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Introduction

The discovery of PSR1913+16 binary pulsar and the observation of its orbital period decay
provided the undirect evidence that gravitational waves do exist. Several interferometric
gravitational waves detectors will be operating in the world in a few years. The goals of
interferometric detectors, of unprecedented sensitivity over a wide band, are ambitious:
the first detection and the beginning of a new astronomy. The Italian-French VIRGO
antenna is one of these detectors and it is now being built on the Cascina site, near Pisa.

VIRGO aims to have a detection range of frequency extending from a few Hz to
several kHz. The sensitivity of ground based antennas in this range is limited by seismic
noise. Since ten years ago, Pisa VIRGO Group is working on the project of the mirror
suspensions, called superattenuators, aimed to isolate the mirror from ground vibrations
and to extend the low frequency sensitivity threshold down to few Hz. This work is part
of this research field.

Aims of the work In this thesis we propose a newly conceived Inverted Pendulum top
stage for the VIRGO superattenuator, capable of:

1. performing a pre-isolation action.

2. acting as a soft positioning device for the suspended mirror;

3. providing a suitable platform for active damping of the SA resonances.
These carachteristics not only allow to improve the overall isolation performance
of the superattenuator, but, above all, allow to simplify the interferometer locking
strategy. Other groups involved in gravitational waves detection research are devel-

oping pre-isolators for their suspension systems. The one proposed here has been
validated and approved suitable for VIRGO.

Plan of the thesis This thesis is divided into 8 chapters:

e chapters 1,2,3 are an introduction to GW physics: theory, evidences of ex-
istence, principle of interferometric detection, expected sources are reviewed.
The operation of an interferometric detectors, the limitations to its sensitivity
and the design of VIRGO interferometer are described;

vii



viii INTRODUCTION

e in chapter 4 the VIRGO superattenuator design and its performance are de-
scribed;

e chapter 5 should be read as a proposal: it explains why an Inverted Pendulum
is suitable as a top stage for the VIRGO superattenuator. The physics of the
Inverted Pendulum is outlined, the calculations are reviewed and the design of
the top stage is described.

e chapter 6,7,8 describe the experimental work done: the experimental setup used

for the tests, the tests of the Inverted Pendulum as a passive pre-isolator, the
tests of the Inverted Pendulum as a platform for active controls of the mirror.



Chapter 1

Gravitational Waves

1.1 The binary pulsar PSR1913416

The theory of general relativity was published in 1916 [1]. Although up to now gravita-
tional waves remain undetected, an important astrophysical discovery has given the scien-
tific community the indirect evidence that they do exist: the binary pulsar PSR1913+16.
In 1974 Russel Hulse and Joseph Taylor observed for the first time the radio pulses of a
neutron star bound to a dark companion in a binary system. After more than 20 years of
observations data are useful to test general relativity to an high level of accuracy [14, 15]
and also to compare general relativity with other theories of gravity.

Pulsar 1913+16 is an accurate clock moving at high velocity (v/c ~ 1073) in the
strong gravitational field of a dark companion, with orbital period of 7% 45™. The data
from the observation consist of pulse arrival times. Doppler shift of the pulse period is
related to the pulsar orbit and to relativistic effects such as gravitational redshift. The
data analysis allows to determine, to high level of accuracy, the parameters that give a
complete description of the dynamics of the binary system. General relativity predicts
such a system to lose energy and angular momentum via emission of gravitational waves.
This loss turns into a decrease of the orbital period of the pulsar. Hulse and Taylor
have measured the orbital period rate of decay, which is in good agreement with general
relativity predictions: their measurement is considered as the first evidence of the existence
of gravitational waves (GW).

1.1.1 Keplerian and post-keplerian parameters

In this section we review the results of the measurements performed by Hulse and Taylor,
in order to put in evidence the very good accuracy allowed by this astrophysical laboratory.

The parameters, determined by fitting experimental data with the theoretical model,
are divided in two groups:
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e Leplerian parameters (which determine the newtonian orbit):

1. P: the orbital period;
2. e: the orbit eccentricity;

3. x = asini/c, where a is the semimajor axis of the orbit, i is the angle between
the orbital angular momentum and the line of sight from Earth to pulsar, c¢ is
the velocity of light;

4. w: the longitude of periastron;

5. Tp: the time of periastron passage;
e post-keplerian (PK) parameters (associated to relativistic effects):

1. w: the advance of periastron;
2. 7: the time dilation and gravitational redshift parameter;

3. P: the orbital period rate of decay.

The values of these parameters obtained from the data of ten years high quality timing
observation are listed in the table [13].

parameter value

P (s) 27906.9807807(9)
e 0.6171309(6)

z (s) 2.341759(3)

w (°) 226.57531(9)
Ty (MJID) | 46443.99588321(5)
w (Cyr~1) 4.226628(18)

v (ms) 4.294(3)

P -2.425(10)x 1012

The PK parameters are functions of the two star masses: from the equations

WM(my,me) = @ (1.1)

Y mp,me) =y (1.2)
the masses of the two stars have been accurately derived [12]:
m, = 1.442 +0.003 M, ; m, = 1.386 £ 0.003 M,

where m,, is the mass of the pulsar and m,. that of the dark companion’.

!This result has been published in 1989. It is interesting to compare it with the former result published
in 1982:
mp = 1.42 +0.06 Mo ; me = 1.41 £ 0.06 Mg

Seven years of further observation reduced the uncertainty dm/m from about 4% to about 0.2%.
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1.1.2 Orbit decay

According to general relativity the binary system emits GW with luminosity (see [19] and
references therein): \ ,

_ %GT (mpme) (;np + mc)f(e), (1.3)

c a

where f(e) is a function? of the orbit ellipticity e and a is the semimajor axis of the
orbit3. The system loses energy and angular momentum via GW emission: PSR1913+16
is spiralling towards its companion and the two stars will coalesce in 3.5 - 108 years. The
general relativity prediction of the period decrease is straightforward using the values of
the star masses calculated above:

pth _

1927 [27G1%/3 My
- [é&p] (mp + mg) 173 f(e) (1.4)
= (—2.40216 £ 0.00021) x 10~'2

The result of the observation is:

PO = —2.4925(10) x 1072 (1.5)

To correctly compare theory and experiment the perturbing effect of the Galaxy gravita-
tional field has to be subtracted® [16]. The result is:

Pobs _ Pga.l

— 1.0032 + 0.0035 (1.6)
Pth

The agreement between the general relativity prediction and the observation is at
31073 level: this result is a success of general relativity and is considered as the indirect
proof of GW existence. Moreover, as pointed out by Damour [18], this is also a proof of
the propagation properties of the gravitational field in the strong field regime.

*The function f(e) is written [11]:
1 2\ -T/2 73 2, 37 4
fle)=(1-¢%) <1+246 +966

In case of circular orbit (e = 0), f(e) = 1 and the GW luminosity is minimum.
3For the sake of simplicity: in the case of circular orbit and m, = m. = m (1.3) is written:
_64G'm®
T 5 ¢ RS
where R is the orbit radius.

) 4The observed period P°** depends on the relative velocity of the pulsar and the solar system. Then,
P°P depends on their relative acceleration. The pulsar and the Sun accelerate towards the galactic centre
in such a way that a non null relative acceleration is present, which turns into an error on the measured
Pobs.
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1.1.3 Other theories of gravity

The observation of the PSR19134+16 and of other similar systems (such as PSR1534+12
[32]) has provided a natural laboratory to test gravity theories in a strong-field regime.
Damour and Esposito-Farése [17, 18] have studied a class of two parameters tensor-scalar
theories of gravity, compatible with the equivalence principle, at the light of the results
coming from binary pulsars experiments, and have calculated the constraints imposed
to the parameters by the observations. This class of theory predicts the existence of
scalar GW beside the usual tensor waves. The detection of GW from coalescing binaries
and the observations of binary pulsars could prove quantitatively the radiative aspects of
relativistic gravity and help to discriminate between general relativity and other theories.

1.2 Gravitational Waves

In the weak field approximation Einstein equations can be linearized and then admit wave
solutions describing ripples in the space-time metric propagating at the speed of light:
gravitational waves. In the following we describe shortly the theory of GW, referring the
reader to [2, 3] for details.

The flat space of Special Relativity is described by the Minkowski metric:

3
ds? = ny,drtde” = —cAdt* + Z da? (1.7)
i=1
The metric of regions of space-time where the gravitational field of astrophysical objects
is weak can be written in the form:

Juv = Nuv + h;w (1.8)

with |h,,| < 1. The tensor h is a small perturbation to the flat space geometry. To first
order with respect to h,, the field equations are linear. The freedom in the choice of the
coordinate system can be used to impose h to be transverse and traceless (TT gauge). In
this gauge the coordinates are marked by the world lines of freely falling test masses (that
is, the coordinates of freely falling test masses are constant). With such a choice, Einstein
equations in the weak field approximation, are written:

1 02
2 _
(V ~ 2 8t2> huw =0 (1.9)
and describe the propagation of waves at speed c.

Let Z be the propagation direction: in the chosen gauge h is written in the form

00 0 O
0O a b 0
h = 0 b —a O
00 0 O
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The tensor h can be written as the sum of two components:
h = ah™ + bh* (1.10)

where the basis tensors “h plus” and “h cross” represents the two possible polarizations
states and are written:

00 0 O 0 000
- 01 0 O - 0010
+ . R
W= 0 0 -1 0 P b= 0100
00 0 O 0000

The emission of GW is associated to mass acceleration, as the emission of electromag-
netic radiation is associated to charged particles acceleration. But, while an oscillating
electric dipole emits radiation, this is not true in the gravitational case, due to momen-
tum and angular momentum conservation laws. The emission of GW is associated to the
variations of the quadrupole moment tensor of a mass distribution, defined as:

" Lo,
Qij = / p(&) (xixj - gai]’|x|2> dv (1.11)
v
The power emitted in form of GW (GW luminosity) is:
1G -
L=c5 <QyuQy> (1.12)

where <> indicates the time average over the wave period or the duration of the wave
burst. From (1.12) comes out that there cannot be GW emission from a spherically sym-
metric mass distribution. Moreover, (1.12) can be used to estimate the GW luminosity of
an astrophysical source of mass M and characteristic radius R. Let T' be the character-
istic time for the evolution of the source and let € be a factor measuring the asymmetry
in the mass distribution; thus the quadrupole moment is roughly @ ~ eMR?. The GW
luminosity is then:

.2 G M?R*

L c5 T6

(1.13)

The source mass can be expressed in terms of the Schwarzschild radius: Rs = 2GM/c?.
Introducing a characteristic speed v = R/T the (1.13) reduces to

s (8 3

The last equation shows that an efficient source of GW should be compact (R ~ Rg),
relativistic (v ~ ¢), highly anisotropic (e ~ 1).
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The amplitude at distance r of the GW emitted by this mass distribution is (in TT
gauge):
2G d?
ij = ;g@sz(t_T/C) (1.15)
where r is the distance of the observer from the source. For a rough estimate of h one can
use the same approximation of (1.13), thus getting the expression [19]

Ems
he 8

C r

(1.16)

where E" = eM R?/T?.

1.3 Radiation-matter interaction

Let us consider a “+” polarized plane gravitational wave of frequency fg, propagating
along the 2 direction and impinging over a circle of test masses laying in the 2Oy plane.
Let the centre O of the circle coincide with the origin of the reference frame. The metric
element is then written:

ds? = =2t + [1 4 h(27 fawt — k- K)]da? + [1 — h(27 fgwt — k- K)]dy® + d2?  (1.17)

Suppose that two of the test masses (the ones on the Z and g axes) are the end mirrors of a
Michelson interferometer (whose beam splitter is placed in the origin of the reference frame
at distance L from each of the mirrors). For a photon propagating in the interferometer
ds? = 0. Then it is possible to calculate from (1.17) the time the light takes to complete
a round trip in each arm of the interferometer. The light travel time in the £ arm form
the beam splitter to the mirror (at distance L) is:

h I I 1
(D = / dt = _/ V(14 h)dz ~ —/ (1 + §h> dz (1.18)
0 ¢Jo 0

Cc

In the same way, the return trip takes a time

@ 1 1
T g 1—|—§h dz (1.19)

The two integrals can be easily calculated by replacing h(t) = hg exp [i27 fywt] and remem-
bering that ¢ = z/c in (1.18) and ¢t = (2L — z)/c in (1.19).

The result for the round trip travel time is:

o= 1+ (1.20)
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2L 1 [F I
= —+ = hdw——/ hdz
c 2c /o 2c /o
— 127 fewTo _ 1}
™t S [e

where 79 = 2L/c is the classical return trip time.

In the § arm the light picks the effect of hao = —hy1 and one gets:

hO 127 fow T(
_ gwT0 __ 1} 1.21
Ty =70 47i fow [e ( )

From the point of view of an observer in the laboratory, the phase variation of the
interferometer output can be interpreted as a variation of the arms length (see fig. 1.1):

T, h
Lx:cg = L<1+§> (1.22)

T h
Ly=ct = L(1-<= 1.2

When the two waveforms arrive at the beam splitter they are “out of sync” and the
time difference is

_ i FawTo sin(7 fgwTo)
AT(t) = h(t)Toe'™/s 77ngw7_0 (1.24)

Thus, at the interferometer output a photodiode would measure a phase variation:

dp(t) = #h(t)emfgw”’sinc(ﬂ fawT0) (1.25)

where ) is the laser wavelength and sincz = sinz/z.

From (1.26) it is clear that an interferometer can be used as a GW detector. The
interferometer response to impinging GW is plotted in fig. 1.2 as a function of fg:
the interferometric transducer acts as a low pass filter starts attenuating at frequencies
f ~ ¢/2L, that is when the period of the wave is comparable to the return trip time 7.
Anyway, for low frequency wave fg7) < 1 the interferometer response is flat:

o) _ =l (1.26)

Eq. (1.26) shows straightforwardly that the longer the interferometer arms the more
sensitive the detector. In the low frequency approximation from (1.22) and (1.23) one can
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h. h,

Figure 1.1: Effect of a monochromatic GW of frequency f = 2x/T over a circle of test
masses: a) when the wave is "+" polarized; b) when the wave is " X" polarized. The figure
shows especially the effect of the wave on a Michelson interferometer.

derive the “arm length variation” measured in the laboratory frame:

Sz (t) = h(t) (1.27)

1.4 Astrophysical Sources of GW

A large amount of theoretical work has been done to predict waveforms and intensities of
the gravitational radiation emitted in astrophysical events. The task is difficult because
of the subtleties of the theory, the complexity of the systems under study and, above all,
because of the fact that little is known about the dynamical behaviour of compact objects
as supernova cores. A fair amount of uncertainty affects the calculated GW amplitudes as
well as the event rates. In the following sections we review the main results about expected
GW sources emitting in the operating frequency range of ground based antennas (from
few Hz to few kHz) (see [20, 22] and references therein): coalescing binary compact stars,
gravitational collapses, spinning neutron stars, stochastic background. In chapter 3 the
expected intensities of GW are compared with the target sensitivity of the forthcoming
interferometric antennas.
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Figure 1.2: The phase response of an interferometer to GW for different lenghts of the arms
(the GW amplitude h is expressed in units of 10721): the sensitivity of a Michelson interfer-
ometer increases with its length, at the cost of reducing the bandwidth. The performance of
a 3 km Fabry-Perot (FP) interferometer like VIRGO (see next chapter) is comparable to the
100 km Michelson. The response of a 1.5 - 105 km long Michelson (as the forthcoming space
interferometer LISA) is also shown.

1.5 Coalescing binaries

Among all the expected sources of gravitational radiation, coalescing compact binary
systems composed of neutron stars (NS) or black holes (BH) are the ones the physicists
look at with more confidence, and this is true for two main reasons: the system dynamics
is simple, the expected amplitude of the emitted radiation is within the sensitivity of the
forthcoming interferometric detectors, known binary systems such as PSR1913+16 and
PSR1534412 seems to confirm the theoretical models.

1.5.1 The newtonian/quadrupolar approach

As explained in section 1.1.2, a binary system as the one containing PSR1913+16 loses
energy via GW emission and its orbital period decays. A first order calculation of the GW
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emission of such a system can be performed in the so called newtonian/quadrupolar ap-
proximation: the stars are treated like point masses (the tidal deformations are negligible)
and the radiation is generated only by the quadrupole moment oscillation. The resulting
waveform is a chirp (see fig. 1.3), an oscillation increasing in amplitude and sweeping
upwards in frequency. The observation of such a signal would allow to determine some
important characteristics of the source:

e the measurement of the relative amplitude of the two polarization states permits to
determine the inclination ¢ of the orbit to the line of sight according to the formula:

hy« 2cos ¢
= 1.28
hy 14 cos?. (128)

e the measurement of the frequency sweep permits to determine the chirp mass M:

_ (mam)?S s
M= s = Mgp) (1.29)

where m1,ms are the star masses, u, M are the reduced and the total mass of the
system respectively.

e the waveform “shape” (the waves harmonic content) permits to determine the orbit
ellipticity.

In case of circular orbit the frequency sweeping is described by the equation:

-3/8
5/3
() = <f08/3 _ w8/3?Gc—5M5/3t> (1.30)
where fo = f(t = 0). The coalescence time is:
_ 5 s —8/3 _ Jfo M3
= geg g™ (f) T =30 e | A (1.31)

The amplitudes in the two polarization states are written [4]:

5/3 2/3
hy(r,0,t) = 6.0-1072(1 4 cos® ) [MM] [Mlgc] [%] cos(2mft) (1.32)
® Z

5/3 2/3
hy(r,0,t) = j:1.2-102000s0[Mﬂ] [Mﬂf’c] [1{{(&] sin(27 f1) (1.33)
O]

The estimated rate of NS/NS coalescences is quite uncertain: 3 events/year out of
a distance of 60-400 Mpc (see [23, 21] and references therein) and similar numbers are
predicted for NS/BH and BH/BH events.
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Figure 1.3: The hy GW emission of a coalescing binary system is calculated for a NS/NS
binary (with m; = mgy = 1.4 M) and for a NS/BH binary (m; = 1.4 Mg, ma = 10 Mg) in
the inspiral and merger regime. The calculation has been performed for a distance » = 10 Mpc
and for optimal orientation of the source in the sky. The origin of the time axis corresponds
to the instant when the frequency is fo = 4 Hz.
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1.5.2 Post-newtonian corrections

The extraction of the GW signal from the noisy output data flow of an interferometric
detector will be performed using the “matched filter” method: theoretical templates will be
cross-correlated with the antenna output. Candidate events will result into a correlation
larger than a threshold statistically defined. If signal and template gradually get out
of phase the correlation may be reduced significantly. Therefore, the accuracy of the
model used to produce the template is very important for the detection. Relativistic
corrections to the newtonian template of fig. 1.3 modify above all the phase and have
to be taken into account to increase the signal-to-noise ratio. It has been estimated [25]
that, in order not to lose physical information which could be extracted from the data, the
calculation must be extended to the “11/2 post-newtonian order”, that is to O [(v/c)'/2].
A French/Indian/American collaboration ([24] and references therein) is doing the effort
and, up to now, the 9/2 post-newtonian correction has been calculated [26].

1.5.3 Coalescing binaries as a physics laboratory

The observation of GW from coalescing binaries would permit to obtain knowledge not only
in astrophysics and general relativity but also in nuclear physics and cosmology. In this
section some of the information which could be extracted from the measured waveforms
are reviewed:

e accurate measurements of the inspiral waveform could discriminate between general
relativity and other theories of gravity [17];

e NS/NS coalescence is a candidate to explain the origin of the y—ray bursts [27].
The recent detection of the optical counterparts of some bursts performed by the
Italian/Dutch satellite Beppo Sax allowed to demonstrate their cosmological origin
[29]. The measured rate of v bursts is consistent with the expected NS/NS mergers
out of cosmological distances. On the other hand, light curves and spectra are
compatible with a v expanding “fireball”, and this is difficult to explain with the
merger models (other mechanisms have been suggested, such as the Hypernova, to
explain the huge amount of energy associated to some of the detected bursts [30, 31]).
Nevertheless, if the y-ray bursts are originated in a merger event, the simultaneous
detection of GW and v burst may allow to test whether the gravitational radiation
propagates at the speed of light to an accuracy of about 10719 [21];

e the NS/NS binary systems are standard candles: the mass of a NS is known to be
approximately equal to 1.4 M. The source distance can be determined from (1.33).
The observation of the chirp provides a measurement of the redshifted chirp mass (14
z)M. Combining this measurement with the assumption on the NS masses one can
find out the redshift z even without any optical observation. Thus, the observation
of a significant number of events could contribute to measure the Hubble parameter
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and even provide access to the deceleration parameter and the cosmological constant
[33];

e the final phase of a compact binaries merger would produce a waveform sensitive to
the nuclear equation of state.

1.6 Supernovae

Some years ago supernovae (SN) were believed to be the GW sources most likely to be
detected. Today it is clear that the theoretical models of GW emission in a stellar collapse
are affected by serious uncertainties due to the approximation used into the numerical
codes and to the wide range of possible initial conditions. The intensity of the emitted
radiation depends mostly on the amount of the stellar mass converted into GW and on
the non-spherical symmetry of the collapse dynamics.

Following Thorne [21] we review the processes which can trigger a GW emission during
the collapse and the estimated intensities:

e boiling of the newborn neutron star: in a spherically collapse GW can be emitted
when a convectively unstable neutron star is produced. High temperature nuclear
matter from the centre of the forming NS is dredged up, cooled by neutrino emission,
swept back downward and reheated. This phenomenon should generate n ~ 10 cycles
of GW with a frequency f ~ 100 Hz. The expected amplitude is

10Mpc
r

h~107%. (1.34)

e azisymmetric collapse: in case of non-spherical but axisymmetric collapse a weak
GW emission is expected as well:

10Mpc
r

h~3-1072%. (1.35)

and the burst has spectral components in the range 200-1000 Hz;

e non-axisymmetric collapse: it is the event which produces the strongest GW burst,
with amplitude

10Mpc
r

h~10"2. (1.36)

Several supernovae per years are expected out of a distance 10 Mpc (VIRGO cluster).
The fraction of non axisymmetric collapses is unknown.
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Figure 1.4: The integrated distribution of 703 of galactic pulsars with respect to the GW
emission frequency 2 frot.

1.7 Spinning neutron stars

Non axisymmetric rotating neutron stars emit periodic GW [28]. The emission is char-
acterized by 3 parameters: the poloidal ellipticity €p, the equatorial ellipticity e, and the
wobble angle 6, between the principal axis of inertia and the axis of rotation. Let fiot

be the star spinning frequency and fprec the precession frequency. Then, the radiation is
emitted at frequencies:

f 1= 2f rot
1.37
{ f2:frot+fprec ( )
For typical masses and reasonable moments of inertia the amplitude is:
_ lkpc]| [ €. ore,f
he~6-1 25 frot e pYw 1.
6-10 [SOOHZ r 106 (1.38)

An upper limit of €.,e, ~ 107 % has been suggested for the ellipticities ([21, 23] and
references therein). The GW emitted by this kind of source are weak, but the SNR ratio
can be increased by integrating the signal for a long time (months). In fig. 1.4 the
integrated frequency distribution of 706 known galactic pulsars is shown: most of them

would emit GW below 10 Hz. The problem of the pulsar GW detection will be analyzed
in chapter 3.
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1.8 Stochastic background

Current cosmological models predict the existence of a relic stochastic background of
gravitational radiation produced during the early expansion of the universe. The spectrum
of this background has the imprinting of the early cosmology and its detection could have
an enormous impact on cosmology and high-energy physics. As a matter of fact, the relic
gravitons carry information about the state of the universe at time scales ¢ ~ 10720 —10726
sec or equivalently at temperature scales T' ~ 107 — 101 GeV [37].

