Transverse momentum dependence in structure functions in hard scattering processes

P.J. Mulders

National Institute for Nuclear Physics and High Energy Physics and Department of Physics and Astronomy, Free University Amsterdam P.O. Box 41882, NL-1009 DB Amsterdam, the Netherlands email: pietm@nikhef.nl

version September 17, 2001

Contents

1 General cross sections 101 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 1.2 The hadronic tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 1.2.1 Lepton-hadron scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 1.2.2 Electron-positron annihilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 1.2.3 The Drell-Yan process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 1.3 Deep inelastic kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 1.3.1 Lepton-hadron scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 1.3.2 The annihilation process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 1.3.3 Drell-Yan scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 1.4 Spin vectors, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

2 Quark correlation functions 201 2.1 Distributions: from hadron to quarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 2.2 Antiquark distribution functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209 2.3 Result for an ensemble of free quarks (parton model) . . . . . . . . . . . . . . . . . . . . . . 210 2.4 Fragmentation: from quarks to hadron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213 2.5 Antiquark fragmentation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217 2.6 The parton picture for fragmentation functions . . . . . . . . . . . . . . . . . . . . . . . . . 218 2.7 Structure of H → q profile functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

3 Deep inelastic processes 301 3.1 The point cross sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301 3.2 The Drell-Yan process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302 3.3 Electron-positron annihilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304 3.4 lepton-hadron scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 306 3.5 Inclusion of longitudinal gluon contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 308

4 Gluon fields and correlation functions 401 4.1 Quark-gluon correlation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401 4.2 Gluon distribution functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411 4.3 Explicit spin representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 4.4 Gluon fragmentation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 416

5 Drell-Yan up to O(1/Q) 501 5.1 The hadron tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501 5.2 Drell-Yan after integration over transverse momenta . . . . . . . . . . . . . . . . . . . . . . 503 5.2.1 Drell-Yan cross sections for unpolarized hadrons . . . . . . . . . . . . . . . . . . . . 504 5.2.2 Longitudinal double spin asymmetry in Drell-Yan scattering . . . . . . . . . . . . . . 504 5.2.3 Transverse double spin asymmetry in Drell-Yan scattering . . . . . . . . . . . . . . . 504 5.2.4 Longitudinal-transverse double spin asymmetry in Drell-Yan scattering . . . . . . . 505 5.3 Azimuthal asymmetries in Drell-Yan scattering . . . . . . . . . . . . . . . . . . . . . . . . . 505 5.3.1 Azimuthal asymmetries in unpolarized Drell-Yan scattering . . . . . . . . . . . . . . 505 5.3.2 Azimuthal asymmetries in singly polarized Drell-Yan scattering . . . . . . . . . . . . 506 5.3.3 Azimuthal asymmetries in doubly polarized LL-asymmetries . . . . . . . . . . . . . 506

1

5.3.4 Azimuthal asymmetries in doubly polarized LT-asymmetries . . . . . . . . . . . . . 507 5.3.5 Azimuthal asymmetries in doubly polarized TT-asymmetries . . . . . . . . . . . . . 508 5.4 Convolutions and gaussian distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513

7 Lepton-hadron up to O(1/Q) 701 7.1 Inclusion of gluon contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 701 7.2 The O(1/Q) contribution from transverse gluons . . . . . . . . . . . . . . . . . . . . . . . . 705 7.3 Lepto-production integrated over transverse momenta . . . . . . . . . . . . . . . . . . . . . 708 7.3.1 Unpolarized leptons and hadrons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 708 7.3.2 Unpolarized leptons and longitudinally polarized hadrons . . . . . . . . . . . . . . . 708 7.3.3 Unpolarized leptons and transversely polarized hadrons . . . . . . . . . . . . . . . . 709 7.3.4 Polarized leptons and unpolarized hadrons . . . . . . . . . . . . . . . . . . . . . . . . 709 7.3.5 Polarized leptons and longitudinally polarized hadrons . . . . . . . . . . . . . . . . . 710 7.3.6 Polarized leptons and transversely polarized hadrons . . . . . . . . . . . . . . . . . . 710 7.4 Transverse momenta in lepto-production without polarization in the final state . . . . . . . 710 7.4.1 ℓH → ℓ^′hX (unpolarized hadrons) . . . . . . . . . . . . . . . . . . . . . . . . . . . 711

7.4.2 ℓ ⃗H → ℓ^′hX (longitudinally polarized target) . . . . . . . . . . . . . . . . . . . . . . 712

7.4.3 ℓ ⃗H → ℓ^′hX (transversely polarized target) . . . . . . . . . . . . . . . . . . . . . . . 714

7.4.4 ⃗ℓH → ℓ^′hX (unpolarized hadrons) . . . . . . . . . . . . . . . . . . . . . . . . . . . 716

7.4.5 ⃗ℓ ⃗H → ℓ^′hX (longitudinally polarized target) . . . . . . . . . . . . . . . . . . . . . . 717

7.4.6 ⃗ℓ ⃗H → ℓ^′hX (transversely polarized target) . . . . . . . . . . . . . . . . . . . . . . . 718 7.5 Transverse momenta in lepto-production with polarization in the final state . . . . . . . . . 720 7.5.1 ℓH → ℓ^′⃗hX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 720

7.5.2 ℓ ⃗H → ℓ^′⃗hX (longitudinally polarized target) . . . . . . . . . . . . . . . . . . . . . . 721

7.5.3 ℓ ⃗H → ℓ^′⃗hX (transversely polarized target) . . . . . . . . . . . . . . . . . . . . . . . 721

7.5.4 ⃗ℓH → ℓ^′⃗hX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 722

7.5.5 ⃗ℓ ⃗H → ℓ^′⃗hX (longitudinally polarized target) . . . . . . . . . . . . . . . . . . . . . . 722

7.5.6 ⃗ℓ ⃗H → ℓ^′⃗hX (transversely polarized target) . . . . . . . . . . . . . . . . . . . . . . . 723 7.6 Convolutions and gaussian distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 723 7.7 Lepton-hadron semi-inclusive DIS including Z-exchange . . . . . . . . . . . . . . . . . . . . 724

8 Calculations of distribution and fragmentation functions 801 8.1 Quark distribution functions in the bag model . . . . . . . . . . . . . . . . . . . . . . . . . . 801 8.2 Quark distribution functions in the spectator model . . . . . . . . . . . . . . . . . . . . . . 802 8.3 Quark-hadron vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 803 8.4 Quark fragmentation functions in the spectator model . . . . . . . . . . . . . . . . . . . . . 806

9 Perturbative corrections 901 9.1 Inclusive leptoproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 901 9.2 Semi-inclusive leptoproduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 905 9.3 Evolution and transverse momentum dependence . . . . . . . . . . . . . . . . . . . . . . . . 908 9.4 The unpolarized case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 911 9.5 Sample calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 912 9.5.1 The fermion propagator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 912 9.6 Evolution of f_1(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 914 9.7 Gribov-Lipatov reciprocity and evolution of D_1 . . . . . . . . . . . . . . . . . . . . . . . . . 916

A Lightcone coordinates 1

B Frames in leptoproduction 3 B.1 The inclusive case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 B.2 Diffractive scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

C Kinematics 6 C.1 Single parton case: absorption of hard momentum . . . . . . . . . . . . . . . . . . . . . . . 6 C.2 Single-parton distribution: branching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 C.3 Single-parton fragmentation: branching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 C.4 Single-parton case: absorption and branching . . . . . . . . . . . . . . . . . . . . . . . . . . 7 C.5 Multi-parton distribution: absorption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 C.6 Multi-parton fragmentation: absorption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 C.7 Multi-parton distribution: branching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 C.8 Multi-parton fragmentation: branching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

D Useful formulae 10 D.1 Combining denominators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 D.2 Some indefinite integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 D.3 Special functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 D.4 Dimensional regularization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 D.5 Some useful relations involving distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 D.6 Theta functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 D.7 IR and UV singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

E Spin 16 E.1 Density matrices: definition and example for spin 1/2 . . . . . . . . . . . . . . . . . . . . . 16 E.2 Spherical tensor operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 E.3 Spin 1/2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 E.4 Spin 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 E.5 Reaction parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 E.6 Spin vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 E.7 Examples of analyzing power in decays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 E.7.1 Λ decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 E.7.2 ρ decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

Chapter 1

General cross sections

1.1 Introduction

We will consider the following three types of processes,

• The lepton-hadron scattering process ℓH → ℓ^′X

• The annihilation process ℓℓ̄ → X

• The lepton-pair production process AB → ℓℓ̄X (Drell-Yan process).

All these processes involve electroweak currents, coupling to the leptons in a known way. The basic advantage of electroweak processes lies in the fact that the process is accurately described in terms of the exchange of one photon (for electromagnetic processes), since the coupling, α = e^2/4π ≈ 1/137, is weak. The same is true for the weak vector bosons. On the hadronic side, the coupling to the quarks is known, but the structure of hadrons in terms of quarks and gluons is the unknown part. The fact that the coupling to the quarks is known, however, enables the study of hadron structure.

For lepton-hadron scattering we consider the inclusive measurement ℓH → ℓ^′X and the 1-particle inclusive or semi-inclusive measurement ℓH → ℓ^′hX. The invariants are defined,

q^2 = (k − k^′)^2 ≡ −Q^2 ≤ 0 (1.1)

2P · q ≡ 2M ν ≡

Q^2 x_B

(1.2)

2P_h · q ≡ −z_h Q^2 (1.3)

P · P_h ≡ z P · q (1.4)

The variable x_B is the Bjorken scaling variable. Since the invariant mass squared of the hadronic final state satisfies W^2_X = (P + q)^2 =

1 − x_B x_B

Q^2 + M^2 ≥ M^2, (1.5)

one has 0 ≤ x_B ≤ 1, with x_B = 1 corresponding to elastic scattering, i.e. W^2_X = M^2. In this case a hadron is probed with a spacelike (virtual) photon, for which one can consider a frame in which the momentum only has a spatial component, from which it is clear that the resolving power of the probing photon is of the order λ ≈ 1/Q. Roughly spoken one probes a nucleus (1 - 10 fm) with Q ≈ 10 − 100 MeV, baryon or meson structure (with sizes in the order of 1 fm) with Q ≈ 0.1 − 1 GeV and one probes deep into the nucleon (< 0.1 fm) with Q > 2 GeV. As we will see, the invariants z ≈ z_h for the case of one leading jet (to which h belongs) in the limit that Q^2 → ∞.

For the annihilation process we distinguish the inclusive measurement ℓℓ̄ → X, the 1-particle inclusive measurements ℓℓ̄ → hX and the 2-particle inclusive measurements ℓℓ̄ → h_1h_2X (hadrons belonging to back-to-back jets). The invariants are defined

101 q^2 = (k + k^′)^2 ≡ Q^2 ≥ 0 (1.6) 2 P_1 · q ≡ z_1 Q^2 (1.7) 2 P_2 · q ≡ z_2 Q^2 (1.8)

In the case of production of hadrons with a timelike (virtual) photon one can consider the rest-frame of the virtual photon, in which case it is clear that Q is a measure of the excitation energy.

For the Drell-Yan process we only consider the inclusive case, which already involves two hadrons. We restrict ourselves to lepton pairs with small transverse momentum (compared to Q), for which we have the invariants

q^2 = (k + k^′)^2 ≡ Q^2 ≥ 0 (1.9)

2P_A · q ≡

Q^2 x_A

(1.10)

2P_B · q ≡

Q^2 x_B

(1.11)

1.2 The hadronic tensor

1.2.1 Lepton-hadron scattering

Consider the process ℓ + H → ℓ^′ + h + X, in which a lepton with momentum k scatters off a hadron H with momentum P and one hadron h with momentum P_h is measured in coincidence with the scattered lepton with momentum k^′. The lepton emits a highly virtual photon with momentum

q^μ = k^μ − k^{′μ}, (1.12)

with Q^2 ≡ −q^2 > 0. The unobserved outstate will be denoted by |P_X ⟩, having a total momentum P^μ_X . We will consider the most general case of a pure incoming spin state, characterized by the spin vectors S^μ, an observed hadronic spin state characterized by the spin vector S_h and lepton helicities λ and λ^′.

We have the following relations

P^2 = M^2, P^2_h = M^2_h , (1.13) k^2 = m^2 ≈ 0, k^{′2} = m^{′2} ≈ 0, (1.14) (k + P )^2 = s, (1.15) S^2 = S^2_h = −1, (1.16) P · S = P_h · S_h = 0. (1.17)

We will work in the limit where Q^2, P · q and P_h · q are large keeping the ratios Q^2/2P · q and 2P_h · q/Q^2 finite. The invariant ampitude for the process is given by

M = ū(k^′, λ^′)γ^μu(k, λ) e^2 Q^2

⟨P_X ; P_hS_h|J_μ(0)|P S⟩. (1.18)

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M|^2 = e^4 Q^4

L^{(ℓH)}_{μν} H^{μν(ℓH)}, (1.19)

with the lepton tensor (neglecting the lepton masses) being

L^{(ℓH)}_{μν} (kλ; k^′λ^′) = δ_{λλ}′ ( 2k_μk^′_ν + 2k_ν k^′_μ − Q^2g_{μν} + 2iλ ϵ_{μνρσ} q^ρk^σ ) . (1.20)

The product of hadronic current matrix elements is written as

H^{(ℓH)}_{μν} (P_X ; P S; P_hS_h) = ⟨P S|J_μ(0)|P_X ; P_hS_h⟩⟨P_X ; P_hS_h|J_ν (0)|P S⟩, (1.21)

where a summation over spins of the unobserved out state is understood. The total cross section is given by dσ = 1 F |M|^2dR, (1.22)

with the flux factor F = 4 √ (P · k)^2 − M^2m^2 ≈ 2s (1.23) and the Lorentz invariant phase space

dR = (2π)^4δ^4(k + P − k^′ − P_X − P_h) d^3P_X (2π)^32P^0_X d^3k^′ (2π)^32k^{′0} d^3P_h (2π)^32P^0_h

. (1.24)

Integrating H_{μν} over P_X , gives the usual hadron tensor

2MW^{(ℓH)}_{μν} (q; P S; P_hS_h) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q + P − P_X − P_h)H^{(ℓH)}_{μν} (P_X ; P S; P_hS_h). (1.25)

The phase space for the scattered lepton can be rewritten as

d^3k^′ (2π)^32k^{′0} = E^′ dE^′ dΩ

16π^3

, (1.26)

where Ω is the lepton scattering angle and E^′ the energy of the scattered lepton. Thus one gets

2E_h dσ^{(ℓH)} d^3P_h dΩdE^′ = 2ME^′ s α^2 Q^4

L^{(ℓH)}_{μν} W^{μν(ℓH)}, (1.27)

where the lepton tensor is given by the expression between brackets in Eq. (1.20) and the hadron tensor by Eq. (1.25).

Note that for inclusive scattering one obtains the familiar result

dσ^{(ℓH)} dΩdE^′ = 2ME^′ s α^2 Q^4

L^{(ℓH)}_{μν} W^{μν(ℓH)}, (1.28)

with the hadron tensor given by

2M W^{(ℓH)}_{μν} (q; P S) = 1 2π ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q + P − P_X )⟨P S|J_μ(0)|P_X ⟩⟨P_X |J_ν (0)|P S⟩ = 1 2π ∫ d^4x e^{iq·x} ⟨P S|[J_μ(x), J_ν (0)]|P S⟩. (1.29)

1.2.2 Electron-positron annihilation

Consider the process e^− + e^+ → h_1 + h_2 + X, where two hadrons belonging to opposite jets emerge with momenta P^μ_1 and P^μ_2 . The annihilating incoming leptons with momenta k^μ and k^{′μ} produce a high mass photon with momentum q^μ = k^μ + k^{′μ}, (1.30) with Q^2 ≡ q^2 > 0. The unobserved outstate will be denoted by |P_X ⟩. We will consider the general case of polarized leptons with helicities λ and λ^′ and production of hadrons of which the spin states are characterized by spin vectors S^μ_1 and S^μ_2 , respectively. We have the following relations

P^2_1 = M^2_1 , P^2_2 = M^2_2 , (1.31) k^2 = k^{′2} = m^2 ≈ 0, (1.32) S^2_1 = S^2_2 = −1, (1.33) P_1 · S_1 = P_2 · S_2 = 0. (1.34)

We will work in the limit where Q^2, P_1 · q and P_2 · q are large, keeping the ratios 2P_1 · q/Q^2 and 2P_2 · q/Q^2 finite. The invariant ampitude for the process is given by

M = v̄(k^′, λ^′)γ^μu(k, λ) e^2 Q^2

⟨P_X ; P_1S_1; P_2S_2|J_μ(0)|0⟩. (1.35)

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M|^2 = e^4 Q^4

L^{(e+e− )} μν H^{μν(e+e− )}, (1.36)

with the lepton tensor (neglecting the lepton masses) being

L^{(e+e−)} μν (kλ; k^′λ^′) = δ_{λλ}′ ( 2k_μk^′_ν + 2k_ν k^′_μ − Q^2g_{μν} + 2iλ ϵ_{μνρσ} k^ρk^{′σ} ) . (1.37)

The product of hadronic current matrix elements is written as

H^{(e+e− )} μν (P_X ; P_1S_1; P_2S_2) = ⟨0|J_μ(0)|P_X ; P_1S_1; P_2S_2⟩⟨P_X ; P_1S_1; P_2S_2|J_ν (0)|0⟩, (1.38)

where a summation over spins of the unobserved out state is understood. The total cross section is given by dσ = 1 F |M|^2dR, (1.39)

with the flux factor F = 4 √ (k · k^′)^2 − k^2k^{′2} ≈ 2Q^2 (1.40) and the Lorentz invariant phase space

dR = (2π)^4δ^4(k + k^′ − P_X − P_1 − P_2) d^3P_X (2π)^32P^0_X d^3P_1 (2π)^32P^0_1 d^3P_2 (2π)^32P^0_2

. (1.41)

Integrating H_{μν} over P_X , gives the usual hadron tensor

W^{(e+e−)} μν (q; P_1S_1; P_2S_2) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q − P_X − P_1 − P_2)H^{(e+e− )}_{μν} (P_X ; P_1S_1; P_2S_2). (1.42)

One obtains the cross section (including a factor 1/2 from averaging over incoming polarizations)

P^0_1 P^0_2 dσ^{(e+e− )} d^3P_1 d^3P_2 = α^2 4 Q^6

L^{(e+e−)} μν W^{μν(e+ e− )}, (1.43)

where the lepton tensor is given by the expression between brackets in Eq. (1.37) and the hadron tensor by Eq. (1.42).

Note that for a single produced hadron one finds

E_h dσ d^3P_h = α^2 2 Q^6

L^{(e+e− )} μν W^{μν(e+ e−)}, (1.44)

where the hadron tensor is given by

W^{(e+e−)} μν (q; P_hS_h) = 1 (2π) ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q−P_X −P_h)⟨0|J_μ(0)|P_X ; P_hS_h⟩⟨P_X ; P_hS_h|J_ν (0)|0⟩. (1.45)

For the annihilation cross section one finds

σ(e^+e^− → hadrons) =

4π^2 α^2

Q^6

L^{(e+e− )} μν R^{μν(e+e− )}, (1.46)

where the tensor R_{μν} is given by

R^{(e+e−)} μν (q) = ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q − P_X )⟨0|J_μ(0)|P_X ⟩⟨P_X |J_ν (0)|0⟩ = ∫ d^4x e^{iq·x} ⟨0|[J_μ(x), J_ν (0)]|0⟩. (1.47)

1.2.3 The Drell-Yan process

Consider the process A + B → ℓ + ℓ̄ + X, where two spin-^1_2 hadrons with momenta P^μ_A and P^μ_B interact and two outgoing leptons (considered massless) are measured with momenta k^μ and k^{′μ}. The leptons are assumed to originate from a high mass photon with momentum

q^μ = k^μ + k^{′μ}, (1.48)

with Q^2 ≡ q^2 > 0. The unobserved outstate will be denoted by |P_X ⟩, having a total momentum P^μ_X . We will consider the case of pure incoming spin states, characterized by the spin vectors S^μ_A and S^μ_B , respectively, and observed lepton helicities λ and λ^′. We have the following relations

P^2_A = M^2_A, P^2_B = M^2_B , (1.49) (P_A + P_B )^2 = s, (1.50) k^2 = k^{′2} = m^2 ≈ 0, (1.51) S^2_A = S^2_B = −1, (1.52) P_A · S_A = P_B · S_B = 0. (1.53)

In the deep inelastic limit Q^2, s → ∞, with the ratio τ = Q^2/s fixed. The invariant amplitude for the process is given by M = ū(k, λ)γ^μv(k^′, λ^′) e^2 Q^2

⟨P_X |J_μ(0)|P_AS_A; P_B S_B ⟩. (1.54)

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M|^2 = e^4 Q^4

L^{(DY )}_{μν} H^{μν(DY )}, (1.55)

with the lepton tensor (neglecting the lepton masses) being

L^{(DY )}_{μν} (kλ; k^′λ^′) = δ_{λλ}′ ( 2k_μk^′_ν + 2k_ν k^′_μ − Q^2g_{μν} + 2iλ ϵ_{μνρσ}q^ρk^σ ) . (1.56)

The product of hadronic current matrix elements is written as

H^{(DY )}_{μν} (P_X ; P_AS_A; P_B S_B ) = ⟨P_AS_A; P_B S_B |J_μ(0)|P_X ⟩⟨P_X |J_ν (0)|P_AS_A; P_B S_B ⟩, (1.57)

where a summation over spins of the unobserved out state is understood. The total cross section is given by dσ = 1 F |M|^2dR, (1.58) with the flux factor F = 4 √ (P_A · P_B )^2 − M^2_AM^2_B ≈ 2s (1.59) and the Lorentz invariant phase space

dR = (2π)^4δ^4(P_A + P_B − P_X − k − k^′) d^3P_X (2π)^32P^0_X d^3k (2π)^32k^0 d^3k^′ (2π)^32k^{′0}

. (1.60)

Integrating H_{μν} over P_X , gives the usual hadron tensor

W^{(DY )}_{μν} (q; P_AS_A; P_B S_B ) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(P_A + P_B − P_X − q)

×H^{(DY )}_{μν} (P_X ; P_AS_A; P_B S_B ) = 1 (2π)^4 ∫ d^4x e^{iq·x}⟨P_AS_A; P_B S_B |[J_μ(0), J_ν (x)]|P_AS_A; P_B S_B ⟩. (1.61)

For the last equality completeness of the out states and causality has been used. The remaining phase space is conveniently written as d^3k (2π)^32k^0 d^3k^′ (2π)^32k^{′0} = d^4q (2π)^4 dΩ 32π^2

, (1.62) where the angles are those of the lepton axis in the rest frame of the two leptons. In terms of the finestructure constant α ≡ e^2/4π, we then obtain the Drell-Yan cross section (including a factor 2 from the summation over the lepton polarizations)

dσ^{(DY )} d^4q dΩ = α^2 2s Q^4

L^{(DY )}_{μν} W^{μν(DY )}, (1.63)

where the lepton tensor is given by the symmetric part in Eq. (1.56) and the hadron tensor by Eq. (1.61).

1.3 Deep inelastic kinematics

In order to deal with the hard processes, it is convenient to consider a Cartesian set of vectors constructed from the momenta. These start with defining q^μ as a spacelike or timelike direction depending on the process. Then one proceeds using vectors that are orthogonal to q. Such vectors ã are obtained subtracting from a the projection along q, ã^μ ≡ g̃^{μν} a_ν = a^μ − a · q q^2 q^μ, (1.64)

where g̃^{μν} = g^{μν} − q^μq^ν q^2

. (1.65)

Another set of vectors that is useful, in particular for the theoretical description of the structure of hadrons, are a set of lightlike vectors, n^μ_− and n^μ_+ (n^2_+ = n^2_− = 0, n_+ · n_− = 1) that are in essence hadronic momenta divided by the large scale Q. If P/Q = a n_+ + b n_− and a ∼ 1 then b ∼ M^2/Q^2 ≪ a. Hadronic momenta divided by Q are thus in essence proportional to one lightlike vector, the hard momentum q/Q, however, involves two lightlike vectors. We will use for four vectors the notations p = (p^0, p^1, p^2, p^3) or p = [p^−, p^+, p^1, p^2] where p^± ≡ (p^0 ± p^3)/ √ 2, depending on the fact if we use a Cartesian set of basisvectors or a set with two lightlike vectors. In the latter case one must be aware of the metric, having e.g. p^± = p · n_∓.

We will consider two different sets of frames, the first set (type I) has q_⊥ ≡ (q^1, q^2) = 0_⊥, i.e. the virtual photon has no transverse components. We note that there is still freedom to parametrize q, e.g. in lepton-hadron scattering,

q^I= [ − 1 A Q √ 2 , A Q √ 2 , 0_⊥ ] . The quantity A specifies a particular frame. Frames with different A are connected via a simple boost along the z-axis. The second set of frames (type II) are those where the hadrons have no perpendicular momentum, relevant in cases where two hadrons play a role. In these frames the transverse momenta are indicated with p_T and thus P_T = P_{hT} = 0_T . Note that q in such a frame in general does have transverse components,

q^{II}= [ − 1 A Q̃ √ 2 , A Q̃ √ 2 , q_T ] , with q^2_T = Q^2_T and Q^2 = Q̃^2 + Q^2_T . The connection between frames of type I and II can be made by a Lorentz transformation, e.g. one that leaves the minus component unchanged^1 and involves a parameter b^− and a two-component vector b

[a^−, a^+, a] −→ [ a^−, a^+ − a · b b^− + b^2 a^− 2(b^−)^2

, a − a^− b^− b ] . (1.66)

In most of the following we will assume that all hadrons and the virtual photon are in essence parallel, i.e. Q_T ≪ Q and up to O(1/Q^2) corrections Q̃ ≈ Q. This implies for semi-inclusive lepton-hadron just one leading jet containing the produced hadron, for 2-particle inclusive lepton annihilation just two back-to-back jets and for Drell-Yan only lepton-pairs with transverse momentum ≪ Q.

1To do this one needs in the two parametrizations boost factors A differing by a factor Q/Q̃.

Figure 1.1: Kinematics of lepton hadron scattering in a frame where target hadron and virtual photon momentum are parallel (including target rest frame).

1.3.1 Lepton-hadron scattering

For lepton-hadron scattering the starting point of defining a Cartesian set is a spacelike direction defined by the momentum transfer q^μ. Using the target hadron momentum P^μ one can construct an orthogonal four vector P̃^μ = P^μ − (P · q/q^2) q^μ, which is timelike and satisfies P̃^2 = κ P · q with

κ = 1 +

M^2 Q^2 (P · q)^2

= 1 +

4 M^2x^2_B Q^2

. (1.67)

taking into account mass corrections ∝ M^2/Q^2 which will vanish for large Q^2 (κ → 1). Defining

Z^μ ≡ −q^μ, (1.68)

T^μ ≡

Q^2 P · q

P̃ μ √ κ = q^μ + 2x_B P^μ √ κ , (1.69)

we have Z^2 = −Q^2 and T^2 = Q^2 and will mostly consider normalized vectors ẑ^μ = Z^μ/Q and t̂^μ = T^μ/Q. Note that P · T = √ κ P · q and P̃^2 = (P · t̂ )^2 = κ (P · ẑ)^2. In the space orthogonal to ẑ and t̂ one has the tensors

g^{μν}_⊥ ≡ g^{μν} + q̂^μq̂^ν − t̂^μt̂^ν , (1.70)

ϵ^{μν}_⊥ ≡ ϵ^{μνρσ}t̂_ρq̂_σ = 1 (P · q) √ κ ϵ^{μνρσ} P_ρq_σ. (1.71)

A relevant vector in the perpendical space appears if we have more than one hadron, e.g. in 1-particle inclusive leptoproduction. For instance P_{h⊥} = g^{μν}_⊥ P_{hν} , defining the orientation of the production plane in semi-inclusive leptoproduction, ĥ^μ = P^μ_{h⊥}/|P_{h⊥}| (see figure 1.1).

We can also construct a timelike direction using the vector vector P_h. The vector P̃_h = P^μ_h −(P_h·q/q^2) q^μ satifies P̃^2_h = κ_h (P_h · q)^2 with

κ_h = 1 +

M^2_h Q^2 (P_h · q)^2

= 1 +

4 M^2_h z^2_h Q^2

. (1.72)

One has P̃ · P̃_h = (P · t̂ )(P_h · t̂ ) and P̃^2_h = M^2_h + (P_h · ẑ)^2 = (P_h · t̂ )^2 − P^2_{h⊥} = κ_h (P_h · ẑ)^2.

One can extend the Cartesian set with

X^μ ≡

(P_h · T ) P̃^μ − (P · T ) P̃^μ_h (P · t̂ )(P_h · ẑ) − (P · ẑ)(P_h · t̂ )

(1.73)

Y^μ ≡ ϵ^{μνρσ} P_ν P_{hρ}q_σ (P · t̂ )(P_h · ẑ) − (P · ẑ)(P_h · t̂ ) = − 1 √ κ ϵ^{μν}_⊥ X_ν . (1.74)

Explicitly one has

X^μ = q^μ + x_B P^μ 2 1 −^{(P ·T )(Ph ·q)}

(P ·q)(P_h ·T )

− P^{μh}

z_h 2 1 −^{(P ·q)(Ph ·T )}

(P ·T )(P_h ·q)

≈ q^μ + x_B P^μ −

P^μ_h z_h

, (1.75)

the last expression being without the mass corrections, valid up to 1/Q^2 corrections.

Introducing

κ_{h⊥} = 1 +

M^2_{h⊥}Q^2 (P_h · q)^2

= 1 +

4 M^2_{h⊥} z^2_h Q^2

, (1.76)

where M^2_{h⊥} = M^2_h + P^2_{h⊥}, one can write

X^μ = q^μ + xB P^μ 2 1 + √_κ κh⊥ − P^{μh} z_h 2 1 + √_{κh⊥} κ , (1.77)

from which one e.g. immediately sees that

X^2 =

P^2_{h⊥} z^2_h 2 1 + √_{κh⊥} κ

2 . (1.78)

or using z instead of z_h,

X^2 =

P^2_{h⊥} z^2 κ ( 1 − (1 − κ)^{M 2h⊥}_{z2 Q2}

) . (1.79)

Next we introduce two simple lightlike vectors (n_+ · n_− = 1, n^2_+ = n^2_− = 0), such that we have

P^μ ≡ Q̃ ξ √ 2 n^μ_+ + ξ M^2 Q̃√2 n μ −, (1.80)

P^μ_h ≡ ζQ̃ √ 2 n^μ_− +

M^2_h ζQ̃ √ 2 n^μ_+, (1.81)

q^μ ≡ Q̃ √ 2 n^μ_− − Q̃ √ 2 n^μ_+ + q^μ_T , (1.82)

where q^2_T ≡ −Q^2_T and Q̃^2 = Q^2 − Q^2_T . Note that the variables ξ and ζ are equal to the invariants x_B and z_h or z up to corrections of order M^2/Q^2, M^2_h /Q^2 and Q^2_T /Q^2. Furthermore one has that X^2 = −Q^2_T = −q^2_T .

It is possible to take several kinematic corrections into account by starting with the above parametrization in terms of ξ and ζ and calculate the invariants. Inversion gives

ξ = xB

Q̃^2 Q^2 2 ( 1 + √ 1 +^{Q̃2}_{Q2}^{4M 2 x2B}_{Q2} ) ,

ζ = z_h

Q^2 Q̃2

( 1 + √ 1 +^{Q̃2}_{Q2}^{4M 2h}_{z2h Q2} )

2 ,

or instead of the last one in terms of z instead of z_h,

ζ = z ( 1 + √ 1 +^{4x2B M 2 M 2h}

z2 Q4 ) ( 1 + √ 1 +^{Q̃2}_{Q2}^{4x2B M 2}_{Q2} ) .

QT is determined from P_{h⊥} or implicitly from z, z_h and xB (e.g. equating the two expressions for ζ). For inclusive lepton-hadron scattering one has QT = 0 and ξ = 2xB /(1 + √ κ). This quantity is referred to as the Nachtmann scaling variable.

We give the hadronic momenta in the frames I and II, including the vector q_T , up to O(1/Q^2). We do this omitting the ’boost’ factors 1/A and A multiplying − and + components respectively.

lepton-hadron:

momentum frame I frame II relations q = k − k^′

[_{Q√}

2 , −^{Q√}_2 , 0_⊥

] [_{Q√}

2 , −^{Q√}_2 , q_T ] q_T = −^1_z P_{h⊥} P [_{xB M 2} Q √ 2 ,^Q_{xB}^√_2 , 0_⊥

] [_{xB M 2} Q √ 2 ,^Q_{xB}^√_2 , 0_T ] x_B = −^{q+}_{P +} ≈^{Q2}_{2P ·q} ≈ −^{Ph ·q}_{Ph ·P}

P_h

[_{zhQ√}

2 ,^{M 2h⊥}_{zh Q}^√_2 , P_{h⊥}

] [_{zhQ√}

2 ,^{M 2h}_{zhQ}^√_2 , 0_T ] z_h =^{P −h}_{q−} ≈ −^{2Ph·q}_{Q2} ≈^{P ·Ph}_{P ·q}

q_T [ 0 , −2^{Q2T}_Q^√_2 , q_T ] [ 0 , 0 , q_T ] q^2_T = Q^2_T

The important thing to notice is that the momentum q_T introduced as the transverse part of q in frame II, produces in frame I a term in the +-direction, which will produce effects only suppressed by 1/Q, rather than mass effects which always will appear suppressed by 1/Q^2.

The forms of the vectors in the Cartesian set and the vectors n_± and q_T including transverse momentum corrections, but neglecting mass corrections (order 1/Q^2) are explicitly given below.

ℓH and e^−e^+ vector frame I frame II T [_{Q̃√}

2 ,^{Q2}_{Q̃}^√_2 , 0_⊥

] [_{Q̃√} 2 ,^{Q̃2 +2 Q2T}_{Q̃}^√_2 , q_T ]

Z [ −^{Q̃√}_2 ,^{Q2}_{Q̃}^√_2 , 0_⊥ ] [ −^{Q̃√}_2 ,^{Q̃√}_2 , −q_T ]

X [ 0 , 0 , q_T ] [ 0 , 2^{Q2T}_{Q̃}^√_2 , q_T ]

n_− [ 1,^{Q2T}_{Q̃2} , − q^T √ 2 Q̃ ] [1 , 0 , 0_T ]

n_+ [0 , 1 , 0_T ] [0 , 1 , 0_T ]

q_T [ 0 , −2^{Q2T}_{Q̃}^√_2 , q_T ] [ 0 , 0 , q_T ]

Later on we will need to transform from the theoretically useful vectors n_± and q_T to the quantities appearing in the expansion of the hadronic tensor, t̂, ẑ and x̂,

n^μ_− = 1 Q̃√2 (( 1 + Q^2_T Q^2 ) T^μ − ( 1 − Q^2_T Q^2 ) Z^μ − 2 X^μ ) ≈ T^μ − Z^μ − 2 X^μ Q √ 2 (1.83)

n^μ_+ = Q̃2 Q^2

T^μ + Z^μ

Q̃√2 ≈

T^μ + Z^μ Q √ 2 (1.84)

q^μ_T = X^μ −

Q^2_T Q^2

(T^μ + Z^μ) (1.85)

Again inclusion of mass corrections can be done by using the exact inverse of the expressions for P , P_h and q,

n+ = ξ √ 2 Q̃ ( P −^{ξM 2}_{ζQ̃2} P_h ) ( 1 −^{ξ2 M 2 M 2h}

ζ2 Q4 ) ,

n− = √ 2 ζQ̃ ( P_h −^{ξM 2h}_{ζQ̃2} P ) ( 1 −^{ξ2 M 2M 2h}

ζ2 Q4 ) ,

and rewriting q, P , and P_h in terms of Z, T , and X.

Neglecting the mass and transverse momentum corrections of order 1/Q^2 (but keeping those of order 1/Q) we obtain

g^{μν}_T ≡ g^{μν} − n^μ_+n^ν_− − n^μ_−n^ν_+

= g^{μν}_⊥ −

Q_T Q q̂^{{μ}x̂^{ν}} +

Q_T Q t̂^{{μ}x̂^{ν}}, (1.86)

g^{μν}_⊥ = g^{μν}_T − √ 2 n^{{μ}_+ q^{ν}}_T Q (1.87)

Using normalized vectors is important to see which are the terms containing transverse vectors that should be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0, a_T ] with |a_T | ∼ 1, i.e. ∼ Q^0, one has up to O(1/Q^2) the relation

a^μ_T ≈ g^{μν}_⊥ a_{T ν} − a_T · q_T

Q^2 q^μ + a_T · q_T

Q^2

T^μ. (1.88)

Note that the first term on the righthand side has in frame I the form [0, 0, a_T ]. We will sometimes simply use the notation a^μ_⊥ = g^{μν}_⊥ a_{T ν} for it, but one must be careful not to confuse this with the vector g^{μν}_⊥ a_ν . An example of such a vector is S_T , part of the spin vector characterizing the spin of a spin 1/2 hadron, for which one has

P^μ =

M^2 2P^+ n^μ_− + P^+ n^μ_+, (1.89)

S^μ = −S_{hL} M 2P^+ n^μ_− + S_{hL}

P^+ M n^μ_+ + S^μ_T , (1.90)

such that P · S = 0 and −S^2 = 1 = S^2_{hL} + S^2_T . Also for the quark transverse momentum vectors k_T this relation will become important.

Also the lepton momenta k and k^′ = k − q can be expanded in t̂, ẑ and a perpendicular component using the scaling variable y = P · q/P · k (in the target restframe reducing to y = ν/E). The result is

k^μ =

2 − y y 1 κ T^μ − 1 2 Z^μ + k^μ_⊥ = Q 2 q̂^μ +

(2 − y) 2y Q √ κ t̂^μ + √ 1 − y +^1_4 (1 − κ) y^2 y Q √ κ ℓ̂^μ

Q^2 →∞ −→ Q 2 q̂^μ +

(2 − y) Q 2y t̂^μ + Q √ 1 − y y ℓ̂^μ, (1.91)

where ℓ̂^μ = k^μ_⊥/|k_⊥|, is a spacelike unit-vector in the perpendicular direction lying in the (lepton) scattering plane. The kinematics in the frame where virtual photon and target are collinear (including target rest frame) is illustrated in Fig. 1. With the definition of ℓ̂, we have for the leptonic tensor^2 neglecting mass corrections (κ = 1)

L^{μν}_{(ℓH)} =

Q^2 y^2 [ −2 ( 1 − y + 1 2 y^2 ) g^{μν}_⊥ + 4(1 − y)t̂^μt̂^ν

+4(1 − y) ( ℓ̂^μℓ̂^ν + 1 2 g^{μν}_⊥ ) + 2(2 − y) √ 1 − y t̂^{{μ}ℓ̂^{ν}}

−iλ_e y(2 − y) ϵ^{μν}_⊥ − 2iλ_e y √ 1 − y t̂^{[μ}ϵ^{ν]ρ}_⊥ ℓ̂_ρ ] . (1.92)

2A useful relation is ϵ_{μνρσ} g_{αβ} = ϵ_{ανρσ} g_{μβ} + ϵ_{μαρσ} g_{νβ} + ϵ_{μνασ} g_{ρβ} + ϵ_{μνρα} g_{σβ} or for a vector a_⊥ orthogonal to t̂ and q̂,

ϵ^{μνρσ}ẑ_ρa_{⊥σ} = t̂^{[μ}ϵ^{ν]ρ}_⊥ a_{⊥ρ},

ϵ^{μνρσ}t̂_ρa_{⊥σ} = −ẑ^{[μ}ϵ^{ν]ρ}_⊥ a_{⊥ρ}.

For completeness, we also give the full tensor including mass corrections

L^{μν}_{(ℓH)} = 1 κ Q^2 y^2 [ −2 ( 1 − y + 1 4 (1 + κ) y^2 ) g^{μν}_⊥ + 4 ( 1 − y + 1 4 (1 − κ) y^2 ) t̂^μt̂^ν

+4 ( 1 − y + 1 4 (1 − κ) y^2 ) ( ℓ̂^μℓ̂^ν + 1 2 g^{μν}_⊥ ) + 2(2 − y) √ 1 − y + 1 4 (1 − κ) y^2 t̂^{{μ}ℓ̂^{ν}}

−iλe √ κ y(2 − y) ϵ^{μν}_⊥ − 2iλe √ κ y √ 1 − y + 1 4 (1 − κ) y^2 t̂^{[μ}ϵ^{ν]ρ}_⊥ ℓ̂ρ ] . The lepton-momenta also can be written down in the frames discussed above using that up to O(1/Q^2) corrections y = q^− k^− ≈ P · q P · k = Q^2 x_B s

, (1.93)

which in the target rest frame (A = x_B M/Q) equals y = ν/E.

lepton-hadron:

momentum frame I frame II relations k [_1 A Q y √ 2 , A^{(1−y)Q}_y^√_2 , k_⊥

] [_1 A yQ√ 2 , A k^{2T}_{yQ}^√_2 , k_T ] k_T = k_⊥ + q^T_y

k^′

[_1 A (1−y)Q y √ 2 , A^Q_y^√_2 , k_⊥

] [_1 A (1−y)Q y √ 2 , A^{y(}k^{2T −2}k^{T ·}q^{T )}

(1−y)Q √ 2 , k_T − q_T ] k^2_⊥ =^{1−y}_{y2} Q^2

The lepton phase space becomes d^3k^′/E^′ = E^′dE^′dΩ = πysdx_B dy, and one obtains for Eq. 1.27

dσ^{(ℓH)} dx_B dz d^2q_T dy = π α^2 2Q^4 yz L^{(ℓH)}_{μν} 2MW^{μν(ℓH)}. (1.94)

For the inclusive process one finds

dσ^{(ℓH)} dx_B dy = π α^2 Q^4 y L^{(ℓH)}_{μν} 2MW^{μν(ℓH)}. (1.95)

1.3.2 The annihilation process

For e^−e^+ annihilation the starting point is the timelike direction defined by q. Then it is often convenient to use one of the hadron momenta, say P_2 to construct an orthogonal spacelike vector proportional to P̃_2 = P_2 − (P_2 · q/q^2)q.

T^μ ≡ q^{μ I}= [ Q √ 2 , Q √ 2 , 0_⊥ ] , (1.96)

Z^μ ≡ q^2 P_2 · q

P̃^μ_2 √ κ_2 = 1 √ κ_2 ( 2 z_2

P^μ_2 − q^μ

)_I = [ − Q √ 2 , Q √ 2 , 0_⊥ ] , (1.97)

For these vectors we have T^2 = Q^2 and Z^2 = −Q^2 while

κ_2 = 1 +

M^2_2 Q^2 (P · q)^2

= 1 +

4 M^2_2 z^2 Q^2

. (1.98)

The quantity κ_2 takes into account mass corrections ∝ M^2_2 /Q^2 which will vanish for large Q^2 (κ_2 → 1). Note that P_2 · Z = - √ κ_2 P_2 · q. We will mostly consider normalized vectors t̂^μ = T^μ/Q and ẑ^μ = Z^μ/Q.

In the space orthogonal to ẑ and t̂ one has the tensors

g^{μν}_⊥ ≡ g^{μν} − q̂^μq̂^ν + ẑ^μẑ^ν , (1.99)

ϵ^{μν}_⊥ ≡ −ϵ^{μνρσ}q̂_ρẑ_σ = 1 (P_2 · q) √ κ_2 ϵ^{μνρσ} P_{2 ρ}q_σ , (1.100)

Vectors in the orthogonal space are for instance obtained using the other hadronic momentum P_1 (see figure 1.2). The following Cartesian vectors can be defined,

Figure 1.2: Kinematics of the annihilation process in the lepton center of mass frame

X^μ ≡

−(P_1 · Z) P̃^μ_2 + (P_2 · Z) P̃^μ_1 (P_1 · t̂ )(P_2 · ẑ) − (P_1 · ẑ)(P_2 · t̂ )

, (1.101)

Y^μ ≡ ϵ^{μνρσ} P_{2ν} P_{1ρ}q_σ (P_1 · t̂ )(P_2 · ẑ) − (P_1 · ẑ)(P_2 · t̂ )

, = − 1 √ κ_2 ϵ^{μν}_⊥ X_ν . (1.102)

We define in frame I X = [0, 0, q_T ], with length X^2 = −q^2_T ≡ −Q^2_T . The proportionality constant for X is chosen such that X^μ = q^μ + . . . P^μ_1 + . . . P^μ_2 ≈ q^μ − P^μ_1 /z_1 − P^μ_2 /z_2. This choice implies that in frame II, in which P_1 and P_2 do not have transverse momentum, one has the transverse component of q precisely equal to q_T . In frame II we, moreover, choose two simple lightlike vectors (n_+ · n_− = 1), such that we have

P^μ_1 ≡ ζ_1Q̃ √ 2 n^μ_− +

M^2_1 ζ_1Q̃ √ 2 n^μ_+, (1.103)

P^μ_2 ≡ ζ_2Q̃ √ 2 n^μ_+ +

M^2_2 ζ_2Q̃ √ 2 n^μ_−, (1.104)

q^μ ≡ Q̃ √ 2 n^μ_− + Q̃ √ 2 n^μ_+ + q^μ_T , (1.105)

where Q̃^2 = Q^2 + Q^2_T . Note that up to O(1/Q^2) the variables ζ_1 ≈ z_1, ζ_2 ≈ z_2 and Q̃ ≈ Q. Explicitly the hadronic momenta in the frames I and II up to O(1/Q^2), including the vector q_T are given below.

electron-positron:

momentum frame I frame II relations q = k + k^′

[_{Q√}

2 ,^{Q√}_2 , 0_⊥

] [_{Q√} 2 ,^{Q√}_2 , q_T ] q_T = −^1_{z1} P_{1⊥}

P_2

[_{M 22}

z_2Q √ 2 ,^{z2Q√}_2 , 0_⊥

] [_{M 22}

z_2Q √ 2 ,^{z2Q√}_2 , 0_T ] z_2 =^{P +2}_{q+} ≈^{2P2 ·q}_{Q2} ≈^{P1 ·P2}_{P1 ·q}

P_1

[_{z1Q√} 2 ,^{M 21⊥}_{z1Q}^√_2 , P_{1⊥}

] [_{z1Q√}

2 ,^{M 21}_{z1Q}^√_2 , 0_T ] z_1 =^{P −1}_{q−} ≈^{2P1·q}_{Q2} ≈^{P2 ·P1}_{P2 ·q}

q_T [ 0 , −2^{Q2T}_Q^√_2 , q_T ] [0 , 0 , q_T ] q^2_T = Q^2_T

The forms of the vectors T , Z, X, n_± and q_T are identical to the case of lepton-hadron scattering. Neglecting the mass and transverse momentum corrections of order 1/Q^2 (but keeping those of order 1/Q) we obtain

g^{μν}_T ≡ g^{μν} − n^μ_+n^ν_− − n^μ_−n^ν_+

= g^{μν}_⊥ +

Q_T Q ẑ^{{μ}x̂^{ν}} +

Q_T Q q̂^{{μ}x̂^{ν}}, (1.106) g^{μν}_⊥ = g^{μν}_T − √ 2 n^{{μ}_+ q^{ν}}_T Q (1.107)

Using normalized vectors is important to see which are the terms containing transverse vectors that should be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0, a_T ] with |a_T | ∼ 1, i.e. Q^0, one has up to O(1/Q^2) the relation

a^μ_T ≈ g^{μν}_⊥ a_{T ν} + a_T · q_T

Q^2

Z^μ + a_T · q_T

Q^2 q^μ. (1.108)

We will sometimes simply use the notation a^μ_⊥ = g^{μν}_⊥ a_{T ν} , but one must be careful not to confuse it with the vector g^{μν}_⊥ a_ν .

Also the leptonic momenta can be expanded in the Cartesian directions. Using the scaling variable y = P_2 · k/P_2 · q, we obtain up to O(1/Q^2) corrections

k^μ = 1 2 q^μ +

1 − 2y 2 Z^μ + k^μ_⊥ = Q 2 q̂^μ +

(1 − 2y)Q 2 ẑ^μ + Q √ y(1 − y) ℓ̂^μ, (1.109)

where ℓ̂^μ = k^μ_⊥/|k_⊥|. This leads to the leptonic tensor

L^{μν}_{(e−e+)} = Q^2 [ − ( 1 − 2y + 2y^2 ) g^{μν}_⊥ + 4y(1 − y)ẑ^μẑ^ν

−4y(1 − y) ( ℓ̂^μℓ̂^ν + 1 2 g^{μν}_⊥ ) − 2(1 − 2y) √ y(1 − y) ẑ^{{μ}ℓ̂^{ν}}

+iλ (1 − 2y) ϵ^{μν}_⊥ − 2iλ √ y(1 − y) ℓ̂_ρϵ^{ρ [μ}_⊥ ẑ^{ν]} ] . (1.110)

The lepton-momenta also can be written down in the frames I and II using y = k^− q^− ≈ P_2 · k P_2 · q

, (1.111)

which in the lepton rest frame equal y = (1 ± cos θ_2)/2 with θ_2 the angle of hadron (or jet) with respect to the momentum of the incoming leptons.

Electron-positron:

momentum frame I frame II relations k [_{yQ√}

2 ,^{(1−y)Q√}_2 , k_⊥

] [_{yQ√} 2 , k^{2T}_{yQ}^√_2 , k_T ] k_T = k_⊥ + yq_T

k^′

[_{(1−y)Q√} 2 ,^{yQ√}_2 , −k_⊥

] [_{(1−y)Q√}

2 ,^(k^{2T −2}k^{T ·}q^{T )}

(1−y)Q √ 2 , q_T − k_T ] k^2_⊥ = y(1 − y)Q^2

In the e^−e^+ rest frame d^3P_1d^3P_2/P^0_1 P^0_2 = (dz_1/z_1)(z_2Q^2 dz_2/4)dP_{1⊥}dΩ_2 = πQ^2 z_1z_2 dz_1 dz_2 dy d^2q_T , so Eq. 1.43 becomes dσ^{(e+ e−)} dz_1 dz_2 d^2q_T dy = π α^2 2Q^4 z_1z_2 L^{(e+e− )} μν W^{μν(e+e− )}. (1.112)

For the production of a single hadron

dσ^{(e+ e−)} dz dy = π α^2 Q^4 z L^{(e+e−)} μν W^{μν(e+ e− )}. (1.113)

1.3.3 Drell-Yan scattering

For Drell-Yan scattering, for which q^μ is timelike, one can define the following four orthogonal vectors that can be used to expand any vector. Starting with q^μ defining the timelike vector T^μ,

T^μ ≡ q^{μ I}= [ Q √ 2 , Q √ 2 , 0_⊥ ] , (1.114)

Figure 1.3: Kinematics of the Drell-Yan process in the lepton center of mass frame

Z^μ ≡

P_B · q P_B · P_A

P̃^μ_A − P^A · q

P_A · P_B

P̃^μ_B = P^B · q P_B · P_A

P^μ_A −

P_A · q P_A · P_B

P^μ_B^I= [ Q √ 2 , Q √ 2 , 0_⊥ ] , (1.115)

X^μ ≡

(P_B · Z) P̃^μ_A − (P_A · Z) P̃^μ_B (P_A · t̂ )(P_B · ẑ) − (P_A · t̂ )(P_B · ẑ)

, (1.116)

Y^μ ≡ ϵ^{μνρσ} P_{Aν} P_{Bρ}q_σ (P_A · t̂ )(P_B · ẑ) − (P_A · t̂ )(P_B · ẑ)

. (1.117)

These vectors satisfy T^2 = Q^2 and up to mass corrections Z^2 ≈ −Q^2. We will use normalized versions t̂^μ ≡ T^μ/Q and ẑ^μ ≡ Z^μ/ √ −Z^2. We note that in this case both hadrons are used to define the spacelike direction, in contrast to e.g. e^+e^− annihilation (compare figs 1.2 and 1.3). In the space transverse to T = q and Z we can use the perpendicular tensors

g^{μν}_⊥ ≡ g^{μν} − t̂^μt̂^ν + ẑ^μẑ^ν (1.118)

ϵ^{μν}_⊥ ≡ −ϵ^{μνρσ}t̂_ρẑ_σ = − 1 Q^2 ϵ^{μνρσ} q_ρZ_σ. (1.119)

We define in frame I X = [0, 0, q_T ], with length X^2 = −q^2_T ≡ −Q^2_T . The proportionality constant for X is chosen such that X^μ = q^μ + . . . P^μ_A + . . . P^μ_B ≈ q^μ − x_A P^μ_A − x_B P^μ_B . This choice implies that in frame II, in which P_A and P_B do not have transverse momentum one has the transverse component of q precisely equal to q_T . In frame II we, moreover, choose two simple lightlike vectors (n_+ · n_− = 1), such that

P^μ_A ≡ Q̃ ξ_A √ 2 n^μ_+ + ξ_AM^2_A Q̃√2 , n μ −. (1.120)

P^μ_B ≡ Q̃ ξ_B √ 2 n^μ_− + ξ_B M^2_B Q̃√2 n μ +, (1.121)

q^μ ≡ Q̃ √ 2 n^μ_− + Q̃ √ 2 n^μ_+ + q^μ_T , (1.122)

where Q̃^2 = Q^2 + Q^2_T . Note that up to O(1/Q^2) the variables ξ_A ≈ x_A , ξ_B ≈ x_B and Q̃ ≈ Q. Next, we explicitly give the hadronic momenta and q_T in the frames I and II, up to O(1/Q^2).

Drell-Yan:

momentum frame I frame II relations q = k + k^′

[_{Q√}

2 ,^{Q√}_2 , 0_⊥

] [_{Q√} 2 ,^{Q√}_2 , q_T ]

P_A

[_{xAM 2A⊥} Q √ 2 ,^Q_{xA}^√_2 , − q^T_{2xA}

] [_{xAM 2A} Q √ 2 ,^Q_{xA}^√_2 , 0_T ] x_A =^{q+}_{P +A} ≈^{Q2}_{2PA ·q} ≈^{PB ·q}_{PB ·PA}

P_B

[_Q

x_B √ 2 ,^{xB M 2B⊥} Q √ 2 , − q^T_{2xB}

] [_{Q2}

x_B Q √ 2 ,^{xB M 2B}_Q^√_2 , 0_T ] x_B =^{q−}_{P −B} ≈^{Q2}_{2PB ·q} ≈^{PA ·q}_{PA·PB}

q_T [ −^{Q2T}_Q^√_2 , −^{Q2T}_Q^√_2 , q_T ] [0 , 0 , q_T ] q^2_T = Q^2_T

The precise forms of the vectors in the Cartesian set and the vectors n_± and q_T are explicitly given below (omitting ’boost’ factors 1/A and A multiplying − and + components respectively). DY vector frame I frame II T [_{Q√}

2 ,^{Q√}_2 , 0_⊥

] [_{Q̃√} 2 ,^{Q̃√}_2 , q_T ]

Z [ −^{Q√}_2 ,^{Q√}_2 , 0_⊥ ] [ −^{Q√}_2 ,^{Q√}_2 , −0_T ]

X [ 0 , 0 , q_T ]

[_{Q2T} Q √ 2 ,^{Q2T}_Q^√_2 ,^{Q̃} q_T ]

n_−

[_{Q̃+Q}

2 Q ,^{Q̃−Q}_{2 Q} , − q^T_Q^√_2 ] [1 , 0 , 0_T ]

n_+

[_{Q̃−Q}

2 Q ,^{Q̃+Q}_{2 Q} , − q^T_Q^√_2 ] [0 , 1 , 0_T ]

q_T [ −^{Q2T}_Q^√_2 , −^{Q2T}_Q^√_2 ,^{Q̃} q_T ] [ 0 , 0 , q_T ]

Later on we will need to transform from the theoretically useful vectors n_± and q_T to the quantities appearing in the expansion of the hadronic tensor, t̂, ẑ and x̂,

n^μ_− = 1 Q √ 2 ( Q̃ Q T^μ − Z^μ − X^μ ) ≈ T^μ − Z^μ − X^μ Q √ 2 (1.123)

n^μ_+ = 1 Q √ 2 ( Q̃ Q T^μ − Z^μ − X^μ ) ≈ T^μ + Z^μ − X^μ Q √ 2 (1.124)

q^μ_T = Q̃ Q X^μ −

Q^2_T Q^2

T^μ ≈ X^μ −

Q^2_T Q^2

T^μ (1.125)

The last relation is important to keep track of transverse momentum effects at order 1/Q. Neglecting the mass and transverse momentum corrections of order 1/Q^2 (but keeping those of order 1/Q) we obtain

g^{μν}_T ≡ g^{μν} − n^μ_+n^ν_− − n^μ_−n^ν_+

= g^{μν}_⊥ +

Q_T Q q̂^{{μ}x̂^{ν}}, (1.126)

g^{μν}_⊥ = g^{μν}_T − n^{{μ}_+ q^{ν}}_T Q √ 2 − n^{{μ}_− q^{ν}}_T Q √ 2 . (1.127)

Using normalized vectors is important to see which are the terms containing transverse vectors that should be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0, a_T ] with |a_T | ∼ 1, i.e. ∼ Q^0, one has up to O(1/Q^2) the relation

a^μ_T ≈ g^{μν}_⊥ a_{T ν} + a_T · q_T

Q^2 q^μ. (1.128)

We will sometimes simply use the notation a^μ_⊥ = g^{μν}_⊥ a_{T ν} , but one must be careful not to confuse it with the vector g^{μν}_⊥ a_ν .

Also the lepton momenta can be expressed in the cartesian vectors. For DY we have

k^μ = 1 2 T^μ +

1 − 2y 2 Z^μ + k^μ_⊥ = Q 2 q̂^μ +

(1 − 2y)Q 2 ẑ^μ + Q √ y(1 − y) ℓ̂^μ, (1.129)

where ℓ̂^μ = k^μ_⊥/|k_⊥|. This leads to the leptonic tensor

L^{μν}_{(DY )} = Q^2 [ − ( 1 − 2y + 2y^2 ) g^{μν}_⊥ + 4y(1 − y)ẑ^μẑ^ν

−4y(1 − y) ( ℓ̂^μℓ̂^ν + 1 2 g^{μν}_⊥ ) − 2(1 − 2y) √ y(1 − y) ẑ^{{μ}ℓ̂^{ν}}

−iλ (1 − 2y) ϵ^{μν}_⊥ + 2iλ √ y(1 − y) ℓ̂_ρϵ^{ρ [μ}_⊥ ẑ^{ν]} ] . (1.130)

The lepton momenta can also be written down in frames I and II using y = k^− q^− ≈ k^{′+} q^+

, (1.131)

which in the lepton rest frame equal y = (1 ± cos θ)/2 with θ the angle of the leptons with respect to an axis that is approximately parallel to the momentum of hadrons A and B (the z-direction).

Drell-Yan:

momentum frame I frame II relations k [_{yQ√}

2 ,^{(1−y)Q√}_2 , k_⊥

] [_{yQ√} 2 , k^{2T}_{yQ}^√_2 , k_T ] k_T = k_⊥ +^1_2 q_T

k^′

[_{(1−y)Q√} 2 ,^{yQ√}_2 , −k_⊥

] [_{(1−y)Q√} 2 ,^(k^{2T −2}k^{T ·}q^{T )}

(1−y)Q √ 2 , q_T − k_T ] k^2_⊥ = y(1 − y)Q^2

Eq. 1.63 becomes dσ^{(DY )} dx_A dx_B d^2q_T dy = π α^2 Q^4

L^{(DY )}_{μν} W^{μν(DY )}. (1.132)

1.4 Spin vectors, . . .

In the next section it will turn out that the most convenient way to describe the spin vector of the target is via an expansion of the form

S^μ = −S_{hL}

Mx_B Q √ 2 n_− + S_{hL} Q Mx_B √ 2 n_+ + S_T . (1.133)

One has up to O(1/Q^2) corrections S_L ≈ M (S · q)/(P · q) and S_T ≈ S_⊥. For a pure state one has S^2_L + S^2_T = 1, in general this quantity being less or equal than one.

The final state spin vector S_h in the case of detection of a spin 1/2 hadron (e.g. a Λ-baryon) will be expanded in the same way. This vector can e.g. be determined from the decay products (e.g. the Nπ system in case of a Λ). It satisfies P_h · S_h = 0 and is written

S^μ_h = S_{hL} z_h Q M_h √ 2 n_− − S_{hL}

M_h z_h Q √ 2 n_+ + S_{hT} . (1.134)

Up to O(1/Q^2) corrections one has S_{hL} ≈ M_h (S_h · q)/(P_h · q), but note that one has S_{hT} ≈ S_{h⊥} − S_{hL} P_{h⊥}/M_h. In general one has S^2_{hL} + S^2_{hT} ≤ 1.

Chapter 2

Quark correlation functions

2.1 Distributions: from hadron to quarks

We consider now the most general form of the two-quark correlation function

Φ_{ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨P, S|ψ_j (0)ψ_i(ξ)|P, S⟩, (2.1)

where a summation over color indices is implicit, diagrammatically represented in Fig. 2.1. In order to render the definition color gauge-invariant each quark field needs to be accompanied by a path ordered exponential (link operator) of the form

U(a, ξ) = P exp ( −ig ∫_ξ a dz^μ A_μ(z) ) . (2.2)

For the relevant correlation functions Φ in a hard scattering process, we will encounter only those cases in which the link involves gluons of the type A · n, where n is a lightlike vector (see Fig. 2.2).

Constraints on the correlation function Φ come from hermiticity, parity and time reversal invariance. We know how the states behave under such transformations and we know how the fields transform. This gives consistency conditions. One finds Φ^†(k, P, S) = γ_0 Φ(k, P, S) γ_0 [Hermiticity] (2.3) Φ(k, P, S) = γ_0 Φ(k̄, P̄ , −S̄) γ_0 [Parity] (2.4) Φ^∗(k, P, S) = (−iγ_5C) Φ(k̄, P̄ , S̄) (−iγ_5C) [Time reversal] (2.5) where C = iγ^2γ_0, −iγ_5C= iγ^1γ^3 and k̄ = (k^0, −k).

We will give the explicit proof of these properties. Starting with hermiticity,

(Φ^†)ij = Φ^∗_{ji} = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|ψ^†_k (0)(γ0)_{ki}ψj (ξ)|P, S⟩^∗ = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|ψ^†_j (ξ)(γ0)_{ik}ψ_k(0)|P, S⟩ = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨P, S|ψ_l(0)(γ0)_{lj} (γ0)_{ik}ψ_k (ξ)|P, S⟩

= (γ0)_{ik} Φ_{kl} (γ0)_{lj} ,

Figure 2.1: The diagrammatic representation of the quark-quark correlation function Φ(k, P, S).

201

Figure 2.2: The link as can be obtained from A^+ gluon blobs (see sections 3 and 7) in the case of ξ^+ = ξ_T = 0 (left) and the case ξ^+ = 0, ξ_T ≠ 0 (right).

where from second to third line translation invariance has been used. Next considering parity

Φij (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ}⟨P, S|P^†Pψ_j (0)P^†Pψi(ξ)P^†P|P, S⟩ = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ}⟨P̄ , −S̄|ψ_l(0)(γ0)_{lj} (γ0)_{ik}ψ_k(ξ̄)|P̄ , −S̄⟩ = 1 (2π)^4 ∫ d^4ξ e^{i k̄·ξ}⟨P̄ , −S̄|ψ_l(0)(γ0)_{lj} (γ0)_{ik}ψ_k(ξ)|P̄ , −S̄⟩

= (γ0)_{ik} Φ_{kl}(p̄, P̄ , −S̄) (γ0)_{lj} ,

where P ψ(ξ)P^† = γ0ψ(ξ̄) and from second to third line k · ξ = k̄ · ξ̄ and d^4ξ = d^4ξ̄ has been used. Finally time reversal invariance (with T anti-unitary),

Φ^∗_{ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|T^†T ψ_j (0)T^†T ψi(ξ)T^†T |P, S⟩ = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P̄ , S̄|(−iγ5Cψ)_j (0)(−iγ5Cψ)i(−ξ̄)|P̄ , S̄⟩ = 1 (2π)^4 ∫ d^4ξ e^{i k̄·ξ} ⟨P̄ , S̄|(−iγ5Cψ)_j (0)(−iγ5Cψ)i(ξ)|P̄ , S̄⟩

= (−iγ5C)_{ik} Φ_{kl}(k̄, P̄ , S̄) (−iγ5C)_{lj} ,

where T ψ(ξ)T^† = −iγ5Cψ(−ξ̄).

Including the link-operator these properties will be different. For the gauge link one has

U^†(a, ξ) = U(ξ, a), (2.6) P U(a, ξ) P^† = U(ā, ξ̄), (2.7) T U(a, ξ) T^† = U(−ā, −ξ̄), (2.8)

for which we used A^†_μ = A_μ, P A_μ(ξ) P^† = Ā_μ(ξ̄) and T A_μ(ξ) T^† = Ā_μ(−ξ̄). This means that the spacereversed (time-reversed) correlation function has a different link structure running from ā (−ā) respectively. However, if the common point is defined with respect to the two fields in the matrix element, no problem arises. For example the straight line link with path z^μ(s) = (1 − s) 0^μ + s ξ^μ gives a path z̄^μ after applying parity, but after the change of variables one ends up with the same path; similarly for time-reversal.

The most general structure implementing the constraints from hermiticity and parity is

Φ(k, P, S) = M A_1 + A_2 /P + A_3/k + i A_4

[/P, /k] 2M + i A_5 (k · S)γ_5 + M A_6 /Sγ_5

+A_7

(k · S) M /P γ_5 + A_8

(k · S) M /kγ_5 + A_9

[/P, /S] 2 γ_5 + A_{10}

[/k, /S] 2 γ_5

+A_{11}

(k · S) M [/P, /k] 2M γ_5 + A_{12} ϵ_{μνρσ} γ^μP^ν k^ρS^σ M , (2.9)

where the first four terms do not involve the hadron polarization vector. Hermiticity requires all the amplitudes A_i = A_i(k · P, k^2) to be real. The amplitudes A_4, A_5 and A_{12} vanish when also time reversal invariance applies.

One might wonder if the lightlike direction n should not appear in the expansion of the matrix element Φ. We note, however that the matrix element with link, Φ^{(n)} in the gauge n · A = 0 becomes equal to the matrix element Φ^{(0)} without link. In the expansion of the latter n obviously does not appear. For the fully integrated matrix element, which involves a d^4ξ integration, however, one can consider a different gauge n^′ · A = 0 and perform a change of integration variables such that ξ · n^′ = ξ^′ · n. One then finds that Φ^{(n′ )} = Φ^{(n)}, i.e. the link direction will never appear. Essential in this is the fact that n is not fixed by the momenta k, P or S.

