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[1] We use a suite of spherical, thin sheet, finite element model calculations toyinvestigate
the pattern of horizontal tectonic deformation within Europe. The calculations incorporate
the effects of Africa-Eurasia convergence, Atlantic Ridge push forcesssand ¢hanges

in the lithospheric strength of the East European and Mediterranean subdemains. These
predictions are compared to the deformation computed for the same tegion using a
spherically symmetric, self-gravitating, viscoelastic Earth model"of glacial isostatic
adjustment. The radial viscosity profile and ice history input into the GIA model are taken
from a model that “best fits” three-dimensional crustal’velocities estimated from the
BIFROST Fennoscandian GPS network. The comparison of the tectonic and GIA signals
includes predictions of both crustal velocity maps and baseline length changes associated
with sites within the permanent ITRF2000 and BIFROST GPS networks. Our baseline
analysis includes reference sites in northern and central Furepe that are representative of
sites at the center, edge, and periphery of the ‘GIA-induced deformation. Baseline length
change predictions associated with all three referenee sites are significantly impacted

by both tectonic and GIA effects, albeit with distinct geometric sensitivities. In this regard,
several of our tectonic models yield baselinerates from Vaas, Onsala, and Potsdam to sites

below 55°N which are consistent with obseryed trends. We find that a best fit to the
ITRF2000 data set is obtained by simultancously considering the effects of GIA plus
tectonics, where the latter is modeled with awelatively weak Mediterranean subdomain. In
this case, the tectonic model contributes to the observed shortening between Onsala/
Potsdam and sites to the southy without corrupting the extension observed for baselines
extending from these reference sites.and sites to the north; this extension is well reconciled

by the GIA process alone.
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1. Introduction

[2] Crustal deformation patterns in Europe are influenced
by both plate tectonic forces and glacial isostatic adjust-
ment, with the former including boundary forces associated
with Africa-Eurasia convergence and spreading at the Mid-
Atlantic Ridge. The region has been monitored by survey-
ing using permanent global positioning system (GPS)
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receivers of the ITRF2000 network, established by the
International Earth Rotation Service (IERSE Altamimi et
al., 2002]). Furthermore, we make use of the available
BIFROST data, which provide additional stations not
included in the ITRF network [Johansson et al., 2002,
Milne et al., 2001].

[3] In principle, baseline length changes (henceforth
baseline rates) for pairs of sites within these networks can
be compared to predictions obtained from tectonic models
(driven by Africa-Eurasia convergence, Atlantic Ridge
opening, etc.) and GIA simulations in order to investigate
the nature and origin of intraplate deformation in continental
Europe. In the past, this effort has treated either tectonic and
GIA effects in isolation. For example, Milne et al. [2001]
analyzed three-dimensional (3-D) crustal deformation esti-
mated from the BIFROST network using a suite of GIA
models; they concluded, on the basis of residual maps
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constructed by subtracting their best fit GIA model from the
observations, that horizontal neotectonic motions were less
than 1 mm/yr. In any case, predictions of 3-D motions
associated with GIA in Europe have commonly treated
geodetic baselines that extend well into central Europe
[e.g., James and Lambert, 1993; Mitrovica et al., 1994b;
Peltier, 1995].

[4] Clearly, these analyses raise several important ques-
tions. Is there a region in northern Europe where tectonic
effects on baseline rates can be ignored, or in southern
Europe where the GIA signal is unimportant? Is there a
transition region where both are important? More generally,
what is the complex geometric interplay between tectonics
and GIA in European continental deformation? In this paper
we investigate these issues by extending earlier work
[Marotta and Sabadini, 2002] to compare predictions gen-
erated from a large sequence of thin sheet models [England
and McKenzie, 1983; Marotta et al., 2001] to a GIA
simulation based on a recent analysis of the BIFROST data
set [Milne et al., 2001]. The thin sheet models include
Africa-Eurasia convergence and they explore the sensitivity
of the predictions to both changes in the velocity forcing
along the Atlantic Ridge and variations in the lithospheric
strength of various European subdomains. Our analysis
highlights a combined GIA plus tectonics model which best
fits (within our search of model space) the ITRF2000 data.