The stochastic gravitational radiation consists of many individual components ran-
domly superimposed and is characterised by the dimensionless quantity:

_ 1 dpgw(f)
ng(f) - E di);ogf

where pgy (f) is the energy density of the GW stochastic background and p is the critical
energy density for closing the universe:

(1.39)

_3m3

= 2o 1.4
Pe= g (1.40)

Most inflationary models predict a flat® Qg (f) spectrum (known as Harrison-Zel’dovich
spectrum). The strictest limit on Qg (f) comes from COBE observations of CMBR
anisotropy ([36] and references therein):

H 2
QUYPE(f)hige < 7-107H (7[’) for Hy < f < 30 Hy (1.41)

where higp is defined by writing the Hubble parameter as:

Hy = hago - 100 Seclfir&pc (1.42)
The COBE limit concerns a frequency range inaccessible to ground based antennas as
well as to space interferometers. If the spectrum were flat and the limit (1.41) were
valid in the 10-1000 Hz range, the detection with the interferometric antennas of the
VIRGO/LIGO type would be hopeless. Nevertheless, recent string cosmology models
[50, 51, 52] predict a more complex spectrum behaving as Qg (f) o< f3log® f at low
frequency and Qg (f) ~ const. above a threshold frequency, depending on the details of
the physics of the wave generation. These model satisfy the restrictions of the COBE
observations and at the same time predicts GW in the VIRGO/LIGO frequency range
with intensity that might be detectable.

® Actually, different models of inflationary expansion may lead to relic GW spectra with slightly different
slopes [35].
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Chapter 2

Interferometric detection of GW

2.1 Interferometric transducers for GW detection

A gravitational wave impinging on the free falling mirrors of a Michelson interferometer
produces a variation of the arms length and, consequently, a displacement of the fringes
(see eq. (1.26)): a free falling interferometer can be used as a gravitational wave detector.
A suspended ground based interferometer can be considered free falling (in the plane
defined by its arms) in a limited range of frequencies if the mirrors are properly isolated
from ground vibrations. To dimension correctly the interferometer one should above all
take into account two numbers:

e the intensity of GW: to find out the target sensitivity one has to consider not only the
GW amplitude but also the possible rate of events. The closest large accumulation
of stars is the Virgo Cluster, which contains about 2000 galaxies and many GW
events should happen there. Then, a reasonable start is to calculate the expected
amplitudes at a distance of 15 Mpc (the distance of the Virgo Cluster from Earth).
From equations (1.33) and (1.36) one finds that a NS/NS inspiral or a maximum
efficiency supernova collapse in the Virgo Cluster may generate a strain amplitude
on Earth of h ~ 102! — 10722, It is then reasonable to aim to build a detector at
least an order of magnitude more sensitive (b ~ 10722 — 10723);

e the sensitivity of interferometric techniques: actual technology of lasers and mirrors
may allow to achieve measurement accuracies of L ~ 107'® m (at the Caltech
prototype interferometer 6L = 8 - 10716 has been recently achieved [38].

From the numbers above it turns out that very long interferometers are necessary: L ~
dL/h ~ 10—100 km. Actually, one can stretch the equivalent length of the interferometer
to about 100 km by folding the light path. This can be done using optical cavities like
Fabry-Perot or Herriot delay lines some kilometers long (see next section).

17



18 CHAPTER 2. INTERFEROMETRIC DETECTION OF GW

At the moment five interferometric detectors are being built in the world: two in
the USA (LIGO)! [6], one in Ttaly (VIRGO) [7], one in Germany (GEO600) [8] and one
in Japan (TAMA) [9]. A sixth interferometer (ACIGA) [10] is expected to be built in
Australia in the forthcoming years. LIGO and VIRGO antennas are similar in the main
design features: they are kilometric interferometers (4 km arms in LIGO, 3 km arms in
VIRGO), both make use of Fabry-Perot cavities inside the arms and of power recycling
techniques. The main difference concerns the antenna bandwidth: VIRGO antenna aims
to detect GW in the band from few Hz to few kHz, while LIGO will be initially low
frequency limited at about 80 Hz.

2.2 Increasing the sensitivity: Fabry-Perot cavities

We pointed out in chapter 1 (see eq.(1.26)) that the detector sensitivity is proportional to
the interferometer arms length. An unrealistic arm length (at least for budget reason!) is
required for a Michelson detector. The problem is solved by increasing the optical length
using optical cavities. VIRGO and LIGO make use of Fabry-Perot (FP) cavities. A Fabry-
Perot interferometer is sketched in fig. 2.1: each FP is made of two mirrors (input and
end mirrors); the end mirror has reflectivity close to unity within a few p.p.m..

Within the frequency stability of the laser is stable, a FP cavity is a displacement-to-
phase transducer: the light that enters the cavity is reflected with a phase shift depending
on the cavity length. If the length does not change during the time of light storage into the
cavity, the phase shift is null. If the length changes of an amount JL the interferometer

phase shift is:
0p = g <27r67L> (2.1)

where F is the FP finesse, a parameter measuring the “sharpness” of the cavity resonance.
Under reasonable hypotheses on the mirrors losses and reflectivities, and under the “low
frequency” condition few (2L/c) < 1, the Fabry-Perot interferometer response to GW
strain (fig. 1.2) is given by

5¢‘ 8mc 1
— | 2 Ts— 2.2
‘ h D) \/1+(47ngw7'5)2 ( )
where we have defined the storage time:
2L F
s = —— 2.
7 c 27 (2:3)

Eq. (2.2) shows that the FP interferometer response has a pole at frequency f, =
1/4n7s. At frequencies f > f,, the phase sensitivity decreases. When compared with

! Actually, the Hanford LIGO facility contains two interferometers in the same vacuum pipe, one full
length (4 km), the second one half the length of the first.
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Figure 2.1: Scheme of a Fabry-Perot interferometer.

eq. (1.26) for the Michelson interferometer one finds that, in the “flat response” range

(f < fp):

FP phase sensitivity 2L F 8mc] [4nL] ' 2F
— = — (2.4)
c 2w A

Michelson phase sensitivity - A T

The sensitivity enhancement in a FP interferometer with respect to a Michelson of the
same length can be described from a different point of view: when Fabry-Perot cavities of
finesse F are inserted in the arms, the effective length of the interferometer is the optical

length

27

Lopt =L (25)

For VIRGO antenna (L = 3 km and F = 50) one gets an optical length Loy, ~ 95 km.

2.3 Noise

Noise of different nature affects the sensitivity of a ground based interferometer. They can
logically be divided in two main categories:

e mirror position disturbances: these are perturbations of the mirror position associ-
ated to ground vibrations (residual seismic noise and fluctuations of the local gravity
field), to the internal noise of the suspension system and mirror (thermal noise, creep,
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up-conversion of non-linear effects) and to possible re-injection of noise by means of
the actuators used for the active control of the suspension;

e read-out noise: the output signal of an interferometer fluctuates even if the mirrors
were ideally isolated from the outer world, due to the intrinsic noises affecting the
read-out system: laser shot noise, radiation pressure fluctuations, laser frequency
and power fluctuations.

Due to the contributions of all the noises, the photodiode at the output of the interfer-
ometer will continuously record a phase shift d¢(¢) indistinguishable from the one that a
GW signal hy,(t) would produce. The noise h,(t) is characterised by the “two-sided” power
spectral density (or spectrum)

1 T/2 2

— b (t)e2™tdt (2.6)

In the GW community the “single-sided” (defined only for positive frequencies) linear
spectral density is used rather than the (2.6):

ha(f) = V/28,(f) (2.7)

2.4 “Free falling mirrors” in ground based interferometers

In section 1.3 we have described how a free falling Michelson interferometer responds to
impinging GW. A ground based detector may be considered free falling (with respect to
the horizontal plane) in a proper range of frequencies, if the mirrors are “suspended”. The
method to isolate a test mass m is to connect it to the noisy ground through a “spring”?.

Neglecting the dissipative term, the equation of motion is
mE + k(x — z9) = Fen (2.8)

where £ is the spring stiffness (kK = mg/l in the pendulum case), z and z( are the mass
and the suspension point position respectively and Fl,; is the external force applied to the
mass. In the frequency space the (2.8) is written:

_ wizo(w) + Fept(w)/m

z(w) 5

— (2
Wy w

(2.9)

where wy = 27 fy and fo = \/k/m is the oscillator resonant frequency. Two comments can
be done on the (2.9):

2The best way to do this is to suspend the test mass as a pendulum. In this case the restoring force is
mostly gravitational and the dissipation is minimised.
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e in absence of external forces the suspension point-payload transfer function is im-
mediately written:

T\w w2
xo((w)) - —0w2 (2.10)

Eq.(2.10) says that:
1. below the resonant frequency (f < fo), the spring is rigid: the vibrations are
entirely transmitted to the test mass and z(w) = zo(w);
2. above the resonant frequency (f > fy), the spring is a soft connection to the
noisy world and the vibrations are attenuated like:
z(w)

zo(w)

~

(2.11)

ol

The equation above describes the ideal behaviour of an oscillator with massless
links.

e For frequencies w > wy the effect of applying a force to the payload is described by
the equation:
mw?z(w) + Feg(w) = 0 (2.12)

that is, the mass responds to the force as if it were free: above a certain frequency
GW do not make distinction between a ground-based suspended interferometer and
a free falling one.

For a complete description, one has to include the dissipative term into the equation of
the system (see section 2.6). The amount of dissipation determines the quality factor Q.
At the resonant frequency the motion of the test mass is “amplified” by a factor Q) with
respect to the average excitation value:

z(fo) = Qzo(fo) (2.13)

If N oscillators are cascaded, N eigenmodes are present. The transfer function, ne-
glecting again the dissipation, is written:

x W,

(w) _
i (2.14)

22
T Ww: w
0 i=1 Vi

2
]

where w;/2m are the N resonant frequencies. Above the resonant frequencies (f >
wi/27 Vi) the attenuation is:

~

zo(w) wN

x(w) Hz wz'Q (2.15)

From this simple model one learns that:



22 CHAPTER 2. INTERFEROMETRIC DETECTION OF GW

e an arbitrarily steep vibration low pass filter can be built cascading a large number
of oscillators;

e the filter cut-off frequency depends on the resonant frequencies of the system: the
lower the frequencies, the wider the range where vibrations are attenuated.

2.5 Ground vibrations

Ground vibrations induced by seismic activity, wind, ocean activity, human activity, couple
to the mirrors in two ways: via the mechanical connection between the mirror and the
ground and via the gravitational field associated to the local mass distribution fluctuations.

2.5.1 Seism

Seismic noise is produced by vibrations of the soil. To get rid of it and to make ground
based GW detection possible, mirrors have to be isolated by suspending them from suitable
filters (usually more or less complicated multi-stage pendula). Nevertheless, it is the main
limitation to the sensitivity of ground based antennas in the low frequency range. There
is no universal law describing the seismic noise. Its intensity can change of orders of
magnitude from place to place and, in the same place, from day to day, depending on
wind, ocean and human activity, and so on (see also [39]). A general 1/f? behaviour at
frequencies above 1 Hz has been found everywhere due to the transmission properties of
soil and rocks. The seismic noise displacement spectrum is roughly isotropic and, in our
laboratory, can be described by the empirical equation:

10—6 2+ 2
s~ e 2 [H] n/ VT (2.16)
where
£~01—1 m-Hz%?
fo ~0.1 Hz (2.17)
fi~0.5 Hz

The seismic noise displacement spectrum measured in a horizontal direction on a day
with low human activity is shown in fig. 2.16.

At low frequency, together with the local seism spectral density one has to consider
the differential seism between the input and end mirrors of the interferometer cavities.
One expects that, below a threshold frequency, the seismic motions of two points 3 km
apart have to be correlated. The threshold frequency fin can be estimated by means of a
simple model, where a seismic wave of frequency f propagates with velocity vs along the
interferometer arm of length L. The displacements of the mirrors induced by the seismic
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Figure 2.2: Horizontal seism displacement spectrum measured at Pisa INFN laboratories on
a Sunday (low human activity, &€ ~ 0.1 while in weekdays & ~ 0.3 — 0.5). A rough 1/f? slope
is measured above 1 Hz. The broad peak at 0.14 Hz is found all over the world and is due to
the oceans activity.

wave are correlated if A\; > L where Ay = vs/f, is the seismic wavelength. Then the
correlation holds for v
f<fin=17 (2.18)

If L =3 km and vs ~ 0.5 km/s (a reasonable value for sandy soil), one gets fi, ~ 0.15 Hz.

2.5.2 Gravity gradient noise

Seismic noise is not a fundamental physical limit: in principle the low frequency threshold
might be pushed towards zero by suspending the mirrors to longer and longer pendula.
A limit exists to the efficiency of vibration isolation: due to the seismic waves, the mass
density distribution around the mirrors fluctuates. Then, the local gravitational field
fluctuates as well. These fluctuations directly couple to the mirrors, “short circuit” the
vibration isolation system and produce a noise [73]:

e =3 /r L f2
where L is the interferometer length, G is the gravitational constant, p is the average local

soil density, z(f) is the local seismic spectrum. The gravity gradient (or newtonian) noise
limit sets the low frequency sensitivity achievable by a ground based interferometer.

h (2.19)
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2.6 Thermal noise

Thermal noise is associated with the internal dissipation phenomena. The fluctuation-
dissipation theorem [42] relates the dissipation phenomena to the brownian motion of the
system itself.

Consider a mechanical oscillator made of a mass m and a spring of stiffness k. In the
hypotesis of dissipation due to the material structure, the system losses can be modelled
in the frequency domain by adding an imaginary component to the elastic force [87, 89].
The equation of motion is then written:

—mw?r(w) + k[l +ip(w)] 2(w) = Fex (2.20)

The function ¢(w) represents the phase lag between the mass displacement z(w) and
sinusoidal driving force. Experimentally, ¢(w) is found to be roughly constant and, for
low loss materials, ¢ < 1.

Using the fluctuation-dissipation theory the thermal noise spectrum of the oscillator

is calculated as: )
4kpT ¢ - w
2 B 0

= 2.21

Tth mw [(w% —w?)2 4+ wé‘qb?] ( )

where kp is the Boltzmann constant, T is the temperature and wy/27 = /k/m is the
oscillator resonant frequency. It can be shown that, for a low loss oscillator Q = ¢! (wp).
The frequency dependence of the noise spectrum is:

.
1/# for w < wy
w wo
4kgT 1 =
zin(w) = 4/ ;’; N e for w = wy (2.22)
Vdwo
| 5 for w > wy

It is noticeable that the off resonance part of the spectrum is proportional to \/¢: the
thermal noise is reduced when using high @@ materials (see fig. 2.3).

For a complex mechanical system such as a mirror suspension or the mirror lattice
itself, the thermal noise has to be calculated keeping into account all of the modes. Each
mode is characterised by the resonant frequency w, /27, its quality factor @, = 1/¢, and
its effective mass p,, defined as 5

n

- 2.23
27 (2.23)

Hn

where E,, is the mode energy and x;, the oscillation amplitude. The (2.21) for a multi-mode
system is written:

4kpT Put
@) = ==Y T ot (2:24)

n
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Figure 2.3: Calculated thermal noise spectral density for a pendulum (I =1 m, m =1 kg,
wo = +/g/1) for different values of the dissipation factor ¢.

The frequency dependence well above or well below the resonances is the same as in (2.22).

Three thermal noise effects are relevant to the interferometer sensitivity:

e pendulum mode: the wires supporting the mirror bend in the mirror pendular motion.
A dissipative action arises, whose intensity depends on the wire material;

e mirror modes: each mirror is a quartz cylinder with many mechanical drum modes.
Thermal excitations of the mirror normal modes change the position or the the shape
of its surface;

e wires modes: the normal modes of the suspension wires are also excited and the
violin modes appear as a nearly harmonic sequence at high frequencies. The recoil
of the wires manifests in mirror center of mass fluctuations.

2.7 Creep

The stressed mechanical parts of the mirrors suspensions may be affected by creep. A
creep event is a sudden release of the stress accumulated in the lattice, which can simulate
a GW burst event. Though the creep is a noise of thermal origin, it comes from a non
linear phenomenon and has a non-gaussian spectrum. The creep may affect the detector
in two different ways:
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e mechanical shot noise: single creep events in the last part of the mirror suspen-
sions (and especially in the wires supporting the mirror) are fake signals and their
rate has to be reduced as much as possible;

e integrated creep effect: creep causes a weakening of the most stressed parts of
the mirror suspension, turning into an measurable lowering of the vertical mirror
position.

An in depth investigation has been performed by VIRGO Pisa and Perugia groups to
identify the best steels and thermal treatment in order to reduce as far as possible the
rate of the creep events [70, 71, 72].

2.8 Optical readout noise

The interferometric detectors aim to measure length variations of 10718 m, that is about
1/1000 of a proton diameter. This number is meaningless when thinking of a single atom,
whereas it makes sense when thinking of a crystal made of a huge number of atoms whose
positions are averaged in space and time by the laser beam wavefront. Nevertheless, a
quantum limit to the achievable precision exists, as predicted by the Heisenberg uncer-
tainty principle.

2.8.1 Shot noise

A fundamental noise associated to the quantum nature of light limits the accuracy achiev-
able by interferometric measurements. In this section the shot noise is calculated for a
simple Michelson interferometer. The effects of the light phase modulation and of the
power recycling will be examined in the next sections.

In case of perfect contrast (C' = 1)? the interferometer output power is written:

P.
Pyt = 2” (1 + cos ¢) (2.25)

where P;, is the laser power, ¢ is the interferometric phase, and the average current in
the photodiode is:
677Pm

I =
2mhv

(2.26)

3The contrast is defined as:
Prna.x - Pmin

Pmax + Rnin

where Ppax and Pnin are the maximum and the minimum power impinging on the output photodiode as
the interferometer phase changes of 2.

C =



2.8. OPTICAL READOUT NOISE 27

where 7 is the quantum efficiency of the photodiode. The spectral density of the current
shot noise fluctuations is:

. _ o P;
§Tn = V2eI = ey/ 2\ /T + cos ¢ (2.27)

2mhy

Let §® be the phase variation induced by impinging GW. The corresponding power
variation is :

P.
6 Psig = 2” sin pJ® (2.28)
From (2.26) one obtains the spectral current variation induced by the signal:

~ e/r’ P . ~
6l sig = 5 # sin pd P (2.29)

The signal-to-noise ratio (SNR) is larger than unity 5~Isig > 614, when

2nhy /1 + cos ¢

50 > 2 2.30
- npP; sin ¢ ( )
When the interferometer is operated on the dark fringe (¢ ~ 7) one gets:
~ 4
lim 60 > , | 2T (2.31)
T—rT an

corresponding to an equivalent noise:

N 1 | hex
By — — 2.32
shot = 7 2mn P, (2.32)

The phase shot noise spectrum (2.31) is flat. Having FP cavities in the arms changes
the effect of phase noises such as laser shot noise. For frequencies f > f, (defined in section
2.2) the same phase variation engenders different equivalent length variation, according to
(2.2). The shot noise linear spectral density is then written:

T hic?
hghor (f)

~ T 1+ (4 2 9.
2FL 27me\/ + (@ fews) (2.33)

The noise spectrum grows ALY (f) oc f for f>> f,.

The shot noise level can be reduced by increasing the laser power or the power stored
into the interferometer, but the achievable accuracy of the measurement is limited by
quantum mechanics.
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2.8.2 Radiation pressure noise

The power fluctuation associated to the quantum nature of light generates a radiation
pressure noise: fluctuations in radiation pressure make each mirror move with a spectrum:

1 hPy 1

AR (2.34)

Brp(f) =

While the shot noise is a phase noise, the radiation pressure fluctuations cause a real
movement of the mirror. For a given value of P;, there exists a critical frequency below
which the radiation pressure noise (which behaves as 1/f2) dominates over the shot noise.
For actual available laser power, such frequency is outside the operation frequency range
and the detectors sensitivities are shot noise limited.

2.8.3 “Heisenberg principle” for the interferometer: quantum limit

The simultaneous presence of shot noise and radiation pressure noise is an intrinsic limit
to the achievable precision. An interferometer may be considered as an Heisenberg mi-
croscope: to increase the accuracy in measuring the mirror position one has to reduce
the shot noise, that is to increase the laser power; this comes at the cost of worsening
the radiation pressure noise and the “microscope” sensitivity at low frequency. The total

hor(f) = \/hZes + 12, (2.35)

At any given frequency f there is an "optimal” choice of the power P,,; which minimise
the total noise (2.35):

optical readout noise is

Popt = mmeA f? (2.36)
By substituting (2.36) into (2.35) one obtains the quantum limit to the detector sensitivity:

hau(f) = ﬂ%\/g (2.37)

iLQL is not a noise spectral density, but it’s the locus of the minima of fzor( f) at any given
frequency.

For a Fabry-Perot interferometer things are different, because folding makes the phase
noises decrease while enhancing the displacement noises. The optical readout noise be-

comes:
~ . 2F\ 2.
hor(f) = \/ (57) Ao+ (7) hy (2.38)
Then )
s
Pyt = (ﬁ) Popt (2.39)

yielding expression (2.37) for the quantum limit, as expected.
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Figure 2.4: Scheme of a Fabry-Perot interferometer with power recycling.

2.9 Lowering the shot noise limit: power recycling

If the interferometer is locked on the dark fringe most of the power is reflected back
towards the laser and is lost. A fraction of this waste power can be recycled: to do so,
an additional mirror is inserted between the beam splitter and the laser and, properly
phase and reflectivity matched, reflects the light towards the beam splitter (fig. 2.4). The
rest of the interferometer can be described as a composite mirror, which, together with
the recycling mirror, forms a recycling cavity to be kept in resonance. With this power
recycling technique the power stored into the arms can be increased by a large factor,
mainly limited by the beam losses (a recycling factor R ~ 50 is foreseen for VIRGO) thus
reducing the shot noise level. The recycling mirror and the two input mirror of the FP
cavities constitute one more cavity to keep resonant.

2.10 Laser instabilities

2.10.1 Laser frequency fluctuations

In principle, an interferometer for GW detection can be made of two unequal arms. In
practice, the two arms have to be nearly equal because of laser frequency fluctuations. Let
v(f) be the linear spectral density of the laser frequency fluctuations (in units of Hz/v/Hz).



30 CHAPTER 2. INTERFEROMETRIC DETECTION OF GW

One can show that the equivalent strain noise is:

() ALopt

hg =
v Lopt

(2.40)
where Lo is the difference in cavities optical length. In VIRGO an asymmetry parame-
ter 5 = ALgpt/Lopy ~ 1% is expected, due to the unavoidable differences in the mirrors
characteristics and thus, in the finesse of the two cavities. Due to this unavoidable asym-
metry a frequency stability #(f) ~ 107> Hz/v/Hz at 100 Hz is required, while the available
uncontrolled laser presents 7(f) ~ 10? Hz/v/Hz . This corresponds to reducing the laser
frequency fluctuations by a factor of 107.

2.10.2 Laser power fluctuations

Besides the frequency fluctuations, lasers are affected by amplitude fluctuations also.
These amplitude fluctuations are present on top of the fundamental shot noise and are
true variations in the emitted power. Let us write again eq. (2.25) in the form:

Pout = PQ“'” [1 4 cos(pg + 6@)] (2.41)

where ¢q is the chosen operation point and d® is the phase shift induced by a “signal”.
The phase sensitivity |0P,y;/00®| is maximum at ¢y = 7/2 (whereas the SNR is not).
With this choice, and keeping into account the input power fluctuations, the output power

is written: . 5P P 5p
Py = 200 (1 ingd) m 2 (14 20 4 s (2.42)
2 2 5P,

In eq. (2.42) both the signal §® and the power fluctuations appear at the first order.