For the applications, it is useful to introduce besides the lightlike vector n ≡ n_− a lightlike vector n_+, such that one has n^2_+ = n^2_− = 0 and n_+ · n_− = 1. The vector n_+ is fixed by the hadronic momentum such that P = M^2 2P^+ n_− + P^+ n_+, (2.10)

S = −λ M 2P^+ n_− + λ

P^+ M n_+ + S_T , (2.11)

k = k^− n_− + x P^+n_+ + k_T . (2.12)

The parametrization satisfies P^2 = M^2 and P · S = 0. One immediately deduces k^− = (k^2 + k^2_T )/2xP^+, while 2x k · P = k^2 + k^2_T + x^2M^2. Depending on the use of the soft parts one may need integrations over one or more components of k. At that point the lightlike vector n_− will become relevant.

The fully integrated result leads to a local matrix element, omitting the dependence on hadron momentum and spin vectors (P , S),

Φ_{ij} = ∫ d^4k Φ_{ij} (k, P, S) = ⟨P, S|ψ_j (0) ψ_i(0)|P, S⟩, (2.13)

It is parametrized as Φ = 1 2 { M g_S + g_V /P + M g_A γ_5 /S + g_T

[/S, /P ] γ_5 2 } . (2.14)

Because the matrix element is local the gauge link will vanish and there will be no dependence on the lightlike vectors. Projecting using a basis of 4 × 4 Dirac matrices (Γ)and defining

Φ^{[Γ]} ≡ 1 2 Tr (ΦΓ) , (2.15)

one finds

2 Φ^{[γμ]} = ⟨P, S|ψ(0) γ^μ ψ(0)|P, S⟩ = g_V 2P^μ, (2.16) 2 Φ^{[γμγ5]} = ⟨P, S|ψ(0) γ^μγ_5 ψ(0)|P, S⟩ = g_A 2M S^μ, (2.17) 2 Φ^{[iσμν γ5]} = ⟨P, S|ψ(0) iσ^{μν} γ_5 ψ(0)|P, S⟩ = g_T 2 S^{[μ}, P^{ν]} (2.18) 2 Φ^{[1]} = ⟨P, S|ψ(0) ψ(0)|P, S⟩ = g_S 2M, (2.19) 2 Φ^{[iγ5]} = ⟨P, S|ψ(0) iγ_5 ψ(0)|P, S⟩ = 0. (2.20)

Note that g_V = n (number of quarks minus antiquarks), g_A is the axial charge for quarks and antiquarks of a particular flavor, g_T is the tensor charge. Multiplying g_S with the quark mass one finds precisely the contribution of the quark mass term to the nucleon mass. The first two matrix elements are special because the operators correspond to conserved currents (for the axial current up to mass terms). The anomalous dimensions of these operators vanish.

In inclusive deep inelastic scattering one needs to consider the correlation functions

Φ_{ij} (x) = ∫ d^2k_T dk^− Φ_{ij} (k, P, S) | | | k^+=xP^+ = ∫ dξ^− 2π e^{ik·ξ} ⟨P, S|ψ_j (0) U(0, ξ) ψ_i(ξ)|P, S⟩ | | | |_{ξ+=ξT =0} , (2.21)

This correlation function is in general the result of a large number of diagrams, as it not only includes matrix elements that contain only quark fields, ψψ, but also matrix elements of the type ψA^+ . . . A^+ψ. All of these will contribute in leading order in 1/Q. It will turn out that in a full calculation gluonic matrix elements containing A^+ fields precisely form the for color gauge invariance necessary link, which runs along the minus direction (see Fig. 2.2). Working in the gauge A^+ = 0 none of the gluonic matrix elements will appear and the link in Eq. 2.21 becomes unity.

The quantity Φ(x) can be parametrized as

Φ(x) = 1 2 { f_1(x) /n_+ + λ g_1(x) γ_5 /n_+ + h_1(x) γ_5 [/S_T , /n_+] 2 }

+ M 2P^+ { e(x) + g_T (x) γ_5 /S_T + λ h_L(x) γ_5 [/n_+, /n_−] 2 }

+ M 2P^+ { −λ e_L(x) iγ_5 − f_T (x) ϵ^{ρσ}_T γ_ρS_{T σ} + h(x) i [/n_+, /n_−] 2 }

+ M^2 2(P^+)^2 { f_3(x) /n_− + λ g_3(x) γ_5/n_− + h_3(x) γ_5 [/S_T , /n_−] 2 } , (2.22)

The factors of (M/P^+) are the ones required from Lorentz invariance. As we will see, each factor 1/P^+ gives rise to a suppression factor of 1/Q in cross sections. From the structure of the above matrix element, being of the form Λ^{t−2}_H /(P^+)^{t−2} one defines the quantity t, the (operational) twist of the profile or distribution functions appearing in the parametrization.

To be slightly more specific, using the amplitude expansion for the quark-quark correlation function one can easily analyze the effect of the integration over k^− and k_T for the different Dirac projections of the quark correlation functions (twist analysis). For instance

Φ^{[1]}(x) = 1 2 ∫ dk^− d^2k_T T r(1 Φ(k, P, S)) | | | |_{k+=xP +} = M P^+ ∫ d(2k · P ) dk^2 π A_1(k^2, k · P ) θ(2x k · P − x^2M^2 − k^2) ≡ M P^+ e(x), (2.23)

where x = k^+/P^+ and the integration over k_T is rewritten as an integration over k^2 using k^2_T = 2x k · P − x^2 M^2 − k^2. In rewriting the matrix element in this way one has separated it in a function e(x) which we refer to as a distribution or profile function. This function, containing only hadron and quark momenta and scalar products of them which are of hadronic size (Λ_H ), is of O(1). It is multiplied with some factor that contains some powers of P^+ and momenta of hadronic size of which the consequence has already been mentioned. The functions e_L, f_T and h are expected to vanish because of time-reversal symmetry. They involve the amplitudes A_4, A_5 and A_{12}. We have kept them here, because they will have potential relevance later and furthermore are useful for comparison with fragmentation functions. The functions are referred to as T-odd.

Projecting with the various Dirac matrices one finds the ’leading’ (twist two) distribution functions

Φ^{[γ+]}(x) = f1(x), (2.24) Φ^{[γ+γ5 ]}(x) = λ g1(x), (2.25) Φ^{[iσi+γ5]}(x) = S^i_T h1(x), (2.26)

the twist three distribution functions

Φ^{[1]}(x) = M P^+ e(x), (2.27)

Φ^{[iγ5 ]} = M P^+ eL(x), (2.28)

Φ^{[γi ]}(x) = −

M ϵ^{iρ}_T ST ρ

P^+ fT (x), (2.29)

Φ^{[γi γ5 ]}(x) =

M S^i_T P^+ gT (x), (2.30)

Φ^{[iσ+−γ5 ]}(x) = M P^+ λ hL(x), (2.31)

Φ^{[iσij γ5 ]}(x) = M P^+ ϵ^{ij}_T λ h(x), (2.32)

and the twist four functions

Φ^{[γ− ]}(x) = f3(x), (2.33) Φ^{[γ− γ5 ]}(x) = λ g3(x), (2.34) Φ^{[iσi−γ5 ]}(x) = S^i_T h3(x). (2.35)

By rewriting Φ in Eq. 2.14 as Φ = P^+ 2 { g_V /n_+ + λ g_A γ_5 /n_+ + g_T

[/S_T , /n_+] γ_5 2 }

+ M 2 { g_S + g_A γ_5 /S_T + λ g_T

[/n_+, /n_−] γ_5 2 }

+ M^2 2P^+ { 1 2 g_V /n_− + 1 2 λ g_A γ_5 /n_− + 1 2 g_T

[/S_T , /n_−] γ_5 2 } . (2.36)

it follows from Φ = ∫ dk^+ Φ(x) = P^+ ∫ dx Φ(x) (assuming convergence and integrating over all x-values, which will be discussed later) that ∫ dx f_1(x) = 2 ∫ dx f_3(x) = g_V , (2.37) ∫ dx g_1(x) = ∫ dx g_T (x) = −2 ∫ dx g_3(x) = g_A, (2.38) ∫ dx h_1(x) = ∫ dx h_L(x) = 2 ∫ dx h_3(x) = g_T , (2.39) ∫ dx e(x) = g_S , (2.40) ∫ dx e_L(x) = ∫ dx f_T (x) = ∫ dx h(x) = 0. (2.41)

Making use of support properties of the distribution functions (−1 ≤ x ≤ 1) and symmetry relations between quark and antiquark distributions (the latter to be discussed in the next section), f_1(x) = −f̄_1(−x), and finally the fact that the vector charge g_V is in fact the definition of the flavor quantum number, i.e. g_V ≡ n_q, the first line turns into the number sum rule ∫_1 0 dx ( f_1(x) − f̄_1(x) ) = n. (2.42)

In semi-inclusive deep inelastic scattering or Drell-Yan processes, the matrix elements that are needed for the hadron → quark pieces in the hard scattering processes are the ones in which the integration over k_T is not yet performed, namely

Φ_{ij} (x, k_T ) = ∫ dk^− Φ_{ij} (k, P, S) | | | k^+=xP^+, k_T = ∫ dξ^−d^2ξ_T

(2π)^3 e^{ik·ξ} ⟨P, S|ψ_j (0) U(0, ∞) U(∞, ξ) ψ_i(ξ)|P, S⟩ | | | |_{ξ+=0} . (2.43)

In this case one is sensitive to transverse separation ξ_T . We consider, however, only gauge links attached to each quark along the minus direction, i.e. built from matrix elements with additional A^+ fields, which contribute at the same order in an 1/Q expansion (see Fig. 2.2). That this is the result in an actual diagrammatic expansion needs to be proven. It will turn out that the bilocal quark-quark matrix element will be supplemented with links running from 0 to [0, ∞, 0_T ] and one running from [0, ∞, ξ_T ] to [0, ξ^−, ξ_T ] respectively, With the physical condition that any matrix element involving ψ(0) A_T (η^− = ±∞, η^+, η_T ) ψ(ξ) vanishes, the links can be connected and one has a color gauge invariant quantity, for which after gauge fixing the link becomes unity. At this point it is useful to mention that quark-quark-gluon matrix elements with gluon fields other than A^+ need to be considered separately (see chapter 4).

We write down the expression for Φ(x, k_T ) in terms of n_+, n_− and transverse vectors up to O(M/P^+), including T-odd parts, but restricting ourselves to twist-two (∝ 1) and twist-three (∝ M/P^+) parts. Simple kinematic arguments already show that factorization of k_T -dependent functions cannot hold beyond twistthree.

Φ(x, k_T ) = 1 2 { f_1(x, k_T ) /n_+ + f^⊥_{1T} (x, k_T ) ϵ_{μνρσ} γ^μn^ν_+k^ρ_T S^σ_T M + g_{1s}(x, k_T ) γ_5 /n_+

+h_{1T} (x, k_T ) γ_5 [/S_T , /n_+] 2 + h^⊥_{1s}(x, k_T ) γ_5 [/k_T , /n_+] 2M + h^⊥_1 (x, k_T ) i [/k_T , /n_+] 2M }

+ M 2P^+ { e(x, k_T ) + f^⊥(x, k_T )

/k_T M − f_T (x, k_T ) ϵ^{ρσ}_T γ_ρS_{T σ}

−λ f^⊥_L (x, k_T ) ϵ^{ρσ}_T γ_ρk_{T σ} M − e_s(x, k_T ) iγ_5

+g^′_T (x, k_T ) γ_5 /S_T + g^⊥_s (x, k_T ) γ_5 /k_T M + h^⊥_T (x, k_T ) γ_5 [/S_T , /k_T ] 2M +h_s(x, k_T ) γ_5 [/n_+, /n_−] 2 + h(x, k_T ) i [/n_+, /n_−] 2 } . (2.44)

We have here use the shorthand notation

g_{1s}(x, k_T ) ≡ λ g_{1L}(x, k_T ) + g_{1T} (x, k_T )

(k_T · S_T ) M , (2.45)

and similarly for other functions, e.g. h^⊥_{1s}, g^⊥_s and h_s. Included are also T-odd functions f^⊥_{1T} , h^⊥_1 , f_T , f^⊥_L , e_s and h.

Again we can analyze the Dirac content of the correlation function (twist analysis). For instance for the unit matrix the effect of the integration over k^− is

Φ^{[1]}(x, k_T ) = 1 2 ∫ dk^− T r(1 Φ(k, P, S)) | | |_{k+ =xP +, kT} = M P^+ ∫ d(2k · P ) dk^2 A_1(k^2, k · P ) δ(k^2_T + k^2 − 2x k · P + x^2 M^2) ≡ M P^+ e(x, k_T ), (2.46)

where x = k^+/P^+ and k_T is the transverse component of the quark momentum k in the frame where P has no transverse components, i.e. frame II discussed in the previous section. The profile function e only depends on x and k^2_T . It is expressed as an integral in which all momenta and products thereof are of hadronic size (Λ_H ), and is multiplied with a factor of the form Λ^{t−4}_H /(P^+)^{t−2}, defining the operational twist. It is this factor that will lead in the cross section to a suppression factor 1/Q^{t−2}.

The various (T-even) Dirac projections Φ^{[Γ]} = (1/2)Tr(ΦΓ) appearing in here are explicitly

Φ^{[γ+ ]}(x, kT ) = f1(x, kT ) − ϵ^{ij}_T kT iST j M f^⊥_{1T} (x, kT ), (2.47)

Φ^{[γ+ γ5]}(x, kT ) = λ g1L(x, kT ) + g1T (x, kT )

(kT · ST ) M , (2.48)

Φ^{[iσi+γ5 ]}(x, kT ) = S^i_T h1T (x, kT ) + k^i_T M h^⊥_{1s}(x, kT ) − ϵ^{ij}_T kT j M h^⊥_1 (x, kT ),

= S^i_T h1(x, kT ) + λk^i_T M h^⊥_{1L}(x, kT ) − ( k^i_T k^j_T +^1_2 k^2_T g^{ij}_T ) ST j M^2 h^⊥_{1T} (x, kT ) − ϵ^{ij}_T kT j M h^⊥_1 (x, kT ), (2.49)

December 2000 207

and the profile functions that appear multiplied by a factor M/P^+ (twist three) are

Φ^{[1]}(x, kT ) = M P^+ e(x, kT ) (2.50)

Φ^{[γi ]}(x, kT ) = k^i_T P^+ f^⊥(x, kT ), (2.51)

Φ^{[γi γ5 ]}(x, kT ) =

M S^i_T P^+ g^′_T (x, kT ) + k^i_T P^+ g^⊥_s (x, kT ) = M S^i_T P^+ gT (x, kT ) + λk^i_T P^+ g^⊥_L (x, kT ) − ( k^i_T k^j_T +^1_2 k^2_T g^{ij}_T ) ST j M^2 g^⊥_T (x, kT ), (2.52)

Φ^{[iσij γ5 ]}(x, kT ) =

S^i_T k^j_T − k^i_T S^j_T

P^+ h^⊥_T (x, kT ) (2.53)

Φ^{[iσ+−γ5 ]}(x, kT ) = M P^+ hs(x, kT ). (2.54)

Note that sometimes it may be useful to work with the functions projected using σμν instead of iσμν γ5. These are

Φ^{[σi+]}(x, kT ) = ϵ^{ij}_T ST j h1T (x, kT ) + ϵ^{ij}_T kT j M h^⊥_{1s}(x, kT ), (2.55)

Φ^{[σij ]}(x, kT ) =

M ϵ^{ij}_T P^+ hs(x, kT ), (2.56)

Φ^{[σ+−]}(x, kT ) = ϵ^{ij}_T kT iST j

P^+ h^⊥_T (x, kT ). (2.57)

The integrated results f_1(x) etc. discussed before are obtained from f_1(x, k^2_T ) etc., where one must be aware that g_1 = g_{1L}, h_1 = h_{1T} + (k^2_T /2M^2)h^⊥_{1T} ≡ h_{1T} + h^{⊥(1)}_{1T} and g_T = g^′_T + (k^2_T /2M^2)g^⊥_T ≡ g^′_T + g^{⊥(1)}_T . Besides the k_T -integrated functions shown before, it is useful to consider k^α_T -weighted functions, 1 M Φ^α_∂ (x) ≡ ∫ d^2k_T k^α_T M Φ(x, k_T ), (2.58) 1 M^2

Φ^{αβ}_{∂∂} (x) ≡ ∫ d^2k_T ( k^α_T k^β_T +^1_2 k^2_T g^{αβ}_T ) M^2

Φ(x, k_T ). (2.59)

Note that the operator structure involved is

Φ^α_∂ (x, k_T ) = k^α_T Φ(x, k_T ) = ∫ dξ^−d^2ξ_T (2π)^3 e^{ik·ξ} ⟨P, S|i∂^α_T ( ψ(0) U(0, ∞) U(∞, ξ) ψ(ξ) ) |P, S⟩ | | |_{ξ+=0} = ∫ dξ^−d^2ξ_T (2π)^3 e^{ik·ξ} ⟨P, S|ψ(0) U(0, ∞) i∂^α_T U(∞, ξ) ψ(ξ)|P, S⟩ | | | |_{ξ+=0} . (2.60)

Note that in this case choosing the gauge A^+ = 0, one cannot just neglect the link operator, because it contains ξ_T dependence. We will return to this in the chapter 4. Note, however, that in the way defined here, the correlation function Φ_∂ is color gauge invariant.

We use the following properties for integrating k^2_T dependent functions over kT , ∫ d^2kT k^α_T k^i_T . . . = − 1 2 ∫ d^2kT k^2_T g^{αi}_T . . . ∫ d^2kT k^α_T k^β_T k^i_T k^j_T . . . = 1 8 ∫ d^2kT k^4_T ( g^{αi}_T g^{βj}_T + g^{αj}_T g^{βi}_T + g^{αβ}_T g^{ij}_T ) . . . , ∫ d^2kT k^α_T k^β_T ( k^i_T k^j_T + 1 2 k^2_T g^{ij}_T ) . . . = 1 8 ∫ d^2kT k^4_T ( g^{αi}_T g^{βj}_T + g^{αj}_T g^{βi}_T − g^{αβ}_T g^{ij}_T ) . . . , ∫ d^2kT ( k^α_T k^β_T + 1 2 k^2_T g^{αβ}_T ) ( k^i_T k^j_T + 1 2 k^2_T g^{ij}_T ) . . . = 1 8 ∫ d^2kT k^4_T ( g^{αi}_T g^{βj}_T + g^{αj}_T g^{βi}_T − g^{αβ}_T g^{ij}_T ) . . . ,

Nonvanishing for twist two are 1 M Φ^{α[γ+ γ5 ]}

∂ (x) = S^α_T ∫ d^2kT k^2_T 2M^2 g1T (x, kT ) ≡ S^α_T g^{(1)}_{1T} (x), (2.61)

1 M Φ^{α[iσi+γ5 ]}

∂ (x) = −g^{αi}_T λ ∫ d^2kT k^2_T 2M^2 h^⊥_{1L}(x, kT ) ≡ −g^{αi}_T λ h^{⊥(1)}_{1L} (x), (2.62) 1 M^2

Φ^{αβ[iσi+γ5 ]}

∂∂ (x) = − 1 2 ( g^{αi}_T S^β_T + g^{βi}_T S^α_T − g^{αβ}_T S^i_T ) ∫ d^2kT ( k^2_T 2M^2

)_2

h^⊥_{1T} (x, kT ) ≡ − 1 2 ( g^{αi}_T S^β_T + g^{βi}_T S^α_T − g^{αβ}_T S^i_T ) h^{⊥(2)}_{1T} (x), (2.63)

and for twist three 1 M Φ^{α[γi ]}_∂ (x) = −g^{αi}_T M P^+ f^{⊥(1)}(x), (2.64) 1 M Φ^{α[γi γ5 ]}

∂ (x) = −g^{αi}_T M P^+ λ g^{⊥(1)}_L (x) (2.65) 1 M^2

Φ^{αβ[γiγ5 ]}

∂∂ (x) = − M 2P^+ ( g^{αi}_T S^β_T + g^{βi}_T S^α_T − g^{αβ}_T S^i_T ) g^{⊥(2)}_T (x) (2.66) 1 M Φ^{α[iσij γ5 ]}

∂ (x) = M P^+ ( g^{αi}_T S^j_T − g^{αj}_T S^i_T ) h^{⊥(1)}_T (x), (2.67) 1 M Φ^{α[iσ+−γ5 ]}

∂ (x) = M P^+

S^α_T h^{(1)}_T (x). (2.68)

We obtain now besides the integrated results, the k_T -weighted results

Φ^α_∂ (x) = 1 2 { −g^{(1)}_{1T} (x) S^α_T /n_+γ_5 − λ h^{⊥(1)}_{1L} (x)

[γ^α, /n_+]γ_5 2 }

+ M 2P^+ { −f^{⊥(1)}(x) γ^α + λ g^{⊥(1)}_L (x) γ^αγ_5

+h^{⊥(1)}_T (x)

[γ^α, /S_T ]γ_5 2 + h^{(1)}_T (x) S^α_T

[/n_+, /n_−]γ_5 2 } (2.69)

Φ^{αβ}_{∂∂} (x) = − 1 2 h^{⊥(2)}_{1T} (x) ( S^{{α}_T [γ^{β}}, /n_+]γ_5 − g^{αβ}_T [/S_T , /n_+]γ_5 4 )

+ M 2P^+ g^{⊥(2)}_T (x) ( S^{{α}_T γ^{β}}γ_5 − g^{αβ}_T /S_T γ_5 2 ) (2.70)

For the matrix elements Φ^+_∂ (x) no new functions come in. Working in A^+ = 0 gauge (or using ∂^+U(0, ξ) = U(0, ξ)D^+, see chapter 4) one sees that

Φ^+_∂ (x) = xP^+ Φ(x) = ∫ dξ^− 2π e^{ik·ξ} ⟨P, S|ψ_j (0) U(0, ξ) iD^+ψ_i(ξ)|P, S⟩ | | | |_{ξ+=ξT =0} , (2.71)

and hence using the parametrization of Φ^{[γ+]},

2 Φ^{+[γ+]}_∂ = P^+ ∫ dx Tr ( Φ^+_∂ (x) γ^+ ) = (P^+)^2 ∫ dx x Tr ( Φ γ^+ )

= 2(P^+)^2 ∫ dx xf_1(x)

ϵ_q

= ⟨P, S| ψ(0) γ^+ iD^+ψ(0)

θ^{++}_q

|P, S⟩. (2.72)

Realizing that θ^{++}_q is only part of the energy-momentum tensor, it leads to the momentum sumrule ∫ dx xf_1(x) = ϵ_q ≤ 1. Using the support properties of the distribution functions (−1 ≤ x ≤ 1) and the symmetry relation f_1(x) = −f̄_1(−x), the sum rule reads ∫_1 0 dx x ( f_1(x) + f̄_1(x) ) = ϵ_q ≤ 1. (2.73)

2.2 Antiquark distribution functions

The profile functions for antiquarks in a hadron are obtained from the matrix elements

Φ_{ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|U(0, ξ)ψ_i(ξ)ψ_j (0)|P, S⟩ = − 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|ψ_j (0)U(0, ξ)ψ_i(ξ)|P, S⟩. (2.74)

For a definition of the profile functions that is consistent with the definition of free particle and antiparticle states, one needs the correlation function Φ^c that is defined analogous to Φ but using the conjugate spinors ψ^c = C ψ^T , where C γ^T_μ C^† = −γ_μ,

Φ^c_{ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ}⟨P, S|ψ^c_j (0)U(0, ξ)ψ^c_i (ξ)|P, S⟩. (2.75)

The relation between these quantities is Φ^c = −C Φ^T C^†. Using Φ^{c[Γ]} to define the antiquark profile functions, f(x, k_T ), etc., one must be aware of the relative sign (±) between Φ^{[Γ]} and Φ^{c[Γ]} depending on Γ = ∓CΓ^T C^†. Explicitly,

Φ^{[Γ]} = +Φ^{c[Γ]} for Γ = γ_μ, σ_{μν} or iσ_{μν} γ_5, Φ^{[Γ]} = −Φ^{c[Γ]} for Γ = 1, γ_μγ_5 and iγ_5,

We note also that (at the twist two and twist three level) the anticommutation relations for fermions can be used to obtain the symmetry relation

Φ_{ij} (k, P, S) = −Φ_{ij} (−k, P, S). (2.76)

For the profile functions this gives the symmetry relations

f_1(x, k^2_T ) = −f_1(−x, k^2_T ) (2.77)

and identically for g_{1T} , h_{1T} , h^⊥_{1T} , g^⊥_L and h_L (C-even functions), while

g_{1L}(x, k^2_T ) = g_{1L}(−x, k^2_T ) (2.78)

and identically for h^⊥_{1L}, e, f^⊥, g^′_T , g^⊥_T , h^⊥_T and h_T (C-odd functions).

Explicitly we get (fixing k^− and integrating over k^+) 1 2 ∫ dk^+ Φ(k, P, S) | | |_{k− =xP −, kT} = 1 4 { f_1(x, k_T ) /n_− + g_{1s}(x, k_T ) /n_−γ_5 − h_{1T} (x, k_T ) iσ_{μν} γ_5S^μ_T n^ν_− − h^⊥_{1s}(x, k_T ) iσ_{μν} γ_5k^μ_T n^ν_− M }

+ M 4P^− { −e(x, k_T ) + f^⊥(x, k_T )

/k_T M + g^′_T (x, k_T ) /S_T γ_5 + g^⊥_s (x, k_T )

/k_T γ_5 M −h^⊥_T (x, k_T ) iσ_{μν} γ_5S^μ_T k^ν_T M − h_s(x, k_T ) iσ_{μν} γ_5n^μ_−n^ν_+ } . (2.79)

and the projections for twist two are

Φ^{[γ−]}(x, k_T ) = f(x, k_T ), (2.80) Φ^{[γ−γ5 ]}(x, k_T ) = −g_{1s}(x, k_T ), (2.81)

Φ^{[iσi− γ5]}(x, k_T ) = S^i_T h_{1T} (x, k_T ) + k^i_T M h^⊥_{1s}(x, k_T ), (2.82) while those of twist three are

Φ^{[1]}(x, k_T ) = − M P^− e(x, k_T ), (2.83)

Φ^{[γi]}(x, k_T ) = k^i_T P^− f^⊥(x, k_T ), (2.84)

Φ^{[γiγ5 ]}(x, k_T ) = −

M S^i_T P^− g^′_T (x, k_T ) − k^i_T P^− g^⊥_s (x, k_T ), (2.85)

Φ^{[iσij γ5]}(x, k_T ) =

S^i_T k^j_T − k^i_T S^j_T P^− h^⊥_T (x, k_T ), (2.86)

Φ^{[iσ−+ γ5]}(x, k_T ) = M P^− h_s(x, k_T ). (2.87)

Using σ_{μν} instead of iσ_{μν} γ_5 one has

Φ^{[σi−]}(x, k_T ) = −ϵ^{ij}_T S_{T j} h_{1T} (x, k_T ) − ϵ^{ij}_T k_{T j} M h^⊥_{1s}(x, k_T ), (2.88)

Φ^{[σij ]}(x, k_T ) = −

M ϵ^{ij}_T P^− h_s(x, k_T ), (2.89)

Φ^{[σ−+]}(x, k_T ) = − ϵ^{ij}_T k_{T i}S_{T j}

P^− h^⊥_T (x, k_T ). (2.90)

The integrated results for antiquarks are

1 2 ∫ dk^+ d^2k_T Φ(k, P, S) | | |_{k− =xP −} = 1 4 { f_1(x) /n_− + λ g_1(x) /n_−γ_5 + h_1(x)

[/S_T , /n_−]γ_5 2 }

+ M 4P^− { −e(x) + g_T (x) /S_T γ_5 + λ h_L(x)

[/n_−, /n_+]γ_5 2 } , (2.91) 1 2 ∫ dk^+ d^2k_T k^α_T M Φ(k, P, S) | | | |_{k− =xP −} = 1 4 { g^{(1)}_{1T} (x) S^α_T /n_−γ_5 − λ h^{⊥(1)}_{1L} (x)

[γ^α, /n_−]γ_5 2 }

+ M 4P^− { −f^{⊥(1)}(x) γ^α − λ g^{⊥(1)}_L (x) γ^αγ_5

+h^{⊥(1)}_T (x)

[γ^α, /S_T ]γ_5 2 + h^{(1)}_T (x) S^α_T

[/n_−, /n_+]γ_5 2 } (2.92) 1 2 ∫ dk^+ d^2k_T ( k^α_T k^β_T +^1_2 k^2_T g^{αβ}_T ) M^2

Φ(k, P, S) | | | | |_{k− =xP −} =

− 1 4 h^{⊥(2)}_{1T} (x) ( S^{{α}_T [γ^{β}}, /n_−]γ_5 − g^{αβ}_T [/S_T , /n_−]γ_5 4 )

− M 4P^− g^{⊥(2)}_T (x) ( S^{{α}_T γ^{β}}γ_5 − g^{αβ}_T /S_T γ_5 2 ) (2.93)

2.3 Result for an ensemble of free quarks (parton model)

It is instructive to calculate the correlation function for a free quark. This is given by

ϕ_{ij} (p, s; k) = u_i(k, s)u_j (k, s)δ^4(k − p) =^1_2 ( (/k + m)(1 + γ_5/s) ) ij δ^4(k − p), (2.94) where the momentum and spin of the quark are parametrized as k = [ k^2_T + m^2 2k^+

, k^+, k_T ] , (2.95) s = [ − m λ_q 2k^+ + k_T · s_{qT}

k^+ + λ_q k^2_T 2m k^+ , λ_q k^+ m , s_{qT} + λ_q m k_T ] (2.96)

in terms of a quark lightcone helicity λ_q and a quark lightcone transverse polarization s_{qT} , such that k · s = 0 and λ^2_q + s^2_{qT} = −s^2 = 1. Note that this helicity only is a true helicity for a quark with infinite momentum. It is then straightforward to calculate the projections for a free quark target. For twist two

ϕ^{[γ+]}(k) = δ (ξ − 1) δ^2(k_T − p_T ) = f_{q↑/qλ} + f_{q↓/qλ}, (2.97) ϕ^{[γ+γ5]}(k) = λ_q δ (ξ − 1) δ^2(k_T − p_T ) = f_{q↑/qλ} − f_{q↓/qλ}, (2.98) ϕ^{[iσi+ γ5 ]}(k) = s^i_{qT} δ (ξ − 1) δ^2(k_T − p_T ) = f_{q→/q}s_T − f_{q←/q}s_T , (2.99)

where ξ = k^+/p^+, and we have indicated the intuitive interpretation in terms of probabilities of finding quarks in a quark with spin given by λ and s_T (see below). For twist three we get

ϕ^{[1]}(k) = m k^+ δ (ξ − 1) δ^2(k_T − p_T ), (2.100)

ϕ^{[γi]}(k) = k^i_T k^+ δ (ξ − 1) δ^2(k_T − p_T ), (2.101)

ϕ^{[γiγ5]}(k) =

(m s^i_{qT} + λ_q k^i_T )

k^+ δ (ξ − 1) δ^2(k_T − p_T ), (2.102)

ϕ^{[iσij γ5]}(k) = s^i_{qT} k^j_T − k^i_T s^j_{qT}

k^+ δ (ξ − 1) δ^2(k_T − p_T ), (2.103)

ϕ^{[iσ+− γ5]}(k) = m λ_q − k_T · s_{qT}

k^+ δ (ξ − 1) δ^2(k_T − p_T ). (2.104)

In a parton model description of the target, one uses the expansion for the free quark field to get

Φ_{ij} (k) = 2 δ(k^2 − m^2) [ θ(x)u^{(β)}_i (k)P_{βα}(k)ū^{(α)}_j (k) − θ(−x)v^{(β)}_i (−k)P_{βα}(−k)v̄^{(α)}_j (−k) ] , (2.105)

where x = k^+/P^+. The use of lightcone coordinates is convenient because of the integration over k^− that is needed in deep inelastic processes. The functions P and P are given by

P_{βα}(k) = P_{βα}(x, k^2_T ) ≡ 1 2(2π)^3 ∫ dx^′ d^2k^′_T (2π)^3 2x^′

⟨P S|b^†_α(k^′)b_β(k)|P S⟩, (2.106)

P_{βα}(k) = P_{βα}(x, k^2_T ) ≡ 1 2(2π)^3 ∫ dx^′ d^2k^′_T (2π)^3 2x^′

⟨P S|d^†_β (k^′)d_α(k)|P S⟩. (2.107)

Note that P_{βα}(k) is a production matrix in the quark spin-space of which the trace is the quark density operator evaluated in the target. The Dirac structure can be parametrized as

u^{(β)}(k, s)P_{βα}(k)ū^{(α)}(k, s) = P(k)(/k + m) ( 1 + γ_5/s(k) 2 ) (2.108)

v^{(β)}(k, s)P_{βα}(k)v̄^{(α)}(k, s) = P(k)(/k − m) ( 1 + γ_5/s(k) 2 ) (2.109)

in terms of a positive definite quark and antiquark densities P(k) and P(k) and spin densities s(k) and s(k) which satisfy 0 ≤ −s^2(k) ≤ 1 or 0 ≤ λ^2_q (k) + s^2_{qT} (k) ≤ 1. Inserting the free field expansion in the current expectation value ⟨P S|ψ(0)γ^μψ(0)|P S⟩ = 2P^μ(N − N), where N and N are total number of quarks and antiquarks respectively one obtains from the +-component the normalizations

∫_1 0 dx ∫ d^2k_T P(x, k^2_T ) = N and ∫_1 0 dx ∫ d^2k_T P(x, k^2_T ) = N.

Integrating over k^− one obtains the result 1 2 ∫ dk^−Φ(k) = θ(x)

P(x, k^2_T )

2k^+

(/k + m) ( 1 + γ_5/s(x, k_T ) 2 )

− θ(−x)

P(−x, k^2_T ) 2k^+

(/k + m) ( 1 + γ_5/s(−x, −k_T ) 2 ) . (2.110)

This gives (for x > 0)

Φ^{[γ+]}(k) = P(x, k^2_T ) = P_{RR} + P_{LL} = P_{αα} + P_{ββ}, (2.111) Φ^{[γ+γ5]}(k) = λ_q (x, k_T ) P(x, k^2_T ) = P_{RR} − P_{LL}, (2.112) Φ^{[iσi+ γ5]}(k) = s^i_{qT} (x, k_T ) P(x, k^2_T ) = P_{αα} − P_{ββ}, (2.113)

where the indices R/L and α/β are particular (chiral and transverse spin) projections for the fermion fields or spinors, obtained using the projection operators P_{R/L} = (1 ± γ_5)/2 and Q^i_{α/β} = (1 ± γ^iγ_5)/2. The interpretation of the first equation is that of the probability for finding quarks in a target. The second equation is interpreted as the probability for righthanded quarks minus that for lefthanded quarks. The third equation is interpreted as the probability for quarks with spin parallel to the transverse direction i minus that for quarks with spin opposite. The chiral structure of these functions is RL + LR and they are referred to as chirally odd distribution functions. Equating these unpolarized and polarized densities to the distribution functions defined in the previous section,

P(x, k^2_T ) = f_1(x, k_T ), (2.114)

λ_q (x, k_T ) P(x, k^2_T ) = λ g_{1L}(x, k_T ) + k_T · S_T M g_{1T} (x, k_T ) = g_{1s}(x, k_T ), (2.115)

s^i_{qT} (x, k_T ) P(x, k^2_T ) = S^i_T h_{1T} (x, k_T ) + k^i_T M [ h^⊥_{1L}(x, k_T )λ + h^⊥_{1T} (x, k_T ) k_T · S_T M ]

= S^i_T h_{1T} (x, k_T ) + k^i_T M h^⊥_{1s}(x, k_T ), (2.116)

shows how the functions g_{1L}, g_{1T} , h_1, h^⊥_{1L} and h^⊥_{1T} are to be interpreted as longitudinal and transverse spin distributions given the spin of the hadron (λ and S_T ). For the antiquarks the same relations hold between the antiquark helicity λ_q and transverse polarization s_T on the one hand and the antiquark distributions on the other hand. Extending to all x, results are obtained in accordance with the symmetry relations in the previous section, e.g. f_1(x, k_T ) = θ(x)P(x, k^2_T ) − θ(−x)P(x, k^2_T ).

We note that at the twist two level this parton interpretation can be made rigorous as the distribution functions can be expressed as densities involving the socalled good components of ψ, ψ_+ ≡ P_+ψ obtained with the projection operator P_+ =^1_2 γ^−γ^+. In lightfront quantization a Fourier expansion for the good components (at x^+ = 0) can be written down in which the Fourier coefficients can be interpreted as particle and antiparticle creation and annihilation operators The different spin-distributions involve projection operators (P_{R/L} and Q^1_{α/β}) that commute with P_+. At twist three the analysis of the quark - quark correlation functions lead to a number of new distribution functions. For an ensemble of free quarks they can also be expressed in the quark densities and in this way related to the (six) twist two distribution functions. Explicitly one has for the ensemble of free quarks,

e(x, k_T ) = m Mx f_1(x, k_T ), (2.117)

f^⊥(x, k_T ) = 1 x f_1(x, k_T ), (2.118)

g^′_T (x, k_T ) = m Mx h_{1T} (x, k_T ), (2.119)

g^⊥_s (x, k_T ) = 1 x g_{1s}(x, k_T ) + m Mx h^⊥_{1s}(x, k_T ), (2.120)

h^⊥_T (x, k_T ) = 1 x h_{1T} (x, k_T ), (2.121)

h_s(x, k_T ) = m Mx g_{1s}(x, k_T ) + k_T · S_T Mx h_{1T} (x, k_T ) + k^2_T M^2x h^⊥_{1s}. (2.122)

As we will show in one of the next sections, the above results are not generally true; the presence of nonvanishing quark - quark - gluon correlation functions causes deviations from these naive parton model results.

Summarizing we get for Φ^{[Γ]}(x, k_T ) and Φ^{[Γ]}(x), ordered according to twist and chirality for unpolarized (U), longitudinally polarized (L) and transversely polarized (T) (spin 1/2) hadrons:

DISTRIBUTIONS chirality Φ^{[Γ]}(x, k_T ) even odd U f_1 twist 2 L g_{1L} h^⊥_{1L} T g_{1T} h_{1T} h^⊥_{1T} U f^⊥ e twist 3 L g^⊥_L h_L T g^′_T g^⊥_T h_T h^⊥_T

DISTRIBUTIONS chirality Φ^{[Γ]}(x) even odd U f_1 twist 2 L g_1

T h_1 U e twist 3 L h_L T g_T

2.4 Fragmentation: from quarks to hadron

For the fragmentation of quarks into hadrons we need the correlation function

Δ_{ij} (k, P_h, S_h) = ∑ X 1 (2π)^4 ∫ d^4ξ e^{ik·ξ} ⟨0|U(0, ξ)ψ_i(ξ)|P_h, X⟩⟨P_h, X|ψ_j (0)|0⟩ = 1 (2π)^4 ∫ d^4ξ e^{ik·ξ} ⟨0|U(0, ξ)ψ_i(ξ)a^†_ha_hψ_j (0)|0⟩, (2.123)

where an averaging over color indices is implicit. We note, however that fragmentation is into a hadron in a specified spin state.

The use of intermediate states X and in addition one specified state with momentum P_h needs some explanation. First note that the unit operator can be written as I ≡ ∑ X |X⟩⟨X| = ∞∑ p=0 Ip (2.124)

with Ip = 1 p! ∫ dk̃1 . . . dk̃p a^†(k1) . . . a^†(kp)|0⟩⟨0|a(k1) . . . a(kp) (2.125)

containing the p-particle states (with dk̃ being the invariant one-particle phase-space). Thus ∑ X |P_h, X⟩⟨P_h, X| = |P_h⟩⟨P_h| + ∫ dk̃1 |P_h, k1⟩⟨P_h, k1|

+ 1 2! ∫ dk̃1dk̃2 |P_h, k1, k2⟩⟨P_h, k1, k2| + . . .

= a^†_hIa_h = a^†_ha_h. (2.126)

After integrating over P_h one obtains ∫ dP̃_h ∑ X |P_h, X⟩⟨P_h, X| = ∞∑ p=0 p Ip, (2.127)

which is the number operator N_h. This will become relevant when one integrates over the phase-space of particles in the final state to go from 1-particle inclusive to inclusive scattering processes.

For the Dirac structure the same expansion as before can be written down,

Δ(k, P_h, S_h) = M_h B_1 + B_2 /P_h + B_3/k + (B_4/M_h) σ^{μν} P_{hμ}k_ν +i B_5(k · S_h)γ_5 + M_h B_6/S_hγ_5 + (B_7/M_h)(k · S_h)/P_hγ_5 + (B_8/M_h)(k · S_h)/kγ_5 +i B_9 σ^{μν} γ_5 S_{hμ}P_{hν} + i B_{10} σ^{μν} γ_5 S_{hμ}k_ν + i (B_{11}/M^2_h ) (k · S_h) σ^{μν} γ_5 k_μP_{hν} +(B_{12}/M_h) ϵ_{μνρσ} γ^μP^ν_h k^ρS^σ_h , (2.128)

December 2000 214

where the amplitudes B_i depend on P_h · k and k^2. As the states |P_h, X⟩ in the above expression for Δ_{ij} are not plane waves, one cannot apply time-reversal invariance. So the amplitudes B_4, B_5 and B_{12} do not vanish.

The fact that the time-reversal-odd amplitudes do not vanish is a consequence of the final state interactions of the produced hadron h. To see this, it is instructive (even necessary) to treat |P_h, X⟩ as physical states. In that case they should be labeled as outstates. Consider the multi-channel matrix

Δ^{(f f ′)}_{ij} = ∑ X ∫ d^4ξ e^{ik·ξ} ⟨0|ψi(ξ)|f; out⟩⟨f^′; out|ψ_j (0)|0⟩ (2.129)

(Note that Δ^{(f ′f )} = Δ^{(f f ′)†}). The behavior of Δ^{(f f ′)} under time reversal involves

⟨f^′; out|ψ_j (ξ)|0⟩ = ⟨f̃^′; in|(−iγ5Cψ)j (−ξ̄)|0⟩^∗ = ⟨f̃^′; out|S^† (−iγ5Cψ)j (−ξ̄)|0⟩^∗ (2.130)

from which one finds that the combination

Δ̃^{f f} = ( √ S)^{f f1} Δ^{f1f2} ( √ S^†)^{f2f} (2.131)

behaves as Δ̃^∗(k, P_h, S_h) = (−iγ_5C) Δ̃(k̄, P̄_h, S̄_h) (−iγ_5C). (2.132)

If the final state would be one unique channel obtains zero because S = e^{2iδ} . For two channels the S-matrix can e.g. be parametrized as S = ( cos ϵ − sin ϵ sin ϵ cos ϵ ) ( e^{2iδ1} 0 0 e^{2iδ2} ) ( cos ϵ sin ϵ − sin ϵ cos ϵ ) . (2.133)

Working in channel space with the diagonal S-matrix one has

Δ̃^{f f} = ( Δ^{(11)} e^{i(δ1−δ2 )} Δ^{(12)} e^{−i(δ1−δ2 )} Δ^{(21)} Δ^{(22)} ) . (2.134)

From the hermiticity condition one knows that for Δ the amplitude analysis requires real amplitudes B^{(f f ′)}_i for i = 1, 12. The time-reversal invariance condition applied to Δ̃ requires B̃^∗_i = B̃i for i = 1, 2, 3, 6, . . . , 11 and B̃^∗_i = −B̃i for i = 4, 5, 12. Thus one finds

B^{(11)}_i = B^{(22)}_i = 0 (i = 1, 2, 3, 6,. . . , 11) (2.135) sin(δ1 − δ2) B^{(12)}_i = 0 (i = 1, 2, 3, 6,. . . , 11) (2.136) cos(δ1 − δ2) B^{(12)}_i = 0 (i = 4, 5, 12), (2.137)

In general one can make a partial wave expansion of the final state in states |J, M⟩ and one finds ∑ J,J ′

sin (δJ − δ_J ′ ) B^{(JJ ′)}_i = 0 (i = 1, 2, 3, 6,. . . , 11) (2.138) ∑ J,J ′

cos (δJ − δ_J ′ ) B^{(JJ ′)}_i = 0 (i = 4, 5, 12), (2.139)

The first equation is a constraint between partial waves which is trivially satisfied in the absence of final state interactions. The second equation implies in the absence of final state interactions that the amplitudes B4, B5 and B12 vanish.

For the fragmentation a twist analysis of Δ considering the projections

Δ^{[Γ]}(z, k_T ) = 1 4z ∫ dk^+ T r(Δ Γ) | | |_{k− =P −h /z, kT} = ∫ dξ^+d^2ξ_T 4z (2π)^3 e^{ik·ξ} T r⟨0|U(0, ξ)ψ(ξ)a^†_ha_hψ(0)Γ|0⟩ | | |_{ξ−=0} , (2.140)

leads to the following set of twist two profile functions, which depend on z = P^−_h /k^− and k^2_T = −k^2_⊥,

Δ^{[γ−]}(z, k_T ) = D_1(z, −zk_T ) + ϵ^{ij}_T k_{T i}S_{hT j}

M_h

D^⊥_{1T} (z, −zk_T ), (2.141)

Δ^{[γ−γ5]}(z, k_T ) = G_{1s}(z, −zk_T ) (2.142)

Δ^{[iσi− γ5 ]}(z, k_T ) = S^i_{hT} H_{1T} (z, −zk_T ) + k^i_T M_h

H^⊥_{1s}(z, −zk_T ) + ϵ^{ij}_T k_{T j} M_h

H^⊥_1 (z, −zk_T ), (2.143)

and those of twist three are

Δ^{[1]}(z, k_T ) =

M_h P^−_h

E(z, −zk_T ), (2.144)

Δ^{[γi]}(z, k_T ) = k^i_T P^−_h

D^⊥(z, −zk_T ) + λ_h ϵ^{ij}_T k_{T j}

P^−_h

D^⊥_L (z, −zk_T ) +

M_h ϵ^{ij}_T S_{hT j} P^−_h

D_T (z, −zk_T ),(2.145)

Δ^{[iγ5 ]}(z, k_T ) =

M_h P^−_h

E_s(z, −zk_T ), (2.146)

Δ^{[γiγ5]}(z, k_T ) =

M_h S^i_{hT} P^−_h

G^′_T (z, −zk_T ) + k^i_T P^−_h

G^⊥_s (z, −zk_T ), (2.147)

Δ^{[iσij γ5]}(z, k_T ) =

S^i_{hT} k^j_T − k^i_T S^j_{hT}

P^−_h

H^⊥_T (z, −zk_T ) +

M_h ϵ^{ij}_T P^−_h

H(z, −zk_T ), (2.148)

Δ^{[iσ−+ γ5]}(z, k_T ) =

M_h P^−_h

H_s(z, −zk_T ). (2.149)

Again it may sometimes be useful to work with the functions projected using σ_{μν} instead of iσ_{μν} γ_5. These are Δ^{[σi− ]}(z, k_T ) = −ϵ^{ij}_T S_{hT j} H_{1T} (z, −zk_T ) − ϵ^{ij}_T k_{T j} M_h

H^⊥_{1s}(z, −zk_T ) + k^i_T M_h

H^⊥_1 (z, −zk_T ), (2.150)

Δ^{[σij ]}(z, k_T ) = −

M_h ϵ^{ij}_T P^−_h

H_s(z, −zk_T ), (2.151)

Δ^{[σ−+]}(z, k_T ) = − ϵ^{ij}_T k_{T i}S_{hT j} P^−_h

H^⊥_T (z, −zk_T ) +

M_h P^−_h

H(z, −zk_T ). (2.152)

The shorthand notations G_{1s} etc. stands for

G_{1s}(z, −zk_T ) = λ_h G_{1L}(z, −zk_T ) + G_{1T} (z, −zk_T )

(k_T · S_{hT} ) M_h

. (2.153)

The integrated profile functions are defined as

Δ^{[Γ]}(z) = z^2 ∫ d^2k_T Δ^{[Γ]}(z, k_T ) = z 4 ∫ dk^+ d^2k_T T r(Δ Γ) | | |_{k− =P −h /z} = z 8π ∫ dξ^+ e^{ik·ξ} T r⟨0|U(0, ξ)ψ(ξ)a^†_ha_hψ(0)Γ|0⟩ | | | |_{ξ−=ξT =0} , (2.154)

Besides these we have nonvanishing k_T -weighted functions in analogy to the distribution functions.

The Dirac structure of the fragmentation correlation function integrated over k^+ then becomes up to twist three 1 4z ∫ dk^+ Δ(k, P_h, S_h) | | |_{k−=P −h /z, kT} = 1 4 { D_1(z, −zk_T ) /n_− + D^⊥_{1T} (z, −zk_T ) ϵ_{μνρσ} γ^μn^ν_−k^ρ_T S^σ_{hT} M_h

− G_{1s}(z, −zk_T ) /n_−γ_5

−H_{1T} (z, −zk_T ) iσ_{μν} γ_5 S^μ_{hT} n^ν_− − H^⊥_{1s}(z, −zk_T ) iσ_{μν} γ_5 k^μ_T n^ν_− M_h

+ H^⊥_1 (z, −zk_T ) σ_{μν} k^μ_T n^ν_− M_h }

+ M_h 4P^−_h { E(z, −zk_T ) + D^⊥(z, −zk_T )

/k_T M_h

+ D_T (z, −zk_T ) ϵ_{μνρσ} n^μ_+n^ν_−γ^ρS^σ_{hT}

+λ_h D^⊥_L (z, −zk_T ) ϵ_{μνρσ} n^μ_+n^ν_−γ^ρk^σ_T

M_h

− E_s(z, −zk_T ) iγ_5

−G^′_T (z, −zk_T ) /S_{hT} γ_5 − G^⊥_s (z, −zk_T )

/k_T γ_5 M_h

− H^⊥_T (z, −zk_T ) iσ_{μν} γ_5 S^μ_{hT} k^ν_T M_h

−H_s(z, −zk_T ) iσ_{μν} γ_5 n^μ_−n^ν_+ + H(z, −zk_T ) σ_{μν} n^μ_−n^ν_+ } . (2.155)

The integrated results are

z 4 ∫ dk^+ d^2k_T Δ(k, P_h, S_h) | | |_{k− =P −h /z} = 1 4 { D_1(z) /n_− − λ_h G_1(z) /n_−γ_5 + H_1(z)

[/S_{hT} , /n_−]γ_5 2 }

+ M_h 4P^−_h { D_T (z) ϵ^{ρσ}_T γ_ρS_{hT σ} + E(z) − λ_h E_L(z) iγ_5

− G_T (z) /S_{hT} γ_5 + λ_h H_L(z)

[/n_−, /n_+]γ_5 2 + i H(z)

[/n_−, /n_+] 2 } , (2.156) z 4 ∫ dk^+ d^2k_T k^α_T M_h

Δ(k, P_h, S_h) | | | k^− =P^−_h /z = 1 4 { −G^{(1)}_{1T} (z) S^α_{hT} /n_−γ_5 − λ_h H^{⊥(1)}_{1L} (z)

[γ^α, /n_−]γ_5 2 }

+ 1 4 { D^{(1)}_{1T} (z) ϵ^{μνρα}γ_μn_{−ν} S_{hT ρ} + λ_h H^{⊥(1)}_1 (z) i[/n_−, γ^α] 2 }

+ M_h 4P^−_h { −D^{⊥(1)}(z) γ^α + λ_h G^{⊥(1)}_L (z) γ^αγ_5 + H^{⊥(1)}_T (z)

[γ^α, /S_{hT} ]γ_5 2 +H^{(1)}_T (z) S^α_{hT}

[/n_−, /n_+]γ_5 2 } , (2.157) z 4 ∫ dk^+ d^2k_T ( k^α_T k^β_T +^1_2 k^2_T g^{αβ}_T ) M^2_h

Δ(k, P_h, S_h) | | | | |_{k−=P −h /z} =

− 1 4 H^{⊥(2)}_{1T} (z) ( S^{{α}_{hT} [γ^{β}}, /n_−]γ_5 − g^{αβ}_T [/S_{hT} , /n_−]γ_5 4 )

+ M_h 4P^−_h

G^{⊥(2)}_T (z) ( S^{{α}_{hT} γ^{β}}γ_5 − g^{αβ}_T /S_{hT} γ_5 2 ) . (2.158)

The appropriate normalization of the fragmentation functions can be obtained via a momentum sum rule. For this consider the following integral for the fragmentation function D_1, ∫ dz z D_1(z) = ∫ dz d^2P_{h⊥} z D_1(z, P_{h⊥}) = ∫ dz d^2P_{h⊥} ∫ dξ^+d^2ξ_T 4 (2π)^3 e^{ik·ξ} T r⟨0|ψ(ξ)a^†_ha_hψ(0)γ^−|0⟩ | | |_{ξ−=0} (2.159)

(we have omitted the links along the n_+-direction, but including them all subsequent arguments remain valid). Considering the integrand for fixed quark momentum k and choosing this to have no perpendicular component, the P_{h⊥} dependence is only contained in a^†_ha_h and summing over all produced hadrons (for a given quark) one obtains ∑ h ∫ dz z D_1(z) = ∫ dξ^+d^2ξ_T 2k^− e^{ik·ξ} Tr⟨0|ψ(ξ) ∑ h ∫ dP^−_h d^2P_{h⊥} (2π)^3 2P^−_h a^†_hP^−_h a_hψ(0)γ^−|0⟩ | | | |_{ξ− =0} = ∫ dξ^+d^2ξ_T 2k^− e^{ik·ξ} Tr⟨0|ψ(ξ)P^−ψ(0)γ^−|0⟩ | | | |_{ξ−=0} (2.160)

Inserting a complete set of quark states one obtains ∑ h ∫ dz z D_1(z) = ∫ dξ^+d^2ξ_T

2k^− e^{ik·ξ} Tr⟨0|ψ(ξ) ∫ dk^{′−} d^2k^′_T (2π)^3 2k^{′−} ∑ s^′

|k^′, s^′⟩k^{′−}⟨k^′, s^′|ψ(0)γ^−|0⟩ | | | |_{ξ−=0} = ∫ dk^{′−} d^2k^′_T (2π)^3 ∫ dξ^+d^2ξ_T

4k^− e^{i(k−k′ )·ξ} ∑ s^′

ū(k^′, s^′)γ^−u(k^′, s^′) | | | | ξ^−=0 = 1 2 , (2.161)

and hence ∑ h ∑ S_h ∫ dz z D_1(z) = 1. (2.162)

2.5 Antiquark fragmentation functions

For the fragmentation of antiquarks the profile functions are obtained from

Δ_{ij} (k, P_h, S_h) = ∑ X 1 (2π)^4 ∫ d^4ξ e^{−ik·ξ} ⟨0|ψ_j (0)|P_h, X⟩⟨P_h, X|U(0, ξ)ψ_i(ξ)|0⟩, (2.163)

considering the projections

Δ^{[Γ]}(z, k_T ) = 1 4z ∫ dk^− T r(Δ Γ) | | |_{k+=P +h /z,} kT = ± ∫ dξ^−d^2ξ_T 4z (2π)^3 e^{−ik·ξ} ⟨0|ψ(0)Γ a^†_ha_h U(0, ξ)ψ(ξ)|0⟩ | | |_{ξ+=0} , (2.164)

and they are denoted D(z, −zk_T ), etc. The functions E and G acquire a sign compared with the quark profile functions. For the antiquark fragmentation functions we have 1 4z ∫ dk^− Δ(k, P_h, S_h) | | | |_{k+ =P +h /z, kT} = 1 4 { D_1(z, −zk_T ) /n_+ + D^⊥_{1T} (z, −zk_T ) ϵ_{μνρσ} γ^μn^ν_−k_{T ρ}S_{hT σ}

M_h

+ G_{1s}(z, −zk_T ) /n_+γ_5

−H_{1T} (z, −zk_T ) iσ_{μν} γ_5 S^μ_{hT} n^ν_+ − H^⊥_{1s}(z, −zk_T ) iσ_{μν} γ_5 k^μ_T n^ν_+ M_h

+ H^⊥_1 (z, −zk_T ) σ_{μν} k^μ_T n^ν_+ M_h }

+ M_h 4P^+_h { −E(z, −zk_T ) + D^⊥(z, −zk_T )

/k_T M_h

+ D_T (z, −zk_T ) ϵ_{μνρσ} n^μ_−n^ν_+γ^ρS^σ_{hT}

+λ_h D^⊥_L (z, −zk_T ) ϵ^{ρσ}_T γ_ρk_{T σ} M_h

+ E_s(z, −zk_T ) iγ_5

+G^′_T (z, −zk_T ) /S_{hT} γ_5 + G^⊥_s (z, −zk_T )

/k_T γ_5 M_h

− H^⊥_T (z, −zk_T ) iσ_{μν} γ_5 S^μ_{hT} k^ν_T

M_h

−H_s(z, −zk_T ) iσ_{μν} γ_5 n^μ_+n^ν_− + H(z, −zk_T ) σ_{μν} n^μ_+n^ν_− } . (2.165)

The symmetry relations in z are D_1(z, k^{′2}_T ) = D_1(−z, k^{′2}_T ) and identically for D_T , G_{1T} , H_{1T} , H^⊥_{1T} , E_T , G^⊥_L , H and H_L, while G_{1L}(z, k^{′2}_T ) = −G_{1L}(−z, k^{′2}_T ) and identically for D^⊥_{1T} , H^⊥_{1L}, H^⊥_1 , E, D^⊥, D^⊥_L , E_L, G^′_T , G^⊥_T , H^⊥_T and H_T . The integrated results are z 4 ∫ dk^− d^2k_T Δ(k, P_h, S_h) | | |_{k+=P +h /z} = 1 4 { D_1(z) /n_+ + λ_h G_1(z) /n_+γ_5 + H_1(z)

[/S_{hT} , /n_+]γ_5 2 }

+ M_h 4P^+_h { −D_T (z) ϵ^{ρσ}_T γ_ρS_{hT σ} − E(z) + λ_h E_L(z) iγ_5

+ G_T (z) /S_{hT} γ_5 + λ_h H_L(z)

[/n_+, /n_−]γ_5 2 + i H(z)

[/n_+, /n_−] 2 } , (2.166) z 4 ∫ dk^− d^2k_T k^α_T M_h

Δ(k, P_h, S_h) | | |_{k+=P +h /z} = 1 4 { G^{(1)}_{1T} (z) S^α_{hT} /n_+γ_5 − λ_h H^{⊥(1)}_{1L} (z)

[γ^α, /n_+]γ_5 2 }

+ M_h 4P^+_h { −D^{⊥(1)}(z) γ^α − λ_h G^{⊥(1)}_L (z) γ^αγ_5 + H^{⊥(1)}_T (z)

[γ^α, /S_{hT} ]γ_5 2 +H^{(1)}_T (z) S^α_{hT}

[/n_+, /n_−]γ_5 2 } , (2.167) z 4 ∫ dk^− d^2k_T ( k^α_T k^β_T +^1_2 k^2_T g^{αβ}_T ) M^2_h

Δ(k, P_h, S_h) | | | | |_{k+=P +h /z} =

− 1 4 H^{⊥(2)}_{1T} (z) ( S^{{α}_{hT} [γ^{β}}, /n_+]γ_5 − g^{αβ}_T [/S_{hT} , /n_+]γ_5 4 )

− M_h 4P^+_h

G^{⊥(2)}_T (z) ( S^{{α}_{hT} γ^{β}}γ_5 − g^{αβ}_T /S_{hT} γ_5 2 ) . (2.168)

2.6 The parton picture for fragmentation functions

Similar as in the case of distribution functions, it is instructive to consider the correlation function for the case of a free quark, given by

δ_{ij} (p, s; k) = u_i(k, s)u_j (k, s)δ^4(k − p) =^1_2 ( (/k + m)(1 + γ_5/s) ) ij δ^4(k − p), (2.169)

where the momentum and spin of the quark are parametrized as k = [ k^−, k^2_T + m^2

2k^−

, k_T ] , (2.170) s = [ λ_q k^− m , − m λ_q 2k^− + k_T · s_{qT}

k^− + λ_q k^2_T 2m k^−

, s_{qT} + λ_q m k_T ] (2.171)

in terms of a quark lightcone helicity λ_q and a quark lightcone transverse polarization s_{qT} . The projections become for twist two

δ^{[γ−]}(k) =^1_2 δ (ζ − 1) δ^2(k_T − p_T ) =^1_2 D_{qλ/q↑} +^1_2 D_{qλ/q↓}, (2.172) δ^{[γ−γ5 ]}(k) =^1_2 λ_q δ (ζ − 1) δ^2(k_T − p_T ) =^1_2 D_{qλ/q↑} −^1_2 D_{qλ/q↓}, (2.173) δ^{[iσi− γ5]}(k) =^1_2 s^i_{qT} δ (ζ − 1) δ^2(k_T − p_T ) =^1_2 D_qs_{T /q→} −^1_2 D_qs_{T /q←}, (2.174)

where ζ = p^−/k^− and we have given the intuitive interpretation in terms of probabilities for quarks to fragment into quarks with spin characterized by λ and s_T . For twist three we get

δ^{[1]}(k) = m 2k^− δ (ζ − 1) δ^2(k_T − p_T ), (2.175)

δ^{[γi]}(k) = k^i_T 2k^− δ (ζ − 1) δ^2(k_T − p_T ), (2.176) δ^{[γiγ5]}(k) =

(m s^i_{qT} + λ_q k^i_T ) 2k^− δ (ζ − 1) δ^2(k_T − p_T ), (2.177)

δ^{[iσij γ5]}(k) = s^i_{qT} k^j_T − k^i_T s^j_{qT} 2k^− δ (ζ − 1) δ^2(k_T − p_T ), (2.178)

δ^{[iσ−+ γ5]}(k) = m λ_q − k_T · s_{qT} 2k^− δ (ζ − 1) δ^2(k_T − p_T ). (2.179)

Inserting the expansion for the free quark field gives

Δ_{ij} (k) = 4z δ(k^2 − m^2) [ θ(z)u^{(β)}_i (k)D_{βα}(k)ū^{(α)}_j (k) − θ(−z)v^{(β)}_i (−k)D_{βα}(−k)v̄^{(α)}_j (−k) ] , (2.180)

where z = P^−_h /k^−. The use of lightcone coordinates is convenient because of the integration over k^+ that is needed in deep inelastic processes. The functions D and D are given by

D_{βα}(k) = D_{βα}(z, z^2k^2_T ) ≡ 1 4z(2π)^3 ∫ dz^′ d^2k^′_T (2π)^3 2z^′

⟨0|b_β(k^′)a_ha^†_hb^†_α(k)|0⟩, (2.181)

D_{βα}(k) = D_{βα}(z, z^2k^2_T ) ≡ 1 4z(2π)^3 ∫ dz^′ d^2k^′_T (2π)^3 2z^′

⟨0|d_α(k^′)a_ha^†_hd^†_β (k)|0⟩. (2.182)

Note that D_{βα}(k) is a decay matrix in the quark spin-space. Most easily to deal with is the ’momentum sum rule’ ∑ h ∫ zdz d^2P_{hT} D_{βα}(z, P^2_{hT} ) = 1 2 ∫ dz^′ d^2k^′_T (2π)^3 2z^′ 1 k^−

⟨0|b_β(k^′) ∑ h ∫ dP^−_h d^2P_{hT} (2π)^3 2P^−_h a_hP^−_h a^†_hb^†_α(k)|0⟩

= 1 2 ∫ dz^′ d^2k^′_T (2π)^3 2z^′ 1 k^−

⟨0|b_β(k^′) P^−opb^†_α(k)|0⟩ = 1 2 δ_{βα}. (2.183)

Integrating over k^− one obtains the twist two results (for z > 0)

Δ^{[γ−]}(k) =^1_2 D_{RR} +^1_2 D_{LL} =^1_2 D_{αα} +^1_2 D_{ββ} , (2.184) Δ^{[γ−γ5]}(k) =^1_2 D_{RR} −^1_2 D_{LL}, (2.185) Δ^{[iσi− γ5]}(k) =^1_2 D_{αα} −^1_2 D_{ββ}, (2.186)

using the same projection operators as for the distribution functions. In this way an interpretation in terms of quark decay functions is obtained, again rigorous for the twist two functions. In this ’parton picture’ the twist three results can also for the fragmentation functions be expressed in the twist two functions.