2. Model Setup
2.1. Finite Element Tectonic Model

[s] We adopt an incompressible, viscousimodeltodnves-
tigate tectonic deformation in the Mediterranean and Fen-
noscandian region driven by Africa-Eyrasia comvergence
and Mid-Atlantic Ridge opening (Figure 1). (The treatment
of the lithosphere as an incompressible,twiscous fluid is
widely adopted in models of.long timescale geological
processes [Turcotte and Schubert, 2002].);The deformation
field is expressed in terms of crustal velocities and baseline
rates obtained from a thin sheetapproximation implemented
by Marotta et al. [2001] and modified here to consider a
spherical geometry. This implementation treats the litho-
sphere as a stratified visgous 'sheet with constant total
thickness, overlying an inviscid asthenosphere; the latter
assures a stress-free condition at the base of the plate. Our
thin sheet approximation assumes that the lithospheric
thickness is small compared to the lateral wavelength of
the applied loads, and thus vertical gradients of horizontal
velocity and deviatoric viscous stresses are neglected.
Isostatic compensation of the crust is also assumed.

[6] The western and southern borders of the model
domain are chosen to coincide with the location of the
Mid-Atlantic Ridge and the Africa-Eurasia plate contact
respectively. Velocity boundary conditions are applied along
these boundaries. The right border of the model domain lies
along the 45°E meridian, inside the intracratonic East
European Platform, where the transmission of stress from
the applied boundary forcing is expected to be relatively
small. The domain is discretized using planar finite trian-
gular elements sufficiently small in size (no bigger than 1° x
1° in central and northern Europe and 2° x 2° in the western
oceanic portion of the domain) to justify treating the surface
of each individual grid element as flat.
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[7] Next, we turn to a review of the governing equations
used in this study. In spherical coordinates the deviatoric
components of stress are related to the velocity components

Uy, ug, and ug, by
2u /0
Tee=7u(%ue+ur) (1)

20 A

oo 7<m%u¢+uecot9+ur) (2)
o = ZLLgu,. 3)

Too = % (ﬁ (% up + %mb — U cot 6) )
Ter:%(rgue +%“r‘“9> (%)

Tor = % <r%u¢ + SllTe %Mr - “d)) (6)

where p denotes the viscosity and 6, ¢, and r represent the
colatitude (south), east longitude, and radial distance from
the Earth’s center. In the same coordinate system the 0, ¢,
and r components of the momentum equations are then
[Schubert et al., 2001]
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790" T sin0 8¢Oeo or
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0" T 1 sind 90

+/=0 ©)
where f, denotes the gravitational body force term. As usual,
the stress can be written as

(10)

O','j = "I','j *]70611

where p, is the hydrostatic pressure.

[8] Under our assumption that only horizontal tectonic
forces are active, and since basal shear stresses are absent,
the components 0,9 and o,,, within these general equations
may be neglected. As detailed in Appendix A, applying
both the constitutive equation for an incompressible, vis-
cous material and the conditions for isostatic balance, the
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Figure 1. (a) Finite element grid adopted for the tectonic predictions described in this study. The grid
distinguishes three major blocks, or subdomains: The European, East European Platform, and
Mediterranean. The yellow arrows at the left side of the domain represent ridge push forces. The
counterclockwise rotation of the African plate with respect to the European plate, adopted from NUVEL-1A,
is reflected by the red arrows at bottom left. The velocities along the Aegean Trench (blue arrows) were
geodetically determined by McClusky et al. [2000]. The southern border between the model domain and the
Arabian region is held fixed ( pink triangles), while the right (eastern) boundary of the model is assumed to be
shear stress free (red dots). (b) Crustal thickness variation used in the analysis.
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momentum equations reduce, after integration over the
thickness of the lithosphere, to