In order not to mask the effect of a true signal it should be §P;;, /Py, < 0@ ~ 1071
This condition puts a constraint on the power stability level, which would extremely
difficult to achieve.

2.10.3 Bypassing power fluctuations: “dark fringe” operation

To get rid of the power fluctuation noise it is better to operate the interferometer on the
dark fringe, that is at ¢y ~ 7. In this case:
1 2 1 2

Py = §(Pm + 0P, )00° ~ ZPM&I) (2.43)
if the laser is stabilised to a good level (0P;, < Pj,). The drawback of this choice is
that the power dependence on the real signal phase shift is of the second order and the
sensitivity is much worse. To increase the sensitivity maintaining the dark fringe choice
the Pound-Drever signal extraction technique is used.
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2.11 Heterodyne detection

A common lock-in technique to get rid of 1/f noise in interferometric detectors is to phase
modulate the laser light in order to produce sidebands. Phase modulation can be done by
introducing Pockels cells in the two arms of Michelson interferometer. If the two cells are
driven in anti-phase with a sinusoidal voltage at frequency /2, the output power is:

Poyy = —=[1 + cos(¢ + 2m sin Qt)] (2.44)
The parameter m is the modulation index and measures the energy of the sidebands
(m < 1). Equation (2.44) can be simplified if the interferometer is operated around the
dark fringe (¢ ~ 7w 4+ 0®) and the modulation index is small (m < 1). Neglecting the
higher order harmonics:

Py ~ —= [1 — Jo(2m) + 26®.J; (2m) sin Qt] (2.45)

where Jy,J; are the Bessel function of order 0,1 respectively. Eq. (2.45) shows that
modulating the light turns into a first order dependence of the output power with the
signal while keeping the interferometer on the dark fringe.

2.11.1 Shot noise in a modulated interferometer

We repeat the calculation of the shot noise (see section 2.8.1) keeping into account the
effect of the modulation. From (2.45),(2.26) comes that the signal and shot noise currents
are written*:

ST _ 77Pin

0l = 627ThyJ1(2m)5¢' (2.46)

~ P;

6y = V2e \/” L1 — Jo(2m)] (2.47)
2mhy

A phase variation is detectable if:

dhy /1 — Jo(2m)

50 >
—\ nPi, J1(2m)

(2.48)

In the limit m — 0 the previous equation reduces to (2.31): the shot noise limit is the same
in case of heterodyne or continuous detection.Heterodyne detection allows to perform the
measurement at frequencies where the laser fluctuations are smaller and the 1/f noise of
the electronic devices is less important.

iThe factor v/2 in the second equation comes from the demodulation process: the shot noise at the
frequencies 2 — f and 2 + f adds incoherently at frequency f.
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2.12 Other sources of noise

In this section we list some sources of noise which were considered in the interferometer
design.

2.12.1 Acoustic noise

Up to now we have not mentioned that the interferometer has to be contained into an
ultra high vacuum pipe, to isolate the mirrors from acoustic noise and from thermal noise
associated to viscous damping, and to prevent the laser beam from scattering and phase
shifts induced by fluctuation of the refractive index. The vacuum level to be achieved is
established when analysing a different noise originated from the gas pressure fluctuations.

2.12.2 Refraction index fluctuations

Fluctuations of gas pressure generates fluctuations of the refractive index and, conse-
quently, a phase noise. The intensity of the noise is proportional to the gas polarizability.
The main residual gas is expected to be hydrogen. In order to keep this phase noise an
order of magnitude below the shot noise level, the required H, partial pressure is 10~
mbar.

2.12.3 Scattered light

Photons scattered by mirror imperfections and bouncing on the pipe walls get a different
phase due the modulating effect of the pipe vibrations. If such photons recombine with
the laser beam a phase noise arises. To get rid of this problem a set of mechanical filters
(baffles), made of absorbing steel and shaped as truncated cones, is placed along the pipe.
The baffles, absorbing the spurious photons, avoid their recombination with the beam [45].

2.12.4 Light in higher modes

The electric field of the laser beam may be decomposed into a sum of different modes.
Each mode acquires a different phase shift while propagating in the cavities. Only one
mode has to be selected for a correct operation. An optical filter has to be built, capable
of selecting the TEMgg only. An optical cavity, called mode cleaner, is placed between the
laser and the interferometer for this purpose.

2.13 Locking

The operation of an interferometric antenna for GW detection requires:
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the FP cavities to be resonant;

the interferometer output to be held on the dark fringe;

the recycling cavity to be resonant.

Fulfilling all these conditions requires the control of the length of the cavities (and
then the relative positions of the optical components) to an high level of accuracy (less
than 1072 m). The set of operations necessary to achieve the goal is called locking. The
locking is realised by extracting from the interferometer itself several error signals which
monitor the interesting length, and by designing proper feedback filters to control the
mirrors positions by means of actuators capable to change the mirror position without
injecting noise in the interferometer frequency detection range.
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Chapter 3

VIRGO Interferometric GW
Detector

3.1 VIRGO antenna

In the previous chapter we have described the working of an interferometric GW detector.
The aim of this chapter is to outline the design of the VIRGO antenna, now under con-
struction at the site of Cascina, near Pisa (fig. 3.1), and to compare its target sensitivity
with the expected intensity of the GW sources described in chapter 1.

3.1.1 Optics

The scheme of the VIRGO interferometer is shown in fig. 3.2. We define [;, [ the lengths
of the Michelson interferometer arms (distances from the beam splitter to the input mirrors
of the FP cavities), L1, Ly the lengths of the FP cavities and [, the distance between the
beam splitter and the recycling mirror.

e Laser: it is a Nd:Yag emitting at A = 1064 nm. Its output power in the TEMyg
mode is about 20 W. The stability requirements are:

1. power:
opP 3-107°/vHz for f =10 Hz
5 < -7 (3.1)
P 3-10""/VHz for 100 < f < 1000 Hz
2. frequency:
Sv 10~%/v/Hz for f =10 Hz
~ -6 (3.2)
v 107°/vHz for 100 < f < 1000 Hz

This level of frequency stability requires a gain of about 107 in the control loop.

35
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Figure 3.1: The vacuum setup of the VIRGO interferometer.
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Figure 3.2: Schematic design of the VIRGO interferometer, with the 3 km long Fabry-Perot
cavities and the recycling cavity.

The laser (including the stabilisation optronics and the phase modulator) is not
under vacuum and is placed on an optical table in a clean room.

e Input bench: it is under vacuum and suspended from a short superattenuator (see
section 4.6). It is equipped with a rigid triangular reference cavity for the frequency
pre-stabilization, the input and output mirrors of the mode cleaner and the main
beam expansion and alignment optronics.

e Mode cleaner: it is a triangular cavity 144 m long. Two mirrors (input and output
ones) are mounted on the input bench. The third mirror is suspended from a short
tower, connected to the input bench tower by a dedicated pipe.

e Power recycling: the recycling cavity is made by the recycling mirror and the
interferometer itself. The cavity length is defined as I, = Iy + (I3 + l2)/2. The
foreseen recycling factor is about 50: a power of about 1 kW is expected on the
beam splitter.

e Fabry-Perot cavities: the FP will be 3 km long and will have a finesse F = 50.
The interferometer output is to be kept on the dark fringe for the carrier, while the
sidebands are to be transmitted to carry the signal.
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e Detection system: it is composed of a detection bench, suspended from a short
tower and an optical table (outside the vacuum vessel). The bench supports the
output mode cleaner (a small monolithic triangular cavity, designed to increase the
contrast by filtering the spurious modes) and the optics for splitting and collimat-
ing the beam on the photodiodes. The table supports the photodiodes (InGaAs,
quantum efficiency n = 0.85) for the locking and the signal detection.

3.1.2 Suspensions

The sensitivity of a ground based antenna is low frequency limited by natural seismic
vibration of the ground. Suspending the optical components is a simple way to filter the
ground vibrations: at frequencies above the resonant frequency of the pendulum formed
by the suspended mass, the mirror can be considered free falling. VIRGO has developed
a suspension system, called superattenuator (SA), capable to inhibit the seismic noise
transmission to the mirror above 4-5 Hz. The SA is essentially a multi-stage pendulum
about 10 m tall, where each suspended mass is a special device acting as a vibration low
pass filter in all 6 degrees of freedom (d.o.f.). The SA is described in details in chapter 4.

Shorter suspensions are used for those parts of the optical scheme that do act on the
same way with respect to the two arms: the input bench, the mode cleaner, the detection
bench.

3.1.3 Vacuum system

The VIRGO vacuum volume is composed of two parts: the pipes (containing the optics)
and the towers (10 m high, containing the superattenuators). The pipe is 1.2 m in diameter
and composed of 15 m long modules connected by bellows and resting over special supports
allowing the pipe “breath” induced by the baking or by the daily thermal variations. In
the pipes partial pressures of 10~ mbar for hydrogen, 10~ mbar for hydrocarbons and
10~ "mbar for other gases are required. The limits on the hydrogen and other gases
pressure come from the requirement for the noise due to fluctuations in the refractive
index to be a factor 10 below the dominating noises. The limit on the hydrocarbons
is more strict because these molecules can stick on the mirror surface and degrade its
quality. The vacuum level is achieved in three steps: a rough pumping (from atmospheric
pressure to 1072 mbar, performed with dry pumps), an intermediate pumping (to 10~°
mbar, performed with turbo-molecular pumps) the ultra-high-vacuum pumping (down to
the required pressure, performed with purely passive titanium sublimation pumps).

The ultra-high-vacuum required in the pipe cannot be achieved in the towers, because
of the outgassing properties of the cables and, in general, the large number of devices the
superattenuators are provided with. To solve the problem, the towers are divided in two
parts by a separating roof and communicating only through a narrow conductance hole



3.2. INTERFEROMETER LOCKING 39

necessary for the passage of the wire holding the last stage of the suspension (see chapter
4). Most of the cables are in the upper part, where a pressure of 10~¢ mbar is foreseen.

3.2 Interferometer locking

Locking the interferometer means to actively control the test masses at the operation points
necessary to keep the interferometer output on the dark fringe, the FP and the recycling
cavities in resonance with the laser. These four conditions are fulfilled by controlling four
independent lengths: L1, Lo, [, Al. The error signals are provided by a set of photodiodes
monitoring the light power and phase along different points of the interferometer [53].

The requirements on the locking are of two types:

1. maximum mirror rms displacement: to fulfil the resonance conditions the pre-
vious lengths should be controlled with a precision of about 107X ~ 1071 m. Actu-
ally, the rms motion of each mirror should not be larger than 10~'2 m: this stricter
limitation is due to the dynamic range of the read-out electronics (photodiodes and
RF mixer);

2. maximum mirror spectral noise: the maximum tolerable spectral noise of the
mirrors has been calculated [65]. The strictest requirements concerns the cavity
mirrors: to have an equivalent strain noise 3 times smaller than VIRGO nominal
sensitivity the maximum tolerable spectral motion for the FP mirrors is:

S = { 1018 m/vVHz  at 10 Hz (3.3)
3-1072° m/VHz  at 100 Hz ‘

The suspended mirrors may have a large (tens of pm) seismically excited residual
motion in the range 0-2 Hz, where the superattenuator does not attenuate. This spurious
motion must be compensated by means of proper actuators: the locking loop must have
high gain in this range, and must not introduce noise in the detection range.

Such requirements impose to design a control system with a huge dynamic range (the
rms motion of the mirrors must be reduced by a factor ~ 10® within a large bandwidth.
The VIRGO solution consists in “cascading” 3 control stages (3 actuation points placed
along the suspension) acting in different dynamic and frequency ranges. VIRGO suspen-
sion is suitable to the purpose: a pre-isolator stage has been introduced in the suspension
design with the purpose of reducing the seismic excitation of the superattenuator modes
and provide a suitable platform for active controls. The pre-isolator stage is the main
subject of this work and will be described in the following. The control strategy will be
described in section 8.2.
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Figure 3.3: Spectral sensitivity of VIRGO antenna.

3.3 VIRGO sensitivity

Presently, the determination of the VIRGO sensitivity is based on the prediction on the
intensity of the various noise sources. The expected noise can be converted into an equiv-
alent strain spectral density izn( f), defined in section 2.3: this function is usually called
VIRGO sensitivity. The sensitivity of an interferometric antenna depends not only on
the absolute noise level, but is a matter of SNR. The SNR. depends on many parameters,
such as the observation time, the degree of theoretical knowledge of the GW emission
mechanism of a certain source, on the data analysis strategy. For instance, a supernova
event emitting GW with maximum amplitude hy may be detected or not depending on
the spectral properties of the signal: if the bandwidth of the signal is large the SNR is
degraded. Thence, it is not enough to know the amplitude of the wave and the noise of the
detector to decide whether the source is detectable. In this section we give an overview of
the SNR problem, comparing the VIRGO sensitivity with the various GW sources.

3.3.1 Sensitivity curve

VIRGO predicted sensitivity curve is shown in (fig. 3.3, 3.4). Four sources of noise are
dominant in different ranges of frequency:
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e seismic noise: the seismic noise wall is expected at 3-4 Hz, thanks to the attenu-
ation performance of the suspensions;

e newtonian noise: a new calculation of the noise induced by local gravity field
fluctuations [73] shows that this noise is dominant between 2 and 10 Hz. The double
peak at about 7 Hz is thermal noise associated to the main mode of the marionetta-
mirror system;

e pendulum thermal noise: dominates approximately between 10 and 30 Hz;
e mirror thermal noise: dominates between 30 and 500 Hz;

e shot noise: dominates above 500 Hz. The large peaks are due to the wires violin
modes. The peaks are in pairs because the input and the end mirrors have different
masses.

3.4 Signals from coalescing binaries

The coalescence of two compact stars (NS/NS, NS/BH, BH/BH) is the most promising
GW event to be detected by the first generation interferometric antennas. The extraction
of the signal from the interferometer noisy output will be performed by cross-correlating it
with the signal expected from the theory (template). To achieve the goal of the detection
it is very important to have accurate theoretical templates and a large effort is being made
in this direction.

The SNR expected in VIRGO for a coalescence event has been calculated in the new-
tonian approximation [44], integrating over the range 10-500 Hz:

R W EVECL:

A threshold SNR > 8 is necessary to improve the rejection to 1 false alarm/year. From
(3.4) one finds out that a NS/NS event (m; ~ mg ~ 1.4Mgy) is detectable at distance
R < 30 Mpc. Different estimates on the rate on NS/NS events exist. Bonazzola and
Marck [20] assume 1 merger per year within 200 Mpc. Therefore VIRGO would observe
about 1 NS/NS event every 50 years. Higher SNR is then expected for NS/BH or BH/BH
coalescences, depending on the mass of the involved black holes. More optimistic estimates
on the rates allow to be more confident on the detection of coalescing stars, and particularly
about the events involving a BH. Nevertheless it is evident that the big effort to be done
in order to enhance the detector sensitivity is to substantially reduce the thermal noise
level. From (1.31) it is possible to calculate the time 7(1vp) elapsed between the moment
when the frequency of the GW emitted by a coalescing system is 1y and the merger. The
result for two different values of vy is: 7(4Hz) = 11588 sec and 7(70Hz) = 5.6 sec. vy can
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Figure 3.4: Spectral sensitivity of VIRGO: the contribution of all the noise sources is shown.
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Figure 3.5: SNR integrated over the range vy — 1 kHz as a function of v (calculated from
the expected VIRGO noise curve).

be considered as the low frequency threshold of a GW detector. In fig. 3.5 the integrated
SNR is shown as a function of the “starting frequency”: VIRGO can nominally “start”
the integration at vy, = 4 Hz and all the SNR is exploited. By comparison, about 20%
of the SNR is lost when starting the integration at 70 Hz.

3.5 Burst from stellar collapses

During the last years it has become more evident that the detection of stellar collapses
will not be an easy goal for the first interferometers:

e Large uncertainties affect the collapse hydrodynamics simulation codes and the pro-
duced templates. At the moment it seems reasonable that LIGO/VIRGO could aim
to detect only events with SNR > 1;

e most of the predicted collapse processes produce GW detectable at galactic distances
only. Non-axisymmetric collapses can be detected as far as Virgo Cluster;

e even in case of SNR > 1 a multiple coincidence detection is necessary in order to
discriminate between real events and non-gaussian noise. The creation of a network
of interferometers (and of other detectors such as bar antennas, neutrino observa-
tories, optical telescopes, v detectors) working in coincidence would allow not only



44 CHAPTER 3. VIRGO INTERFEROMETRIC GW DETECTOR

10

10—24 L

fl

Crab == full rms noise (1 year)
.......... seismic & thermal onl

GEO800
LIGO |

VIRGO

Amplitude h
2

3

(X3
.....
.....
.....
LR

10% v Ly X BT
10! 107 10°

frequency (Hz)

Figure 3.6: Upper limit of the GW amplitude emitted by several galactiv pulsars compared
with the rms sensitivity of VIRGO, LIGO, GEO600, assuming one year of signal integration.

the unambiguous detection of a burst event but also, measuring the delay times, the
determination of the source direction in the sky.

3.6 Periodic signals

Up to 1995 706 galactic pulsars were known. Most of them are located in the central region
of our galaxy and their distances from Earth range from 5 to 20 kpc. Most of them would
emit GW at frequencies below 10 Hz, as shown in fig. 1.4: this is one of the reasons for the
large experimental effort to extend the VIRGO sensitivity down to low frequency. While
the spinning frequencies are known with accuracy 10~ — 107! the estimate of the GW
intensity is affected by a large incertitude. Upper bounds can be put on the values of the
ellipticity € (see section 1.7) if one assumes that the observed slowing down of the period
is entirely due to GW emission. Although this is not a realistic assumption, since energy
losses via electromagnetic radiation or magnetospheric acceleration of charged particles are
certainly important, such an upper bound permits a comparison with the actual detector
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sensitivities. The signal-to-noise ratio for a periodic signal is

SNR = /T (3.5)
h(f)

where hg is the GW amplitude, iz( f) is the detector sensitivity at the signal frequency and
T is the integration time of the signal ! (fig. 3.6).

A global search for neutron stars radiation must be tried. The big problem is that
the Doppler effect due to the Earth motion has to be subtracted independently for every
direction of the sky. This requires calculation times which are presently orders of mag-
nitudes larger than the human life. If a known pulsar is targeted, the sensitivity of the
interferometers in a narrow band around the emission frequency can be enhanced using a
signal recycling technique [46, 47].

3.7 Stochastic background

A single interferometer would not be enough to detect the stochastic background (SB) of
relic GW. Large SB intensity (SNR > 1) is not compatible with previous observations
(such as COBE’s), while a SNR ~ 1 would not be distinguishable from detector excess
noise. The outputs of at least two detectors should be cross correlated. The two detec-
tors should be far apart in order to decorrelate local noise and close enough to maintain
correlation for GW in the VIRGO/LIGO range. A distance of some tens of km is suitable
to fulfil these conditions [34, 37].

If a second VIRGO were built at 50 km distance with the same orientation as the first
interferometer, assuming 1 year of observation time and SNR=1.65 (90% confidence level),
the minimum detectable levin( f) would be given by [37]:

PN R\
min . -7 n
hoQgy (f) ~ 3 -10 (100Hz> (1022HZ1/2> (3.6)

where h,, is the equivalent strain noise spectral density, which can be read directly on the
plot of fig. 3.3.

If, as predicted from the standard inflationary models, the SB energy spectrum is
constant (Qgy (f) = const.) the minimum detectable level can be expressed as a function
of the SNR and of the observation time as:

i . [SNR\? [ 1yr /?

'"Due to the noise incoherence in time, its Fourier transform only grows like v/T while the Fourier
transform of a periodic signal grows linearly with the observation time. For this reason the SNR for a
periodic source is expected to grow like v/T.
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Figure 3.7: The stochastic background spectra expected from standard inflation and string
models compared with the actual GW detectors (from [49]).

comparing the (3.7) with the (1.41) one sees immediately that VIRGO like interferome-
ters are orders of magnitude less sensitive than what required to detect the cosmological
stochastic background originated during the inflationary phase. The situation is not hope-
less when the string cosmology models (see section 1.8) are considered. In fig. 3.7 the
sensitivity of GW detectors? is compared with the stochastic background intensity ex-
pected from string models and standard inflation?.

2The sensitivity refers to a couple of equal detectors in the same place.
3The figure is from [49]. We thank M.Gasperini for allowing to use it.



Chapter 4

VIRGO suspension: the
super-attenuator

The mirror suspension system of an interferometric GW detector has to be a multiple
task device: it must provide a steep low pass filtering for ground vibrations, with a cut-off
frequency as low as possible, and it must be suitable for the control of the mirror position
on a very large dynamic range. Moreover, the suspension internal noise must be kept as
low as possible. Summarising, the requirements for a reliable suspension are:

e isolation from external disturbances: VIRGO aims to reach a target spectral
sensitivity

h(10 Hz) ~ 1072 /v/Hz

that means that the test masses have to be isolated down to a level of
#(10 Hz) ~ 3-107'8 m/vHz

corresponding to a mechanical attenuation factor of 1071t (220 dB) at 10 Hz (as-
suming £ = 0.3 in (2.16) );

e capability to control the mirror position: the requirements on the mirror
positions in order to lock the interferometer are very strict (0zyms ~ 1072 m) and
the mirror position must be controlled down to DC without injecting noise in the
detection band. This result cannot be achieved by acting only on the mirror: control
forces are to be exerted on various control points along the suspension, which has to
be suitable for the purpose;

e low level of internal disturbances: the pendulum mode thermal noise dominates
above 4 Hz. The possibility of lowering the thermal noise intensity depends on
the use of high () material rather than steel for the wires, and on the cooling of
the suspension: none of these solution is ready to date for being adopted in first

47
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laser beam

Figure 4.1: The direction of the gravity over the 3 km distance arm length changes by an
angle agray = 3+ 10~%: a vertical displacement oy of one mirror will turn into a minimal
differential displacement L = agray - 0y in the beam direction.

generation interferometers. Another source of internal non gaussian noise is the
creep in the stressed mechanical parts of the suspension. The creep intensity can be
reduced by choosing proper steels and applying suitable thermal treatments.

4.1 VIRGO superattenuator

A well designed and reliable vibrations isolator must be effective in all six degrees of
freedom, because, in a real mechanical system, all angular and translation degrees of
freedom are unavoidably coupled. For example, unattenuated vertical vibrations would
turn into motion of the mirror in the beam direction at least because the suspensions of
the input and end mirrors of a FP cavity at 3 km distance are not parallel, but form an
angle agray = 3- 10~* due to the Earth curvature (fig. 4.1). The angle Qgray is the minimal
coupling factor between the beam direction and the vertical. Actually, a larger vertical-
horizontal coupling factor (amecn ~ 0.01, taken as a conservative estimate) is expected to
originate from mechanical couplings between filters. This restriction and the requirement
of having a system with low resonant frequencies, impose to design an isolator far more
complicated than a chain of masses and simple springs. The suspension can be divided
into 3 parts: the pre-isolator stage, the chain of passive filters, the mirror control system.

In the horizontal plane' the SA is essentially a multistage pendulum composed by a
cascade of stages (fig. 4.2), hereafter called filters. Each filter is connected to the preceding
and to the following ones by steel wires. The whole chain, from the suspension point to
the mirror, is about 10 m high, the frequency of the main normal mode of the chain
is f = (1/27)y/g/L ~ 0.16 Hz. A lower frequency mode is introduced by means of a

In the following we refer to a zyz frame, where & is the axis parallel to the laser beam, § is the
horizontal axis perpendicular to  and 2 is the vertical axis.
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pre-isolator stage, as will be discussed in chapter 5.