Summarizing we get for Δ^{[Γ]}(z, −zk_T ) and Δ^{[Γ]}(z), ordered according to twist and chirality for production of unpolarized (U), longitudinally polarized (L) and transversely polarized (T) (spin 1/2) hadrons:

FRAGMENTATION chirality Δ^{[Γ]}(z, −zk_T ) even odd U D_1 H^⊥_1 twist 2 L G_{1L} H^⊥_{1L} T G_{1T} D^⊥_{1T} H_{1T} H^⊥_{1T} U D^⊥ E H twist 3 L G^⊥_L D^⊥_L E_L H_L T G^′_T G^⊥_T D_T E_T H_T H^⊥_T

FRAGMENTATION chirality Δ^{[Γ]}(z) even odd U D_1 twist 2 L G_1

T H_1 U E H twist 3 L E_L H_L T G_T D_T

2.7 Structure of H → q profile functions

In order to study the structure of the profile functions, we will first give the expressions in terms of the amplitudes A_i(σ, τ), where σ = 2 k · P and τ = k^2,

f_1(x, k^2_T ) = ∫ . . . [A_2 + xA_3] , (2.187) g_{1L}(x, k^2_T ) = ∫ . . . [ −A_6 − ( σ − 2xM^2

2M^2 ) (A_7 + xA_8) ] , (2.188)

g_{1T} (x, k^2_T ) = ∫ . . . [A_7 + xA_8] , (2.189)

h_{1T} (x, k^2_T ) = ∫ . . . [−(A_9 + xA_{10})] , (2.190)

h^⊥_{1L}(x, k^2_T ) = ∫ . . . [ A_{10} − ( σ − 2xM^2 2M^2 ) A_{11} ] , (2.191)

h^⊥_{1T} (x, k^2_T ) = ∫ . . . [A_{11}] , (2.192)

e(x, k^2_T ) = ∫ . . . [A_1] , (2.193)

f^⊥(x, k^2_T ) = ∫ . . . [A_3] , (2.194)

g^′_T (x, k^2_T ) = ∫ . . . [−A_6] , (2.195)

g^⊥_L (x, k^2_T ) = ∫ . . . [ − ( σ − 2xM^2 2M^2 ) A_8 ] , (2.196)

g^⊥_T (x, k^2_T ) = ∫ . . . [A_8] , (2.197)

h^⊥_T (x, k^2_T ) = ∫ . . . [−A_{10}] , (2.198)

h_L(x, k^2_T ) = ∫ . . . [ −(A_9 + xA_{10}) − ( σ − 2xM^2

2M^2 ) A_{10} + ( σ − 2xM^2 2M^2

)_2

A_{11} ] , (2.199)

h_T (x, k^2_T ) = ∫ . . . [ − ( σ − 2xM^2 2M^2 ) A_{11} ] , (2.200)

where ∫ . . . = ∫ dσdτ δ(k^2_T + x^2M^2 + τ − xσ) = ∫ dσdτ δ(xηM^2 + τ − xσ), (2.201)

with η = x + k^2_T xM^2

. (2.202)

The integrated functions also can be expressed as an integral over amplitudes, e.g.

f_1(x) = π ∫ dσdτ θ(x^2M^2 + τ − xσ) [A_2 + xA_3] , (2.203)

now involving a θ-function to ensure contributions from the physical region p^2_T ≥ 0, indicated in the figure. Implicitly, there are several relations which can be traced back to the fact that there are less amplitudes than profile functions. Useful are the following relations for k^2_T -weighted functions: If we have

f^{(n)}(x, k^2_T ) = ∫ dσdτ δ(k^2_T + x^2M^2 + τ − xσ) ( k^2_T 2M^2 )n F (x, σ, τ),

f^{′(n)}(x, k^2_T ) = ∫ dσdτ δ(k^2_T + x^2M^2 + τ − xσ) ( k^2_T 2M^2 )n ∂F ∂x (x, σ, τ),

g^{(n)}(x, k^2_T ) = − ∫ dσdτ δ(k^2_T + x^2M^2 + τ − xσ) ( k^2_T 2M^2 )n σ − 2x M^2 2M^2

F (x, σ, τ), (2.204)

one easily proves the relations d dx f^{(1)}(x, k^2_T ) = −g(x, k^2_T ) + f^{′(1)}(x, k^2_T ) + 2M^2 d dk^2_T g^{(1)}(x, k^2_T ),

Figure 2.3: The region k^2_T ≥ 0 which contributes in the integration over σ and τ in the expressions for the distribution functions and fragmentation functions d dx f^{(1)}(x) = −g(x) + f^{′(1)}(x) + 2M^2 g^{(1)}(x, 0), (2.205) d dx f^{(2)}(x, k^2_T ) = −2g^{(1)}(x, k^2_T ) + f^{′(2)}(x, k^2_T ) + 2M^2 d dk^2_T g^{(2)}(x, k^2_T ), d dx f^{(2)}(x) = −2g^{(1)}(x) + f^{′(2)}(x) + 2M^2 g^{(2)}(x, 0). (2.206)

For the five g-functions this leads to the two relations (assuming g^{(n≥1)}(x, 0) to vanish)

g_T (x) = g_1(x) + d dx g^{(1)}_{1T} , (2.207)

g^⊥_L (x) = − d dx g^{⊥(1)}_T and 2 g^{⊥(1)}_L (x) = − d dx g^{⊥(2)}_T , (2.208)

while for the six h-functions three relations are found, where the one for h^⊥_T is trivial,

h_L(x) = h_1(x) − d dx h^{⊥(1)}_{1L} , (2.209)

h_T (x) = − d dx h^{⊥(1)}_{1T} and 2 h^{(1)}_T (x) = − d dx h^{⊥(2)}_{1T} , (2.210)

h^{⊥(n)}_T (x) = h^{(n)}_T (x) − h^{⊥(n)}_{1L} (x). (2.211)

Similarly we have for the fragmentation functions expressions of the profile functions in terms of the amplitudes B_1 to B_{12}. This gives relations analogous to the distribution functions,

2z D_1(z, z^2k^2_T ) = ∫ dσdτ δ ( k^2_T +

M^2_h z^2

+ τ − σ z ) [ B_2 + 1 z B_3 ] , (2.212)

etc. with now in addition some time reversal odd functions,

2z D^⊥_{1T} (z, −zk_T ) = ∫ . . . [B_{12}] , (2.213)

2z H^⊥_1 (z, −zk_T ) = ∫ . . . [−B_4] , (2.214)

2z D^⊥_L (z, −zk_T ) = ∫ . . . [−B_{12}] , (2.215)

2z D_T (z, −zk_T ) = ∫ . . . [ − ( σ − 2M^2_h/z 2M^2_h ) B_{12} ] . (2.216)

2z E_L(z, −zk_T ) = ∫ . . . [ − ( σ − 2M^2_h/z 2M^2_h ) B_5 ] . (2.217)

2z E_T (z, −zk_T ) = ∫ . . . [B_5] , (2.218)

2z H(z, −zk_T ) = ∫ . . . [( σ − 2M^2_h/z 2M^2_h ) B_4 ] . (2.219)

The integrated functions are given by 2 z D_1(z) = π ∫ dσdτ θ ( σ z − τ −

M^2_h z^2 ) [ B_2 + 1 z B_3 ] , (2.220)

with an integration region also indicated in the figure. The following relations can be derived in the case of fragmentation functions: If we have

2z D^{(n)}(z, z^2k^2_T ) = ∫ dσdτ δ ( k^2_T +

M^2_h z^2

+ τ − σ z ) ( k^2_T 2M^2_h )n F (z, σ, τ),

2z D^{′(n)}(z, z^2k^2_T ) = ∫ dσdτ δ ( k^2_T +

M^2_h z^2

+ τ − σ z ) ( k^2_T 2M^2_h )n ∂F ∂z (z, σ, τ),

2z G^{(n)}(z, z^2k^2_T ) = − ∫ dσdτ δ ( k^2_T +

M^2_h z^2

+ τ − σ z ) ( k^2_T 2M^2_h )n σ − 2M^2_h/z

2M^2_h

F (z, σ, τ), (2.221)

one easily proves the relations

z^2 d dz [ z D^{(1)}(z, z^2k^2_T ) ] = z G(z, z^2k^2_T ) + z^3 D^{′(1)}(z, z^2k^2_T ) + 2M^2_h d dk^2_T [ z G^{(1)}(z, z^2k^2_T ) ] , z^2 d dz [ D^{(1)}(z) z ] = G(z) z + z D^{′(1)}(z) + 2M^2_h

G^{(1)}(z, 0) z , (2.222)

z^2 d dz [ z D^{(2)}(z, z^2k^2_T ) ] = 2z G^{(1)}(z, z^2k^2_T ) + z^3 D^{′(2)}(z, z^2k^2_T ) + 2M^2_h d dk^2_T [ z G^{(2)}(z, z^2k^2_T ) ] , z^2 d dz [ D^{(2)}(z) z ] = 2 G^{(1)}(z) z + z D^{′(1)}(z) + 2M^2_h

G^{(1)}(z, 0) z . (2.223)

For the five G-functions this leads to two relations (assuming G^{(n≥1)}(z, 0) to vanish,

G_T (z) z = G_1(z) z − z^2 d dz [ G^{(1)}_{1T} (z) z ] , (2.224)

G^⊥_L (z) z = z^2 d dz [ G^{⊥(1)}_T (z) z ] and 2

G^{⊥(1)}_L (z) z = z^2 d dz [ G^{⊥(2)}_T (z) z ] . (2.225)

For the eight H-functions this leads to 4 relations,

H_L(z) z = H_1(z) z + z^2 d dz [ H^{⊥(1)}_{1L} (z) z ] , (2.226)

H_T (z) z = z^2 d dz [ H^{⊥(1)}_{1T} (z) z ] and 2

H^{(1)}_T (z) z = z^2 d dz [ H^{⊥(2)}_{1T} (z) z ] , (2.227)

H^{⊥(n)}_T (z) = H^{(n)}_T (z) − H^{⊥(n)}_{1L} (z), (2.228) H(z) z = z^2 d dz [ H^{⊥(1)}_1 (z) z ] . (2.229)

The last equation relates time reversal odd functions. Other relations between time reversal odd functions are, E_L(z) z = z^2 d dz [ E^{(1)}_T (z) z ] , (2.230) and D_T (z) z = z^2 d dz [ D^{⊥(1)}_{1T} (z) z ] , (2.231)

D^{⊥(n)}_L (z) = −D^{⊥(n)}_{1T} (z). (2.232)

Using the splitting of the twist three profile functions in a piece that is expressed in terms of partonic (twist two) functions and a remainder (’true’ twist three piece) that as we will see in the next chapter can be expressed in terms of ’good’ quark and gluon fields. This is achieved by using the ’free’ quark results or equivalently the results for quark-quark-gluon correlation functions using the QCD equations of motion,

e(x, k_T ) = m Mx f_1(x, k_T ) + ẽ(x, k_T ), (2.233)

f^⊥(x, k_T ) = 1 x f_1(x, k_T ) + f̃^⊥(x, k_T ), (2.234)

g^′_T (x, k_T ) = m Mx h_{1T} (x, k_T ) + g̃^′_T (x, k_T ), (2.235)

g^⊥_L (x, k_T ) = 1 x g_{1L}(x, k_T ) + m Mx h^⊥_{1L}(x, k_T ) + g̃^⊥_L (x, k_T ), (2.236)

g^⊥_T (x, k_T ) = 1 x g_{1T} (x, k_T ) + m Mx h^⊥_{1T} (x, k_T ) + g̃^⊥_T (x, k_T ), (2.237)

g_T (x, k_T ) = 1 x g^{(1)}_{1T} (x, k_T ) + m Mx h_1(x, k_T ) + g̃_T (x, k_T ), (2.238)

h^⊥_T (x, k_T ) = 1 x h_{1T} (x, k_T ) + h̃^⊥_T (x, k_T ), (2.239)

h_L(x, k_T ) = m Mx g_{1L}(x, k_T ) − k^2_T M^2x h^⊥_{1L} + h̃_L(x, k_T ), (2.240)

h_T (x, k_T ) = m Mx g_{1T} (x, k_T ) − h_{1T} (x, k_T ) x − k^2_T M^2x h^⊥_{1T} + h̃_T (x, k_T ). (2.241)

The functions ẽ, etc. can be immediately seen as the functions appearing in the twist three projections of the quark-quark-gluon correlation functions.

Comparing the above expression with the second relations found for the g-functions one has

g_T = g^{(1)}_{1T} x + m M h_1 x + g̃_T = g_1 + d dx g^{(1)}_{1T} , (2.242)

from which one obtains the relation

x^2 d dx ( g^{(1)}_{1T} x ) = −x g_1 + m M h_1 + x g̃_T , (2.243)

that can be used to eliminate g^{(1)}_{1T} , d dx (g_T − g_1) = d dx g_2 = − 1 x d dx (xg_1) + m M 1 x d dx h_1 + 1 x d dx (xg̃_T ), (2.244)

or (provided sufficient convergent behavior at the endpoints)

g_2(x) = − [ g_1(x) −

∫_1 x dy g_1(y) y ] + m M [ h_1(x) x − ∫_1 x dy h_1(y) y^2 ] + [ g̃_T (x) −

∫_1 x dy g̃_T (y) y ] . (2.245)

Similarly we obtain from the expression for h_L above and the second of the h-relations

h_L = m M g_1 x − 2 h^{⊥(1)}_{1L} x + h̃_L = h_1 − d dx h^{⊥(1)}_{1L} , (2.246) from which one obtains the relation

x^3 d dx ( h^{⊥(1)}_{1L} x^2 ) = x h_1 − m M g_1 − x h̃_L, (2.247)

which can be used to eliminate h^{⊥(1)}_{1L} , d dx ( h_L − h_1 x ) = d dx ( h_2 2x ) = − 1 x^2 d dx (xh_1) + m M 1 x^2 d dx g_1 + 1 x^2 d dx (xh̃_L), (2.248)

or (provided sufficient convergent behavior at the endpoints) 1 2 h_2(x) = − [ h_1(x) − 2x

∫_1 x dy h_1(y) y^2 ] + m M [ g_1(x) x − 2x

∫_1 x dy g_1(y) y^3 ]

+ [ h̃_L(x) − 2x

∫_1 x dy h̃_L(y) y^2 ] . (2.249)

Continuing with the twist-three functions we have

h_T = − h_1 x − h^{⊥(1)}_{1T} x + m M g_{1T} x + h̃_T = − d dx h^{⊥(1)}_{1T} , (2.250)

from which one obtains the relation

x^2 d dx ( h^{⊥(1)}_{1T} x ) = h_1 − m M g_{1T} + x h̃_T , (2.251)

which can be used to eliminate h^{⊥(1)}_{1T} , d dx h_T = − 1 x d dx h_1 + m M 1 x d dx g_{1T} + 1 x d dx (xh̃_T ), (2.252)

or (provided sufficient convergent behavior at the endpoints)

h_T (x) = − [ h_1(x) x − ∫_1 x dy h_1(y) y^2 ] + m M [ g_{1T} (x) x − ∫_1 x dy g_{1T} (y)

y^2 ] + [ h̃_T (x) −

∫_1 x dy h̃_T (y) y ] . (2.253)

For the second k^2_T -moment one obtains

h^{(1)}_T = − h^{(1)}_1 x − h^{⊥(2)}_{1T} x + m M g^{(1)}_{1T} x + h̃^{(1)}_T = − 1 2 d dx h^{⊥(2)}_{1T} , (2.254)

from which one obtains the relation

x^2 d dx ( h^{⊥(2)}_{1T} x^2 ) = 2 h^{(1)}_1 x − 2 m M g^{(1)}_{1T} x − 2 h̃^{(1)}_T , (2.255)

which can be used to eliminate h^{⊥(2)}_{1T} , d dx ( h^{(1)}_T x ) = − 1 x^2 d dx h^{(1)}_{1T} + m M 1 x^2 d dx g^{(1)}_{1T} + 1 x^2 d dx (xh̃^{(1)}_T ), (2.256)

or (provided sufficient convergent behavior at the endpoints)

h^{(1)}_T (x) = − [ h^{(1)}_1 (x) x − 2x

∫_1 x dy h^{(1)}_1 (y)

y^3 ] + m M [ g^{(1)}_{1T} (x) x − 2x

∫_1 x dy g^{(1)}_{1T} (y)

y^3 ]

+ [ h̃^{(1)}_T (x) − 2x

∫_1 x dy h̃^{(1)}_T (y)

y^2 ] . (2.257)

It is sometimes useful to realize that the moments of combinations appearing above are ∫_1 0 dx x^{n−1} [ f(x) − k x^{k−1}

∫_1 x dy f(y) y^k ] = n − 1 n + k − 1

∫_1 0 dx x^{n−1} f(x) (for n ≥ 1, k ≥ 1). (2.258)

Therefore all first moments (n = 1) of the expressions between brackets above vanish, at least if the first moments of the function f is finite.

Chapter 3

Deep inelastic processes

3.1 The point cross sections

In section 1 we have discussed the formalism for three types of hard processes, the Drell-Yan process, e^+e^− annihilation and lepton-hadron scattering,

A + B → ℓ + ℓ + X, (DY ) e^− + e^+ → h_1 + h_2 + X, (e^−e^+) ℓ + H → ℓ^′ + h + X. (ℓH)

The underlying processes are:

DY : q + q → ℓ + ℓ, (3.1) e^−e^+ : e^− + e^+ → q + q, (3.2) ℓH : ℓ + q → ℓ^′ + q. (3.3)

The cross sections for these processes would be quite similar to the (observable) lepton cross sections. The annihilation cross section e^−e^+ → μ^−μ^+, neglecting lepton masses is given by dσ dt (e^−e^+ → μ^−μ^+) =

2π α^2 (t^2 + u^2) s^4

, (3.4)

or the equivalent expressions in terms of y = −t/s = (1 + cos θ_{cm})/2, dσ dΩ_{cm}

(e^−e^+ → μ^−μ^+) = α^2 4s ( 1 + cos^2 θ_{cm} ) , (3.5) dσ dy (e^−e^+ → μ^−μ^+) =

4π α^2 s ( 1 2 − y + y^2 ) . (3.6)

The total cross section becomes σ(e^−e^+ → μ^−μ^+) =

4π α^2 3 s . (3.7)

The cross section for e^−μ^+ → e^−μ^+, neglecting lepton masses is given by dσ dt (e^−μ^+ → e^−μ^+) =

2π α^2 (s^2 + u^2) s^2 t^2

, (3.8)

or using y = −t/s, dσ dy (e^−μ^+ → e^−μ^+) =

4π α^2 s Q^4 ( y^2 2 + 1 − y ) . (3.9)

Also useful is the cross section for a virtual (transverse) photon, given by

σ(γ^∗_T μ^+ → μ^+) =

4π^2α Q^2 δ ( s Q^2 − 1 ) . (3.10)

301

3.2 The Drell-Yan process

The hadronic tensor in this case is rewritten as

W_{μν} (q; P_AS_A; P_B S_B ) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(P_A + P_B − P_X − q)

×⟨P_AS_A; P_B S_B |J_μ(0)|P_X ⟩⟨P_X |J_ν (0)|P_AS_A; P_B S_B ⟩, = 1 (2π)^4 ∫ d^4x e^{−iq·x} ⟨P_AS_A; P_B S_B |J_μ(x) J_ν (0)|P_AS_A; P_B S_B ⟩,

which in tree approximation (Born terms) becomes

W_{μν} = 1 (2π)^4 ∫ d^4x e^{−iq·x} ⟨P_AS_A; P_B S_B | : ψ_j (x)(γ_μ)_{jk} ψ_k(x) :

× : ψ_l(0)(γ_ν )_{li}ψ_i(0) : |P_AS_A; P_B S_B ⟩ = 1 (2π)^4 1 3 ∫ d^4x e^{−iq·x} ⟨P_AS_A|ψ_j (x)ψ_i(0)|P_AS_A⟩(γ_μ)_{jk}

⟨P_B S_B |ψ_k(x)ψ_l(0)|P_B S_B ⟩(γ_ν )_{li} + 1 (2π)^4 1 3 ∫ d^4x e^{−iq·x} ⟨P_AS_A|ψ_k(x)ψ_l(0)|P_AS_A⟩(γ_ν )_{li}

⟨P_B S_B |ψ_j (x)ψ_i(0)|P_B S_B ⟩(γ_μ)_{jk} , = 1 3 ∫ d^4p d^4k δ^4(p + k − q) Tr ( Φ(p)γ_μΦ(k)γ_ν ) + { q ↔ −q μ ↔ ν } , (3.11)

where we have used

Φ_{ij} (p) = 1 (2π)^4 ∫ d^4x e^{−ip·x} ⟨P_AS_A|ψ_j (x)ψ_i(0)|P_B S_B ⟩,

Φ_{kl}(k) = 1 (2π)^4 ∫ d^4x e^{−ik·x} ⟨P_B S_B |ψ_k(x)ψ_l(0)|P_B S_B ⟩,

and its symmetry properties (see section 2). Note that since in both Φ (quark production) and Φ (antiquark production) summations over colors are assumed, a factor 1/3 appears in the result in Eq. 3.11 Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if the quark momenta in the matrix elements Φ are limited, i.e. p^2, p · P_A are of hadronic scale and similarly in the matrix elements Φ for k^2 and k · P_B , one can write the delta function up to O(1/Q^2) as

δ^4(p + k − q) ≈ δ(p^+ − q^+) δ(k^− − q^−) δ^2(p_T + k_T − q_T ), (3.12)

The result in leading order is then

W_{μν} = 1 3 ∫ d^2p_T d^2k_T δ^2(p_T + k_T − q_T )Tr ( [∫ dp^−Φ(p)]γ_μ[∫ dk^+Φ(k)]γ_ν )| p^+ = x_AP^+_A k^− = x_B P^−_B

Figure 3.1: Born diagrams for Drell-Yan scattering

= ( −g_{μν} + q_μq_ν q^2 + Z_μZ_ν Z^2 ) 1 3 I[f_1 f_1], (3.13)

where I[f_1 f_1] = ∫ d^2p_T d^2k_T δ^2(p_T + k_T − q_T ) f_1(x_A, p_T )f_1(x_B , k_T ). (3.14)

Using the contraction with the leptonic tensor,

L^{μν} ( −g_{μν} + q_μq_ν q^2 + Z_μZ_ν Z^2 ) = 4Q^2 ( 1 2 − y + y^2 )

= Q^2 ( 1 + cos^2 θ_{μμ} ) , (3.15)

the cross section becomes

dσ(AB → μ^+μ^−X) dx_A dx_B d^2q_T dΩ_{μμ} = α^2 12 Q^2 ( 1 + cos^2 θ_{μμ} ) I[f_1 f_1]. (3.16)

Integrated over the transverse momenta of the produced mu pair,

dσ(AB → μ^+μ^−X) dx_A dx_B dΩ_{μμ} = α^2 12 Q^2 ( 1 + cos^2 θ_{μμ} ) f_1(x_A) f_1(x_B ), (3.17)

and integrated over the muon angular distribution, dσ dx_A dx_B = 4π α^2 9 Q^2 f_1(x_A) f_1(x_B ), (3.18)

or including the summation over quarks and antiquarks,

dσ(AB → μ^+μ^−X) dx_A dx_B = 4π α^2 9 Q^2 ∑ a e^2_a f_{1 a/A}(x_A) f_{1 a/B} (x_B ) = 1 3 ∑ a f_{1 a/A}(x_A) f_{1 a/B} (x_B ) σ̂(aa → μ^−μ^+), (3.19)

where the quark-antiquark annihilation cross section is given by

σ̂(aa → μ^−μ^+) =

4πα^2 3Q^2 e^2_a. (3.20)

and the factor 1/3 multiplying the summation is the color factor that can be naturally understood because only quarks of the same color can annihilate and we have seen that the definitions of the quark distribution functions included a summation over colors.

Introducing the virtuality of the photon (i.e. the invariant mass ŝ of the produced mu pair) as a variable one can consider the Drell-Yan cross section as a function of s. Writing dσ̂ dQ^2

(aa → μ^−μ^+) =

4π α^2 3 Q^2 e^2_a δ(ŝ − Q^2), (3.21)

one has

dσ(AB → μ^−μ^+X) dQ^2 dx_A dx_B = 1 3 ∑ a f_{1 a/A}(x_A) f_{1 a/B} (x_B ) dσ̂ dQ^2

(aa → μ^−μ^+) = 4πα^2 9Q^4 ∑ a e^2_a f_{1 a/A}(x_A) f_{1 a/B} (x_B ) δ ( s Q^2 x_Ax_B − 1 ) , (3.22)

which exhibits explicitly the scaling in τ = s/Q^2 for the cross section Q^4 dσ/dQ^2.

3.3 Electron-positron annihilation

The hadronic tensor in this case is rewritten as

W_{μν} (q; P_1S_1; P_2S_2) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q − P_X − P_1 − P_2)

×⟨0|J_μ(0)|P_X ; P_1S_1; P_2S_2⟩⟨P_X ; P_1S_1; P_2S_2|J_ν (0)|0⟩, = 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨0|J_μ(x) ∑ X |X; P_1S_1; P_2S_2⟩⟨X; P_1S_1; P_2S_2|J_ν (0)|0⟩,

which in tree approximation (Born terms) becomes

W_{μν} = 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨0| : ψ_j (x)(γ_μ)_{jk} ψ_k(x) : ∑ X |X; P_1S_1; P_2S_2⟩

×⟨X; P_1S_1; P_2S_2| : ψ_l(0)(γ_ν )_{li}ψ_i(0) : |0⟩ = 1 (2π)^4 3 ∫ d^4x e^{iq·x} ⟨0|ψ_j (x) ∑ X_2

|X_2; P_2S_2⟩⟨X_2; P_2S_2|ψ_i(0)|P S⟩(γ_μ)_{jk}

⟨0|ψ_k(x) ∑ X_1

|X_1; P_1S_1⟩⟨X_1; P_1S_1|ψ_l(0)|0⟩(γ_ν )_{li} + 1 (2π)^4 3 ∫ d^4x e^{iq·x} ⟨0|ψ_k(x) ∑ X_2

|X_2; P_2S_2⟩⟨X_2; P_2S_2|ψ_l(0)|0⟩(γ_ν )_{li}

⟨0|ψ_j (x) ∑ X_1

|X_1; P_1S_1⟩⟨X_1; P_1S_1|ψ_i(0)|0⟩(γ_μ)_{jk} ,

= 3 ∫ d^4p d^4k δ^4(q − k − p) Tr ( Δ(p)γ_μΔ(k)γ_ν ) + { q ↔ −q μ ↔ ν } , (3.23)

where we have used

Δ_{kl}(k) = 1 (2π)^4 ∫ d^4x e^{ik·x} ⟨0|ψ_k(x) ∑ X_1

|X_1; P_1S_1⟩⟨X_1; P_1S_1|ψ_l(0)|0⟩,

Δ_{ij} (p) = 1 (2π)^4 ∫ d^4x e^{ip·x} ⟨P S|ψ_j (x) ∑ X_2

|X_2; P_2S_2⟩⟨X_2; P_2S_2|ψ_i(0)|P S⟩,

and its symmetry properties (see section 2). Note that since both in Δ (quark decay) and Δ (antiquark decay) an averaging over colors is assumed, we get a color factor of 3 in Eq. 3.23. We have only considered two hadrons in different jets, i.e. no fragmentation parts involving matrix elements of the form ⟨0|ψ_j (x) ∑ X |X; P_1S_1; P_2S_2⟩ ⟨X; P_1S_1; P_2S_2|ψ_i(0)|0⟩ are considered.

Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if the quark momenta in the matrix elements Δ are limited, i.e. p^2, p · P_2 are of hadronic scale and similarly in the matrix elements Δ for k^2 and k · P_1, one can write the delta function up to O(1/Q^2) as

δ^4(q − k − p) ≈ δ(q^− − k^−) δ(q^+ − p^+) δ^2(q_T − k_T − p_T ), (3.24)

The result in leading order is then

W_{μν} = 3 ∫ d^2k_T d^2p_T δ^2(q_T − k_T − p_T )Tr ( [∫ dp^−Δ(p)]γ_μ[∫ dk^+Δ(k)]γ_ν )| k^− = P^−_1 /z_1 p^+ = P^+_2 /z_2 = ( q_μq_ν q^2

− g_{μν} +

Z_μZ_ν Z^2 ) 12 z_1z_2 I[D_1 D_1], (3.25)

where I[D_1 D_1] = ∫ d^2k_T d^2p_T δ^2(q_T − k_T − p_T ) D_1(z_1, −z_1k_T )D_1(z_2, −z_2p_T ). (3.26)

Using the contraction with the leptonic tensor,

L^{μν} ( −g_{μν} + q_μq_ν q^2 + Z_μZ_ν Z^2 ) = 4Q^2 ( 1 2 − y + y^2 )

= Q^2 ( 1 + cos^2 θ ) , (3.27)

where θ is the angle of the produced hadrons h_2 in the e^−e^+ rest frame. The cross section becomes

dσ(e^−e^+ → h_1h_2X) dΩ dz_1 dz_2 d^2q_T = 3 α^2 4 Q^2 ( 1 + cos^2 θ ) z^2_1 z^2 I[D_1 D_1]. (3.28)

Integrated over transverse momenta of hadron h_1 one finds,

dσ(e^−e^+ → h_1h_2X) dΩ dz_1 dz_2 = 3 α^2 4 Q^2 ( 1 + cos^2 θ ) D_1(z_1) D_1(z_2), (3.29)

Including the summation over quarks and antiquarks one obtains

dσ(e^−e^+ → h_1h_2X) dΩ dz_1 dz_2 = 3 α^2 4 Q^2 ( 1 + cos^2 θ ) ∑ a e^2_aD_{1 h1/a}(z_1) D_{1 h2/a}(z_2) = 3 ∑ a dσ̂ dΩ (e^−e^+ → aa) D_{1 h1/a}(z_1) D_{1 h2/a}(z_2), (3.30)

where the annihilation cross section into a quark-antiquark pair is given by dσ̂ dΩ (e^−e^+ → aa) = α^2 4 Q^2 ( 1 + cos^2 θ ) . (3.31)

The factor 3 multiplying the cross section can be naturally understood as the definitions of each fragmentation function includes an averaging over color and the annihilation can be into a quark-antiquark pair of any of the three colors. The result for the production of a single hadron is obtained by considering hadron 2 as the jet with D_1 = δ(1 − z_2), thus

dσ(e^−e^+ → hX)

dΩ dz = 3 α^2 4 Q^2 ( 1 + cos^2 θ ) ∑ a e^2_a D_{1 h/a}(z) = 3 ∑ a dσ̂ dΩ (e^−e^+ → aa) D_{1 h/a}(z). (3.32)

Integrating over the jet direction gives

dσ(e^−e^+ → hX) dz = 4π α^2 Q^2 ∑ a e^2_a D_{1 h/a}(z) = 3 ∑ a σ̂(e^−e^+ → aa) D_{1 h/a}(z). (3.33)

Finally the jet cross section is found by taking D_1(z) = δ(1 − z),

dσ(e^−e^+ → jets) dΩ = 3 α^2 4 Q^2 ( 1 + cos^2 θ ) ∑ a e^2_a = 3 ∑ a σ̂(e^−e^+ → aa), (3.34)

and the total cross section

σ(e^−e^+ → hadrons) =

4π α^2 Q^2 ∑ a e^2_a = 3 ∑ a σ̂(e^−e^+ → aa)

= σ(e^−e^+ → μ^−μ^+) 3 ∑ a e^2_a. (3.35)

Note that integrating over z the multiplicities of produced particles enter, ∫ dz dσ(e^−e^+ → hX) dz = ⟨n^{e− e+}_h ⟩σ(e^−e^+ → hadrons) (3.36)

given by

⟨n^{e− e+}_h ⟩ = ∑ a e^2_a n_{h/a} ∑ a e^2_a

, (3.37)

where n_{h/a} = ∫ dz D_{1 h/a}(z).

3.4 lepton-hadron scattering

The hadronic tensor in this case is rewritten as

2MW_{μν} (q; P S; P_hS_h) = 1 (2π)^4 ∫ d^3P_X (2π)^32P^0_X

(2π)^4δ^4(q + P − P_X − P_h)

×⟨P S|J_μ(0)|P_X ; P_hS_h⟩⟨P_X ; P_hS_h|J_ν (0)|P S⟩, = 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨P S|J_μ(x) ∑ X |X; P_h, S_h⟩⟨X; P_hS_h|J_ν (0)|P S⟩,

which in tree approximation (Born terms) becomes

2MW_{μν} (q; P S; P_hS_h) = 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨P S| : ψ_j (x)(γ_μ)_{jk} ψ_k(x) : ∑ X |X; P_hS_h⟩

×⟨X; P_hS_h| : ψ_l(0)(γ_ν )_{li}ψ_i(0) : |P S⟩ = 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨P S|ψ_j (x)ψ_i(0)|P S⟩(γ_μ)_{jk}

⟨0|ψ_k(x) ∑ X |X; P_hS_h⟩⟨X; P_hS_h|ψ_l(0)|0⟩(γ_ν )_{li} + 1 (2π)^4 ∫ d^4x e^{iq·x} ⟨P S|ψ_k(x)ψ_l(0)|P S⟩(γ_ν )_{li}

⟨0|ψ_j (x) ∑ X |X; P_hS_h⟩⟨X; P_hS_h|ψ_i(0)|0⟩(γ_μ)_{jk} , = ∫ d^4p d^4k δ^4(p + q − k) Tr (Φ(p)γ_μΔ(k)γ_ν ) + { q ↔ −q μ ↔ ν } , (3.38)

where we have used

Φ_{ij} (p) = 1 (2π)^4 ∫ d^4x e^{ip·x} ⟨P S|ψ_j (0)ψ_i(x)|P S⟩,

Δ_{kl}(k) = 1 (2π)^4 ∫ d^4x e^{ik·x} ⟨0|ψ_k(x) ∑ X |X; P_hS_h⟩⟨X; P_hS_h|ψ_l(0)|0⟩,

and its symmetry properties (see section 2). Note that in Φ (quark production) a summation over colors is assumed, while in Δ (quark decay) an averaging over colors is assumed. We have not considered possible target fragmentation parts involving matrix elements of the form ⟨P S|ψ_j (x) ∑ X |X; P_hS_h⟩ ⟨X; P_hS_h|ψ_i(0)|P S⟩.

Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if the quark momenta in the matrix elements Φ are limited, i.e. p^2, p · P are of hadronic scale and similarly in the matrix elements Δ for k^2 and k · P_h, one can write the delta function up to O(1/Q^2) as

δ^4(p + q − k) ≈ δ(p^+ + q^+) δ(q^− − k^−) δ^2(p_T + q_T − k_T ), (3.39)

The result in leading order is then

2M W_{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T )Tr ( [∫ dp^−Φ(p)]γ_μ[∫ dk^+Δ(k)]γ_ν )| p^+ = x_B P^+ k^− = P^−_h /z

= ( q_μq_ν q^2

− g_{μν} +

P̃_μP̃_ν P̃ 2 ) 2z I[f_1 D_1], (3.40)

where I[f_1 D_1] = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) f_1(x_B , p_T )D_1(z, −zk_T ). (3.41)

Using the contraction with the leptonic tensor,

L^{μν} ( q_μq_ν q^2

− g_{μν} +

P̃_μP̃_ν P̃ 2 ) = 4Q^2 y^2 ( y^2 2 + 1 − y ) , (3.42)

the cross section becomes

dσ(ℓH → ℓ^′hX) dx_B dy dz d^2P_{h⊥} = 4πα^2 s Q^4 y^2 2 + 1 − y

xB I[f1 D1], (3.43)

or integrated over P_{h⊥},

dσ(ℓH → ℓ^′hX) dx_B dy dz = 4πα^2 s

Q^4 y^2 2 + 1 − y xB f1(xB ) D1(z). (3.44)

The case of inclusive electroproduction is easily obtained using the result D_1(z) = δ(1 − z) for quark production off a quark, giving

dσ(ℓH → ℓ^′X) dx_B dy = 4πα^2 s Q^4 y^2 2 + 1 − y

xB f1(xB ). (3.45)

This leads to the well-known result for electroproduction of hadrons h (now also including the summation over quarks and antiquarks, where the latter come from the second contribution in Eq. 3.38)

dσ(ℓH→ℓ^′ hX) dx dy dz dσ(ℓH→ℓ^′ X) dx dy = N^{ℓH}_h (x, z) ∑ a e^2_a f_{1 a/H} (x) = ∑ a e^2_a f_{1 a/H} (x) D_{1 h/a}(z) ∑ a e^2_a f_{1 a/H} (x)

. (3.46)

Upon integration over z one obtains ∫ dz dσ(ℓH → ℓ^′hX) dx dy dz

= ⟨n^{ℓH}_h (x)⟩ dσ(ℓH → ℓ^′X)

dx dy

(3.47)

where ⟨n_h(x)⟩ represents the average number of produced particles as a function of x,

⟨n^{ℓH}_h (x)⟩ = ∑ a e^2_a n_{h/a} f_{1 a/H} (x) ∑ a e^2_a f_{1 a/H} (x)

, (3.48)

where n_{h/a} = ∫ dz D_{1 h/a}(z).

Finally we note that we can write the inclusive cross section for different values of s = Q^2/x_B y in terms of the virtual photon-quark cross section σ ( γ^∗(Q^2) a → a ) as dσ(ℓH → ℓ^′X) dx_B dy dQ^2 = 1 Q^2 α π 1 y y^2 2 + 1 − y ∑ a f_{1a/H} (x_B ) σ ( γ^∗(Q^2)a → a )

= 4π α^2 Q^4 1 y y^2 2 + 1 − y f_{1a/H} (x_B ) δ ( s Q^2 x_B y − 1 ) , (3.49)

which is quite analogous to the situation in the Drell-Yan process.

Figure 3.2: The quark-quark-gluon correlation functions

3.5 Inclusion of longitudinal gluon contributions

We will consider in this section the inclusion of diagrams with gluons connecting the soft and hard part (see fig. 3.2).

Φ^α_{A ij} (k, k_1; P, S) = ∫ d^4ξ (2π)^4 d^4η (2π)^4 e^{i k1 ·ξ+i(k−k1 )·η}⟨P, S|ψ_j (0) gA^α(η)ψ_i(ξ)|P, S⟩ (3.50)

(satisfying γ_0Φ^{α†}_A (k, k_1)γ_0 = Φ^α_A(k_1, k)), and

Δ^α_{A ij} (k, k_1; P_h, S_h) = 1 (2π)^4 ∫ d^4ξ d^4η e^{i k1·(ξ−η)+i k·η} ⟨0|ψ_i(ξ) A^α_T (η) a^†_ha_hψ_j (0)|0⟩, (3.51)

(satisfying γ_0Δ^{α†}_A (k, k_1)γ_0 = Δ^α_A(k_1, k)). Performing the integrations dk^− d^2k_T and dk^−_1 d^2k_{1T} one finds, using k^+ = x P^+ and k^+_1 = y P^+, the lightcone correlation functions corresponding to multiparton matrix elements, e.g.

Φ^α_{A ij} (x, y) ≡ P^+ ∫ dk^− d^2k_T dk^−_1 d^2k_{1T} Φ^α_{A ij} (k, k_1; P, S)

= P^+ ∫ dξ^− 2π dη^− 2π e^{i k1 ·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) gA^α(η)ψ_i(ξ)|P, S⟩ | | | |_{LC} , (3.52)

where the subscript LC refers to ’lightcone’, ξ^+ = η^+ = ξ_T = η_T = 0. Whatever way one parametrizes the above matrix elements, it is clear that in a process the index α being + requires a + component of one of the vectors of the soft part (P , S), which are of order Q after expanding in n_± as discussed in the previous chapters. These thus give the dominant contribution. We will analyse them first for lepton-hadron scattering. We obtain four contributions as given in figure 3.3. Two of them have gluons connected to the lower soft part (the hadron → quark part), the others gluons connected to the upper soft part (the quark → hadron part). Including the contribution of the handbag one has

2M W_{μν} = ∫ d^4p d^4k δ^4(p + q − k) Tr [Φ(p)γ_μΔ(k)γ_ν ] − ∫ d^4p d^4k d^4p_1 δ^4(p + q − k) { Tr [ γ_α

(/k − /p_1 + m) (k − p_1)^2 − m^2 + iϵ γ_ν Φ^α_A(p, p − p_1)γ_μΔ(k) ]

+ Tr [ γ_μ

(/k − /p_1 + m) (k − p_1)^2 − m^2 − iϵ γ_αΔ(k)γ_ν Φ^α_A(p − p_1, p) ]}

− ∫ d^4p d^4k d^4k_1 δ^4(p + q − k) { Tr [ γ_ν

(/p − /k_1 + m) (p − k_1)^2 − m^2 + iϵ γ_αΦ(p)γ_μΔ^α_A(k − k_1, k) ]

+ Tr [ γ_α

(/p − /k_1 + m) (p − k_1)^2 − m^2 − iϵ γ_μΔ^α_A(k, k − k_1)γ_ν Φ(p) ]} . (3.53)

[Note that we have for a quark-quark-gluon blob used momentum p_1 (or k_1) for the gluon and p − p_1 (or k − k_1) for the quark. This is easier to extend when we consider multiple gluon correlation functions.]

Figure 3.3: Quark-quark-gluon correlation functions in lepton-hadron scattering

In the remainder of this section we will often omit the standard integration ∫ d^4p d^4k δ^4(p + q − k). The momenta p_1 and k_1 connected to the soft hadronic parts are parametrized according to p = [ p^−, Q √ 2 , p_T ] , p_1 = [ p^−_1 , x_1 Q √ 2 , p_{1T} ] , p − k_1 = [ −z_1 Q √ 2 , Q √ 2 , . . . ] , (3.54) k = [ Q √ 2 , k^+, k_T ] , k_1 = [ z_1 Q √ 2 , k^+_1 , k_{1T} ] , k − p_1 = [ Q √ 2 , −x_1 Q √ 2 , . . . ] , (3.55)

The momentum appearing in the extra fermion propagator is p − p_1 + q = k − p_1 with (k − p_1)^2 = −x_1 Q^2, or k − k_1 − q = p − k_1 with (p − k_1)^2 = −z_1 Q^2. Thus one has in leading order in 1/Q,

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ = γ^− Q √ 2 + γ^+ (−x_1 + iϵ) Q √ 2 − γ_T · (k_T − p_{1T} ) − m (−x_1 + iϵ) Q^2

, (3.56)

/p − k_1 + m (p − k_1)^2 − m^2 + iϵ = γ^+ Q √ 2 + γ^− (−z_1 + iϵ) Q √ 2 − γ_T · (p_T − k_{1T} ) − m (−z_1 + iϵ) Q^2

. (3.57)

This can be used to consider separately the contributions of transverse (A^α_T ) and longitudinal (A^+) gluons.

For the transverse gluons, the trace of the first gluonic contribution becomes − ∫ d^4p_1 Tr [ γ_α

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ γ_ν Φ^α_A(p, p − p_1)γ_μΔ(k) ]

= ∫ d^4p_1 (2π)^4 ∫ d^4ξ ∫ d^4η e^{i (p−p1)·ξ+i p1 ·η} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν gA^α_T (η) ψ(ξ)|P, S⟩,

which starts off at order 1/Q and at this order requires leading parts from Φ^α_A (proportional to P_+Φ^α_AP_−) and leading parts from Δ (proportional to P_−ΔP_+). As {γ^−, γ^α_T } = 0 and γ^−P_+ = P_−γ^− = 0 only the γ^− = P_+γ^−P_− part in Eq. 3.56 contributes. This term is independent of any of the components of p_1, and we thus can immediately consider the distributions ∫ d^4p_1 Φ^α_A(p, p − p_1), or explicitly ∫ d^4ξ e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν gA^α_T (ξ) ψ(ξ)|P, S⟩. (3.58)

This contribution will be studied in the next section. Note that it can be written in terms of the covariant derivative as ∫ d^4ξ e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν i D^α_T (ξ) ψ(ξ)|P, S⟩

− p^α_T ∫ d^4ξ e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν ψ(ξ)|P, S⟩. (3.59)

In this section we consider next the contributions of longitudinal gluons (A^+). They lead to traces of the form − ∫ d^4p_1 Tr [ γ^−

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ γ_ν Φ^+_A(p, p − p_1)γ_μΔ(k) ] (3.60)

The first term in Eq. 3.56 does not contribute. The second term contributes at O(1) as the dominant contribution in Φ^+_A is the part projected out by ∫ dp^−_1 P_+Φ^+_AP_− which is of O(Q). Explicitly, we get for the first correction in Eq. 3.53 − ∫ d^4p_1 (2π)^4 ∫ d^4ξ ∫ d^4η e^{i (p−p1)·ξ+i p1 ·η} ⟨P, S|ψ(0)γ_μΔ(k)γ^− γ^+ (x_1 − iϵ) Q √ 2 γ_ν gA^+(η) ψ(ξ)|P, S⟩ = ∫ dx_1 2π ∫ d^4ξ ∫ dη^− e^{i x1 p+(η− −ξ−)} x_1 − iϵ e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) γ^−γ^+ 2 γ_ν gA^+(η) ψ(ξ)|P, S⟩ | | | η^+ = ξ^+ η_T = ξ_T = ∫ d^4ξ ∫ dη^− θ(η^− − ξ^−) e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) P_+ γ_ν igA^+(η^−) ψ(ξ)|P, S⟩ = − ∫ d^4ξ e^{i p·ξ} ⟨P, S|ψ(0)γ_μΔ(k) P_+ γ_ν ig

∫_ξ− ∞ dη^− A^+(η^−) ψ(ξ)|P, S⟩. (3.61)

The second term in Eq. 3.53 gives − ∫ d^4p_1 Tr [ γ_μ

(/k − /p_1 + m) (k − p_1)^2 − m^2 − iϵ γ^−Δ(k)γ_ν Φ^+_A(p − p_1, p) ]

= ∫ d^4ξ e^{i p·ξ} ⟨P, S|ψ(0) ig

∫_0 ∞ dη^− A^+(η^−) γ_μ P_− Δ(k) γ_ν ψ(ξ)|P, S⟩ (3.62)

The last two terms in Eq. 3.53 give − ∫ d^4k_1 { Tr [ γ_ν

(/p − /k_1 + m) (p − k_1)^2 − m^2 + iϵ γ^+Φ(p)γ_μΔ^−_A(k_1, k) ]

+ Tr [ γ^+

(/p − /k_1 + m) (p − k_1)^2 − m^2 − iϵ γ_μΔ^−_A(k, k − k_1)γ_ν Φ(p) ]}

= ∫ d^4ξ e^{i k·ξ} { Tr ⟨0|ψ(ξ) a^†_ha_h ig

∫_0 −∞ dη^+ A^−(η^+) ψ(0) γ_ν P_+ Φ(p) γ_μ|0⟩

−Tr ⟨0|ψ(ξ) ig

∫_ξ+ −∞ dη^+ A^−(η^+) a^†_ha_h ψ(0) γ_ν Φ(p) P_− γ_μ|0⟩ } . The result of multiple A^+- or A^−-gluons together with the tree-level result gives in leading order in 1/Q (when the projectors P_+ and P_− don’t matter) the exponentiated path-ordered result

2M W_{μν} = ∫ d^4p d^4k δ^4(p + q − k) Tr [Φ(p)γ_μΔ(k)γ_ν ] (3.63)

with

Φ_{ij} (p, P, S) = 1 (2π)^4 ∫ d^4ξ e^{i p·ξ}⟨P, S|ψ_j (0)U(0, ∞; 0_T ) U(∞, ξ^−; ξ_T )ψ_i(ξ)|P, S⟩, (3.64)

Δ_{ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4ξ e^{ik·ξ} ⟨0|U(−∞, ξ^+; ξ_T )ψ_i(ξ) a^†_ha_h ψ_j (0)U(0, −∞; 0_T )|0⟩. (3.65)

Provided we assume that matrix elements containing bilocal operators ψ(0) A_T (η^± = ∓∞, η_T ) ψ(ξ) vanish for physical states, the above links can be connected resulting in a color gauge-invariant matrix element that must be used in the definition of the correlation functions.

Before considering the transverse gluons let us check the case of two A^+ gluons. For instance considering a gauge choice A^− = 0, one needs only to consider the absorption of the A^+ gluons in the ’distribution’ part. Dressing the diagram leading to the first of the four terms above with another ’parallel’ gluon one obtains a contribution ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 ∫ d^4ξ ∫ d^4η_1 d^4η_2 e^{i (p−p1 −p2 )·ξ+i p1 ·η1+i p2 ·η2}

×⟨P, S|ψ(0)γ_μΔ(k)γ^− γ^+ (x_2 − iϵ) Q √ 2 γ^− γ^+ (x_1 + x_2 − iϵ) Q √ 2 γ_ν gA^+(η_2) gA^+(η_1) ψ(ξ)|P, S⟩ = ∫ d^4p d^4k δ^4(p + q − k) ∫ dx_1 2π dx_2 2π ∫ d^4ξ ∫ dη^−_1 dη^−_2 e^{i (x1+x2)p+(η−−ξ− )} e^{i x2p+(η−2 −η−1 )} (x_1 + x_2 − iϵ) (x_2 − iϵ) e^{i p·ξ}

×⟨P, S|ψ(0)γ_μΔ(k)P^2_+ γ_ν gA^+(η_2) gA^+(η_1) ψ(ξ)|P, S⟩. (3.66)

The integration over x_1 and x_2 gives

iθ(η^−_1 − ξ^−) iθ(η^−_2 − η^−_1 ), (3.67)

leading to the path ordering.

Chapter 4

Gluon fields and correlation functions

4.1 Quark-gluon correlation functions

For the analysis beyond the twist two level, it is necessary to include quark-gluon correlation functions. We define

Φ^α_{A ij} (k, k_1; P, S) = ∫ d^4ξ (2π)^4 d^4η (2π)^4 e^{i k1·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) gA^α_T (η)ψ_i(ξ)|P, S⟩ (4.1)

(satisfying γ_0Φ^{α†}_A (k, k_1)γ_0 = Φ^α_A(k_1, k)). Performing the integrations dk^− d^2k_T and dk^−_1 d^2k_{1T} one finds, using k^+ = x P^+ and k^+_1 = y P^+, the lightcone correlation functions corresponding to multiparton matrix elements,

Φ^α_{A ij} (x, y) ≡ P^+ ∫ dk^− d^2k_T dk^−_1 d^2k_{1T} Φ^α_{A ij} (k, k_1; P, S)

= P^+ ∫ dξ^− 2π dη^− 2π e^{i k1 ·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) gA^α_T (η)ψ_i(ξ)|P, S⟩ | | | |_{LC} , (4.2)

where the subscript LC refers to ’lightcone’, ξ^+ = η^+ = ξ_T = η_T = 0. Up to the twist three level it is often not necessary to consider this general three-field matrix element, but it is sufficient to consider the bilocal matrix elements obtained after integration over d^4k_1,

Φ^α_{A ij} (k; P, S) = ∫ d^4ξ (2π)^4 e^{i k·ξ}⟨P, S|ψ_j (0) gA^α_T (ξ)ψ_i(ξ)|P, S⟩ = ∫ d^4k_1 Φ^α_{A ij} (k, k_1; P, S), (4.3)

(γ_0Φ^{α†}_A γ_0)_{ij} (k; P, S) = ∫ d^4ξ (2π)^4 e^{i k·ξ}⟨P, S|ψ_j (0) gA^α_T (0)ψ_i(ξ)|P, S⟩ = ∫ d^4k_1 Φ^α_{A ij} (k_1, k; P, S). (4.4)

We already mention here a third possible bilocal matrix element,

Φ^{′α}_{A ij} (k; P, S) = ∫ d^4ξ (2π)^4 e^{i k·ξ} ⟨P, S|ψ_j (0)ψ_i(0) gA^α_T (ξ)|P, S⟩

Figure 4.1: The quark-quark-gluon correlation function

401

= ∫ d^4k_1 Φ^α_{A ij} (k + k_1, k_1; P, S). (4.5)

One-argument lightcone correlation functions are obtained after integration over dk^−d^2k_T ,

Φ^α_{A ij} (x) ≡ ∫ dk^− d^2k_T Φ^α_{A ij} (k; P, S). (4.6)

A factor P^+ has been included in the definition of Φ^α_A(x, y), such that one has for the one-argument lightcone correlation functions Φ^α_A(x) = ∫ dy Φ^α_A(x, y), etc. First, as before the same constraints as before from parity and time reversal invariance can be used. Including only terms that potentially contribute at the twist three level one obtains using only parity the general form

F^α(k, P, S) = C_1 /P k^α_⊥ + M C_2 [γ^α, /P ] + (C_3/M) [/P, /k_⊥] k^α_⊥ + iC_4 ϵ^α_{νρσ} γ^ν γ_5P^ρk^σ_⊥ +M C_5 /P γ_5S^α_⊥ + (C_6/M) /P γ_5k^α_⊥ (k · S) + C_7 [/P, γ^α]γ_5 (k · S) +C_8 [/k_⊥, /P ]γ_5 S^α + C_9 [/S_⊥, /P ]γ_5 k^α_⊥ + (C_{10}/M^2) [/k_⊥, /P ]γ_5 k^α_⊥ (k · S) +iM C_{11} ϵ^α_{νρσ} γ^ν P^ρS^σ_⊥ + i(C_{12}/M) ϵ_{μνρσ} γ^μP^ν k^ρ_⊥S^σ_⊥ k^α_⊥ +i(C_{13}/M) ϵ^α_{νρσ} γ^ν P^ρk^σ_⊥ (k · S) (4.7)

F^{α†}(k, P, S) = γ_0 ( C^∗_1 /P k^α_⊥ − M C^∗_2 [γ^α, /P ] + . . . ) γ_0. (4.8)

All amplitudes only depend on P ·k and k^2. By choosing our conventions such that the the Dirac structures multiplying C_2, C_3, C_4, and C_{11}, C_{12}, C_{13} are antihermitean (Γ^† = −γ_0Γγ_0) and hermitean (Γ^† = γ_0Γγ_0) otherwise, all amplitudes are real when time reversal invariance applies.

Before starting with the twist-analysis we will discuss the issue of color gauge invariance. First of all, we of course need to employ correlation functions containing the covariant derivative i D_μ(ξ) = i∂_μ + g A_μ(ξ) and field strength tensor G_{ρσ} (ξ) = (i/g)[D_ρ(ξ), D_σ (ξ)] instead of the A_μ fields. These are

Φ^α_{D ij} (k, k_1; P, S) = ∫ d^4ξ (2π)^4 d^4η (2π)^4 e^{i k1 ·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) iD^α(η)ψ_i(ξ)|P, S⟩, (4.9) and Φ^α_{G ij} (k, k_1; P, S) = ∫ d^4ξ (2π)^4 d^4η (2π)^4 e^{i k1 ·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) gG^{+α}(η)ψ_i(ξ)|P, S⟩, (4.10)

and as before the lightcone correlation functions

Φ^α_{D ij} (x, y) = ∫ dξ^− 2π dη^− 2π e^{i k1·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) iD^α(η)ψ_i(ξ)|P, S⟩ | | |_{LC} , (4.11)

Φ^α_{G ij} (x, y) = ∫ dξ^− 2π dη^− 2π e^{i k1 ·(ξ−η)+ik·η} ⟨P, S|ψ_j (0) gG^{+α}(η)ψ_i(ξ)|P, S⟩ | | | LC . (4.12)

Bilocal correlation functions are again obtained after integration over one momentum,

Φ^α_{D ij} (k; P, S) = ∫ d^4ξ (2π)^4 e^{i k·ξ} ⟨P, S|ψ_j (0) iD^α_T (ξ)ψ_i(ξ)|P, S⟩ = ∫ d^4k_1 Φ^α_{D ij} (k, k_1; P, S). (4.13)

and the function

Φ^{′α}_{G ij} (k; P, S) = ∫ d^4ξ (2π)^4 e^{i k·ξ} ⟨P, S|ψ_j (0) ψ_i(0) G^{+α}(ξ)|P, S⟩. = ∫ d^4k_1 Φ^α_{G ij} (k + k_1, k_1; P, S) = −ik^+ ∫ d^4k_1 Φ^α_{A ij} (k + k_1, k_1; P, S). (4.14)

The above expressions (without link) are only useful in the gauge A^+ = 0, in which case the relation between A^α_T and G^{+α} is simple, G^{+α} = ∂^+A^α_T = ∂_−A^α_T . Possible inversions are (only considering the dependence on the minus component),

A^α_T (η^−) = A^α_T (∞) −

∫_∞ −∞ dζ^− θ(ζ^− − η^−) G^{+α}(ζ^−)

= A^α_T (−∞) +

∫_∞ −∞ dζ^− θ(η^− − ζ^−) G^{+α}(ζ^−) = A^α_T (∞) + A^α_T (−∞) 2 − 1 2 ∫_∞ −∞ dζ^− ϵ(ζ^− − η^−) G^{+α}(ζ^−) (4.15)

or using the representation for the θ-function,

±i θ(±ξ) = ∫ dk 2π e^{ikξ} k ∓ iϵ

, i ϵ(ξ) = ∫ dk 2π PP e^{ikξ} k , (4.16)

one obtains (omitting the hadron momenta and spin vectors)

Φ^α_A(k, k_1) = δ(k^+ − k^+_1 ) Φ^α_{A(∞)}(k, k_1) + i k^+ − k^+_1 − iϵ

Φ^α_G(k, k_1)

= δ(k^+ − k^+_1 ) Φ^α_{A(−∞)}(k, k_1) + i k^+ − k^+_1 + iϵ

Φ^α_G(k, k_1)

= δ(k^+ − k^+_1 )

Φ^α_{A(∞)}(k, k_1) + Φ^α_{A(−∞)}(k, k_1) 2 + PP i k^+ − k^+_1

Φ^α_G(k, k_1), (4.17)

where

δ(k^+ − k^+_1 ) Φ^α_{A(±∞) ij} (k, k_1) ≡ ∫ d^4ξ (2π)^4 d^4η (2π)^4 e^{i k·ξ} e^{i (k−k1 )·η}⟨P, S|ψ_j (0) gA^α_T (±∞, η^+, η_T )ψ_i(ξ)|P, S⟩, (4.18) and δ(k^+ − k^+_1 ) [ Φ^α_{A(∞)}(k, k_1) − Φ^α_{A(−∞)}(k, k_1) ] = 2π δ(k^+ − k^+_1 ) Φ^α_G(k, k_1) (4.19)

The constraints following from hermiticity, parity and time-reversal are the following,

Φ^{α †}_D (k, k_1; P, S) = γ_0 Φ^α_D(k_1, k; P, S)γ_0, (4.20) Φ^α_D(k, k_1; P, S) = γ_0 Φ_{Dα}(k̄, k̄_1; P̄ , −S̄)γ_0, (4.21) Φ^{α ∗}_D (k, k_1; P, S) = (−iγ_5C) Φ_{Dα}(k̄, k̄_1; P̄ , S̄)(−iγ_5C). (4.22)

Similar properties hold for Φ_A and with a minus sign for the last relation (time reversal) also for Φ_G. We note the following for the boundary condition terms defined in Eq. 4.18 under time-reversal:

(2π) δ(k^+ − k^+_1 ) Φ^{α∗}_{A(∞)}(P, S; k, k_1) = (2π) δ(k̄^+ − k̄^+_1 ) (−iγ_5C) Φ^α_{A(−∞)}(P̄ , S̄; k̄, k̄_1) (−iγ_5C). (4.23)

This is the consequence of the fact that the point η^− = ∞ is defined by η · n_+ = ∞, which after time reversal transforms into the point η · n̄_+ = −∞. Since the component η̄^− is not integrated over the minus sign is not removed by a change of variables as is the case in Φ_A(k, k_1) (analoguously to the case spelled out for Φ in the first paragraph of chapter 2). Thus we see that the left and right sides of Eqs 4.17 are consistent.

Integrating over dk^− d^2k_T and dk^−_1 d^2k_{1T} one finds

Φ^α_A(x, y) = δ(x − y) Φ^α_{A(∞)}(x) + i x − y − iϵ

Φ^α_G(x, y)

= δ(x − y) Φ^α_{A(−∞)}(x) + i x − y + iϵ

Φ^α_G(x, y) = 1 2 δ(x − y) Φ^α_{A(∞)}(x) + Φ^α_{A(−∞)}(x)

≡2π Φ^α_{BC} (x) +PP i x − y

Φ^α_G(x, y), (4.24) where

δ(x − y) Φ^α_{A(±∞) ij} (x)

= P^+ ∫ dξ^− 2π dη^− 2π e^{i k·ξ} e^{i (k−k1 )·η}⟨P, S|ψ_j (0) gA^α_T (±∞, 0, 0_T )ψ_i(ξ)|P, S⟩ | | | |_{LC} (4.25)

δ(x − y) [ Φ^α_{A(∞)}(x) − Φ^α_{A(−∞)}(x) ] 2π Φ^α_G(x,x)

= 2π δ(x − y) Φ^α_G(x, y). (4.26)

We note that the constraints from hermiticity, parity and time reversal relate functions at different momenta. However, for the lightcone fractions x and y the same fraction appears right and left since they are expansions of quark momenta in hadron momenta, k = x P + . . . and k̄ = x P̄ + . . ., all of which become bar-ed. Further, we note that if Φ_G(x, x) ≠ 0 a pole appears in Φ_A, hence the name ’gluonic pole’.

In order to define color gauge invariant functions it is necessary to include the link operator,

U(η, ξ) = P exp ( −ig ∫_ξ−

η^−

dζ^μ A_μ(ζ)) ) , (4.27)

where we will implicitly understand that the path runs along the minus direction with ξ^+ = η^+ = 0 and ξ_T = η_T . Of course this means that relations hereafter need to be integrated over the minus components of the momenta. The path-ordered integral is defined as

U(η, ξ) = P exp ( −ig ∫_1 0 ds dζ^μ(s) ds A_μ(ζ(s)) )

≡ 1 − ig

∫_1 0 ds dζ^μ(s) ds A_μ(ζ(s))

+(ig)^2

∫_1 0 ds_1 dζ^μ(s) ds_1

A_μ(ζ(s_1))

∫_1

s_1

ds_2 dζ^μ(s_2) ds_2

A_μ(ζ(s_2)) + O(g^3), (4.28)

where ζ(s) is a path running from η = ζ(0) to ξ = ζ(1). The path ordered exponential is just the (infinite) product of infinitesimal link operators of the form

U(ξ, ξ + dξ) = 1 − ig dξ^μA_μ(ξ). (4.29)

From this infinitesimal form one checks that a counter-clockwise plaquette of four links, is given by

U(ξ, ξ + dξ)U(ξ + dξ, ξ + dξ + dη)U(ξ + dξ + dη, ξ + dη)U(ξ + dη, ξ) = 1 − ig dξ^ρdη^σ G_{ρσ} (ξ). (4.30)

From the infinitesimal forms of links and plaquettes the following properties follow

i∂^+_ξ U(η, ξ) = U(η, ξ) iD^+(ξ) (4.31)

iD^α_T (η)U(η, ξ) = U(η, ξ) iD^α_T (ξ) +

∫_ξ−

η^−

dζ^−U(η, ζ) [iD^+(ζ), iD^α_T (ζ)] U(ζ, ξ)

= U(η, ξ) iD^α_T (ξ) + ig

∫_ξ−

η^−

dζ^−U(η, ζ) G^{+α}(ζ) U(ζ, ξ), (4.32)

where α = 1,2 (transverse), and hence along the link (where ζ_T = ξ_T ) iD^α_T (ζ) = i∂^α_ξ + g A^α_T (ζ).

Including links we start with the gauge invariant definition of Φ_{ij} (x, k_T ),

Φ_{ij} (x, k_T ) = ∫ dξ^−d^2ξ_T (2π)^3 e^{ik·ξ} ⟨P, S|ψ_j (0) U(0, ∞)U(∞, ξ) ψ_i(ξ)|P, S⟩ | | | ξ^+=0

. (4.33)

A note can be made at this point about the behavior of the correlation functions with a link (to be discussed in more detail below). Under time reversal the correlation function Φ_{ij} (x, k_T ) will not transform into itself, but the link will run via ξ^− = −∞ instead of ξ^− = ∞. Only when the matrix element in Eq. 4.18 vanishes or after integration over transverse momenta time reversal can be used to constrain the parametrization of Φ and similarly other correlation functions. Multiplying the correlation function with the quark momentum we obtain,

k^μ Φ_{ij} (x, k_T ) = ∫ dξ^+ d^2ξ_T

(2π)^3 e^{ik·ξ} ⟨P, s|ψ_j (0) U(0, ∞) i∂^μ U(∞, ξ) ψ_i(ξ)|P, S⟩ | | | |_{ξ+ = 0} , (4.34)

where i∂^μ can be read as i^←∂^μ_0 or i^→∂^μ_ξ . Depending on the Lorentz index of the derivative, one can use the link relations given before to rewrite the derivative in terms of correlation functions containing the covariant derivative,

(Φ^α_D)_{ij} (x, k_T ) = ∫ dξ^−d^2ξ_⊥ (2π)^3 e^{i k·ξ} ⟨P, S|ψ_j (0) U(0, ∞) U(∞, ξ) iD^α_T (ξ)ψ_i(ξ)|P, S⟩ | | | |_{ξ+ = 0} . (4.35)

First of all, one of the correlation functions (with covariant derivative) is trivial. Because of the choice of link, which lies along the minus direction in the point ξ (except for the points ξ^− = ∞), one has for the +-component the relation

k^+ Φ_{ij} (x, k_T ) = ∫ dξ^− d^2ξ_T

(2π)^3 e^{ik·ξ} ⟨P, S|ψ_j (0) U(0, ∞) U(∞, ξ) iD^+ψ_i(ξ)|P, S⟩ | | | |_{ξ+ = 0} . (4.36)

For the transverse component one finds

k^α_T Φ_{ij} (x, k_T ) = (Φ^α_∂ )_{ij} (x, k_T ) = ∫ dξ^− d^2ξ_T (2π)^3 e^{ik·ξ} { ⟨P, S|ψ_j (0) U(0, ∞) iD^α_T ψ_i(ξ)|P, S⟩ | | |_{ξ+=0} − (Φ^αA(∞))^{ij} (x, k^T )

− ⟨P, S|ψ_j (0) U(0, ∞)

∫_ξ− ∞ dη^− U(∞, η) g G^{+α}(η) U(η, ξ) ψ_i(ξ)|P, S⟩ | | | |_{ξ+=0} } . (4.37)

Performing the k_T integration this leads to

Φ^α_∂ (x) = Φ^α_D(x) − Φ^α_{A(∞)}(x) − ∫ dy i x − y − iϵ

Φ^α_G(x, y) = Φ^α_D(x) − Φ^α_A(x). (4.38)

The sensitivity to background gluonic fields appears through the boundary terms, i.e. the matrix elements Φ^{α[Γ]}_{A(±∞)}(x). We have already encountered the antisymmetric combination. We define also the symmetric combination. Thus

2π Φ^α_{BC} (x) = [ Φ^α_{A(∞)}(x) + Φ^α_{A(−∞)}(x) ] 2π Φ^α_G(x, x) = [ Φ^α_{A(∞)}(x) − Φ^α_{A(−∞)}(x) ] where the important observation is that these two combinations have opposite behavior under time-reversal (even and odd, respectively). In later calculations we will typically see the following combination showing up, ∫ dy x − y x − y − iϵ

ΦA(x, y) = ∫ dy i x − y − iϵ

ΦG(x, y),

= Φ^α_D(x) − Φ^α_∂ (x) − π Φ^α_{BC} (x) − π Φ^α_G(x, x)

Considering the above as one object, Φ^{α(ef f )}_A (x) one needs in the parametrization T-odd functions if Φ^α_G(x, x) ≠ 0. It is consistent with the observation that the presence of links prohibits the use of T-reversal constraints for Φ(x, kT ).

The projections obtained for the quark-gluon corrrelation functions with transverse gluon fields are not independent from the ones defined for the quark-quark correlation functions, either. They can be connected to quark-quark correlation functions with one good and one bad quark field using the QCD equation of motion, (i/D − m)ψ(x) = 0. From this equation it is straightforward to derive the relations

iD^μψ + σ^{μν} D_ν ψ − mγ^μψ = 0, (4.39) iγ^μD^ν ψ − iγ^ν D^μψ + im σ^{μν} ψ + iϵ^{μνρσ} γ_σ γ_5 iD_ρψ = 0. (4.40) or explicitly

iD^+ψ − iσ^{+−} iD^+ψ + iσ^{α+} iD_αψ − m γ^+ψ = 0, (4.41) γ^+ iD^αψ − iϵ^{αβ}_T γ^+γ_5 iD_βψ = im σ^{α+}ψ + γ^α iD^+ψ − iϵ^{αβ}_T γ_β γ_5 iD^+ψ, (4.42)

where ϵ^{αβ}_T = ϵ^{−+αβ}. This immediately leads to the (T-even) relations

Φ^{[σα+ ]}

D α (x, k_T ) = ϵ_{T αβ} Φ^{α[iσβ+ γ5]}_D (x, k_T ) = i (Mx e − m f_1) + ϵ_{T ij} k^i_T S^j_T xh^⊥_T (4.43)

Φ^{[iσα+ γ5]}

D α (x, k_T ) = Mx h_s − m g_{1s}, (4.44)

Φ^{α[γ+]}_D (x, k_T ) − iϵ^{αβ}_T Φ^{[γ+γ5]}_{D β} (x, k_T ) = k^α_T xf^⊥ − iϵ^{αβ}_T k_{T β} ( xg^⊥_s − m M h^⊥_{1s} ) −iϵ^{αβ}_T S_{T β} (Mx g^′_T − m h_{1T} ) . (4.45)

or including the T-odd possibilities

Φ^{[σα+]}

D α (x, k_T ) = ϵ_{T αβ} Φ^{α[iσβ+ γ5]}_D (x, k_T ) = i (Mx e − m f_1 − iMx h)

+ ϵ_{T ij} k^i_T S^j_T ( xh^⊥_T + i m M f^⊥_{1T} ) (4.46)

Φ^{[iσα+γ5 ]}

D α (x, k_T ) = Mx h_s − m g_{1s} + i Mx e_s, (4.47)

Φ^{α[γ+]}_D (x, k_T ) − iϵ^{αβ}_T Φ^{[γ+γ5]}_{D β} (x, k_T ) = k^α_T ( xf^⊥ + i m M h^⊥_1 ) − iϵ^{αβ}_T k_{T β} ( xg^⊥_s − m M h^⊥_{1s} − iλ x f^⊥_L ) − iϵ^{αβ}_T S_{T β} (Mx g^′_T − m h_{1T} − iMx f_T ) . (4.48)

These relations for Φ_D can actually be considered as defining relations for the twist three correlation functions, again including k_T -dependence. Integrating the k_T -dependence the most general form for Φ^α_D(x, y) actually is

Φ^α_D(x, y) = M 2P^+ { G_D (x, y) iϵ^{αβ}_T S_{T β} /n_+ + G̃_D(x, y) S^α_T γ_5/n_+

+ H_D(x, y) λ γ_5γ^α_T /n_+ + E_D (x, y) γ^α_T /n_+ } . (4.49)

with hermiticity leading to

G^∗_D (x, y) = −G_D(y, x), (4.50) G̃^∗_D (x, y) = G̃_D (y, x), (4.51) H^∗_D(x, y) = H_D(y, x), (4.52) E^∗_D (x, y) = −E_D(y, x). (4.53)

The equations of motion are then giving the relations ∫ dy G_D(x, y) = G_D(x) = C(x) + ix f_T (x), (4.54) ∫ dy G̃_D(x, y) = G̃_D(x) = C(x) + x g_T (x) − m M h_1(x), (4.55) 2 ∫ dy H_D (x, y) = 2 H_D(x) = x h_L(x) − m M g_1(x) + ix e_L(x), (4.56) 2 ∫ dy E_D (x, y) = 2 E_D(x) = −x e(x) + m M f_1(x) + ix h(x), (4.57)

where the function C(x) cannot be given in terms of quark-quark correlation functions.