0 1 o (/1 0
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where [ denotes the vertically averaged viscosity of the
lithosphere. In equations (11) and (12), S is the crustal
thickness, L is the lithospheric thickness, p. and p,, denote
the densities of the crust and lithosphere, respectively, g is
the gravity, and R is the radius of the Earth. The third
unknown, wu,, is eliminated from these equations by
invoking incompressibility and by assuming that the radial
strain rate (0/Or)u, vanishes. Under these assumptions, u,
may be expressed as

B 8ue+ 1 ug
“r=7200 " sing 9o

Thus the thin sheet model is a reliable predictor of the
horizontal components of velocity field uguug only.

[9] Once the crustal thickness,S and‘beundary conditions
are specified, the numerical integration of equations (11)
and (12) yields the stationary (tectonies deformation field.
Within each finite element, the,velocity is approximated
by linear polynomial interpolating functions and numerical
integration is performed by. Gaussian quadrature with
7 integration points.

[10] We performed a series of 9 numerical ‘“‘tectonic
deformation” experiments ySummarized as models 1-7
and 16—17 in Table 1. The models are distinguished in
terms of the adopted lithospheric viscosity and imposed
velocity boundary condition along the North Atlantic Ridge.
We next discuss each of these model inputs.

[11] A distinct viscosity can be applied to each element of
the model grid, and this permits incorporation of lateral
variations in lithospheric strength. For this purpose, the
European lithosphere is treated as the reference subdomain
with a prescribed reference (i.e., fixed) viscosity. We veri-
fied that for the homogeneous model the predicted velocity
pattern is controlled by the velocity boundary conditions
and that it is unaffected by changes in the lithospheric
viscosity in the range 107 to 10?° Pa s; we have chosen the
value of 10%° Pa s as reference viscosity since it guarantees
numerical stability once lateral viscosity variations are
introduced.

[12] Two other (assumed isoviscous) lithospheric subdo-
mains are considered in this analysis. The first corresponds

—l—uecote} (13)
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Table 1. List of Model Types Considered in the Analysis

Ridge Velocity Boundary

Model Rheological Heterogeneities Conditions, mm/yr

1 no rheological heterogeneities 0.0
2 no rheological heterogeneities 1.0
3 no rheological heterogeneities 5.0
4 stiff East European Platform 0.0
5 stiff East European Platform 5.0
6 soft Mediterranean subdomain 0.0
7 soft Mediterranean subdomain 5.0
8 GIA, Milne etsal. [2001]

9 model 8 plus,model 1

10 model 8 plus model 2

11 model 8splus model 3

12 model 8 plus model 4

13 model.8 plus model 5

14 model 8 plus'model 6

15 model 8 plus model 7

16 model 4 plus model 6

17 model.5 plus model 7

18 model 8 plus model 16

19 model 8 plus model 17

to the so-called “Mediterranean subdomain,” extending

from the Tyrrhenian Sea to the eastern limit of the Panno-
nian Basin through the Adriatic Plate (Figure la). The
Mediterranean subdomain is, in particular, an assemblage
of different structural units (e.g., the Adriatic plate, Tyr-
thenian Sea, and Pannonian Basin); however, our simplifi-
cation is motivated by our focus on the long wavelength
deformation pattern of the tectonic boundary forcing. The
second lithospheric subdomain is the East European Plat-
form, which encompasses most of the Caledonian Defor-
mation Front (Figure 1a).

[13] We note that our modeling has some similarities to
earlier work by Grunthal and Stromeyer [1992]. They
modeled the stress field in central Europe by making use
of an elastic rheology with laterally varying rigidities that
simulated different tectonic units; in our analysis we adopt a
viscous fluid with laterally varying strength and compare
our predictions to geodetic observations.

