 14)\74)(7”1/ Npo + Nuo 771//)) + (48 — 16A™% + 2/\74) Mup UUG} '

The second diagram (c.2) does not require combinatorial factors either and

Figure 14.6: The diagrams with four external gauge fields.

has to be combined with five similar diagrams corresponding to inequivalent
attachments of external lines.

. d?q 1
Babcd0000:| — 44 whe foe /—_VT/\O _
|: ,ul/po’(7 s Uy )(2) g fh fbg 1(27T)n q6 N (aQ7 Q)
! 9 q/\,q"',
X [ax o 4 ax mox — 2qu M| [77 T-(1-279) 2 ]

X {Upa Nrrr (fgek frak + Fodk frek) + Moz Mrp (fank fack + foek fank)

+ Npr' Nor (Fank fedr + fodr fchk)} :
(14.71)

The product of the last line and the terms in front of the integral sign do not
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involve the integration momentum ¢g. They can be written as

g4 fahe fbeg (fgck fhdk + fgdk fhck) (npa Nrrr — %npf Nor! — %np'r’ 7707')

- 94 fahe fbeg (fghk fcdk + %fgck fhdk - %fgdk fhck) (np'r Nor’ — Npr’ 770'7') .
(14.72)

It should be noted that the (anti)symmetry in 7 and 7’ is correlated with
the (anti)symmetry in ¢ and d. The factor in front of the second line can be
simplified by using the Jacobi identity (13.2) and (14.9); it becomes equal
to f% g% fave fede C2(G). Now we turn to the integrand, which contains the
following combination of terms

d”™ /
/ . qn{ o (4 o A_2)(1 o )\—2) Q;LQV%TQT
i(2m) q
B )\72 Nur Quvqr’ + 277;“'/ qQvqr + 2771/7 quqr’ + Nvr dudr
q6
+ )\74 Nuv (]67(]7'/ +4 Nrr’ g;ﬂ]u + A2 Nur Zu‘r’ }
q q q

K 1{ -2 —4
- —1(2 A A v /irr!
19272 ¢ (20+5 + AT M
— (A =1TA + XY s nur
—(A+19A2 4 A Y nw} _
Contracting (14.72) with (14.73) we obtain

[Bgﬁ;i(o, 0,0, 0)} @ 3" fahe foeg (Fock frak + Fodi Frek)

(14.73)

€

€

peo 1 _ 4
X 192 72 2(4 AT ) (nup NMvo + Nuo Mvp + 1310 npa) (14.74)
-2 4 e o1
+ 27277 g" C2(G) fabe fede 1992 - (Nup Moo — Mo Nwp) -

For diagram (c.3) we first consider the product of the two vertices and
contract over the group indices. For one vertex we take indices au,br for
the external lines and indices fu’,gv’ for the internal lines; for the second
vertex we choose indices ¢p, do for the external lines and indices fp’, go’ for
the internal lines. Later we have to include two more graphs with inequiva-
lent attachments of the external lines. The product of the two vertices and
propagators then takes the following form

29 fase foge (Muw Nuwrvr — Nywr Moy ) + Fave Frge Mg Mo
+[(ap) < (bw)]} AFS A

X { feger fage (Tpo Moo’ = Moo Nopt ) + feder fraer Nop Moo
+ [(cp) = (do)]} .

(14.75)
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The factor % was included to avoid overcounting. We note that each vertex
consists of six different terms (cf. table 12.3), three of which can be obtained
from the others by the interchange of the external-line indices. For the moment
let us work out the terms that are given explicitly,

Babcd0,0,07o] -
[Biss0.0,0.0)]

d"q_ f Mup
1 4
§g fafe fbge fcfe’ fdge’/i(27r)n{ HT14 d

(,” 3 )\ 4) v Ipo (] )\ ) up dv4o vo 4pHp
—4 TIMV qPqU + 77P0 quql/ —2\2 quVqPqO

A% (20 Moo — 2o Moo 4 210 Ty
+%9402(G) fabe fcde/ a { T Tlp e Tvp pp Nvo

i(2m)» 7
+2(1- A~2) Nuo Qlp + Mvp quldo (;3 Npp Qo — Mvo Qulp
Sl Nuv 9p90 (;; Moo 4l }

+ three more terms
=~ 30" fuse fuge fese Tage 7o+

x {(13 F10A 2+ A 1 Mo

+ (=222 A oy + (37 = 2072 + 130 1 n,m}

¢ 1
_94 CQ(G) fabe fcde a -

6472 ¢
o {2004 A7)0 s = o ) + (B4 A7) 1 7 |
+ three more terms.
(14.76)

where the “three more terms” follow from the appropriate interchange of the
indices. The factor Co(G) arises from the use of (13.4) and (14.9).