From Φ_D, we can get Φ_A, in essence as Φ_A = Φ_D - Φ_∂ . For the T-even case this leads to gΦ^{[σα+]}

A α (x, k_T ) = ϵ_{T αβ} gΦ^{α[iσβ+γ5 ]}_A (x, k_T )

≡ iMx ẽ + ϵ_{T ij} k^i_T S^j_T xh̃^⊥_T = i (Mx e − m f_1) − ϵ_{T ij} k^i_T S^j_T (h_{1T} − xh^⊥_T ) (4.58) or gΦ^{α[iσβ+ γ5]}

A (x, k_T ) − gΦ^{β[iσα+γ5]}

A (x, k_T ) ≡ iϵ^{αβ}_T Mx ẽ − ( S^α_T k^β_T − k^α_T S^β_T ) xh̃^⊥_T , = iϵ^{αβ}_T (Mx e − m f_1) + ( S^α_T k^β_T − k^α_T S^β_T ) (h_{1T} − xh^⊥_T ), (4.59)

gΦ^{[iσα+γ5 ]}

A α (x, k_T ) ≡ Mx h̃_s = Mx h_s − m g_{1s} − (k_T · S_T ) h_{1T} − k^2_T M h^⊥_{1s}, (4.60)

gΦ^{α[γ+]}_A (x, k_T ) − iϵ^{αβ}_T gΦ^{[γ+γ5]}_{A β} (x, k_T ) ≡ k^α_T xf̃^⊥ − iϵ^{αβ}_T k_{T β} xg̃^⊥_s − iϵ^{αβ}_T S_{T β} Mx g̃^′_T

= k^α_T (xf^⊥ − f_1) − iϵ^{αβ}_T k_{T β} ( xg^⊥_s − g_{1s} − m M h^⊥_{1s} ) − iϵ^{αβ}_T S_{T β} (Mx g^′_T − m h_{1T} ) , (4.61)

which are useful objects as they appear as soft quark-quark-gluon parts in a diagrammatic expansion of hard scattering processes. As the operators Γ used in Φ^{α[Γ]}_A are hermitean in the sense that Γ^† = γ_0Γγ_0 one has (γ_0Φ^{α†}_A γ_0)^{[Γ]} = ( Φ^{α[Γ]}_A

)_∗

. (4.62)

Integrated over k_T the above relations become

gΦ^{[σα+]}

A α (x) = ϵ_{T αβ} gΦ^{α[iσβ+γ5]}

A (x) ≡ i Mx ẽ = i (Mx e − m f_1) , (4.63) or gΦ^{α[iσβ+ γ5]}

A (x) − gΦ^{β[iσα+γ5]}

A (x) ≡ iϵ^{αβ}_T Mx ẽ = iϵ^{αβ}_T (Mx e − m f_1) , (4.64)

gΦ^{[iσα+γ5 ]}

A α (x) = λ Mx h̃_L = λ ( Mx h_L − m g_1 + 2M h^{⊥ (1)}_{1L} ) , (4.65)

gΦ^{α[γ+]}_A (x) − iϵ^{αβ}_T gΦ^{[γ+γ5]}_{A β} (x) ≡ −iϵ^{αβ}_T S_{T β} Mx g̃_T = −iϵ^{αβ}_T S_{T β} ( Mx g_T − m h_1 − M g^{(1)}_{1T} ) ,(4.66)

where the upper index (1) denotes

f^{(1)}(x) = ∫ d^2k_T k^2_T 2M^2 f(x, k_T ). (4.67)

The tilde functions are precisely the parts vanishing for the free quark case. This was the way they have been introduced in chapter 2.

With the same parametrization for Φ^α_A(x, y) as the one for Φ^α_D(x, y) given above one obtains (including now the T-odd functions) ∫ dy G_A(x, y) = G_A(x) = C(x) + ix f_T (x) + i f^{⊥(1)}_{1T} (x), (4.68) ∫ dy G̃_A(x, y) = G̃_A(x) = C(x) + x g_T (x) − m M h_1(x) − g^{(1)}_{1T} (x), (4.69) 2 ∫ dy H_A(x, y) = 2 H_A(x) = x h_L(x) − m M g_1(x) + 2 h^{⊥(1)}_{1L} (x) + ix e_L(x), (4.70) 2 ∫ dy E_A(x, y) = 2 E_A(x) = −x e(x) + m M f_1(x) + ix h(x) + 2i h^{⊥(1)}_1 (x). (4.71)

For the antiquarks one needs to consider matrix elements

Φ^α_{A ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|ψ_i(ξ)A^α_T (ξ)ψ_j (0)|P, S⟩ = −Φ^α_{A ij} (−k, P, S), (4.72)

(γ_0Φ^{α†}_A γ_0)_{ij} (k, P, S) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨P, S|ψ_i(ξ) A^α_T (0)ψ_j (0)|P, S⟩. (4.73)

For them one obtains, using for the nonlocal quark-quark matrix element 1 (2π)^4 ∫ d^4ξ e^{−ik·ξ} ⟨P, S|ψ_i(ξ) U i∂^μ U ψ_j (0)|P, S⟩ = −k^μ Φ_{ij} (k, P, S) (4.74)

(where i∂^μ can be read as i^←∂^μ_ξ or i^→∂^μ_0 ) and the equations of motion, the relations

gΦ^{[σα−]}

A α (x, k_T ) = −ϵ_{T αβ} gΦ^{α[iσβ− γ5]}_A (x, k_T ) = i ( Mx e − m f_1 ) − ϵ_{T ij} k^i_T S^j_T (h_{1T} − xh^⊥_T ) (4.75) or gΦ^{α[iσβ− γ5]}

A (x, k_T ) − gΦ^{β[iσα−γ5 ]}

A (x, k_T ) = −iϵ^{αβ}_T ( Mx e − m f_1 ) − ( S^α_T k^β_T − k^α_T S^β_T ) (h_{1T} − xh^⊥_T ), (4.76)

gΦ^{[iσα− γ5]}

A α (x, k_T ) = −Mx h_s + m g_{1s} + (k_T · S_T ) h_{1T} + k^2_T M h^⊥_{1s}, (4.77)

gΦ^{α[γ−]}_A (x, k_T ) + iϵ^{αβ}_T gΦ^{[γ−γ5]}_{A β} (x, k_T )

= −k^α_T (xf^⊥ − f_1) + iϵ^{αβ}_T k_{T β} ( xg^⊥_s − g_{1s} − m M h^⊥_{1s} ) + iϵ^{αβ}_T S_{T β} ( Mx g^′_T − m h_{1T} ) . (4.78)

The k_T -integrated result is

gΦ^{[σα−]}

A α (x) = −ϵ_{T αβ} gΦ^{α[iσβ− γ5 ]}

A (x) = i ( Mx e − m f_1 ) , (4.79) or gΦ^{α[iσβ− γ5 ]}

A (x) − gΦ^{β[iσα−γ5]}

A (x) = −iϵ^{αβ}_T ( Mx e − m f_1 ) , (4.80)

gΦ^{[iσα− γ5]}

A α (x) = −λ ( Mx h_L − m g_1 − 2M h^{⊥ (1)}_{1L} ) , (4.81)

gΦ^{α[γ−]}_A (x) + iϵ^{αβ}_T gΦ^{[γ−γ5]}_{A β} (x) = iϵ^{αβ}_T S_{T β} ( Mx g_T − m h_1 − M g^{(1)}_{1T} ) . (4.82)

For the fragmentation part one needs to consider the matrix elements

Δ^α_{A ij} (k, k_1; P_h, S_h) = 1 (2π)^4 ∫ d^4ξ d^4η e^{i k1·(ξ−η)+i k·η} ⟨0|ψ_i(ξ) A^α_T (η) a^†_ha_hψ_j (0)|0⟩, (4.83)

or after integration over k_1 the bilocal matrix elements

Δ^α_{A ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨0|ψ_i(ξ) A^α_T (ξ) a^†_ha_hψ_j (0)|0⟩, (4.84)

(γ_0Δ^{α†}_A γ_0)_{ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ}⟨0|ψ_i(ξ) a^†_ha_h A^α_T (0) ψ_j (0)|0⟩. (4.85)

The twist analysis for the projections

Δ^{α[Γ]}_A (z, k_T ) = 1 4z ∫ dk^+ T r (Δ^α_AΓ) | | | k^− = P^−_h /z, k_T = ∫ dξ^+d^2ξ_⊥ 4z (2π)^3 e^{i k·ξ} T r ⟨0|ψ(ξ) A^α_T (ξ) a^†_ha_h ψ(0)Γ|0⟩ | | | ξ^− = 0

, (4.86)

is completely analogous to the distribution part. The equation of motion together with 1 (2π)^4 ∫ d^4ξ e^{ik·ξ} ⟨0|ψ_i(ξ) i∂^μ a^†_ha_h ψ_j (0)|0⟩ = k^μ Δ_{ij} (k, P_h, S) (4.87)

(where i∂^μ can be read as i^←∂^μ_ξ or i^→∂^μ_0 ), now give the relations gΔ^{[σα−]}

A α = −ϵ_{αβ} gΔ^{α[iσβ− γ5]}

A = i ( M_h z Ẽ − i M^h z H̃ )

−ϵ_{ij} k^i_T S^j_{hT} ( 1 z H̃^⊥_T + i m M_h

D̃^⊥_{1T} )

= i ( M_h z E − m D_1 − i

M_h z H + i k^2_T M_h

H^⊥_1 )

+ϵ_{ij} k^i_T S^j_{hT} ( H_{1T} − 1 z H^⊥_T − i m M_h

D^⊥_{1T} ) , (4.88) or gΔ^{α[iσβ− γ5]}

A − gΔ^{β[iσα−γ5 ]}

A = −iϵ^{αβ}_T ( M_h z Ẽ − i M^h z H̃ )

− ( S^α_{hT} k^β_T − k^α_T S^β_{hT}

) ( 1 z H̃^⊥_T + i m M_h

D̃^⊥_{1T} )

= −iϵ^{αβ}_T ( M_h z E − m D_1 − i

M_h z H + i k^2_T M_h

H^⊥_1 )

+ ( S^α_{hT} k^β_T − k^α_T S^β_{hT} ) ( H_{1T} − 1 z H^⊥_T − i m M_h

D^⊥_{1T} ) , (4.89)

gΔ^{[iσα− γ5]}

A α =

M_h z H̃_s + i M^h z Ẽ_s = M_h z H_s − m G_{1s} + i

M_h z E_s − (k_T · S_{hT} )H_{1T} − k^2_T M_h

H^⊥_{1s}, (4.90)

gΔ^{α[γ−]}_A + iϵ^{αβ}_T gΔ^{[γ−γ5 ]}_{A β} = k^α_T ( D̃⊥ z + i m M_h

H̃^⊥_1 ) − ( k^α_T k^i_T +^1_2 k^2_T g^{αi}_T ) ϵ_{T ij} S^j_{hT} M_h

D̃^⊥_{1T}

+iϵ^{αβ}_T k_{T β} ( G̃⊥_s z − i λ_h

D̃⊥_L z ) + iϵ^{αβ}_T S_{h β} ( M_h z G̃^′_T − i M_h

D̃_T z )

= k^α_T ( 1 z D^⊥ − D_1 + i m M_h

H^⊥_1 ) − k^α_T M_h ϵ_{ij} k^i_T S^j_{hT} D^⊥_{1T}

+ iϵ^{αβ}_T k_{T β} ( 1 z G^⊥_s − G_{1s} − m M_h

H^⊥_{1s} − i λ_h

D^⊥_L z )

+ iϵ^{αβ}_T S_{hT β} ( M_h z G^′_T − m H_{1T} − i M_h

D_T z ) , (4.91)

and Δ^{α†[Γ]}_A = (Δ^{α[Γ]}_A )^∗. Note that the twist two profile functions D^⊥_{1T} , H^⊥_1 and the twist three profile functions E_L, E_T and H, that are odd under time reversal, enter as the imaginary parts in Δ^{α[Γ]}_A . Again the tilde functions are the ’interaction-dependent’ distribution functions. Note that the time reveral odd functions are interaction-dependent, e.g. D^⊥_{1T} = D̃^⊥_{1T} , etc. We have, however, made the choices D_T = D̃_T − zD^{⊥(1)}_{1T} and H = H̃ − zH^{⊥(1)}_1 which guarantee the absence of D⊥_{1T} and H ⊥_1 in the integrated results. The k_T -integrated results are

gΔ^{[σα− ]}

A α (z) = −ϵ_{αβ} gΔ^{α[iσβ− γ5]}

A (z) = i ( M_h z Ẽ − i M^h z H̃ )

= i ( M_h z E − m D_1 − i M_h H z + 2 H^{⊥ (1)}_1 )

= i ( M_h z E − m D_1 − i M_h d dz [ z H^{⊥(1)}_1 ]) (4.92) or gΔ^{α[iσβ− γ5]}

A (z) − gΔ^{β[iσα− γ5]}

A (z) = −iϵ^{αβ}_T ( M_h z Ẽ − i M^h z H̃ ) , = −iϵ^{αβ}_T ( M_h z E − m D_1 − i M_h H z + 2 H^{⊥(1)}_1 ) , (4.93) gΔ^{[iσα− γ5 ]}

A α (z) = λ_h ( M_h z H̃_L + i M^h z Ẽ_L ) = λ_h ( M_h z H_L − m G_1 + i

M_h z E_L − 2M_h H^{⊥ (1)}_{1L} ) ,(4.94)

gΔ^{α[γ−]}_A (z) + iϵ^{αβ}_T gΔ^{[γ−γ5 ]}_{A β} (z) = iϵ^{αβ}_T S_{hT β} ( M_h z G̃_T + i M^h z D̃_T )

= iϵ^{αβ}_T S_{hT β} ( M_h z G_T − m H_1 − M_h G^{(1)}_{1T} + i M_h

D^T z + D^{⊥ (1)}_{1T} )

= iϵ^{αβ}_T S_{hT β} ( M_h z G_T − m H_1 − M_h G^{(1)}_{1T} − i M_hz d dz [ D^{⊥(1)}_{1T} ] ) , (4.95)

where D^{(1)}(z) = z^2 ∫ d^2k_T k^2_T 2M^2_h

D_1(z, −zk_T ). (4.96)

For the antiquark fragmentation part one needs to consider the matrix elements

Δ^α_{A ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨0|ψ_j (0) A^α_T (ξ) a^†_ha_hψ_i(ξ)|0⟩ = −Δ^α_{A ij} (−k, P_h, S_h), (4.97)

(γ_0Δ^{α†}_A γ_0)_{ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4ξ e^{−i k·ξ} ⟨0|ψ_j (0) a^†_ha_h A^α_T (0) ψ_i(ξ)|0⟩. (4.98)

Using the equation of motion together with 1 (2π)^4 ∫ d^4ξ e^{−ik·ξ} ⟨0|ψ_j (0) i∂^μ a^†_ha_h ψ_i(ξ)|0⟩ = −k^μ Δ_{ij} (k, P_h, S) (4.99)

(where i∂^μ can be read as i^←∂^μ_0 or i^→∂^μ_ξ ), now give the relations

gΔ^{[σα+]}

A α = ϵ_{αβ} gΔ^{α[iσβ+ γ5]}

A = i ( M_h z E − m D_1 + i

M_h z H − i k^2_T M_h

H^⊥_1 )

+ϵ_{ij} k^i_T S^j_{hT} (H_{1T} − 1 z H^⊥_T + i m M_h

D^⊥_{1T} ), (4.100) or gΔ^{α[iσβ+ γ5]}

A − gΔ^{β[iσα+γ5]}

A = iϵ^{αβ}_T ( M_h z E − m D_1 + i

M_h z H − i k^2_T M_h

H^⊥_1 )

− ( S^α_{hT} k^β_T − k^α_T S^β_{hT} ) (H_{1T} − 1 z H^⊥_T + i m M_h

D^⊥_{1T} ), (4.101)

gΔ^{[iσα+ γ5]}

A α = −

M_h z H_s + m G_{1s} + i

M_h z E_s + (k_T · S_{hT} )H_{1T} + k^2_T M_h

H^⊥_{1s}, (4.102)

gΔ^{α[γ+]}_A − iϵ^{αβ}_T gΔ^{[γ+γ5]}_{A β} = −k^α_T ( 1 z D^⊥ − D_1 − i m M_h

H^⊥_1 ) − k^α_T M_h ϵ_{ij} k^i_T S^j_{hT} D^⊥_{1T}

−iϵ^{αβ}_T k_{T β} ( 1 z G^⊥_s − G_{1s} − m M_h

H^⊥_{1s} + i λ_h

D^⊥_L z )

−iϵ^{αβ}_T S_{hT β} ( M_h z G^′_T − m H_{1T} + i

M_h z D_T ) . (4.103)

The k_T -integrated results are

gΔ^{[σα+]}

A α (z) = ϵ_{αβ} gΔ^{α[iσβ− γ5]}

A (z) = i ( M_h z E − m D_1 + i

M_h z H − 2i M_h H^{⊥ (1)}_1 ) (4.104) or gΔ^{α[iσβ+γ5 ]}

A (z) − gΔ^{β[iσα+γ5]}

A (z) = iϵ^{αβ}_T ( M_h z E − m D_1 + i

M_h z H − 2i M_h H^{⊥(1)}_1 ) , (4.105)

gΔ^{[iσα+ γ5]}

A α (z) = −λ_h ( M_h z H_L − m G_1 − i

M_h z E_L − 2M_h H^{⊥ (1)}_{1L} ) , (4.106) gΔ^{α[γ+]}_A (z) − iϵ^{αβ}_T gΔ^{[γ+γ5]}_{A β} (z) = −iϵ^{αβ}_T S_{hT β} ( M_h z G_T − m H_1 − M_h G^{(1)}_{1T} − i M_h D^{⊥(1)}_{1T} + i

M_h z D_T ) . (4.107)

4.2 Gluon distribution functions

When one considers QCD corrections to the tree-level results one will also encounter gluon-gluon correlation functions, leading to gluon distributions. In a diagram one needs 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨P, S|A^ν (0)A^μ(ξ)|P, S⟩, (4.108)

but the gauge invariant object to consider is

Γ^{μν;ρσ} (k; P, S) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨P, S|F^{μν} (0) U(0, ξ) F^{ρσ} (ξ)|P, S⟩. (4.109)

The constraints following from hermiticity, parity and time reversal are Γ^{ρσ;μν ∗}(k, P, S) = Γ^{μν;ρσ} (k, P, S) [Hermiticity] (4.110) Γ^{μν;ρσ} (k, P, S) = Γ_{μν;ρσ} (k̄, P̄ , −S̄) [Parity] (4.111) Γ^{μν;ρσ ∗}(k, P, S) = Γ_{μν;ρσ} (k̄, P̄ , S̄) [Time reversal] (4.112) where k̄ = (k^0, −k).

In order to find antisymmetric structures we use the following tensor structures and relations between tensors,

ϵ^{μνρσ} , g^{[μ}_ρg^{ν]}_σ = g^μ_{[ρ}g^ν_{σ]} = g^μ_ρg^ν_σ − g^ν_ρg^μ_σ , A^{[μ}g^{ν][ρ}B^{σ]} = g^{νρ}A^μB^σ + g^{μσ} A^ν B^ρ − g^{μρ}A^ν B^σ − g^{νσ} A^μB^ρ. ϵ^{μναβ} ϵ_{ρσαβ} = −2 g^{[μ}_ρg^{ν]}_σ, ϵ^{μναA} ϵ^{ρσ B}_α =^1_2 ϵ^{μναβ} ϵ^{ρσ}_{αβ} g^{AB} − B^{[μ}g^{ν][ρ}A^{σ]} ϵ^{μνAB} ϵ^{ρσCD} =^1_2 ϵ^{μναβ} ϵ^{ρσ}_{αβ} (g^{AC} g^{BD} − g^{AD} g^{BC} ) −C^{[μ}g^{ν][ρ}A^{σ]} g^{BD} + C^{[μ}g^{ν][ρ}B^{σ]} g^{AD} + D^{[μ}g^{ν][ρ}A^{σ]} g^{BC} − D^{[μ}g^{ν][ρ}B^{σ]} g^{AC} −C^{[μ}D^{ν]} A^{[ρ}B^{σ]}, ϵ^{μνA[σ} B^{ρ]} + ϵ^{ρσA[ν} B^{μ]} = ϵ^{μνρσ} g^{AB} , ϵ^{μνA[σ} B^{ρ]} − ϵ^{μνB[σ}A^{ρ]} = ϵ^{ABνσ} g^{μρ} + ϵ^{ABμρ} g^{νσ} − ϵ^{ABμσ} g^{νρ} − ϵ^{ABνρ} g^{μσ}. = ϵ^{ABμ[ρ}g^{σ]ν} − ϵ^{ABν[ρ}g^{σ]μ} = g^{ρ[μ}ϵ^{ν]σAB} − g^{σ[μ}ϵ^{ν]ρAB} .

For changing from matrix elements with F_{μν} to matrix elements containing F̃_{μν} ≡ −(1/2)ϵ_{μνρσ}F^{ρσ} , we note that −^1_2 ϵ^{μν}_{κλ} ϵ^{κλρσ} = (g^{μρ}g^{νσ} − g^{μσ} g^{νρ}) , −^1_2 ϵ^{μν}_{κλ} ϵ^{κλαβ} ϵ^{ρσ}_{αβ} = 2 ϵ^{μνρσ} −^1_2 ϵ^{μν}_{κλ} ϵ^{κλαA} ϵ^{ρσ B}_α = ϵ^{ρσB[ν} A^{μ]}, −^1_2 ϵ^{μν}_{κλ} ϵ^{κλAB} ϵ^{ρσCD} = A^{[μ}B^{ν]} ϵ^{ρσCD} , −^1_2 ϵ^{μν}_{κλ} ϵ^{κλA[σ} B^{ρ]} = −A^{[μ}g^{ν][ρ}B^{σ]}.

A possible parametrization of Γ^{μν;ρσ} is Γ^{μν;ρσ} (k; P, S) = M^2 X_1 ϵ^{μναβ} ϵ^{ρσ}_{αβ} + X_2 P^{[μ}g^{ν][ρ}P^{σ]}

+ X_3 k^{[μ}g^{ν][ρ}k^{σ]} + (X_4 + i X_5) P^{[μ}g^{ν][ρ}k^{σ]} + (X_4 − i X_5) k^{[μ}g^{ν][ρ}P^{σ]} + (X_6/M^2) P^{[μ}k^{ν]} P^{[ρ}k^{σ]} − 2 M X_7 ϵ^{μνρσ} (k · S) + i M X_8 ϵ^{μνP [σ}S^{ρ]} + i M X_9 ϵ^{μνS[σ}P^{ρ]} + i M X_{10} ϵ^{μνk[σ} S^{ρ]} + i M X_{11} ϵ^{μνS[σ} k^{ρ]} + i (X_{12}/M) ϵ^{μνP [σ} P^{ρ]} (k · S) + i (X_{13}/M) ϵ^{μνk[σ} k^{ρ]} (k · S) + i (X_{14}/M) ϵ^{μνP [σ} k^{ρ]} (k · S) + i (X_{15}/M) ϵ^{μνk[σ} P^{ρ]} (k · S) + ((X_{16} + i X_{17})/M) ϵ^{μνP S} k^{[ρ}P^{σ]} + ((X_{16} − i X_{17})/M) ϵ^{ρσP S} k^{[μ}P^{ν]} + ((X_{18} + i X_{19})/M) ϵ^{μνkS} k^{[ρ}P^{σ]} + ((X_{18} − i X_{19})/M) ϵ^{ρσkS} k^{[μ}P^{ν]} + ((X_{20} + i X_{21})/M) ϵ^{μνkP} P^{[ρ}S^{σ]} + ((X_{20} − i X_{21})/M) ϵ^{ρσkP} P^{[μ}S^{ν]} + ((X_{22} + i X_{23})/M) ϵ^{μνkP} k^{[ρ}S^{σ]} + ((X_{22} − i X_{23})/M) ϵ^{ρσkP} k^{[μ}S^{ν]} + ((X_{24} + i X_{25})/M^3) ϵ^{μνkP} k^{[ρ}P^{σ]} (k · S) + ((X_{24} − i X_{25})/M^3) ϵ^{ρσkP} k^{[μ}P^{ν]} (k · S), (4.113) with X_5, X_7, X_{16}, X_{18}, X_{20}, X_{22} and X_{24} being T-odd. The constraints from hermiticity imply that one finds real amplitudes X_i if the tensors symmetric under μν ↔ ρσ are multiplied with 1, while the tensors antisymmetric under μν ↔ ρσ are multiplied with i; the constraint from parity requires that even numbers of ϵ-tensors are combined only with vectors k and P , while odd numbers of ϵ-tensors are combined with the axial vector S and furthermore vectors k, P ; finally the constraint from time-reversal requires that any ϵ-tensor appears multiplied with i and for the rest real stuff.

For the amplitudes with an odd number of ϵ-tensors, it is useful to realize that the quantity

Γ̃^{μν;ρσ} (k; P, S) = 1 (2π)^4 ∫ d^4ξ e^{i k·ξ} ⟨P, S|F̃^{μν} (0) U(0, ξ) F^{ρσ} (ξ)|P, S⟩. (4.114)

has the structure Γ̃^{μν;ρσ} (k; P, S) = . . . + M X_7 ϵ^{μναβ} ϵ^{ρσ}_{αβ} (k · S)

− i M X_8 P^{[μ}g^{ν][ρ}S^{σ]} − i M X_9 S^{[μ}g^{ν][ρ}P^{σ]} − i M X_{10} k^{[μ}g^{ν][ρ}S^{σ]} − i M X_{11} S^{[μ}g^{ν][ρ}k^{σ]} − i (X_{12}/M) P^{[μ}g^{ν][ρ}P^{σ]} (k · S) − i (X_{13}/M) k^{[μ}g^{ν][ρ}k^{σ]} (k · S) − i (X_{14}/M) P^{[μ}g^{ν][ρ}k^{σ]} (k · S) − i (X_{15}/M) k^{[μ}g^{ν][ρ}P^{σ]} (k · S) + ((X_{16} + i X_{17})/M) P^{[μ}S^{ν]}k^{[ρ}P^{σ]} − ((X_{16} − i X_{17})/M) ϵ^{μνkP} ϵ^{ρσP S} + ((X_{18} + i X_{19})/M) k^{[μ}S^{ν]}k^{[ρ}P^{σ]} − ((X_{18} − i X_{19})/M) ϵ^{μνkP} ϵ^{ρσkS}

+ ((X_{20} + i X_{21})/M) k^{[μ}P^{ν]}P^{[ρ}S^{σ]} − ((X_{20} − i X_{21})/M) ϵ^{μνP S} ϵ^{ρσkP} + ((X_{22} + i X_{23})/M) k^{[μ}P^{ν]}k^{[ρ}S^{σ]} − ((X_{22} − i X_{23})/M) ϵ^{μνkS} ϵ^{ρσkP} + ((X_{24} + i X_{25})/M^3) k^{[μ}P^{ν]}k^{[ρ}P^{σ]} (k · S) − ((X_{24} − i X_{25})/M^3) ϵ^{μνkP} ϵ^{ρσkP} (k · S). (4.115)

In the next step we try to isolate the dominant parts by expanding the vectors in lightlike and transverse vectors, and the invariants σ ≡ 2k · P and τ = k^2,

P = A n^μ_+ +

M^2 2A n^μ_−, (4.116)

k = xA n^μ_+ + k^μ_T + σ − xM^2 2A n^μ_−, or k − xP = k^μ_T + σ − 2xM^2 2 P · n_− n^μ_−, (4.117)

S = λ A M n^μ_+ + S_T − λ M 2A n^μ_−, or S − λ P M = S^μ_T − λ M P · n_− n^μ_−, (4.118)

and we have k · S = λ σ − 2xM^2 2M + k_T · S_T . (4.119)

The tensors can be expressed as

g^{μν} = n^{{μ}_+ n^{ν}}_− + g^{μν}_T , (4.120) ϵ^{μνρσ} = −n^{[μ}_+ n^{ν]}_− ϵ^{ρσ}_T + n^{[μ}_+ n^{ρ]}_− ϵ^{νσ}_T − n^{[μ}_+ n^{σ]}_− ϵ^{νρ}_T − n^{[ν}_+ n^{ρ]}_− ϵ^{μσ}_T + n^{[ν}_+ n^{σ]}_− ϵ^{μρ}_T − n^{[ρ}_+ n^{σ]}_− ϵ^{μν}_T . (4.121)

The dominant parts are the ones containing the hightest powers of A = P^+, e.g. for the unpolarized part we have in order of importance,

Γ^{+α;+β}(k, P, S) = A^2 { −g^{αβ}_T [ X_2 + 2x X_4 + x^2 X_3 ] + k^α_T k^β_T M^2

X_6 } , (4.122)

Γ^{+α;+−}(k, P, S) = A k^α_T [ (X_4 + x X_3) − i X_5 + ( σ − 2xM^2

2M^2 ) X_6 ] (4.123)

Γ^{+α;βγ} (k, P, S) = A g^{α[β}_T k^{γ]}_T [ (X_4 + x X_3) + i X_5 ] , (4.124)

etc. Integrating over k^− we then find that the leading functions (α and β being transverse) are

Γ^{αβ}_2 (x, k_T ) = ∫ dk^− Γ^{+α;+β}(k; P, S) = x P^+ 2 ( −g^{αβ}_T G(x, k_T ) − g^{αβ}_T ϵ^{ij}_T k_{T i}S_{T j} M G_T (x, k_T ) + ( k^α_T k^β_T + 1 2 g^{αβ}_T k^2_T ) H^⊥(x, k_T )

M^2

−i ϵ^{αβ}_T [ λ ΔG_L(x, k_T ) + k_T · S_T M ΔG_T (x, k_T ) ]

− k^{{α}_T ϵ^{β}i}_T k_{T i}

2M^2 [ λ ΔH^⊥_L (x, k_T ) + k_T · S_T M ΔH^⊥_T (x, k_T ) ]

− k^{{α}_T ϵ^{β}i}_T S_{T i} + S^{{α}_T ϵ^{β}i}_T k_{T i} 4M [ ΔH_T (x, k_T ) − ΔH^{⊥(1)}_T (x, k_T ) ] ) . (4.125)

These give the leading (twist two) distribution functions, G_T , ΔH^⊥_s and ΔH_T being T-odd. Note that the tensor multiplying G_T is actually the antisymmetric version of the tensor multiplying ΔH_T . The use of the combination ΔH^′_T ≡ ΔH_T + ΔH^{⊥(1)}_T where ΔH^{⊥(1)}_T = (k^2_T /2M^2)ΔH^⊥_T will become clear when we consider explicit representations. At subleading order we have

Γ^α_3 (x, k_T ) = ∫ dk^− Γ^{+α;+−}(k; P, S) = x M 2 ( i ϵ^{αβ}_T S_{T β} ΔG^′_{3T} (x, k_T ) + i ϵ^{αβ}_T k_{T β} M ΔG^⊥_{3s}(x, k_T ) + k^α_T M G^⊥_3 (x, k_T ) ) , (4.126)

where the imaginary parts of these functions are T-odd. Furthermore

Γ^{α;βγ}_3 (x, k_T ) = ∫ dk^− Γ^{+α;βγ} (k; P, S) = x M 2 ( g^{α[β}_T k^{γ]}_T M H^⊥_3 (x, k_T ) + i ϵ^{βγ}_T S^α_T ΔH^′_{3T} (x, k_T ) + i ϵ^{βγ}_T k^α_T M ΔH^⊥_{3s}(x, k_T ) ) ,(4.127)

where the imaginary parts of these functions are T-odd.

After integration over the transverse momenta, we obtain

Γ^{αβ}_2 (x) = x P^+ 2 ( −g^{αβ}_T G(x) + i ϵ^{αβ}_T λ ΔG(x) ) , (4.128)

Γ^α_3 (x) = x M 2 i ϵ^{αβ}_T S_{T β} ΔG_{3T} (x), (4.129)

Γ^{α;βγ}_3 (x) = x M 2 i ϵ^{βγ}_T S^α_T ΔH_{3T} (x), (4.130)

where ΔG_{3T} = ΔG^′_{3T} + ΔG^{⊥(1)}_{3T} and ΔH_{3T} = ΔH^′_{3T} + ΔH^{⊥(1)}_{3T} , of which the imaginary parts are T-odd.

Examples of the amplitude expansion for the various functions are

xG(x, k_T ) = ∫ . . . [ X_2 + 2x X_4 + x^2 X_3 + k^2_T 2M^2

X_6 ] , (4.131)

xH^⊥(x, k_T ) = ∫ . . . [X_6], (4.132)

Re xG^⊥_3 (x, k_T ) = ∫ . . . [ (X_4 + x X_3) + ( σ − 2xM^2 2M^2 ) X_6 ] , (4.133)

Im xG^⊥_3 (x, k_T ) = ∫ . . . [−X_5] (4.134)

where ∫ . . . = ∫ dσdτ δ(k^2_T + x^2M^2 + τ − xσ).

From the matrix elements and the commutation properties of the gluon fields one immediately gets symmetry relations like G(−x) = −G(x), etc. This differs from the case of quarks, where similar relations connect quark and antiquark distributions at positive and negative x-values. About the normalization, we note that for an unpolarized target ∫ dk^+ Γ^{αβ}_2 (x) = −g^{αβ}_T

(P^+)^2 2 ∫_∞ −∞ dx xG(x). (4.135)

The left-handside is equal to ∫ d^4k Γ^{+α;+β}(k; P, S) = ⟨P |F^{+α}(0)F^{+β} (0)|P ⟩. (4.136)

Contracting α and β, using the support restrictions −1 ≤ x ≤ 1 and the symmetry relation G(−x) = −G(x), one finds that ∫ d^4k Γ^{+α;+}_α(k; P, S) = 2(P^+)^2

∫_1 0 dx xG(x)

ϵ_G

= ⟨P | F^{+α}(0)F^+_α(0)

θ^{++}_G (0)

|P ⟩ (4.137) and realizing that the right-handside is only the gluonic part of the energy momentum tensor,

∫_1 0 dx xG(x) = ϵ_G ≤ 1, while the chosen normalization assures the complementarity with the quark part of the energy momentum tensor discussed earlier, ϵ_q + ϵ_G = 1.

4.3 Explicit spin representation

The correlator Γ^{αβ}_2 contains two transverse gluon fields and can be interpreted in terms of gluon distribution functions. To make the gluon spin explicit, it is useful to consider the explicit matrix M^{αβ} = (2/xP^+)Γ^{αβ}_2 with α and β being transverse indices. The result for M is

G + k^{T ∧}S^T_M G_T + k^{2T}_{2M 2} cos 2ϕ H^⊥ −i S_L ΔG_L − i k^{T ·}S^T_M ΔG_T + k^{2T}_{2M 2} sin 2ϕ H^⊥ + k^{2T}_{2M 2} sin 2ϕ ΔH^⊥_s +^{(k1T S2T +k2T S1T )}_{2M} ΔH^′_T − k^{2T}_{2M 2} cos 2ϕ ΔH^⊥_s −^{(k1T S1T −k2T S2T )}_{2M} ΔH^′_T

i S_L ΔG_L + i k^{T ·}S^T_M ΔG_T + k^{2T}_{2M 2} sin 2ϕ H^⊥ G + k^{T ∧}S^T_M G_T − k^{2T}_{2M 2} cos 2ϕ H^⊥ − k^{2T}_{2M 2} cos 2ϕ ΔH^⊥_s −^{(k1T S1T −k2T S2T )}_{2M} ΔH^′_T − k^{2T}_{2M 2} sin 2ϕ ΔH^⊥_s −^{(k1T S2T +k2T S1T )}_{2M} ΔH^′_T (4.138)

where (for later convenience given also in spherical vector components and in matrix form in the nucleon spin-space)

k_T · S_T = k^1_T S^1_T + k^2_T S^2_T = −g^{kS}_T = −(k^+_T S^−_T + k^−_T S^+_T ) =

0 |k_T | e^{−iϕ} |k_T | e^{+iϕ} 0

, (4.139)

k_T ∧ S_T = k^1_T S^2_T − k^2_T S^1_T = ϵ^{kS}_T = −i(k^+_T S^−_T − k^−_T S^+_T ) =

0 −i |k_T | e^{−iϕ} i |k_T | e^{+iϕ} 0

, (4.140)

k^1_T S^1_T − k^2_T S^2_T = k^+_T S^+_T + k^−_T S^−_T =

0 |k_T | e^{+iϕ} |k_T |e^{−iϕ} 0

, (4.141)

k^1_T S^2_T + k^2_T S^1_T = −i(k^+_T S^+_T − k^−_T S^−_T ) =

0 −i |kT | e^{+iϕ} i |k_T | e^{+iϕ} 0

. (4.142)

We now have used transverse gluon polarizations. Instead we can use circular polarizations,

|+⟩ = − 1 √ 2 (|x⟩ + i |y⟩) ,

|−⟩ = 1 √ 2 (|x⟩ − i |y⟩) , (4.143)

and we obtain

M^{++} M^{+−}

M^{−+} M^{−−} = 1 2 (M^{11} + M^{22}) − Im M^{12} −^1_2 (M^{11} − M^{22}) + i Re M^{12}

−^1_2 (M^{11} − M^{22}) − i Re M^{12 1}_2 (M^{11} + M^{22}) + Im M^{12}

. (4.144)

For the above matrix we find for circularly polarized gluons

G + k^{T ∧}S^T_M G_T + S_L ΔG_L + k^{T ·}S^T_M ΔG_T − k^{2T}_{2M 2} e^{−2iϕ} [ H^⊥ + i ΔH^⊥_s ] − i^{k−T S−T}_M ΔH^′_T

− k^{2T}_{2M 2} e^{+2iϕ} [ H^⊥ − i ΔH^⊥_s ] + i^{k+T S+T}_M ΔH^′_T G + k^{T ∧}S^T_M G_T − S_L ΔG_L − k^{T ·}S^T_M ΔG_T (4.145)

Extended into a 4 × 4 matrix in gluon ⊗ nucleon spin space we obtain

G + ΔG^{|kT |e−iϕ}_M [ΔGT − i GT ] −e^{−2iϕ} [ H^{⊥(1)} + i ΔH^{⊥(1)}_L ] −i^{|kT |e−3iϕ}_M ΔH^{⊥(1)}_T

|kT |e+iϕ

M [ΔGT + i GT ] G − ΔG −i^{|kT |e−iϕ}_M ΔHT −e^{−2iϕ} [ H^{⊥(1)} − i ΔH^{⊥(1)}_L ]

−e^{+2iϕ} [ H^{⊥(1)} − i ΔH^{⊥(1)}_L ] i^{|kT |e+iϕ}_M ΔHT G − ΔG −^{|kT |e−iϕ}_M [ΔGT + i GT ]

i^{|kT |e+3iϕ}_M ΔH^{⊥(1)}_T −e^{+2iϕ} [ H^{⊥(1)} + i ΔH^{⊥(1)}_L ] −^{|kT |e+iϕ}_M [ΔGT − i GT ] G + ΔG

(4.146)

4.4 Gluon fragmentation functions

For the fragmentation functions one needs the matrix element

Γ̂^{μν;ρσ} (k; P_h, S_h) = 1 (2π)^4 ∑ X ∫ d^4ξ e^{i k·ξ} ⟨0|F^{μν} (ξ)|P_h, X⟩ ⟨P_h, X|F^{ρσ} (0)|0⟩. (4.147)

In this case no constraints arise from time reversal invariance and the most general expansion of the matrix element becomes,

Γ̂^{αβ}_2 (z, k_T ) = ∫ dk^+ Γ̂^{−α;−β} (k; P_h, S_h)

= P^−_h ( −g^{αβ}_T Ĝ(z, −zk_T ) − g^{αβ}_T ϵ^{ij}_T k_{T i}S_{hT j} M_h

Ĝ_T (z, −zk_T )

+ ( k^α_T k^β_T + 1 2 g^{αβ}_T k^2_T )^ G^⊥(z, −zk_T ) M^2_h

+i ϵ^{αβ}_T [ λ_h ΔĜ_L(z, −zk_T ) + k_T · S_{hT}

M_h

ΔĜ_T (z, −zk_T ) ]

+ k^{{α}_T ϵ^{β}i}_T k_{T i}

M^2_h [ λ_h ΔĜ^⊥_L (z, −zk_T ) + k_T · S_{hT}

M_h

ΔĜ^⊥_T (z, −zk_T ) ]

+ k^{{α}_T ϵ^{β}i}_T S_{hT i} + S^{{α}_{hT} ϵ^{β}i}_T k_{T i} 2M_h

ΔĜ^{⊥′}_T (z, −zk_T ) ) . (4.148)

These give the leading (twist two) fragmentation functions. At subleading order we have

Γ̂^α_3 (z, −zk_T ) = ∫ dk^+ Γ̂^{−α;−+}

3 (k; P, S)

= M_h ( i ϵ^{αβ}_T S_{hT β} ΔĜ^′_{3T} (z, −zk_T ) + i ϵ^{αβ}_T k_{T β} M ΔĜ^⊥_{3s}(z, −zk_T )

+ k^α_T M_h

Ĝ^⊥_3 (z, −zk_T ) ) . (4.149)

Furthermore

Γ̂^{α;βγ}_3 (z, −zk_T ) = ∫ dk^+ Γ̂^{−α;βγ} (k; P, S)

= M_h ( g^{α[β}_T k^{γ]}_T

M_h

Ĥ^⊥_3 (z, −zk_T ) + k^{[βT} S^{γ]hT} M_h iϵ^{αδ}_T k_{T δ}

M_h

Ĥ^⊥_{3T} (z, −zk_T )

+ i ϵ^{βγ}_T S^α_{hT} ΔĤ^′_{3T} (z, −zk_T ) + i ϵ^{βγ}_T k^α_T M_h

ΔĤ^⊥_{3s}(z, −zk_T ) ) . (4.150)

After integration over the transverse momenta, we obtain

Γ̂^{αβ}_2 (z) = P^{−h} z^2 ( −g^{αβ}_T Ĝ(z) + i ϵ^{αβ}_T λ_h ΔĜ(z) ) . (4.151)

Γ̂^α_3 (z) = M^h z^2 ϵ^{αβ}_T S_{hT β} ΔĜ_{3T} (z), (4.152) Γ̂^{α;βγ}_3 (x) = M^h z^2 i ϵ^{βγ}_T S^α_{hT} ΔĤ_{3T} (z), (4.153)

with ΔĜ_{3T} = ΔĜ^′_{3T} + ΔĜ^{⊥(1)}_{3T} , and ΔĤ_{3T} = ΔĤ^′_{3T} + ΔĤ^{⊥(1)}_{3T} .

Chapter 5

Drell-Yan up to O(1/Q)

5.1 The hadron tensor

Up to O(1/Q) one needs to include the contributions of the handbag diagram, now calculated up to this order with in addition irreducible diagrams with one gluon coupling either to the soft part involving hadron A or the soft part involving hadron B. The expressions thus involve the quark-gluon correlation functions. The full result is neglecting 1/Q^2 contributions given by

2M W_{μν} = ∫ dk^−_a dk^+_b d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) { Tr ( Φ(k_a)γ_μΦ(k_b)γ_ν )

−Tr ( γ_α

/n_+ −2q^− γ_ν Φ^α_A(k_a)γ_μΦ(k_b) ) − Tr ( γ_μ

/n_+ −2q^− γ_αΦ(k_b)γ_ν Φ^{α†}_A (k_a) )

−Tr ( γ_ν

/n_− (2q^+) γ_αΦ(k_a)γ_μΦ^{α†}_A (k_b) ) − Tr ( γ_α

/n_− (2q^+) γ_μΦ^α_A(k_b)γ_ν Φ(k_a) )} . (5.1)

Here the terms with /n_± arise from fermion propagators in the hard part neglecting contributions that will appear suppressed by powers of Q^2, i.e. /p_1 − /q + m (p_1 − q)^2 = (p^+_1 − q^+)γ^− −2(p^+_1 − q^+)q^− = γ^− −2q^− = /n_+ −2q^− = x_A /P_A Q^2

, (5.2)

/q − /k_1 + m (q − k_1)^2 = (q^− − k^−_1 )γ^+ 2(q − k^−_1 )q^+ = γ^+ (2q^+) = /n_− (2q^+) = − x_B /P_B Q^2

. (5.3)

The full result expressed in terms of the twist two and twist three distribution functions and perpendicular tensors and vectors is [Check sign of g_1 ḡ_1 and 1/Q terms]

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) × { −g^{μν}_⊥ [ f_1f̄_1 + g_{1s}ḡ_{1s} ]

− k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥

M_AM_B h^⊥_{1s}h̄^⊥_{1s} − k^{{μ}_{b⊥}S^{ν}}_{A⊥} + (k_{b⊥} · S_{A⊥}) g^{μν}_⊥ M_B h_{1T} h̄^⊥_{1s} − k^{{μ}_{a⊥}S^{ν}}_{B⊥} + (k_{a⊥} · S_{B⊥}) g^{μν}_⊥ M_A h^⊥_{1s}h̄_{1T} −

S^{{μ}_{A⊥}S^{ν}}_{B⊥} + (S_{A⊥} · S_{B⊥}) g^{μν}_⊥ h_{1T} h̄_{1T}

+ ẑ^{{μ}k^{ν}}_{a⊥} Q [ −f_1f̄_1 + 2x_A f^⊥f̄_1 + g_{1s}ḡ_{1s} − 2x_A g^⊥_s ḡ_{1s}

− M_B M_A

2x_B h^⊥_{1s}h̄_s + m M_A

2 h^⊥_{1s}ḡ_{1s} − k^2_{b⊥} M_AM_B h^⊥_{1s}h̄^⊥_{1s} − k_{b⊥} · S_{A⊥}

M_B h_{1T} h̄^⊥_{1s} − k_{b⊥} · S_{B⊥} M_A h^⊥_{1s}h̄_{1T} + k_{b⊥} · S_{A⊥} M_B

2x_A h^⊥_T h̄^⊥_{1s}

501

−S_{A⊥} · S_{B⊥} h_{1T} h̄_{1T} + S_{A⊥} · S_{B⊥} 2x_A h^⊥_T h̄_{1T} ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ f_1f̄_1 − 2x_B f_1f̄^⊥ − g_{1s}ḡ_{1s} + 2x_B g_{1s}ḡ^⊥_s

+ M_A M_B

2x_A h_sh̄^⊥_{1s} − m M_B

2 g_{1s}h̄^⊥_{1s} + k^2_{a⊥} M_AM_B h^⊥_{1s}h̄^⊥_{1s} + k_{a⊥} · S_{A⊥}

M_B h_{1T} h̄^⊥_{1s} + k_{a⊥} · S_{B⊥} M_A h^⊥_{1s}h̄_{1T} − k_{a⊥} · S_{B⊥} M_A

2x_B h^⊥_{1s}h̄^⊥_T

+S_{A⊥} · S_{B⊥} h_{1T} h̄_{1T} − S_{A⊥} · S_{B⊥} 2x_B h_{1T} h̄^⊥_T ]

+ M_A ẑ^{{μ}S^{ν}}_{A⊥} Q [ −2x_A g^′_T ḡ_{1s} −

M_B M_A

2x_B h_{1T} h̄_s + m M_A

2 h_{1T} ḡ_{1s}

− k^2_{b⊥} M_AM_B h_{1T} h̄^⊥_{1s} + k_{a⊥} · k_{b⊥} M_AM_B h_{1T} h̄^⊥_{1s} − k_{a⊥} · k_{b⊥} M_AM_B

2x_A h^⊥_T h̄^⊥_{1s} + k_{a⊥} · S_{B⊥}

M_A h_{1T} h̄_{1T} − k_{b⊥} · S_{B⊥}

M_A h_{1T} h̄_{1T} − k_{a⊥} · S_{B⊥} M_A

2x_A h^⊥_T h̄_{1T} ]

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q [ M_A M_B

2x_A h_sh̄_{1T} + 2x_B g_{1s}ḡ^′_T − m M_B

2 g_{1s}h̄_{1T}

+ k^2_{a⊥} M_AM_B h^⊥_{1s}h̄_{1T} − k_{a⊥} · k_{b⊥} M_AM_B h^⊥_{1s}h̄_{1T} + k_{a⊥} · k_{b⊥} M_AM_B

2x_B h^⊥_{1s}h̄^⊥_T + k_{a⊥} · S_{A⊥}

M_B h_{1T} h̄_{1T} − k_{b⊥} · S_{A⊥}

M_B h_{1T} h̄_{1T} + k_{b⊥} · S_{A⊥} M_B

2x_B h_{1T} h̄^⊥_T ]} , (5.4)

where the quark distribution functions in hadron A depend on x_A and k^2_{aT} , f_1(x_A , k^2_{aT} ) etc., while the antiquark distribution functions in hadron B depend on x_B and k^2_{bT} , f̄_1(x_B , k^2_{bT} ) etc., and we use the shorthand notations

g_{1s} = λ_A g_{1L} + k_{a⊥} · S_{A⊥} M_A g_{1T} ,

ḡ_{1s} = λ_B ḡ_{1L} + k_{b⊥} · S_{B⊥} M_B ḡ_{1T} .

In many cases it is convenient to express the tensors with respect to measured directions, i.e. x̂ and ŷ, ŷ^μ = ϵ^{μρ}_⊥ x̂_ρ. One can use

a^μ_⊥ = (x̂ · a_⊥) x̂^μ + (ϵ^{ρσ}_⊥ x_ρa_{⊥σ} ) ŷ^μ = (x̂ · a_⊥) x̂^μ + (x̂ ∧ a_⊥) ŷ^μ = (x̂ · a_⊥) x̂^μ + (ŷ · a_⊥) ŷ^μ = a^x x̂^μ + a^y ŷ^μ, (5.5)

where a_⊥ ∧ b_⊥ ≡ ϵ^{ρσ}_⊥ a_{⊥ρ}b_{⊥σ} . Other combinations give

ϵ^{μρ}_⊥ a_{⊥ρ} = −a^y x̂^μ + a^x ŷ^μ, (5.6) a^{{μ}_⊥ b^{ν}}_⊥ − (a_⊥ · b_⊥) g^{μν}_⊥ = (a^xb^x − a^yb^y) (2 x̂^μx̂^ν + g^{μν}_⊥ ) + (a^xb^y + a^yb^x) x̂^{{μ}ŷ^{ν}}, (5.7) a^{[μ}_⊥ b^{ν]}_⊥ = (a^xb^y − a^yb^x) x̂^{[μ}ŷ^{ν]}, (5.8) 1 2 ( a^{{μ}_⊥ ϵ^{ν}ρ}_⊥ b_{⊥ρ} + b^{{μ}_⊥ ϵ^{ν}ρ}_⊥ a_{⊥ρ} ) = − (a^xb^y + a^yb^x) (2 x̂^μx̂^ν + g^{μν}_⊥ )

+ (a^xb^x − a^yb^y) x̂^{{μ}ŷ^{ν}}. (5.9)

Table 5.1: Contractions of the lepton tensor L^{(DY )}_{μν} with tensor structures appearing in the hadron tensor.

w^{μν} L_{μν} w^{μν}

−g^{μν}_⊥ 4Q^2

(_1 2 − y + y^2 )

a^{{μ}_⊥ b^{ν}}_⊥ − (a_⊥ · b_⊥) g^{μν}_⊥ −4Q^2 y (1 − y) |a_⊥| |b_⊥| cos(ϕ_a + ϕ_b) 1 2 ( a^{{μ}_⊥ ϵ^{ν}ρ}_⊥ b_{⊥ρ} + b^{{μ}_⊥ ϵ^{ν}ρ}_⊥ a_{⊥ρ} ) 4Q^2 y (1 − y) |a_⊥| |b_⊥| sin(ϕ_a + ϕ_b)

ẑ^{{μ}a^{ν}}_⊥ −4Q^2 (1 − 2y) √ y(1 − y) |a_⊥| cos ϕ_a

ẑ^{{μ}ϵ^{ν}ρ}_⊥ a_{⊥ρ} 4Q^2 (1 − 2y) √ y(1 − y) |a_⊥| sin ϕ_a

Because the transverse direction is fixed by q_T = Q_T x̂, one has specifically

k^μ_{a⊥} + k^μ_{b⊥} = Q_T x̂^μ, (5.10)

k^μ_{a⊥} − k^μ_{b⊥} = k^2_{a⊥} − k^2_{b⊥} Q_T x̂^μ + 2 ϵ^{ρσ}_⊥ k^ρ_{a⊥}k^σ_{b⊥}

Q_T ŷ^μ. (5.11)

This allows one to pull the tensor structure outside the integration over transverse momenta.

The contractions with the lepton tensor, given in Table 5.1 use azimuthal angles defined with respect to the orthogonal momentum ℓ̂, ℓ̂ · a_⊥ = −|a_⊥| cos(ϕ_a), (5.12) ℓ̂_μϵ^{μν}_⊥ a_{⊥ν} = |a_⊥| sin(ϕ_a). (5.13)

5.2 Drell-Yan after integration over transverse momenta

The hadronic tensor simplifies to

W^{μν} = 1 3 { −g^{μν}_⊥ [ f_1(x_A )f̄_1(x_B ) + λ_A λ_B g_1(x_A )ḡ_1(x_B ) ]

− S^{{μ}_{A⊥}S^{ν}}_{B⊥} − S_{A⊥} · S_{B⊥} g^{μν}_⊥ h_1(x_A )h̄_1(x_B )

−λ_B

M_A ẑ^{{μ}S^{ν}}_{A⊥} Q x_A (g_T (x_A ) + g̃_T (x_A )) ḡ_1(x_B )

−λ_B

M_B ẑ^{{μ}S^{ν}}_{A⊥} Q x_B h_1(x_A ) ( h̄_L(x_B ) + h̃_L(x_B ) )

+λ_A

M_A ẑ^{{μ}S^{ν}}_{B⊥} Q x_A ( h_L(x_A ) + h̃_L(x_A ) ) h̄_1(x_B )

+λ_A

M_B ẑ^{{μ}S^{ν}}_{B⊥} Q x_B g_1(x_A ) ( ḡ_T (x_B ) + g̃_T (x_B ) ) } , (5.14)

where the twist three functions are the ones given in chapter 2,

g̃_T (x) = g_T (x) − ∫ d^2k_T k^2_T 2M^2 g_{1T} (x, k^2_T ) x − m M h_1(x) x , (5.15) h̃_L(x) = h_L(x) + ∫ d^2k_T k^2_T M^2 h^⊥_{1L}(x, k^2_T ) x − m M g_1(x) x . (5.16)

We will consider the various possibilities for unpolarized (O) and longitudinally (L) or transversely polarized (T) target hadrons.

5.2.1 Drell-Yan cross sections for unpolarized hadrons

Integrated over the transverse momenta of the produced mu pair one has for unpolarized hadrons,

W^{μν} = 1 3 (−g^{μν}_⊥ ) f_1(x_A )f̄_1(x_B ), (5.17)

and the cross section up to O(1/Q) is given by

dσ_{OO} (AB → μ^+μ^−X) dx_A dx_B dy = 4π α^2 3 Q^2 1 2 − y + y^2 f_1(x_A ) f_1(x_B ), (5.18)

and integrated over the muon angular distribution,

dσ_{OO} (AB → μ^+μ^−X) dx_A dx_B = 4π α^2 9 Q^2 f_1(x_A ) f_1(x_B ). (5.19)

5.2.2 Longitudinal double spin asymmetry in Drell-Yan scattering

Integrated over transverse momenta, there are no single spin asymmetries. For the case that both hadrons are longitudinally polarized, the hadronic tensor is

W^{μν} = 1 3 λ_Aλ_B (−g^{μν}_⊥ ) g_1(x_A )ḡ_1(x_B ), (5.20)

and the cross section up to O(1/Q) is given by

dσ_{LL}( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy = 4π α^2 3 Q^2 1 2 − y + y^2 λ_A λ_B g_1(x_A) g_1(x_B ), (5.21)

and integrated over the muon angular distribution,

dσ_{LL}( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B = 4π α^2 9 Q^2 λ_Aλ_B g_1(x_A ) g_1(x_B ). (5.22)

5.2.3 Transverse double spin asymmetry in Drell-Yan scattering

For the case that both hadrons are transversely polarized, the hadronic tensor is

W^{μν} = − 1 3 S^{{μ}_{A⊥}S^{ν}}_{B⊥} − S_{A⊥} · S_{B⊥} g^{μν}_⊥ h_1(x_A )h̄_1(x_B ) (5.23)

and the cross section up to O(1/Q) is given by

dσ_{T T} ( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy = 4π α^2 3 Q^2

|S_{A⊥}| |S_{B⊥}| y(1 − y) cos(ϕ^A_s + ϕ^B_s ) h_1(x_A ) h_1(x_B ), (5.24)

and integrated over the muon angular distribution,

dσ_{T T} ( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B = 2π α^2 9 Q^2

|S_{A⊥}| |S_{B⊥}| cos(ϕ^A_s + ϕ^B_s ) h_1(x_A) h_1(x_B ). (5.25)

5.2.4 Longitudinal-transverse double spin asymmetry in Drell-Yan scattering

For the case that one hadron is longitudinally polarized and the second transverse, the hadronic tensor is

W^{μν} = 1 3 λ_A { M_A ẑ^{{μ}S^{ν}}_{B⊥} Q x_A ( h_L(x_A ) + h̃_L(x_A ) ) h̄_1(x_B )

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q x_B g_1(x_A ) ( ḡ_T (x_B ) + g̃_T (x_B ) ) } , (5.26)

and the cross section up to O(1/Q) is given by

dσ_{LT} ( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy = − 4π α^2 3 Q^2 λ_A |S_{B⊥}| (1 − 2y) √ y(1 − y) cos(ϕ^B_s ) × [ M_Ax_A Q ( h_L(x_A ) + h̃_L(x_A ) ) h̄_1(x_B ) + M^B x^B Q g_1(x_A ) ( ḡ_T (x_B ) + g̃_T (x_B ) ) ] . (5.27)

which vanishes upon integration over the muon angle.

5.3 Azimuthal asymmetries in Drell-Yan scattering

We will consider separately the various possibilities involving unpolarized (O), longitudinally polarized (L) and transversely polarized (T) hadrons.

5.3.1 Azimuthal asymmetries in unpolarized Drell-Yan scattering

The relevant result expressed in terms of the twist two and twist three distribution functions and perpendicular tensors and vectors is

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) × { −g^{μν}_⊥ [ f_1f̄_1 ]

+ ẑ^{{μ}k^{ν}}_{a⊥} Q [ −f_1f̄_1 + 2x_A f^⊥f̄_1 ] + ẑ^{{μ}k^{ν}}_{b⊥} Q [ f_1f̄_1 − 2x_B f_1f̄^⊥ ] } ,

= −g^{μν}_⊥ I[f_1f̄_1] + z^{{μ}x̂^{ν}} ( M_A Q I [ k^x_a M_A x_A (f^⊥ + f̃^⊥)f̄_1 ]

− M_B Q I [ k^x_b M_B x_B f_1 (f̄^⊥ + f̃^⊥) ]) , (5.28)

where the last expression involves integrals of the type I [ k^x_a f^⊥f̄_1 ] (x_A , x_B , q_T ) = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) k^x_{aT} f^⊥(x_A , k_{aT} )f̄_1(x_B , k_{bT} ). (5.29)

Note that a contribution proportional to ẑ^{{μ}ϵ^{ν}ρ}_⊥ x̂_ρ appears, but it is multiplied with integrals of the type I[k^y_a f^⊥(x_A , |k_{a⊥}|)f̄_1(x_B , |Q_T x̂ − k_{a⊥}|)], which vanish.

The cross section is given by dσ_{OO} (AB → μ^+μ^−X) dx_A dx_B dy d^2q_T = 4π α^2 Q^2 { 1 2 − y + y^2

I [f_1f̄_1]

−(1 − 2y) √ y(1 − y) cos ϕ ( M_A Q I [ k^x_a M_A x_A (f^⊥ + f̃^⊥) f̄_1 ]

− M_B Q I [ k^x_b M_B x_B f_1(f̄^⊥ + f̃^⊥ ])} . (5.30)

5.3.2 Azimuthal asymmetries in singly polarized Drell-Yan scattering

There is at tree level up to order 1/Q no azimuthal asymmetry in single spin asymmetries.