[14] Thevelocity boundary conditions we apply are relative
to the Eurasian plate, which is considered fixed. The velocity
of Africarelative to Eurasia is prescribed by NUVEL-1A (red
arrows, Figure 1a) and the pattern reflects an Africa-Eurasia
continental convergence of the order 1 cm/yr. Note that these
velocities impose a counterclockwise rotation of the Africa
plate with respect to Eurasia. Relative to a fixed Eurasia, we
also consider the ridge push forces acting along the North
Atlantic Ridge. In our simulations these forces are parame-
terized in terms of velocity boundary conditions applied along
the ridge; they thus simulate the line forces acting along
the plate boundary, as described by Richardson et al. [1979].
(To emphasize that these velocity boundary conditions are not
derived in the same manner as those related to Africa-Eurasia
convergence, we make use of a different symbol along the
Atlantic Ridge; specifically, the thick yellow arrows denote
the parameterization of the line force in terms of velocities
with respect to a fixed Eurasia.)

[15] The line forces normal to the ridge have been
evaluated from the eigenvalues of the stress tensor within
those elements whose left sides define the ridge. Along the
westernmost part of the Atlantic Ridge, our predicted ridge
push forces range from ~10'? N/m, for an imposed velocity
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boundary condition of about 1 mm/yr, to ~10"* N/m or a
velocity boundary condition of 5 mm/yr; this last value
represents an upper bound for ridge push forces [Richardson
and Reding, 1991]. We note that these imposed velocities are
not taken as constant along the ridge but rather are scaled with
respect to the spreading velocities deduced from NUVEL-1A.
In this regard, imposed velocities of 1 and 5 mm/yr are of the
order of 1/20th and 1/4th of the full spreading rate (~2 mm/yr)
according to NUVEL-1A.

[16] Along the Aegean trench, velocities at six sites
determined geodetically by McClusky et al. [2000] are
applied to an equal number of nodes in their vicinity (blue
arrows, Figure la), from west to east: LOGO (25 mm/yr),
LEON (33 mm/yr), OMAL (30 mm/yr), ROML (32 mm/yr),
KAPT (33 mm/yr), and KATV (30 mm/yr). These velocities
reflect trench subduction forces along this boundary and
represent the velocity of these geodetic sites with respect to
Eurasia.

[17] The eastern boundary of the model domain is held
fixed. To avoid large effects from artificial stress accumu-
lation, we have imposed a shear stress free boundary
condition at this location (as indicated by the red dots along
the right boundary of the model). The imposed conditions
along the eastern boundary would be consistent with a
possible decoupling between the western and eastern parts
of the Eurasia plate [Molnar et al., 1973]; these conditions
imply that we are assuming that all the intraplate deforma-
tion of Eurasia due to Africa-Eurasia convergence and
Atlantic Ridge push takes place within the model.domain.

[18] The contact between the East European Platform and
Arabian Plate is held fixed, as indicated by, the/pink
triangles in the southeast part of Figure lasNUVEL-1A
indicates a north directed velocity on thissboundary. How-
ever, as discussed by Jiménez-Munt et al. [2003], the local
stiffness of the lithosphere and ‘the, existence of a trans-
current fault at the northern boundary of the Arabian Plate
produce little long-wavelength deformation to the north,
where the (ITRF2000 and BIFROST) sites we will be
considering are located.

[19] Since we are consideringyEurasia as fixed, our
modeled velocity fields'will.not contain any rigid rotation
of Eurasia with respect to asglobal reference frame. Rather,
these motions will represént velocities (that is, intraplate
deformations) superimposed,on any rigid plate motions.

[20] Finally, the crustal thickness variation used in the
analysis has been obtained by linear interpolation onto the
adopted grid of model CRUST 2.0 [Bassin et al., 2000;
http://mahi.ucsd.edu/Gabi/rem.html] (Figure 1b).