To attenuate angular motions, filters are designed with high moments of inertia and are
connected to the suspending wires as close as possible to the filter centre of mass. This
geometry introduces short lever arms for restoring torques. The design allows angular
mode frequencies of about 1 Hz or less.

The vertical attenuation is obtained providing each filter with a ring of high tensile
strength steel springs, working in cantilever configuration with vertical action. The follow-
ing stage is suspended from these springs so that, also in the vertical direction, the system
acts as a chain of coupled oscillators. The lowest vertical resonance frequency achieved in
this way is 1.4 Hz. A magnetic antispring system (see section 4.2) is used to ”soften” the
springs, and allows to lower the vertical resonance frequency to 0.4 Hz.

In the following, the SA mechanics design is described.

4.2 Passive attenuation: filters

Four fully passive standard filters are suspended from the top table. Each of them (see
fig. 4.2) is designed to reduce the transmission of mechanical vibrations by two orders of
magnitude in six degrees of freedom. The main body of the filter is a rigid steel cylinder,
weighting about 100 Kg, 70 cm in diameter and 18.5 cm high, suspended to the upper
stage by a steel piano wire, about 1.3 m long and with diameters ranging from 1.85 to 4
mm (depending on the load) . The wire is connected as close as possible to the filter centre
of mass in order to minimise the coupling between the tilt and the horizontal motion. The
filter supports the load of the lower stages through a converging set of cantilever triangular
blade springs (see fig. 4.2 (b)).

The blades are pre-bent in order to return to be straight under load [69]. The number
of blades decreases from the uppermost filter (12) to the lowest one (4) to match the
supported load (each blade, designed to support about 50 Kg, is finely tuned to its specific
load). The base of each triangular blade is clamped to the outer circumference of the
bottom of the filter body. Thanks to the triangular shape the stress distribution is uniform
along the blade, allowing to minimise the maximum internal stress, which is kept below 2/3
of the elastic limit of the material. Thorough experimental studies have been performed
to select the best steel and thermal treatment for the blades, in order to reduce as much
as possible the microcreep, which can be harmful even if the materials are stressed below
the elastic limit [70].

The tip of each blade is attached to a central column which is constrained by a set of
centering wires to move only in the vertical direction through the central hole of the filter
body. The central column supports a crossbar, extending across the top surface of the
filter body. The moving part of the filter (grey in fig. 4.2 (a)), composed by the crossbar
and the column (attached to the tips of the blades), acts as the moving end of a vertical
spring suspending the lower load through a wire. This wire is also attached as close as
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Figure 4.2: The superattenuator with the 6 m inverted pendulum pre-attenuator stage (see
filter (with its "legs”), the marionetta and the mirror.
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Figure 4.3: View of the SA inside its vacuum chamber.
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Figure 4.4: Standard filter: a) side view: the elements in grey can move with respect to the
filter main body. In the actual design the bellows shown in the figure have been replaced by

screws; b) bottom view; c) top view.
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possible to the filter centre of mass. The minimum distance of the two points, of the upper
and the lower wires allowed by the filter design is 10 mm. The resulting rocking frequency
is below 1 Hz.

Once loaded, a filter has a mechanical vertical resonance frequency of 1.4 Hz, depending
on the stiffness ks of the blade springs and on the supported load. A magnetic antispring
system has been designed to reduce that frequency to 0.4 Hz [75]. The crossbar supports
two back-to-back arrays of magnets (fig. 4.2 (¢)). Two similar arrays are fixed on the
filter body facing the moving ones in a repulsive configuration. When the four magnetic
arrays are exactly vertically aligned, the repulsive forces are purely horizontal and add
up vectorially to zero. When the moving magnets (fixed on the crossbar) are vertically
displaced by a small amount Jy, a vertical antispring like force appears (fig. 4.5):

Fa.s:ka.s'(sy

where k,q can be tuned to the desired value by changing the distance between the magnetic
arrays. A vertical antispring of stiffness k.4 effectively acts in parallel with the blade spring.
The overall stiffness is thus reduced:

k=ks— kas

that is, the vertical spring is softened (without altering its loaded working point) and the
vertical frequency lowered. The antispring stiffness depends on the number of magnets
and on the separation between them, which can be tuned to reach the desired strength
and frequency. Moreover, a thermal dependence

1 Okas

- —0.004 °C ! 4.1
o = 0004°C (4.1)

has been measured [76], causing a variation of the vertical resonance frequency of the

single filter of
dfo mHz

3T 15 £2 — c
at the working frequency of 0.4 Hz. Moreover, the relative vertical position of the tip of
the blades and the body of the filter changes of about 300 pum/°C. Therefore, to keep the
system under reasonable stability conditions a thermostabilisation of 0.2 °C is required
[78, 79].

To tune the vertical position of the moving part of the filter with respect to the main
body, the inclination of some of the blades can be manually changed by setting screws.
This manual system allows the tuning of the filter working point (the suspended load
vertical position) with a precision of 0.1 mm. A remote control fine tuning system of the
vertical position (with the precision of less than 1 pm and a range of 1 mm) is obtained
by a “soft” cantilever blade (acting in parallel with the main suspension blades), whose
inclination can be changed by a motor. The soft spring pulls on the crossbar by means of

(4.2)
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Figure 4.5: Magnetic antispring: working principle.

a wire, like a fishing rod, from which the name of this device. A LVDT sensor? measures

the vertical displacement between the crossbar and the filter body: it provides diagnostics
for the filter performance and the feedback signal for the fishing rod. The motor will be
always switched off during the data taking: the filters will be operated as fully passive
attenuators.

4.2.1 Filter attenuation performance

The major limitations to the filter attenuation performance come from the normal modes
of its internal parts, mainly the crossbar (around 50 Hz) and the blades (above 100 Hz),
and from the moment of inertia of the blades itself. In fig. 4.6 a vertical transfer function
of one of the filter of the prototype SA chain is shown.

The overall effect of the resonances on the SA performance is visible in the calculated
SA transfer function shown in fig. 4.9.

4.3 The controllable parts of the SA

A chain of 6 filters would fulfil the requirements on the passive attenuation of the seismic
noise. In this section we describe the parts of the SA specifically designed for the control of
the mirror position: the inverted pendulum top stage, the steering filter, the marionetta,
the reference mass. In section 8.2 the role of each of these parts in the control of the
superattenuator is described.

2An LVDT (Linear Variable Differential Transformer) is a displacement-to voltage transducer made of
two coaxial coils. The primary coil is fed by a sinusoidal voltage and induces in the secondary coil a voltage
with the same frequency whose amplitude is proportional to the coils relative displacement. The typical
sensitivity of the LVDT used on the SA is about 10~° m/v/Hz .
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Figure 4.6: Vertical transfer function of a filter: the attenuation is larger than 40 dB between
5 and 42 Hz, with a maximum of 53 dB. The attenuation performance above 40 Hz is limited
by the resonance modes of the crossbar (45 Hz) and the blades (above 100 Hz).

4.3.1 Top stage

The top stage is composed of two main parts: a 6 m high, three legged Inverted Pendulum
(IP) supporting a modified filter, called filter 0.

The IP fulfils three main functions:

e to provide the SA with a suspension point positioning system;

e to introduce a very low frequency (30 mHz) horizontal filtering stage, reducing the
SA resonant modes excitation levels and improving the overall SA attenuation per-
formance;

e to provide a soft suspension stage at the top of the chain to allow active mode damp-
ing and seismic noise depression by means of inertial sensors and electromagnetic
actuators.

The IP is the main subject of this thesis and will be described in details in the next
chapter. The filter 0 is a modified filter, designed to fulfil two main tasks:
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e to provide in the vertical direction all the functions fulfilled in the horizontal plane
by the IP;

e to support all the sensors and the actuators necessary for the active control of the

SA.
The main differences between the filter 0 and a standard filter are:

e the presence of a hoist capable of changing the vertical position of the whole chain
of £35 mm;

e the presence of a coil-magnet actuator acting between the main body and the cross-
bar, designed for the active control of the SA vertical position;

e larger magnet arrays are used as antisprings, allowing to operate the filter at lower
vertical frequency;

e a larger structure supporting two angular, three horizontal accelerometer and hori-
zontal actuators for the SA active control.

4.3.2 Steering filter (filter 7)

The last filter of the chain is commonly called the filter 73 (see fig. 4.7). It is basically
and functionally a standard filter but it is additionally provided with devices to fulfill
additional functions:

e to exert forces and torques on the marionetta, to maintain it and the mirror in the
required position. Four columns about 1 m long extend from the bottom of the filter
in a parallelogram configuration. These columns support driving coils, facing small
magnets fixed on the marionetta arms: forces and torques are obtained driving the
coils with proper currents;

e to allow its own levelling: filter 7 must work horizontally to minimise the vertical-
horizontal coupling factor close to the mirror. A balancing system, consisting of a
remotely positionable mass which acts as a counterweight, is placed on the top of
the filter body. The position of the mass is adjusted in the z,y directions by means
of stepping motors;

e to allow its own precision remote control angular positioning against the mirror
chamber roof. A separating roof lays between the filter 7 and the marionetta to
maintain the differential vacuum existing between the tower and the pipe. The
separating roof is provided with 4 pots housing the filter 7 legs. The right angular

% Actually this is the 5th filter of the chain. The name “filter 7” comes from the former SA design with
7 filters.
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Figure 4.7: View of filter 7, with the balancing mass over the crossbar and the “legs”.

positioning of the legs in the pots is allowed by means of ceramic ball bearings and
controlled by a motorised set screw which rotate the filter 7 with respect to its
suspension wire;

e to allow the pre-alignment of the marionetta with respect of the beam direction, by
means of a second set of ceramic ball bearings and motorised set screws.

All the motors will be switched off during data taking: filter 7 will work passively, except
for the continuous electromagnetic control of the marionetta.

4.3.3 Marionetta

The marionetta is the final stage supporting the mirror. It has been designed to steer and
align the optical components for the interferometer locking. It is essentially an horizontal
cross structure provided with two steel wire loops holding the mirror (see fig. 4.8), and
two more which hold the reference mass. The marionetta arms are tipped with magnets,
through which forces can be applied from filter 7. These forces allow fine control of the
mirror on the three relevant degrees of freedom: the mirror rotations around its horizontal
and vertical axes and the translation along the beam direction.
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Figure 4.8: View of the marionetta-mirror system suspended from the filter 7. The mirror
is surrounded by the reference mass. The coils (not shown in the figure) are supported by the
"legs” of filter 7.

4.3.4 Reference mass-mirror

The mirror is the main optical component of the interferometer. The mirrors must be
controlled along the beam direction with an accuracy of 107'% m/ VHz at 10 Hz, without
generating vibrations or reinjecting seismic noise. Small AC corrections may be applied
directly on the mirror from a reference mass (which surrounds the mirror as shown in fig.
4.8) which is itself suspended to the SA, and, like the mirror, is seismic noise free. The
mirror is provided with four small permanent magnets in a parallelogram configuration.
Four coils are mounted on the reference mass facing the four mirror magnets. The reference
mass may be made of dielectric material in order to avoid Foucault current dissipation,

that would increase the thermal noise on the mirror?.

“In principle the reference mass is not necessary to control the interferometer: the filter 7-marionetta
system has the required dynamics to achieve and maintain the locking, with the drawback of a larger
excitation of the wire violin modes. The tests on the central interferometer will allow to decide whether it
is possible to eliminate the reference mass from the system, thus achieving a simplification of the design.
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4.4 Towers

The entire SA is contained into a tall vacuum chamber commonly called tower, ther-
mostabilised to 0.2 °C and with a vacuum of 107% mbar. This vacuum level is 3 order of
magnitude higher than the one required in the pipe. In the SA tower that level cannot be
achieved, mainly because of the outgassing of the cables. Thus, a separating roof is placed
between the filter 7 and the marionetta to maintain the differential vacuum. Two section
of tube in the centre of the separating roof, 2 cm in diameter, allows the wire connecting
the filter 7 and the marionetta to pass through.

Inside the tower a steel safety structure surround the SA. The structure supports
safety shelves able to prevent the fall of filters in case of a wire breakdown. Moreover,
the structure provides an external reference frame for the displacement sensors and the
actuators of the SA top stage.

4.5 Sensors and actuators

Many adjustments are necessary to properly tune up all the SA degrees of freedom and to
set the SA in the correct operation status. Thus, a set of sensors and actuators capable
to monitor and control all the relevant internal d.o.f. has been designed. Moreover, the
locking of the interferometer is performed by continuous actuation on three different points
along the superattenuator (see section 8.2). More sensors and actuators are then foreseen,
playing a direct role in the locking strategy.

We give here a schematic description of the SA read-out/adjustment system (a more
detailed one concerning the sensors and actuators used for the SA active control will be
the subject of chapter 6):

STATIC ADJUSTEMENTS These are the actuators used to set the SA in the correct
working position. They are all motor driven and are to be switched off during data
taking:

e vertical position adjustment:
1. hoist on the filter 0: allows to lift the whole chain by £35 mm. The error
signal is provided by a CCD camera monitoring the mirror position;

2. fishing rods on all filters: allows to adjust the vertical working point posi-
tion of each filter in a range of a few mm and with an accuracy of less than
1 pm. The error signal is provided by the LVDT mounted on each filter;

e horizontal position adjustment: motor driven springs on filter 0 allow to
horizontally translate and to rotate the filter 0 and then, to position the mirror
(see chapters 6,8);

¢ filter 7T-marionetta relative position adjustment:
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1. filter 7 levelling: two motors allow to translate a plate rolling over spheres
in order to balance the filter and maintain it horizontal;

2. rotations: two motors steer two ball bearing supports which allow the filter
7 to rotate with respect to its suspending wire and to the marionetta.

DYNAMIC ADJUSTMENTS: these include all the sensors and actuators used for
the active controls of the suspension:

e sensors and actuators for damping and slow positioning: the damping
of the SA resonances and the low frequency mirror positioning is performed
acting on the top stage. The top stage is provided with:

1. 3 horizontal LVDT position sensors, set in triangular configuration on the
filter 0 ring;

2. 3 horizontal accelerometers, set in triangular configuration on the filter 0
ring;

3. 2 angular accelerometers, set on the filter 0 top ring, used as well for the
horizontal active control;

4. 1 vertical accelerometer, set on the filter 0 crossbar;

5. 3 horizontal coil-magnet actuators, acting on the top stage from the exter-
nal frame;

6. 1 vertical coil-magnet actuator, acting between the filter 0 main body and
its crossbar.
e sensors and actuators for tilt active control:
1. 2 angular accelerometer on the inverted pendulum base ring, used as sensor
of seismic tilt noise;
2. 3 PZTs inside the IP feet, used as actuators to actively keep the IP base
horizontal.
e actuators for locking the interferometer:
1. 4 coil-magnet actuators on the filter 7-marionetta, moving the mirror in
Zz, Hy, 0.;
2. 4 coil-magnet actuators on the mirror-reference mass, moving the mirror
inz,60,0,.

4.6 Long and short towers

The input bench, the end mirror of the mode cleaner and the detection bench will be
suspended from a short version of the SA composed by a 2 m high inverted pendulum,
the filter 0, the steering filter and a modified marionetta. The residual motion of these
components generates only common mode effects with respect to the two arms and does
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Figure 4.9: Simulated SA transfer function. A vertical-horizontal coupling factor ayech =
0.01 has been assumed.

not affect the interferometer output. Therefore, the attenuation requirements are less
strict.

4.7 Superattenuator expected performance

To conclude this chapter we show the expected performance of the SA as a result of a 6
d.o.f. simulation code: in fig. 4.9 the calculated SA transfer function is shown. In the
simulation a vertical-horizontal coupling amecn = 0.01 is assumed, while the coupling of
the beam directions with the others degrees are considered negligible. Above 10 Hz the
attenuation performance is degraded by the blades resonances and moment of inertia: a
plateau is found rather than a f~=2Y behaviour. The SA fulfils completely its specifications.
The plateau is in a range where the residual seismic noise is largely dominated by thermal
noise, as shown in fig. 3.4. The seismic noise starts to be dominating at f < fmin = 2 Hz.
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Figure 4.10: Integrated rms motion of the mirror as expected from the calculated SA transfer
function of fig. 4.9.

We consider this as the low frequency threshold of the VIRGO detection band.

The seismic noise is attenuated by a huge factor above 10 Hz, but it is amplified at the
resonances. This causes large resonant motions of the mirror. Fig. 4.10 shows that a root
mean square motion of the mirror of tens of um is expected at about 40 mHz®. Such a
large seismic excited motion is not tolerable by the locking system and must be passively
depressed (by means of the pre-isolator stage) and actively damped.

Non linear effects have been considered in the simulation [84]: fig. 4.11 shows that
the effect of up-conversion associated to the quartic term of the antisprings potential is
dominated by the linear behavior of the system.

A first measurement of the vertical transfer function of the SA has been done on the
prototype chain now in construction at Pisa INFN laboratories [85, 86]. The measurement
is shown in fig. 4.12 and has been performed without the filter 7 (only 5 out of 6 stages
of vertical attenuation were present). An attenuation larger than 200 dB (10'°) has been
achieved in the range 10-30 Hz.

®The exact value of this frequency depends on the inverted pendulum resonant frequency, as will be
explained in the next chapters.
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Figure 4.11: Effect of the antisprings nonlinearities on the SA vertical performance for two
different values of the ) of the vertical resonance.
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Figure 4.12: The vertical transfer function measured on the prototype SA chain without
filter 7 (between filter 0 and filter 4). A maximum vertical-horizontal coupling factor of 0.01

is expected.



Chapter 5

The Inverted Pendulum Top Stage

5.1 The role of the superattenuator top stage

The performance of a multistage vibration isolator such as the SA depends on the fre-
quencies of its normal modes. The physical length of the suspension limits the lowest
resonant frequency achievable (fo ~ \/g/l). The seismic motion of the suspension point is
amplified at the resonant frequencies, leading to large resonant oscillations of the mirror.
The suppression of these resonant motions requires active damping.

Various mechanical devices which mimic the behaviour of very long pendula, have been
designed and tested with the purpose of using them as vibration isolators (see references
[92]-[103])*

Many advantages are obtained when a standard multistage isolator is cascaded to an
ultra-low frequency (ULF)? pre-isolator stage: the pre-isolation action can provide a large
reduction of the intensity of the seismic noise driving the excitation of the chain normal
modes. This turns into a smaller residual motion of the mirror and an easier locking of the
interferometer. The very softness of an ULF stage makes it the ideal platform to apply the
active resonance damping mentioned above. On the other hand, the ultra-low resonant
frequency of the pre-isolator, being achieved by a small restoring force, makes possible to
move the test mass over the long period range using gentle coil-magnet actuators with low
power consumption.

The superattenuator chain will be suspended from a top stage which is itself a z, y, 2, 0,
oscillator with a much lower resonant frequency (about 30 mHz) for the horizontal trans-
lation modes. The top stage is designed to act in both horizontal and vertical directions
as a pre-isolator.

! An inverted pendulum pre-isolator had already been proposed for VIRGO in 1991 [92] and L.Holloway
started working on a prototype at Urbana University. The results are unpublished.

*When speaking of vibration isolators the expression ULF refers to the frequencies from a few mHz to
a few tens of mHz.

65
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The top stage is composed by three rigid columns (legs) connected to ground through
a flexible joint, supporting a top table. A modified filter (hereafter called filter 0) is
placed on the top table and acts as a vertical preisolator. The 3-leg system is an inverted
pendulum (IP). The two parts act in sequence: the IP attenuates the z,y,¢ d.o.f., the
filter 0 acts in z. The horizontal component of top stage for VIRGO SA is shown in fig.
5.1.

The design of the top stage presents several important aspects:

e it acts as a pre-isolator, introducing a resonant frequency fp at 30 mHz in the SA
transfer function: as shown in (2.15), the coupling with seismic noise above the lowest
resonant frequency fy is proportional to f2. Reducing f results into a reduction of
the seismic excitation of the SA chain resonances: a 40 dB attenuation is expected
at 300 mHz, close to the lowest chain resonances (see fig. 4.9);

e the inverted pendulum requires very low forces to be moved: at frequencies f < fo
the force required to translate the load M of an amount z is:

F~ Muwiz (5.1)

Thus, only 0.4 N are required to translate 1 ton by 1 cm. Soft and “silent” elec-
tromagnetic actuators can be used to control the suspension point and the mirror
position in the range DC-100 mHz;

e the inertial damping of the SA resonances will be performed acting only on the top
table;

e the predicted performance of the top stage allowed to design a SA with only 5 filters
instead of 7 (former design).

5.1.1 Inverted pendulum: basic principles

To understand the basic dynamics of an inverted pendulum let us think of a simple ideal
model: a load of mass M is supported by a massless rigid vertical rod of length [ (see fig.
5.2), connected to ground by means of an elastic joint of angular stiffness x. Let 6 be the
angle between the rod and the vertical. The equation of motion is:

10 = —k0 + Mglsin6 (5.2)

where [ is the moment of inertia of the system with respect to the suspension point O,
N = —x#8 is the elastic torque and Ngpay = Mglsinf is the gravity torque. In the small
angle approximation the (5.2) is written:

160 = — ke (5.3)
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5.1.

Figure 5.1: View of the VIRGO pre-isolator stage.
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Figure 5.2: Schematic model of the inverted pendulum. When the rod mass and moment
of inertia are negligible (m, I =~ 0) and « = 0 the physics of the system is simply described by
(5.2).

where:
ket = k — Mgl (5.4)

is the effective spring constant: the gravity acts as an antispring, reducing the overall
stiffness. The physics of the system is well described when looking at the potential energy:

1 1 0t
Upot = 5,{92 + Mgl(cosh — 1) ~ §ne392 + MglE +0(6°%) (5.5)

In the small angle approximation and for x > 0 the quadratic term of the potential
dominates and the system is a simple oscillator. By reducing the value of « the potential
"flattens” around € = 0 and this corresponds to small restoring force and small resonant
frequency. When keg =~ 0 the quartic term dominates at small angles (see fig. 5.3). When
the gravity starts dominating (keg < 0) # = 0 is no more a point of stable equilibrium:
U(#) has two minima at

—Reff

0=4,/12
Mgl

(5.6)

When ke < 0 the potential is always negative and the system is unstable.

In the following, rather than using the angle 6§ we will refer to the IP linear displacement
x measured at its top (z = [0) and to the linear stiffness k = x/I?. The equation of motion
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Figure 5.3: The reduced potential energy Up,oi/# is plotted for different values of the gravity-
elastic ratio Rge = Mgl/k: for R < 1 the system is far from instability, but the force
dependence on 6 is steep (high resonant frequency); for R < 1 the IP is still stable and a
low resonance frequency is achieved; for R = 1 the restoring force around 6 = 0 is null; For
R 2 1 the system becomes bi-stable; for R >> 1 there is not any equilibrium position and the

IP collapses.
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Figure 5.4: Calculated transfer function for a SA with 7 filters and no pre-isolator (former
design) and the new SA with 5 filters and the pre-isolator stage (IP and filter 0).

for the variable z and for small displacements is written:

Mg

Mi = —(k— %)z + O(z®) = kx + O(z?) (5.7)
When % > 0, the system is an oscillator resonating at frequency:
1 kg
fo= w1 (5.8)

In principle, by properly tuning the spring stiffness and the suspended load one can ob-
tain an arbitrarily small resonant frequency. Actually, in real mechanical systems, the
frequency cannot be made arbitrarily small and still preserve the stability of the inverted
pendulum?. The target frequency of 30 mHz seems to be an achievable compromise be-
tween the attenuation performance and the necessity of safe stability margin. fig. 5.4
shows the effect of the inverted pendulum on the attenuation performance of the SA: it
introduces a double pole in the transfer function at 30 mHz, thus providing 1/f2 pre-
attenuation starting at its resonance frequency. The lower the IP frequency the stronger
is the pre-isolation effect’. With fy = 30 mHz, the passive pre-isolation factor at the
frequency of the first mode of the chain (f ~ 0.2 Hz) is about 10.