5.3.3 Azimuthal asymmetries in doubly polarized LL-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpendicular tensors and vectors is

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T )

× λ_Aλ_B { −g^{μν}_⊥ [ g_{1L}ḡ_{1L} ] − k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥ M_AM_B h^⊥_{1L}h̄^⊥_{1L}

+ ẑ^{{μ}k^{ν}}_{a⊥} Q [ g_{1L}ḡ_{1L} − 2x_A g^⊥_L ḡ_{1L} −

M_B M_A

2x_B h^⊥_{1L}h̄_L + m M_A

2 h^⊥_{1L}ḡ_{1L} − k^2_{b⊥} M_AM_B h^⊥_{1L}h̄^⊥_{1L} ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ −g_{1L}ḡ_{1L} + 2x_B g_{1L}ḡ^⊥_L +

M_A M_B

2x_A h_Lh̄^⊥_{1L} − m M_B

2 g_{1L}h̄^⊥_{1L} + k^2_{a⊥} M_AM_B h^⊥_{1L}h̄^⊥_{1L} ]} ,

= λ_Aλ_B { −g^{μν}_⊥ I [g_{1L}ḡ_{1L}] − (2 x̂^μx̂^ν + g^{μν}_⊥ ) I [ k^x_a k^x_b − k^y_ak^y_b M_AM_B h^⊥_{1L}h̄^⊥_{1L} ]

+ẑ^{{μ}x̂^{ν}} ( − M_A Q I [ k^x_a M_A x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1L} ] − M_B Q I [ k^x_a M_A x_B h^⊥_{1L}(h̄_L + h̃_L) ]

+ M_B Q I [ k^x_b M_B x_B g_{1L}(ḡ^⊥_L + g̃^⊥_L ] + M_A Q I [ k^x_b M_B x_A (h_L + h̃_L) h̄^⊥_{1L} ])} , (5.31)

The cross section is given by

dσ_{LL}( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy d^2q_T = 4π α^2 Q^2 λ_A λ_B { 1 2 − y + y^2

I [g_{1L}ḡ_{1L}]

+y(1 − y) cos 2ϕ I [ k^x_a k^x_b − k^y_ak^y_b M_AM_B h^⊥_{1L}h̄^⊥_{1L} ]

+(1 − 2y) √ y(1 − y) cos ϕ ( M_A Q I [ k^x_a M_A x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1L} ]

+ M_B Q I [ k^x_a M_A x_B h^⊥_{1L}(h̄_L + h̃_L) ]

− M_B Q I [ k^x_b M_B x_B g_{1L}(ḡ^⊥_L + g̃^⊥_L ]

− M_A Q I [ k^x_b M_B x_A (h_L + h̃_L) h̄^⊥_{1L} ])} . (5.32)

5.3.4 Azimuthal asymmetries in doubly polarized LT-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpendicular tensors and vectors is

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) λ_A { −g^{μν}_⊥ [ k_{bT} · S_{B⊥} M_B g_{1L} ḡ_{1T} ]

− k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥

M_AM_B k_{b⊥} · S_{B⊥} M_B h^⊥_{1L} h̄^⊥_{1T} − k^{{μ}_{a⊥}S^{ν}}_{B⊥} + (k_{a⊥} · S_{B⊥}) g^{μν}_⊥ M_A h^⊥_{1L}h̄_{1T} + ẑ^{{μ}k^{ν}}_{a⊥} Q [ k_{b⊥} · S_{B⊥} M_B g_{1L} ḡ_{1T} − k_{b⊥} · S_{B⊥} M_B

2x_A g^⊥_L ḡ_{1T} −

M_B M_A k_{b⊥} · S_{B⊥} M_B

2x_B h^⊥_{1L} h̄_T

+ m M_A k_{b⊥} · S_{B⊥}

M_B

2 h^⊥_{1L} ḡ_{1T} − k^2_{b⊥} M_AM_B k_{b⊥} · S_{B⊥}

M_B h^⊥_{1L} h̄^⊥_{1T} − k_{b⊥} · S_{B⊥}

M_A h^⊥_{1L}h̄_{1T} ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ − k_{b⊥} · S_{B⊥} M_B g_{1L} ḡ_{1T} + k_{b⊥} · S_{B⊥}

M_B

2x_B g_{1L} ḡ^⊥_T + M_A M_B k_{b⊥} · S_{B⊥}

M_B

2x_A h_L h̄^⊥_{1T} − m M_B k_{b⊥} · S_{B⊥}

M_B

2 g_{1L} h̄^⊥_{1T} + k^2_{a⊥} M_AM_B k_{b⊥} · S_{B⊥}

M_B h^⊥_{1L} h̄^⊥_{1T} + k_{a⊥} · S_{B⊥} M_A h^⊥_{1L}h̄_{1T} − k_{a⊥} · S_{B⊥} M_A

2x_B h^⊥_{1L}h̄^⊥_T ]

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q [ M_A M_B

2x_A h_Lh̄_{1T} + 2x_B g_{1L}ḡ^′_T − m M_B

2 g_{1L}h̄_{1T}

+ k^2_{a⊥} M_AM_B h^⊥_{1L}h̄_{1T} − k_{a⊥} · k_{b⊥} M_AM_B h^⊥_{1L}h̄_{1T} + k_{a⊥} · k_{b⊥} M_AM_B

2x_B h^⊥_{1L}h̄^⊥_T ]} . (5.33)

This can be rewritten as

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) λ_A { −g^{μν}_⊥ [ g_{1L} k_{b⊥} · S_{B⊥} M_B ḡ_{1T} ]

− k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥

M_AM_B k_{b⊥} · S_{B⊥}

M_B h^⊥_{1L} h̄^⊥_{1T} − k^{{μ}_{a⊥}S^{ν}}_{B⊥} + (k_{a⊥} · S_{B⊥}) g^{μν}_⊥ M_A h^⊥_{1L}h̄_{1T} − ẑ^{{μ}k^{ν}}_{a⊥} Q [ k_{b⊥} · S_{B⊥}

M_B x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1T} + k_{b⊥} · S_{B⊥} M_A x_B h^⊥_{1L} (h̄_T + h̃_T ) ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ k_{b⊥} · S_{B⊥}

M_B x_B g_{1L} (ḡ^⊥_T + g̃^⊥_T ) +

M_A M_B k_{b⊥} · S_{B⊥}

M_B x_A (h_L + h̃_L) h̄^⊥_{1T}

− k_{a⊥} · S_{B⊥} M_A x_B h^⊥_{1L}(h̄^⊥_T + h̃^⊥_T ) ]

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q [ x_B g_{1L} (ḡ^′_T + g̃^′_T ) +

M_A M_B x_A (h_L + h̃_L) h̄_{1T} + k_{a⊥} · k_{b⊥} M_AM_B x_B h^⊥_{1L} (h̄^⊥_T + h̃^⊥_T ) ]} , or W^{μν} = λ_A { −g^{μν}_⊥ S^x_B I [ k^x_b M_B g_{1L} ḡ_{1T} ] − x̂^{{μ}S^{ν}}_{B⊥} + S^x_B g^{μν}_⊥ I [ k^x_a M_A h^⊥_{1L}h̄_1 ]

− ( (2x̂^μx̂^ν + g^{μν}_⊥ ) S^x_B − x̂^{{μ}ŷ^{ν}} S^y_B )

× I [ 4 k^x_a (k^x_b )^2 − 2 k^x_b (k_{a⊥} · k_{b⊥}) − k^x_a k^2_{b⊥} 2 M_A M^2_B h^⊥_{1L}h̄^⊥_{1T} ]

+ẑ^{{μ}S^{ν}}_{B⊥} ( M_B Q x_B I [ g_{1L}(ḡ_T + g̃_T ) ] + M_A Q x_A I [ (h_L + h̃_L) h̄_1 ]

− M_B Q I [ k_{a⊥} · k_{b⊥} 2 M_AM_B x_B h^⊥_{1L} (h̄_T − h̄^⊥_T + h̃_T − h̃^⊥_T ) ]

− M_A Q I [ k_{a⊥} · k_{b⊥} 2 M_AM_B x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1T} ])

+ ẑ^{{μ}x̂^{ν}} S^x_B − ẑ^{{μ}ŷ^{ν}} S^y_B ( M_B Q I [ 2 (k^x_b )^2 − k^2_{b⊥}

2 M^2_B x_B g_{1L} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ 2 (k^x_b )^2 − k^2_{b⊥}

2 M^2_B x_A (h_L + h̃_L) h̄^⊥_{1T} ]

− M_B Q I [ 2 k^x_a k^x_b − k_{a⊥} · k_{b⊥} 2 M_AM_B x_B h^⊥_{1L} (h̄_T + h̄^⊥_T + h̃_T + h̃^⊥_T ) ]

− M_A Q I [ 2 k^x_a k^x_b − k_{a⊥} · k_{b⊥} 2 M_AM_B x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1T} ])} . (5.34)

The cross section is given by

dσ_{LT} ( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy d^2q_T = 4π α^2 Q^2 λ_A |S_{B⊥}| { 1 2 − y + y^2 cos(ϕ − ϕB_s ) I [ k^x_b M_B g_{1L} ḡ_{1T} ]

+y(1 − y) cos(ϕ + ϕ^B_s ) I [ k^x_a M_A h^⊥_{1L}h̄_1 ]

+y(1 − y) cos(3ϕ − ϕ^B_s ) I [ 4 k^x_a (k^x_b )^2 − 2 k^x_b (k_{a⊥} · k_{b⊥}) − k^x_a k^2_{b⊥} 2 M_A M^2_B h^⊥_{1L}h̄^⊥_{1T} ]

−(1 − 2y) √ y(1 − y) cos ϕ^B_s ( M_B Q x_B I [ g_{1L}(ḡ_T + g̃_T ) ] + M_A Q x_A I [ (h_L + h̃_L) h̄_1 ]

− M_B Q I [ k_{a⊥} · k_{b⊥} 2 M_AM_B x_B h^⊥_{1L} (h̄_T − h̄^⊥_T + h̃_T − h̃^⊥_T ) ]

− M_A Q I [ k_{a⊥} · k_{b⊥} 2 M_AM_B x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1T} ])

−(1 − 2y) √ y(1 − y) cos(2ϕ − ϕ^B_s ) ( M_B Q I [ 2 (k^x_b )^2 − k^2_{b⊥}

2 M^2_B x_B g_{1L} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ 2 (k^x_b )^2 − k^2_{b⊥}

2 M^2_B x_A (h_L + h̃_L) h̄^⊥_{1T} ]

− M_B Q I [ 2 k^x_a k^x_b − k_{a⊥} · k_{b⊥} 2 M_AM_B x_B h^⊥_{1L} (h̄_T + h̄^⊥_T + h̃_T + h̃^⊥_T ) ]

− M_A Q I [ 2 k^x_a k^x_b − k_{a⊥} · k_{b⊥} 2 M_AM_B x_A (g^⊥_L + g̃^⊥_L ) ḡ_{1T} ])} . (5.35)

5.3.5 Azimuthal asymmetries in doubly polarized TT-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpendicular tensors and vectors is

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) × { −g^{μν}_⊥ [ k_{a⊥} · S_{A⊥}

M_A k_{b⊥} · S_{B⊥}

M_B g_{1T} ḡ_{1T} ]

− k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥

M_AM_B k_{a⊥} · S_{A⊥}

M_A k_{b⊥} · S_{B⊥}

M_B h^⊥_{1T} h̄^⊥_{1T}

− k^{{μ}_{b⊥}S^{ν}}_{A⊥} + (k_{b⊥} · S_{A⊥}) g^{μν}_⊥

M_B k_{b⊥} · S_{B⊥} M_B h_{1T} h̄^⊥_{1T} − k^{{μ}_{a⊥}S^{ν}}_{B⊥} + (k_{a⊥} · S_{B⊥}) g^{μν}_⊥ M_A k_{a⊥} · S_{A⊥} M_A h^⊥_{1T} h̄_{1T} −

S^{{μ}_{A⊥}S^{ν}}_{B⊥} + (S_{A⊥} · S_{B⊥}) g^{μν}_⊥ h_{1T} h̄_{1T}

+ ẑ^{{μ}k^{ν}}_{a⊥} Q [ k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B g_{1T} ḡ_{1T} − k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B

2x_A g^⊥_T ḡ_{1T} − M_B M_A k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥}

M_B

2x_B h^⊥_{1T} h̄_T + m M_A k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B

2 h^⊥_{1T} ḡ_{1T} − k^2_{b⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B h^⊥_{1T} h̄^⊥_{1T} − k_{b⊥} · S_{A⊥} M_B k_{b⊥} · S_{B⊥} M_B h_{1T} h̄^⊥_{1T} − k_{b⊥} · S_{B⊥} M_A k_{a⊥} · S_{A⊥} M_A h^⊥_{1T} h̄_{1T} + k_{b⊥} · S_{A⊥} M_B k_{b⊥} · S_{B⊥} M_B

2x_A h^⊥_T h̄^⊥_{1T}

−S_{A⊥} · S_{B⊥} h_{1T} h̄_{1T} + S_{A⊥} · S_{B⊥} 2x_A h^⊥_T h̄_{1T} ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ − k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B g_{1T} ḡ_{1T} + k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B

2x_B g_{1T} ḡ^⊥_T + M_A M_B k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥}

M_B

2x_A h_T h̄^⊥_{1T} − m M_B k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B

2 g_{1T} h̄^⊥_{1T} + k^2_{a⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B h^⊥_{1T} h̄^⊥_{1T} + k_{a⊥} · S_{A⊥} M_B k_{b⊥} · S_{B⊥} M_B h_{1T} h̄^⊥_{1T} + k_{a⊥} · S_{B⊥} M_A k_{a⊥} · S_{A⊥} M_A h^⊥_{1T} h̄_{1T} − k_{a⊥} · S_{B⊥} M_A k_{a⊥} · S_{A⊥} M_A

2x_B h^⊥_{1T} h̄^⊥_T

+S_{A⊥} · S_{B⊥} h_{1T} h̄_{1T} − S_{A⊥} · S_{B⊥} 2x_B h_{1T} h̄^⊥_T ]

+ M_A ẑ^{{μ}S^{ν}}_{A⊥} Q [ − k_{b⊥} · S_{B⊥} M_B

2x_A g^′_T ḡ_{1T} −

M_B M_A k_{b⊥} · S_{B⊥} M_B

2x_B h_{1T} h̄_T

+ m M_A k_{b⊥} · S_{B⊥} M_B

2 h_{1T} ḡ_{1T} − k^2_{b⊥} M_AM_B k_{b⊥} · S_{B⊥} M_B h_{1T} h̄^⊥_{1T} + k_{a⊥} · k_{b⊥} M_AM_B k_{b⊥} · S_{B⊥} M_B h_{1T} h̄^⊥_{1T} − k_{a⊥} · k_{b⊥} M_AM_B k_{b⊥} · S_{B⊥} M_B

2x_A h^⊥_T h̄^⊥_{1T} + k_{a⊥} · S_{B⊥} M_A h_{1T} h̄_{1T} − k_{b⊥} · S_{B⊥}

M_A h_{1T} h̄_{1T} − k_{a⊥} · S_{B⊥} M_A

2x_A h^⊥_T h̄_{1T} ]

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q [ M_A M_B k_{a⊥} · S_{A⊥} M_A

2x_A h_T h̄_{1T} + k_{a⊥} · S_{A⊥} M_A

2x_B g_{1T} ḡ^′_T

− m M_B k_{a⊥} · S_{A⊥} M_A

2 g_{1T} h̄_{1T} + k^2_{a⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A h^⊥_{1T} h̄_{1T} − k_{a⊥} · k_{b⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A h^⊥_{1T} h̄_{1T} + k_{a⊥} · k_{b⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A

2x_B h^⊥_{1T} h̄^⊥_T + k_{a⊥} · S_{A⊥} M_B h_{1T} h̄_{1T} − k_{b⊥} · S_{A⊥}

M_B h_{1T} h̄_{1T} + k_{b⊥} · S_{A⊥} M_B

2x_B h_{1T} h̄^⊥_T ]} , (5.36)

which can be rewritten as

W^{μν} = 1 3 ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) × { −g^{μν}_⊥ [ k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B g_{1T} ḡ_{1T} ]

− k^{{μ}_{a⊥}k^{ν}}_{b⊥} + (k_{a⊥} · k_{b⊥}) g^{μν}_⊥

M_AM_B k_{a⊥} · S_{A⊥}

M_A k_{b⊥} · S_{B⊥} M_B h^⊥_{1T} h̄^⊥_{1T}

− k^{{μ}_{b⊥}S^{ν}}_{A⊥} + (k_{b⊥} · S_{A⊥}) g^{μν}_⊥

M_B k_{b⊥} · S_{B⊥}

M_B h_{1T} h̄^⊥_{1T} − k^{{μ}_{a⊥}S^{ν}}_{B⊥} + (k_{a⊥} · S_{B⊥}) g^{μν}_⊥ M_A k_{a⊥} · S_{A⊥}

M_A h^⊥_{1T} h̄_{1T} −

S^{{μ}_{A⊥}S^{ν}}_{B⊥} + (S_{A⊥} · S_{B⊥}) g^{μν}_⊥ h_{1T} h̄_{1T}

+ ẑ^{{μ}k^{ν}}_{a⊥} Q [ − k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B x_A (g^⊥_T + g̃^⊥_T ) ḡ_{1T} − M_B M_A k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥}

M_B x_B h^⊥_{1T} (h̄_T + h̃_T ) + k_{b⊥} · S_{A⊥} M_B k_{b⊥} · S_{B⊥} M_B x_A (h^⊥_T + h̃^⊥_T ) h̄^⊥_{1T} + (S_{A⊥} · S_{B⊥}) x_A (h^⊥_T + h̃^⊥_T ) h̄_{1T} ]

+ ẑ^{{μ}k^{ν}}_{b⊥} Q [ k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥} M_B x_B g_{1T} (ḡ^⊥_T + g̃^⊥_T ) + M_A M_B k_{a⊥} · S_{A⊥} M_A k_{b⊥} · S_{B⊥}

M_B x_A (h_T + h̃_T ) h̄^⊥_{1T} − k_{a⊥} · S_{B⊥} M_A k_{a⊥} · S_{A⊥} M_A x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) − (S_{A⊥} · S_{B⊥}) x_B h_{1T} (h̄^⊥_T + h̃^⊥_T ) ]

+ M_A ẑ^{{μ}S^{ν}}_{A⊥} Q [ − k_{b⊥} · S_{B⊥} M_B x_A (g^′_T + g̃^′_T ) ḡ_{1T} −

M_B M_A k_{b⊥} · S_{B⊥} M_B x_B h_{1T} (h̄_T + h̃_T )

− k_{a⊥} · k_{b⊥} M_AM_B k_{b⊥} · S_{B⊥} M_B x_A (h^⊥_T + h̃^⊥_T ) h̄^⊥_{1T} − k_{a⊥} · S_{B⊥} M_A x_A (h^⊥_T + h̃^⊥_T )h̄_{1T} ]

+ M_B ẑ^{{μ}S^{ν}}_{B⊥} Q [ M_A M_B k_{a⊥} · S_{A⊥} M_A x_A (h_T + h̃_T ) h̄_{1T} + k_{a⊥} · S_{A⊥}

M_A x_B g_{1T} (ḡ^′_T + g̃^′_T )

+ k_{a⊥} · k_{b⊥} M_AM_B k_{a⊥} · S_{A⊥} M_A x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) + k_{b⊥} · S_{A⊥} M_B x_B h_{1T} (h̄^⊥_T + h̃^⊥_T ) ]}

or W^{μν} = −g^{μν}_⊥ ( (S_{A⊥} · S_{B⊥}) I [ k_{a⊥} · k_{b⊥} 2 M_AM_B g_{1T} ḡ_{1T} ] + (S^x_AS^x_B − S^y_AS^y_B ) I [ k^x_a k^x_b − k^y_a k^y_b

2 M_AM_B g_{1T} ḡ_{1T} ])

− S^{{μ}_{A⊥}S^{ν}}_{B⊥} + (S_{A⊥} · S_{B⊥}) g^{μν}_⊥ ( I [ h_1h̄_1 ] − I [ k^2_{a⊥}k^2_{b⊥} 4 M^2_AM^2_B h^⊥_{1T} h̄^⊥_{1T} ])

− ( x̂^{{μ}S^{ν}}_{A⊥} + S^x_A g^{μν}_⊥

S^x_B + ŷ^{{μ}S^{ν}}_{A⊥} + S^y_A g^{μν}_⊥

S^y_B ) I [ (k^x_b )^2 − (k^y_b )^2

2 M^2_B h_1 h̄^⊥_{1T} ]

− ( x̂^{{μ}S^{ν}}_{B⊥} + S^x_B g^{μν}_⊥

S^x_A + ŷ^{{μ}S^{ν}}_{B⊥} + S^y_B g^{μν}_⊥

S^y_A ) I [ (k^x_a )^2 − (k^y_a )^2

2 M^2_A h^⊥_{1T} h̄_1 ]

− ( (2x̂^μx̂^ν + g^{μν}_⊥ ) (S^x_AS^x_B − S^y_AS^y_B ) − x̂^{{μ}ŷ^{ν}} (S^x_AS^y_B + S^y_AS^x_B ) )

× I [ [(k^x_a )^2 − (k^y_a )^2] [(k^x_b )^2 − (k^y_b )^2] − 4k^x_a k^y_a k^x_b k^y_b 4 M^2_AM^2_B h^⊥_{1T} h̄^⊥_{1T} ]

−ẑ^{{μ}S^{ν}}_{A⊥} S^x_B ( M_A Q I [ k^x_b M_B x_A (g_T + g̃_T ) ḡ_{1T} ] + M_B Q I [ k^x_b M_B x_B h_1 (h̄_T + h̃_T ) ])

+ẑ^{{μ}ϵ^{ν}ρ}_⊥ S_{A⊥ρ} S^y_B

M_B Q I [ k^x_b M_B x_B h_1 (h̄^⊥_T + h̃^⊥_T ) ]

− ẑ^{{μ}x̂^{ν}} S^x_AS^x_B − ẑ^{{μ}ŷ^{ν}} S^y_AS^x_B ( M_A Q I [ k^x_b [(k^x_a )^2 − (k^y_a )^2] 2 M^2_AM_B x_A (g^⊥_T + g̃^⊥_T ) ḡ_{1T} ]

+ M_B Q I [ k^x_b [(k^x_a )^2 − (k^y_a )^2] 2 M^2_AM_B x_B h^⊥_{1T} (h̄_T + h̃_T ) ]

− M_B Q I [ k^x_a k^y_a k^y_b M^2_AM_B x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) ])

− ẑ^{{μ}x̂^{ν}} S^y_AS^y_B + ẑ^{{μ}ŷ^{ν}} S^x_AS^y_B ( M_A Q I [ k^x_a k^y_a k^y_b M^2_AM_B x_A (g^⊥_T + g̃^⊥_T ) ḡ_{1T} ]

+ M_B Q I [ k^x_a k^y_a k^y_b M^2_AM_B x_B h^⊥_{1T} (h̄_T + h̃_T ) ]

− M_B Q I [ [(k^x_a )^2 − (k^y_a )^2] k^x_b 2 M^2_AM_B x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) ])

+ẑ^{{μ}S^{ν}}_{B⊥} S^x_A ( M_A Q I [ k^x_a M_A x_A (h_T + h̃_T ) h̄_1 ] + M_B Q I [ k^x_a M_A x_B g_{1T} (ḡ_T + g̃_T ) ])

−ẑ^{{μ}ϵ^{ν}ρ}_⊥ S_{B⊥ρ} S^y_A

M_A Q I [ k^x_a M_A x_A (h^⊥_T + h̃^⊥_T )h̄_1 ]

+ ẑ^{{μ}x̂^{ν}} S^x_AS^x_B − ẑ^{{μ}ŷ^{ν}} S^x_AS^y_B ( M_B Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_B g_{1T} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_A (h_T + h̃_T ) h̄^⊥_{1T} ]

− M_A Q I [ k^y_ak^x_b k^y_b M_AM^2_B x_A (h^⊥_T + h̃^⊥_T )h̄^⊥_{1T} ])

+ ẑ^{{μ}x̂^{ν}} S^y_AS^y_B + ẑ^{{μ}ŷ^{ν}} S^y_AS^x_B ( M_B Q I [ k^y_a k^x_b k^y_b M_AM^2_B x_A g_{1T} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ k^y_ak^x_b k^y_b M_AM^2_B x_A (h_T + h̃_T ) h̄^⊥_{1T} ]

− M_A Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_A (h^⊥_T + h̃^⊥_T )h̄^⊥_{1T} ]) (5.37)

The cross section is given by

dσ_{T T} ( ⃗A ⃗B → μ^+μ^−X) dx_A dx_B dy d^2q_T = 4π α^2 Q^2

|S_{A⊥}| |S_{B⊥}| { 1 2 − y + y^2 cos(ϕA_s − ϕB_s ) I [ k_{a⊥} · k_{b⊥} 2 M_AM_B g_{1T} ḡ_{1T} ]

+ 1 2 − y + y^2 cos(ϕA_s + ϕB_s − 2ϕ)I [ k^x_a k^x_b − k^y_a k^y_b

2 M_AM_B g_{1T} ḡ_{1T} ]

+y(1 − y) cos(ϕ^A_s + ϕ^B_s ) ( I [ h_1h̄_1 ] − I [ k^2_{a⊥}k^2_{b⊥} 4 M^2_AM^2_B h^⊥_{1T} h̄^⊥_{1T} ])

+y(1 − y) cos(2ϕ + ϕ^A_s − ϕ^B_s ) I [ (k^x_b )^2 − (k^y_b )^2 2 M^2_B h_1 h̄^⊥_{1T} ]

+y(1 − y) cos(2ϕ − ϕ^A_s + ϕ^B_s ) I [ (k^x_a )^2 − (k^y_a )^2 2 M^2_A h^⊥_{1T} h̄_1 ]

+ . . .

. . .

−y(1 − y) cos(4ϕ − ϕ^A_s − ϕ^B_s ) I [ [(k^x_a )^2 − (k^y_a )^2] [(k^x_b )^2 − (k^y_b )^2] − 4k^x_a k^y_a k^x_b k^y_b 4 M^2_AM^2_B h^⊥_{1T} h̄^⊥_{1T} ]

+(1 − 2y) √ y(1 − y) cos ϕ^A_s cos(ϕ^B_s − ϕ) ( M_A Q I [ k^x_b M_B x_A (g_T + g̃_T ) ḡ_{1T} ]

+ M_B Q I [ k^x_b M_B x_B h_1 (h̄_T + h̃_T ) ])

+(1 − 2y) √ y(1 − y) sin ϕ^A_s sin(ϕ^B_s − ϕ)

M_B Q I [ k^x_b M_B x_B h_1 (h̄^⊥_T + h̃^⊥_T ) ]

+(1 − 2y) √ y(1 − y) cos(2ϕ − ϕ^A_s ) cos(ϕ^B_s − ϕ) ( M_A Q I [ k^x_b [(k^x_a )^2 − (k^y_a )^2] 2 M^2_AM_B x_A (g^⊥_T + g̃^⊥_T ) ḡ_{1T} ]

+ M_B Q I [ k^x_b [(k^x_a )^2 − (k^y_a )^2] 2 M^2_AM_B x_B h^⊥_{1T} (h̄_T + h̃_T ) ]

− M_B Q I [ k^x_a k^y_a k^y_b M^2_AM_B x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) ])

+(1 − 2y) √ y(1 − y) sin(2ϕ − ϕ^A_s ) sin(ϕ^B_s − ϕ) ( M_A Q I [ k^x_a k^y_ak^y_b M^2_AM_B x_A (g^⊥_T + g̃^⊥_T ) ḡ_{1T} ]

+ M_B Q I [ k^x_a k^y_a k^y_b M^2_AM_B x_B h^⊥_{1T} (h̄_T + h̃_T ) ]

− M_B Q I [ [(k^x_a )^2 − (k^y_a )^2] k^x_b 2 M^2_AM_B x_B h^⊥_{1T} (h̄^⊥_T + h̃^⊥_T ) ])

−(1 − 2y) √ y(1 − y) cos ϕ^B_s cos(ϕ^A_s − ϕ) ( M_A Q I [ k^x_a M_A x_A (h_T + h̃_T ) h̄_1 ]

+ M_B Q I [ k^x_a M_A x_B g_{1T} (ḡ_T + g̃_T ) ])

−(1 − 2y) √ y(1 − y) sin ϕ^B_s sin(ϕ^A_s − ϕ)

M_A Q I [ k^x_a M_A x_A (h^⊥_T + h̃^⊥_T )h̄_1 ]

−(1 − 2y) √ y(1 − y) cos(2ϕ − ϕ^B_s ) cos(ϕ^A_s − ϕ) ( M_B Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_B g_{1T} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_A (h_T + h̃_T ) h̄^⊥_{1T} ]

− M_A Q I [ k^y_a k^x_b k^y_b M_AM^2_B x_A (h^⊥_T + h̃^⊥_T )h̄^⊥_{1T} ])

−(1 − 2y) √ y(1 − y) sin(2ϕ − ϕ^B_s ) sin(ϕ^A_s − ϕ) ( M_B Q I [ k^y_a k^x_b k^y_b M_AM^2_B x_A g_{1T} (ḡ^⊥_T + g̃^⊥_T ) ]

+ M_A Q I [ k^y_a k^x_b k^y_b M_AM^2_B x_A (h_T + h̃_T ) h̄^⊥_{1T} ]

− M_A Q I [ k^x_a [(k^x_b )^2 − (k^y_b )^2] 2 M_AM^2_B x_A (h^⊥_T + h̃^⊥_T )h̄^⊥_{1T} ])} . (5.38)

5.4 Convolutions and gaussian distributions

In order to study the behavior of the convolutions of distribution, it is useful to consider gaussian distributions,

f(x_A , k_{aT} ) = f(x_A , 0_T ) exp(−R^2_ak^2_{aT} ) = f(x_A)

R^2_a π exp(−R^2_ak^2_{aT} ), (5.39)

f̄(x_B , k_{bT} ) = f̄(x_B , 0_T ) exp(−R^2_b k^2_{bT} ) = f(x_B ) R^{2b} π exp(−R^2_b k^2_{bT} )

P(kbT ,Rb)

, (5.40)

In that case the convolution becomes

I[f f̄] = ∫ d^2k_{aT} d^2k_{bT} δ^2(k_{aT} + k_{bT} − q_T ) f(x_A , k_{aT} ) f̄(x_B , k_{bT} ) = π R^2_a + R^2_b exp − Q^2_T R^2_aR^2_b

R^2_a + R^2_b f(x_A , 0_T ) f̄(x_B , 0_T )

= f(x_A) f̄(x_B ) P(q_T ; R) (5.41)

with R^2 = R^2_aR^2_b /(R^2_a + R^2_b ). The other convolutions that appear in the cross sections are of the form I [ kx_a M_a f f̄ ] = R^2 R^2_a

Q_T M_a

I[f f̄], (5.42) I [ k_{aT} · k_{bT}

M_aM_b f f̄ ] = R^2 M_aM_bR^2_aR^2_b ( Q^2_T R^2 − 1 ) I[f f̄], (5.43) I [ 2(kx_a )2 − k2_{aT}

2M^2_a f f̄ ] = I [ (kx_a )2 − (ky_a )2

2M^2_a f f̄ ] = R^4 R^4_a

Q^2_T 2M^2_a

I[f f̄], (5.44) I [ 2 kx_a kx_b − k_{aT} · k_{bT}

2M_aM_b f f̄ ] = I [ kx_a kx_b − ky_a ky_b 2M_aM_b f f̄ ] = R^4 R^2_a R^2_b

Q^2_T 2M_aM_b

I[f f̄], (5.45) I [ kx_a [(kx_b )2 − (ky_b )2]

2M_aM^2_b f f̄ ] = R^4 R^2_a R^4_b

Q_T 2M_aM^2_b ( Q^2_T R^2 − 1 ) I[f f̄], (5.46) I [ kx_b ky_a ky_b M_aM^2_b f f̄ ] = − R^4 R^2_a R^4_b

Q_T 2M_aM^2_b

I[f f̄], (5.47) I [ kx_a [(kx_b )2 − (ky_b )2] − 2kx_b ky_a ky_b

2M_aM^2_b f f̄ ]

= I [ 4 kx_a (kx_b )2 − 2 kx_b (k_{a⊥} · k_{b⊥}) − kx_a k2_{b⊥} 2M_aM^2_b f f̄ ] = R^6 R^2_a R^4_b

Q^3_T 2M_aM^2_b

I[f f̄], (5.48) I [ [(kx_a )2 − (ky_a )2] [(kx_b )2 − (ky_b )2] − 4kx_a ky_a kx_b ky_b 4M^2_a M^2_b f f̄ ] = R^8 R^4_a R^4_b

Q^4_T 4M^2_a M^2_b

I[f f̄]. (5.49)

Another way to deconvolute the results are using the following weighted quantities, ∫ d^2q_T

Q_T M_a I [ kx_a M_a f f̄ ] = 2 f^{(1)}(x_A ) f̄(x_B ), (5.50) ∫ d^2q_T

Q^2_T M_aM_b I [ k_{aT} · k_{bT}

M_aM_b f f̄ ] = 4 f^{(1)}(x_A ) f̄^{(1)}(x_B ), (5.51) ∫ d^2q_T

Q^2_T M^2_a I [ 2(kx_a )2 − k2_{aT}

2M^2_a f f̄ ] = 2 f^{(2)}(x_A) f̄(x_B ), (5.52) ∫ d^2q_T

Q^2_T M_aM_b I [ 2 kx_a kx_b − k_{aT} · k_{bT} 2M_aM_b f f̄ ] = 4 f^{(1)}(x_A ) f̄^{(1)}(x_B ), (5.53) ∫ d^2q_T

Q^3_T M_aM^2_b I [ kx_a [(kx_b )2 − (ky_b )2] 2M_aM^2_b f f̄ ] = 8 f^{(1)}(x_A ) f̄^{(2)}(x_B ), (5.54) ∫ d^2q_T

Q^3_T M_aM^2_b I [ kx_b ky_aky_b M_aM^2_b f f̄ ] = −4 f^{(1)}(x_A) f̄^{(2)}(x_B ), (5.55)

∫ d^2q_T

Q^3_T M_aM^2_b I [ 4 kx_a (kx_b )2 − 2 kx_b (k_{a⊥} · k_{b⊥}) − kx_a k2_{b⊥} 2M_aM^2_b f f̄ ] = 12 f^{(1)}(x_A ) f̄^{(2)}(x_B ), (5.56) ∫ d^2q_T

Q^4_T M^2_a M^2_b I [ [(kx_a )2 − (ky_a )2] [(kx_b )2 − (ky_b )2] − 4kx_a ky_a kx_b ky_b 4M^2_a M^2_b f f̄ ] = 24 f^{(2)}(x_A ) f̄^{(2)}(x_B ),(5.57)

where f^{(n)}(x_A ) indicate the (k^2_{aT} /2M^2_a )^n-moments of f(x_A, k^2_{aT} ),

f^{(n)}(x_A ) = ∫ d^2k_{aT} ( k^2_{aT} 2M^2_a )n f(x_A , k^2_{aT} ) = n! (2M^2_a R^2_a)^n f(x_A). (5.58)

Chapter 7

Lepton-hadron up to O(1/Q)

7.1 Inclusion of gluon contributions

We will consider in this section the inclusion of diagrams with gluons connecting the soft and hard part. The additional contribution is given by four diagrams. Two of them have gluons connected to the lower soft part (the hadron → quark part), the others gluons connected to the upper soft part (the quark → hadron part). Including the contribution of the handbag one has

2M W_{μν} = ∫ d^4p d^4k δ^4(p + q − k) Tr [Φ(p)γ_μΔ(k)γ_ν ] − ∫ d^4p d^4k d^4p_1 δ^4(p + q − k) { Tr [ γ_α

(/k − /p_1 + m) (k − p_1)^2 − m^2 + iϵ γ_ν Φ^α_A(p, p − p_1)γ_μΔ(k) ]

+ Tr [ γ_μ

(/k − /p_1 + m) (k − p_1)^2 − m^2 − iϵ γ_αΔ(k)γ_ν Φ^α_A(p − p_1, p) ]}

− ∫ d^4p d^4k d^4k_1 δ^4(p + q − k) { Tr [ γ_ν

(/p − /k_1 + m) (p − k_1)^2 − m^2 + iϵ γ_αΦ(p)γ_μΔ^α_A(k − k_1, k) ]

+ Tr [ γ_α

(/p − /k_1 + m) (p − k_1)^2 − m^2 − iϵ γ_μΔ^α_A(k, k − k_1)γ_ν Φ(p) ]} .(7.1)

[Note that we have for a quark-quark-gluon blob used momentum p_1 (or k_1) for the gluon and p − p_1 (or k − k_1) for the quark. This is easier to extend when we consider multiple gluon correlation functions.] The momenta p_1 and k_1 connected to the soft hadronic parts are parametrized according to

p_1 = [ p^−_1 , x_1 Q √ 2 , p_{1T} ] , (7.2)

k_1 = [ z_1 Q √ 2 , k^+_1 , k_{1T} ] , (7.3)

The momentum appearing in the extra fermion propagator is p − p_1 + q = k − p_1 with (k − p_1)^2 = −x_1 Q^2, or k − k_1 − q = p − k_1 with (p − k_1)^2 = −z_1 Q^2. Thus one has in leading order in 1/Q,

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ = γ^− Q √ 2 − γ^+ (x_1 − iϵ) Q √ 2 + γ_T · (k_T − p_{1T} ) − m (x_1 − iϵ) Q^2

, (7.4)

/p − k_1 + m (p − k_1)^2 − m^2 + iϵ = γ^+ Q √ 2 − γ^− (z_1 − iϵ) Q √ 2 + γ_T · (p_T − k_{1T} ) − m (z_1 − iϵ) Q^2

. (7.5)

This can be used to consider separately the contributions of transverse (A^α_T ) and longitudinal (A^+) gluons. For the transverse gluons, the trace of the first gluonic contribution becomes − ∫ d^4p d^4k d^4p_1 δ^4(p + q − k) Tr [ γ_α

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ γ_ν Φ^α_A(p, p − p_1)γ_μΔ(k) ]

701

= ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 ∫ d^4x ∫ d^4y e^{i (p−p1 )·x+i p1·y}

×⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν gA^α_T (y) ψ(x)|P, S⟩,

which starts off at order 1/Q and at this order requires leading parts from Φ^α_A (proportional to P_+Φ^α_AP_−) and leading parts from Δ (proportional to P_−ΔP_+). As {γ^−, γ^α_T } = 0 and γ^−P_+ = P_−γ^− = 0 only the γ^− = P_+γ^−P_− part in Eq. 7.4 contributes. This term is independent of any of the components of p_1, and we thus can immediately consider the distributions ∫ d^4p_1 Φ^α_A(p, p − p_1), or explicitly ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x e^{i p·x} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν gA^α_T (x) ψ(x)|P, S⟩. (7.6)

This contribution will be studied in the next section. Note that it can be written in terms of the covariant derivative as ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x e^{i p·x} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν i D^α_T (x) ψ(x)|P, S⟩ − ∫ d^4p d^4k δ^4(p + q − k) p^α_T ∫ d^4x e^{i p·x} ⟨P, S|ψ(0)γ_μΔ(k) γ_α γ^− Q √ 2 γ_ν ψ(x)|P, S⟩. (7.7)

In this section we consider next the contributions of longitudinal gluons (A^+). They lead to traces of the form − ∫ d^4p d^4k d^4p_1 δ^4(p + q − k) Tr [ γ^−

/k − /p_1 + m (k − p_1)^2 − m^2 + iϵ γ_ν Φ^+_A(p, p − p_1)γ_μΔ(k) ] (7.8)

The first term in Eq. 7.4 does not contribute. The second term contributes at O(1) as the dominant contribution in Φ^+_A is the part projected out by ∫ dp^−_1 P_+Φ^+_AP_− which is of O(Q). Explicitly, we get for the first correction in Eq. 7.1 − ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 ∫ d^4x ∫ d^4y e^{i (p−p1 )·x+i p1 ·y}

×⟨P, S|ψ(0)γ_μΔ(k)γ^− γ^+ (x_1 − iϵ) Q √ 2 γ_ν gA^+(y) ψ(x)|P, S⟩ = ∫ d^4p d^4k δ^4(p + q − k) ∫ dx_1 2π ∫ d^4x ∫ dy^− e^{−i x1 p+(x−−y−)} x_1 − iϵ e^{i p·x}

× ⟨P, S|ψ(0)γ_μΔ(k) γ^−γ^+ 2 γ_ν gA^+(y) ψ(x)|P, S⟩ | | | |_{y+=x+, yT =xT} = ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x ∫ dy^− θ(y^− − x^−) e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k) P_+ γ_ν igA^+(y^−) ψ(x)|P, S⟩ = − ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k) P_+ γ_ν ig

∫_x− ∞ dy^− A^+(y^−) ψ(x)|P, S⟩. (7.9)

The second term in Eq. 7.1 gives − ∫ d^4p d^4k d^4p_1 δ^4(p + q − k) Tr [ γ_μ

(/k − /p_1 + m) (k − p_1)^2 − m^2 − iϵ γ^−Δ(k)γ_ν Φ^+_A(p − p_1, p) ]

= ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x e^{i p·x}

×⟨P, S|ψ(0) ig

∫_0 ∞ dy^− A^+(y^−) γ_μ P_− Δ(k) γ_ν ψ(x)|P, S⟩ (7.10)

The last two terms in Eq. 7.1 give − ∫ d^4p d^4k d^4k_1 δ^4(p + q − k) { Tr [ γ_ν

(/p − /k_1 + m) (p − k_1)^2 − m^2 + iϵ γ^+Φ(p)γ_μΔ^−_A (k_1, k) ]

+ Tr [ γ^+

(/p − /k_1 + m) (p − k_1)^2 − m^2 − iϵ γ_μΔ^−_A(k, k − k_1)γ_ν Φ(p) ]}

= ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4x e^{i k·x} × { Tr ⟨0|ψ(x) a^†_ha_h ig

∫_0 −∞ dy^+ A^−(y^+) ψ(0) γ_ν P_+ Φ(p) γ_μ|0⟩

−Tr ⟨0|ψ(x) ig

∫_x+ −∞ dy^+ A^−(y^+) a^†_ha_h ψ(0) γ_ν Φ(p) P_− γ_μ|0⟩ } . The result of multiple A^+- or A^−-gluons together with the tree-level result gives in leading order in 1/Q (when the projectors P_+ and P_− don’t matter) the exponentiated path-ordered result

2M W_{μν} = ∫ d^4p d^4k δ^4(p + q − k) Tr [Φ(p)γ_μΔ(k)γ_ν ] (7.11)

with

Φ_{ij} (p, P, S) = 1 (2π)^4 ∫ d^4x e^{i p·x}⟨P, S|ψ_j (0)G(0, ∞; 0_T ) G(∞, x^−; x_T )ψ_i(x)|P, S⟩, (7.12)

Δ_{ij} (k, P_h, S_h) = 1 (2π)^4 ∫ d^4x e^{ik·x} ⟨0|G(−∞, x^+; x_T )ψ_i(x) a^†_ha_h ψ_j (0)G(0, −∞; 0_T )|0⟩. (7.13)

Provided we assume that matrix elements containing bilocal operators ψ(0) A_T (y^± = ∓∞, y_T ) ψ(x) vanish for physical states, the above links can be connected resulting in a color gauge-invariant matrix element that must be used in the definition of the correlation functions.

Before considering the transverse gluons let us check the case of two A^+ gluons. For instance considering a gauge choice A^− = 0, one needs only to consider the absorption of the A^+ gluons in the ’distribution’ part. Dressing the diagram leading to the first of the four terms above with another ’parallel’ gluon one obtains a contribution ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 ∫ d^4x ∫ d^4y_1 d^4y_2 e^{i (p−p1−p2 )·x+i p1·y1+i p2 ·y2}

×⟨P, S|ψ(0)γ_μΔ(k)γ^− γ^+ (x_2 − iϵ) Q √ 2 γ^− γ^+ (x_1 + x_2 − iϵ) Q √ 2 γ_ν gA^+(y_2) gA^+(y_1) ψ(x)|P, S⟩ = ∫ d^4p d^4k δ^4(p + q − k) ∫ dx_1 2π dx_2 2π ∫ d^4x ∫ dy^−_1 dy^−_2 e^{−i (x1+x2)p+(x−−y−1 )} e^{−i x2p+(y−1 −y−2 )} (x_1 + x_2 − iϵ) (x_2 − iϵ) e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k)P^2_+ γ_ν gA^+(y_2) gA^+(y_1) ψ(x)|P, S⟩. (7.14) The integration over x_1 and x_2 gives iθ(y^−_1 − x^−) iθ(y^−_2 − y^−_1 ), (7.15) leading to the path ordering.

Dressing a diagram with an A^α_T -gluon with a longitudinal gluon leads to one contribution of the form ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 d^4p_2 (2π)^4 ∫ d^4x ∫ d^4y_1 d^4y_2 e^{i (p−p1−p2 )·x+i p1 ·y1+i p2 ·y2}

×⟨P, S|ψ(0)γ_μΔ(k)γ^− γ^+ (x_2 − iϵ) Q √ 2 γ_α γ^− Q √ 2 γ_ν gA^+(y_2) gA^α_T (y_1) ψ(x)|P, S⟩ = ∫ d^4p d^4k δ^4(p + q − k) ∫ dx_2 2π ∫ d^4x ∫ dy^−_2 e^{−i x2p+(x−−y−2 )} x_2 − iϵ e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k)P_+ γ_αγ^− Q √ 2 γ_ν gA^+(y_2) gA^α_T (x) ψ(x)|P, S⟩. (7.16)

The x_2 integration gives θ(y^−_2 − x^−), the first term of the link. Note that the A^+(y_1)A^α_T (y_2) contribution vanishes at O(1/Q) because of the nonmatching Dirac structure.

As a final note of this section, we look for the contribution that combines with Eq. 7.16 into a covariant derivative. Since the term we consider is O(g^2) and O(1/Q) we expect the i∂^α_T to be in the O(g) contribution also at O(1/Q). Again considering the A^− = 0 gauge, the only part at O(1/Q) that we sofar neglected is coming from the γ_T part of the fermion propagator instead of the γ^+ in Eq. 7.9, − ∫ d^4p d^4k δ^4(p + q − k) ∫ d^4p_1 (2π)^4 ∫ d^4x ∫ d^4y e^{i (p−p1 )·x+i p1·y}

×⟨P, S|ψ(0)γ_μΔ(k)γ^− γ_α(k^α − p^α_1 ) (x_1 − iϵ) Q^2 γ_ν gA^+(y) ψ(x)|P, S⟩ = ∫ d^4p d^4k δ^4(p + q − k) ∫ dx_1 2π ∫ d^4x ∫ dy^− e^{−i x1 p+(x−−y−)}

x_1 − iϵ e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k) γ_αγ^− Q √ 2 γ_ν gA^+(y) i∂^α_T ψ(x)|P, S⟩ + ∫ d^4p d^4k δ^4(p + q − k) (k^α_T − p^α_T ) ∫ dx_1 2π ∫ d^4x ∫ dy^− e^{−i x1 p+(x−−y−)} x_1 − iϵ e^{i p·x}

×⟨P, S|ψ(0)γ_μΔ(k) γ_αγ^− Q √ 2 γ_ν gA^+(y) ψ(x)|P, S⟩. (7.17)

We correctly obtain the first term in the link for the covariant derivative and the p^α_T -term in Eq. 7.7 (and for as far as we now performed the calculation, namely in A^− = 0 gauge the link contribution for the p_T -term arising from g A_T = iD_T − i∂_T in the fragmentation part).

7.2 The O(1/Q) contribution from transverse gluons

Up to O(1/Q) one needs to include the contributions of the handbag diagram, now calculated up to this order with in addition irreducible diagrams with one gluon coupling either to the soft part involving hadron H or the soft part involving hadron h. The expressions thus involve the quark-gluon correlation functions. The full expression for the symmetric and antisymmetric parts of the hadronic tensor are,

2M W^{μν}_S = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) × { −g^{μν}_⊥ [ f_1D_1 + g_{1s}G_{1s} + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ}

M_h f_1D^⊥_{1T} ]

− k^{{μ}_⊥ p^{ν}}_⊥ + (k_⊥ · p_⊥) g^{μν}_⊥ MM_h h^⊥_{1s}H^⊥_{1s} − k^{{μ}_⊥ S^{ν}}_⊥ + (k_⊥ · S_⊥) g^{μν}_⊥ M_h h_{1T} H^⊥_{1s} − p^{{μ}_⊥ S^{ν}}_{h⊥} + (p_⊥ · S_{h⊥}) g^{μν}_⊥ M h^⊥_{1s}H_{1T} −

S^{{μ}_⊥ S^{ν}}_{h⊥} + (S_⊥ · S_{h⊥}) g^{μν}_⊥ h_{1T} H_{1T}

− ( k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ p_{⊥ρ} + p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} ) 2MM_h h^⊥_{1s}H^⊥_1 − ( k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{⊥ρ} + S^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} ) 2M_h h_{1T} H^⊥_1 + 2 t̂^{{μ}k^{ν}}_⊥ Q [ −f_1D_1 + f_1

D^⊥ z_h

− g_{1s}G_{1s} + g_{1s}

G^⊥_s z_h + M M_h x_B h_sH^⊥_{1s} − m M_h g_{1s}H^⊥_{1s} − p_⊥ · S_{h⊥} M h^⊥_{1s}H_{1T} + p_⊥ · S_{h⊥} M h^⊥_{1s}

H^⊥_T z_h

− S_⊥ · S_{h⊥} h_{1T} H_{1T} + S_⊥ · S_{h⊥} h_{1T}

H^⊥_T z_h ]

+ 2 t̂^{{μ}p^{ν}}_⊥ Q [ x_B f^⊥D_1 + x_B g^⊥_s G_{1s} +

M_h M h^⊥_{1s}

H_s z_h − m M h^⊥_{1s}G_{1s} + k^2_⊥ MM_h h^⊥_{1s}H^⊥_{1s}

+ k_⊥ · S_{h⊥} M h^⊥_{1s}H_{1T} + k_⊥ · S_⊥

M_h x_B h^⊥_T H^⊥_{1s} + S_⊥ · S_{h⊥} x_B h^⊥_T H_{1T} ]

+ 2M t̂^{{μ}S^{ν}}_⊥ Q [ x_B g^′_T G_{1s} +

M_h M h_{1T}

H_s z_h − m M h_{1T} G_{1s} + k^2_⊥ MM_h h_{1T} H^⊥_{1s}

− k_⊥ · p_⊥ MM_h x_B h^⊥_T H^⊥_{1s} + k_⊥ · S_{h⊥} M h_{1T} H_{1T} − p_⊥ · S_{h⊥} M x_B h^⊥_T H_{1T} ]

+ 2M_h t̂^{{μ}S^{ν}}_{h⊥} Q [ M M_h x_B h_sH_{1T} + g_{1s}

G^′_T z_h − m M_h g_{1s}H_{1T} + k_⊥ · p_⊥ MM_h h^⊥_{1s}H_{1T}

− k_⊥ · p_⊥ MM_h h^⊥_{1s}

H^⊥_T z_h + k_⊥ · S_⊥ M_h h_{1T} H_{1T} − k_⊥ · S_⊥ M_h h_{1T}

H^⊥_T z_h ]

+ 2 t̂^{{μ}ϵ^{ν}ρ}_⊥ k_{⊥ρ} Q [ λ_hf_1

D^⊥_L z_h + M M_h x_B h_sH^⊥_1 − m M_h g_{1s}H^⊥_1

− k_⊥ · S_{h⊥}

M_h f_1D^⊥_{1T} + p_⊥ · S_{h⊥} M_h x_B f^⊥D^⊥_{1T} ]

+ 2 t̂^{{μ}ϵ^{ν}ρ}_⊥ p_{⊥ρ} Q [ M_h M h^⊥_{1s} H z_h + k^2_⊥ MM_h h^⊥_{1s}H^⊥_1 + k_⊥ · S_⊥ M_h x_B h^⊥_T H^⊥_1 ]

+ 2M t̂^{{μ}ϵ^{ν}ρ}_⊥ S_{⊥ρ} Q [ M_h M h_{1T} H z_h + k^2_⊥ MM_h h_{1T} H^⊥_1 − k_⊥ · p_⊥ MM_h x_B h^⊥_T H^⊥_1 ]

+ 2M_h t̂^{{μ}ϵ^{ν}ρ}_⊥ S_{h⊥ρ} Q [ f_1

D_T z_h + k^2_⊥ M^2_h f_1D^⊥_{1T} − k_⊥ · p_⊥

M^2_h x_B f^⊥D^⊥_{1T} ]} (7.18) and 2M W^{μν}_A = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) × { i ϵ^{μν}_⊥ [ f_1G_{1s} + g_{1s}D_1 ] + i k^{[μ}_⊥ S^{ν]}_{h⊥} M_h g_{1s}D^⊥_{1T}

+i 2 t̂^{[μ}k^{ν]}_⊥ Q [ − M M_h x_B eH^⊥_1 + m M_h f_1H^⊥_1 − λ_h g_{1s}

D^⊥_L z_h + k_⊥ · S_{h⊥} M_h g_{1s}D^⊥_{1T} + p_⊥ · S_{h⊥} M_h m M h^⊥_{1s}D^⊥_{1T} − p_⊥ · S_{h⊥} M_h x_B g^⊥_s D^⊥_{1T}

−S_⊥ · S_{h⊥} M M_h x_B g^′_T D^⊥_{1T} + S_⊥ · S_{h⊥} m M_h h_{1T} D^⊥_{1T} ]

+i 2 t̂^{[μ}p^{ν]}_⊥ Q M_h M h^⊥_{1s}

E_s z_h + i 2M t̂^{[μ}S^{ν]}_⊥ Q M_h M h_{1T}

E_s z_h +i 2M_h t̂^{[μ}S^{ν]}_{h⊥} Q [ −g_{1s}

D_T z_h − k^2_⊥ M^2_h g_{1s}D^⊥_{1T} − k_⊥ · p_⊥ MM_h m M_h h^⊥_{1s}D^⊥_{1T}

+ k_⊥ · p_⊥ M^2_h x_B g^⊥_s D^⊥_{1T} + k_⊥ · S_⊥

M_h M M_h x_B g^′_T D^⊥_{1T} − k_⊥ · S_⊥

M_h m M_h h_{1T} D^⊥_{1T} ]

+i 2 t̂^{[μ}ϵ^{ν]ρ}_⊥ k_{⊥ρ} Q [ f_1

G^⊥_s z_h

− f_1G_{1s} + g_{1s}

D^⊥ z_h

− g_{1s}D_1 + M M_h x_B eH^⊥_{1s} − m M_h f_1H^⊥_{1s} ]

+i 2 t̂^{[μ}ϵ^{ν]ρ}_⊥ p_{⊥ρ} Q [ x_B f^⊥G_{1s} + x_B g^⊥_s D_1 +

M_h M h^⊥_{1s} E z_h − m M h^⊥_{1s}D_1 ]

+i 2M t̂^{[μ}ϵ^{ν]ρ}_⊥ S_{⊥ρ} Q [ x_B g^′_T D_1 +

M_h M h_{1T} E z_h − m M h_{1T} D_1 ]

+i 2M_h t̂^{[μ}ϵ^{ν]ρ}_⊥ S_{h⊥ρ} Q [ f_1

G^′_T z_h + M M_h x_B eH_{1T} − m M_h f_1H_{1T} ]} . (7.19)

Note that one can make the replacement t̂^{[μ}ϵ^{ν]ρ}_⊥ a_{⊥ρ} = ϵ^{μνρσ} a_{⊥ρ}q̂_σ. The quark distribution functions in hadron H depend on x_B and p^2_T , f_1(x_B , p^2_T ) etc., while the quark fragmentation functions into hadron h depend on z_h and −z_hk_T (the perpendicular momentum of hadron h with respect to the quark), D_1(z_h, −z_hk_T ) etc., and we use the shorthand notations

g_{1s} = λ g_{1L} + p_⊥ · S_⊥ M g_{1T} ,

G_{1s} = λ_h G_{1L} + k_⊥ · S_{h⊥} M_h

G_{1T} .

The contractions with the lepton tensor, given in Table 7.1 use azimuthal angles defined with respect to the scattering plane and the (spacelike) virtual photon momentum,

ℓ̂ · a_⊥ = −ℓ̂ · a_⊥ = −|a_⊥| cos(ϕ_a), (7.20) ℓ̂_μϵ^{μν}_⊥ a_{⊥ν} ≡ ℓ̂ ∧ a_⊥ = |a_⊥| sin(ϕ_a), (7.21)

where we have used a_⊥ ∧ b_⊥ ≡ ϵ^{ρσ}_⊥ a_{⊥ρ}b_{⊥σ}. In many cases it is convenient to express the tensors in W^{μν} with respect to measured directions, i.e. x̂ = −ĥ and ŷ^μ = ϵ^{μν}_⊥ x̂_ν ,

k^μ_⊥ − p^μ_⊥ = −P_{h⊥}/z = −Q_T ĥ^μ, (7.22)

Table 7.1: Contractions of the lepton tensor L^{(ℓH)}_{μν} with tensor structures appearing in the hadron tensor.

w^{μν} L_{μν} w^{μν}

−g^{μν}_⊥^{4Q2}_{y2} ( 1 − y +^1_2 y^2 )

a^{{μ}_⊥ b^{ν}}_⊥ − (a_⊥ · b_⊥) g^{μν}_⊥^{4Q2}_{y2} (1 − y) |a_⊥| |b_⊥| cos(ϕ_a + ϕ_b) 1 2 ( a^{{μ}_⊥ ϵ^{ν}ρ}_⊥ b_{⊥ρ} + b^{{μ}_⊥ ϵ^{ν}ρ}_⊥ a_{⊥ρ} ) −^{4Q2}_{y2} (1 − y) |a_⊥| |b_⊥| sin(ϕ_a + ϕ_b)

= a^{{μ}_⊥ ϵ^{ν}ρ}_⊥ b_{⊥ρ} − (ϵ^{ρσ}_⊥ a_{⊥ρ}b_{⊥σ}) g^{μν}_⊥ = a^μ_⊥ϵ^{νρ}_⊥ b_{⊥ρ} + b^μ_⊥ϵ^{νρ}_⊥ a_{⊥ρ} + (a_⊥ · b_⊥) ϵ^{μν}_⊥

t̂^{{μ}a^{ν}}_⊥ −^{4Q2}_{y2} (2 − y)√1 − y |a_⊥| cos ϕ_a

t̂^{{μ} ϵ^{ν}ρ}_⊥ a_{⊥ρ}^{4Q2}_{y2} (2 − y)√1 − y |a_⊥| sin ϕ_a

i ϵ^{μν}_⊥ λ_e^{4Q2}_{y2} y ( 1 −^y_2 )

i a^{[μ}_⊥ b^{ν]}_⊥ λ_e^{4Q2}_{y2} y ( 1 −^y_2 ) |a_⊥| |b_⊥| sin(ϕ_b − ϕ_a)

i t̂^{[μ}a^{ν]}_⊥ −λ_e^{4Q2}_{y2} y √ 1 − y |a_⊥| sin ϕ_a

i t̂^{[μ} ϵ^{ν ]ρ}_⊥ a_{⊥ρ} −λ_e^{4Q2}_{y2} y √ 1 − y |a_⊥| cos ϕ_a

a^μ_⊥ = (ĥ · a_⊥) ĥ^μ + (ĥ ∧ a_⊥) ϵ^{μρ}_⊥ ĥ_ρ, (7.23)

ϵ^{μρ}_⊥ a_{⊥ρ} = −(ĥ ∧ a_⊥) ĥ^μ + (ĥ · a_⊥) ϵ^{μρ}_⊥ ĥ_ρ, (7.24)

a^{{μ}_⊥ b^{ν}}_⊥ − (a_⊥ · b_⊥) g^{μν}_⊥ = [ 2 (ĥ · a_⊥)(ĥ · b_⊥) − (a_⊥ · b_⊥) ] 2 ĥ^μĥ^ν + g^{μν}_⊥ + [ (ĥ · a_⊥)(ĥ ∧ b_⊥) + (ĥ ∧ a_⊥)(ĥ · b_⊥) ] ĥ^{{μ}ϵ^{ν }ρ}_⊥ ĥ_ρ, (7.25) 1 2 ( a^{{μ}_⊥ ϵ^{ν}ρ}_⊥ b_{⊥ρ} + b^{{μ}_⊥ ϵ^{ν }ρ}_⊥ a_{⊥ρ} ) = − [ (ĥ · a_⊥)(ĥ ∧ b_⊥) + (ĥ ∧ a_⊥)(ĥ · b_⊥) ] 2 ĥ^μĥ^ν + g^{μν}_⊥ + [ 2 (ĥ · a_⊥)(ĥ · b_⊥) − (a_⊥ · b_⊥) ] ĥ^{{μ}ϵ^{ν }ρ}_⊥ ĥ_ρ, (7.26)

a^{[μ}_⊥ b^{ν]}_⊥ = [ (ĥ · a_⊥)(ĥ ∧ b_⊥) − (ĥ ∧ a_⊥)(ĥ · b_⊥) ] ĥ^{[μ}ϵ^{ν ]ρ}_⊥ ĥ_ρ = (a_⊥ ∧ b_⊥) ϵ^{μν}_⊥ . (7.27)

This allows one to pull the tensor structure outside the integration over transverse momenta. A useful relation is ĥ · (p_⊥ + k_⊥) = (p^2_⊥ − k^2_⊥)/Q_T .

In the next sections we will consider the cases of production of unpolarized and polarized leptoproduction separately, that means either one sums over all final state configurations of, say, a produced particle, or one determines from the final state configurations the spin vector S_h (characterized by λ_h and S_{hT} ) that determines the production matrix. For each of the above cases we will consider separately the case of unpolarized (O) and longitudinally polarized (L) leptons and of unpolarized (O), longitudinally polarized (L) or transversely polarized initial hadron state (T).

7.3 Lepto-production integrated over transverse momenta

The hadronic tensor simplifies to 2M ∫ d^2P_{h⊥} W^{μν} = 2z_h { −g^{μν}_⊥ [ f_1D_1 + λλ_h g_1G_1 ] − S^{{μ}_⊥ S^{ν}}_{h⊥} + (S_⊥ · S_{h⊥}) g^{μν}_⊥ h_1H_1

+i ϵ^{μν}_⊥ [ f_1λ_h G_1 + λ g_1D_1 ]

+λ_h

2M t̂^{{μ}S^{ν}}_⊥ Q [ x_B g_T G_1 +

M_h M h_1

H^L

z_h

+ H^{⊥(1)}_{1L} − m M_h

G_1 ]

+λ 2M_h t̂^{{μ}S^{ν}}_{h⊥} Q [ M M_h x_B h_LH_1 + g_1

G^T

z_h

− G^{(1)}_{1T} − m M_h

H_1 ]

+ 2M_h t̂^{{μ}ϵ^{ν}ρ}_⊥ S_{⊥ρ} Q h_1 H z_h

+ H^{⊥(1)}_1

+ 2M^h t̂^{{μ}ϵ^{ν}ρ}⊥ S^{h⊥ρ} Q f_1

D^T z_h

+ D^{⊥(1)}_{1T}

+iλ_h

2Mt̂^{[μ}S^{ν]}_⊥ Q M_h M h_1

E_L z_h

− iλ

2M_h t̂^{[μ}S^{ν]}_{h⊥} Q g_1

D^T z_h

+ D^{⊥(1)}_{1T} +i 2M_h t̂^{[μ}ϵ^{ν ]ρ}_⊥ S_{h⊥ρ} Q [ M M_h

2x_B eH_1 + f_1

G^T

z_h

− G^{(1)}_{1T} − m M_h

H_1 ]

+i 2M t̂^{[μ}ϵ^{ν ]ρ}_⊥ S_{⊥ρ} Q [ x_B g_T D_1 +

M_h M h_1 E z_h − m M_h

D_1 ]} , (7.28)

where the quark distribution functions in hadron H depend on x_B , while the quark fragmentation functions into hadron h depend on z_h.

7.3.1 Unpolarized leptons and hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = −g^{μν}_⊥ 2z f_1(x_B )D_1(z) +

2M_h t̂^{{μ}ϵ^{ν}ρ}_⊥ S_{h⊥ρ} Q 2z f_1(x_B )

D^T z_h

(z) + D^{⊥(1)}_{1T} (z)

. (7.29)

The semi-inclusive cross section is given by

dσ_{OO} (ℓH → ℓ^′⃗hX) dx_B dy dz = 4πα^2 s Q^4 { y^2 2 + 1 − y x_B f_1(x_B ) D_1(z)

+2|S_{h⊥}| (2 − y) √ 1 − y sin(ϕ^h_s )

M_h Q x_B f_1(x_B )

D^T

z_h

(z) + D^{⊥(1)}_{1T} (z) } .(7.30)

We remind that D^{⊥(1)}_{1T} is related to D_T via

D^{⊥(1)}_{1T} (z) = −z

∫_1 z dy D_T (y) y^3

, (7.31)

or equivalently D_T z_h

(z) + D^{⊥(1)}_{1T} (z) = z d dz D^{⊥(1)}_{1T} . (7.32)

7.3.2 Unpolarized leptons and longitudinally polarized hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = −g^{μν}_⊥ λ λ_h 2z g_1(x_B )G_1(z) + 2M_h t̂^{{μ}S^{ν}}_{h⊥} Q λ [ M M_h

2x_B z h_L(x_B )H_1(z) + 2z g_1(x_B )

G̃_T (z) z ] , (7.33) where G̃_T (z) z = G_T (z) z − G^{(1)}_{1T} (z) − m M_h

H_1(z) (7.34)

is a pure quark-quark-gluon (twist-three) matrix element. The semi-inclusive cross section is given by

dΔσ_{OL} (ℓ ⃗H → ℓ^′⃗hX) dx_B dy dz = 4πα^2 s Q^4 λ { λ_h y^2 2 + 1 − y x_B g_1(x_B ) G_1(z)

−2|S_{h⊥}| (2 − y) √ 1 − y cos(ϕ^h_s ) [ M Q x^2_B h_L(x_B )H_1(z) +

M_h Q x_B g_1(x_B )

G̃_T (z) z ]} .(7.35)

where Δσ_{OL} indicates that only the part involving polarization is given, which can be extracted as a cross section difference, e.g. between λ = 1 and λ = -1.

7.3.3 Unpolarized leptons and transversely polarized hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = −

S^{{μ}_⊥ S^{ν}}_{h⊥} + (S_⊥ · S_{h⊥}) g^{μν}_⊥

2z h_1(x_B )H_1(z)

+ 2M t̂^{{μ}S^{ν}}_⊥ Q λ_h [ 2x_B z g_T (x_B )G_1(z) +

M_h M 4z h_1(x_B )

H̃_L(z) z ]

+ 2M_h t̂^{{μ}ϵ^{ν}ρ}_⊥ S_{⊥ρ} Q 2z h_1(x_B )

H̃(z) z , (7.36)

where H̃_L(z) z = H_L(z) z + ∫ d^2k_T k^2_T 2M^2_h

H^⊥_{1L}(z, −zk_T ) − m M_h

G_1(z) (7.37)

H̃(z) z = H(z) z + ∫ d^2k_T k^2_T M^2_h

H^⊥_1 (z, −zk_T ) (7.38)

are pure quark-quark-gluon matrix elements. The semi-inclusive cross section is given by

dΔσ_{OT} (ℓ ⃗H → ℓ^′⃗hX) dx_B dy dz = 4πα^2 s Q^4

|S_⊥| { 2 (2 − y) √ 1 − y sin(ϕ_s)

M_h Q x_B h_1(x_B )

H̃(z) z −2λ_h (2 − y) √ 1 − y cos(ϕ_s) [ M Q x^2_B g_T (x_B )G_1(z) +

M_h Q x_B h_1(x_B )

H̃_L(z) z ]

−|S_{h⊥}| (1 − y) cos(ϕ_s + ϕ^h_s ) x_B h_1(x_B )H_1(z) } . (7.39)

7.3.4 Polarized leptons and unpolarized hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = i ϵ^{μν}_⊥ λ_h 2z f_1(x_B )G_1(z) +i 2M_h t̂^{[μ}ϵ^{ν ]ρ}_⊥ S_{h⊥ρ} Q [ M M_h

2x_B z e(x_B )H_1(z) + 2z f_1(x_B )

G̃_T (z) z ] . (7.40)

The semi-inclusive cross section is given by dΔσ_{LO} (⃗ℓH → ℓ^′⃗hX)

dx_B dy dz = 4πα^2 s

Q^4 λ_e { λ_h y

1 − y 2 x_B f_1(x_B ) G_1(z)

−2 |S_{h⊥}| y √ 1 − y cos(ϕ^h_s ) [ M Q x^2_B e(x_B )H_1(z) +

M_h Q x_B f_1(x_B )

G̃_T (z) z ]} .(7.41)

7.3.5 Polarized leptons and longitudinally polarized hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = i ϵ^{μν}_⊥ λ 2z g_1(x_B )D_1 − i

2M_h t̂^{[μ}S^{ν]}_{h⊥} Q λ 2z g_1(x_B )

D^T z_h

(z) + D^{⊥(1)}_{1T} (z)

. (7.42)

The semi-inclusive cross section is given by

dΔσ_{LL}(⃗ℓ ⃗H → ℓ^′⃗hX) dx_B dy dz = 4πα^2 s

Q^4 λ_e λ { y 1 − y 2 x_B g_1(x_B ) D_1(z)

+2 |S_{h⊥}| y √ 1 − y sin(ϕ^h_s )

M_h Q x_B g_1(x_B )

D^T z_h

(z) + D^{⊥(1)}_{1T} (z) } . (7.43)

7.3.6 Polarized leptons and transversely polarized hadrons

The relevant part of the hadronic tensor is 2M ∫ d^2P_{h⊥} W^{μν} = i

2M_ht̂^{[μ}S^{ν]}_⊥ Q λ_h 2z h_1(x_B )

E_L(z) z +i 2M t̂^{[μ}ϵ^{ν ]ρ}_⊥ S_{⊥ρ} Q [ 2x_B z g_T (x_B )D_1(z) +

M_h M 2z h_1(x_B )

Ẽ(z) z ] , (7.44)

where Ẽ(z) z = E(z) z − m M_h

D_1(z). (7.45)

The semi-inclusive cross section is given by

dΔσ_{LT} (⃗ℓ ⃗H → ℓ^′⃗hX) dx_B dy dz = 4πα^2 s

Q^4 λ_e |S_⊥| { −2 y √ 1 − y cos(ϕ_s) [ M Q x^2_B g_T (x_B )D_1(z) +

M_h Q x_B h_1(x_B )

Ẽ(z) z ]

−2 λ_h y √ 1 − y sin(ϕ_s)

M_h Q x_B h_1(x_B )

Ẽ_L(z) z } . (7.46)

7.4 Transverse momenta in lepto-production without polarization in the final state

In the case that no polarization in the final state is observed or for the case that a spin 0 particle is produced (e.g. semi-inclusive leptopionproduction, the hadronic tensor simplifies to:

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T × { −g^{μν}_⊥ 2z f_1D_1 + i ϵ^{μν}_⊥ 2z g_{1s}D_1

+ ( k_{⊥ρ}ϵ^{ρ{μ}_⊥ p^{ν}}_⊥ + p_{⊥ρ}ϵ^{ρ{μ}_⊥ k^{ν}}_⊥ ) 2MM_h

2zh^⊥_{1s}H^⊥_1 + ( k_{⊥ρ}ϵ^{ρ{μ}_⊥ S^{ν}}_⊥ + S_{⊥ρ}ϵ^{ρ{μ}_⊥ k^{ν}}_⊥ ) 2M_h

2zh_{1T} H^⊥_1 + t̂^{{μ}k^{ν}}_⊥ Q [ −4z f_1D_1 + 4 f_1D^⊥ ] + t̂^{{μ}p^{ν}}_⊥ Q 4xz f^⊥D_1 + k_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ − M M_h

4xz h_sH^⊥_1 + m M_h

4z g_{1s}H^⊥_1 ]

+ p_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ − M_h M 4 h^⊥_{1s}H − k^2_⊥ MM_h

4z h^⊥_{1s}H^⊥_1 − k_⊥ · S_⊥ M_h

4xz h^⊥_T H^⊥_1 ]

+ M S_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ − M_h M 4 h_{1T} H − k^2_⊥ MM_h

4z h_{1T} H^⊥_1 + k_⊥ · p_⊥ MM_h

4xz h^⊥_T H^⊥_1 ]

+i t̂^{[μ}k^{ν]}_⊥ Q [ − M M_h

4xz eH^⊥_1 + m M_h

4z f_1H^⊥_1 ]

+i k_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4 g_{1s}D^⊥ − 4z g_{1s}D_1 ]

+i p_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4xz g^⊥_s D_1 +

M_h M 4 h^⊥_{1s}E − m M 4z h^⊥_{1s}D_1 ]

+i M S_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4xz g^′_T D_1 +

M_h M 4 h_{1T} E − m M 4z h_{1T} D_1 ]} (7.47)

We will again consider all situations separately for different polarizations of the lepton and target hadrons.