Finally consider the diagram (c.4) with the ghost loop. It does not require
a combinatorial factor and must be combined with five other diagrams corre-
sponding to inequivalent attachments of the external lines. As the integral is
only logarithmically divergent we may suppress the external momenta. The
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corresponding expression is

d"¢  qu0940
i2m)r ¢

[Bzgzg(0,0,0,0) n - *94 faeh fbfe fcgf fdhg/

e o1
94 faeh fbfe ngf fdhg W E (77;“/ Moo + Nup Mvo + Nuo 771/p) .
(14.77)

It is relatively easy to combine the expressions for the four graphs (c.1-4).
Rather then first combining the three or six graphs of each type correspond-
ing to inequivalent attachments of the external lines, and then add all contri-
butions, we note that the summation over different external-line attachments
can be postponed until the end, where we then symmetrize over the index
pairs (i, a), (v,b), (p,c) and (o, d) of the external lines. There are twelve such
permutations and we have to correct for that, as there were only three in-
equivalent attachments of external lines for the diagrams (c.1) and (c.3), and
six for the diagrams (c.2) and (c.4). So we first multiply the expressions for
the diagrams (c.1) and (c.3) by 1 and those for (c.2) and (c.4) by 4 and then
add their contributions, after which we include all twelve permutations (be-
cause of the symmetry properties of the various graphs some of these twelve
permutions will simply lead to identical results). According to this strategy
the “three more terms” in (13.e18) can be counted as identical.

Let us now first add all terms proportional to the following product of four
structure constants, fahe foer ferg fagh- By virue of the antisymmetry of the
structure constants this product is symmetric in a and ¢ and in b and d. In
some of the terms in (13.e16) and (13.e18) the indices are contracted differ-
ently, but those terms can yet be brought into the same form by interchanging
the indices (p, ¢) and (o, d) of the external lines. The result reads

1 _
9" fane foef fepg Fagn ;{(4 = 3N ) Nuw Mpo — Np o)
+ (4 - 3)‘_2)(77MU Mvp — Nup 771/0)
+ (18 4+ 9N + 30" (N Moo — Npuo nyp)} .

(14.78)

,U/€
192 72

This expression must now be summed over all twelve permutations. However,
the last term is antisymmetric in v and p, whereas the product of the structure
constants is symmetric in the corresponding group indices b and c. Therefore
this term cancels when summed over the correponding index pairs. The two
remaining combinations are antisymmetric in vp or in po. Therefore we can
restrict ourselves to the part of product of the structure constants that is
antisymmetric in bec or cd, respectively, so that the combined expression is
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symmetric under the exchange of the corresponding external lines. These an-
tisymmetric parts can be rewritten by means of the Jacobi identity (13.2),
after which one uses (14.9) to write the (13.e20) as

G Ca(G) (1 3a2) ]

19272 ¢ {f ade foce (M Tpe = p Tvr)

- fabe fcde(nua Nvp — Nup 771/0)} . (1479)

This expression can now be combined with the remaining contributions of
the same structure in (13.e16), and (13.e18). After summing explicitly over
the twelve permutations (so that for instance the last term proportional to
(34 A7%) in (13.e18) cancels because it is antisymmetric in (i, a) and (v, b))
one thus obtains

peo 1

2472 €
X {face fbde(nm/ Npo — Mo npu) + fade fbce(nm/ Nop — Mup nou) (148())

abed _ 4 —2
Bul/pa(oa 0,0, O) =-9 (2 —3A )

+ fabe fcde (nup Nve — Nuo 771/,;)} .