3Without an adequate safety margin events such as random tilts and thermal drifts, can drive the
system to instability.

“Naively one could think to design a longer superattenuator chain without the IP pre-isolator. It’

S
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5.2 Theory of inverted pendulum

To understand the details of IP motion (see fig. 5.2) we write down the lagrangian £ of
the IP, including the effect of the leg mass and moment of inertia. We also consider the
effect of the seismic tilt of the ground: let a(t) be the angle of the soil with respect to the
horizontal axis as a function of the time. Let us name m the leg mass and J its moment
of inertia with respect to its centre of mass (c.o.m.) C. Let (x,z) be the coordinates of
the suspended mass (top of IP), (x., z.) the coordinates of the leg c.0.m., xy the horizontal
coordinate of the suspension point, a the soil tilt with respect to & axis, 6 the leg angular
displacement with respect to 2 axis. Let k be the linear stiffness of the elastic joint (defined
to provide a restoring force F,; = —k - dz when the top is displaced by an amount §z). We
neglect the vertical seismic motion, which is completely transmitted to the top up to very
high frequencies and then attenuated by the filter 0.
The lagrangian is:
1

1 1 _. 1
L= §M$'2 + imw'CZ + §J02 — Mgz — mgz. — §k12 (0 — a(t)? (5.9)

For a uniform leg and for small oscillations we can write:

Te = %($+$0)

oo~ L)
1

z ~ I(1-— 502)

9 ~ x—lacg

Eq. (5.9) then becomes:
L = %M:ch + %m(:fc + d0)? + %é(x —20)% + (5.10)
+ %% [M—i—%} (z —x0)% — %Iﬁ:(ac—aco—la)2

5.2.1 Equation of horizontal motion

The equation of motion derives from

doL oL
oy ) (5.11)
dt 0z Oz
straightforward to calculate the length of such a chain to reach a first mode frequency fo ~ 30 mHz:
1= —9 _ ~276m.

(27 fo)?
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that is:
m J] . m J|. g m
M+Z+l_2 T+ Z—Z—Z $0—7 |:M+Ei| ($—$0)+k($—$0—la):0 (512)
The (5.12) is immediately solved in the frequency domain:
1
r(Ww) = 5 {[wg + Buw?zo(w) + ya} (5.13)
[wg — w?]
where:
kE—(M+2)4
wi = R M+ 57 ZJ)Z (5.14)
M+ % + =
n
7
= 5.15
b= g (5.15)
kl
Approximating the leg to a uniform beam (below its own resonant frequency) one has:
L9
= — 1
J 12ml (5.17)

and the previous equations simplify:

2
_ _ 1
“0 M+ D (5.18)
m
m C
6
pr— = — -].
p M+Z ™D (5.19)
kl Kl
_ _ R 5.20
y M+% D (5-20)

To plot the transfer function (5.13) one has to eliminate the singularity at w = wy,
keeping into account the dissipation in the system. The main source of dissipation is the
internal friction, which can be described [89, 80] replacing the stiffness k£ with the complex

stiffness:
E— k(1 +id(w)) (5.21)

The factor ¢ is assumed to be constant over a wide range of frequencies (¢(w) = ¢, see [5]
and references therein, [100]) and its value depends on the material. Then in (5.13) the
(5.18) and the (5.20) must be replaced by the new expressions:

{wo — w0+i(¢k/D)

y = y(l+ig) (5.22)
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The effect of tilt will be studied in section 5.4. For the time being the term y« in eq.
(5.13) will be considered negligible.

5.3 The centre of percussion effect

Equation (5.13) is, in some way, surprising: at frequencies f > fo/+/[3, the spectral motion
of the top is:

z(w) &= —fBro(w). (5.23)
There is a critical frequency f. = fo/+/B above which the transfer function z(w)/zo(w)
flattens and the TP does not behave as an attenuator anymore. Including the effects of
dissipation and neglecting the effect of tilt the (5.13) is written:

z(w) _ w2 + Bw? +i(kg/D)
zo(w)  wi—w?+i(k¢/D)

In fig. 5.5 the transfer function (5.24) is calculated using the actual values of the parame-
ters foreseen for the IP final design® and plotted for 3 different values of 3. The presence
of the Bw? term in the (5.13) is associated to the center of percussion effect: when the
base of the leg is shaken by translation seism at “high” frequencies (w > wqy//B) the
leg rotates around a “center of percussion” which remains still. Therefore, the leg top
countershakes® of an amount depending on 3 (as shown in eq. (5.23).

(5.24)

From (5.23) it appears that, for the correct operation of the superattenuator stage, it
is necessary to make 8 = 0 or small enough to push the critical frequency beyond all the
other superattenuator resonances (f. > 5 Hz). This is equivalent to setting the percussion
point at s = [, that is to make P to coincide with the suspension point of the load or with
the hinge point of the elastic joint. To make § = 0 there are three ways:

e to have massless legs (m = 0 = § = 0): unfeasible, but it is still useful to design
legs as light as possible;

e to suspend the top table at the level of the percussion point: this would require an
heavy leg segment sticking above the top table;

e to provide the legs with a counterweight below the elastic joint to move the percussion

point at the height of the hinging point of the flexible joint.

5.3.1 The solution of the problem

The technical solution adopted is to have light aluminum legs and fit them with a counter-
weight below the elastic joint. The position of the percussion point along the leg depends

°k = 740 N/m, M = 1260/3 = 420 Kg (load per leg), m = 30 Kg, [ =6 m, ¢ ~ 107>
5The center of percussion effect is well known to the baseball and cricket players: the batsman who
does not hit the ball in the ”sweet spot” of the bat hurts his wrist!
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Figure 5.5: Inverted pendulum transfer function (5.24) calculated for different values of 53:
when 3 = 0 the transfer function is that of an ideal pendulum (no c.o.p. effect). When 3 > 0
the c.o.p. effect turns into a flattening of the transfer function. When 8 < 0 a dip is present,
above which the transfer function flattens.

on the mass and the position of the counterweight, which both can be used to make P
coincide with the desired position.

The new IP is shown in fig. 5.6: the counterweight is fixed below the IP flex point by
means of a bell shaped structure. For the sake of simplicity we define the parameters in
the following way:

e masses: let m; be the load mass, mo be the leg mass, mg be the bell mass and my
be the counterweight mass;

e lengths: let [; be the leg length, [ = [;/2 be the distance of the leg c.o.m. from the
suspension point. Analogously l4 and [3 = [4/2 are defined (in the case of fig. 5.6 I3
and [4 are negative quantities);

e momenta of inertia: J; = Jy = 0 (the load and the counterweight are considered
as point masses), Jo/3 = m2/3l%/4/12 (the leg and the beam are considered as thin
rods).
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Figure 5.6: Schematic model of the inverted pendulum provided with a counterweight.
Beside, the notation used in the calculation is shown.

It is useful to temporarily go back in € units. The lagrangian is then written:

4

£= % Zl it + 5]~ g Zmzzz - %kl%w - a)? (5.25)

The coordinates are
1
z = (1 — 592> (5.27)

The (5.25) can be written as a function of the variable 6:

. 1 ) . . 1 1
£(0,0) = 5 > [mi(:ﬁg +1;0)? + JZHQ] —gY_ mil; (1 — 592> — 5kz%(e —a)?  (5.28)

)

The 0 equation of motion is written:

D [mili(io +1,6) + Jié] — 9> " milif + k30— ) (5.29)
7

i
Solving (5.29) and remembering that

z1(w) = zo(w) + 110(w) (5.30)
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one finds the linear transfer function:

2(w) = m{[ﬂ% + Buolng(w) + Ya) (5.31)
where:
02 = w (5.32)
B = Zi[m"li(l}_l")_‘]"] (5.33)
Y = k—ﬁ (5.34)
I = Y [milf + Ji (5.35)

3

The value of B can be tuned by changing the counterweight mass m,4 and its distance
from the suspension point l4. Equation (5.33) is useful to understand the physics and
to estimate the value of the counterweight mass. For a precise calculation one should
keep into account the details of the system, such as the legs non homogeneity and the
distribution of the suspended mass. This was done with a finite element analysis which
lead to the values of table 5.1.

5.4 The effect of tilt seismic motion

Let us now take into consideration the seismic tilt a(t). If B =0 eq. (5.31) reduces to:

(w) = ﬁ [22p(w) + Ya(w)] (5.36)
0

The seismic tilt is coupled with the horizontal motion of the IP top. To understand
whether the effect of tilt can limit the performance of the pre-isolator stage, the two terms
in square bracket have to be compared. The tilt dominates at frequencies where:
QQ

a(w) > 70$0(w) (5.37)
a(w) and zg(w) are measurable spectra (see fig. 2.5.1,5.9) correlated by the wave propa-
gation speed in the soil. We can make some predictions about the behaviour of the tilt
seism by using a simple model. Let P and ) be two points of the ground on the Z axis, at
distance 0 (see fig. 5.7). A seismic wave, vertically polarised, propagates along the % axis
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Figure 5.7: Tilt of the soil due to a monochromatic seismic wave of frequency f propagating
with velocity v.

with speed v and frequency f (and wavelength A = v/f). The surface vertical deformation
of the ground due to the wave may be described by the profile:

y(z,t) = yosin (27T§ - wt) (5.38)
At t = t( the tilt angle between P and @ is:
_ylap,to) —ylzq. to) s<a Oy 27 ( z )
a(ty) ~ 5 o (x,t0) = S Yo cos 27r>\ wt (5.39)
The spectral amplitude relationship between tilt and horizontal displacement is then:
2 w
afw) & Syo(w) = Zyo(w) (5.40)

The (5.40) is true when § < A that is at frequencies f < v/d. We are interested in the
case where P and @ are two legs of the IP (6 ~ 1 m). The value of v depends on the
nature of the ground composition [81]: in hard rock v ~ 3000 m/s, while in sand v ~ 500
m/s. The laboratory is built on a sandy ground and we assume v ~ 500 m/s. With these
values of v an § the (5.40) holds true at frequencies f < 500 Hz, well beyond our range
of interest.

Eq. (5.40) shows that the tilt seism is connected to the vertical seism yo(w). It has
been measured that xg(w) ~ yo(w) (the seismic noise is roughly isotropic). Then (5.37)

reduces to: )
=—— 5.41
f>f 5=y ! (5.41)
where we have defined a critical frequency f; above which the tilt dominates the horizontal

seism. At frequencies f > f:

Y _ Y zo(w)

z(w) = W@(w) N

(5.42)

that is, the IP ceases to attenuate with the usual 1/f? law and its performance is reduced
(see fig. 5.8). The effect is negligible if f; is far beyond the SA resonances. In the case
of VIRGO SA a value f; ~ 1 Hz is expected (f; depends on all the characteristics of IP
mechanics and on the speed of seismic waves). Several uncertainties affect this prediction:
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Figure 5.8: Effect of tilt on the IP performance: the transfer function magnitude (5.36) has
been calculated for different values of the seismic waves speed in the ground.

e the model is too simple: the tilt is associated to horizontal waves propagating in one
direction only. In a realistic model one should keep into account the contribution of
the waves coming from every direction and adding incoherently. One expects these
incoherent contribution to average and the resulting tilt to be less intense than that
predicted from the simple one dimensional model;

e the velocity of the seismic waves is strongly dependent on the nature of the ground
[81];

e the horizontal and the vertical seismic spectral densities have been assumed equal:
actually we have measured intensities that can be different up to a factor 5.

If the effect of the tilt was relevant, it could be reduced by actively controlling the IP
base: a rigid platform was introduced in the IP design as a base for the legs. The tilt
of the platform would be sensed by angular accelerometer and, if necessary corrected by
means of PZT actuators.

5.4.1 Estimate of the seismic waves speed

A custom made rotational accelerometer has been designed and realised to be used on
the SA [54]. Such instrument has been used to perform a direct measurement of the tilt
seismic noise. The result is shown in fig. 5.9.
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Figure 5.9: Tilt seism spectrum measured with an angular accelerometer.

From the measured spectrum it is possible to give an estimate of the local speed of
seismic waves by using equations (2.16) and (5.40). The vertical seism is assumed to be
equal to the horizontal one. Eq. (5.40) can be written as

w 21 f 107°  27¢-107°1

agh(w) =~ ;IL‘U(UJ) = 3 72 ” 7

(5.43)

where the factor £ parametrizes the seismic activity intensity. From a fit of the data in
fig. 5.9 one finds the experimental result:

10-9
oy (f) ~ 010 flo rad/V/iz

Thus, imposing
Oth = Olexp

one obtains

v~ 1400 - & m/s

A mean value ¢ ~ 0.3 — 0.4 has been measured in our laboratory 7. The local speed of the
seismic waves is then v ~ 500 m/s, as assumed earlier.

"To give a correct estimate of v one should have measured the vertical seism simultaneously to the
tilt seism, in order to have the exact value of £&. Unfortunately, at the moment when the measurement
was performed the vertical accelerometers were not available. A complete measurement of seism (angular,
vertical, horizontal) will soon be performed on the site where the detector is being built.
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5.5 The IP quality factor

The main dissipation mechanism in the IP dynamics (at least during the operation under
vacuum) is expected to be the structural damping. Long period pendulums have been
used to study anelasticity [90] and, particularly, an inverted pendulum was studied by
Saulson et al. to test the anelastic effects of its spring [91].

Let us consider an unidimensional oscillator composed of a mass m and a spring of
stiffness k£ and loss factor ¢ with equation of motion:

mi + k(1 +i¢p)(x — zp) =0 (5.44)

The transfer function is:

_ozw) _ Q°(1+ig)
TF = xo (w) N —w? + 902 + i¢QO2 (545)

with Q% = k/m. The Q is immediately measured as the ratio of the transfer function
magnitude at the resonance and that at w = 0:

TF(S)
TF(0)

~ 1 (5.46)

¢

in the approximation ¢ < 1. Therefore, () does not depend on the resonant frequency as
far as ¢(w) = const..

o-|

In the case of the IP the antrispring action of the gravity has to be included in the
calculation. The total “spring constant” can be written:

I; = kel — kgrav = k(l + 7J¢) - mg/l (5'47)

where ke and kgray are the contributions of the spring (with its dissipation) and the
gravitational antispring (non dissipative). The (5.47) can be rearranged in the form:

k= k(1 + idherr) (5.48)
where

kg = k—mg/l (5.49)

Pett = qﬁkeiﬂ (5.50)

The (5.48) allows to calculate the @ as in the case of the simple oscillator. The IP quality

factor is:
r 1 ket

bt P K

Qip =~ (5.51)
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It is convenient to write the (5.51) in a different form. Remembering that (for an ideal IP
with massless leg):

k k
W= L el (5.52)
m 1 m
one finds:
1 wi ¢! for wp > /g/l
LW 5.53
G ¢ wg+g/l { o7 lwil/g  for wy < \/g/l (5.53)

The value of the Q of the IP is not independent on the resonant frequency?®.

More information on the dissipation can be find out from the IP force-to-displacement
transfer function: it has been shown by Saulson et al. [91] that the phase can provide a
direct measurement of the loss factor if the dissipation is structural.

Let us consider the IP equation of motion when both structural and viscous damping
mechanisms are present:

mz + [k(1 +ip) — mg/l] (x — xo) + b = Fext (5.54)

where we assume that the excitation force Fyy acting on the IP top is large enough that
z — 9 ~ . The force-to-displacement transfer function is then:

x 1/m
TF = = 5.55
Foio  —w? +wi +i[p(wg +g/1) +yw] (55%)

where v = b/m.

The transfer function phase is:

S(TF 2 !
phase = arctan L;ETF;] = arctan [— qﬁ(w()_:Zg—/i_ )w;; 'yw] (5.56)
Let us consider the two cases where one dissipation mechanism dominates:
e viscous damping: in this case ¢ = 0 and the phase is:
phase = arctan [— ;Iw 2] i L) (5.57)
—w? + wj

8In the case of a more realistic IP, as that described by the eq. (5.31), one has to modify (5.53) by
substituting:

g/l = (g Z mli)/1

The error made by using (5.53) to predict the @ is about 1.6% for fo = 30 mHz and becomes smaller as
the frequency increases.
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e structural damping: in this case v = 0 and the phase is:

2 ) l l
phase = arctan [—M] g (1 + %) ~ —gdl! (5.58)
—w?® + wj wp wp
At low frequencies the transfer function phase tends to a negative value proportional

to ¢: the phase measures ¢ amplified by the frequency compression factor.

Fig. 5.10 shows the expected phase behavior for an IP like that described in this thesis
for viscous and structural damping.
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Figure 5.10: The phase of the force-to-displacement transfer function (5.55) calculated in
the case of viscous and structural damping. The second plot is a zoom view of the first (low

frequency part).
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spring 1

Figure 5.11: Foot supporting the base ring. The piezoelectric actuator (in the centre) and
the twin cup springs providing the vertical elasticity are visible.

5.6 Design of the pre-isolator stage

A simple minded inverted pendulum cannot be used as a SA chain top stage because its
rigid arm would occupy the central axis from where the SA chain is supposed to hang.
The problem is simply solved by using three inverted pendulum legs linked together by a
rigid ring over which the filter 0 lays and hooking the SA chain from its centre. Moreover,
a three legged IP has 3 d.o.f. (z,y,0,) and acts as a pre-isolator also for the rotations
around the vertical axis.

In this section the mechanics of the pre-isolator is described starting from the bottom.
This description refers to the design of the IP prototype tested by the author in the
framework of this thesis. After the tests some changes have been made to the design. The
final design parameters are given as well.

5.6.1 Base

The IP base has been designed in order to allow the implementation of an active control
system for the seismic tilt noise. Three elastic feet (fig. 5.11) will support the whole
structure. Each foot will be provided with a coaxial piezoelectric actuator mounted within
its base. Most of the load is supported by twin cup springs that guarantee high rigidity in
all d.o.f. but the vertical direction, along which the cup springs allow for the piezo stroke
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of about 30 pm.

A rigid steel ring (first mode of vibration 150 Hz) will lay between the feet and the legs
(fig. 5.12). Two angular accelerometers will be placed over the ring and used as sensors
of tilt. The accelerometer signals, properly recombined, will be used to drive the piezo
actuators in the feet in order to keep the ring dynamically horizontal.

To allow for the legs counterweight below the flexible joint, the ring is provided with
three stiff steel columns 80 cm high. The flexible joints are fixed on top of these columns
(see fig. 5.12).

5.6.2 Legs

The flexible joints are the elastic elements which provide the restoring force in the hori-
zontal IP motion. In the prototype they were steel rods of diameter d = 27 mm (machined
with a precision of 0.01 mm) and length /| = 216 mm. The theoretical joint stiffness is
[66, 68]:

_ w Ed* 1
64 B [(L/1)2-L]I+1/3]

(5.59)

where L is the total length of the leg and E is the Young modulus of the material. The
joints will be made of maraging steel, that has been proved to be a low hysteresis material
[70]. The (5.59) does not keep into account the additional elasticity associated to the
flexibility of the leg and of the other elements of the system. Thus, a precise estimate
of the stiffness can be done only by means of a complete finite elements analysis. The
final design flexible joints will be stiffer: dy = 31 mm, [y = 236 mm, to compensate for
the longer legs and the increased total SA mass. If the actual stiffness were lower than
predicted the system would fall into instability. For safety the stiffness is increased and
some ballast is added on the SA to reduce the resonance frequency.

Each leg is essentially a light hollow cylinder made of aluminium with an inner diameter
of 125 mm and an outer diameter of 130 mm. The total length of the leg, from the
bottom of the flexible joint to the suspension point of the SA will be L; = 5918 mm (the
prototype was 700 mm shorter). The leg is composed by three sections flanged together
and reinforced with titanium inserts. The total leg mass is 26 Kg. The frequency of the
first flexural mode of the legs has been measured to be about 10 Hz (chapter 7): the legs
may be considered rigid up to this frequency.

To tune the percussion point, the rigid leg structure extends below the joint through
a bell shaped aluminium structure (weighting 9 Kg), supporting at its bottom edge two
heavy steel rings (counterweight) at distance of about 0.9 m from the joint. One of the
rings is threaded and can be moved in the vertical direction in order to allow the center
of percussion tuning. The total mass of each counterweight is 17 Kg.
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Figure 5.12: View of the bottom part of the inverted pendulum. From the top to the bottom
one can see part of the legs, the light bell shaped structure, the counterweight, the ring, the
feet. In transparency the support columns and the flexible joints are visible.
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FINAL PROTOTYPE
CHAIN LENGTH (mm) 8663
CHAIN WEIGHT (kg) 1260
IP LENGTH (mm) 5918 5218
IP LEG WEIGHT (kg) 30 25
COUNTERWEIGHT (kg) 17+0.2+6 @650 mm | 17 @900 mm
“BELL” (kg) 9 9
JOINT DIAMETER (mm) 31 27
JOINT LENGTH (mm) 236 216
“JOINT STIFFNESS” (N/m) 740 580
JOINT STRESS (N/mm?) 36 120

87

Table 5.1: Mechanical parameters for the IP prototype and for the final design. The coun-
terweight mass in the final design can be increased or decreased by some kilos. The “joint
stiffness” refers to forces applied at the leg top, has been calculated with a finite elements
analysis and therefore includes the elasticity of all the other mechanical elements.

5.6.3 Top table

A top table is suspended on top of the three legs. Each leg is tipped with a stiff loop.
The legs are linked to the top table through very soft joints, made of steel wire, 3 mm in
diameter and 25 mm long, which hang from the loops and suspend one third the weight
of the top table and the SA chain. In this way the system is soft with respect to rotations
and the rotation mode frequency is minimised. The top table, from the IP point of view,
is a rigid steel structure. On it there is room for 3 linear and two angular accelerometers,
necessary for the active control of the SA.

In table 5.1 the final design IP parameters are listed.

5.7 Maximum stress evaluation

The IP has to be allowed to move of £20 mm in the horizontal plane without overstressing
the flexible joints beyond their elastic limit. The joints are made of maraging steel, which
has a yield point of about 1600 N/mm?, more than twice that of a common steel [74]. In
this section we give an estimate of the joints maximum stress.

Three different load conditions acts over the flexible joints: compression, bending
moment for offset load, bending moment for imposed displacement.

Compression: due to the mass of the chain (M /3 over each leg) and the leg (m, including
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the “bell” and the counterweight). The compressive stress on each joint is:

Oc = % =6 N/mm? (5.60)

where the final design parameters of table 5.1 have been used in the calculation.

Bending moment for offset load: when the top table moves of an amount A in the
horizontal plane a bending moment on the joint arise due to the fact that the load
is displaced with respect to the equilibrium position. The moment is simply M, =
(M/3 +m)gA. Let J = md'/64 the joint cross section moment of inertia. The
resulting stress is

Mgd  32A(M/3 +m)g

o = = =48 N/mm? (5.61)
T

Ool =
for A = Apax = 20 mm.

Bending moment for imposed displacement: even if the leg was totally discharged
by the load, a bending moment at the joint clamp occurs due to the imposed dis-
placement of 20 mm over 6 m. The moment is given by:

EJ6
M, ="~ .62
id L (5 6 )
and the resulting stress is
EAd 9

for E =2-10" Pa and A = Ay, = 20 mm.

From the numbers above one can conclude that the flexible joints work well below their
elastic limit, and the TP can safely work out of the equilibrium position.