2.2. Glacial Isostatic Adjustment

[21] We model glacial isostatic adjustment (GIA) using a
Love number formalism [Peltier, 1974] valid for a spheri-
cally symmetric, self-gravitating and (Maxwell) viscoelastic
Earth model. The model is elastically compressible, and the
radial elastic structure is prescribed by the seismic model
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PREM [Dziewonski and Anderson, 1981]. We adopt a
combination of Late Pleistocene ice history and radial
viscosity profile that has been shown to provide an excellent
fit to the three-dimensional crustal velocities estimated using
the BIFROST Fennoscandian GPS network [Johansson
et al., 2002; Milne et al., 2001]. Specifically, the ice model
is composed of the global ICE-3G deglaciation model
[Tushingham and Peltier, 1991] with the Fennoscandian
history replaced bysthe model of Lambeck et al. [1998].
The viscosity profile, is' characterized by a high viscosity
(effectively elastic) lithesphere of thickness 120 km, an
upper mantle viscosity of 8¢'10° Pa s, and a lower mantle
viscosity of 10%* Pa s.

[22] The predietion of the three-dimensional crustal
velocity field.issbased”on a spectral formalism described
by Mitrovica et al..[1994a] and extended to include rota-
tional effects,by Mitrovica et al. [2001]. This theory
requires/a gravitationally self-consistent ocean load compo-
nent of thetotal (ice plus water) surface mass load and this
is_generated using the sea level theory described, in detail,
by Milne et al. [1999].

3. Sample Model Results: Tectonic Crustal
Velocity

[23] For the purposes of brevity, we will show velocity
and baseline rate patterns for only a subset of the tectonic
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models listed in Table 1; our goal is to explore the impact of 320

lateral viscosity variations and the boundary condition along
the Atlantic Ridge on the predictions. In the final results
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section (section 6) we perform a statistical analysis of 323

predictions based on all the models in Table 1 in order to
find the best fitting (relative to the geodetic constraints)
combination of GIA and tectonics deformation models.

[24] The first three models in Table 1 are distinguished on
the basis of the imposed velocity boundary condition along
the North Atlantic Ridge. All other boundary conditions
are as specified above. The horizontal velocities predicted
for these three models are shown in Figures 2a—2c,
respectively.

[25] Figure 2a isolates the influence of Africa-Eurasia
convergence on the intraplate velocity pattern within the
model domain. In this case, the predicted intensity of the
crustal velocity gradually diminishes from ~2 mm/yr at
latitudes of 45° along the Alpine front to 0.2 mm/yr in
central Fennoscandia. Clearly, the velocity field driven by
the African indenter extends, with a northwestern direction,

324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339

through the whole of central Europe, with the isocontours of 340

velocity being roughly parallel to the collision front.

[26] When a velocity boundary condition of 1 mm/yr is
applied along the North Atlantic Ridge (Figure 2b), in order
to parameterize ridge push forces, we notice in central and
northern Europe a rotation from NW to NE in the velocity
pattern. Furthermore, with respect to Figure 2a, the velocity
is increased throughout the western part of the study

Figure 2. Predictions of horizontal crustal velocities generated using our finite element tectonic model (arrows and color
contouring). The models are all based on a homogeneous lithosphere with viscosity of 10?° Pa s, and they are distinguished
on the basis of the velocity boundary conditions applied on the North Atlantic Ridge. Specifically, these conditions are (a) 0,
(b) 1/20, and (c) 1/4 of the full spreading velocity given by the NUVEL-1A model at each point on the ridge. These models

are labeled 1-3, respectively, in Table 1.
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domain; an increase from 0.2 to 0.5 mm/yr is obtained at the
latitude of Fennoscandia.

[271 When the velocity along the Atlantic Ridge is
increased to 5 mm/yr (leading to an upper bound on ridge
push forces, as described in section 1) (Figure 2c), the
tectonic velocity in England and Fennoscandia reach mag-
nitudes of ~3 to ~2 mm/yr, respectively. In this prediction
the imprint of both the western and southern boundary
forcing are clearly evident in the tectonic velocity field.
Indeed, along the Alpine Front, north directed motions up to
~4 mm/yr are predicted in Figure 2¢, and to the north of this
region, sites in central Europe are now characterized by an
eastern component of motion.