7.4.1 ℓH → ℓ^′hX (unpolarized hadrons)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) × { −g^{μν}_⊥ 2z f_1D_1

+ t̂^{{μ}k^{ν}}_⊥ Q [ −4z f_1D_1 + 4 f_1D^⊥ ] + t̂^{{μ}p^{ν}}_⊥ Q 4xz f^⊥D_1 }

= −g^{μν}_⊥ 2z I[f_1D_1] + t̂^{{μ}ĥ^{ν}} Q ( 4z I [ (ĥ · k_⊥) f_1

D^⊥ z − D_1 ] + 4xz I [ (ĥ · p_⊥) f^⊥D_1 ] ) , (7.48)

where the last expression involves integrals of the type I [ (ĥ · p_⊥) f^⊥D_1 ] (x_B , z) = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) (ĥ · p_T ) f^⊥(x_B , p_T )D_1(z, −zk_T ), (7.49)

with q_T = −P_{h⊥}/z = Q_T ĥ. Note that a contribution proportional to ĥ_ρϵ^{ρ {μ}t̂^{ν}} appears, but it is multiplied with integrals of the type I[(ĥ ∧ p_⊥)f_1(x_B , |p_⊥|)D(z, z|Q_T ĥ − p_⊥|)], which vanish.

The most explicit differential cross section is immediately obtained from the first expression for the hadronic tensor and is given by dσ_{OO} (ℓ + H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s Q^4 { y^2 2 + 1 − y

xB f1 D1

+2(2 − y) √ 1 − y

|P_{h⊥}| zQ cos(ϕ_h) x_B f_1

D^⊥ z − D_1

−2(2 − y) √ 1 − y

|p_⊥| Q cos(ϕ_j )

x^2_B f^⊥D1 − xB f1D1 + xB f1

D^⊥ z } , (7.50)

where the arguments of distribution and fragmentation functions are f_1(x_B , p_⊥), D_1(z, P_{h⊥} − zp_⊥), etc.

The semi-inclusive cross section where the jet direction is not determined can be found also from the (first) most general expression above, but this is cumbersome, since one must be aware that integrating over d^2p_⊥, the argument of the fragmentation functions depend on P_{h⊥} − zp_⊥. It is easier to start with the second expression for the hadronic tensor and obtain

dσ_{OO} (ℓ + H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s Q^4 { y^2 2 + 1 − y I[xB f1 D1]

−2(2 − y) √ 1 − y cos(ϕ_h) ( M_h Q I [ ĥ · k_⊥ M_h x_B f_1

D^⊥ z − D_1 ]

+ M Q I [ ĥ · p_⊥ M x^2_B f^⊥D_1 ])} , (7.51)

which involves the above defined convolutions over distribution and fragmentation functions.

Returning to the previous cross section, one can integrate over the transverse momenta of the produced hadrons in the jet and find

dσ_{OO} (ℓ + H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 { y^2 2 + 1 − y xB f1(xB , p_⊥) D1(z)

−2(2 − y) √ 1 − y

|p_⊥| Q cos(ϕ_j ) x^2_B f^⊥(x_B , p_⊥)D_1(z) } , (7.52)

where the arguments of distribution and fragmentation functions are f_1(x_B , p_⊥), D_1(z), etc. Integrating also over the transverse momentum of the jet we obtain the result discussed earlier, dσ_{OO} (ℓ + H → ℓ^′ + X) dx_B dy dz = 4πα^2 s

Q^4 y^2 2 + 1 − y

xB f1(xB )D1(z). (7.53)

7.4.2 ℓ ⃗H → ℓ^′hX (longitudinally polarized target)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T )

×λ { ( k_{⊥ρ}ϵ^{ρ{μ}_⊥ p^{ν}}_⊥ + p_{⊥ρ}ϵ^{ρ{μ}_⊥ k^{ν}}_⊥ ) 2MM_h

2zh^⊥_{1L}H^⊥_1

+ k_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ − M M_h

4xz h_LH^⊥_1 + m M_h

4z g_{1L}H^⊥_1 ]

+ p_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ − M_h M 4 h^⊥_{1L}H − k^2_⊥ MM_h

4z h^⊥_{1L}H^⊥_1 ]} .

= λ { ĥ_ρϵ^{ρ {μ}_⊥ ĥ^{ν}} 2z I [ 2 (ĥ · k_⊥)(ĥ · p_⊥) − k_⊥ · p_⊥ MM_h h^⊥_{1L}H^⊥_1 ]

−ĥ_ρϵ^{ρ{μ}_⊥ t̂^{ν}} ( M Q 4z I

[ ĥ · k_⊥

M_h x h_L − m M g_{1L}

H^⊥_1 ]

+ M_h Q 4z I

[ ĥ · p_⊥ M h^⊥_{1L} H z + k^2_⊥ M^2_h

H^⊥_1 ])} . (7.54)

The most explicit differential cross section is given by

dΔσ_{OL} (ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s Q^4 λ { −(1 − y)

|P_{h⊥}| |p_⊥| zMM_h sin(ϕ_h + ϕ_j ) x_B h^⊥_{1L}H^⊥_1

+(1 − y) p^2_⊥ MM_h sin(2ϕ_j ) x_B h^⊥_{1L}H^⊥_1

−2(2 − y) √ 1 − y

|P_{h⊥}| zQ sin ϕ_h M M_h x_B x_B h_L − m M g_{1L}

H^⊥_1

+2(2 − y) √ 1 − y

|p_⊥| Q sin ϕ_j [ M M_h x_B x_B h_L − m M g_{1L}

H^⊥_1

+ M_h M x_B h^⊥_{1L} H z + k^2_⊥ M^2_h

H^⊥_1 ]} , (7.55)

where the arguments of distribution and fragmentation functions are h^⊥_{1L}(x_B , p_⊥), etc. and H^⊥_1 (z, P_{h⊥} − zp_⊥), etc. The cross section averaged over the jet angle is found from the second form for W^{μν} ,

dΔσ_{OL} (ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s

Q^4 λ { (1 − y) sin(2ϕ_h) I [ 2 (ĥ · k_⊥)(ĥ · p_⊥) − k_⊥ · p_⊥ MM_h x_B h^⊥_{1L}H^⊥_1 ]

+2(2 − y) √ 1 − y sin ϕ_h ( M Q I [ ĥ · k_⊥

M_h x_B x_B h_L − m M g_{1L}

H^⊥_1 ]

+ M_h Q I [ ĥ · p_⊥ M x_B h^⊥_{1L} H z + k^2_⊥ M^2_h

H^⊥_1 ] )} . (7.56)

Integrating over the transverse momenta of the produced hadrons in the jet one obtains

dΔσ_{OL} (ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 λ { +2(2 − y) √ 1 − y

|p_⊥| Q sin ϕ_j

M_h M x_B h^⊥_{1L}(x_B , p_⊥)

H̃(z) z } , (7.57) where h^⊥_{1L}(x_B , p_⊥) is a ’leading twist’ distribution and the fragmentation function H̃(z),

H̃(z) z = ∫ d^2k_T

H̃(z, k_T ) z = ∫ d^2k_T H z + k^2_T M^2_h

H^⊥_1

, (7.58)

is a ’twist three’ quark-quark-gluon matrix element.

7.4.3 ℓ ⃗H → ℓ^′hX (transversely polarized target)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T )

× {( k_{⊥ρ}ϵ^{ρ{μ}_⊥ p^{ν}}_⊥ + p_{⊥ρ}ϵ^{ρ{μ}_⊥ k^{ν}}_⊥ ) 2MM_h p_⊥ · S_⊥ M 2zh^⊥_{1T} H^⊥_1

+ ( k_{⊥ρ}ϵ^{ρ{μ}_⊥ S^{ν}}_⊥ + S_{⊥ρ}ϵ^{ρ{μ}_⊥ k^{ν}}_⊥ ) 2M_h

2zh_{1T} H^⊥_1 − k_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q p_⊥ · S_⊥

M_h 4z x h_T − m M g_{1T}

H^⊥_1

− p_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ M_h M p_⊥ · S_⊥ M 4 h^⊥_{1T} H + k^2_⊥ M^2_h zH^⊥_1 + k_⊥ · S_⊥ M_h

4xz h^⊥_T H^⊥_1 ]

− M S_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} Q [ M_h M 4 h_{1T} H + k^2_⊥ M^2_h zH^⊥_1 − k_⊥ · p_⊥ MM_h

4xz h^⊥_T H^⊥_1 ]}

= 1 2 ( ĥ_ρϵ^{ρ {μ}_⊥ S^{ν}}_⊥ + S_{⊥ρ}ϵ^{ρ {μ}_⊥ ĥ^{ν}}_⊥ ) I [ (ĥ · k_⊥) M_h

2z h_1H^⊥_1 ]

+ ĥ_ρϵ^{ρ {μ}_⊥ ĥ^{ν}} (ĥ · S_⊥) I

[ 4 (ĥ · p_⊥)2(ĥ · k_⊥) − p2_⊥ (ĥ · k_⊥) − 2 (ĥ · p_⊥)(k_⊥ · p_⊥) 2 M^2 M_h

2z h^⊥_{1T} H^⊥_1 ]

+ 2 ĥ^μĥ^ν + g^{μν}_⊥

(ĥ ∧ S_⊥) × I [ 2 (ĥ · p_⊥)(k_⊥ · p_⊥) + p2_⊥ (ĥ · k_⊥) − 4 (ĥ · p_⊥)2(ĥ · k_⊥) 2 M^2 M_h

2z h^⊥_{1T} H^⊥_1 ]

− S_{⊥ρ}ϵ^{ρ{μ}_⊥ t̂^{ν}} ( M Q I [ k_⊥ · p_⊥ 2MM_h 4z x_B h_T − m M g_{1T} − x_B h^⊥_T

H^⊥_1 ]

+ M_h Q I [ 4z h_1 H z + k^2_⊥ M^2_h

H^⊥_1 ] )

− h_ρϵ^{ρ {μ}_⊥ t̂^{ν}} (ĥ · S_⊥) ( M_h Q I [ 2 (ĥ · p_⊥)2 − p2_⊥ 2M^2

4z h^⊥_{1T} H z + k^2_⊥ M^2_h

H^⊥_1 ]

+ M Q I [ 2 (ĥ · k_⊥)(ĥ · p_⊥) − k_⊥ · p_⊥ 2MM_h 4z x_B h_T − m M g_{1T} + x_B h^⊥_T

H^⊥_1 ] )

− ĥ^{{μ}t̂^{ν}} (ĥ ∧ S_⊥) ( M_h Q I [ p2_⊥ − 2 (ĥ · p_⊥)2 2M^2

4z h^⊥_{1T} H z + k^2_⊥ M^2_h

H^⊥_1 ]

+ M Q I [ k_⊥ · p_⊥ − 2 (ĥ · k_⊥)(ĥ · p_⊥) 2MM_h 4z x_B h_T − m M g_{1T} + x_B h^⊥_T

H^⊥_1 ] )

(7.59)

The most explicit differential cross section is given by dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s

Q^4

|S_⊥| { (1 − y)

|p_⊥| M_h sin(ϕ_j + ϕ_s) x_B h_1H^⊥_1

+(1 − y)

|p_⊥|^3 2 M^2 M_h sin(3ϕ_j − ϕ_s) x_B h^⊥_{1T} H^⊥_1

−(1 − y)

|P_{h⊥}| zM_h sin(ϕ_h + ϕ_s) x_B h_1H^⊥_1

−(1 − y) p^2_⊥ |P_{h⊥}| 2 M^2 M_h sin(2ϕ_j + ϕ_h − ϕ_s) x_B h^⊥_{1T} H^⊥_1

+2(2 − y) √ 1 − y

M_h Q sin(ϕ_s) x_B h_1 H̃ z +2(2 − y) √ 1 − y

M_h Q p^2_⊥ 2 M^2 sin(2ϕ_j − ϕ_s) x_B h^⊥_{1T} H̃ z +2(2 − y) √ 1 − y p^2_⊥ 2M_h Q sin(2ϕ_j − ϕ_s) x_B x_B h_T − m M g_{1T} − x_B h^⊥_T

H^⊥_1

+2(2 − y) √ 1 − y p^2_⊥ 2M_h Q sin(ϕ_s) x_B x_B h_T − m M g_{1T} + x_B h^⊥_T

H^⊥_1

−2(2 − y) √ 1 − y

|p_⊥| |P_{h⊥}| 2z M_h Q sin(ϕ_h + ϕ_j − ϕ_s) x_B x_B h_T − m M g_{1T} − x_B h^⊥_T

H^⊥_1

−2(2 − y) √ 1 − y

|p_⊥| |P_{h⊥}| 2z M_h Q sin(ϕ_h − ϕ_j + ϕ_s) x_B x_B h_T − m M g_{1T} + x_B h^⊥_T

H^⊥_1 } , (7.60)

where the distribution functions depend on x_B and p_⊥ and the fragmentation functions depend on z and z^2k^2_⊥ = (P_{h⊥} − zp_⊥)^2. We have used or can use

h_1(x_B , p_T ) = h_{1T} (x_B , p_T ) + p^2_T 2 M^2 h^⊥_{1T} (x_B , p_T ),

x_B h_T (x_B , p_T ) − m M g_{1T} (x_B , p_T ) − x_B h^⊥_T (x_B , p_T ) = −2 h_1(x_B , p_T ) + x_Bh̃^⊥_{1L}(x_B , p_T ),

x_B h_T (x_B , p_T ) − m M g_{1T} (x_B , p_T ) + x_B h^⊥_T (x_B , p_T ) = − p^2_T M^2 h^⊥_{1T} (x_B , p_T ) + x_B ( h̃_T (x_B , p_T ) + h̃^⊥_T (x_B , p_T ) ) . (7.61)

Integrating only over the jet directions one obtains dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s

Q^4

|S_⊥| { (1 − y) sin(ϕ_h + ϕ_s) I

[ ĥ · k_⊥ M_h x_B h_1H^⊥_1 ]

+(1 − y) sin(3ϕ_h − ϕ_s) I

[ 4(ĥ · p_⊥)2(ĥ · k_⊥) − 2(ĥ · p_⊥)(k_⊥ · p_⊥) − p2_⊥ (ĥ · k_⊥) 2 M^2 M_h x_B h^⊥_{1T} H^⊥_1 ]

+2(2 − y) √ 1 − y sin(ϕ_s) ( M_h Q I [ x_B h_1 H̃ z ]

+ M Q I [ 2 (ĥ · p_⊥)(ĥ · k_⊥) − k_⊥ · p_⊥ 2MM_h x_B x_B h_T − m M g_{1T} + x_B h^⊥_T

H^⊥_1 ] )

+2(2 − y) √ 1 − y sin(2ϕ_h − ϕ_s) ( M_h Q I [ 2 (ĥ · p_⊥)2 − p2_⊥ 2 M^2 x_B h^⊥_{1T} H̃ z ]

+ M Q I [ k_⊥ · p_⊥ − 2(ĥ · p_⊥)(ĥ · k_⊥) 2MM_h x_B x_B h_T − m M g_{1T} − x_B h^⊥_T

H^⊥_1 ])} . (7.62) The cross section integrated over the transverse momenta of hadrons h within the jet becomes

dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4

|S_⊥| { 2(2 − y) √ 1 − y

M_h Q sin ϕ_s x_B h_1(x_B , p_⊥)

H̃(z) z +2(2 − y) √ 1 − y

M_h Q p^2_⊥ 2 M^2 sin(2ϕ_j − ϕ_s) x_B h^⊥_{1T} (x_B , p_⊥)

H̃(z) z } , (7.63)

where the fragmentation function is integrated over transverse momenta. Integrating further over the jet angle one finds

dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz = 4πα^2 s

Q^4

|S_⊥| 2(2 − y) √ 1 − y

M_h Q sin ϕ_s x_B h_1(x_B )

H̃(z) z . (7.64)

7.4.4 ⃗ℓH → ℓ^′hX (unpolarized hadrons)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) × { i t̂^{[μ}k^{ν]}_⊥ Q [ − M M_h

4xz eH^⊥_1 + m M_h

4z f_1H^⊥_1 ]}

= −i t̂^{[μ}ĥ^{ν]} M Q 4z I

[ ĥ · k_⊥

M_h x e − m M f_1

H^⊥_1 ] (7.65)

The most explicit differential cross section is given by

dΔσ_{LO} (⃗ℓ + H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s

Q^4 { 2λ_ey √ 1 − y

|p_⊥| Q sin ϕ_j M M_h x_B x_B e − m M f_1

H^⊥_1

−2λ_ey √ 1 − y

|P_{h⊥}| zQ sin ϕ_h M M_h x_B x_B e − m M f_1

H^⊥_1 } , (7.66) where the arguments of distribution and fragmentation functions are ẽ(x_B , p_⊥), etc. and H^⊥_1 (z, P_{h⊥}−zp_⊥). Integrating over the transverse momenta of the produced hadrons in the jet one obtains zero. Integrating over the jet angle the result is

dΔσ_{LO} (⃗ℓ + H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s Q^4

2λ_ey √ 1 − y sin ϕ_h M Q I [ ĥ · k_⊥ M_h x_B x_B e − m M f_1

H^⊥_1 ] . (7.67)

7.4.5 ⃗ℓ ⃗H → ℓ^′hX (longitudinally polarized target)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) × λ { i ϵ^{μν}_⊥ 2z g_{1L}D_1

+i k_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4 g_{1L}D^⊥ − 4z g_{1L}D_1 ]

+i p_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4xz g^⊥_L D_1 +

M_h M 4 h^⊥_{1L}E − m M 4z h^⊥_{1L}D_1 ]} .

λ { i ϵ^{μν}_⊥ 2z I [ g_{1L}D_1 ] + i ĥ_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} ( M_h Q 4z I

[ ĥ · k_⊥ M_h g_{1L}

D^⊥ z − D_1 ]

+ M Q 4z I

[ ĥ · p_⊥ M xg^⊥_L D_1 ] + M_h Q 4z I

[ ĥ · p_⊥ M h^⊥_{1L} E z − m M D_1 ] )} . (7.68)

The most explicit differential cross section is given by

dΔσ_{LL}(⃗ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s

Q^4 λ_eλ { y ( 1 − y 2 ) x_B g_{1L} D_1

−2y √ 1 − y

|p_⊥| Q cos(ϕ_j ) [ x^2_B g^⊥_L D_1 + x_B g_{1L}

D^⊥ z − D_1

+ M_h M x_B h^⊥_{1L} E z − m M_h

D_1 ]

+2y √ 1 − y

|P_{h⊥}| z Q cos(ϕ_h) x_B g_{1L}

D^⊥ z − D_1 } , (7.69)

where the distribution functions depend on x_B and p_⊥ and the fragmentation functions depend on z and z^2k^2_⊥ = (P_{h⊥} − zp_⊥)^2. Integrating only over the jet angle one finds dΔσ_{LL} (⃗ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s

Q^4 λ_eλ { y ( 1 − y 2 ) I [x_B g_{1L} D_1]

−2y √ 1 − y cos(ϕ_h) ( M_h Q I [ ĥ · k_⊥ M_h x_B g_{1L}

D^⊥ z − D_1 ]

+ M Q I [ ĥ · p_⊥ M x^2_B g^⊥_L D_1 ]

+ M_h Q I [ ĥ · p_⊥ M x_B h^⊥_{1L} E z − m M D_1 ] )} . (7.70)

Integrating over the transverse momenta of the produced hadrons we obtain

dΔσ_{LL} (⃗ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 λ_eλ { y ( 1 − y 2 ) x_B g_{1L} D_1

−2y √ 1 − y

|p_⊥| Q cos(ϕ_j ) [ x^2_B g^⊥_L D_1 +

M_h M x_B h^⊥_{1L} E z − m M_h

D_1 ]} ,(7.71)

with the fragmentation function integrated over k_T , and thus only depending on z. Integrating also over the transverse jet momentum, one is left with the leading result for longitudinally polarized targets,

dσ_{LL}(⃗ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz = 4πα^2 s

Q^4 λ_eλ y ( 1 − y 2 ) x_B g_1(x_B ) D_1(z). (7.72)

7.4.6 ⃗ℓ ⃗H → ℓ^′hX (transversely polarized target)

The hadronic tensor is given by

2M W^{μν} = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) × { i ϵ^{μν}_⊥ p_⊥ · S_⊥ M 2z g_{1T} D_1

+i k_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q p_⊥ · S_⊥ M [ 4 g_{1T} D^⊥ − 4z g_{1T} D_1 ]

+i p_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q p_⊥ · S_⊥ M [ 4xz g^⊥_T D_1 +

M_h M 4 h^⊥_{1T} E − m M 4z h^⊥_{1T} D_1 ]

+i M S_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} Q [ 4xz g^′_T D_1 +

M_h M 4 h_{1T} E − m M 4z h_{1T} D_1 ]} .

= i ϵ^{μν}_⊥ (ĥ · S_⊥) 2z I

[ ĥ · p_⊥ M g_{1T} D_1 ]

+ i ĥ_ρϵ^{ρ [μ}_⊥ t̂^{ν]} (ĥ · S_⊥) ( M_h Q 4z I

[ 2(ĥ · p_⊥)(ĥ · k_⊥) − p_⊥ · k_⊥ 2MM_h g_{1T}

D^⊥ z − D_1 ]

+ M Q 4z I

[ 2(ĥ · p_⊥)2 − p2_⊥

2M^2 xg^⊥_T D_1 ]

+ M_h Q 4z I

[ 2(ĥ · p_⊥)2 − p2_⊥

2M^2 h^⊥_{1T} E z − m M D_1 ] )

+ i t̂^{[μ}ĥ^{ν]} (ĥ ∧ S_⊥) ( M_h Q 4z I

[ 2(ĥ · p_⊥)(ĥ · k_⊥) − p_⊥ · k_⊥ 2MM_h g_{1T}

D^⊥ z − D_1 ]

+ M Q 4z I

[ 2(ĥ · p_⊥)2 − p2_⊥

2M^2 xg^⊥_T D_1 ]

+ M_h Q 4z I

[ 2(ĥ · p_⊥)2 − p2_⊥

2M^2 h^⊥_{1T} E z − m M D_1 ] )

+ iS_{⊥ρ}ϵ^{ρ [μ}_⊥ t̂^{ν]} ( M Q 4z I [ xg_T D_1 ] + M_h Q 4z I [ h_1 E z − m M D_1 ]

+ M_h Q 4z I

[ p_⊥ · k_⊥ 2MM_h g_{1T}

D^⊥ z − D_1 ] ) . (7.73)

The most explicit differential cross section is given by

dΔσ_{LT} (⃗ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s Q^4 λ_e|S_⊥| { y ( 1 − y 2 ) |p_⊥| M cos(ϕ_j − ϕ_s) x_B g_{1T} D_1

−2y √ 1 − y cos(ϕ_s) [ M Q x^2_B g_T D_1 +

M_h Q x_B h_1 Ẽ z ]

−2y √ 1 − y p^2_⊥ 2MQ cos(2ϕ_j − ϕ_s) [ x^2_B g^⊥_T D_1 +

M_h M x_B h^⊥_{1T} Ẽ z ]

−2y √ 1 − y p^2_⊥ 2MQ cos(ϕ_j ) cos(ϕ_j − ϕ_s) x_B g_{1T}

D̃^⊥ z +2y √ 1 − y

|p_⊥| |P_{h⊥}| 2zMQ cos(ϕ_h) cos(ϕ_j − ϕ_s) x_B g_{1T} D̃⊥ z } , (7.74)

where the distribution functions depend on x_B and p_⊥ and the fragmentation functions depend on z and z^2k^2_⊥ = (P_{h⊥} − zp_⊥)^2. Integrating only over the jet angle one obtains

dΔσ_{LT} (⃗ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz d^2P_{h⊥} = 4πα^2 s Q^4 λ_e|S_⊥| { y ( 1 − y 2 ) cos(ϕ_h − ϕ_s) I

[ ĥ · p_⊥ M g_{1T} D_1 ]

−2y √ 1 − y cos(ϕ_s) ( M Q I [ x^2g_T D_1 ] + M_h Q I [ xh_1 Ẽ z ]

+ M_h Q I [ p_⊥ · k_⊥ 2MM_h xg_{1T} D̃⊥ z ] )

−2y √ 1 − y cos(2ϕ_h − ϕ_s) ( M Q I [ 2(ĥ · p_⊥)2 − p2_⊥ 2M^2 x^2g^⊥_T D_1 ]

+ M_h Q I [ 2(ĥ · p_⊥)2 − p2_⊥

2M^2 xh^⊥_{1T} Ẽ z ]

+ M_h Q I [ 2(ĥ · p_⊥)(ĥ · k_⊥) − p_⊥ · k_⊥ 2MM_h xg_{1T} D̃⊥ z ])} . (7.75)

Integrating over the transverse momenta of the produced hadrons we obtain

dΔσ_{LT} (⃗ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 λ_e|S_⊥| { y ( 1 − y 2 ) |p_⊥| M cos(ϕ_j − ϕ_s) x_B g_{1T} D_1

−2y √ 1 − y cos(ϕ_s) [ M Q x^2_B g_T D_1 +

M_h Q x_B h_1 Ẽ z ]

+2y √ 1 − y p^2_⊥ 2MQ cos(2ϕ_j + ϕ_s) [ x^2_B g^⊥_T D_1 +

M_h M x_B h^⊥_{1T} Ẽ z ]} , (7.76)

with the fragmentation function integrated over k_T , and thus only depending on z. Integrating also over the transverse jet momentum, one is left with

dΔσ_{LT} (⃗ℓ + ⃗H → ℓ^′ + h + X) dx_B dy dz = − 4πα^2 s Q^4 λ_e|S_⊥| 2y √ 1 − y cos(ϕ_s) [ M Q x^2_B g_T (x_B ) D_1(z) +

M_h Q x_B h_1(x_B )

Ẽ(z) z ] . (7.77)

7.5 Transverse momenta in lepto-production with polarization in the final state

For the case that polarization in the final state is measured, we will restrict ourselves to the leading order (parton model) results. The hadronic tensor, omitting the unpolarized contribution discussed in the previous section becomes

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) × { −g^{μν}_⊥ [ 2z f_1D_1 + 2z g_{1s}G_{1s} + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ} M_h

2z f_1D^⊥_{1T} ]

− k^{{μ}_⊥ p^{ν}}_⊥ + (k_⊥ · p_⊥) g^{μν}_⊥ MM_h

2z h^⊥_{1s}H^⊥_{1s} − k^{{μ}_⊥ S^{ν}}_⊥ + (k_⊥ · S_⊥) g^{μν}_⊥ M_h

2z h_{1T} H^⊥_{1s} − p^{{μ}_⊥ S^{ν}}_{h⊥} + (p_⊥ · S_{h⊥}) g^{μν}_⊥ M 2z h^⊥_{1s}H_{1T} −

S^{{μ}_⊥ S^{ν}}_{h⊥} + (S_⊥ · S_{h⊥}) g^{μν}_⊥

2z h_{1T} H_{1T}

+i ϵ^{μν}_⊥ 2z f_1G_{1s} + i k^{[μ}_⊥ S^{ν]}_{h⊥}

M_h

2z g_{1s}D^⊥_{1T} } . (7.78)

As before we will consider the various possibilities separately.

7.5.1 ℓH → ℓ^′⃗hX

The hadronic tensor relevant for this situation is

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) (−g^{μν}_⊥ ) ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ} M_h

2z f_1D^⊥_{1T} . (7.79)

The cross section is given by dΔσ_{OO} (ℓ + H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s Q^4

|S_{h⊥}| { 1 − y + 1 2 y^2

|P^{h⊥}| zM_h sin(ϕ_h − ϕ^h_s ) x_B f_1D^⊥_{1T}

− 1 − y + 1 2 y^2

|p⊥| M_h sin(ϕ_j − ϕ^h_s ) x_B f_1D^⊥_{1T} } . (7.80)

Averaged over the transverse momenta of the hadrons h in the jet this gives zero.

7.5.2 ℓ ⃗H → ℓ^′⃗hX (longitudinally polarized target)

The symmetric hadronic tensor relevant for this situation is

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) λ { −g^{μν}_⊥ 2z g_{1L}G_{1s}

− k^{{μ}_⊥ p^{ν}}_⊥ + (k_⊥ · p_⊥) g^{μν}_⊥ MM_h

2z h^⊥_{1L}H^⊥_{1s} − p^{{μ}_⊥ S^{ν}}_{h⊥} + (p_⊥ · S_{h⊥}) g^{μν}_⊥ M 2z h^⊥_{1L}H_{1T} } . (7.81)

We will give only the cross section averaged over the transverse momenta of the hadrons in the jet. This is dΔσ_{OL} (ℓ + ⃗H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 λ { λ_h

1 − y − y^2 2 x_B g_{1L}(x_B , p_⊥) G_1(z)

−|S_{h⊥}| (1 − y)

|p_⊥| M cos(ϕ_j + ϕ^h_s ) x_B h^⊥_{1L}(x_B , p_⊥) H_1(z) } . (7.82)

Integrating over the jet directions one obtains

dΔσ_{OL} (ℓ + ⃗H → ℓ^′ + ⃗h + X) dx_B dy dz = 4πα^2 s Q^4 λ λ_h

1 − y − y^2 2 xB g1(xB ) G1(z). (7.83)

7.5.3 ℓ ⃗H → ℓ^′⃗hX (transversely polarized target)

The symmetric tensor relevant in this case is

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) { −g^{μν}_⊥ p_⊥ · S_⊥ M 2z g_{1T} G_{1s}

− k^{{μ}_⊥ p^{ν}}_⊥ + (k_⊥ · p_⊥) g^{μν}_⊥ MM_h p_⊥ · S_⊥ M 2z h^⊥_{1T} H^⊥_{1s} − k^{{μ}_⊥ S^{ν}}_⊥ + (k_⊥ · S_⊥) g^{μν}_⊥ M_h

2z h_{1T} H^⊥_{1s} − p^{{μ}_⊥ S^{ν}}_{h⊥} + (p_⊥ · S_{h⊥}) g^{μν}_⊥ M p_⊥ · S_⊥ M 2z h^⊥_{1T} H_{1T} − S^{{μ}_⊥ S^{ν}}_{h⊥} + (S_⊥ · S_{h⊥}) g^{μν}_⊥

2z h_{1T} H_{1T} } . (7.84)

We will give only the cross section averaged over the transverse momenta of the hadrons in the jet. This is dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4

|S_⊥| { λ_h 1 − y − y^2 2 |p_⊥| M cos(ϕ_j − ϕ_s) x_B g_{1T} (x_B , p_⊥) G_1(z)

−|S_{h⊥}| [ (1 − y) cos(ϕ_s + ϕ^h_s ) x_B h_{1T} (x_B , p_⊥) H_1(z)

− (1 − y) p^2_⊥ M^2 cos(ϕ_j + ϕ^h_s ) cos(ϕ_j − ϕ_s) x_B h^⊥_{1T} (x_B , p_⊥) H_1(z) ]} . (7.85)

Integrating over the jet directions one obtains

dΔσ_{OT} (ℓ + ⃗H → ℓ^′ + ⃗h + X) dx_B dy dz = 4πα^2 s

Q^4

|S_⊥| |S_{h⊥}| (1 − y) cos(ϕ_s + ϕ^h_s ) x_B h_1(x_B ) H_1(z) (7.86)

7.5.4 ⃗ℓH → ℓ^′⃗hX

The hadronic tensor relevant for this situation is the antisymmetric tensor

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) (i ϵ^{μν}_⊥ ) 2z f_1G_{1s}. (7.87)

The cross section is given by

dΔσ_{LO} (⃗ℓ + H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s Q^4 λ_e { λ_h y

1 − 1 2 y x_B f_1G_{1L}

+|S_{h⊥}| [ y 1 − 1 2 y |p⊥|

M_h cos(ϕ_j + ϕ^h_s ) x_B f_1G_{1T}

−y 1 − 1 2 y |P^{h⊥}|

zM_h cos(ϕ_h + ϕ^h_s ) x_B f_1G_{1T} ]} , (7.88)

where the distributions depend on x_B and p_⊥ and the fragmentation functions depend on z and z^2k^2_⊥. Averaged over the hadrons in the jet, one obtains

dΔσ_{LO} (⃗ℓ + H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2p_⊥ = 4πα^2 s

Q^4 λ_e λ_h y

1 − 1 2 y x_B f_1(x_B , p_⊥)G_1(z), (7.89)

where G_1(z) is obtained by integrating G_{1L} over the transverse momenta. A similar expression discussed earlier is obtained after integrating over the transverse momentum of the jet.

7.5.5 ⃗ℓ ⃗H → ℓ^′⃗hX (longitudinally polarized target)

The antisymmetric hadronic tensor relevant for this situation is

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) ( i k^{[μ}_⊥ S^{ν]}_{h⊥} M_h ) λ 2z g_{1L}D^⊥_{1T} . (7.90)

An asymmetry is obtained in dΔσ_{LL}(⃗ℓ + ⃗H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s

Q^4 λ_e λ { |S_{h⊥}| [ −y 1 − y 2 |p^⊥| M_h sin(ϕ_j − ϕ^h_s ) x_B g_{1L} D^⊥_{1T}

+y 1 − y 2 |P^{h⊥}|

zM_h sin(ϕ_h − ϕ^h_s ) x_B g_{1L} D^⊥_{1T} ]} , (7.91)

which vanishes upon integration over the transverse momenta of the produced hadrons.

7.5.6 ⃗ℓ ⃗H → ℓ^′⃗hX (transversely polarized target)

The antisymmetric tensor relevant in this case is

2M W^{μν} = ∫ d^2k_T d^2p_T δ^2(p_T + q_T − k_T ) ( i k^{[μ}_⊥ S^{ν]}_{h⊥}

M_h ) p_⊥ · S_⊥ M 2z g_{1T} D^⊥_{1T} . (7.92)

An asymmetry is obtained in

dΔσ_{LT} (⃗ℓ + ⃗H → ℓ^′ + ⃗h + jet + X) dx_B dy dz d^2P_{h⊥} d^2p_⊥ = 4πα^2 s

Q^4 λ_e |S_⊥| |S_{h⊥}| [ −y 1 − y 2 p^{2⊥}

MM_h sin(ϕ_j − ϕ^h_s ) cos(ϕ_j − ϕ_s) x_B g_{1T} D^⊥_{1T} +y 1 − y 2 |p^⊥| |P^{h⊥}| zMM_h sin(ϕ_h − ϕ^h_s ) cos(ϕ_j − ϕ_s) x_B g_{1T} D^⊥_{1T} ] , (7.93)

which again vanishes upon integration over the transverse momenta of the produced hadrons.

7.6 Convolutions and gaussian distributions

In order to study the behavior of the convolutions of distribution and fragmentation functions it is useful to consider gaussian distributions,

f(x, p_T ) = f(x, 0_T ) exp(−R^2_H p^2_T )

= f(x)

R^2_H π exp(−R^2_H p^2_T ) ≡ f(x) P(p_T ; R_H ), (7.94)

D(z, −zk_T ) = D(z, 0_T ) exp(−R^2_hk^2_T ).

= D(z)

R^2_h π z^2 exp(−R^2_hk^2_T ) =

D(z) z^2

P(k_T ; R_h) = D(z) P ( −zk_T ;

R_h z ) , (7.95)

In that case the convolution becomes

I[f D] = ∫ d^2p_T d^2k_T δ^2(p_T + q_T − k_T ) f(x_B , p_T ) D(z, −zk_T ) = π R^2_H + R^2_h exp − Q^2_T R^2_H R^2_h R^2_H + R^2_h f(x, 0T ) D(z, 0T )

= f(x_B ) D(z)

P(q_T ; R) z^2

, (7.96) where R^2 = R^2_H R^2_h/(R^2_H + R^2_h). The other convolutions that appear in the cross sections are of the form I [ ĥ · p_T M f D ] = R^2 R^2_H

Q_T M I[f D] =

R^2 R^2_H

Q_T M f(x_B ) D(z)

P(q_T ; R)

z^2

, (7.97) I [ ĥ · k_T

M_h f D ] = − R^2 R^2_h

Q_T M_h

I[f D], (7.98) I [ p_T · k_T

MM_h f D ] = R^2 MM_hR^2_H R^2_h) ( 1 − Q^2_T R^2 ) I[f D], (7.99) I [ 2(ĥ · p_T )2 − p2_T

2M^2 f D ] = R^4 R^4_H

Q^2_T 2M^2

I[f D], (7.100) I [ 2(ĥ · k_T )2 − k2_T

2M^2_h f D ] = R^4 R^4_h

Q^2_T 2M^2_h

I[f D], (7.101) I [ 2(ĥ · p_T ) (ĥ · k_T ) − p_T · k_T

2MM_h f D ] = − R^4 R^2_H R^2_h

Q^2_T 2MM_h

I[f D], (7.102) I [ 4(ĥ · p_T )2(ĥ · k_T ) − 2(ĥ · p_T ) (p_T · k_T ) − p2_T (ĥ · k_T ) 2M^2M_h f D ] = − R^6 R^4_H R^2_h

Q^3_T 2M^2M_h

I[f D].

(7.103)

Another way to deconvolute the results are the following weighted quantities, ∫ d^2q_T

Q_T M I [ ĥ · p_T M f D ] = 2 f^{(1)}(x) D(z), (7.104) ∫ d^2q_T

Q_T M_h I [ ĥ · k_T

M_h f D ] = 2 f(x) D^{(1)}(z), (7.105) ∫ d^2q_T

Q^2_T MM_h I [ p_T · k_T

MM_h f D ] = −4 f^{(1)}(x) D^{(1)}(z), (7.106) ∫ d^2q_T

Q^2_T M^2 I [ 2(ĥ · p_T )2 − p2_T 2M^2 f D ] = 2 f^{(2)}(x) D(z), (7.107) ∫ d^2q_T

Q^2_T M^2_h I [ 2(ĥ · k_T )2 − k2_T 2M^2_h f D ] = 2 f(x) D^{(2)}(z), (7.108) ∫ d^2q_T

Q^2_T MM_h I [ 2(ĥ · p_T ) (ĥ · k_T ) − p_T · k_T 2MM_h f D ] = −4 f^{(1)}(x) D^{(1)}(z), (7.109) ∫ d^2q_T

Q^3_T M^2M_h I [ 4(ĥ · p_T )2(ĥ · k_T ) − 2(ĥ · p_T ) (p_T · k_T ) − p2_T (ĥ · k_T ) 2M^2M_h f D ] = −12 f^{(2)}(x) D^{(1)}(z),

(7.110)

where f^{(n)}(x) indicate the (k^2_T /2M^2)^n-moments of f(x, k^2_T ), and similarly D^{(n)}(z) indicate the (k^2_T /2M^2_h)^nmoments of D(z, z^2k^2_T ), in terms of the Gaussian parametrizations given by

f^{(n)}(x) = ∫ d^2p_T ( p^2_T 2M^2

)_n

f(x, p^2_T ) = n! (2M^2R^2_H )^n f(x), (7.111)

D^{(n)}(z) = z^2 ∫ d^2k_T ( k^2_T 2M^2 )n D(z, −z^2k^2_T ) = n! (2M^2_hR^2_h)^n

D(z). (7.112)

7.7 Lepton-hadron semi-inclusive DIS including Z-exchange

[Rainer Jakob, October 9, 1997] Differential cross section for semi-inclusive lepton hadron scattering e + H → e^′ + h + X dσ dx_B dy dz_h d^2q_T = πα^2_{em} 2 Q^4 y z_h L^{(γγ)}_{μν} W^{μν}_{(γγ)}

+ πα_wα_{em} 2 (Q^2 − M^2_Z + iΓ_Z M_Z ) Q^2 y z_h L^{(Zγ)}_{μν} W^{μν}_{(Zγ)} + πα_wα_{em} 2 (Q^2 − M^2_Z − iΓ_Z M_Z ) Q^2 y z_h L^{(γZ)}_{μν} W^{μν}_{(γZ)} + πα^2_w 2 ((Q^2 − M^2_Z )^2 + Γ^2_Z M^2_Z ) y z_h L^{(ZZ)}_{μν} W^{μν}_{(ZZ)} (7.113)

leptonic tensors for e^+e^−

L^{(γγ)}_{μν} = 1 2 Tr [ γ_μ ℓ/γ_ν ℓ/^′

1 + λγ_5 s/ 2 ] = 2ℓ_μℓ^′_ν + 2ℓ_ν ℓ^′_μ − g_{μν} Q^2 + 2i λ ϵ_{μνρσ} q^ρℓ^σ (7.114)

L^{(Zγ)}_{μν} = 1 2 Tr [ γ_μ ℓ/(g^ℓ_V + g^ℓ_Aγ_5)γ_ν ℓ/^′ ] = g^ℓ_A ( 2ℓ_μℓ^′_ν + 2ℓ_ν ℓ^′_μ − g_{μν} Q^2 ) + 2ig^ℓ_Vϵ_{μνρσ} ℓ^ρℓ^{′σ} + λ . . . (7.115)

L^{(γZ)}_{μν} = 1 2 Tr [ (g^ℓ_V + g^ℓ_Aγ_5)γ_μ ℓ/γ_ν ℓ/^′ ] = g^ℓ_A ( 2ℓ_μℓ^′_ν + 2ℓ_ν ℓ^′_μ − g_{μν} Q^2 ) + 2ig^ℓ_Vϵ_{μνρσ} ℓ^ρℓ^{′σ} + λ . . . (7.116)

L^{(ZZ)}_{μν} = 1 2 Tr [ (g^ℓ_V + g^ℓ_Aγ_5)γ_μ ℓ/(g^ℓ_V + g^ℓ_Aγ_5)γ_ν ℓ/^′ ] = (g^{ℓ 2}_A + g^{ℓ 2}_V ) ( 2ℓ_μℓ^′_ν + 2ℓ_ν ℓ^′_μ − g_{μν} Q^2 ) + (2g^ℓ_Ag^ℓ_V )2iϵ_{μνρσ} ℓ^ρℓ^{′σ} + λ . . . (7.117)

October 9, 1997 hadronic tensor for semi-inclusive lepton hadron scattering e + H → e^′ + h + X

2M W^{μν}_{(γγ)} = ∫ dp^−dk^+d^2p_T d^2k_T δ^2(p_T + k_T − q_T ) Tr [ Φ(p)γ^μΔ(k)γ^ν ] (7.118)

2M W^{μν}_{S(γγ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

− g^{μν}_⊥ [ f_1D_1 + g_{1s}G_{1s} + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ} M_h f_1D^⊥_{1T} − ϵ^{ρσ}_⊥ p_{⊥ρ}S_{⊥σ} M f^⊥_{1T} D_1

− p_⊥ ·k_⊥ S_⊥ ·S_{h⊥} − p_⊥ ·S_{h⊥} k_⊥ ·S_⊥ MM_h f^⊥_{1T} D^⊥_{1T} ]

− (S^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ S_⊥ ·S_{h⊥} )h_{1T} H_{1T} − k^{{μ}_⊥ p^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·p_⊥ MM_h

(h^⊥_{1s}H^⊥_{1s} + h^⊥_1 H^⊥_1 ) − p^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ p_⊥ ·S_{h⊥} M h^⊥_{1s}H_{1T} − k^{{μ}_⊥ S^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·S_⊥ M_h h_{1T} H^⊥_{1s} − k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ p_{⊥ρ} + p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} 2MM_h

(h^⊥_{1s}H^⊥_1 − h^⊥_1 H^⊥_{1s}) + p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{h⊥ρ} + S^{{μ}_{h⊥}ϵ^{ν}ρ}_⊥ p_{⊥ρ} 2M h^⊥_1 H_{1T} − k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{⊥ρ} + S^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} 2M_h h_{1T} H^⊥_1 } (7.119)

2M W^{μν}_{A(γγ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

i ϵ^{μν}_⊥ (f_1G_{1s} + g_{1s}D_1) − i p^{[μ}_⊥ S^{ν]}_⊥ M f^⊥_{1T} G_{1s} + i k^{[μ}_⊥ S^{ν]}_{h⊥} M_h g_{1s}D^⊥_{1T} } (7.120)

2M W^{μν}_{(Zγ)} = ∫ dp^−dk^+d^2p_T d^2k_T δ^2(p_T + k_T − q_T ) Tr [ Φ(p) (g_V + g_Aγ_5) γ^μΔ(k)γ^ν ] (7.121)

2M W^{μν}_{S(Zγ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

− g^{μν}_⊥ [ g_V ( f_1D_1 + g_{1s}G_{1s} + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ}

M_h f_1D^⊥_{1T} − ϵ^{ρσ}_⊥ p_{⊥ρ}S_{⊥σ} M f^⊥_{1T} D_1 )

− g_A ( f_1G_{1s} + g_{1s}D_1 + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ}

M_h g_{1s}D^⊥_{1T} − ϵ^{ρσ}_⊥ p_{⊥ρ}S_{⊥σ} M f^⊥_{1T} G_{1s} )

− g_V p_⊥ ·k_⊥ S_⊥ ·S_{h⊥} − p_⊥ ·S_{h⊥} k_⊥ ·S_⊥ MM_h f^⊥_{1T} D^⊥_{1T} ]

− (S^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ S_⊥ ·S_{h⊥} )g_V h_{1T} H_{1T} − k^{{μ}_⊥ p^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·p_⊥

MM_h [ g_V (h^⊥_{1s}H^⊥_{1s} + h^⊥_1 H^⊥_1 ) − i g_A(h^⊥_{1s}H^⊥_1 − h^⊥_1 H^⊥_{1s}) ]

− p^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ p_⊥ ·S_{h⊥} M (g_V h^⊥_{1s}H_{1T} + i g_Ah^⊥_1 H_{1T} ) − k^{{μ}_⊥ S^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·S_⊥

M_h

(g_V h_{1T} H^⊥_{1s} − i g_Ah_{1T} H^⊥_1 ) − k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ p_{⊥ρ} + p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} 2MM_h [ g_V ( h^⊥_{1s}H^⊥_1 − h^⊥_1 H^⊥_{1s} ) + i g_A ( h^⊥_{1s}H^⊥_{1s} + h^⊥_1 H^⊥_1 ) ]

+ p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{h⊥ρ} + S^{{μ}_{h⊥}ϵ^{ν}ρ}_⊥ p_{⊥ρ} 2M ( g_V h^⊥_1 H_{1T} − i g_Ah^⊥_{1s}H_{1T} )

− k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{⊥ρ} + S^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} 2M_h ( g_V h_{1T} H^⊥_1 + i g_Ah_{1T} H^⊥_{1s} )

− i g_A

S^{{μ}_{h⊥}ϵ^{ν}ρ}_⊥ S_{⊥ρ} + S^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{h⊥ρ} 2 h_{1T} H_{1T} } (7.122)

2M W^{μν}_{A(Zγ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

+ i ϵ^{μν}_⊥ [ + g_V (f_1G_{1s} + g_{1s}D_1) − g_A(f_1D_1 + g_{1s}G_{1s})

+ g_A p_⊥ ·k_⊥ S_⊥ ·S_{h⊥} − p_⊥ ·S_{h⊥} k_⊥ ·S_⊥ MM_h f^⊥_{1T} D^⊥_{1T} ]

− i p^{[μ}_⊥ S^{ν]}_⊥ M (g_V f^⊥_{1T} G_{1s} − g_Af^⊥_{1T} D_1) + i k^{[μ}_⊥ S^{ν]}_{h⊥}

M_h

(g_V g_{1s}D^⊥_{1T} − g_Af_1D^⊥_{1T} ) } (7.123)

note: for the interference of γ and Z exchange there are the simple relations for the symmetric (S) and anti-symmetric (A) parts

W^{μν}_{S(γZ)} = ( W^{μν}_{S(Zγ)}

)_∗

and W^{μν}_{A(γZ)} = − ( W^{μν}_{A(Zγ)}

)_∗ (7.124)

2M W^{μν}_{(ZZ)} = ∫ dp^−dk^+d^2p_T d^2k_T δ^2(p_T + k_T − q_T ) ×Tr [ Φ(p) (g_V + g_Aγ_5) γ^μΔ(k) (g_V + g_Aγ_5) γ^ν ] (7.125)

2M W^{μν}_{S(ZZ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

− g^{μν}_⊥ [ (g^2_V + g^2_A) ( f_1D_1 + g_{1s}G_{1s} + ϵ^{ρσ}_⊥ p_{⊥ρ}S_{⊥σ} M f^⊥_{1T} D_1 − ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ} M_h f_1D^⊥_{1T} + p_⊥ ·k_⊥ S_⊥ ·S_{h⊥} − p_⊥ ·S_{h⊥} k_⊥ ·S_⊥ MM_h f^⊥_{1T} D^⊥_{1T} )

+ 2g_V g_A ( f_1G_{1s} + g_{1s}D_1 + ϵ^{ρσ}_⊥ k_{⊥ρ}S_{h⊥σ}

M_h g_{1s}D^⊥_{1T} − ϵ^{ρσ}_⊥ p_{⊥ρ}S_{⊥σ} M f^⊥_{1T} G_{1s} )]

+ (g^2_V − g^2_A) [ − (S^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ S_⊥ ·S_{h⊥} )h_{1T} H_{1T} − k^{{μ}_⊥ p^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·p_⊥ MM_h ( h^⊥_{1s}H^⊥_{1s} + h^⊥_1 H^⊥_1 )

− p^{{μ}_⊥ S^{ν}}_{h⊥} + g^{μν}_⊥ p_⊥ ·S_{h⊥} M h^⊥_{1s}H_{1T} − k^{{μ}_⊥ S^{ν}}_⊥ + g^{μν}_⊥ k_⊥ ·S_⊥ M_h h_{1T} H^⊥_{1s} − k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ p_{⊥ρ} + p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ}

2MM_h ( h^⊥_{1s}H^⊥_1 − h^⊥_1 H^⊥_{1s} )

+ p^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{h⊥ρ} + S^{{μ}_{h⊥}ϵ^{ν}ρ}_⊥ p_{⊥ρ} 2M h^⊥_1 H_{1T} − k^{{μ}_⊥ ϵ^{ν}ρ}_⊥ S_{⊥ρ} + S^{{μ}_⊥ ϵ^{ν}ρ}_⊥ k_{⊥ρ} 2M_h h_{1T} H^⊥_1 ]} (7.126)

2M W^{μν}_{A(ZZ)} = 2z_h ∫ d^2k_T d^2p_T δ^2(p_T + k_T − q_T ) {

i ϵ^{μν}_⊥ [ − 2g_V g_A ( f_1D_1 + g_{1s}G_{1s} − p_⊥ ·k_⊥ S_⊥ ·S_{h⊥} − p_⊥ ·S_{h⊥} k_⊥ ·S_⊥ MM_h f^⊥_{1T} D^⊥_{1T} )

+ (g^2_V + g^2_A) (f_1G_{1s} + g_{1s}D_1) ]

+ i p^{[μ}_⊥ S^{ν]}_⊥ M [ + 2g_V g_Af^⊥_{1T} D_1 − (g^2_V + g^2_A)f^⊥_{1T} G_{1s} ]

− i k^{[μ}_⊥ S^{ν]}_{h⊥}

M_h [ + 2g_V g_Af_1D^⊥_{1T} − (g^2_V + g^2_A)g_{1s}D^⊥_{1T} ]} (7.127)

Chapter 8

Calculations of distribution and fragmentation functions

8.1 Quark distribution functions in the bag model

The starting point is the calculation of the lightcone correlation function for a target at rest P = (M, 0), expressed as a spatial integral,

Φ^{[Γ]}(x, k_T ) = 1 2(2π)^3 ∫ da^− d^2a_T exp ( −ixMa^−/ √ 2 + ik_T · a_T ) ⟨P |ψ(a)Γψ(0)|P ⟩ | |_{a+=0} = 1 (2π)^3 √ 2 ∫ d^3a exp (ixMa_z + ik_T · a_T ) ⟨P |ψ(−a_z, a)Γψ(0)|P ⟩ = 1 (2π)^3 √ 2 ∫ d^3a exp (ixMa_z + ik_T · a_T ) ⟨P |ψ(−a_z, a)Γψ(0)|P ⟩. (8.1)

The k_T -integrated distribution functions become

Φ^{[Γ]}(x) = 1 2π √ 2 ∫ da exp (ixMa) ⟨P |ψ(−a, 0, 0, a)Γψ(0)|P ⟩. (8.2)

In the bag model one can consider the bag as a wave packet, i.e. a superposition of plane waves centered around P = 0. The forward scattering off a bag gives the distribution function,

Φ^{[Γ]}_{bag}(x, k_T ) = 2M (2π)^3 √ 2 ∫ d^3a exp (ixMa_z + ik_T · a_T ) ∫ bag d^3r ⟨bag|ψ(−a_z, r + a)Γψ(r)|bag⟩. (8.3)

Assuming that all quarks in the bag are in the lowest eigenmode, i.e. ψ(x) = ∑ n ψ_n(x) a_n is restricted to one mode, ψ_0(t, r) = ψ_0(r) e^{−iωt/R}, (8.4) with for massless quarks ω being the solution of j_0(ω) = j_1(ω), i.e. ω ≈ 2.043, one obtains

Φ^{[Γ]}_{bag}(x, k_T ) = 2M (2π)^3 √ 2 ∫ d^3a exp (ik · a) ∫ bag d^3r ψ_0(r + a)Γψ_0(r), (8.5)

where k ≡ (k_T , (xMR − ω)/R). This can be rewritten as

Φ^{[Γ]}_{bag}(x, k_T ) = 2M (2π)^3 ψ_0(k) Γ √ 2 ψ_0(k) | | |_{kz =(xMR−ω)/R} , (8.6)

where ψ_0(k) = ∫ bag d^3r exp (−ik · r) ψ_0(r). (8.7)

801

8.2 Quark distribution functions in the spectator model

To illustrate the calculation we will consider a simple nucleon-quark-diquark vertex connecting a nucleon with momentum P and mass M, a quark with momentum k and mass m and a scalar diquark. The essence of the model is that the diquark will be considered as an on-mass-shell spectator, i.e. (P − k)^2 = M^2_{diquark}. The quark-quark correlation function is then obtained as the product of the tree graph for N → q + diquark.

The matrix element of a quark field interpolating between the nucleon state and a diquark state is

⟨X|ψ_i(0)|P, S⟩ = i k^2 + m^2 + iϵ

(/k + m)_{ik} Υ_{kl} U_l(P, S). (8.8)

For a scalar diquark (with mass M_s), the vertex will be taken

Υ^s_{ij} (P, k, P − k) = (1)_{ij} g_s(k^2) (8.9)

(to be discussed later). The quark-quark correlation function for a scalar diquark becomes

Φ_{s ij} (k) = 1 (2π)^4 ∫ d^4x e^{−ik·x}⟨P S|ψ_j (x)ψ_i(0)|P S⟩ = 1 (2π)^4

(/k + m)_{ik} k^2 − m^2

Υ_{kk}′ U_k′ (P, S) (2π) δ ( (P − k)^2 − M^2_s ) U_l′ (P, S)(γ_0Υ^†γ_0)_l′_l

(/k + m)_{lj} k^2 − m^2 = [ (/k + m)(/P + M)

(1 + γ_5/S) 2 (/k + m) ] ij 1 (2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (P − k)^2 − M^2_s )

S=0= [(/k + m)(/P + M)(/k + m)]_{ij} 1 2(2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (P − k)^2 − M^2_s ) , (8.10)

which gives for an unpolarized nucleon

Φ_s(k) = 1 2(2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (P − k)^2 − M^2_s )

× { ( mM^2 + m^2M − mM^2_s + (M + m)k^2 )

− ( k^2 − m^2 ) /P + ( (M + m)^2 − M^2_s + k^2 − m^2 ) /k } . (8.11)

The result for Φ_s(k) can be used to calculate the projections

Φ^{[Γ]}_s (x, k_T ) = 1 2 ∫ dk^− Tr(ΓΦ_s) | | |_{k+=xP +} , (8.12)

which depend on x = k^+/P^+ and k^2_T . The integration over k^− can be rewritten in covariant form as

Φ^{[Γ]}_s (x, k_T ) = ∫ d(2k · P ) dk^2 δ ( 2x k · P − x^2M^2 − k^2_T − k^2

) Tr(ΓΦ_s) 4 P^+ = ∫ dP^2_s dk^2 δ ( x(1 − x)M^2 − k^2_T − (1 − x) k^2 − x P^2_s

) Tr(ΓΦ_s) 4 P^+

, (8.13)

where P_s = P − k and the latter form is suitable in the spectator model where one has the delta function δ(P^2_s − M^2_s ) in the integrand. For the k_T -integrated functions,

Φ^{[Γ]}_s (x) = π 2 ∫ dk^− dk^2_T Tr(ΓΦ_s) | | |_{k+ =xP +} , (8.14)

one has

Φ^{[Γ]}_s (x) = π ∫ dP^2_s dk^2 θ ( x(1 − x)M^2 − (1 − x) k^2 − x P^2_s

) Tr(ΓΦ_s)

4 P^+ = π ∫_∞

P^2_s (min)

dP^2_s

∫_{xM} 2_− x_{1−x P} 2_s −∞ dk^2

Tr(ΓΦ_s)

4 P^+

, (8.15) where P^2_s (min) is the minimum mass contributing in the antiquark-nucleon spectral function, which is larger than (M − m)^2 in order to render the nucleon stable.

Writing Φ_s(k) = Φ̃_s(k) δ(P^2_s − M^2_s ), (8.16) we get the ’spectator model’ results

Φ^{[Γ]}_s (x, k_T ) = ∫ dk^2 δ ( x(1 − x)M^2 − k^2_T − (1 − x) k^2 − x M^2_s

) Tr(ΓΦ̃_s) 4 P^+ = Tr(ΓΦ̃_s) 4 (1 − x) P^+ | | | | | k^2 = k^2(x, k^2_T )

, (8.17)

with −k^2(x, k^2_T ) = k^2_T 1 − x + x 1 − x

M^2_s − x M^2. (8.18)

The k_T -integrated result is

Φ^{[Γ]}_s (x) = π

∫_∞ 0 dk^2_T

Tr(ΓΦ̃_s) 4 (1 − x) P^+ | | | | | k^2 = k^2(x, k^2_T ) = π ∫_∞ x 1−x M^2_s −xM^2

d(−k^2)

Tr(ΓΦ̃_s) 4 P^+

. (8.19)

For the practical calculations it is convenient to introduce the quantities

μ^2_s(x) = m^2(1 − x) + xM^2_s − x(1 − x)M^2, (8.20) λ^2_s (x) = Λ^2(1 − x) + xM^2_s − x(1 − x)M^2, (8.21)

such that we have for the often appearing denominators,

m^2 − k^2 = k^2_T + μ^2(x) 1 − x

, (8.22)

Λ^2 − k^2 = k^2_T + λ^2(x) 1 − x

. (8.23)

The function μ^2_s(x) has endpoints μ^2(0) = m^2 and μ^2(1) = M^2_s , acquiring a minimum at the point x_0 = (M^2 + m^2 − M^2_s )/2M^2 with the value

μ^2(x_0) = ( (m + M_s)^2 − M^2 ) ( M^2 − (m − M_s)^2 ) 4 M^2

, (8.24)

which should be positive to avoid problems, i.e. |M − m| ≤ M_s ≤ M + m and |M − M_s| ≤ m ≤ M + M_s, at least if 0 ≤ x_0 ≤ 1, implying |M^2_s − m^2| ≤ M^2. The condition for a valid application of the spectator approach for distribution functions becomes

M_s ≥ M − m, (8.25) M_s ≥ M − Λ. (8.26)

The condition on the quark mass m is only relevant if the ’quark propagator’ pole is kept. In many cases it is convenient to cancel it by the choice of the vertex function g(k^2).

8.3 Quark-hadron vertices

The simplest way to construct valid quark-hadron vertices is to start with nonrelativistic (two-component) spinors and replace them by a (rest frame) Dirac spinor multiplied with the appropriate projection operator. Furthermore, to get the correct charge conjugation behavior, it is safest to start with the charge conjugation operator acting on positive energy spinors. Thirdly, one starts writing down everything in the hadron rest frame. Technically, the ingredients are for the (renormalized) spinors (in the rest frame),

u^{(1)} = 1 0 0 0 , u^{(2)} = 0 1 0 0 , v^{(1)} = 0 0 1 0 , v^{(2)} = 0 0 0 1 , (8.27)

and for the charge conjugated u-spinors with C = iγ^2γ^0,

C u^{(1)} = v^{(2)}, C u^{(2)} = −v^{(1)}. (8.28)

Projection operators involving these spinors are in the hadron rest frame given by 2∑ α=1 u^{(α)}u^{(α)} =

1 + γ^0 2 = /P + M 2M , (8.29) 2∑ α=1 v^{(α)}v^{(α)} = γ^0 − 1 2 = /P − M 2M , (8.30) 2∑ α=1 u^{(α)}v^{(α)} = −

(1 + γ^0)γ_5 2 = − (/P + M)γ_5 2M , (8.31) 2∑ α=1 v^{(α)}u^{(α)} =

(1 − γ^0)γ_5 2 = − (/P − M)γ_5 2M . (8.32)

For spin 1, the rest-system spin states are ϵ_+ = −(ϵ_x + iϵ_y)/ √ 2, ϵ_0 = ϵ_z and ϵ_− = (ϵ_x − iϵ_y)/ √ 2, or explicitly

ϵ_+ = 1 √ 2 −1 −i 0 , ϵ_0 = 0 0 1 , ϵ_− = 1√ 2 1 −i 0 , (8.33)

and the summation over states is ∑ α ϵ^{(α)}_μ ϵ^{(α)∗}_ν = −g_{μν} +

P_μP_ν M^2

. (8.34)

The pion → quark-antiquark spin-space vertex is e.g. obtained by constructing a spin zero quarkantiquark combination,

Υ(π)_{ij} = 1 √ 2 ( u^{(1)}_i (C u^{(2)})^T_j − u^{(2)}_i (C u^{(1)})^T_j )

= 1 √ 2 ( u^{(1)}_i v^{(1)}_j + u^{(2)}_i v^{(2)}_j ) , (8.35)

i.e.

Υ(π) ∝ − 1 √ 2 (/P_π + M_π)

2M_π γ_5 = 1 √ 2 γ_5

(/P_π − M_π) 2M_π

, (8.36)

γ_0Υ^†(π)γ_0 ∝ 1 √ 2 γ_5

(/P_π + M_π)

2M_π = − 1 √ 2 (/P_π − M_π)

2M_π γ_5. (8.37)

The expression for Φ(k) is similar as for the nucleon with scalar diquark case with the expression between square brackets, − 1 2 [ (/k + m)

(/P + M) 2M γ_5 (/P − M) γ_5

(/P + M) 2M (/k + m) ]

= 1 2 [(/k + m) (/P + M) (/k + m)] . (8.38)

In this expression the ’spectator-antiquark’ sum is taken to be /P − M.

Combining the spinors to spin 1 one obtains the ρ → quark-antiquark spin-space vertex, e.g. for the spin 0 component one has

Υ_{ij} (ρ; S_z = 0) = 1 √ 2 ( u^{(1)}_i (C u^{(2)})^T_j + u^{(2)}_i (C u^{(1)})^T_j )

= 1 √ 2 ( u^{(1)}_i v^{(1)}_j − u^{(2)}_i v^{(2)}_j )

= 1 √ 2 (( σ_z u^{(1)} ) i v^{(1)}_j + ( σ_z u^{(2)} ) i v^{(2)}_j ) , (8.39)

which using that σ_zu = γ_zγ_5((1 + γ_0)/2)u gives the vertex for a vector meson,

Υ^μ(ρ) ∝ 1 √ 2 γ^μ

(/P_ρ − M_ρ)

2M_ρ

, (8.40)

γ_0Υ^{μ†}(ρ)γ_0 ∝ 1 √ 2 (/P_ρ − M_ρ)

2M_ρ γ^μ. (8.41)

The ’spin’ part in Φ(k) becomes (for an unpolarized ρ-meson) 1 2 [ (/k + m) γ_μ

(/P − M) 2M (/P − M)

(/P + M) 2M γ_ν (/k + m) ] ( −g^{μν} +

P^μP^ν M^2 )

= 1 2 [(/k + m) (/P + M) (/k + m)] . (8.42)

In this expression the ’spectator-antiquark’ sum is taken to be −/P + M.

In order to find the baryon → quark-diquark vertex it is useful to first build a nucleon spinor either from a quark and a diquark with spin zero,

U^{(1)}_i = u^{(1)}_i , (8.43)

or to build a nucleon spinor from a quark and a diquark with spin one, e.g.

U^{(1)}_i = − √ 1 3 ϵ_0 u^{(1)}_i + √ 2 3 ϵ_+ u^{(2)}_i = − √ 1 3 ϵ_0 ( σ_z u^{(1)} ) i + √ 1 6 ϵ_+ ( σ_−u^{(1)} ) i = − √ 1 3 ( σ · ϵ u^{(1)} ) i , (8.44)

from which one obtains the vertices

Υ^s(N) ∝ 1, (8.45)

Υ^{a μ}(N) ∝ 1 √ 3 ( γ_ν γ_5

(/P + M) 2M ) ( −g^{μν} +

P^μP^ν M^2 )

∝ 1 √ 3 γ_5 ( γ^μ +

P^μ M ) , (8.46)

γ_0Υ^{a μ†}(N)γ_0 ∝ − 1 √ 3 ( γ^μ +

P^μ M ) γ_5. (8.47)

For obtaining the short expressions note that a projection operator /P + M on the ’nucleon side’, i.e. left side, becomes irrelevant. From the symmetric SU(6) wave function one deduces that one (with the above factor in Υ^a) need both vertices Υ^s and Υ^a with equal relative strength. For the axial-vector diquark contribution to Φ(k) the part between brackets in the scalar diquark case is replaced by − 1 3 [ (/k + m) γ_μ γ_5

(/P + M) 2M (/P + M)

1 + γ_5 /S 2 (/P + M) 2M γ_5 γ_ν (/k + m) ] ( −g^{μν} +

P^μP^ν M^2 )

= [ (/k + m) (/P + M) ( 1 2 − 1 6 γ_5 /S ) (/k + m) ] . (8.48)

In this expression the spin-sum for the axial vector diquark is taken to be −g^{μν} + P^μP^ν /M^2.