5.8 Effect of temperature on the IP

The IP prototype tests were performed in open air and not in thermostabilized environ-
ment. In this section we give a theoretical estimate of the effect of the temperature on the
IP. We perform the calculation for the IP final design, using the parameter of the table 5.1.
In this calculation, for the sake of simplicity, we assume that the resonant frequency has
the dependence (5.8) on the stiffness k£ and the leg length [. Then the frequency derivative
with respect to the temperature may be written:

dfo _ [0fodk  0fy dl
dr |9k dT ol dT

1 [k (1dE\ g[/1dl
= 5 [M (%ﬁ)‘i(iﬁ)] (5.64)
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The thermal dilatation coefficient for aluminium is [83]:

1dl
=-— =24-10°°K! 5.65
T Tar (5.65)
Thus, a leg length variation of about 140 um/°K is expected. For the stiffness, using eq.

(5.59), one finds:

dk _ OkdE  okdl Okdd
dT  OEdT  oldT  oddT
kEdE 0k dl 4k dd
= + + (5.66)

EAT " 9ldT ' d dT
Using the value (5.65) one can easily verify that the first term in (5.66) is dominant: the

joint stiffness variation with temperature depends mostly on the Young modulus variation.

For the steel used [83]:
1dk 1dE

—— ~——=10" °K! 5.67
kdT  EdT (5:67)
The expected frequency variation around the working point of 30 mHz is then:
d
d—J;? ~ 0.7 mHz/°K (5.68)
During the tests a maximum variation of 2 mHz in the resonant frequency has been
observed during the day. The observed variation is consistent with the estimated one,
consider that a temperature variation of a few degrees has been recorded in the labo-
ratory. The frequency variation will be negligible in VIRGO, where the towers will be
thermostabilised within 0.1 °C.

In fig. 5.13 the relative frequency variation with the temperature is plotted versus
the translation resonant frequency fo. The plot shows that the effect of the temperature
becomes much larger when the IP is operated at a resonant frequency below 20 mHz. If
the towers will be thermostabilised within 0.1 °C, a relative frequency variation of about
1% will be achievable at fo = 15 mHz.

5.9 Pre-isolators for other interferometers

Other groups involved in GW research have designed and tested long-period vibration
isolation platforms to be cascaded in front of the mirror suspension system.

ACIGA group has proposed [94] a two-dimensional horizontal pre-isolator design based
on the Scott-Russell linkage. The dynamics of the system simulates that of a long-radius
conical pendulum. The main advantage of this design is that the restoring force is mainly
gravitational. This allows to be less sensitive to thermal drifts and to minimise the internal
dissipation: a @ ~ 500 has been measured at 30 mHz [95]. The pre-isolator has been
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Figure 5.13: Relative variation (1/fp)dfo/dT as a function of the resonant frequency fo.
The second plot is a zoom view around 30 mHz.

operated even at lower resonant frequencies and an attenuation of more than 90 dB at 2
Hz has been attained. Moreover, it is quite compact and fits within less than two meters
of vertical space. On the other hand, it shows two main disadvantages: the design is quite
complicated and it works as an isolator (and as an actuation platform) only for translations
(therefore, it would not be possible to control the mirror rotations at low frequencies).

The TAMA group has developed a one-dimensional horizontal pre-isolator based on the
X-pendulum design [96, 97]. Cascading two X-pendulums should provide attenuation for
both translation d.o.f.. Its big advantage is the compactness (about 20 cm in vertical) and,
for this reason, it is considered a good solution for the small TAMA vacuum chambers.
The main problem with it is that parasitic resonances spoil its attenuation performance.
A prototype suspension which makes use of couples of cascaded X-pendulums has been
built and tested. It has been operated at a resonant frequency of 0.14 Hz, but it shows
resonances at 2,5,10 Hz [98].



Chapter 6

Experimental setup

6.1 Introduction

In this chapter we describe the setup used to perform the tests on the IP. Fig. 6.1 shows
the IP prototype used for the tests, with a table on the top instead of the filter 0. In fig.
6.2 a scheme of the experimental apparatus is shown. It can be divided into four logical
blocks:

¢ mechanical system: a full scale inverted pendulum surrounded by the outer safety
structure (not shown in fig. 6.1, visible in fig. 4.2, 4.3)S;

e sensors: 3 displacement sensors and 3 accelerometers used to monitor the top table
motion, 1 accelerometer used to monitor the base motion;

e actuators: 3 coil-magnet and 3 mechanical actuators used for the top table po-
sitioning and active control; a pneumatic shaker has used to excite the IP for the
transfer function measurement;

e electronics: the electronics includes the sensors read-out, the actuators drivers, the
ADC-DSP-DAC boards.

The configuration of the sensors and the actuators on the top table is shown in fig.
6.3. All are placed on the vertices of equilateral triangles, with the sensing axes tangent
to the top table. One additional accelerometer has been clamped in the very centre of the
top table when measuring the horizontal transfer function in order not to be sensitive to
the table rotation around the vertical axis (6,).

91
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Figure 6.1: The IP prototype, with the dummy top table instead of the filter 0. The outer
frame is not shown in this picture.
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Figure 6.2: Logic scheme of the experimental setup: the mechanical system (IP) is monitored
by displacement and acceleration sensors and acted upon by mechanical and electromagnetic
actuator. A 4 channel spectrum analyzer is used to monitor the experiment. The sensor signals
pass through an ADC, are processed by a DSP in order to build the desired feedback signals,
and fed to the actuators through a DAC. Both the DSP and the spectrum analyser are used
to provide the excitation signals in the transfer function measurement (white noise, couloured
noise, sinusoidal signals, chirps).
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Figure 6.3: View of the top table: the 3 accelerometers are visible, whereas only 1 LVDT,
1 motor-spring and 1 coil-magnet actuators are shown. The others are placed near the ac-
celerometers following the same triangular configuration.
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Figure 6.4: The LVDT sensor used on the IP with a scheme of the read-out electronics.

6.2 The IP prototype

The tested IP prototype was 5918 mm high (70 mm shorter than the final design one).
Instead of the filter 0 it supported a round iron disk about 280 kg heavy. The additional
load necessary to set the IP at the operation condition (translation frequency of 30 mHz)
was placed on the top table in form of lead blocks. The IP feet are mounted on the base of
a steel safety frame (sketched in fig. 6.1) which corresponds to the inner structure of the
VIRGO vacuum tower. The upper ring of the frame is used as a support for the LVDT
secondary winding (sec. 6.2.1), the coils and the motor driven slides (sec. 6.2.2).

6.2.1 Sensors

Two kinds of sensor have been used: displacement sensors and acceleration sensors. Both
kinds of sensor are necessary for the active control of the IP (see chapter 8):

position sensors: the displacement sensors used are LVDT: Linear Variable Differential
Transformer. A LVDT (fig. 6.4) is composed by a primary and a secondary windings.
The primary winding (the central coil in fig. 6.4) is fed with a 20 kHz modulation
signal. The secondary winding is composed by two coils, symmetric with respect to
the primary and wound in opposite way. When the primary winding is displaced
of an amount dz a signal at the modulation frequency and amplitude proportional
to 0z is induced on the secondary winding. The output signal is demodulated by a
mixer, whose output is a DC signal of amplitude proportional to §z. The LVDT used
have been designed to be linear over a range of 2 cm within 10%. The calibration
curve of one of the LVDT is shown in fig. 6.5.

In the case of the IP the primary winding is rigidly connected to the top stage, while
the secondary winding is clamped on the external safety frame: the LVDT measures
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Figure 6.5: The LVDT calibration curve: the linearity range is larger than 2 cm. The
sensitivity is 129.0 0.7 mV/mm.

the relative displacement of the IP with respect to a reference frame which is not
seismic noise free.

Accelerometers: custom made accelerometers are used, based on a LVDT sensor which
monitors the motion of an inertial mass (a mass suspended by means of a spring).
A feedback control keeps the mass on the LVDT null signal position (close to the
mass equilibrium position). The feedback signal is proportional to the acceleration
in the range 0-400 Hz. The accelerometer spectral sensitivity is better than 10~
m/\/m in the range 0-2 Hz.

The accelerometers are of remarkable importance in the active damping of the SA
resonances: the use of inertial sensors allows to widen the loop bandwidth without
reinjecting noise into the system (see section 8.5). The actual accelerometer response
can be described as

Vout = o [gsin€ + 7] (6.1)

where 6 is the tilt angle and o is the calibration parameter’.

!The calibration o is slightly different for the three accelerometers used:

o1 =54.8 +£0.1 Yol

m/s2

o =59.1+0.1 V\/lg
o3 = 53.9+0.1 Yolt

m/s2

In the following, the conversion between the accelerometers spectra measured in Volt/v/Hz and the corre-
sponding acceleration spectra (measured in (m/s?)/vHz ) have been done using the proper value of o for
each sensor.
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6.2.2 Actuators

Two sets of actuators are used: 3 electromagnetic coil-magnets pairs and 3 mechanical
motor driven springs.

Motor-spring actuators The system is shown in fig. 6.6 a): the two ends of a spring
are connected to the top table and to a movable slide. The slide can be moved in
a range of +4 cm by means of a stepping motor, rigidly clamped to the external
frame top ring. The stiffness of the actuator in the horizontal direction adds to the
overall IP stiffness and makes the resonant frequency to increase: the IP has to be
loaded with additional mass to return to the operational frequency. The final design
of the actuator is slightly different: in the configuration of fig. 6.6 a torque is exerted
on the slide due to the vertical component of the elastic force, thus increasing the
friction between the slide and the endless screw transmitting the motion. Therefore,
a different solution has been adopted (fig. 6.6 b): a 50 cm long plate, clamped on the
slide, supports two horizontal springs connected to the IP leg. In this configurations
the elastic force is completely horizontal. Moreover, the slide range will be +10 cm.
A larger range allows to exert the same forces using springs with lower stiffness.

Coil-magnet actuators: Cylindrical magnets (2.5 cm long and 1 cm in diameter, with
a magnetic field of 1 Tesla) were clamped on the IP legs, facing coils clamped on the
frame top ring as shown in fig. 6.7 a). The actuators used had not been designed
for the TP and had a limited linear range? (a few mm, see fig. 6.8 (a)). The final
design of the actuator is very different (fig. 6.7 b): a pair of coils is used instead of
one for linearity sake. The magnet is a cube with a 4 cm on the side, connected to
the filter 0 by means of a rigid beam. This geometry ensures that the field gradient
is constant (for constant current) in a large volume (42 cm along the axis, + 2 cm
radially, see fig. 6.8 (b)) [116].

The idea is to use the mechanical actuators for the positioning of the IP in the correct
operation point and for the very low frequency (f < 1 mHz) control of the suspension.
This could not be done with the coil-magnet pairs for two reasons: first, if the operation
point would not coincide with the “zero” of the actuator, permanent currents would be
needed in the coil to keep the position, thus increasing the power dissipation into the
thermostabilised tower; second, and more important, the system would not be stable in
case of electrical black out.

By linear range we mean the range where the force per unit current « exerted does not depend on the
magnet position with respect to the coil.
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Figure 6.6: a) The mechanical actuator used for the test of the IP prototype. b) The final
design of the motor-spring actuator.
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Figure 6.7: a) The coil-magnet actuator used in the prototype test. b) The final design of
the coil-magnet actuator.
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Figure 6.8: Response of the old and new coil-magnet actuators: the force per unit current «
is plotted as a function of the magnet position with respect to the coil z. The function a(z) is
odd for the old actuator and even for the new one (due to the action of the coil pair). The old
actuator response is approximately constant only around the working point z = R/2, within
a few mm (R is the coil radius), whereas the new one presents a much larger flat response
range (some cm).
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6.3 Digital Signal Processing

A custom made DSP board, based on a Motorola DSP96002 Digital Signal Processor,
has been developed at INFN Pisa laboratory in the past years and has been used to
implement the SA active control system. There are several advantages in using a digital
system instead of an analog one for feedback controls:

e the DSP is controlled by the user through a general purpose computer. The feedback
filter is described by a set of numerical data and some of the filter parameters (such
as the gain) can even be changed without stopping the feedback loop;

e high precision (about 1%) is sometimes required on the zero/pole frequency intro-
duced, which cannot be achieved using analogue components.

In the next chapters it is described in detail how the DSP is used in the test. Here we
describe the general set-up.

6.3.1 Hardware

The usual set-up is represented in fig. 6.2: the analogue outputs of the 3 sensors are
sampled at 20 kHz by 3 ADC. The digital signals obtained are sent to the DSP board
through a dedicated bus. The DSP filters and combines the signals, producing 3 output
signals to drive the 3 actuators, via 3 DAC.

e the ADC is a 16 bit (14.5 effective bit due to the ADC noise) board with 4 input
channels and a dynamics of 5 volts. The resolution is then 5/2!4% V=2.15.10"* V,
the sampling frequency is 160 kHz;

e the DAC is a 20 bit board (18.2 effective bit) with a dynamic of 5 V, a resolution of
1.66 - 107> V and a sampling frequency of 500 kHz.

e the DSP is able to perform a sum and a multiplication in one clock cycle. The
clock frequency is 16 MHz: the implementation of a pole/zero filter of the type
(s +s,)/(s + sp) requires 250 ns.

6.3.2 Software

The DSP is programmed using its own assembler language, but a user friendly software
has been realised by VIRGO Pisa electronic group [113]. The software allows to imple-
ment filters directly via computer (see fig. 6.9), by means of a list of simple instructions
containing all information and parameters such as:

e the sampling frequency;
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Figure 6.9: Logic scheme of the DSP control.

the ADC channels addresses where the input signal has to be sampled;

the variables to be used;

the operation to perform on the variables (amplification, linear combinations);

the poles and zeroes defining the filters to be implemented;

e the addresses of the DAC channels for the output signals.

As an example we show how to implement the system of fig. 6.10. The process can be
logically split into 3 parts:

1. 4 ADC channels are read: the signals are filtered and the last 2 are summed. 3 new
signals in1,in2,in3 are obtained. This is done by the first 4 lines of the program
shown in fig. 6.11. The lines contain the information on the filter used. for instance,
editing lowpass.flt one can implement poles and zeroes of the filter. Fig. 6.12
shows an example: a low pass filter with 3 poles at 1 kHz has been used;

2. the 3 signals are recombined by a matrix (line MAT in fig. 6.11): c1,c2,c3 are
obtained;

3. the new signals are filtered and sent to 3 DAC channels.

6.4 Excitation system

An excitation system has been designed and built in order to measure the system perfor-
mance [99]. The excitation system (shaker) is shown in figure 6.13. The high pressure air
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Figure 6.10: Scheme of the operations implemented with the filter of fig. 6.11.

is first regulated to a constant value and supplied via a computer controlled proportional
valve to one chamber of the double action piston. A second proportional valve is also fitted
to allow this chamber of the piston to be exhausted to the room. This allows a variable
pressure from 0 to about 7.5 bar to be applied to this “pushing” side of the piston. The
other chamber of the piston is fed with a stabilised bias pressure of approximately 4 bar
by a second regulator. This gives the required “pull” action for low applied pressures
and “push” action for high applied pressures. In order to obtain the best possible response
speeds from the system (i.e. for shaking at f > 10 Hz), the variable pressure end of the
piston was arranged to have the minimum possible volume. The motion of the push rod is
limited by a (piston mounted) plate and (casing mounted) rods and nuts, to stay within
a few millimetres of this end limit. The movement of the piston is sensed by a resistive
readout and controlled via DSP.
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Figure 6.11: User interface of the DSP software: the program used to implement the system
of fig. 6.10 is shown.
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Figure 6.12: Example of implementation of a 3 poles low pass filter.
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Figure 6.13: The shaker used to excite the IP.



Chapter 7

Tests of the Inverted Pendulum as
a Preisolator

7.1 IP characterisation

In chapter 5 we have described what should be the characteristics of a reliable pre-isolator
for the mirror suspension. In this chapter we present the tests performed to validate
the TP and their results. All the tests of this chapter are aimed to verify the passive
IP performance, whereas the subject of the next chapter is the problem of the IP active
control.

The main purpose of this group of tests was the measurement of the mechanical transfer
function in various working conditions, to learn about the passive attenuation performance,
the effect of the centre of percussion, the effect of spurious resonances (such as the legs
normal modes).

7.2 Load curve

As a test of the mathematical model developed in chapter 5 we have measured the depen-
dence of the horizontal resonant frequency of the pendulum as a function of the load, to
verify equation (5.18). The minimum value for the load was My = 296 kg (the mass of the
top table plus the 3 accelerometers). Lead blocks were added on the top table to increase
the load. A typical spectrum of the accelerometer output is shown in fig. 7.1: the highest
frequency peak corresponds to the rotational mode of the IP (easily identifiable because
the signals of the 3 accelerometers have the same phase). The first peak correspond to
the degenerate IP translation modes'.

!The two translation peaks are to be degenerate because of the IP cylindrical symmetry. Actually,
increasing the frequency resolution, a splitting of the peak shows up, because the springs used for the IP
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Figure 7.1: Spectrum measured by an accelerometer on the top of the inverted pendulum.

Fig. 7.2 shows the result of the measurement. The experimental points are fit by the
function

1 |[k—(M+%)4

fo=om\| " arsm

(7.1)

where m is the leg mass and M is the load per leg, with & = 566 & 10 N/m. The
theoretical stiffness calculated using eq. (5.59) was ki, = 855 10 N/m. The discrepancy
can be explained by considering that the joint is not the only elastic elements of the leg.
The flexural elasticity of the 6 m leg itself and of the support column should have been
considered in the calculations, but had been neglected in (5.59). A finite elements analysis

including these effects has been performed predicting an effective stiffness kfe, = 570
N/m.

This test calibrated the calculation tools. Following its results better joint calculations
were possible. As an added safety, it has been decided to design the final IP with joints
stiffer than necessary and to distribute a ballast of about 100 kilograms on the filters to
compensate for the excess stiffness. The chosen frequency is finely tuned by removing a
fraction of the ballast.

positioning may break the symmetry.
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Figure 7.2: Frequency of the translation mode with respect to the load on top (dummy filter
plus added load). The experimental data are compatible with a stiffness k& = 566 = 10 N/m.

7.3 Seismic excited transfer function

To measure the IP transfer function, the system has been provided with two accelerom-
eters: the first (A0) has been clamped on the base ring platform, the second (A1) in the
very centre of the top table (to minimize its sensitivity to the twist mode of the IP). The
two accelerometers had the same orientation. The measured transfer function is shown
in fig. 7.3. From these measurements it is evident that the IP is behaving as an efficient
vibration filter, but it is hard to prove whether the attenuation is in agreement with the
predicted 1/ f? performance or not. Moreover, for lack of sufficient ground excitation, it is
not possible to make a meaningful measurement above 1 Hz, where one expects to observe
the effect of the centre of percussion. This is not surprising: very little force is needed
to move the IP and air currents, moved by shutting doors or human activity, affect the
measurement. It is than necessary to design a more effective system to excite the IP base
with sufficient energy to dominate the environmental noise. A comment should be done
about the effect of seismic tilt on the IP performance (see section 5.4): above a critical
frequency (depending on the speed of the seismic waves) the contribution of the seismic
induced tilt should dominate over that of the purely horizontal seismic noise. In this range
the TP transfer function is expected to take a 1/f rather than a 1/f? behaviour. Assuming
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Figure 7.3: Seismic excited transfer function, measured as the ratio of the accelerometer
spectra. The straight line represents the 1/f2 behaviour expected in absence of tilt.

a wave speed of 500 m/s one expects a change of slope in the transfer function at about 1
Hz (see egs. (5.41),(5.42)). In fig. 7.3 a change of slope at about 0.3 Hz can be observed,
but the effect can be explained also by the resonant structures visible at frequencies above
1 Hz. Even if the “excess noise” above 0.3 Hz were the effect of tilt, the isolation perfor-
mance would be only slightly affected: only 10 dB of attenuation are lost at 1 Hz. Even
without active tilt control, the IP would be capable to fulfil its pre-isolation function.

7.4 Inverted pendulum transfer function

7.4.1 Measurement strategy

The inverted pendulum transfer function has been finally measured exciting the system
by means of the shaker described in section 6.4. Particular care has been devoted at
choosing the right excitation signal to feed the shaker. White noise spectrum would not
have been satisfactory: an uniformly distributed excitation energy of amplitude, adequate
in the resonance region, would have been too low in the high attenuation region.

The best choice turned out to be a “coloured” swept sine excitation. In swept sine
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mode the transfer function is measured by steps: at each step, a sinusoidal excitation is
provided to the shaker with fixed frequency and proper amplitude.

The experimental set-up is sketched in fig. 6.2. Originally, both the IP base and its
safety frame were shaken as a whole. It was soon realised that a peak due to acous-
tic coupling, corresponding to the resonant frequency of the frame, was dominating the
measurements at 3 Hz. The safety frame was then disconnected from the base and lifted
a few mm with the help of the crane. In this configuration the frame was not excited
and the peak disappeared. It is interesting to compare the measurements performed with
and without the frame (fig. 7.5). The wide peak at 3 Hz is overlapped to the dip: it is
impossible to study the effect of the centre of percussion when the frame is connected.

7.4.2 Results

The measured transfer function is shown in fig. 7.4. Some comments are needed:

e the IP is resonant at 33 + 2 mHz and has a quality factor Q = 33 &+ 2 (see section
7.7);

e an attenuation of 65 dB is achieved at 1 Hz;

e the resonances at about 9 and 15 Hz are associated to the main modes of vibration of
the leg-counterweight systems. These resonances limit the attenuation performance
of the IP. To avoid this problem larger diameter legs and/or materials more rigid
than aluminium should be used. Nevertheless, as explained in the next section, from
the point of view of the overall SA performance those resonances are practically
harmless. The IP is designed to act as a filter in the region of the chain resonances
(0.2 to 2 Hz), in order to reduce the mirror residual rms displacement.
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Figure 7.4: Inverted pendulum transfer function.
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Figure 7.5: Inverted pendulum transfer functions measured with the frame connected and
disconnected.
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Figure 7.6: The passive damper for the leg.

7.4.3 Effect of the leg resonance

The IP acts as a filter from 30 mHz up to a few Hz. The performance at higher frequency
is limited by the 9 Hz high Q leg first mode of oscillation. The experience achieved on the
blade springs has been exploited to design a passive damper for the legs, to minimise the
effect of the leg resonance. The damper is sketched in fig. 7.6. It is composed of a viton
rod clamped to the leg mid length holding a 0.3 Kg lead block. The viton rod length can
be adjusted in order to match the damper and the legs resonant frequencies. The result
of the damping test is shown in fig. 7.7. A gain of 24 dB has been achieved on the peak
amplitude.

The effect of the finite rigidity of the legs has been included in the simulation of the
SA performance. In fig. 3.4 the residual seismic noise is compared with the thermal noise
level: even without damping the peak of the legs resonance is a factor ~ 10% below the
thermal noise level at 10 Hz.
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Figure 7.7: Effect of the passive damper on the leg resonance.
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7.5 Centre of percussion tuning

More measurements of the transfer function with different centre of percussion tuning
are shown in fig. 7.8,7.9. They have been obtained by moving the sliding part of the
counterweight or by adding load to it. The curves (a) and (b) have been obtained with
the movable part of the counterweight all the way up and down respectively (lowered by
3 cm): there is not notable difference. A larger effect has been measured when some lead
blocks were added. The added loads were 2.7 kilos per leg (curve (c)) and 5.7 kilos per
leg (curve (d)). When the movable part of the counterweight (5 kilos) and the added load
are removed one obtains the curve (e). From the test it comes out that:

e the dip is moved from 1 to 5 Hz with a counterweight change of 10.7 kilos per leg,
the low frequency part of the transfer function (below 0.5 Hz) remains unchanged;

e adjusting the counterweight position by a few cm has little effect: the tuning mech-
anism was under dimensioned;

e changing the counterweight mass is a more effective to tune of the centre of percussion
position.