This divergence is cancelled by the contribution from the third term in the
counterterm Lagrangian (13.b7).

(d) Diagrams with external ghost fields

The calculation of the divergent diagrams with external ghost lines resem-
bles the calculations performed in the section 13.3 for diagrams with external
fermion lines. As shown in Fig. 13.7, there is a self-energy diagram and two
vertex diagrams. At first sight it seems that one can also have a box diagram
with four external ghost lines, or a triangle diagram with two ghost ghost
and two external gauge field lines. However, one of the momenta associated
with the ghost vertices corresponds always to an external line, which reduces
the large-momentum behaviour of the integrand. The expression for the ghost
self-energy diagram equals

ab,y — d"¢  pu(p— ) o\ Qulv
0% (p) = ¢°N° fead fcdb/ 2m)7 in !(Lp 2 {WV —(1=27%) 22 } :
(14.81)

We now use the identity

d"q qu 1 / d"q 1
_ —1 _ , 14.82
/ i2n" (p—g2@ 2" ) i@or -2 ( )
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Figure 14.7: Diagrams with external ghost fields: self-energy (d.1), vertex (d.2)
and vertex (d.3).

which follows from symmetric integration (cf. problem 13.x). Furthermore by
partial fractioning, using 2p-q = —(p — q)? + ¢ +p?, and dropping terms odd
in g, we can extract a factor p?, so that (13.e23) takes the form

d"q 1
i2m)" (p—q)?¢?

{3—)\‘2—2(1—)\‘2)%}.

(14.83)

() = 42 PCa(G)0" |

where we made use of (13.4). For p # 0 the integral does not suffer from
infrared divergences. The last term proportional to p-q is also free of ultraviolet
divergences. Hence the ultraviolate divergent term orininates from the first few
terms and we find

€1
I (p) = —iAB — A~2) g% Ca (@) 5% p* =L = . 14.84
(p) = —1iX( )97 Ca(G) 8% p” oo = (14.84)
This divergence is cancelled by the corresponding contribution from the coun-
terterm Lagrangian (13.b8).
The expressions for the vertex diagrams (d.2) and (d.3) are (Q =p’ — p)

[Au;abc(p/ap)} 1) = _93)\3 fedc fafdfebf

g

A" = QoW —Du [ e 294
/ TS OV ERe cr tpe) U S
[Au;abc(p/;p)} @) = iggAQ fedc fafd ffbe
/ d"q g+ 50 +p))7 V"7 (Q,q — 3Q,—q— 3Q)
2 iX(g+35(p+1))? (¢ —3Q)? (¢ + 5Q)?
(14.85)

Here we note that both diagrams are proportional to the external momenta
associated with the outgoing ghost. The remaining integral is logarithmically



Problems 493

divergent, and its divergent part can be extracted by suppressing the external
momenta in the integrand. Using also (14.9), the divergent part of the sum of
the two graphs is equal to

- dg_ 1
Apave(p',p) = —%93)\ L0y (G) fabcp/p / i(2m)n o
- q (14.86)
_ 3! A
=g°A CQ(G) fabcpu 1672 ¢’

which is cancelled by the second term in the counterterm Lagrangian (13.b8).

Problems

14.1. The generators of SU(N) in the defining N-dimensional representation consist
of all independent N x N traceless antihermitean matrices. Together with the identity
matrix they form a complete basis for the general N x N matrices. This implies that

N2_-1

Y (ta)ij (ta)ir — (2N) 63 810 = =3 S 6. (1)

a=1

where we have used the normalization (14.5). Likewise, the generators of SO(N)
in the defining representation form a complete basis of all N x N antisymmetric
matrices, which implies

N(N-1)/2

Z (ta)ij (ta)re = 5 (i 650 — 0i ) (2)

a=1

again with the same normalization (14.5). Prove these relations. Then apply them
to Tr ([ta, tb] [ta, ts]) and verify the result for C2(G) as given in (14.7).