8.4 Quark fragmentation functions in the spectator model

To illustrate this calculation we will also consider the simple nucleon-quark-diquark vertex connecting a nucleon with momentum P and mass M, a quark with momentum k and mass m and a scalar diquark. The essence again is that the diquark will be considered as an on-mass-shell spectator, i.e. (k − P_h)^2 = M^2_{diquark}. The quark-quark correlation function is then obtained as the product of the tree graph for q → N + diquark.

For a scalar diquark (with mass M_s), the vertex is as for the distribution functions, Υ^s_{ij} (P, k, P − k) = (1)_{ij} g_s(k^2), (8.49) The correlation function that is the starting point for the calculation of the fragmentation functions is

Δ_{s ij} (k) = 1 (2π)^4 ∫ d^4x e^{ik·x}⟨0|ψ_i(x)a^†_ha_hψ_j (0)|0⟩ = 1 (2π)^4

(/k + m)_{ik} k^2 − m^2

Υ^†_{kk}′ U_k′ (P_h, S_h) (2π) δ ( (k − P_h)^2 − M^2_s ) U_l′ (P_h, S_h) γ_0Υ_l′_lγ_0

(/k + m)_{lj} k^2 − m^2 = [ (/k + m)(/P_h + M_h)

(1 + γ_5/S_h) 2 (/k + m) ] ij 1 (2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (k − P_h)^2 − M^2_s )

S_h=0= [(/k + m)(/P

h + M_h)(/k + m)]_{ij} 1 2(2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (k − P_h)^2 − M^2_s ) , (8.50)

which is the same expression as for the distribution function and gives for the production of an unpolarized nucleon

Δ_s(k) = 1 2(2π)^3 g^2(k^2) (k^2 − m^2)^2 δ ( (k − P_h)^2 − M^2_s )

× { ( mM^2_h + m^2M_h − mM^2_s + (M_h + m)k^2 )

− ( k^2 − m^2 ) /P_h + ( (M_h + m)^2 − M^2_s + k^2 − m^2 ) /k } . (8.51)

The result for Δ_s(k) can be used to calculate the projections

Δ^{[Γ]}_s (z, P_{h⊥}) = 1 4z ∫ dk^+ Tr(ΓΔ_s) | | | |_{k− =P −h /z;}

kT =−P h⊥ /z

, (8.52)

which depend on z = P^−_h /k^− and P^2_{h⊥} or k^2_T . The integration over k^+ can be rewritten in covariant form as Δ^{[Γ]}_s (z, P_{h⊥}) = 1 2z ∫ d(2k · P_h) dk^2 δ ( 2 k · P_h z − M^2_h z^2

− k^2_T − k^2 ) Tr(ΓΔ_s) 4 P^−_h | | | kT =−P h⊥ /z = 1 2z ∫ dP^2_s dk^2 δ ( (1 − z) k^2 z − (1 − z) M^2_h z^2

− k^2_T −

P^2_s z ) Tr(ΓΔ_s)

4 P^−_h | | | kT =−P h⊥ /z = 1 2z Φ^{[Γ]}_s (1/z, −P_{h⊥}/z), (8.53)

where P_s = k − P_h and the second form is suitable in the spectator model where one has the delta function δ(P^2_s − M^2_s ) in the integrand.

For the P_{h⊥}-integrated functions,

Δ^{[Γ]}_s (z) = π z^2 2 ∫ dk^+ dk^2_T Tr(ΓΔ_s) | | |_{k−=P −h /z} , (8.54)

one has

Δ^{[Γ]}_s (z) = π z 2 ∫ dP^2_s dk^2 θ ( (1 − z) k^2 z − (1 − z) M^2_h z^2 − P^2_s z ) Tr(ΓΔ_s)

4 P^−_h = π z 2 ∫_∞

P^2_s (min)

dP^2_s

∫_∞ M 2 h z +^1_{1−z} P^2_s

dk^2

Tr(ΓΔ_s) 4 P^−_h = 1 2 z Φ^{[Γ]}_s (1/z), (8.55) where P^2_s (min) is the minimum mass contributing in the antiquark-nucleon spectral function, which is larger than (M_h − m)^2 in order to render the hadron h stable.

Writing Δ_s(k) = Δ̃_s(k) δ(P^2_s − M^2_s ), (8.56) we get the ’spectator model’ results

Δ^{[Γ]}_s (z, P_{h⊥}) = 1 2z ∫ dk^2 δ ( 1 − z z k^2 −

(1 − z) M^2_h z^2

− k^2_T −

M^2_s z ) Tr(ΓΔ̃_s)

4 P^−_h | | | | kT =−P h⊥/z = 1 2(1 − z)

Tr(ΓΔ̃_s)

4 P^−_h | | | | k^2 = k^2(z, k^2_T )

, (8.57)

with k^2(z, k^2_T ) = z 1 − z k^2_T +

M^2_s 1 − z + M^2_h z . (8.58)

The P_{h⊥}-integrated result is

Δ^{[Γ]}_s (z) = π z^2 2(1 − z)

∫_∞ 0 dk^2_T

Tr(ΓΔ̃_s)

4 P^−_h | | | | k^2 = k^2(z, k^2_T ) = π z 2 ∫_∞ 1 1−z M^2_s +^1_z M^2_h

dk^2

Tr(ΓΔ̃_s)

4 P^−_h

. (8.59)

For the practical calculations it is convenient to use the functions also encountered for the distribution functions,

μ^2_s(1/z) =

1 − z z^2

M^2_h +

M^2_s z − 1 − z z m^2, (8.60)

λ^2_s(1/z) =

1 − z z^2

M^2_h +

M^2_s z − 1 − z z Λ^2, (8.61)

such that we have for the often appearing denominators,

k^2 − m^2 = z 1 − z ( k^2_T + μ^2(1/z) ) , (8.62)

k^2 − Λ^2 = z 1 − z ( k^2_T + λ^2(1/z) ) . (8.63)

With the argument 1/z and 0 ≤ z ≤ 1, the function μ^2_s(1/z) has endpoints μ^2(1/z) → M^2_h /z for z → 0 and μ^2(1) = M^2_s , acquiring a minimum at the point z_0 = 2M^2_h/(M^2_h + m^2 − M^2_s ) with the value

μ^2(1/z_0) = ( (m + M_s)^2 − M^2_h ) ( M^2_h − (m − M_s)^2 ) 4 M^2_h

, (8.64)

which should be positive to avoid problems, i.e |M_h −m| ≤ M_s ≤ M_h +m and |M_h −M_s| ≤ m ≤ M_h +M_s, at least if 0 ≤ z_0 ≤ 1, implying m^2 − M^2_s ≥ M^2_h. This implies the following condition for employment of the spectator model,

M_s ≥ m − M_h, (8.65) M_s ≥ Λ − M_h. (8.66)

The first condition on the quark mass is not relevant if the pole in the quark propagator is cancelled by a special choice of g(k^2).

Chapter 9

Perturbative corrections

9.1 Inclusive leptoproduction

In order to illustrate the inclusion of perturbative QCD corrections, we start with inclusive lepton-hadron scattering, for which the tree level result, corresponding to γ^∗(q) + q(p) → q(k) with k = p + q in leading order in 1/Q is given by

2M W^{μν} (P, q) = ∫ dp^−dp^+d^2p_⊥ Tr (Φ(p) γ^μ (/p + /q + m) γ^ν ) δ ( (p + q)^2 − m^2 )

≈ ∫ dp^−d^2p_⊥ Tr ( Φ(p) γ^μ /q 2q^− γ^ν )

≈ 1 4 f_1(x_B ) Tr ( γ^− γ^μ γ^+ γ^ν ) = −g^{μν}_⊥ f_1(x_B ) (9.1)

(Note that g^{μν}_T = g^{μν}_⊥ in this case as q_T = 0).

Perturbative corrections to this result for the nonsinglet structure functions come from the process γ^∗(q)+q(p) → q(k)+G(l). This leads (omitting mass and vertex corrections) to the following contributions at leading order in 1/Q,

2M W^{μν} (P, q) = ∫ dp^−d^2p_⊥ θ(μ^2 − p^2_⊥) Tr ( Φ(p) γ^μ /q 2q^− γ^ν )

+ g^2 C_F (2π)^3 ∫ d^4p d^4k d^4l δ(l^2) δ(k^2) δ^4(p + q − k − l) d_{αβ}(l) × { θ ( p^{′2}_⊥ − μ^2 ) Tr[Φ(p)γ^α/k_tγ^μ/kγ^ν /k_tγ^β]/t̂^2

+ Tr[Φ(p)γ^μ/k_sγ^α/kγ^ν /k_tγ^β]/ŝt̂ + Tr[Φ(p)γ^α/k_tγ^μ/kγ^β/k_sγ^ν ]/ŝt̂ + Tr[Φ(p)γ^μ/k_sγ^α/kγ^β/k_sγ^ν ]/ŝ^2 } , (9.2)

where p^′_⊥ = p_⊥ − l_⊥ and where d_{αβ} (l) is the gluon summation in the final state. This depends on the choice of gauge. For this a convenient choice is the axial gauge q̂ · A = 0, in which case one has

d_{αβ} (l) = −g_{αβ} + l_αq_β + q_αl_β l · q − q^2 l_α l_β (l · q)^2

. (9.3)

For any gluon field linked to a matrix element or constituting a final state (which means essentially onmass-shell compared to Q^2), the above gauge choice implies a polarization summation that is equivalent to the gauge choice n_l · A = 0, where n_l is the lightlike vector constructed from l and q,

n_l = x_p √ 2 Q ( l + 2 l · q Q^2 q ) . (9.4)

As we have seen that gauge choice is important for a parton inpretation of the correlation functions. The theta functions cutting off or taking into account the first rung of the ladder contribution avoids double counting. Transverse momenta larger than μ^2 are not included in the soft part. 901

Implementing the energy-momentum conservation to eliminate integration over p^+, k^− and l_⊥, using δ(l^2) to eliminate the integration over l^+, introducing

f_1(x, μ^2) = ∫ d^2p_⊥ θ(μ^2 − p^2_⊥) f_1(x, p^2_⊥) (9.5)

and going to components (assuming P and q to have no perpendicular components) one finds 2M W^{μν} (P, q) = −g^{μν}_⊥ f_1(x_B , μ^2) + g^2 C_F (2π)^3 ∫ dp^−dk^+d^2p_⊥ d^2k_⊥ dl^− 2l^− δ(k^2) d_{αβ} (l) × { θ ( k^2_⊥ − μ^2 ) Tr[Φ(p)γ^α/k_tγ^μ/kγ^ν /k_tγ^β]/t̂^2

+ Tr[Φ(p)γ^μ/k_sγ^α/kγ^ν /k_tγ^β ]/ŝt̂ + Tr[Φ(p)γ^α/k_tγ^μ/kγ^β/k_sγ^ν ]/ŝt̂ + Tr[Φ(p)γ^μ/k_sγ^α/kγ^β/k_sγ^ν ]/ŝ^2 } . (9.6)

After this step we can parametrize the momenta k = [ z_k Q √ 2 , (1 − z_k)(1 − x_p) x_p Q √ 2 , k_⊥ ] , (9.7) l = [ (1 − z_k) Q √ 2 , z_k(1 − x_p)

x_p Q √ 2 , p_⊥ − k_⊥ ] , (9.8) q = [ Q √ 2 , − Q √ 2 , 0_⊥ ] , (9.9) p = [ p^−, Q x_p √ 2 , p_⊥ ] , (9.10)

and rewrite the integration for the O(g^2) correction as

g^2 C_F (2π)^3 Q 2 √ 2 ∫ dx_p x^2_p ∫ dz_k ∫ d^2k_⊥ δ ( k^2_⊥ − z_k(1 − z_k)(1 − x_p) x_p

Q^2 ) ∫ dp^− d^2p_⊥ . . . . (9.11)

The transverse momentum of the outgoing quark thus satisfies k^2_⊥ Q^2 = z_k(1 − z_k)(1 − x_p)

x_p

. (9.12)

Positivity of k^2_⊥ restricts the domain for z_k and x_p to the regions 0 ≤ z_k ≤ 1 and 0 ≤ x_p ≤ 1, while the theta function provides (in the first term) a regularization near the endpoints, for x_p not too close to unity x_p 1 − x_p μ^2 Q^2

≤ z_k ≤ 1 − x_p 1 − x_p μ^2 Q^2

. (9.13)

It is useful to have explicit expressions for the vectors

k_s = p + q = k + l = [ Q √ 2 , 1 − x_p

x_p Q √ 2 , p_⊥ ] , (9.14)

k_t = p − l = k − q = [ −(1 − z_k) Q √ 2 , 1 − z_k + x_pz_k

x_p Q √ 2 , k_⊥ ] , (9.15)

k_u = k − p = q − l = [ z_k Q √ 2 , − x_p + z_k − x_pz_k x_p Q √ 2 , k_⊥ − p_⊥ ] . (9.16)

The Mandelstam variables for the subprocess are

ŝ = k^2_s =

1 − x_p

x_p

Q^2, (9.17)

t̂ = k^2_t = − 1 − z^k x_p

Q^2, (9.18)

û = k^2_u = − z_k x_p

Q^2, (9.19) satisfying ŝ + t̂ + û + Q^2 = 0 and the inverse relations are:

x_p =

Q^2 ŝ + Q^2

, (9.20)

z_k = − û ŝ + Q^2

. (9.21)

Useful inner products are:

2 p · q = ŝ + Q^2 = 1 x_p

Q^2 = −(û + t̂),

2 k · q = −(t̂ + Q^2) = − x_p + z_k − 1 x_p

Q^2 = ŝ + û,

2 l · q = −(û + Q^2) = z_k − x_p

x_p

Q^2 = ŝ + t̂, (9.22)

The vectors p̂ ∝ x_p p √ 2/Q, k̂ ∝ x_p k √ 2/Q and l̂ ∝ x_p l √ 2/Q are lightlike vectors, e.g. p̂ ∝ n_+.

For the transverse and longitudinal structure function in

2M W^{μν} (P, q) = −2 F_T (x_B , Q^2) g^{μν}_⊥ + 2 F_L(x_B , Q^2)

P̃ μP̃ ν P̃ 2 (9.23)

(Note F_T = F_1 = M W_T = M W_1 and 2 F_L = F_2/x_B − 2 F_1) we then obtain the results

2 F_T (x_B , Q^2) = f_1(x_B , μ^2) + g^2 C_F (2π)^3

∫_1

x_B

dx_p x_p

∫_1 0 dz_k ∫ d^2k_⊥ δ ( k^2_⊥ − z_k(1 − z_k)(1 − x_p)

x_p

Q^2 ) 1 (x_p − z_k)^2 f_1 ( x_B x_p )

× { (1 − x_p) (x^2_p − 2x_pz_k − 2x^2_pz_k + 3z^2_k + 6x_pz^2_k + 2x^2_pz^2_k − 4z^3_k − 4x_pz^3_k + 2z^4_k) 1 − z_k θ ( k^2_⊥ − μ^2 )

− 2 z_k (x_p + z_k + x_pz_k − z^2_k) +

(1 − z_k) (x^2_p + z^2_k) 1 − x_p }

= f_1(x_B , μ^2) + g^2 C_F (2π)^3

∫_1

x_B

dx_p x_p

∫_1 0 dz_k ∫ d^2k_⊥ δ ( k^2_⊥ − z_k(1 − z_k)(1 − x_p)

x_p

Q^2 ) f_1 ( x_B x_p ) θ ( k^2_⊥ − μ^2 )

× 2 − 2x_p + x^2_p − 2z_k + 4x_pz_k − 2x^2_pz_k + z^2_k − 2x_pz^2_k + 2x^2_pz^2_k (1 − x_p)(1 − z_k) = f_1(x_B , μ^2) + g^2 C_F (2π)^3

∫_1

x_B

dx_p x_p

∫_1 0 dz_k θ ( z_k(1 − z_k)(1 − x_p) x_p

Q^2 − μ^2 ) f_1 ( x_B x_p )

× { 1 + x^2_p (1 − x_p) (1 − z_k) + 1 − z_k − 2x_p + 2z_kx_p − 2z_kx^2_p 1 − x_p } (9.24)

2 F_L(x_B , Q^2) = g^2 C_F (2π)^3

∫_1

x_B

dx_p x_p

∫_1 0 dz_kd^2k_⊥ δ ( k^2_⊥ − z_k(1 − z_k)(1 − x_p)

x_p

Q^2 ) 4x_pz_k f_1 ( x_B x_p ) . (9.25)

The lower limit in the x_p integration comes from the support property of Φ(p), namely P^+ − p^+ ≥ 0 or p^+/P^+ = x_B /x_p ≤ 1. We note a singular part ∝ 1/(1 − z_k) in F_T coming from the first term in the calculation. This is a collinear singularity (k^2_⊥ → 0) which is regulated by the theta function.

In order to perform the integration over z_k one notes that ∫_{1−δ} 0 dz_k f(z_k) 1 − z_k = ∫_1 0 dz_k f(z_k) − f(1) 1 − z_k

− f(1) ln(δ) = ∫_1 0 dz_k f(z_k) (1 − z_k)_+

− f(1) ln(δ), (9.26) or in a functional sense 1 1 − z_k = 1 (1 − z_k)_+

− δ(1 − z_k) ln δ. (9.27)

One obtains

2 F_T (x_B , Q^2) = f_1(x_B ; μ^2) + g^2 C_F 8π^2

∫_1

x_B

dx_p x_p f_1 ( x_B x_p ) { 1 + x^2_p 1 − x_p ln ( Q^2 μ^2 )

+ 1 + x^2_p 1 − x_p ln ( 1 − x_p x_p ) + 1 − 2x_p − 2x^2_p 2(1 − x_p) } , (9.28)

2 F_L(x_B , Q^2) = g^2 C_F 8π^2

∫_1

x_B

dx_p 2 x_p f_1 ( x_B x_p ) = α_s 2π ∫_1

x_B dy y 2 C_F x_B y f_1(y). (9.29)

The first expressions gives the scale dependence of f_1(x; μ^2), the second the perturbative result for the longitudinal structure function. The scale dependence of the structure function is determined by the singular term and requires an appropriate treatment of the singularities near x_p = 1.

f_1(x_B ; Q^2) = f_1(x_B ; μ^2) + α_s 2π ∫_1

x_B dy y P_{qq} ( x_B y ) f_1(y) ln ( Q^2 μ^2 ) , (9.30)

where P_{qq} (z) = C_F [ 1 + z^2 (1 − z)_+ + 3 2 δ(1 − z) ] . (9.31)

Since the singular piece only comes from the first of the four terms in the calculation, it is possible to obtain the evolution without considering the full process and only consider the gluon ladder graph contribution in the quark-quark correlation function. Implicitly here is of course the use in a hard scattering process with a large momentum scale, which defines the lightlike direction n_−. Requiring that k^+ = xP^+ and implementing momentum conservation, the momenta for q(p) → q(k) + G(l) can be parametrized as k = [ p^− − x_p 1 − x_p

(k_⊥ − p_⊥)^2 2x P^+

, xP^+, k_⊥ ] , l = [ x_p 1 − x_p

(k_⊥ − p_⊥)^2 2x P^+ , 1 − x_p

x_p xP^+, p_⊥ − k_⊥ ] , p = [ p^−, x x_p

P^+, p_⊥ ] . (9.32)

The quantities k^2, 2k · P and (P − k)^2 then can be expressed in k^2_T and x_p,

τ = k^2 = 2k^+p^− − x_p 1 − x_p

(p^2_⊥ − 2k_⊥ · p_⊥) − k^2_⊥ 1 − x_p ≈ − k^2_⊥ 1 − x_p

. (9.33)

σ = 2k · P = − x_p 1 − x_p k^2_T x + x M^2. (9.34)

M^2_R = (P − k)^2 ≈

( x_p x − 1 ) k2_T x . (9.35)

In Fig. 9.1 we show the region limited by x ≤ x_p ≤ 1 and k^2_T ≤ μ^2, which is described in the perturbative calculation. Using the ’large’ (Q^2 ≫ k^2_⊥) vector q = [ Q^2 2x P^+

, −x P^+, 0_⊥ ] (9.36)

for the choice of gauge, one obtains

Φ^{[γ+]}(x, k_⊥) = θ(μ^2 − k^2_⊥) Φ^{[γ+]}(x, k_⊥)

+ θ(k^2_⊥ − μ^2) g^2 C_F (2π)^3 1 2 ∫ dk^− ∫ dl^−dl^+d^2l_⊥ δ(l^2) d_{αβ} (l)

Tr[Φ(p)γ^α/kγ^+/kγ^β] (k^2)^2

Figure 9.1: The (dark-shaded) region k^2_T ≥ μ^2 and x ≤ x_p ≤ 1 for x = 1/2 which is described by the ladder diagram.

= θ(μ^2 − k^2_⊥) Φ^{[γ+]}(x, k_⊥)

+ θ(k^2_⊥ − μ^2) g^2 C_F (2π)^3 1 2 ∫ dl^+ 2l^+ d_{αβ} (l) ∫ dp^−d^2p_⊥ Tr[Φ(p)γ^α/kγ^+/kγ^β]

(k^2)^2 = θ(μ^2 − k^2_⊥) Φ^{[γ+]}(x, k_⊥)

+ θ(k^2_⊥ − μ^2) g^2 C_F (2π)^3 1 4 ∫ dx_p x^2_p x_p 1 − x_p d_{αβ} (l) ∫ dp^−d^2p_⊥ Tr[Φ(p)γ^α/kγ^+/kγ^β] (k^2)^2 or f_1(x, k^2_⊥) = θ(μ^2 − k^2_⊥) f_1(x, k^2_⊥) + θ(k^2_⊥ − μ^2) α_s C_F 2π 1 π k^2_⊥ ∫ dx_p

1 − x_p

x_p f_1 ( x x_p )

× Q^4 (1 + x^2_p) (1 − x_p)^2 + 2Q^2 k^2_⊥ x^3_p (1 − x_p) + k^4_⊥ x^4_p ( Q^2 (1 − x_p)^2 − k^2_⊥ x^2_p

)_2 + . . .

= θ(μ^2 − k^2_⊥) f_1(x, k^2_⊥) + θ(k^2_⊥ − μ^2) α_s(μ^2) 2π 1 π k^2_⊥

∫_1 x dy y P_{qq} ( x y ) f_1(y, μ^2) + . . . ,(9.37)

where the last step includes the iteration of ladder graphs. The splitting function P_{qq} (z) is as given above. The appropriate coefficient of the δ function δ(1 − z) is easily found by using the result for f_1(x, k_⊥) for a free quark. This requires that ∫ dz P_{qq} (z) = 0.

9.2 Semi-inclusive leptoproduction

For 1-particle inclusive lepton-hadron scattering the tree-level result is given by

2M W^{μν} (q, P, P_h) = ∫ d^4p d^4k δ^4(p + q − k) Tr (Φ(p) γ^μ Δ(k) γ^ν ) θ ( μ^2 − p^2_T ) θ ( μ^2 − k^2_T )

= ∫ d^2p_T θ ( μ^2 − p^2_T ) ∫ d^2k_T θ ( μ^2 − k^2_T ) δ^2(p_T + q_T − k_T ) ∫ dp^− ∫ dk^+ Tr [Φ(p) γ^μ Δ(k) γ^ν ] . (9.38)

The natural frame to work in is the one in which the two hadrons do not have transverse components (frame II). The momenta of the photon and the hadrons can be parametrized

P_h = [ z̄_h Q̃ √ 2 , M^2_h z̄_hQ̃ √ 2 , 0_T ] , (9.39)

q = [ Q̃ √ 2 , − Q̃ √ 2 , q_T ] , (9.40)

P = [ x̄_B M^2 Q̃√2 , 1 x̄_B Q̃ √ 2 , 0_T ] . (9.41)

We note that Q^2 = Q̃^2 + Q^2_T , where Q^2_T = q^2_T = g^{μν}_T q_μq_ν . We do not assume that Q^2_T is small at this point. Up to O(1/Q^2) corrections one has

x̄_B = − q^+ P^+ = − P_h · q P_h · P

, (9.42)

z̄_h =

P^−_h q^− = P · P_h P · q

(9.43)

while the usual scaling variables become

x_B =

Q^2 2P · q

= x̄_B

Q^2 Q̃2 = x̄^B ( 1 − Q^2_T Q^2

)_{−1} , (9.44)

z_h = −

2P_h · q Q^2

= z̄_h

Q̃^2 Q^2

= z̄_h ( 1 − Q^2_T Q^2 ) . (9.45)

The quark momenta are parametrized as k = [ z_k Q̃ √ 2 , k^+, k_T ] , (9.46)

p = [ p^−, 1 x_p Q̃ √ 2 , p_T ] , (9.47)

with for the tree-level calculation after implementing energy-momentum conservation z_k = x_p = 1. This condition must be dropped when one considers perturbative corrections, in which case one obtains the additional contribution

2M W^{μν} (q, P, P_h) = . . . + g^2 C_F (2π)^3 ∫ d^4p d^4k d^4l δ^4(p + q − k − l) δ(l^2) d_{αβ} (l) × { θ(p^{′2}_T − μ^2) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^ν /k_tγ^β]/t̂^2 + θ(μ^2 − p^2_T ) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^ν /k_tγ^β]/ŝt̂ + θ(μ^2 − p^2_T ) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^β /k_sγ^ν ]/ŝt̂ + θ(μ^2 − p^2_T ) θ(k^{′2}_T − μ^2) Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^β /k_sγ^ν ]/ŝ^2 } , (9.48)

where p^′_T = p_T − l_T and k^′_T = k_T + l_T . Implementing energy-momentum conservation we get

2M W^{μν} (q, P, P_h) = . . . + g^2 C_F (2π)^3 ∫ dp^− dk^+ d^2p_T d^2k_T dl^− dl^+ d^2l_T δ^2(p_T + q_T − k_T − l_T ) δ(l^2) d_{αβ} (l) × { θ(p^{′2}_T − μ^2) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^ν /k_tγ^β]/t̂^2 + θ(μ^2 − p^2_T ) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^ν /k_tγ^β ]/ŝt̂ + θ(μ^2 − p^2_T ) θ(μ^2 − k^2_T ) Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^β /k_sγ^ν ]/ŝt̂ + θ(μ^2 − p^2_T ) θ(k^{′2}_T − μ^2) Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^β /k_sγ^ν ]/ŝ^2 } , (9.49) and the appropriate parametrization for the gluon momentum l is l = [ (1 − z_k) Q̃ √ 2 , 1 − x_p x_p Q̃ √ 2 , l_T ] , (9.50)

First we consider the Mandelstam variables starting with

k_s = p + q = k + l = [ Q̃ √ 2 , 1 − x_p

x_p Q̃ √ 2 , k^′_T ] , (9.51)

k_t = p − l = k − q = [ −(1 − z_k) Q̃ √ 2 , Q̃ √ 2 , p^′_T ] , (9.52)

k_u = p − k = l − q = [ −z_k Q̃ √ 2 , 1 x_p Q̃ √ 2 , p_T − k_T ] . (9.53)

The Mandelstam variables for the subprocess are

ŝ = k^2_s =

1 − x_p x_p

Q̃^2 − 2 k_T · l_T = 1 − x^p x_p

Q^2 −

Q^2_T x_p

− 2 p_T · q_T , (9.54)

t̂ = k^2_t = − 1 − z^k x_p

Q̃^2 + 2 p_T · l_T = −(1 − z_k) Q^2 − z_k Q^2_T + 2 k_T · q_T , (9.55)

û = k^2_u = − z_k x_p

Q̃^2 = − z^k x_p

(Q^2 − Q^2_T ), (9.56)

satisfying ŝ + t̂ + û + Q^2 = 0 and the inverse relations are:

x_p = Q̃2 ŝ + Q^2 + 2 p_T · q_T

, (9.57)

z_k = − t̂ + Q^2 − 2 k_T · q_T Q̃2 . (9.58)

The implementation of the l-integration and δ(l^2) depends on which of the four terms one considers. For the first term,

in term 1: ∫ dl^− dl^+ d^2l_T δ(l^2) = ∫ dl^+ 2l^+ ∫ d^2p^′_T = 1 2 ∫_1

x̄_B

dx_p x_p 1 1 − x_p ∫ d^2p^′_T , (9.59)

(the range in x_p coming from the support of Φ(p)) leading to the contribution

. . . + ∫ d^2p^′_T θ(p^{′2}_T − μ^2) d^2k_T θ(μ^2 − k^2_T ) δ^2(p^′_T + q_T − k_T ) g^2 C_F (2π)^3 1 2 ∫_1

x̄_B

dx_p x_p 1 1 − x_p × ∫ dp^− d^2p_T ∫ dk^+ d_{αβ} (l) Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^ν /k_tγ^β]/t̂^2 (9.60)

with in term 1: 1 − z_k = x_p 1 − x_p l^2_T Q̃2 = x_p 1 − x_p

(p^′_T − p_T )^2

Q̃2 . (9.61) For the fourth term we rewrite

in term 4: dl^− dl^+ d^2l_T δ(l^2) = ∫ dl^− 2l^− d^2k^′_T = 1 2 ∫_1

z̄_h

dz_k 1 1 − z_k ∫ d^2k^′_T , (9.62)

(the support in z_k coming from the support of Δ(k)) and obtain

. . . + ∫ d^2p_T θ(μ^2 − p^2_T ) d^2k^′_T θ(k^{′2}_T − μ^2) δ^2(p_T + q_T − k^′_T ) g^2 C_F (2π)^3 1 2 ∫_1

z̄_h

dz_k 1 1 − z_k × ∫ dp^− ∫ dk^+ d^2k_T d_{αβ} (l) Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^β /k_sγ^ν ]/ŝ^2 (9.63) with in term 4:

1 − x_p x_p = 1 x_p

− 1 = 1 1 − z_k l^2_T Q̃2 = 1 1 − z_k

(k^′_T − k_T )^2 Q̃2 . (9.64) For the other two terms we use

in term 2 & 3: ∫ dl^− dl^+ d^2l_T δ(l^2) = 1 2 ∫_1

z̄_h

dz_k

∫_1

x̄_B

dx_p x^2_p ∫ d^2l_T δ ( l^2_T Q̃2 −

(1 − z_k)(1 − x_p)

x_p ) , (9.65)

leading to the contribution

. . . + g^2 C_F (2π)^3 ∫ d^2p_T θ(μ^2 − p^2_T ) d^2k_T θ(μ^2 − k^2_T ) × 1 2 ∫_1

z_h

dz_k

∫_1

x̄_B

dx_p x_p 1 1 − x_p ∫ d^2l_T δ ( l^2_T Q̃2 −

(1 − z_k)(1 − x_p) x_p ) , × ∫ dp^− ∫ dk^+ d_{αβ} (l) { Tr[Φ(p)γ^μ/k_sγ^αΔ(k)γ^ν /k_tγ^β ]/ŝt̂

+ Tr[Φ(p)γ^α/k_tγ^μΔ(k)γ^β /k_sγ^ν ]/ŝt̂ } , (9.66)

in which to use l_T = p_T + q_T − k_T and consequently p^′_T = k_T − q_T and k^′_T = p_T + q_T .

9.3 Evolution and transverse momentum dependence

In order to investigate generally the high p_T -tails of the distribution and fragmentation functions, we separate the transverse momentum dependence and Lorentz structure, relevant to determine the leading or subleading character of the correlation functions from the Dirac and target spin structure. We write

Φ(x, p_T ) = Φ_2(x, p^2_T ) γ^− +

( p_{T α} M ) Φ^α_2 (x, p^2_T ) γ^− + ( p_{T α}p_{T β} +^1_2 p^2_T g_{T αβ} M^2 ) Φ^{αβ}_2 (x, p^2_T ) γ^− + . . . + ( M P^+ ) Φ_3(x, p^2_T ) + ( M P^+ ) ( p_{T α} M ) Φ^α_3 (x, p^2_T ) + . . . + ( M P^+

)_2

Φ_4(x, p^2_T ) γ^+ + ( M P^+

)_2 (

p_{T α} M ) Φ^α_4 (x, p^2_T ) γ^+ + . . .

+ . . . (9.67)

where the quantities Φ^{α...}_t (x, p^2_T ) depend on the arguments x and p^2_T and get the (transverse) Lorentz structure from the Dirac gamma-matrices and the spin vectors. The integrated and p_T -weighted quantities are given by

Φ(x) = ∫ d^2p_T Φ(x, p_T ) = Φ_2(x) γ^− + ( M P^+ ) Φ_3(x) + ( M P^+

)_2

Φ_4(x) γ^+ (9.68) 1 M Φ^α_∂ (x) = ∫ d^2p_T ( p^α_T M ) Φ(x, p_T ) = Φ^{α(1)}_2 (x) γ^− + ( M P^+ ) Φ^{α(1)}_3 (x) + . . . (9.69) 1 M^2

Φ^{αβ}_{∂∂} (x) = ∫ d^2p_T ( p_{T α}p_{T β} +^1_2 p^2_T g_{T αβ} M^2 ) Φ(x, p^2_T ) = Φ^{αβ(2)}_2 (x) γ^− + . . . (9.70)

Similarly we have the (integrated) quark-quark-gluon correlation functions

Φ^α_A(x, y) = ( M P^+ ) Φ^α_{A,3}(x, y) γ^− + ( M P^+

)_2

Φ^α_{A,4}(x, y) + . . . (9.71)

Φ^{αβ}_{AA}(x, y, z) = ( M P^+

)_2

Φ^{αβ}_{AA,4}(x, y, z) γ^− + . . . (9.72)

Of course, the non-integrated correlation functions can be expanded in the transverse momenta as done above. Some parts of Φ^α_A(x, y) can after integration over one of the arguments be related to the (twist-three) quark-quark correlation functions Φ_3(x) via the QCD equations of motion. In the above parametrization, the functions on the right-hand side depending on (x, p^2_T ) have canonical dimension -2, while functions depending on (x) are dimensionless. Graphically represented we have

The quantity Φ(ξ, k_T ) = ∫ dp^− Φ(k; P, S) with canonical dimension -2 or after further integration the dimensionless quantities Φ(x) and^1_M Φ^α_∂ (x).

Φ^α_A(ξ, ξ_1)

Φ^α_{AA}(ξ, ξ_1, ξ_2)

A hard part can be connected to the soft parts via an integration over the momenta of the soft part, ∫ d^4k d^4k_1 . . . Taking the dimensions following from this integration into account we get for the simplest kernel, starting with two quarks with the relevant momentum components being ξ and k_T and leaving two quarks with non-integrated momentum components x and p_T ∫ d^4k . . . H(p; k) =

α_s ∫ dξ d^2k_T . . . { 1 |p_T |^2

[γ^+H_{2,2}(ξ; x, k^2_T ) γ^−] + k^α_T |p_T |^3

[γ^+H^{′α}_{2,2}(ξ; x, k^2_T ) γ^−] + . . . }

+ α_s ( P^+ M ) ∫ dξ d^2k_T . . . { M |p_T |^3

[H_{3,2}(ξ; x, k^2_T ) γ^−] + . . . }

+ α_s ( Mp^α_T |p_T |^2 ) ∫ dξ d^2k_T . . . { 1 M|p_T |

[γ^+H^α_{2,2}(ξ; x, k^2_T ) γ^−] + k^β_T M|p_T |^2

[γ^+H^{′βα}_{2,2} (ξ; x, k^2_T ) γ^−] + . . . }

+ α_s ( Mp^α_T |p_T |^2 ) ( P^+ M ) ∫ dξ d^2k_T . . . { 1 |p_T |^2

[H^α_{3,2}(ξ; x, k^2_T ) γ^−] + . . . }

+ α_s ( M^2p^α_T p^β_T − . . .

|p_T |^4 ) ∫ dξ d^2k_T . . . { 1 M^2

[γ^+H^{αβ}_{2,2} (ξ; x, k^2_T ) γ^−] + . . . }

+ α_s ( M P^+ ) ∫ dξ d^2k_T . . . { 1 M|p_T |

[γ^+H_{2,3}(ξ; x, k^2_T )] + . . . }

+ α_s ∫ dξ d^2k_T . . . { 1 |p_T |^2

[H_{3,3}(ξ; x, p^2_T )] + . . . }

+ α_s ( M P^+

)_2 ∫ dξ d^2k_T . . . { 1 M^2

[γ^+H_{2,4}(ξ; x, k^2_T ) γ^+] + . . . } + . . . (9.73)

The kernel connecting the soft quark-quark-gluon correlator to a quark-quark correlator can be analyzed to contain (we now make the k − T dependence implicit) ∫ d^4k d^4k_1 . . . H^α_A(p; k, k_1) = α_s ( P^+ M ) ∫ dξ dξ_1 . . . M |p_T |^3

[γ^+H^α_{A;3,2}(ξ, ξ_1; x) γ^−]

+ α_s ( P^+ M )_2 ∫ dξ dξ_1 . . .

M^2 |p_T |^4

[H^α_{A;4,2}(ξ, ξ_1; x) γ^−]

+ α_s ( P^+ M ) ( Mp^β_T |p_T |^2 ) ∫ dξ dξ_1 . . . { 1 |p_T |^2

[γ^+H^{βα}_{A;3,2}(ξ, ξ_1; x) γ^−]

+ α_s ∫ dξ dξ_1 . . . 1 |p_T |^2

[γ^+H_{A;3,3}(ξ, ξ_1; x)]

+ α_s ( P^+ M ) ∫ dξ dξ_1 . . . M |p_T |^3

[H_{A;4,3}(ξ, ξ_1; x)] + . . . (9.74)

For qqGG soft contributions we need ∫ d^4k d^4k_1 d^4k_2 . . . H^{αβ}_{AA}(p; k, k_1, k_2) =

α_s ( P^+ M )_2 ∫ dξ dξ_1 dξ_2 . . .

M^2 |p_T |^4

[γ^+H^{αβ}_{AA;4,2}(ξ, ξ_1, ξ_2; x) γ^−]

+ α_s ( Mp^γ_T |p_T |^2 ) ( P^+ M )_2 ∫

dξ dξ_1 dξ_2 . . . M |p_T |^3

[γ^+H^{γαβ}_{AA;4,2}(ξ, ξ_1, ξ_2; x) γ^−]

+ α_s ( P^+ M ) ∫ dξ dξ_1 dξ_2 . . . M |p_T |^3

[γ^+H_{AA;4,3}(ξ, ξ_1, ξ_2; x)] + . . . (9.75)

Graphically the kernels are represented by

∫ d^4k . . . H(p; k)

∫ d^4k d^4k_1 . . . H^α_A(p; k, k_1)

∫ d^4k d^4k_1 d^4k_2 . . . H^{αβ}_{AA}(p; k, k_1, k_2)

Combining the contributions we get the following corrections for the integrated result:

ΔΦ_2(x, p^2_T ) = α_s 1 |p_T |^2 ∫ dξ Φ_2(ξ)H_{2,2}(ξ, x)

+α_s M |p_T |^3 ∫ dξ Φ^{α(1)}_2 (ξ)H^{′α}_{2,2}(ξ, x)

+α_s M |p_T |^3 ∫ dξ Φ_3(ξ)H_{3,2}(ξ, x)

+α_s M |p_T |^3 ∫ dξ dξ_1 Φ^α_{A,3}(ξ, ξ_1)H^α_{A;3,2}(ξ, ξ_1, x)

+ . . . (9.76)

For the integrated twist-3 result we get

ΔΦ_3(x, p^2_T ) = α_s 1 M |p_T | ∫ dξ Φ_2(ξ)H_{2,3}(ξ, x)

+α_s 1 |p_T |^2 ∫ dξ Φ_3(ξ)H_{3,3}(ξ, x)

+α_s 1 |p_T |^2 ∫ dξ dξ_1 Φ^α_{A,3}(ξ, ξ_1)H^α_{A;3,2}(ξ, ξ_1, x)

+α_s 1 |p_T |^2 ∫ dξ Φ^{α(1)}_2 (ξ)H^α_{2,2}(ξ, x)

+ . . . (9.77)

For the weighted twist-2 result we get

ΔΦ^{α(1)}_2 (x, p^2_T ) = α_s 1 M |p_T | ∫ dξ Φ_2(ξ)H^α_{2,2}(ξ, x)

+α_s 1 |p_T |^2 ∫ dξ Φ_3(ξ)H^α_{3,2}(ξ, x)

+α_s 1 |p_T |^2 ∫ dξ dξ_1 Φ^β_{A,3}(ξ, ξ_1)H^{βα}_{A;3,2}(ξ, ξ_1, x)

+α_s 1 |p_T |^2 ∫ dξ Φ^{β(1)}_2 (ξ)H^{′βα}_{2,2} (ξ, x)

+ . . . (9.78)

9.4 The unpolarized case

The quark-quark correlation function depending on k^+ = xP^+ and k_T is for a spin 0 or unpolarized hadron, including only leading (M/P^+)^0 and subleading (M/P^+)^1 contributions, given by

Φ(x, k_T ) = 1 2 { f_1(x, k_T ) + i h^⊥_1 (x, k_T )

/k_T M } γ^−

+ M 2P^+ { e(x, k_T ) + f^⊥(x, k_T )

/k_T M + i h(x, k_T )

[γ^−, γ^+] 2 } (9.79)

The k_T -integrated results are

Φ(x) = 1 2 f_1(x) γ^− + M 2P^+ { e(x) + i h(x)

[γ^−, γ^+] 2 } , (9.80) 1 M Φ^α_∂ (x) = 1 2 i h^{⊥(1)}_1 (x) γ^α_T γ^− + M 2P^+ f^{⊥(1)}(x) γ^α_T . (9.81)

The relevant projections are (we do use the tensor σ^{+−} = (i/2)[γ^+, γ^−] but we use γ^α_T γ^+ instead of the tensor σ^{α+} = iγ^α_T γ^+),

Φ^{[γ+]}(x, k_T ) = f_1(x, k_T ), (9.82)

Φ^{[1]}(x, k_T ) = M P^+ e(x, k_T ), (9.83)

Φ^{[σ+−]}(x, k_T ) = M P^+ i h(x, k_T ) (9.84)

Φ^{[γαT γ+]}(x, k_T ) = −i k^α_T h^⊥_1 (x, k_T ), and Φ^{α[γβ γ+]}_∂ (x) = −i g^{αβ}_T h^{⊥(1)}_1 (x), (9.85)

Φ^{[γαT ]}(x, k_T ) = M P^+ k^α_T f^⊥(x, k_T ). and Φ^{α[γβ ]}_∂ (x) = g^{αβ}_T M P^+ f^{⊥(1)}(x). (9.86)

For the ψ(0) iD^α_T ψ(x) correlation function (bilocal, i.e. integrated over d^4k_1) one obtains from the equations of motion 1 M Φ^{α[γ+]}

D (x, k_T ) = k^α_T M ( x f^⊥ + i m M h^⊥_1 ) (9.87) 1 M Φ^{[γαT γ+]}

Dα (x, k_T ) = (x e − m f_1 − i x h) (9.88)

Using the quark-quark correlations multiplied with k^α_T ,

k^α_T M Φ^{[γ+]}(x, k_T ) = k^α_T M f_1(x, k_T ), (9.89) k_{T α} M Φ^{[γαT γ+]}(x, k_T ) = 1 M Φ^{[γαT γ+]}

∂α (x, k_T ) = 2i h^{⊥(1)}_1 (x, k_T ), (9.90)

the difference Φ^α_A = Φ^α_D − k^α_T Φ is given by 1 M Φ^{α[γ+]}_A (x, k_T ) = k^α_T M ( xf^⊥ − f_1

xf̃^⊥ +i m M h^⊥_1 ) (9.91) 1 M Φ^{[σα+]}_{Aα} (x, k_T ) = x e − m M f_1 xẽ −i x h − 2i h^{⊥(1)}_1

−ixh̃

(9.92)

The most general form of quark-quark-gluon correlation functions integrated over all transverse momenta but not integrated over x_1 are

Φ^α_D(x, x_1) = M 2P^+

E_D(x, x_1)γ^α_T γ^−, (9.93)

from which one finds that 1 M Φ^α_D(x) = ∫ dx_1 E_D (x, x_1) γ^α_T γ^− (9.94)

(similarly for Φ_A(x, x_1)). The projections are

Φ^{[γαT γ+]}

Dα (x, x_1) = 2 M P^+

E_D(x, x_1) (9.95) 1 M Φ^{[γαT γ+]}

Dα (x) = 2 ∫ dx_1 E_D (x, x_1). (9.96)

9.5 Sample calculations

9.5.1 The fermion propagator

We will demonstrate perturbative calculations, in particular when one uses a lightcone gauge in detail for the example of the self-energy contribution to Γ^{(2)}(p). Writing the (truncated) Green’s function as

Γ^{(2)}(k) = −i (S_F )^{−1}(k) = −i[/k − m_0 − Σ(k)], (9.97)

one has the expansion S_F (k) = 1 /k − m_0 + 1 /k − m_0

Σ(k) 1 /k − m_0

+ . . . . (9.98)

The contribution of the one-loop diagram, to the self-energy in the lightcone gauge is given by

Σ(k) = −ig^2 C_F ∫ d^4l (2π)^4 γ^α(/k − /l + m_0)γ^β d_{αβ} (l) (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ)

, (9.99)

with d^{αβ} (l) = g^{αβ} − l^αn^β_− + n^α_−l^β

l^+

. (9.100)

The numerator can be written as

numerator = −2(/k − /l) + 4m_0 + γ^+

(/k − /l + m_0)/l

l^+ + /l(/k − /l + m_0) l^+ γ^+.

Because of the expansion around the zeroth order result, it is convenient to rewrite /l as (/k−m_0)−(/k−/l−m_0), leading for the numerator to

numerator = −2(/k − /l) + 4m_0

−γ^+

(/k − /l + m_0)(/k − m_0) l^+ − (/k − m_0)(/k − /l + m_0) l^+ γ^+

+γ^+

(/k − /l + m_0)(/k − /l − m_0) l^+ + (/k − /l − m_0)(/k − /l + m_0) l^+ γ^+.

We consider the case k_T ≈ k^− ≈ 0 and k^+ = x P^+, while l^− = α l^2_T /2P^+ and l^+ = y P^+. We need the following integrals^1

Σ_1(k) ≡ −i g^2 (2π)^4 ∫ d^4l 1 (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy ∫ dα 2π i 1 (αy − 1 + iϵ)(α(y − x) − 1 + iϵ) = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy Θ^0_{11}(y, y − x) = α_s 4π^2 ∫ d^2l_T l^2_T = α_s 4π ln Λ^2, (9.101)

Σ_2(k) ≡ −i g^2 (2π)^4 ∫ d^4l k^+ (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) l^+ = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy x y ∫ dα 2π i 1 (αy − 1 + iϵ)(α(y − x) − 1 + iϵ) = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy x y Θ^0_{11}(y, y − x)

= Σ_1 ∫ dy y xΘ^0_{11}(y, y − x). (9.102)

We also need the integral −i g^2 (2π)^4 ∫ d^4l l^+ (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) k^+ = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy y x ∫ dα 2π i 1 (αy − 1 + iϵ)(α(y − x) − 1 + iϵ) = α_s 4π^2 ∫ d^2l_T l^2_T ∫ dy y x Θ^0_{11}(y, y − x) = 1 2 Σ_1. (9.103)

1reminder: Θ^0_{11}(y, y − x) =^1_x [θ(y) θ(x − y) − θ(−y) θ(y − x)], thus one has for the y-integration (for positive x)

∫_x

0 dy

It is useful to have the following integrals

/L_1(k) ≡ −i g^2 (2π)^4 ∫ d^4l /l (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) = 1 2 /k Σ_1 (9.104)

/L_2(k) ≡ −i g^2 (2π)^4 ∫ d^4l

/k − /l − m_0 (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) = 1 2 /k Σ_1 − m_0 Σ_1, (9.105)

/R_1(k) ≡ −i g^2 (2π)^4 ∫ d^4l

/k − /l − m_0 (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) l^+ = 1 k^+ [ /k (Σ_2 − Σ_1)

Σ_3

−m_0 Σ_2 ] , (9.106)

/R_2(k) ≡ −i g^2 (2π)^4 ∫ d^4l

/k − /l + m_0 (l^2 + iϵ) ((k − l)^2 − m^2_0 + iϵ) l^+ = 1 k^+ [ /k (Σ_2 − Σ_1)

Σ_3

+m_0 Σ_2 ] = /R_1(k) +

2m_0 k^+

Σ_2, (9.107)

where one should realize that the only nonvanishing contribution in /l is /l = l^+γ^− =^{l+}_{k+} /k. Note that γ^+/R_2(k) = 2Σ_3 − /R_1(k)γ^+ and /R_2(k)γ^+ = 2Σ_3 − γ^+/R_1(k). It is now straightforward to find the result

Σ(k) = −/kΣ_1 + 4m_0 Σ_1 − (/k − m_0) /R_2(k)γ^+ − γ^+/R_2(k) (/k − m_0) = −(/k − m_0) Σ_1 + 3m_0 Σ_1 − 4Σ_3 (/k − m_0) + (/k − m_0) γ^+/R_1(k) + /R_1(k)γ^+ (/k − m_0) . (9.108)

Inserting in the expansion for S_F (k) one obtains

S_F (k) =

(1 − Σ_1) (/k − m_0) + 1 (/k − m_0)

3m_0 Σ_1 1 (/k − m_0) − 1 (/k − m_0) γ^+/R_2(k) − /R_2(k)γ^+ 1 (/k − m_0) = ( 1 − /R_2(k)γ^+ ) U^{−1}_2 (k)

(1 − Σ_1) (/k − m_0(1 + 3Σ_1)) ( 1 − γ^+/R_2(k) ) U_1 (k)

= U^{−1}_2 (k)

(1 − Σ_1) (/k − m)

U_1(k) (9.109)

with m = m_0(1 + 3Σ_1) and up to the required (first order) precision

U_1(k) = 1 − γ^+/R_2(k) = 1 − 2Σ_3 + /R_1(k)γ^+

= 1 − 1 k^+

Σ_3(k) γ^+ /k − m k^+

Σ_2(k) γ^+ (9.110)

U_2(k) = 1 + /R_2(k)γ^+ = 1 + 2Σ_3 − γ^+/R_1(k)

= 1 + 1 k^+

Σ_3(k) /k γ^+ + m k^+

Σ_2(k) γ^+. (9.111)

9.6 Evolution of f_1(x)

The tree level contribution is given by

f^{[α0s]}_1 (x) = 1 4 f_1(x) Tr [ γ^−γ^+ ] (9.112) = f_1(x). (9.113)

The ladder graph gives using k = [ α 2 k^2_T , x, k_T ] , (9.114) l = [ α 2 k^2_T , x − y, k_T ] , (9.115) p = [0, y, 0_T ] , (9.116)

and the trace Tr [ γ^−γ^α/kγ^+/kγ^β ] d_{αβ} (l) = −8 k^2_T − 32

(k^+)^2 l^−

l^+

+ 16 k^+ k_T · l_T l^+

= k^2_T [ −8 − 16 α x^2 (x − y)

+ 16 x (x − y) ]

= k^2_T

[8(x + y) − 16 α x^2] (x − y)

(9.117)

the result

f^{[α1s,}ladder^]

1 (x) = −iπ g^2 C_F (2π)^4 ∫ dy dα 2 d^2k_T k^2_T

[2(x + y) − 4 x^2 α] (x − y) [α(x − y) − 1 + iϵ] [α x − 1 + iϵ]^2 f_1(y) = α_s 2π^2

C_F ∫ d^2k_T k^2_T ∫ dy [ (x + y) (x − y)

Θ^0_{21}(x, x − y) −

2 x^2 (x − y)

Θ^1_{21}(x, x − y) ] f_1(y) = α_s 2π^2

C_F ∫ d^2k_T k^2_T ∫ dy [ (y^2 + x^2) y(y − x)

Θ^0_{11}(x, x − y) + x y δ(x) ] f_1(y) = α_s 2π^2

C_F ∫ d^2k_T k^2_T ∫ dy (y^2 + x^2) y(y − x)

Θ^0_{11}(x, x − y)f_1(y) = α_s 2π^2

C_F ∫ d^2k_T k^2_T

∫_∞ x dy y (y^2 + x^2) y(y − x) f_1(y) (9.118)

(note that the support of f_1(y) is −1 ≤ y ≤ 1). For the self-energy graphs on the two fermion legs we need the traces Tr [ γ^−γ^+ 1 /k Σ(k) ] = Tr [ γ^−γ^+ 1 /k ( −/kΣ_1 + /k/R(k)γ^+ + γ^+/R(k)/k ) ]

= Tr [ γ^−γ^+ 1 /k ( −/kΣ_1 − /k/k γ^+ k^+

Σ_3 − γ^+ k^+

/k/kΣ_3 )]

= −4 Σ_1 − 16 Σ_3 = 4(3 Σ_1 − 4 Σ_2), (9.119) Tr [ γ^−Σ(k)γ^+ 1 /k ] = 4(3 Σ_1 − 4 Σ_2). (9.120)

Then (taking into account a factor 1/2)

f^{[α1s,}self^]

1 (x) = (−Σ_1 − 4Σ_3) f_1(x) = (3 Σ_1 − 4 Σ_2) f_1(x) (9.121)

= Σ_1 ( 3 − 4 ∫ dy y xΘ^0_{11}(y, y − x) ) f_1(x) = α_s 2π^2

C_F ∫ d^2k_T k^2_T { 3 2 f_1(x) − 2 f_1(x) ∫ dy x x − y

Θ^0_{11}(y, y − x) } (9.122)

Using ∫ dy x x − y [ Θ^0_{11}(y, y − x) + Θ^0_{11}(x, x − y) ] = 0. (9.123)

the total result becomes

f^{[α1s]}_1 (x) = α_s 2π^2

C_F ∫ d^2k_T k^2_T {∫ dy [ y^2 + x^2 y(y − x) f_1(y) − 2x y − x f_1(x) ] Θ^0_{11}(x, x − y) + 3 2 f_1(x) }

The integral runs from x ≤ y ≤ ∞, but for the first term it is limited to x ≤ y ≤ 1 using the support properties of f_1. In the next step we introduce β = x/y and find that

x ≤ y ≤ 1 ⇐⇒ x ≤ β ≤ 1, x ≤ y ≤ ∞ ⇐⇒ 0 ≤ β ≤ 1,

Thus

f^{[α1s]}_1 (x) = α_s 2π^2

C_F ∫ d^2k_T k^2_T

{∫_1 x dβ β 1 + β^2 (1 − β) f_1 ( x β ) − 2 f_1(x)

∫_1 0 dβ 1 1 − β + 3 2 f_1(x) }

= α_s 2π^2

C_F ∫ d^2k_T k^2_T

∫_1 x dβ β [ 1 + β^2 (1 − β)_+ + 3 2 δ(1 − β) ] f_1 ( x β ) (9.124) = α_s 2π^2

C_F ∫ d^2k_T k^2_T

∫_1 x dβ β P^{[f ]}(β) f_1 ( x β ) . 9.7 Gribov-Lipatov reciprocity and evolution of D_1

For the fragmentation function D_1, the tree level contribution is given by

D^{[α0s]}_1 (z) = 1 4 D_1(z) Tr [ γ^+γ^− ] = D_1(z). (9.125)

We note that the result can be obtained from the distribution functions by interchanging everywhere the + and − components and then later make replacements x → 1/z and f_1(x) → f_1(1/z) → D_1(z).

The momenta for the ladder graph in the case of fragmentation can be written k = [ x, α 2 k^2_T , k_T ] −→ [ 1 z , α 2 k^2_T , k_T ] , (9.126) l = [ x − y, α 2 k^2_T , k_T ] (9.127) p = [y, 0, 0_T ] , (9.128)

involving also simply an interchange of the lightcone components.

We now look at the evolution equations of fragmentation functions (FF) by looking at those for distribution functions (DF) in the domain x ≥ 1. Starting with the result for DF’s obtained via f^{[α1s]}_1 (x), d dτ f(x, τ) = α_s 2π C_F

∫_∞ 0 dy N (_x y ) 1 −^x_y f(y) −

(_x y ) N (1) 1 −^x_y f(x)

Θ_{11}(x, x − y), (9.129)

allowing for different numerators in order to treat the various distribution functions (f_1, g_1 and h_1). We consider N (β) = 2 β^p, which will make it easy to get the results for N (β) = 1 + β^2 or N (β) = 2β. In all these cases N (1) = 2, the numerator result coming from the fermion self energy. We find (defining β = x/y) for the DF d dτ f(x) = α_s 2π ∫_1 0 dβ β [ 2 β^p 1 − β f ( x β )

x≤β≤1 − 2 β 1 − β f(x)

0≤β≤1

] . (9.130)

For the FF we employ an continuation to the region x ≥ 1 and then a substitution x → 1/z. For a quark with k^− = xP^−_h to produce a hadron with P^−_h the radiated gluon can have momentum ℓ^− = (x − y)P^−_h with 1 ≤ y ≤ x. This is obtained via the generalized Θ-functions if one uses for the timelike fragmenting quark a propagator prescription 1/(p^2 − m^2 − iϵ). Thus one has

Θ^0_{11}(x_1, x_2) = ∫ dα 2π i 1 (αx_1 − 1 + iϵ)(αx_2 − 1 + iϵ) = [θ(x_1) θ(−x_2) − θ(−x_1)θ(x_2)] x_1 − x_2 = θ(x_1) − θ(x_2)

x_1 − x_2 = θ(−x_2) − θ(−x_1) x_1 − x_2 ,

Θ^0_{11}(x_1, x_2) = ∫ dα 2π i 1 (αx_1 − 1 − iϵ)(αx_2 − 1 + iϵ) = − [θ(x_1) θ(x_2) − θ(−x_1)θ(−x_2)]

x_1 − x_2 = − θ(x_1) − θ(−x_2)

x_1 − x_2 = − θ(x_2) − θ(−x_1) x_1 − x_2 , and for positive x-values

Θ^0_{11}(x, x − y)^{x>0}= θ(y − x) y , Θ^0_{11}(x, x − y)^{x>0}= − θ(x − y) y . This modification happens only for the ladder graph, not for the self-energy. With the further replacements z → 1/x and f(x) → f(1/z) → D(z) one obtains d dτ f(x) = α_s 2π ∫_∞ 1 dβ β N (β) β − 1 f ( x β )

1≤β≤x − ∫_1 0 dβ β β N (1) 1 − β f(x),

d dτ D(z) = α_s 2π ∫_∞ 1 dβ β N (β) (β − 1)

D(βz)

1≤β≤1/z − ∫_1 0 dβ β β N (1) 1 − β

D(z)

0≤β<1 = α_s 2π ∫_1 0 dβ β [ β N (1/β) (1 − β) D ( z β )

z≤β≤1 − β N (1) 1 − β

D(z)

0≤β<1

]

= α_s 2π ∫_1 z dβ β β N (1/β) (1 − β)_+ D ( z β ) (9.131)

We find the splitting functions

P^{[f ]}(β) =

N (β) (1 − β)_+

, (9.132)

P^{[D]}(β) = β N (1/β) (1 − β)_+

. (9.133)

For a polynomial N (β) = 2 β^p the moments become

P^{[f ]}(β) =

2β^p (1 − β)_+

−→ A^{[f ]}_n = 2

∫_1 0 dβ β^{n−1+p} − 1

1 − β

= −2

n−1+p ∑ j=1 1 j = −2 n∑ j=1 1 j − 2 n + 1

. . . − 2 n − 1 + p

+A(n)

P^{[D]}(β) =

2β^{p−1} (β − 1)_+

−→ A^{[D]}_n = 2

∫_∞ 1 dβ β^{p−n−2} − 1

β − 1

P^{[D]}(β) =

2β^{1−p} (1 − β)_+

−→ A^{[D]}_n = 2 ∫ dβ β^{n−p} − 1 1 − β

= −2 n−p∑ j=1 1 j = −2 n∑ j=1 1 j + 2 n + 2 n − 1

. . . + 2 n − p + 1

+A(−n)

Appendix A

Lightcone coordinates

We use two different notations for four-vectors, a^μ = (a^0, a^1, a^2, a^3) = (a^0, a), (A.1) a^μ = [a^−, a^+, a^1, a^2] = [a^−, a^+, a_T ]. (A.2) The metric tensor is given by g_{00} = −g_{11} = −g_{22} = −g_{33} = 1 or g_{++} = g_{−−} = 0 and g_{+−} = 1 and defines the scalar product a · b = g_{μν} a^μb^ν ≡ g^{ab}. (A.3) The first vector notation corresponds to the expansion of a vector in a Cartesian basis with orthogonal vectors t̂^μ, x̂^μ, ŷ^μ, ẑ^μ with t timelike (t^2 = 1) and the others spacelike (x̂^2 = -1, etc.), the second notation with an expansion in two lightlike vectors n^μ_+ and n^μ_− (n^2_+ = n^2_− = 0 and n_+ · n_− = 1).

The antisymmetric tensor ϵ^{μνρσ} is fixed by ϵ^{0123} = ϵ^{−+12} = 1. (A.4) We employ the notation ϵ^{μνρσ} a_μb_ν c_ρd_σ ≡ ϵ^{abcd}. (A.5) A useful property is the following way of bringing a vector into the antisymmetric combination, ϵ^{μνρσ} g^{αβ} = ϵ^{ανρσ} g^{μβ} + ϵ^{μαρσ} g^{νβ} + ϵ^{μνασ} g^{ρβ} + ϵ^{μνρα} g^{σβ} . (A.6) The following fourth rank tensor is also useful in many applications, S^{μνρσ} = g^{μν} g^{ρσ} − g^{μρ} g^{νσ} + g^{μσ} g^{νρ}. (A.7) In several cases we will also be dealing only with transverse vectors, projected out by g^{μν}_T ≡ g^{μν} − n^μ_+n^ν_− − n^μ_−n^ν_+, (A.8) with as only nonvanishing elements g^{11}_T = g^{22}_T = −1 and the corresponding antisymmetric tensor with ϵ^{12}_T = 1 given by ϵ^{αβ}_T = ϵ^{−+αβ} (A.9) (or equivalently g^{μν}_⊥ and ϵ^{μν}_⊥ ). Given a transverse vector a^μ_T , in the appropriate frame determined by two components (a^1, a^2) or determined by its length |a_T | = √ −a^2_T and an azimuthal angle ϕ_a, such that a^μ_T = (a^1, a^2) = |a_T |(cos ϕ_a, sin ϕ_a), (A.10) we can consider the vector ā^μ_T = ϵ^{μν}_T a_ν = (−a^2, a^1), (A.11) which has the same length, |a_T | = |ā_T | but an azimuthal angle ϕ_ā = ϕ_a + π/2. We note that ā^μ_T = −a^μ_T . Again we use the notation with vectors as indices, e.g. g^{ab}_T ≡ g^{μν}_T a_μb_ν = a_T · b_T = −a_T · b_T , (A.12) ϵ^{ab}_T ≡ ϵ^{μν}_T a_{T μ}b_{T ν} ≡ a_T ∧ b_T = a_T · b̄_T , (A.13) and we note that we can write a^μ_T = g^{aμ}_T and ā^μ_T = g^{āμ}_T =ϵ^{μa}_T . The symmetric traceless tensor constructed from two (transverse) four vectors is denoted

S^{aμbν}_T = a^{{μ}_T b^{ν}}_T − (a_T · b_T ) g^{μν}_T . (A.14)

In terms of the azimuthal angles,

g^{ab}_T = −|a_T | |b_T | cos(ϕ_b − ϕ_a), (A.15) ϵ^{ab}_T = |a_T | |b_T | sin(ϕ_b − ϕ_a), (A.16) S^{abcd}_T = |a_T | |b_T | |c_T | |d_T | cos(ϕ_b + ϕ_d − ϕ_a − ϕ_c). (A.17)

For products of tensors we have the relations

g^{ij}_T g^{ab}_T = g^{ib}_T g^{ja}_T + ϵ^{ia}_T ϵ^{jb}_T , (A.18) ϵ^{ij}_T ϵ^{ab}_T = g^{ia}_T g^{jb}_T − g^{ib}_T g^{ja}_T , (A.19) ϵ^{ab}_T g^{ij}_T = ϵ^{ib}_T g^{aj}_T + ϵ^{ai}_T g^{bj}_T . (A.20)

Employing two unit-length transverse vectors x̂^μ and ŷ^μ = ^̄x^μ, one easily derives the expansions

a^μ_T = g^{aμ}_T = −g^{ax}_T g^{xμ}_T − g^{ay}_T g^{yμ}_T = a^x x̂^μ + a^y ŷ^μ, (A.21) ā^μ_T = ϵ^{μa}_T = g^{āμ}_T = g^{ay}_T g^{xμ}_T − g^{ax}_T g^{yμ}_T = −a^y x̂^μ + a^x ŷ^μ. (A.22)

where a^x ≡ −(a_T · x̂) = a_T · x̂ and a^y ≡ −(a_T · ŷ) = x̂ ∧ a_T . For second rank tensors one obtains

a^{{μ}_T b^{ν}}_T − (a_T · b_T ) = S^{aμbν}_T = S^{axbx}_T S^{xμxν}_T + S^{axby}_T S^{xμyν}_T = (a^xb^x − a^yb^y) (2x̂^μx̂^ν + g^{μν}_T ) + (a^xb^y + a^xb^y) x̂^{{μ}ŷ^{ν}}, (A.23) a^{[μ}_T b^{ν]}_T = g^{a[μ}_T g^{ν]b}_T = ϵ^{ab}_T ϵ^{μν}_T = (a^xb^y − a^yb^x) ϵ^{μν}_T , (A.24) 1 2 ( a^{{μ}_T b̄^{ν}}_T + b^{{μ}_T ā^{ν}}_T ) = −S^{axby}_T S^{xμxν}_T + S^{axbx}_T S^{xμyν}_T = −(a^xb^y + a^xb^y) (2x̂^μx̂^ν + g^{μν}_T ) + (a^xb^x − a^yb^y) x̂^{{μ}ŷ^{ν}}, (A.25) 1 2 ( a^{{μ}_T b̄^{ν}}_T − b^{{μ}_T ā^{ν}}_T ) = ϵ^{ab}_T g^{μν}_T = (a^xb^y − a^yb^x) g^{μν}_T , (A.26)

Finally we want to give the following useful way of transforming a tensor involving external momenta q_T into quark transverse momenta k_T and p_T . Having p_T + k_T = q_T one sees that

S^{qαqβ}_T = S^{pαpβ}_T + S^{kαkβ}_T + 2 S^{pαkβ}_T .

= S^{pαpβ}_T + S^{kαkβ}_T + 2 S^{ρασβ}_T p_{T ρ}k_{T σ}. (A.27)

Appendix B

Frames in leptoproduction

B.1 The inclusive case

Consider ℓ(k) + H(P ) → ℓ^′(k^′) + X in which the momentum transfer is q = k − k^′. Using lightcone coordinates the momenta k, q and P satisfying q^2 = −Q^2, 2 P · q = Q^2/x and P · q = y P · k are given by k = [ 1 y Q √ 2 , y ℓ^2_T Q √ 2 , 1 y q_T + Q √ 1 − y y ℓ̂_T ℓT

] , (B.1)

q = [ Q √ 2 , Q^2_T − Q^2 Q √ 2 , q_T ] , (B.2) P = [( xM Q √ 2 ) , Q x √ 2 , 0_T ] , (B.3)

where P^− = M^2/2P^+ will be neglected in the rest. Here we have allowed for an arbitrary transverse momentum in q being q_T = Q_T q̂_T . We note that the parton momenta satisfying p^2 = (p + q)^2 = 0 (up to mass effects and with |p_T | ≪ Q) and the final state remnant momenta are given by

p = xP + p_T = [ 0, Q √ 2 , (p_T ) ] , (B.4)

p^′ = p + q = [ Q √ 2 , Q^2_T Q √ 2 , q_T ] , (B.5)

P^′ = P − p = [ 0, (1 − x) x Q √ 2 , 0_T ] , (B.6)

P^′ + p^′ = [ Q √ 2 , xQ^2_T + (1 − x)Q^2 xQ √ 2 , q_T ] . (B.7)

Note that the hadronic mass is given by

W^2 =

(1 − x) x Q^2 or x =

Q^2 W^2 + Q^2

. (B.8)

Specific frames are: (1) Q_T = 0.