Despite what was expected from the mathematical model of chapter 5 the role played
by the centre of percussion tuning in the actual IP prototype is of secondary importance
beacause the IP attenuation is limited mostly by the legs resonance. In principle one
wants to tune the counterweight in order to push the frequency of the dip at infinity. In
practice, because of the presence of the legs resonance pushing the dip at high frequency
worsen the isolation performance (see fig. 7.10). The best is obtained keeping the dip in
the 1-5 Hz range to guarantees a 1/f? behaviour below 1 Hz. Therefore, the expensive
position tuning mechanism was replaced with a counterweight of variable mass.

An important and positive observation should be made about the results of fig. 7.8: ten
days passed between the first and the fifth measurements without changes of the common
low frequency part. We consider this reproducibility as an evidence of the stability of the
system.
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Figure 7.8: IP transfer function for different counterweight configurations.
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Figure 7.9: Effect of the centre of percussion tuning on the IP transfer function (zoom).
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interest.
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Figure 7.11: |p motion as recorded by one of the LVDT, in a usual working day. The main
oscillation has a period of 30 s. and is due an IP translation mode. The “evelope” is due to
the beating of the two translation modes. Its period (about 500 s.) is compatible with a 2
mHz mode splitting.

7.6 Estimate of the rms residual noise

Fig. 7.11 shows a time record of 1000 seconds of the IP displacement measured by one
of the LVDT. The rms oscillation amplitude is less than 26 pum: the measurement is
compatible with the predictions. It is possible to make an estimation of the seismically
excited rms resonant motion of the IP. The seismic noise at 30 mHz (measured at S.Piero
INFN laboratories on a Sunday to avoid human activity noise) is

zo(fo) ~7-107% m/VHz (7.2)

The intensity of seismic noise in a workday is usually larger by a factor 2-3.

It is better to estimate the rms motion by multiplying the measured transfer function
times the measured ground seismic noise. In fig. 7.12 the seismic noise measured on the
IP base is compared with the spectral noise expected on its top from the transfer function
of fig. 7.4. Then, from the spectral residual noise we calculated the integrated rms noise:

Sems(f) = /f ” 2()dv (7.3)

The previous equation express the rms noise as a function of the frequency where the
integration starts. The function z,ms(f) is plotted in fig. 7.13. From the plot one can see
that the expected undamped rms at while the rms at 10 mHz is 24 pm.
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Figure 7.12: A spectrum of seismic noise measured on the IP base compared with the
expected spectrum of the residual seism the top table, obtained multiplying the base spectrum
times the IP transfer function and with the one measured on a workday: the excess noise is
mainly acoustic.
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Figure 7.13: Integrated rms from the effective top table spectrum.
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Figure 7.14: The @ of the IP as a function of the resonant frequency, fit by the function
(5.53) with a value ¢ = 0.001.

7.7 Some considerations on the IP ) and ¢

In section 5.5 we have shown that the @) of the IP depends on that resonant frequency
according to eq. (5.53), which predicts @ oc w3 at low frequency. The measurements of
Q for different resonant frequencies can be used to find out an estimate of the dissipation
factor ¢. In fig. 7.14 the measured quality factors are compared with the theoretical
expectations in case of structural damping (see eq. (5.53))2. The IP leg elasticity is in
non negligible fraction contributed by the aluminium leg itself. The measured ¢ is then
in part contributed by the internal dissipation in the aluminum and so, it represents an
upper limit on the loss factor associated to the Maraging steel used for the flexible joints.

Some more information about the ¢ can be found out from the IP force-to-displacement
transfer function phase, as discussed in section 5.5. This can be done using the new coil-
magnet actuators, able to move the IP top of more than +1 cm, on the final IP now
mounted in the Pisa laboratories.

2The correction factor to take into account the non zero mass of the IP legs has been included.



Chapter 8

Inverted Pendulum Control

8.1 Introduction

In the previous chapters we have described how the VIRGO suspensions are expected
to be effective in depressing the seismic noise above a few Hz, where the mirror can be
considered as a free mass. Up to now only the passive operation of the SA has been
considered.

From the SA transfer function (fig. 4.9) it comes out that

e below 30 mHz the SA tracks the ground motion which is completely transmitted to
the mirror. The source of the largest displacement noise in this range is expected
to be the tidal deformation of the Earth crust (some hundreds of um over a 3 km
distance);

e in the SA resonance region (0.03 < f < 2 Hz) the ground motion is amplified due to
the high @ resonances. The suspended mirrors will oscillate with an amplitude of a
few tens of microns and the oscillation will have two main spectral components: 30
mHz (IP resonant frequency) and 200 mHz (first SA mode resonant frequency).

Both the tidal drift and the residual resonant motions of the mirrors are at least 8 orders of
magnitude beyond the maximum rms displacement tolerable by the locking. It is the job
of the IP and filter 0 active controls to eliminate or compensate these residual movements.
The idea of using active vibration suppression on mirror suspension systems has been
tested in several ways (see [104, 105, 106, 107, 108, 109, 60, 63, 64, 65]). In the last years,
the JILA group has developed a six d.o.f. active vibration isolation system which can be
suitable for applications in gravitational waves experiments [110, 111].

In this chapter an outline of the suspension control logic is given, stressing the role
of the inverted pendulum as a positioning device. Experimental results of the active
control of the IP prototype are presented. The work presented here is preliminary. More
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theoretical studies and experimental tests will be necessary to implement the complete IP
control with the SA chain suspended.

8.2 The control of the suspension

The IP top stage makes the VIRGO superattenuator suitable for the control of the mirror
position. The suspension control aims to achieve the requirements on the rms and the
spectral displacement of every optical components necessary to lock the interferometer.

The SA is provided with actuators capable of modifying the mirror position at three
levels: the top stage-external frame, the steering filter-marionetta, the mirror-reference
mass. The mirror control will be realised by acting hierarchically on the three points.
The necessity of splitting the feedback action comes from the limited dynamic range of
every physical actuator. The filter 7-marionetta actuation system as a dynamic range' of
107 v/Hz. Tt can be shown that with this dynamic range the maximum mirror displacement
which can be induced from the marionetta without introducing noise in the detection band
is about 10 pm. Therefore, larger motions have to be compensated for elsewhere.

In fig. 8.1 a scheme of the hierarchical suspension control strategy is shown. The
actuation points are:

¢ inverted pendulum: the largest motions to be compensated or damped are in the
low frequency range, where very low forces are required to move the entire chain
(and the mirror) by acting on the IP. The allowed motion is £1 cm in the band 0-0.1
Hz. The motor-spring actuators are used for the compensation of ultra slow drifts
(f < 1 mHz), the coil-magnets are used elsewhere;

e marionetta: the feedback action of the steering filter upon the marionetta can
control residual motions up to £10 pmin the band 0.1-1 Hz without introducing
noise into the system;

e mirror: control forces can be exerted directly on the mirror from the seismic isolated
reference mass at frequencies above 1 Hz, thus bypassing the wires and reducing the
excitation of the violin modes.

The SA top stage has a fundamental role in the VIRGO locking strategy. Two kinds
of controls are performed acting on the inverted pendulum to stabilise the mirror position
within the effective marionetta dynamic range:

'Here the dynamic range d is defined as:

7 Ellax
d= VHz
Fo(f)
where Fiax is the maximum force that the actuator can exert, and F,,(f) is the force spectral density noise
in N/vHz induced by the electronic noise. This definition is very useful to characterise an actuator over
a wide band.



8.2. THE CONTROL OF THE SUSPENSION 123

LOW PASS

WYy BAND PASS

intetferometer
error signal L} J L 1
HIGH PASS ﬁ

Figure 8.1: Hierarchical active control of the suspension: the error signal provided by the
photodiodes is divided in 3 bands. The low frequency motions (DC-100 mHz, with a maximum
amplitude ~ 10 mm) are compensated by acting on the IP, the range 0.1-1 Hz (with a maximum
amplitude ~ 10 pm) is controlled by the steering filter-marionetta actuation system, while
above 1 Hz forces are exerted directly on the mirror from the reference mass.
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position control: it concerns the compensation of the very low frequency drifts and
makes use of the low frequency part of the interferometer output as error signal.
Before the locking acquisition, the preliminary positioning of the mirror will be
controlled by local displacement sensors (LVDT on the IP top and CCD cameras
monitoring the mirror).

The mechanical actuators (motorised springs) set the SA suspension point at the
desired operation position and control it at frequencies well below 1 mHz to relieve
the DC load from the electromagnetic actuators (coil-magnet pairs). The coil-magnet
actuators working at nulled DC currents have the advantage that, in case of a sudden
feedback failure, the SA suspension point position remains stationary and the power
consumption (and heat dissipation) is minimised.

inertial damping: the residual motions of the test masses associated to the SA reso-
nances are too large with respect to the marionetta dynamic range: to lock the
interferometer, and to maintain it locked, an active damping of the IP and of the
main SA normal modes is required. This control is defined inertial damping because
accelerometers are used as sensors.

8.3 Inverted pendulum control

The IP is a 3 degree of freedom mechanical system: 3 independent sensors are required to
fully determine its position and 3 independent actuators to move the IP in the required
settings. The sensors and the actuators are mounted on the top stage in triangular con-
figuration. Each sensor is, in principle, sensitive to movements in all the 3 IP normal
modes (which will be defined z,y, 6, although they do not correspond necessarily to pure
translations and rotations). In the same way, each actuator will generate movements of
the IP involving a mix of the 3 modes. The basic idea of the IP controls, which applies
both to the inertial damping and the position control, is to diagonalise the sensing and
control actions: the aim is to pass from the sensors/actuators space, to a space where
each normal mode is independently sensed and acted upon. Mathematically, this means
to realize a coordinate transformation such that the equations of motions get the form:

&+ Wiz = g (8.1)

where the z; (for i = 1,2, 3) is a normal mode coordinate, w;/27 is the resonant frequency
of the #th mode and ¢; is the generalized force corresponding to the coordinate z; [88].
Experimentally this means to find 3 linear combinations of the sensor outputs, defined
virtual sensors, each sensitive to a single normal mode and, correspondingly, 3 linear
combinations of the excitation coil currents (virtual actuators) which excite each mode
separately. In control theory terminology, this means to break down a multiple in-multiple
out (MIMO) system into many single in-single out (SISO) systems. The control of a SISO
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Figure 8.2: Decomposition of a 3-mode system into 3 non interacting 1-mode systems.

system is much easier: every mode is controlled by an independet feedback loop, simpli-
fying greatly the loop design and the stability requirements. In this chapter we describe
an approach to the problem which follows strictly what was done experimentally. A more
general approach would require the system description in the state space representation
[114] and an effort is being done in this direction [115].

8.3.1 Virtual sensors and actuators

Exciting the j-th actuator with the signal v;(s) and measuring the output signal u;(s) from
the i-th sensor one obtains the 3 x 3 transfer function matrix H = {h;; }:

(8.2)

Let u = (u1,u2,u3) be a vector made by the three physical sensor outputs and v =
(v1,v2,v3) the vector of the voltages on the three physical feedback drivers (excitation
signals). Then the equation:

u=Hyv (8.3)
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holds true by definition. Each transfer function h;; is the superposition of the three normal
modes? and can be approximated in the form:

> w? )
hij(s) = Zaksg k(12+ b) 5= apPi(s) (8.4)

where wy /21 and ¢y are the resonant frequency and the loss factor of the k-th mode (the
quality factor of each mode is Qr = 1/¢;. Mathematically the task is to define a new
basis and transform the (8.3) into an equation with the same form:

x = Hq (8.5)
where H is a diagonal matrix and its elements have the form

wi(1 + i)
$% 4 w? + igpw

()

ar(s)

where d; is the Kronecker symbol (dgxx = 1, 05, = 0 for k£ # [). Each diagonal element
of the transfer function matrix corresponds to a normal mode of the IP. We define x the
normal modes vector and q the generalised force vector acting purely on that mode.

hi(s) = = 0kt - b [ ] = Okt - bp Pr(s) (8.6)

Each component xj, is naturally associated to a virtual displacement sensor (the desired
linear combination of physical sensors sensitive to a single mode and blind to the others).
In the same way, the component ¢ of the generalised force vector can be associated to a
virtual actuator (the linear combination of the 3 currents feeding the coils which excites
just one mode). The system is well described by fig. 8.2. To experimentally determine
the transformation from the real to the virtual sensors and actuators one must measure
the S (sensing) and D (driving) matrices defined by the relations:

= Dq (8.7)
x = Su
such that:
x = [SHD]q = Hq (8.9)

where H is a diagonal matrix.

2In a rigouorous approch it is not correct to reduce to the normal mode representation a dissipative
system, because usually it is not possible to diagonalise simultaneously the kinetic energy, potential energy
and dissipation matrices [88]. Nevertheless, in a phenomenological approach (see for instance [89]) the
system can be described in terms of normal modes including “by hand” a dissipative term for each mode.
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Figure 8.3: Simulation of the transfer function h;;(f): magnitude, phase, real part and
imaginary part are shown.

8.3.2 Measurement of the sensing and driving matrices

The matrix S~ is measured in the following way: one of the coils (for instance the coil 1)
is excited with white noise and the 3 transfer functions h;;(s) are measured. Each h;;(s)
shows 3 peaks (see fig. 8.3 (a) as an example). At the peaks the real part of the transfer
function is zero, while the value of the imaginary part of the h;;(s) (magnitude and sign)
carries the information on how each sensor responds to each mode (and determines S~1)3.
In fig. 8.3 (c) and (d) the real and imaginary parts of h;;(s) are shown.

The detailed determination of S goes as follows: from (8.9) one gets
H=S'HD! (8.10)

thence, using (8.6) and defining the matrices elements with the symbols S™! = {;;} and

3 Actually, this statement is true if Q; > 1 and if the resonant frequencies are not too close.
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D1 = {A;;} one gets:

3
hit(s) = ) oihp(s)Apn = (8.11)
k=1

3

= Y bePu(s)oirAp
k=1

The imaginary part of the transfer function is:

3
Shit (s)] = D [bkoin A1 ]S [Pe (iw))] (8.12)
k=1

with
¢kw,%w2
(w2 — w?)? + 2w
When measuring the value of the [h;1(s)] at the resonant frequency s = iwy the k-th
term in (8.12) dominates over the other two non resonant terms. Then the peak values of
measured S[h;1(s)] can be written?:

I[Py (iw)] = — (8.13)

SThi(jw1)] = —QibioinAn (8.14)
Slhit(jw2)] = —Qabaojnlo
Slhi(jws)] ~ —Q3bzoi3A3;

In this way 9 numbers are measured which form the matrix:

Shai(iwr)] -+ Sha (iws)]
Slhsi(iwr)] --- Slhsi(iws)]
(8.15)
—QibionAnr - —Q3b3013A3;
—Qibio31A11 - —Q3b3033A3;
The matrix M is immediately rewritten in terms of the columns of S™1:
M = [0410(1), 0420(2), 0430(3)] (8.16)

with ap = —QrbrAg1.

“This approximation is the main source of error in the sensing matrix determination. Its validity is
discussed in section 8.4.4.
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The matrix M is physically equivalent to S™1: the response of the three sensors to the
k-th mode is:

u=ocg (8.17)

If M is used instead of S~ one gets:
u' = oMy, (8.18)

that is, the response of each sensor to the k-th mode is amplified by a gain factor «y.
Then, the only effect of using M instead of S™1 is a scaling of the sensors response to the
different modes®: M is physically equivalent to S~!. Therefore, the sensing matrix S is
obtained simply inverting M.

Once the sensing matrix is obtained, to determine D we started from the relation
x = SHv = N(s)v (8.22)

where N(s) = SH(s) = {n;;}. The matrix element n;;(s) is the transfer function between
the j-th physical actuator and the i-th virtual sensor. N(s) is a frequency dependent matrix.
On the other hand the aim is to measure the frequency independent D. One easy way to
achieve the result is to measure n;; at a given frequency. Namely, one can excite the k-th
actuator with a sinusoidal signal at frequency v and measure the 9 numbers:

M = nil(sl) (8.23)
U1

Tils2) sy fori—1,2,3

V2

z;(83) _ )

Vs = n13(53)

where s =1 - 2w, The measured numbers are complex and may be written in the form

nij = |nij(v;)] €% 9) (8.24)

5The problem may by considered from a different point of view. The two matrices satisfy the equation:
S™' =AM (8.19)

where
A = diag{a; ' a5t 05"} (8.20)

is the gain matrix. The following relation between the vectors u and u’ holds:
u = Au (8.21)

Equation (8.21) says that the effect of using M instead of S™ is that of changing the modulus of the basis
vectors but not their directions.
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If the excitation frequencies are small (v, < wi/27), one can show that the imaginary
parts of the matrix elements are negligible, and it is

bij(v;) ~ { ; (8.25)

™

It comes out that the phase term e™®ii (%) simply determines the sign of the matrix element.
Comparing the (8.24) with the relation

N=SH=HD! (8.26)

one finds out that N is physically equivalent to D~1. The effect of multiplying D! times
the diagonal matrix H is just a scaling of the matrix lines. Each line of D~ describes the
combination the currents to the 3 coils that excite a single mode. Line scaling just changes
the amplitude of the mode excitation without changing the ratios of the coil currents. The
driving matrix D can be simply found inverting N. The main steps of the diagonalisation
procedure are schematically represented in fig. 8.4.

8.4 Test of the IP as a positioning stage

In this section the strategy adopted for the IP positioning is described. The main points
are:

e the position sensors diagonalisation;
e the mechanical actuators diagonalisation;

e the feedback filter design.

8.4.1 Position sensors diagonalisation (1% step)

As explained in section 8.3.2, to measure S~ we excited the IP by means of the coil 1
and measured the value of S[hy;] at the resonances fy, fy, fo. In fig. 8.5 transfer functions
hi1, S[hi11], R[h11] are shown as an example. The resonant frequencies are:

fr =32 mHz
fy = 36 mHz
fp =112 mHz,

To observe the splitting of the z and y modes a resolution of at least 1 mHz is required
and at least 1000 seconds per each measurement were needed. In fact, the measurement
times are even longer when averages are required or when a ”catastrophic event”, such as
a door violently shut, affects the measurement.
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Figure 8.5: Real and imaginary parts of the measured transfer function hi1(f): the real part
is null at the resonance.

The measured M is:

Slhu(iwg)] -+ Slha(iwp)] 851 —28.8 —4.55
: = 723 112 -374
Slhis(iwg)] -+ S[his(iws)] —-33.6  21.1 —5.03

The equivalent sensing matrix S is obtained by inverting of M and scaling the lines of the
matrix obtained:

—0.09 1 —0.66
S=| -1 022 074 (8.27)
—0.96 —0.58 —1

An important observation should be done on the structure of the sensing matrix: the
elements of the third line are all negative: this is the case when the sensor signals are
all in phase and it corresponds to a rotation of the IP: the third line of S contains the
information about the # normal mode, while the first two lines correspond to the two
translation modes.
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8.4.2 Actuators diagonalisation (1°' step)

To measure D we follow the procedure described in section 8.3.2. The coils were excited
with sinusoidal signals of the same amplitude at frequencies vy = 12, v, = 16, v3 = 20
mHz respectively and observed the 3 wvirtual sensors: the k-th peak amplitude carries the
information of each single mode response to the k-th coil. Thus, we measured the numbers
described by (8.24) and obtained:

253 176 163
N=| 127 230 164 (8.28)
203 151 291

The driving matrix D is obtained inverting N and scaling the columns by the arbitrary
gain. The result is:
—-0.54 -1 -1
D= 1 0.07 —0.62 (8.29)
—0.31 0.90 —-0.93

The elements of the third columns are all negative: the three actuators acts in phase and
excite the 8 mode.

To check if the diagonalisation is effective we excited with white noise each individual
virtual actuators and monitored the virtual sensors response. The result is shown in fig.
8.6.

8.4.3 Diagonalisation results (1*' step)

Fig. 8.6 shows clearly that the diagonalisation is not “perfect”. Several sources of error
affect the determination of the sensing and driving matrices and are discussed in the next
session. Here we want to evaluate numerically how good the diagonalisation is. It is
evident that the diagonalisation fails at high frequency where the signal-to-noise ratio is
too low, but this is not important for the position control we want to implement. The
residual coupling can be evaluated directly at the resonant peaks or at the DC level.

Evaluation of coupling at the resonant peaks: when the k-th mode is excited the
resonant peak at frequency wy /27 is visible also in the non excited modes due to
non perfect decoupling. The effect is particularly evident in the third plot of fig. 8.6
(0 excited). The ratio the peak height in the excited mode with respect to the same
peak in the other modes is a measurement of the coupling. We define the coupling
matrix C = {¢;;} where, for instance:

height of the 8 peak in the non excited mode z
height of the peak of the excited mode 6

C13 = Cgp =
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Figure 8.6: Transfer functions of the diagonalised system with x mode excited, y mode
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This definition is not suitable for the diagonal elements, but it is straightforward to
define ¢, = 1. The matrix elements have been measured from the data:

1 7.1-1072 8.4-1073
C=|39-107? 1 1.5-102 (8.30)
9.4-1073 2.1-1072 1

The matrix C is expected to be symmetric. The asymmetry allows to estimate the
error on the matrix elements, and we can summarize the coupling factors:

Coy = Cye = (55+1.5)-10 2 (8.31)
Cop = Coe = (8.9£0.5)-1073 (8.32)
cyp =cpy = (1.8£0.3)-10 2 (8.33)

Evaluation of coupling at DC: the values of the measured transfer functions of fig.
8.6 at DC (well below the resonant frequencies) are a measurement of the matrix F
in that range. The DC levels have been measured by averaging the points below 20
mHz. The result is:

_ 34+04 0.15+0.15 0.25+0.15
Hpc = 0.3 +£0.2 29+£0.2 0.15£0.15 (8.34)
0.04 £0.02 0.06 £0.02 1.16 £0.04

The columns of the matrix I:IDC can be normalized so that the DC level of the excited
mode is 1 (this is equivalent to rescaling each plot of fig. 8.6, without changing the
modes ratio) and one gets:

3 1 5.1072 2-107!
Hpc=| 9-102 1 10! (8.35)
1072 2.1072 1

Maximum DC couplings of 10% are measured.

8.4.4 Errors

The coupling matrices C and Hpc obtained above present both diagonal dominance but
with different values of the couplings. This seems to indicate that the hypothesys of
frequency independent diagonalisation may be wrong. This is the case when the system
is non linear: the coil-magnet actuators used have response that can be considered linear
only in a limited range (a few mm). Moreover, the SNR in the DC region for the non
excited modes is low and, consequently, the measurement of the couplings with the second
method is less reliable.