14.2. Consider a non-abelian gauge theory including, instead of fermions, scalar
fields ¢; with mass m, see also section 13.5. Omit any scalar self-interactions. Con-
struct the counterterm Lagrangian in analogy to (14.13). Now study the self-energy
corrections for the scalar propagator, and derive Z4 and Z,, to order g2

14.3. The differential and total cross sections for the reaction e™ +e~ — ut +pu~
when mediated by a single virtual photon, are given in (6.121) Use the gauge field
Lagrangian (14.xx) to calculate the corresponding amplitude for the annihilation
of a massless fermion with its antifermion producing a massive fermion-antifermion
pair with mass m.

d*o gt 3 +u? 2m?
2 1 1
== —|0 t
5 dt1dU,1 127T|: 82 + S ] ($+ 1+UI)’
and
4
g—(s+2m2)ﬂ.

7= 54752
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We use the notation t1 = t — m?, u1 = u — m? where s,t and u are defined in
Table 6.9, 3 = (1—4m?/s)*/2. The results include a summation over final spins and
gauge degrees of freedom for the fermion and an average over initial spins and gauge
degrees of freedom.

14.4. Next consider the reaction where a photon and a quantum of the gauge field
annihilate and produce a fermion antifermion pair of mass m. Use the same notation
for the invariants as in the previous problem. Using the QED Lagrangian (5.41) and
the gauge field Lagrangian (13.89), write down the two Feynman diagrams which
contribute to the scattering amplitude and check that gauge invariance is satisfied.
Calculate the differential cross section

d’*c g?
2
= B 1 t ,
S dtrdun Qem 167 CQED (s+t1 4 u1)
where
t1 U1 4m?2s m3s
Boep = L 1y Aty mis
QED U1 t1 tiul tiur)

is the same factor that appears in the QED result (i.e., in the square of the amplitude
for the reaction v 4+~ — pu* 4 u~ which you can obtain by crossing from (9.126),
setting k? = Q2 = 0 and dropping multiplicative factors). Note that we have summed
over final the spins and gauge degrees of freedom of the outgoing fermion-antifermion
pair and averaged over the initial polarizations and gauge degrees of the incoming
photon and gauge particle. Finally show that the total cross section is

7= 2 (1 - ) (725) - (14 58}

14.5. Now consider the reaction where two gauge field quanta annihilate into a
massive fermion-antifermion pair. Use the same notation for the invariants as in
the previous two problems and the Feynman rules for the gauge field Lagrangian
(13.89). Write down the three Feynman diagrams which contribute to the scatter-
ing amplitude and check that gauge invariance is satisfied. Now drop terms in the
amplitude which vanish upon contraction with the external polarization vectors.
(Remember that we can always consider the Born amplitude as the imaginary part
of a higher order amplitude and which would involve two gauge propagators and
therefore Fadeev-Popov ghost contributions, so the sum over two external gauge
field polarization vectors must be considered carefully). Derive the following results
for the traces over the SU(3) matrices

T1 = Tr(a o doda) = 2(% n 24) ,
and

Ty = Tr(aoAads) = 2(% - 24) .
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where A\, are the representation matrices satisfying the Lie algebra commutation
relations. Split the traces of the Dirac matrices in the square of the amplitude into
coefficients of 77 and 7. Then calculate the two traces and show that their sum
yields 8 Boep where Bgep is the Abelian result found in the previous problem.
Show that the difference of the two traces yields 8(1 — 4t1u1/s2)BQED. Then add
all the terms and show that the differential scattering amplitude takes the form

2 d20- g4 {3(1_2t1u1)_1}|:t1+u1+4l28(1_m28

5 dt1du, - 2567 52 3 tiul

ur  t1 tiuy

)}5(s+t1+u1) ,

Note that we have summed over final spins and colours and averaged over initial
polarizations and colours. Finally show that the total cross section is

4 2 4 2
= me (T e (55) - (205
07487rs{(1+ s +32 In 1-73 T+ s 4J
For the corresponding calculations in the SU(3) gauge field theory usually referred to
as Quantum Chromodynamics see; M. Glick, J.F. Owens and E. Reya, Phys. Rev.

D17 (1978) 2324; B.L. Combridge, Nucl. Phys. B151 (1979) 429; J. Babcock, D.
Sivers and S. Wolfram, Phys. Rev. D18 (1978) 162.