In this frame one has for the momenta k = [ 1 y Q √ 2 , (1 − y) y Q √ 2 , Q √ 1 − y y ℓ̂_T ] , (B.9) q = [ Q √ 2 , − Q √ 2 , 0_T ] , (B.10) P = [ 0, Q x √ 2 , 0_T ] , (B.11) k^′ = k − q =

[ (1 − y) y Q √ 2 , 1 y Q √ 2 , Q √ (1 − y) y ℓ̂_T ] , (B.12)

p^′ = xP + q = [ Q √ 2 , 0, 0_T ] . (B.13)

(2) q_T = −Q √ 1 − y ℓ̂_T (HERA frame).

In this frame the electron and target hadron are parallel and one has k = [ 1 y Q √ 2 , 0, 0_T ] , (B.14) q = [ Q √ 2 , −y Q √ 2 , −Q √ 1 − y ℓ̂_T ] , (B.15) P = [ 0, Q x √ 2 , 0_T ] , (B.16)

k^′ = k − q =

[ (1 − y) y Q √ 2 , y Q √ 2 , Q √ (1 − y) y ℓ̂_T ] , (B.17)

p^′ = xP + q = [ Q √ 2 , (1 − y) Q √ 2 , Q √ (1 − y) y ℓ̂_T ] . (B.18)

(3) Q_T = Q.

In this frame one has in essence that q is transverse, implying for the hadronic momenta q = [ Q √ 2 , 0, Q q̂_T ] , (B.19) P = [ 0, Q x √ 2 , 0_T ] . (B.20)

(4) Q_T ↓ Q (Bjorken frame).

First boosting the original momenta by multiplying the plus components with a factor √ Q^2_T − Q^2/Q and the minus components with the inverse factor one obtains q = [√ Q_{2T} − Q_2 2 , √ Q^2_T − Q^2 2 , Q q̂_T ] , (B.21) P = [ 0, Q^2 x √ 2(Q^2_T − Q^2)

, 0_T ] . (B.22)

In the limit Q_T ↓ Q this frame has a purely transverse momentum exchange and an infinite momentum for the target hadron.

B.2 Diffractive scattering

For diffractive scattering one can proceed in steps by starting with the hadron momentum P , taking out a momentum x_P P , from which one takes a parton momentum βx_P P . One has P = [ 0, Q βx_P √ 2 , 0_T ] , (B.23)

k_P = x_P P = [ 0, Q β √ 2 , 0_T ] , (B.24)

p = β k_P = βx_P P = [ 0, Q √ 2 , 0_T ] , (B.25) q = [ Q √ 2 , − Q √ 2 , 0_T ] , (B.26)

p^′ = p + q = [ Q √ 2 , 0, 0_T ] . (B.27) k^′_P = k_P − p = [ 0, (1 − β) β Q √ 2 , 0_T ] , (B.28)

P^′ = P − k_P = [ 0, 1 − x_P

x_P Q β √ 2 , 0_T ] , (B.29)

Note that

W^2 = (p^′ + p^′_P + P^′)^2 =

1 − βx_P βx_P

Q^2 or βx_P =

Q^2 Q^2 + W^2

, (B.30)

M^2_X = (p^′ + k^′_P )^2 =

(1 − β) β Q^2 or β =

Q^2 Q^2 + M^2_X

. (B.31)

Appendix C

Kinematics

C.1 Single parton case: absorption of hard momentum

p^2 = k^2 = 0 p ≈ [ 0, Q √ 2 , 0_T ]

q ≈ [ Q √ 2 , − Q √ 2 , 0_T ] q^2 = −Q^2 k ≈ [ Q √ 2 , 0, 0_T ]

C.2 Single-parton distribution: branching

p^2 = l^2 = 0 p ≈ [ 0, 1 x_p Q̃ √ 2 , 0_T ]

l ≈ [ (1 − z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , −p_T ] p^2_T =

(1 − z_k)(1 − x_p)

x_p

Q̃^2

p^′ ≈ [ −(1 − z_k) Q̃ √ 2 , Q̃ √ 2 , p_T ] p^{′2} = − 1 (1 − x_p) p^2_T

C.3 Single-parton fragmentation: branching

k^2 = l^2 = 0 k ≈ [ z_k Q̃ √ 2 , 0, 0_T ]

l ≈ [ (1 − z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , k_T ] k^2_T =

(1 − z_k)(1 − x_p)

x_p

Q̃^2

k^′ ≈ [ Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , k_T ] k^{′2} = z_k

(1 − z_k) k^2_T

C.4 Single-parton case: absorption and branching

p^2 = k^2 = l^2 = 0 p ≈ [ 0, 1 x_p Q̃ √ 2 , 0_T ]

q ≈ [ Q̃ √ 2 , − Q̃ √ 2 , q_T ] q^2 = −Q^2 = −(Q̃^2 + Q^2_T )

k ≈ [ z_k Q̃ √ 2 , 0, 0_T ] ( q^2_T = Q^2_T )

l ≈ [ (1 − z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , q_T ] Q^2_T =

(1 − z_k)(1 − x_p)

x_p

Q̃^2

p_s = p + q = k + l ≈ [ Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , q_T ]

p_t = k − p = q + l ≈ [ z_k Q̃ √ 2 , − 1 x_p Q̃ √ 2 , 0_T ]

p_u = p − l = k − q ≈ [ −(1 − z_k) Q̃ √ 2 , Q̃ √ 2 , q_T ] ŝ = p^2_s = z_k(1 − x_p)

x_p

Q̃^2 = z^k

(1 − z_k)

Q^2_T

t̂ = p^2_t = − z^k x_p

Q̃^2 = − z^k (1 − x_p)(1 − z_k)

Q^2_T

û = p^2_u = −

(1 − z_k)

x_p

Q̃^2 = − 1 (1 − x_p)

Q^2_T

C.5 Multi-parton distribution: absorption

p^2_1 = p^2 = p · p_1 = k^2 = 0 p ≈ [ 0, Q √ 2 , 0_T ]

p_1 ≈ [ 0, x_1 Q √ 2 , 0_T ]

q ≈ [ Q √ 2 , − Q √ 2 , 0_T ] q^2 = −Q^2 k ≈ [ Q √ 2 , 0, 0_T ]

In general (p = ∑ p_i):

k − p_i ≈ [ Q √ 2 , −x_i Q √ 2 , 0_T ]

q + p_i ≈ [ Q √ 2 , −(1 − x_i) Q √ 2 , 0_T ] (k − p_i)^2 = −x_i Q^2

(q + p_i)^2 = −(1 − x_i) Q^2

C.6 Multi-parton fragmentation: absorption

k^2_1 = k^2 = k · k_1 = p^2 = 0 p ≈ [ 0, Q √ 2 , 0_T ]

q ≈ [ Q √ 2 , − Q √ 2 , 0_T ] q^2 = −Q^2

k_1 ≈ [ z_1 Q √ 2 , 0, 0_T ]

k ≈ [ Q √ 2 , 0, 0_T ]

In general (k = ∑ k_i):

k_i − p ≈ [ z_i Q √ 2 , − Q √ 2 , 0_T ]

k_i − q ≈ [ −(1 − z_i) Q √ 2 , Q √ 2 , 0_T ] (k_i − p)^2 = −z_i Q^2

(q − k_i)^2 = −(1 − z_i) Q^2

C.7 Multi-parton distribution: branching

p^2_1 = p^2 = p · p_1 = l^2 = 0 p ≈ [ 0, 1 x_p Q̃ √ 2 , 0_T ]

p_1 ≈ [ 0, x_1

x_p Q̃ √ 2 , 0_T ]

l ≈ [ (1 − z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , −p_T ] p^2_T =

(1 − z_k)(1 − x_p)

x_p

Q̃^2

p^′ ≈ [ −(1 − z_k) Q̃ √ 2 , Q̃ √ 2 , p_T ] p^{′2} = − 1 1 − x_p p^2_T

In general (p = ∑ p_i):

l − p_i ≈ [ (1 − z_k) Q̃ √ 2 , ((1 − x_i) − x_p)

x_p Q̃ √ 2 , −p_T ]

p^′ − p_i ≈ [ −(1 − z_k) Q̃ √ 2 , (x_p − x_i)

x_p Q̃ √ 2 , p_T ] (l − p_i)^2 = − x_i

(1 − x_p) p^2_T

(p^′ − p_i)^2 = −

(1 − x_i)

(1 − x_p) p^2_T

Equivalently one can also use the following parametrization (where l defines the minus direction) p ≈ [ 0, |p_T | √ 2 , 0_T ]

p_1 ≈ [ 0, x_1

|p_T | √ 2 , 0_T ]

l ≈ [ |p_T |

(1 − x_p) √ 2 , 0, 0_T ]

p^′ ≈ [ − |p_T |

(1 − x_p) √ 2 , |p_T | √ 2 , 0_T ] l − p_i ≈ [ |p_T |

(1 − x_p) √ 2 , −x_i

|p_T | √ 2 , −0_T ]

p^′ − p_i ≈ [ − |p_T |

(1 − x_p) √ 2 , (1 − x_i)

|p_T | √ 2 , 0_T ]

C.8 Multi-parton fragmentation: branching

k^2_1 = k^2 = k · k_1 = l^2 = 0 k ≈ [ z_k Q̃ √ 2 , 0, 0_T ]

k_1 ≈ [ z_1 z_k Q̃ √ 2 , 0, 0_T ]

l ≈ [ (1 − z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , k_T ] k^2_T =

(1 − z_k)(1 − x_p)

x_p

Q̃^2

k^′ ≈ [ Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , k_T ] k^{′2} = z_k

(1 − z_k) k^2_T

In general (k = ∑ k_i):

k_i + l ≈ [ (1 − (1 − z_i)z_k) Q̃ √ 2 , (1 − x_p)

x_p Q̃ √ 2 , k_T ]

k_i − k^′ ≈ [ − (1 − z_i z_k) Q̃ √ 2 , − (1 − x_p)

x_p Q̃ √ 2 , −k_T ] (l + k_i)^2 = − z_i z_k

(1 − z_k) k^2_T

(k_i − k^′)^2 = −

(1 − z_i) z_k

(1 − z_k) k^2_T

Appendix D

Useful formulae

D.1 Combining denominators

Feynman trick: 1 AB = ∫_1 0 dx 1 (xA + (1 − x)B)^2

. (D.1) 1 A_1A_2 . . . A_n = ∫_1 0 dx_1 . . . dx_n δ (∑ x_i − 1

) (n − 1)!

(x_1A_1 + . . . + x_nA_n)^n

. (D.2)

D.2 Some indefinite integrals

(D = 2) ∫ dp √ p^2 ± m^2 = 1 2 p √ p^2 ± M^2 + 1 2 M^2 ln ( p + √ p^2 ± M^2 ) (D.3)

(D = 0) ∫ dp 1 √ p^2 ± M^2

= ln ( p + √ p^2 ± M^2 ) (D.4)

(D = 0) π 2 ∫ dp p p^2 ± M^2

= π ln ( p^2 ± M^2 ) (D.5)

(D = -1) ∫ dp 1 p^2 + M^2 = 1 M tan^{−1} ( p M ) , (D.6)

(D = -1) ∫ dp 1 p^2 − M^2 = 1 M ln | | | p − M p + M | | | , (D.7)

D.3 Special functions

Beta function

B(μ, ν) =

∫_1 0 dx x^{μ−1}(1 − x)^{ν−1} (D.8) = ∫_∞ 0 dy y^{ν−1}(1 + y)^{−μ−ν} (D.9) = 2 ∫_{π/2} 0 dθ sin^{2μ−1} θ cos^{2ν−1} θ (D.10) = Γ(μ)Γ(ν) Γ(μ + ν)

. (D.11)

The Gamma function is defined for Re(z) > 0 as

Γ(z) =

∫_∞ 0 dx x^{z−1} exp(−x) (D.12) and satisfies Γ(n) = (n − 1)!, Γ(^1_2 ) = π^{1/2} and the relation

z Γ(z) = Γ(z + 1). (D.13)

The function has simple poles with residue (−)^n(1/n!) at the points z = −n. Near negative integers the expansion can be obtained from

Γ(1 + ϵ) = 1 +

∫_∞ 0 dx (ϵ ln x + 1 2 ϵ^2 ln^2 x + . . .) exp(−x) (D.14)

= 1 − ϵ γ_E + ϵ^2 ( 1 2 γ^2_E + 1 12 π^2 ) + . . . , (D.15)

where γ_E ≈ 0.5772 is Euler’s constant. One has

Γ(z)^{z≈0}= 1 z − γ_E + O(z), (D.16)

Γ(z)^{z≈−n}=

(−)^n n!(z + n)

− γ_E + 1 + . . . + 1 n + O(z + n), (D.17)

D.4 Dimensional regularization

Minkowski space integrals can easily be turned into Euclidean integrals using

i k^0_E = k^0, (D.18) i d^nk_E = d^nk (D.19) −k^2_E = k^2. (D.20)

Basically n-dimensional Euclidean integrals are performed via the angular decomposition and integration ∫ d^nx =

∫_∞ 0 dr r^{n−1}

∫_π 0 dθ_{n−1} sin^{n−2} θ_{n−1}

∫_π 0 dθ_{n−2} sin^{n−3} θ_{n−2} . . .

∫_{2π} 0 dθ_1, (D.21) ∫_π 0 dθ sin^m θ = √ π Γ (_{m+1} 2 ) Γ (_{m+2} 2 ) . (D.22)

Radial and one-dimensional integrals are ∫ d^nx f(r) =

2 π^{n/2} Γ (_n 2 ) ∫ dr r^{n−1} f(r), (D.23) ∫ dx x^β (x^2 + m^2)^α = 1 2 Γ (_{β+1} 2 ) Γ ( α −^{β+1}_2 ) Γ(α) (m^2)^{α−(β+1)/2}

. (D.24)

A basic integral is ∫ d^nk 1 (k^2 − M^2 + iϵ)^s = i ∫ d^nk_E 1 (−k^2_E − M^2)^s

(D.25)

= i (−)^s π^{n/2} Γ ( s −^n_2 ) Γ(s)

(M^2)^{n/2−s} (D.26) = i (−)^s π^{n/2} ( s −^n_2 ) Γ ( s −^n_2 ) Γ(s)

(M^2)^{n/2−s} (D.27) ≈ i (−)^s π^s ( s −^n_2 ) 1 Γ(s) [ 1 − ( s − n 2 ) [γ_E + ln(π M^2)] + . . . ] , (D.28)

where the last expansion is near n = 2s, or with n = 2s − ϵ, ∫ d^{2s−ϵ}k 1 (k^2 − M^2 + iϵ)^s ≈ i (−)^s π^s

Γ(s) [ 2 ϵ − γ_E − ln(π M^2) + O(ϵ) ] . (D.29)

Note that one needs to be careful with factors like

M^ϵ = e^{ϵ ln M} = 1 + ϵ 2 ln M^2 + O(ϵ), 1 (2π)^n = 1 (2π)^{2s−ϵ} = 1 (2π)^s [ 1 + ϵ 2 ln(4π^2) + O(ϵ) ] . Thus one has

M^ϵ ∫ d^nk (2π)^n 1 (k^2 − M^2 + iϵ)^s

n=2s−ϵ ≈ i (−)^s (4π)^sΓ(s) [ 2 ϵ − γ_E + ln(4π) + O(ϵ) ] . (D.30)

Including numerators we have for instance ∫ d^nk 1 ((k − p)^2 − M^2 + iϵ)^s

= i (−)^s π^{n/2} Γ ( s −^n_2 ) Γ(s)

M^{n−2s} (D.31) ∫ d^nk k_μ ((k − p)^2 − M^2 + iϵ)^s

= −ip_μ (−)^s π^{n/2} Γ ( s −^n_2 ) Γ(s)

M^{n−2s} (D.32) ∫ d^nk k_μk_ν ((k − p)^2 − M^2 + iϵ)^s = i [ p_μp_ν − 1 2 Γ ( s −^n_2 − 1 ) Γ ( s −^n_2

) M^2 g_{μν} ]

× (−)^s π^{n/2} Γ ( s −^n_2 ) Γ(s)

M^{n−2s}. (D.33)

Actually the above integrals can be obtained by realizing that the proper averaging requires

kμkν −→ 1 n k^2 gμν ,

kμkν kρkσ −→ 1 n(n + 2)

(k^2)^2 (gμν gρσ + gμρgνσ + gμσ gνρ) .

This leads to ∫ d^nk 1 (k^2 − M^2 + iϵ)^s

= i (−)^s π^{n/2} Γ ( s −^n_2 ) Γ(s)

M^{n−2s} ∫ d^nk k^2 (k^2 − M^2 + iϵ)^s

= −i (−)^s π^{n/2} n 2 Γ ( s −^n_2 − 1 ) Γ(s)

M^{n−2s−2} ∫ d^nk kμkν (k^2 − M^2 + iϵ)^s

= −i (−)^s π^{n/2} 1 2 gμν Γ ( s −^n_2 − 1 ) Γ(s)

M^{n−2s−2} ∫ d^nk

(k^2)^2 (k^2 − M^2 + iϵ)^s

= i (−)^s π^{n/2} n(n + 2) 4 Γ ( s −^n_2 − 2 ) Γ(s)

M^{n−2s−4} ∫ d^nk kμkν kρkσ (k^2 − M^2 + iϵ)^s

= i (−)^s π^{n/2} 1 4 (gμν gρσ + gμρgνσ + gμσ gνρ) Γ ( s −^n_2 − 2 ) Γ(s)

M^{n−2s−4}

Finally because g_{μν} g^{μν} = g^μ = n one has in n dimensions

γ^μγ_μ = n, (D.34) γ_μγ^ργ^μ = −(n − 2) γ^ρ, (D.35) γ_μγ^ργ^σ γ^μ = 4 g^{ρσ} − (4 − n) γ^ργ^σ , (D.36) γ_μγ^ν γ^ργ^σ γ^μ = −2 γ^σγ^ργ^ν + (4 − d) γ^ν γ^ργ^σ. (D.37)

D.5 Some useful relations involving distributions

The integral representation of the step functions are

θ(±x) = ± ∫ dα 2π i e^{iαx} α ∓ iϵ

, (D.38)

ϵ(±x) = P ∫ dα π i e^{iαx} α = θ(x) − θ(−x). (D.39)

The derivatives satisfy θ^′(x) = δ(x) and ϵ^′(x) = 2 δ(x). Other useful relations are 1 x − iϵ = P 1 x + iπ δ(x), (D.40)

ln(x − iϵ) = ln |x| − iπ θ(−x). (D.41)

In order to treat endpoint singularities in ∫ dx f(x)/(1 − x) near x = 1 one usually employs the ”+” prescription,

(F (x))_+ ≡ lim_{β→0} [ F (x) θ(1 − β − x) + δ(1 − β − x)

∫_{1−β} 0 dy F (y) ] , (D.42)

satisfying

∫_1 0 dx(F (x))_+ = 0. Note that for an integral not running between 0 and 1 one has ∫_1 x dz G(z) (1 − z)_+ = ∫_{1−β} x dz G(z) (1 − z)

− G(1 − β)

∫_{1−β} 0 dz 1 1 − z = ∫_1 x dz G(z) − G(1)

1 − z

− G(1)

∫_x 0 dz 1 1 − z = ∫_1 x dz G(z) − G(1)

1 − z

+ G(1) ln(1 − x) (D.43)

One thus has regularized via the endpoint of the integration leading to 1 1 − x

= − ln β δ(1 − x) + 1 (1 − x)_+

+ O(β). (D.44)

One can also use 1 (1 − x)^{1−ϵ} = − 1 ϵ δ(1 − x) + 1 (1 − x)+

+ O(ϵ).

To see how this works, consider for a small ϵ ∫_1 x dx G(z) (1 − z)^{1−ϵ} = ∫_1 x dx G(z) − G(1) (1 − z)^{1−ϵ}

+ G(1)

∫_1 x dx 1 (1 − z)^{1−ϵ} = ∫_1 x dx G(z) − G(1) (1 − z)

+ G(1)

∫_{1−x} 0 dy y^{ϵ−1} = ∫_1 x dx G(z) − G(1) (1 − z)

− G(1) 1 ϵ + G(1) ln(1 − x).

Another useful ”+” function is

∫_1 x dz G(z) ( ln(1 − z) 1 − z ) + = ∫_1 x dz (G(z) − G(1)) ln(1 − z) 1 − z + 1 2 G(1) ln^2(1 − x). (D.45)

D.6 Theta functions

Often it is useful to attack loop-integrals via lightcone variables leading to specific integrals of the type

Θ^m_{n1n2 ...}(x_1, x_2, . . .) = ∫ dα 2π i α^m (αx_1 − 1 + iϵ)^{n1} (αx_2 − 1 + iϵ)^{n2} . . .

. (D.46)

In these integrals m can be reduced via

Θ^m_{111...}(x_1, x_2, x_3, . . .) = 1 (x_1 − x_2) [ Θ^{(m−1)}

11... (x2, x3, . . .) − Θ

(m−1) 11... (x1, x3, . . .) ] . (D.47)

Proof:

Θ^m_{111}(x1, x2, x3) = ∫ dα 2π i α (αx1 − 1 + iϵ)(αx2 − 1 + iϵ)(αx3 − 1 + iϵ) = 1 (x1 − x2) ∫ dα 2π i

(αx1 − 1) − (αx2 − 1) (αx1 − 1 + iϵ)(αx2 − 1 + iϵ)(αx3 − 1 + iϵ)

The lower index can be lowered together with an upper index via

Θ^m_{n1...}(x_1, . . .) = −(n_1 − 1) d dx_1

Θ^{(m−1)}

(n_1−1)...(x1, . . .). (D.48)

Proof:

Θ^1_{21}(x1, x2) = ∫ dα 2π i α (αx1 − 1 + iϵ)^2(αx2 − 1 + iϵ) = − d dx1 ∫ dα 2π i 1 (αx1 − 1 + iϵ)(αx2 − 1 + iϵ)

The reduction of Θ^0_{111...} to Θ_{11...} is achieved via

Θ^0_{111...}(x_1, x_2, x_3, . . .) = x_2 Θ^0_{11...}(x_2, x_3) − x_1 Θ^0_{11...}(x_1, x_3) x_1 − x_2

. (D.49)

Proof:

Θ^0_{111...}(x1, x2, x3) = ∫ dα 2π i 1 (αx1 − 1 + iϵ)(αx2 − 1 + iϵ)(αx1 − 1 + iϵ) = ∫ dα 2π i αx1 − (αx1 − 1) (αx1 − 1 + iϵ)(αx2 − 1 + iϵ)(αx1 − 1 + iϵ) = x1 Θ^1_{11...}(x1, x2, x3) − Θ^0_{11}(x2, x3)

and using the previous relation.

Finally we can reduce n = 2 (for m = 0) via ∫_{x1}

x_0

dy Θ^0_{21}(y, x_2) = (x_1 − x_0) Θ^0_{111}(x_0, x_1, x_2) (D.50)

Proof: ∫_{x1} x0 dy Θ^0_{21}(y, x2) =

∫_{x1} x0 dy ∫ dα 2π i 1 (αy − 1 + iϵ)^2(αx2 − 1 + iϵ) = ∫ dα 2π i 1 α ∫_{αx1} αx0 d(αy) 1 (αy − 1 + iϵ)^2(αx2 − 1 + iϵ)

and then using that 1 (αx0 − 1) − 1 (αx1 − 1) = α(x1 − x0) (αx0 − 1)(αx1 − 1) Further reduction for n = 2 and m = 0 then is possible, giving

Θ^0_{21}(x_1, x_2) = − d dx_1 [ x_1 Θ^0_{11}(x_1, x_2) ] . (D.51)

The only integral to be calculated actually is Θ^0_{11}(x_1, x_2), which is easily done via a contour integration in the complex plane. The explicit results for the simplest functions are then

Θ^0_{11}(x_1, x_2) = θ(x_1)θ(−x_2) − θ(−x_1)θ(x_2) x_1 − x_2 = θ(x_1) − θ(x_2) x_1 − x_2

, (D.52)

Θ^0_2(x) = δ(x), (D.53) Θ^0_{111}(x_1, x_2, x_3) = x_2 (x_1 − x_2)

Θ^0_{11}(x_2, x_3) − x_1 (x_1 − x_2)

Θ^0_{11}(x_1, x_3), (D.54)

Θ^0_{21}(x_1, x_2) = x_2 (x_1 − x_2)

Θ^0_{11}(x_1, x_2) − x_1 (x_1 − x_2) δ(x_1), (D.55)

Θ^1_{21}(x_1, x_2) = 1 (x_1 − x_2)

Θ^0_{11}(x_1, x_2) − 1 (x_1 − x_2) δ(x_1), (D.56)

Θ^1_{11}(x_1, x_2, x_3) = 1 (x_1 − x_2) [ Θ^0_{11}(x_2, x_3) − Θ^0_{11}(x_1, x_3) ] . (D.57)

We also will use the following equality for Θ^0_{11} functions, seen using a principal value prescription, ∫ dy x x − y [ Θ^0_{11}(y, y − x) + Θ^0_{11}(x, x − y) ] = 0. (D.58)

The singularities in the two terms come from y ↑ x (first term) and y ↓ x (right term) respectively. Notes on the iϵ prescription:

Θ^0_{11}(x_1, x_2) = ∫ dα 2π i 1 (αx_1 − 1 + iϵ)(αx_2 − 1 + iϵ) = 1 x_1 − x_2

[θ(x_1) θ(−x_2) − θ(−x_1)θ(x_2)]

Θ^0_{11}(x_1, x_2) = ∫ dα 2π i 1 (αx_1 − 1 − iϵ)(αx_2 − 1 + iϵ) = 1 x_1 − x_2

[θ(x_1) θ(x_2) − θ(−x_1)θ(−x_2)]

D.7 IR and UV singularities

In a D = 0 divergent integral one can separate the singularities e.g. as follows ∫ d^2k_T k^2_T = ∫ d^2k_T [ M^2 k^2_T (k^2_T + M^2) + 1 k^2_T + M^2 ] . (D.59)

Regularized one sees that

M^ϵ ∫ d^{2−ϵ}k_T k^2_T

= M^ϵ ∫ d^{2−ϵ}k_T

M^2 k^2_T (k^2_T + M^2)

−2π/ϵ (IR-divergence)

+ M^ϵ ∫ d^{2−ϵ}k_T 1 k^2_T + M^2

2π/ϵ (UV-divergence)

(D.60)

Appendix E

Spin

E.1 Density matrices: definition and example for spin 1/2

In many applications in quantum mechanics one does not have a pure state to begin with. An impure state is described with a density operator ρ = ∑ i |i⟩ p_i ⟨i|, (E.1)

where |i⟩ are pure states, not necessarily orthogonal, and p_i are the probabilities (e.g. a beam of spin 1/2 electrons with 50 % spin along the z-axis, 25 % spin along x-axis and 25 % spin along y-axis). We do know

0 ≤ p_i ≤ 1 and ∑ i p_i = 1.

It is straightforward to obtain the following properties:

• Tr ρ = ∑ i p_i = 1, • ⟨A⟩ = ∑ i p_i⟨i|A|i⟩ = Tr (ρA) = Tr (Aρ) and Tr (ρ^2) ≤ 1, • ρ is a positive definite, self-adjoint (ρ^† = ρ) operator, • For a pure state ρ^2 = ρ ⇐⇒ Tr (ρ^2) = 1. In that case ρ is a projection operator.

E.2 Spherical tensor operators

More general, for spin s one can use the spherical tensor operators R^L_M , defined as

⟨s, m|R^L_M |s, m^′⟩ = ( R^L_M ) mm^′ = √ 2L + 1 C^{s L s}_m′_{Mm} = (−)^L √ 2L + 1 C^{L s s}_{Mm}′_m = (−)^{s−m′} √ 2s + 1 C^{s s L}

m−m^′M

= (−)^{s−m} √ (2s + 1)(2L + 1) ( s s L m −m^′ −M ) . (E.2)

The last expression involves the so-called 3j-symbol. The properties of these tensor operators are:

• Tr R^L_M = (2s + 1) δ_{L0} δ_{M0}, • Tr (R^{L′}_M ′ R^L_M^†) = (2s + 1) δ_{LL}′ δ_{MM} ′ , • R^L_M are real (2s + 1) × (2s + 1) matrices, • R^L_M^† = (−)^M R^L_{−M} .

Expanding the density matrix ρ, ρ ≡ 1 2s + 1 2s∑ L=0 L∑ M=−L

ρ^L_M^∗R^L_M = 1 2s + 1 2s∑ L=0 L∑ M=−L

ρ^L_M R^L_M^†, (E.3)

the quantities ρ^L_M are (complex) numbers satisfying

• ρ^L_M = Tr (ρR^L_M ),

• ρ^L_M^∗ = (−)^M ρ^L_{−M} , i.e. ρ^L_0 real (because ρ is self-adjoint),

• ρ^0 = 1 (because Tr ρ = 1) • ∑ L,M |ρ^L_M |^2 ≤ 2s + 1 (because Tr ρ^2 ≤ 1).

E.3 Spin 1/2

Besides the tensor operators a Cartesian set is used, the Pauli matrices,

σ_x = 0 1 1 0 , σy =

0 −i i 0 , σz = 1 0 0 −1

. (E.4)

The explicit tensor operators and their relation to the Cartesian operators are

R^0 = 1 0 0 1 = 1, (E.5)

R^1 = 0 − √ 2 0 0 = − 1 √ 2 (σ_x + iσ_y), (E.6)

R^1_0 = 1 0 0 −1

= σz, (E.7)

R^1_{−1} = 0 0 √ 2 0 = 1 √ 2 (σ_x − iσ_y), (E.8)

The R^1_m are precisely the spherical components of the spin vector σ. The explicit form of the density matrix is ρ = 1 2 (1 + σ · P ) = 1 2 1 + P_z P_x − i P_y

P_x + i P_y 1 − P_z

(E.9)

(E.10) = 1 2 1∑ L=0 L∑ M=−L

ρ^L_M R^L_M^† = 1 2 1 + ρ^1_0 ρ^1_{−1} √ 2 −ρ^1 √ 2 1 − ρ^1_0

. (E.11)

The vector P is called the polarization vector or also the spin vector of a state. For a pure state |P | = 1, for an unpolarized state |P | = 0 corresponding with ρ =^1_2 1. The numbers ρ^1_m are just the spherical components of the polarization vector,

ρ^1 = − 1 √ 2 (P_x + iP_y), (E.12)

ρ^1_0 = P_z , (E.13)

ρ^1_{−1} = 1 √ 2 (P_x − iP_y). (E.14)

One has Tr ρ^2 =^1_2 (1 + P^2) ≤ 1. The degree of polarization is 0 ≤ |P | ≤ 1.

We note that any matrix M̃ in the spin-space can be transformed into a function depending on the polarization vector P , which we write as

(P^i) = (S^1_T , S^2_T , S_L). (E.15)

Explicitly we have M(S) = Tr ( ρ(S) M̃ ) . (E.16)

where the density matrix is written as

ρ(S) = 1 2 1 + S_L S^1_T − i S^2_T

S^1_T + i S^2_T 1 − S_L = 1 2 +^1_2 S_L^{1√}_2 S^−_T

−^{1√}_2 S^+_T^1_2 −^1_2 S_L

. (E.17)

The equivalence is

M(S) = M_O + S_L M_L + S^1_T M^1_T + S^2_T M^2_T = M_O + S_L M_L − S^+_T M^−_T − S^−_T M^+_T (E.18)

M̃_{mm′} =

M_O + M_L M^−_T √ 2 −M^+_T √ 2 M_O − M_L = M_O + M_L M^1_T − i M^2_T

M^1_T + i M^2_T M_O − M_L

. (E.19)

if the matrix M̃ is written on the basis of eigenstates of σ_z.

The parameters in the density matrix in Eq. E.17 can be given an explicit probabilistic interpretation. Introducing p_m(θ, ϕ) as the probabilities to have spin-component m along the direction specified by θ and ϕ, we have

P_z = S_L = p_{1/2}(ẑ) − p_{−1/2}(ẑ) (E.20) P_x = S^1_T = p_{1/2}(x̂) − p_{−1/2}(x̂) (E.21) P_y = S^2_T = p_{1/2}(ŷ) − p_{−1/2}(ŷ), (E.22)

showing all these parameters to lie in the interval [−1, 1].

E.4 Spin 1

A Cartesian set transforming like a vector is given by the matrices

Σ_x = 1 √ 2 0 1 0 1 0 1 0 1 0

, Σy = 1 √ 2 0 −i 0 i 0 −i 0 i 0

, Σz =

1 0 0 0 0 0 0 0 −1

. (E.23)

A set of tensor operators of rank two (symmetric and traceless) is the set Σ_{ij} =^1_2 Σ_{{i}Σ_{j}} −^2_3 δ_{ij} 1,

Σ_{xx} = 1 6 −1 0 3 0 2 0 3 0 −1

, Σyy = 1 6 −1 0 −3 0 2 0 −3 0 −1

, Σzz = 1 3 1 0 0 0 −2 0 0 0 1

(E.24)

Σ_{xy} = 1 2 0 0 −i 0 0 0 i 0 0

, Σxz = 1 2 √ 2 0 1 0 1 0 −1 0 −1 0

, Σyz = 1 2 √ 2 0 −i 0 i 0 i 0 −i 0

. (E.25)

The explicit tensor operators and their relation to the Cartesian operators are

R^0 =

1 0 0 0 1 0 0 0 1

= 1 (E.26)

R^1 =

√_3 2 0 −1 0 0 0 −1 0 0 0 = − √ 3 4 (Σ_x + i Σ_y) , (E.27)

R^1_0 =

√_3 2 1 0 0 0 0 0 0 0 −1 = √ 3 2 Σ_z (E.28)

R^1_{−1} =

√_3 2 0 0 0 1 0 0 0 1 0 = √ 3 4 (Σ_x − i Σ_y) , (E.29)

R^2 = √ 3 0 0 1 0 0 0 0 0 0 = √ 3 4 (Σ_{xx} − Σ_{yy} + 2i Σ_{xy}) (E.30)

R^2_1 =

√_3 2 0 −1 0 0 0 1 0 0 0 = − √ 3 (Σ_{xz} + i Σ_{yz}) (E.31)

R^2_0 =

√_1 2 1 0 0 0 −2 0 0 0 1 = √ 9 2 Σ_{zz} (E.32)

R^2_{−1} =

√_3 2 0 0 0 1 0 0 0 −1 0 = √ 3 (Σ_{xz} − i Σ_{yz}) (E.33)

R^2_{−2} = √ 3 0 0 0 0 0 0 1 0 0 = √ 3 4 (Σ_{xx} − Σ_{yy} − 2i Σ_{xy}) (E.34)

The explicit form of the density matrix can be written in one of the following forms, ρ = 1 3 ( 1 + 3 2 Σ_iP_i + 3 Σ_{ij} T_{ij} ) (E.35)

= 1 3 +^{Pz}_2 +^{Tzz}_2^{Px −i Py}_2^√_2 +^{Txz −i Tyz√}_2^{Txx −Tyy −2i Txy}_2

P_x +i P_y 2 √ 2 +^{Txz +i Tyz√}_2^1_3 − T_{zz}^{Px −i Py}_2^√_2 −^{Txz −i Tyz√}_2

T_{xx}−T_{yy} +2i T_{xy} 2 P_x +i P_y 2 √ 2 −^{Txz +i Tyz√}_2^1_3 −^{Pz}_2 +^{Tzz}_2

(E.36)

= 1 3 2∑ L=0 L∑ M=−L

ρ^L_M R^L_M^† (E.37)

= 1 3

1 + ρ^1_0

√_3

2 + ρ^2_0

√_1 2 ρ^1_{−1}

√_3

2 + ρ^2_{−1}

√_3

2 ρ^2_{−2} √ 3 −ρ^1

√_3

2 − ρ^2_1

√_3 2 ρ^2_0 √ 2 ρ^1_{−1}

√_3 2 − ρ^2_{−1}

√_3 2 ρ^2 √ 3 −ρ^1

√_3 2 + ρ^2_1

√_3

2 1 − ρ^1_0

√_3

2 + ρ^2_0

√_1 2

, (E.38)

where T is a traceless, symmetric tensor. One identifies

ρ^1 = − √ 3 4 (P_x + iP_y) , (E.39)

ρ^1_0 = √ 3 2 P_z , (E.40)

ρ^1_{−1} = √ 3 4 (P_x − iP_y) , (E.41)

ρ^2 = √ 3 4 (T_{xx} − T_{yy} + 2i T_{xy}) (E.42)

ρ^2_1 = − √ 3 (T_{xz} + i T_{yz}) , (E.43)

ρ^2_0 = √ 9 2 T_{zz}, (E.44) ρ^2_{−1} = √ 3 (T_{xz} − i T_{yz}) , (E.45)

ρ^2_{−2} = √ 3 4 (T_{xx} − T_{yy} − 2i T_{xy}) (E.46)

One has Tr ρ^2 =^1_3 (1 +^3_2 P^iP^i + 3 T^{ij} T^{ij} ) ≤ 1. The degree of polarization is defined as 0 ≤ [^3_4 P_iP_i + 3 2 T_{ij} T_{ij} ]^{1/2} ≤ 1.

Again one can establish the equivalence between a spin-dependent function M(S) and a matrix M̃ in spin-space. If

(P^i) = (S^1_T , S^2_T , S_L) (E.47)

(T^{ij} ) = 1 2 S^{11}_{T T} −^2_3 S_{LL} S^{12}_{T T} S^1_{LT}

S^{21}_{T T} S^{22}_{T T} −^2_3 S_{LL} S^2_{LT}

S^1_{LT} S^2_{LT}^4_3 S_{LL}

, (E.48)

with S^{22}_{T T} = −S^{11}_{T T} and S^{12}_{T T} = S^{21}_{T T} . Explicitly we have

M(S) = Tr ( ρ(S) M̃ ) . (E.49)

where the density matrix is written as

ρ(S) = 1 3 +^1_2 S_L +^1_3 S_{LL}^1_2 (S^−_T + S^−_{LT} )^{1√}_2 S^{1−}_{T T}

−^1_2 (S^+_T + S^+_{LT} )^1_3 −^2_3 S_{LL}^1_2 (S^−_T − S^−_{LT} )

−^{1√}_2 S^{1+}_{T T} −^1_2 (S^+_T − S^+_{LT} )^1_3 −^1_2 S_L +^1_3 S_{LL}

. (E.50)

Note that^{1√}_2 S^{1−}_{T T} =^1_2 (S^{11}_{T T} − i S^{12}_{T T} ) =^1_4 (S^{11}_{T T} − S^{22}_{T T} − 2i S^{12}_{T T} ). The equivalence is

M(S) = M_O + S_L M_L + 2 S_{LL}M_{LL} + S^i_T M^i_T + S^i_{LT} M^i_{LT} + S^{1i}_{T T} M^{1i}_{T T} (E.51)

M̃_{mm′} =

M_O + M_L + M_{LL} M^−_T + M^−_{LT} M^{1−}_{T T} √ 2 −(M^+_T + M^+_{LT} ) M_O − 2 M_{LL} M^−_T − M^−_{LT}

−M^{1+}_{T T} √ 2 −(M^+_T − M^+_{LT} ) M_O − M_L + M_{LL}

(E.52)

if the matrix M̃ is written on the basis of eigenstates of Σ_z.

The parameters in the density matrix in Eq. E.50 can be given an explicit probabilistic interpretation. Introducing p_m(θ, ϕ) as the probabilities to have spin-component m along the direction specified by θ and ϕ, we see from the diagonal elements

S_{LL} = 1 2 [ p_1(ẑ) + p_{−1}(ẑ) ] − p_0(ẑ), (E.53) S_L = p_1(ẑ) − p_{−1}(ẑ), (E.54)

implying −1 ≤ S_{LL} ≤ 1/2 and −1 ≤ S_L ≤ 1.

E.5 Reaction parameters

In general one can express the initial state density matrix as

ρ_i ≡ 1 2s_i + 1 ∑ ℓ,m (ρ_i)^ℓ_mR^ℓ_m^†, (E.55) and obtain from that, given a transition matrix T , the final state density matrix

ρ_f =

T ρ_i T^† Tr (T ρ_i T^†) = ∑ ℓ,m (ρ_i)^ℓ_m T R^ℓ_m^† T^† ∑ ℓ,m (ρ_i)^ℓ_m Tr ( T R^ℓ_m^† T^†

) (E.56)

= 1 2s_f + 1 ∑ ℓ^′,m^′

(ρ_f )^{ℓ′}_m′ R^{ℓ′}_m′^†, (E.57)

with

(ρ_f )^{ℓ′}_m′ = ∑ ℓ,m (ρ_i)^ℓ_m Tr ( T R^ℓ_m^† T^† R^{ℓ′}_m′ ) ∑ ℓ,m (ρ_i)^ℓ_m Tr ( T R^ℓ_m^† T^†

) . (E.58)

Defining spin transfer parameters

⟨ℓ^′, m^′|ℓ, m⟩ ≡ Tr ( T R^ℓ_m^† T^† R^{ℓ′}_m′ ) Tr (T T^†)

, (E.59)

one gets

(ρ_f )^{ℓ′}_m′ = ∑ ℓ,m (ρ_i)^ℓ_m ⟨ℓ^′, m^′|ℓ, m⟩ ∑ ℓ,m (ρ_i)^ℓ_m ⟨0, 0|ℓ, m⟩

. (E.60)

To illustrate the reaction parameters, let us consider the reaction parameters for a process with one spin 1/2 particle in initial and one spin 1/2 particle in the final state. in that case it is actually more common to use the Euclidean vector notation instead of the tensor operators. With the 2 × 2 scattering matrix given by T and ρ_i = 1 2 (1 + σ · P_{in}) ,

one finds

ρ_f =

T ρ_i T^† Tr (T ρ_i T^†) = T T^† + P^i_{in} T σ^i T^† Tr ( T T^† + P^i_{in} T σ^i T^†

) (E.61)

or introducing the C^{ij} spin transfer parameters,

C^{ij} = Tr ( T σ^i T^† σ^j ) Tr (T T^†)

, (E.62)

with arguments i, j = 0, 1, 2, 3 using also the matrix σ^0 ≡ 1 one obtains:

ρ_f = 1 2 (1 + σ · P_{out}) ,

with P^i_{out} =

C^{0i} + P^j_{in} C^{ji} C^{00} + P^k_{in} C^{k0}

(E.63)

(C^{00} = 1). Note that the final state density matrix ρ_f can be used as the input density matrix for a decay process, in this way enabling polarimetry.

E.6 Spin vectors

In situations such as deep inelastic scattering one likes to work with spin vectors in the cross sections just as with the momenta, e.g. one considers the hadronic tensor W^{μν} (q, P, S), where q is the virtual photon momentum, P is the target momentum and S the spin vector. We will discuss the meaning of such spin vectors in initial and final state.

We start with a hadron in the initial state with momentum P , which is specified by a density matrix, for an ensemble of initial states indicated with α,

(ρ_i)_{αβ} (P, S) = ∑ i ⟨P ; α|i⟩ p_i ⟨i|P ; β⟩

H rest frame ≡ 1 2 ( δ_{αβ} + σ_{αβ} · S ) (E.64)

Note that this in a general frame generalizes to a vector S^μ(P ) which satisfies P · S = 0 and −1 ≤ S^2 ≤ 0.

Then, let’s assume that a particle h is produced in the final state with momentum P_h, which is analyzed via its decay products, e.g. a Λ decaying into pπ^−. In that case the probability of finding a specific final state configuration (f) is contained in the decay matrix

R^{(decay)}

α^′β^′ (f) ∝ ∑ λ_f

T^∗_β′_{→λf} (f) T_α′_{→λf} (f) = ∑ λ_f

⟨P_h; α^′|T^†|f; λ_f ⟩ ⟨f; λ_f |T |P_h; β^′⟩. (E.65)

In this matrix one has summed over all polarizations λ_f in the decay channel (in the example proton polarizations). The decay matrix depends on the phase space (f) of the decay channel (in the example θ^{cm}_{pπ+} ). This and other examples are given below. In general we may write

R^{(decay)}

α^′ β^′ (Ph, f) h rest frame

≡ w(f) ( δ_α′_β′ + σ_α′_β′ · A_h(f) ) , (E.66)

normalized to ∑ f R_α′_β′ (f) = δ_α′_β′ if ∑ f w(f) = 1. Note that the summation over f is just symbolic for all kinematic variables (usually angles) appearing in the decay. Sometimes one only integrates over a particular subset in f, in which case the righthandside is multiplied with a function depending on the remaining variables. This defines A_h as the analyzing power of the decay channel. Note that A_h depends on P_h and f, i.e. A_h(P_h, f). In general it satisfies P_h · A_h = 0. For a decaying particle h with a polarization state determined by a density matrix ρ(P_h, S_h) defined in the same way as ρ_{in}, with P_h · S_h = 0 and −1 ≤ S^2_h ≤ 0, the probability of a final state is given by

W (h → f) = Tr ( ρ(P_h, S_h) R^{(decay)}(P_h, f) ) = w(f) [1 − S_h · A_h(P_h, f)] . (E.67)

Starting with some (general) initial state, the result for a semi-inclusive measurement in which the decay products of hadron h are detected needs the production matrix,

R^{(prod)}

αβ;α^′ β^′ (P ; Ph) = T ∗ β→β^′ (P, Ph) Tα→α^′ (P, Ph)

= ⟨P ; β|T^†|P_h; β^′⟩ ⟨P_h; α^′|T |P ; α⟩ (E.68)

Equivalently S- and S_h-dependent matrix elements can be introduced,

R^{(prod)}

α^′ β^′ (P, S; Ph) = ρβα(P, S) R

(prod) αβ;α^′ β^′ (P, Ph), (E.69)

R^{(prod)} αβ (P ; P_h, S_h) = R^{(prod)}_{αβ;α}′_β′ (P, P_h) (2S_h + 1) ρ_β′_α′ (P_h, S_h), (E.70)

R^{(prod)}(P, S; P_h, S_h) = ρ_{βα}(P, S) R^{(prod)}_{αβ;α}′_β′ (P, P_h) (2S_h + 1)ρ_β′_α′ (P_h, S_h), (E.71)

in which the spin vectors (thus) can only appear linearly. Note that because of the definition of the decay matrix it is convenient to absorb a multiplicity factor in the final state spin-dependence. If this is not done, it will explicitly appear in the following expressions.

The probability to produce the final state configuration f via the decay of h is

W (i → h → f) = (ρ_{in})_{βα}(P, S) R^{(prod)}_{αβ,α}′_β′ (P ; P_h) R^{(decay)}_β′_α′ (P_h, f)

= R^{(prod)}_α′_β′ (P, S; P_h) R_β′_α′ (P_h, f). (E.72)

Using the parametrization of R^{(decay)} in terms of the analyzing power one has

W (i → h → f) = R^{(prod)} (P, S; P_h, A_h(P_h, f)) w(f), (E.73) while summing (or integrating) over the decay products of h one is not able to measure the polarization of h, and finds ∑ f W (i → h → f) = ∑ α^′

R^{(prod)}

α^′ α^′ (P, S; Ph) = R

(prod)(P, S; P

h, 0). (E.74)

E.7 Examples of analyzing power in decays

E.7.1 Λ decay

The decay amplitude for Λ → Nπ is given by

T_{m→λ}(s, Ω) = √ 1 2π A_λ D^{(1/2)∗}_{mλ} (Ω). (E.75)

Explicitly,

T_{1/2→1/2}(s, Ω) = √ 1 2π A_+(s) cos(θ/2)

T_{1/2→−1/2}(s, Ω) = − √ 1 2π A_−(s) sin(θ/2) e^{i ϕ}

T_{−1/2→1/2}(s, Ω) = √ 1 2π A_+(s) sin(θ/2) e^{−i ϕ}

T_{−1/2→−1/2}(s, Ω) = √ 1 2π A_−(s) cos(θ/2)

For a spin up or down Λ one then finds respectively

W_+(θ, ϕ) = 1 2π ( |A_+|^2 cos^2(θ/2) + |A_−|^2 sin^2(θ/2) )

= 1 4π ( |A_+|^2 + |A_−|^2 ) + 1 4π ( |A_+|^2 − |A_−|^2 ) cos θ (E.76)

W_−(θ, ϕ) = 1 2π ( |A_+|^2 sin^2(θ/2) + |A_−|^2 cos^2(θ/2) )

= 1 4π ( |A_+|^2 + |A_−|^2 ) − 1 4π ( |A_+|^2 − |A_−|^2 ) cos θ. (E.77)

For more general use we calculate the so-called decay matrix (summed over the final state helicities λ),

R_{mn}(s, Ω) ∝ ∑ λ T^∗_{m→λ}(s, Ω) T_{n→λ}(s, Ω),

which is equal to

R(θ, ϕ) = 1 4π ( |A_+|^2 + |A_−|^2 ) + 1 4π ( |A_+|^2 − |A_−|^2 ) cos θ sin θ e^{−i ϕ} sin θ e^{i ϕ} − cos θ = 1 4π ( |A_+|^2 + |A_−|^2 ) 1 + 1 4π ( |A_+|^2 − |A_−|^2 ) σ · p̂^{cm}, (E.78)

appropriately normalized giving R(θ, ϕ) = 1 4π (1 + α σ · p̂^{cm}) (E.79)

where α = 0.642 for the decay Λ → pπ^−. Thus one has

A_h ( Ω^{cm}_{pπ}−

)_Λ rest-frame = α p̂^{cm}. (E.80)

Given a specific polarization for the decaying hadron (h = Λ) via a density matrix ρ(S_h) one finds a CM distribution

W (S_h; θ, ϕ) = Tr [ρ(S_h) R(θ, ϕ)] = 1 + S_h · A_h(θ, ϕ) = 1 + α (S_L cos θ + S^1_T sin θ cos ϕ + S^2_T sin θ sin ϕ). (E.81)

In covariant form (with P_Λ = P_p + P_π) one obtains for the analyzing power,

A^μ_Λ(P_p, P_π ) = α [ M^2_Λ − M^2_p + M^2_π

M_Λ √ Δ(M^2_Λ, M^2_p , M^2_π)

P^μ_p −

M^2_Λ + M^2_p − M^2_π

M_Λ √ Δ(M^2_Λ, M^2_p , M^2_π)

P^μ_π ] , (E.82)

= 0.642 [ 1.710

P^μ_p M_Λ

− 9.38

P^μ_π M_Λ ]

with Δ(M^2_Λ, M^2_p , M^2_π) = ( M^2_Λ − (M_p + M_π)^2 ) ( M^2_Λ − (M_p − M_π)^2 ) = 4M^2_Λ | p^{cm}|^2. This illustrates how the analyzing power in the final state is determined from momenta of the decay products. For instance the helicity A_{Λ L} = M_Λ A^−_Λ /P^−_Λ is given by

A_{Λ L} = α [ M^2_Λ − M^2_p + M^2_π √ Δ(M^2_Λ, M^2_p , M^2_π) z_p z_Λ − M^2_Λ + M^2_p − M^2_π √ Δ(M^2_Λ, M^2_p , M^2_π ) z_π z_Λ ] , (E.83)

which takes the values A_{Λ L} = α for the maximal value of z_p, namely (z_p)max = 0.936 z_Λ and the value A_{Λ L} = −α for (z_p)min = 0.756 z_Λ. Furthermore we have

A^μ_{ΛT} = A^μ_{Λ⊥} − A_{ΛL}

P^μ_{Λ⊥} M_Λ

. (E.84)

E.7.2 ρ decay

The decay amplitude for ρ → ππ is given by

T_m(s, Ω) = √ 3 4π A(s) D^{(1)∗}_{m0} (Ω). (E.85)

Explicitly,

T_1(s, Ω) = − √ 3 8π A sin θ e^{i ϕ}

T_0(s, Ω) = √ 3 4π A cos θ

T_{−1}(s, Ω) = √ 3 8π A sin θ e^{−i ϕ}

Next we calculate the decay matrix,

R_{mn}(s, Ω) ∝ T^∗_m(s, Ω) T_n(s, Ω),

which is equal to

R(θ, ϕ) ∝

|A(s)|^2 4π

3 2 sin^2 θ −^3_2^√_2 sin 2θ e^{−i ϕ} −^3_2 sin^2 θ e^{−2i ϕ}

−^3_2^√_2 sin 2θ e^{i ϕ} 3 cos^2 θ^3_2^√_2 sin 2θ e^{−i ϕ}

−^3_2 sin^2 θ e^{−2i ϕ 3}_2^√_2 sin 2θ e^{i ϕ 3}_2 sin^2 θ

. (E.86)

After normalization this gives R(θ, ϕ) = 1 4π (1 + 3 Σ_{ij} A_{ij} ) , (E.87)

with the tensor (A_h)_{ij} (Ω^{cm}_{ππ} )^ρ rest-frame = 1 3 δ_{ij} − p̂^{cm}_i p̂^{cm}_j . (E.88)

and the vector part being zero.

Given a specific polarization for the decaying hadron (h = ρ) via a density matrix ρ(S_h) one finds a CM distribution

W (S_h; θ, ϕ) = Tr [ρ(S_h) R(θ, ϕ)] = 1 4π [1 + 3 (T_h)_{ij} (A_h)_{ij} (θ, ϕ)] = 3 8π ( 2 3 − 2 3 S_{LL} (3 cos^2 θ − 1) − S^1_{LT} sin 2θ cos ϕ − S^2_{LT} sin 2θ sin ϕ

−S^{11}_{T T} sin^2 θ cos 2ϕ − S^{12}_{T T} sin^2 θ sin 2ϕ ) . (E.89)

In covariant form (with P_h = P_1 + P_2) we have

p̂^μ_{cm} =

P^μ_1 − P^μ_2 √ M^2_ρ − 4M^2_π

, (E.90)

giving

A^{μν}_h = 1 M^2_ρ − 4M^2_π [ 1 2 P^{{μ}_h P^{ν}}_h − P^{{μ}_1 P^{ν}}_1 − P^{{μ}_2 P^{ν}}_2 ] − 1 3 ( g^{μν} −

P^μ_h P^ν_h M^2_ρ )

= 2(M^2_ρ − M^2_π ) 3M^2_ρ (M^2_ρ − 4M^2_π)

P^{{μ}_h P^{ν}}_h − 1 M^2_ρ − 4M^2_π [ P^{{μ}_1 P^{ν}}_1 + P^{{μ}_2 P^{ν}}_2 ] − 1 3 g^{μν} = 2(M^2_ρ − M^2_π ) 3M^2_ρ (M^2_ρ − 4M^2_π)

S^{μανβ} P_{h α}P_{h β} − 1 M^2_ρ − 4M^2_π [ S^{μανβ} P_{1 α}P_{1 β} + S^{μανβ} P_{2 α}P_{2 β} ]

= 2(M^2_ρ − M^2_π ) 3M^2_ρ (M^2_ρ − 4M^2_π)

S^{μPhνPh} − 1 M^2_ρ − 4M^2_π [ S^{μP1 νP1} + S^{μP2 νP2} ] . (E.91)

Bibliography

[1] M.R. Adams et al. (E665 collaboration), Phys. Rev. Lett. 72 (1994) 466.

Q^2 dependence of the average squared transverse energy of jets in deep-inelastic muon-nucleon scattering with comparison to perturbative QCD prediction.

[2] R. Ali and P. Hoodbhoy, Z. Phys. C 57 (1993) 325.

Gluonic transverse spin structure functions and their possible measurements in χ_2 production.

[3] R. Ali and P. Hoodbhoy, Phys. Rev. D 51 (1995) 2302.

A novel approach to decays, gluon distributions, and fragmentation functions of heavy quarkonia.

[4] G. Altarelli and G. Martinelli, Phys. Lett. 76B (1978) 89.

[5] G. Altarelli, R.K. Ellis and G. Martinelli, Nucl. Phys. B143 (1978) 521.

Leptoproduction and Drell-Yan processes beyond the leading approximation in chromodynamics.

[6] G. Altarelli, R.K. Ellis and G. Martinelli, Nucl. Phys. B157 (1979) 461.

Large perturbative corrections to the Drell-Yan process in QCD.

[7] A. Bacchetta, M. Boglione, A. Henneman and P.J. Mulders, Phys. Rev. Lett. 85 (2000) 712-715.

Bounds on transverse momentum dependent distribution and fragmentation functions.

[8] M.D. Baker, Ph.D. thesis, Massachusetts Institute of Technology (1993).

Azimuthal asymmetry and transverse momentum of hadrons in deep inelastic muon scattering at 490 GeV.

[9] F. Baldracchini et al., Fortschritte der Phys. 30 (1981) 505.

[10] I. Balitsky and V.M. Braun, Nucl. Phys. B311 (1988/89) 541.

Evolution equations for QCD string operators.

[11] V. Barone, T. Calarco and A. Drago, Phys. Lett. B390 (1997) 287.

A confinement model calculation of h_1(x).

[12] S.V. Bashinsky and R.L. Jaffe, Nucl. Phys. B536 (1998) 303.

Quark and orbital angular momentum and spin in hard processes

[13] C.J. Benesh and G.A. Miller, Phys. Rev. D36 (1987) 1344.

Deep inelastic structure functions in the MIT bag model. C.J. Benesh and G.A. Miller, Phys. Lett. B215 (1988) 381.

Valence quark distributions in the soliton bag model.

[14] E.L. Berger, Z. Physik C 4 (1980) 289.

Higher-twist effects in QCD, deep inelastic scattering and the Drell-Yan process.

[15] E.L. Berger, Phys. Lett. 89B (1980) 241.

Higher-twist effects in deep-inelastic scattering.

[16] E. Berger in Proc. Workshop on electronuclear physics with internal targets, SLAC, eds. R. G. Arnold and R. Minehart (1987).

Semi-inclusive inelastic electron scattering from nuclei.

1

[17] D. Boer, R. Jakob and P.J. Mulders, Nucl. Phys. B504 (1997) 345.

Asymmetries in polarized hadron production in e^+e^− annihilation up to order 1/Q. [18] D. Boer, P.J. Mulders and O.V. Teryaev, Phys. Rev. D57 (1998) 3057.

Single spin asymmetries from a gluonic background in the Drell-Yan process. [19] D. Boer, R. Jakob and P.J. Mulders, Phys. Lett. B424 (1998) 143-151.

Leading asymmetries in two-hadron production in e^+e^− annihilation at the Z pole. [20] D. Boer and P.J. Mulders, Phys. Rev. D57 (1998) 5780-5786.

Time-reversal odd distribution functions in leptoproduction. [21] D. Boer and P.J. Mulders, Nucl. Phys. B569 (2000) 505-526.

Color gauge invariance in the Drell-Yan process. [22] R.N. Cahn, Phys. Lett. 78B (1978) 269.

Azimuthal dependence in leptoproduction: a simple parton model calculation. [23] K. Chen, G.R. Goldstein, R.L. Jaffe and X. Ji, Nucl. Phys. B445 (1995) 380.

Probing quark fragmentation functions for spin 1/2 baryon production in unpolarized e^+e^− annihilation.

[24] F.E. Close and A.W. Thomas, Phys. Lett. 212B (1988) 227.

The spin and flavor dependence of parton distribution functions. [25] J. C. Collins and D. E. Soper, Phys. Rev. D16 (1977) 2219.

Angular distributions of dileptons in high-energy hadron collisions. [26] J.C. Collins and D.E. Soper, Nucl. Phys. B194 (1982) 445.

Parton distributions and decay functions.

[27] J.C. Collins, D.E. Soper and G. Sterman, Phys. Lett. 126B (1983) 275.

Relation of parton distribution functions in the Drell-Yan process to deeply inelastic scattering. [28] J.C. Collins, D.E. Soper and G. Sterman, Nucl. Phys. B223 (1983) 381.

Factorization for one-loop corrections in the Drell-Yan process.

[29] J.C. Collins, D.E. Soper and G. Sterman in Perturbative Quantum Chromodynamics, ed. A.H. Mueller, World Scientific (1989) [30] J.C. Collins, Nucl. Phys. B394 (1993) 169.

Hard scattering in QCD with polarized beams. [31] J. Collins, Nucl. Phys. B396 (1993) 161.

Fragmentation of transversely polarized quarks probed in transverse momentum distributions. [32] J.C. Collins, S.F. Heppelman and G.A. Ladinsky, Nucl. Phys. B420 (1994) 565.

Measuring transversity densities in singly polarized hadron-hadron and lepton-hadron collisions. [33] J. Conrad, Ph.D. thesis, Harvard University (1992) [34] J.L. Cortes, B. Pire and J.P. Ralston, Z. Phys. C55 (1992) 409.

Measuring the transverse polarization of quarks in the proton. [35] T. DeGrand et al., Phys. Rev. D12 (1975) 2060. [36] Data Review issue, J. Phys. G21, supp. 12A (1995). [37] J. T. Donohue and S. Gottlieb, Phys. Rev. D23 (1981) 2577 and 2581.

Dilepton production frrom collisions of polarized spin-1/2 hadrons. I. General kinematic analysis; II. Parton-model predictions.

[38] A.V. Efremov and A.V. Radyushkin, Teor Mat Fiz. 44 (1980) 327.

Field theory approach to processes with large momentum transfer.

[39] R.K. Ellis, H. Georgi, M. Machacek, H.D. Politzer and G.G. Ross, Nucl. Phys. B152 (1979) 285.

Perturbation theory and the parton model in QCD.

[40] R.K. Ellis, W. Furmanski, R. Petronzio, Nucl. Phys. B212 (1983) 29.

Unravelling higher twists.

[41] e.g. R. D. Field, Applications of Perturbative QCD, Addison-Wesley (1989), chapter 4 [42] S. Gasiorowicz, Elementary Particle Physics, Wiley (New York), 1966 [43] H. Georgi, Phys. Rev. Let. 42 (1979) 294.

How to include parton transverse momentum in QCD. [44] K. Hagiwara, K. Hikasa and N. Kai, Phys. Rev. D27 (1983) 84.

Time-reversal-odd asymmetry in semi-inclusive leptoproduction in quantum chromodynamics. [45] R.L. Jaffe, Phys. Rev. D11 (1975) 1953.

Deep inelastic structure functions in an approximation to the bag theory. [46] R.L. Jaffe and A. Manohar, Nucl. Phys. B337 (1990) 509.

The g_1 problem: deep inelastic electron scattering and the spin of the proton. [47] R.L. Jaffe and X. Ji, Nucl. Phys. B375 (1992) 527.

Chiral-odd parton distributions and Drell-Yan processes. [48] R.L. Jaffe and X. Ji, Phys. Rev. Lett. 71 (1993) 2547.

Novel quark fragmentation functions and the nucleon’s transversity distribution. [49] R. Jakob, P.J. Mulders and J. Rodrigues, Nucl. Phys. A626 (1997) 937.

Modelling quark distribution and fragmentation functions. [50] X. Ji, Phys. Lett. B 289 (1992) 137.

Gluon correlations in the transversely polarized nucleon. [51] X. Ji and C. Chou, Phys. Rev. D42 (1990) 3637. [52] J.B. Kogut and D.E. Soper, Phys. Rev. D1 (1970) 2901.

Quantum electrodynamics in the infinite-momentum frame. [53] A. König and P. Kroll, Z. Phys. C16 (1982) 89.

A realistic calculations of the azimuthal asymmetry in semiinclusive deep inelastic scattering. [54] A. Kotzinian, Nucl. Phys. B441 (1995) 234.

New quark distributions and semiinclusive leptoproduction on the polarized nucleons. [55] A.M. Kotzinian and P.J. Mulders, Phys. Rev. D54 (1996) 1229.

Longitudinal quark polarization in transversely polarized nucleons. [56] A.M. Kotzinian and P.J. Mulders, Phys. Lett. B406 (1997) 373.

Probing transverse quark polarization via azimuthal asymmetries in leptoproduction. [57] [58] C. S. Lam and W.-K. Tung, Phys. Rev. D7 (1978) 2447. [59] J. Levelt and P.J. Mulders, Phys. Rev. D49 (1994) 96.

Quark correlation functions in deep inelastic semi-inclusive scattering. [60] J. Levelt and P.J. Mulders, Phys. Lett. B338 (1994) 357.

Time reversal odd fragmentation functions in semi-inclusive scattering of polarized leptons from unpolarized hadrons.

[61] W. Lu, Phys. Rev. D51 (1995) 5305

Novel structure function for photon fragmentation into a Λ-hyperon and transverse Λ polarization in unpolarized electron-positron annihilation.

[62] P.J. Mulders and R.D. Tangerman, Nucl. Phys. B461 (1996) 197 and B484 (1997) 538(E).

The complete tree-level result up to order 1/Q for polarized deep-inelastic leptoproduction.

[63] A.D. Martin, W.J. Stirling and R.G. Roberts, Phys. Rev. D47 (1993) 867.

New infromation on parton distributions.

[64] R. Meng, F.I. Olness and D.E. Soper, Nucl. Phys. B371 (1992) 79.

Semi-inclusive deeply inelastic scattering at electron-proton colliders.

[65] H.D. Politzer, Nucl. Phys. B172 (1980) 349.

Power corrections at short distances.

[66] J. P. Ralston and D. E. Soper, Nucl. Phys. B152 (1979) 109.

Production of dimuons from high-energy polarized proton-proton collisions.

[67] J.P. Ralston and D.E. Soper, Nucl. Phys. B172 (1980) 445.

Drell-Yan model at measured Q_T : asymptotic smallness of one-loop corrections.

[68] P.G. Ratcliffe, Nucl. Phys. B264 (1986) 493.

Transverse spin and higher twist in QCD.

[69] A. de Rújula, J.M. Kaplan and E. de Rafael, Nucl. Phys. B35 (1971) 365.

Elastic scattering of electrons from polarized protons and inelastic electron scattering experiments.

[70] A.W. Schreiber and A.I. Signal and A.W. Thomas, Phys. Rev. D44 (1991) 2653.

Structure functions in the bag model.

[71] D.E. Soper, Phys. Rev. D15 (1977) 1141.

Parton model and the Bethe-Salpeter wave function.

[72] D.E. Soper, Phys. Rev. Lett. 43 (1979) 1847.

Partons and their transverse momenta in quantum chromodynamics.

[73] R. Tangerman and P.J. Mulders, Phys. Rev. D51 (1995) 3357.

Intrinsic transverse momentum and the polarized Drell-Yan process.

[74] R. Tangerman and P.J. Mulders, Phys. Lett. B352 (1995) 129.

Probing transverse quark polarization in deep inelastic leptoproduction.