The residual couplings between the modes is associated to several effects of different
nature:
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the approximations used: the approximation of eq. (8.15) (where the contribution of
the non-resonant terms has been neglected) introduces an error of about 2% on the
elements of the columns 1 and 2 of the matrix S™'. As a demonstration, let us
compare the resonant term [Py (i27fy)] with the non resonant ones I[P (i27 fy)]
(I # k). Using eq. (8.13) one can calculate the ratio:

S{aaf)] _ ()’ L
e : =L 5 (8.36)
SIPe(2nfr)] - \Jfx) 2
Qell—"5) +1
fx
Using the measured frequencies and quality factor one gets:
S[P, (127 fy [Py (127 fy, _
SIBERTTL gy SEBERTTL (8.37)

P, (127 fr)] P (427 f)]

The calculations for the other P lead to similar results which can be summarized
in this way: in the matrix S™1 the columns 1 and 2 (associated to the translation
modes) are coupled to a level of about 2%, while the coupling with the # mode is
negligible. The error on the sensing matrix propagates also to the driving matrix D
(see eq. (8.26)). The coupling associated to this effect can be reduced by iterating
the diagonalisation procedure;

non linear effects: a relevant contribution to the residual coupling comes from the lim-
ited linear range of the coil magnet actuators: for a correct operation, the magnet
should move around a point at distance R/2 from the center of the coil of radius R
(see fig. 6.8). This is not guaranteed by the setup geometry. It may happen one or
more coils to work in non linear regime, where a slight change in the IP equilibrium
position leads to a substantial change in the actuator response. The size of the effect
can be estimated from fig. 6.8 (a): suppose that one of the magnet is at distance
20 mm from the coil center (instead of 17 mm, proper working point). In this point
the actuator response changes of da =~ 1.5 - 1072 N/A - mm which corresponds to a
relative variation

Yo}

— =~ 2.5 %/mm

o
The effect is even larger (=10%/mm) if the magnet distance from the coil is less
than R/2. Such an error on a single coil affects the corresponding column of the
matrix D coupling the 3 modes. We can say that the driving matrix is unstable with
respect to small changes (~ 1 mm) of the IP operation position. This problem will
be solved by using the new coil-magnet actuators described in chapter 6 (see fig. 6.8

(b)).

variation of the system parameters with the time: in section 5.8 we have shown
that the IP resonant frequencies are expected to change with the temperature. A
maximum variation of 2 mHz during the day has been observed. This effect may
change the coupling of the two transation modes.
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8.4.5 Improving the sensors and actuators diagonalisation

It is possible to improve the result, either by simply reiterating the diagonalisation process
or using a different method. Eventually the matrix accuracy will be limited by external
perturbations and non linear effects, and large improvements can be obtained only by
improving the setup. Still, the exercise is useful.

The system of virtual sensors and actuators is still described by eq. (8.9), where H is
only close to be diagonal. The aim is to find two correction matrices S and D such that

H = SHD (8.38)

is a “truly” diagonal matrix (or better, with a larger diagonal dominance with respect to
H.

The basic idea of this method is to algebraically diagonalise D at two given non
resonant frequencies, assuming that the sensing and the driving matrices do not depend
on frequency and, consequently, the diagonalisation is the same over the whole range of
interest. The two frequencies are chosen one well above and one well below the normal
mode frequencies, because in these conditions (“far from the peaks”) the imaginary parts
of the transfer functions are negligible.

We measured the matrix H(s) at f, =14 mHz (below the normal mode frequencies)
and at f, =320 mHz (above the normal mode frequencies) and defined:

i [ 2553 64 39
M; = H(i2nf,) = | —5 2006 25
| —22 39 783

(8.39)
—157 -9 24

My = H(i2nf) = | —12 —199 44

| 11 —26  —852

M; and M3, because of the choice of f, and fj, are real matrices. An observation should
be done: M; and M2 show diagonal dominance, but some of their off diagonal elements
are not negligible. Then we calculated the matrix

0.99 -0.08 0.03
L= 013 -099 0.06 (8.40)
0.01 0.01 -1.00

which diagonalises the matrix M{M5 1. Numerically
L™ 'M;M, 'L = diag{—16.3, —10.0, —0.92} (8.41)

where the three diagonal elements are the eigenvalues of MMy 1 and the columns of L
are the corresponding eigenvectors.
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We show in the following that the matrices

S=L"!
~ 42
{5 i (5.42)
diagonalise H at f = f, and f = f,. Using (8.38), (8.41) and (8.42):

H(i2rf,) = L~ 'H(i27f,)My L = L~'M; M, 'L = diagonal
L 'H

- 8.43
H(i2rfy) = (27 fp) M5 'L = L IMoM; 'L =1 (8.43)

where I is the identical matrix.

The matrices S and D allow to transform the coordinates (x,q) obtained with the 1%
step diagonalisation into the new coordinates (X, q), for which

x = Hg (8.44)

To write (X,q) in terms of (u,v), the original real sensors and actuators coordinates, one
can rewrite (8.38) as a function of the actuator-to-sensor transfer function matrix H:

H=SHD =L ![SHD|M, 'L = SHD (8.45)
where
S=L"1s
{ D =DM, 'L (8.46)

It can be shown that the following relations between the old and the new coordinates hold:

v =Dg (8.47)
X = Su (8.48)

The previous relations have the same form of the equations (8.7) and (8.8) which defined
the new sensing and driving matrices. Numerically:

004 1 0093
S=L1!S=| -1 —-0.30 0.56
0.77 —0.54 1
(8.49)
-0.37 -1 —0.99
D =DM, 'L = 1 012 —0.67
—0.45 0.92 -1
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8.4.6 Diagonalisation results (2% step)

The result of the 25 step diagonalisation is shown in fig. 8.7 and must be compared with
that of fig. 8.6. As in section 8.4.3 we calculate the couplings factors at the resonant
peaks:

Coy = Cye = (8.1£0.1)-1072 (8.50)
Cop =Coe = (7.0£1.5)-1073 (8.51)
cyp =cpy = (1.3+£0.5)-1073 (8.52)

and the transfer function matrix at DC:

) 11.0+05 054+04 0.35+0.3
H®pc=| 04+£02 74403 0.20+0.15 (8.53)
0.3+0.2 0.11+0.05 1.47+0.03

which, rescaling the columns becomes:

1 7-1072 2.107!
Hpc=| 4-102 1 101 (8.54)

The more significant improvement with respect to the 15 step result is that the y — @
peak coupling factor has been reduced of more than one order of magnitude. Again, the
maximum coupling factor is about 10%, due mostly to the non linear behavior of the
actuators.

8.4.7 Diagonalisation of the mechanical actuators

The sensing matrix obtained before was used also to determine the driving matrix of the
mechanical actuators. The driving matrix for the motors was measured at the same way
as that for the coil-magnet actuators at the first step and lead to the result:

043 0.78 —1
Duot = | —1 041 —0.70 (8.55)
0.11 —1 —0.82

8.4.8 Position control

Within the limits of the diagonalisation accuracy the system can be considered uncoupled
into 3 independent oscillators, each provided with its own virtual sensor and actuator, on
which to close a feedback loop. In this section we describe how the low frequency position
control is implemented. When the feedback loops are closed each virtual oscillator can be
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Xoff

= { G(s)

<8l CO |

m

X(s)

X.

n

Figure 8.8: Logic scheme of the loop.

described by the logic scheme of fig. 8.8, where G(s) has the form of the pendulum func-
tions Py (s) defined in (8.4), C(s) is the motor transfer function and g is an adjustable gain.
Moreover, g is any input to be compensated for (such as an initial offset with respect
to the working position), ,, is the top table displacement induced by the motor, while
Zin 18 & control signal for the IP. The motor displacement is proportional to the integral
of the input signal. Thus, the actuator transfer function is that of a pure integrator®:

C(s) = 2 (8.56)

where « is a constant with the dimension of a frequency. The system equations in the
Laplace domain are:

z(s) = zor(s) — G(s)rm(s) (8.57)
Z(s) = g=lon(s) +(s)] (8.58)

Then:
J?(S) _ xoff(s) - gG(S)xin(S)a/s (859)

1+ gG(s)a/s
This control system will be operated only in ultra-low frequency (from DC to a fraction
of mHz). In that band G(s) ~ 1 and the (8.59) reduces to

5(s) = %H(S)l:- gggg;is)a/ s (8.60)

In the following we analyze the (8.60) in some relevant cases:

5We are assuming that the spring connecting the motor to the top table can be considered rigid, that
is, the transfer function between the motor displacement and the induced table displacement is equal to
unity in the frequency range where the system works.
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1. The simplest problem to be solved using the motors is the correction of an offset.

In (8.60) we assume ziy(s) = 0. An offset of amplitude zy can be modeled as a step
function:

0 if t<0
ot (t) _{ o i £50 (8.61)
Then o
Toft(8) = —~ (8.62)
and o
z(s) = parap, (8.63)

Inverse transforming the (8.63) one finds the time evolution of the pendulum position
when the loop is closed:

z(t) = L7 z(s)] = zoe ™9 (8.64)

Thus g defines the time constant of the process (7 = 1/ga) and the loop bandwidth.
In fact, the unity gain is obtained solving

o
19G(5)C(s)] ~ ‘9—‘ —1 (8.65)
whose solution is the unity gain frequency:

fug =5 (8.66)

A slightly different situation occurs when one wants to move the IP of the amount
X with respect to the #-th virtual sensor. Then, in this case, there is no initial offset
(2o = 0) while the input has to be

0 if t<0
Tin(t) = { ~Xo if t>0 (8.67)
Then ) .
_ g  _ -
x(s) _Xos(goz—s) Xo [s + goz—s] (8.68)

Inverse transforming the last equation:
z(t) = Xo [1 — 9] (8.69)

Then, the IP approaches the position in a time that, as in the previous example,
depends on the loop gain g. This demonstrates that zj, can be used as a control
signal for the IP.
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3. The third case we want to discuss is more general and it is definitely the most inter-
esting. We assume that zi,(s) is the ultra-low frequency part of the interferometer
error signal and we aim to force the IP to follow it. From eq. (8.60)

___gofs
z(s) = T+ ga/s in(s) (8.70)

In the high gain-low frequency limit the previous equation becomes
z(s) = —zin(s) (8.71)

Then the IP is forced to follow the error signal, whatever its spectrum is.

8.4.9 Test results

In fig. 8.9 the results of the work are shown. In the initial situation the IP is wobbling”
around a certain equilibrium position which does not correspond with the zero of the three
virtual sensors. At ¢ = 0 the three loops are turned on, the motors start running and the
IP approaches the zero in about 400 seconds. The length of this time depends on the loop
gain and the time constant. At t = 450 sec. the IP is moved of an amount 0.65 along
the ¢ axis with no disturbance of the other d.o.f.. In fig. 8.10 displacement along the 3
modes are shown, when a lower time constant (higher gain) is used. The new positions
are reached in just few tens of seconds at the cost of “disturbing” the other modes: this
drawback may be avoided with a further improvement of the driving matrix.

"The wobblying is due the resonances still undamped.
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Figure 8.9: Control of the IP position: at ¢ = 0, when the feedback is turned on, the IP
is displaced by 0.9 mm in the & direction, -0.35 mm in ¢ direction and rotated by 0.3 mm
(0 =~ 0.35 mrad) around the z axis. The IP is moved in the zero position in 400 sec (the time

depends on the feedback gain). At ¢ = 450 sec a displacement of 0.65 mm along ¢ direction
is imposed. The IP reaches the new position in 250 sec.
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Figure 8.10: Control of the IP position (higher gain).
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8.5 Inertial damping

Even if the IP is controlled at very low frequency this is not sufficient to meet the require-
ments on the residual motion imposed by the marionetta dynamic range: a damping of
the SA resonances is needed. In this section we present some preliminary tests of inertial
damping of the IP resonances. The damping strategy is based on the same idea described
above: the system is diagonalised and controlled with 3 different feedback loops, each act-
ing on a virtual one-dimensional oscillator, using accelerometers instead of displacement
sensors. The reason for this can be explained with a simple model. Let Fey. and Fj, be
the excitation force and the feedback force respectively. The equation of motion for each
SISO system (virtual actuators-virtual sensors) can be written in the form:

Fexe + Fry — k(z — o) = ma (8.72)
which Laplace transforming and including a dissipation term I' becomes:

Fexe(s) + Fip(s)

- + wimo(s) = (5% +wh +4T) z(s) (8.73)

Let G(s) be the mechanical TP transfer function:

AR w2
G(s) = :ch((s)) =5 +w§ i (8.74)

Then, the (8.73) can be written in a simpler form:
(L‘(S) = G(S) [(I)exc + O, + 1‘0(3)] (8.75)

where the forces have been re-defined in order to have the same dimension of z:

Fexe(9) _ Fyy(s)

(I)exc =

(8.76)

i P

Use of displacement sensors When displacement sensors the system can be described
by the logic scheme of fig. 8.11 (a). In this case the feedback force is:

O, = C(s)(x — xp) (8.77)

where C(s) is a proper feedback filter. If the system is excited only by the seism
(Fexc = 0) the closed loop transfer function is immediately obtained by the (8.75):

G(s)[1+ C(s)]

Gerls) = 77 G(s)C(s)

(8.78)
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Figure 8.11: Loop scheme when: a) a position sensor is used; b) an inertial sensor is used.
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Figure 8.12: Effect of the feedback when a displacement sensor is used. The closed loop
transfer function (8.78) is calculated using the filter (8.79) and for Cy = 0,1, 10, 100.

A damping is achieved if a filter of the form

C(s) = Co(s + wy) (8.79)
where wg /27 is the frequency of the normal mode to be damped, w, < wy and Cj is
a gain factor. With w, = 0 a pure viscous feedback force is obtained (Fiy, o< &), but
w, > 0 is necessary in order not to cut the DC component of the LVDT output. In
fig. 8.12 a simulation of the effect of the feedback is shown. When Cy = 1 a damping
of the peak is evident. As the gain increases and the loop bandwidth becomes larger,
the transfer function tends to a constant value. The reason for this is simple: an
infinitely effective feedback would make the displacement sensor output null, that
is would make x = xp. This is good in the resonance region (it damps the peak),
and bad in the high frequency region, where it ”freezes” the pendulum with respect
to the external reference frame, thus short circuiting the attenuation action of the
pendulum.

Use of inertial sensors when an accelerometer is used the system is described by fig.

8.11 (b). The feedback force is:

g, = C(s)s%z(s) (8.80)
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and the closed loop transfer function is written:

x(s) G(s)
= .81
w0l T+ 2CE00) (550
A proper form of the filter in this case is:
Cs) = Cp - — 210 (8.82)

(S + wl)(s + (,«.)2)

where w1 € wy € we. Fig. 8.14 shows a simulation of the effect of the feedback
on the IP transfer function (8.81) while in fig. 8.13 the open loop gain function
52G(5)C(s) is plotted.

In principle, the gain is limited only by the accelerometer noise level. In fact, stricter
limits exist (see section 8.5.4) but, nonetheless, using accelerometers allows to im-
plement wideband feedback controls while position sensors are good only for pure
viscous damping (and, even in this case, there is re-injection of noise above the
resonant frequency).

In the following tests we measure the transfer functions between the virtual actuators
and the virtual accelerometers. To compare the model with the experiment one has to
calculate the function s2z(s)/®ex. If the coil excitation is large enough to dominate
the seismic one (®exe > xo) from the (8.75) one gets the force-to-acceleration transfer
function:

s’z(s) 52G(s)
Do 1+ 52G(s)C(s)

The (8.83) is plotted in fig. 8.14.

(8.83)

8.5.1 Diagonalisation of acceleration sensors

The normal modes to be damped have frequencies 32, 36 and 112 mHz. The procedure
to diagonalise the set of accelerometers was the same used for the LVDT. In fig. 8.15 the
non-diagonalised IP transfer function is shown. We remark that it is obtained as:

output of the i-th accel.  s%u;(s)

= 5%h;j(s) (8.84)

force of the j-th coil > vj(s)

where u;(s),vj(s), hij(s) have been defined in 8.3.1.

The results of the diagonalisation procedure (fig. 8.16) show that the sensing and
driving matrices are affected by non negligible errors. For instance, the first graph (x
mode excited) shows that = and € are coupled at about 10%: the 6 transfer function
below 70 mHz reproduces exactly the x transfer function, 20 dB lower. In this case an
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Figure 8.13: Open loop gain function (magnitude and phase).
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Figure 8.14: Effect of the inertial damping on a SISO. The first plot shows the IP closed
loop transfer function (8.81) calculated using the filter (8.82). In the second plot the force-
to-acceleration transfer function (8.83) is shown.
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Figure 8.15: IP force-to-acceleration transfer function (real actuator-to-real accelerometer).
At this stage the IP is a MIMO system and 3 resonance peaks are present in the transfer
function.

iteration of the procedure was certainly required but was not done for lack of time®. The
results presented in the following have to be considered preliminary. They have been a
good test of the method, and a very good practice looking forward to performing the
inertial damping of the complete SA.

8.5.2 DSP instructions

The DSP filter used is shown in the table 8.1.

With the lines 1-3 the DSP read the ADC channels 0x81-0x83 (the accelerometers
outputs) and define them with the labels al,a2,a3. With the line 4 the sensing matrix
(ACCsensing) recombines the real sensors and the virtual sensors outputs ax,ay,ath are
obtained. The lines 5-10 send both the real and virtual sensors outputs to 3 DAC channels.
Each signal can be turned off/on by switching the GAIN to 0/1 and can be monitored on
the spectrum analyser. In the lines 11-13 each virtual sensor is filtered to create the
corresponding feedback force driving the virtual actuator.

With line 14 the virtual actuators signals £x,fy,fth are transformed into three cur-

8The setup was needed for the assembly of a complete superattenuator chain suspended from the IP.
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Figure 8.16: Diagonalised transfer functions (virtual actuators-to-virtual accelerometers).
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line | INPUT | OUTPUT | FILTER | GAIN | @FREQUENCY
1 | ox81 al NULL 1.0 0.0
2 | 0x82 a2 NULL 1.0 0.0
3 | 0x83 a3 NULL 1.0 0.0
4 MAT ACCsensing | 1.0 0.0
5 al 0x81 NULL 0 0.0
6 a2 0x82 NULL 0 0.0
7 a3 0x83 NULL 0 0.0
8 ax 0x81 NULL 1.0 0.0
9 ay 0x82 NULL 1.0 0.0
10 | ath | 0x83 NULL 1.0 0.0
11 ax fx dampX.flt | 1.0 0.0
12 ay fy dampY.flt | 1.0 0.0
13 | ath fth | dampTH.flt | 1.0 0.0
14 | MAT ACCdriving | 1.0 0.0
15 f1 0x85 NULL 1.0 0.0
16 £2 0x86 NULL 1.0 0.0
17 £3 0x87 NULL 1.0 0.0

Table 8.1: The DSP program used to perform the IP inertial damping.

rents £1,f2,£3 driving the coils by the driving matrix:

fl fx
fo | =D-| fy (8.85)
f3 fo

Finally, the currents so obtained are sent to the DAC channels (0x85,0x86,0x87 connected
to the coil drivers.

8.5.3 Damping results

Once the system is diagonal one can implement three uncoupled feedback loop to damp
the three modes.

The result of the inertial damping for the three modes is shown in fig. 8.17. The gain
at the peak is about 20 dB for the translation modes and almost 50 dB for the rotation
mode. To understand the meaning of these numbers one should measure the residual rms
motion of the top table.

In fig. 8.18,8.19 the open loop and closed loop spectra measured by one of the ac-
celerometers and the rms residual motion calculated from these spectra are shown.

Some comments are needed:
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Figure 8.18: The acceleration noise spectral density measured by an accelerometer on the
top table with damping on and off.

e the noise measured by an accelerometer on the edge of the top table is larger than
that measured by a sensor on the very centre of the table, not sensitive to the rotation
mode. Therefore, the second figure shows the motion of an outer point of the table,
larger than the motion actually trasmitted to the mirror through the SA chain;

e the rms motion at 100 mHz is reduced from more than 30 to 0.3 pm. The 1
pmresidual motion target is achieved at 30 mHz, whereas the marionetta has to
control the mirror above 50-100 mHz;

e the implementation of the inertial damping with the SA chain suspended will be
more difficult: the many SA resonances in the range 0.2-2 Hz will mess up the
transfer functions, introducing phase rotations which, if not compensated, could
lead to instability or, at least, impose narrower bandwidth of the feedback loops;

e the noise introduced below 30 mHz and above 100 mHz is due to a bad mode
diagonalisation.

In fig. 8.20 the effect of damping on the output of the virtual sensor # is shown, for
different values of the feedback gain.
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8.5.4 Noise introduced at low frequency

Some explanations are necessary for the noise introduced below the resonant frequency
(fig. 8.17, 8.19). This effect is connected to a non perfect parallelism of the legs. The
simple 2-dimensional model of fig. 8.21 can help: if the legs are convergent (or divergent
within an angle «, the top table does not stay horizontal during the IP motion but moves
along a curve. With some algebra (see [112]) one can show that when the IP is displaced
of an amount z with respect to the equilibrium position, the top table is tilted of an angle
’ ~ 2 8.86
B=— (8.86)
where ¢ is the table radius. The angle « is positive or negative for converging or diverging
legs respectively. The output of an accelerometer on the top table would be (see eq.(6.1)):

V x @+ gp (8.87)

which, using (8.86) and passing in the Fourier space becomes:
V(w) o (—w2 + %> x (8.88)
a

At frequencies f < f,, = \/ga/a/2mw the accelerometer measures the angle rather than
the acceleration. In the real case the top table moves along a curved surface and two
tilt angles 3;,3, define its position. In this situation the three accelerometers are not
independent and the diagonalisation is impossible in this range of frequencies. The order
of magnitude of the critical frequency f, can be estimated: an accurate mounting of the
legs may ensure o < 1 mrad, ¢ = 0.8 m. Therefore f, ~ 20 mHz, as expected from the
measured trasfer functions of fig. 8.17.

A possible solution of the problem is to use of two angular accelerometers on the top
table to measure independently the tilt and subtract the effect from the linear accelerom-
eters outputs. The problem with this solution is that the angular accelerometers response
is not reliable at such low frequencies. A second possible solution is the use of the LVDT
signals. We show in the following that at frequencies lower than the IP resonant frequency
the LVDTs provide a good correction signal. The transfer function of a 1-dimensional
ideal TP can be written (neglecting the losses) simply:

r(w) __ wp

to(w) wi—w?

which is ~ 1 for w < wgy. The output of an LVDT measuring the IP top position = with
respect to the ground xzg is then:

w3 w
z(w) — zo(w) = [?sz - 1] To=———> " Zo (8.89)
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Then, for w < wy:
z(w) — zo(w) ~ wir(w) ~ wie(w) (8.90)

The last equation shows that the position sensors effectively replace the accelerometers in
the range of frequency where the accelerometers fail. This work has shown the feasibility
of the different ingredients that still need to be combined and harmonised to get a working
controlled mirror suspension. The complete control strategy will be tested on the complete
superattenuator chain.

8.6 The next future

In the next months the techniques described in this thesis will be used on the new prototype
superattenuator. Fig. 8.22 shows a spectrum measured on the IP top stage by one of the
accelerometers. The first 3 resonances correspond to the translation and rotation modes
of the IP and to the first pendula mode of the suspended chain respectively. The peaks
at higher frequencies correspond to the superior SA chain modes.
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the feedback gain.
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2a

Figure 8.21: The effect of non parallel legs on the motion of the IP top table: the table
moves along a curved surface as the IP is displaced from its equilibrium postition.
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Figure 8.22: Acceleration spectral density measured on the top stage of the prototype SA
chain, showing all the modes of the system (see for comparaison fig. 7.1).



Conclusions

Summary of results

We summarize here the main results of this work:

e an Inverted Pendulum top stage for the VIRGO superattenuator, suitable as hori-
zontal pre-isolator and as a platform for active controls, has been conceived, designed
and built;

e the tests proved that the Inverted Pendulum is an effective and stable horizontal
pre-isolator. An attenuation of 65 dB at 1 Hz has been achieved;

e the tests proved that the Inverted Pendulum is an effective positioning device for the
entire SA chain and that, consequently, it can be used as the low frequency actuation
point in the VIRGO locking strategy;

e the damping of the Inverted Pendulum resonances has been performed using inertial
sensors and digital signal processing.

The Inverted Pendulum has been accepted as suitable for the use in VIRGO. The
production of § out of the 9 IP necessary for VIRGO has been completed. The mounting
of the first complete SA chain on the Cascina site will start by the end of 1998.
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