[28] The velocity patterns shown in Figure 2 represent the
intraplate deformation predicted in the case of homoge-
neous viscosity models and the magnitudes achieved when
ridge push forces are large (Figure 2¢) do not, in this case,
appear to be realistic.

[20] Next, we explore the effect of incorporating lateral
variations in lithospheric stiffness into the tectonic model.
Figures 3a and 3b show the model predictions when a
viscosity increase of two orders of magnitude in the East
European subdomain with respect to the reference viscosity
(10% Pa s) is taken into account. The two runs are distin
guished on the basis of the velocity boundary condition
applied along the North Atlantic Ridge, either 0.0 mm/yr
(Figure 3a, model 4) or 5 mm/yr (Figure 3b, model 5).

[30] Stiffening of the lithosphere within the East European
Platform has the most pronounced effect on predicted
tectonic velocities within that region. Specifically,)pro-
nounced velocity gradients as one moyes, north, to.south
across the platform in Figure 2a are reduced considerably in
Figure 3a. The net result is a nearly constant crustal’'velocity
of ~0.6 mm/yr across a large portion of the stiffened craton,
including Fennoscandia (Figure 3a), Theydirection of the
velocity is also altered (we return to thisypoint in Figure 4a).

[31] The stiffened lithosphere ‘acts to ‘shield the Baltic
region and Fennoscandia from the, westward directed
velocity driven by the ridge and.induces a further reduction
of gradients in the tectonic velocityufield within a stiffened
East European Platform¥(Figure 2¢, model 3, compared to
Figure 3b, model 5). As an example, consider a profile
from 0°E to 40°E along{50°N latitude: with respect to
Figure 2c the velocity is reduced in Figure 3b from 3—
4 mm/yr to 2—3 mm/yr between 0° and 10°E longitude and
from 2-3 mm/yr to 1-2 mm/yr between 10° and 40°E
longitude. Stiffening of the East European Platform thus
results into a reduced velocity within northern Europe
and Fennoscandia even if a significant velocity boundary
condition is applied along the North Atlantic Ridge.

[32] Models 6 and 7 are defined by a one order of
magnitude reduction of the viscosity within the Mediterra-
nean lithosphere (Figures 3¢ and 3d, respectively). A
comparison of Figures 3c and 2a, for example, indicates
that a large amount of the deformation driven by the
boundary conditions to the south takes place in the weak-
ened lithosphere; this results in velocity gradients being
significantly localized to the Mediterranean. Note that the
relatively small velocities within Fennoscandia in Figure 2a
extend well south into central Europe in Figure 3¢ (see also
the detail of Figure 3¢ given in Figure 4b). Clearly,
intraplate deformation in Europe due to Africa-Eurasia

convergence is sensitive to the amount of deformation 410
which takes place within the Mediterranean lithosphere. 411

[33] Model 7 introduces a velocity along the North 412
Atlantic Ridge into the simulation characterized by a 413
weakened Mediterranean lithosphere, and the result 414
(Figure 3d) can be compared to Figure 2¢. Clearly, weakening 415
the Mediterranean subdomain allows the eastward directed 416
velocity driven by the Atlantic spreading to extend more 417
deeply into Europe. Note, for example, the dramatic eastward 418
migration of the 4 mm/yr contour in Figure 3d relative to 419
Figure 2c. 420

[34] Figure 4a provides adetail of the model 4 predictions 421
within the East European ‘Platform. Stiffening the litho- 422
sphere in this region has resulted into a broad motion of the 423
platform toward. the"southwest, that is toward the litho- 424
spheric (European,. Mediterranean) subdomains of lower 425
viscosity. Figure 4b'is an enlargement of the model 6 result. 426
Relativesto a model with the stiffened East European 427
Platform (Figure 3c), lowering the viscosity in the Mediter- 428
ranean subdomain has the effect of inverting the predicted 429
direetion of motion in Fennoscandia from SW to NE with 430
respect ito’ Figure 4a and reducing the magnitude of the 431
velocity from 0.8—1.0 to 0.2—0.3 mm/yr in the same region. 432

[35] The results in Figures 1—4 indicate that the ampli- 433
tude’and direction of predicted horizontal velocities at sites 434
located well away from plate boundaries are sensitive to the 435
adopted modeling parameters. As an example of the latter, 436
consider Fennoscandia. Varying of model parameters 437
above led to a suite of predictions for this region (e.g., 438
see Figure 4). It is interesting to note, in this regard, that a 439
number of these predictions yield amplitudes comparable 440
to the “residuals” obtained by subtracting best fit GIA 441
predictions from GPS-determined horizontal crustal veloc- 442
ities [see Milne et al., 2001, Figure 6b]. We return to each of 443

these points in section 5. 444
4. Sample Model Results: GIA-Induced 3-D 445
Crustal Velocity 446

[36] The 3-D velocity fields predicted by models of 447
GIA have shown relatively consistent patterns [James and 448
Lambert, 1993; Mitrovica et al., 1993, 1994b; Peltier, 1998], 449
and the general forms of these predictions were confirmed by 450
comparison with results from the dense GPS network 451
BIFROST [Johansson et al., 2002; Milne et al., 2001]. 452

[37] As an illustration of the expected patterns of GIA, in 453
Figure 5 we show maps of present-day radial and horizontal 454
crustal velocities predicted using the GIA model summa- 455
rized in section 2 (model 8, Table 1). As discussed above, 456
the ice and Earth model combination adopted in the model 457
was shown by Milne et al., [2001] to provide an excellent fit 458
to the BIFROST observations. Figure 5 shows the geometry 459
of 3-D crustal adjustment over the region considered in 460
Figures 1—4 and is thus an extension of Milne et al. [2001, 461
Figure 3] plots which were limited to Fennoscandia. 462
Figure Sa is characterized by radial uplift reaching 463
~11 mm/yr over Fennoscandia and subsidence of several 464
millimeters per year within a peripheral bulge that extends, 465
for example, well into central Europe. 466

[38] Horizontal motions are directed outward from the 467
center of deglaciation, and are close to zero at this center, 468
eventually reaching a maximum amplitude (~6 mm/yr) near 469
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Figure 3. Same as Figure 2, except for models 4—7 of Table 1, respectively. In particular, (a) and (b)
Models in which the East European Platform is 2 orders of magnitude stiffer then the reference
European subdomain (models 4 and 5, respectively). (c) and (d) Viscosity of the Mediterranean
subdomain, which is reduced by 1 order of magnitude relative to the reference value of the European
subdomain (models 6 and 7, respectively). Furthermore, these models sample cases in which the velocity
condition applied along the North Atlantic Ridge (in order to model ridge push forces) is either zero
(Figures 3a and 3c) or 1/4 (Figures 3b and 3d) of the NUVEL-1A full spreading velocities, ~0.0 or

5.0 mm/yr, respectively.

the location of the northwestern edge of the ice sheet at the
Last Glacial Maximum (LGM). At further distance, the
amplitude of the horizontal motions diminishes until a
pattern of inward directed (i.e., toward the ancient Fenno-
scandian ice complex) horizontal motions emerge.
GIA-induced horizontal motions due to the unloading of

Fennoscandian ice are more symmetric about the center of 476

deglaciation than the patterns in Figure 5. The asymmetry in
the horizontal motions in Figure 5 (amplitudes of the
outward motions are higher in the northwest than the
southeast) is due to a combination of rotational effects
and the far-field adjustment due to unloading of Laurentia
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Figure 3.

(which is characterized by motions in the northwest direc-
tion toward Laurentia) [Milne et al., 2001].

5. Baseline Rates: ITRF2000-BIFROST
Data and Sites

[39] In this section we compare our tectonic and GIA
predictions to the GPS data available for the study domain.

(continued)

For this purpose we compare predicted and observed values 488
of baseline rates (i.e., length changes) for baselines defined 489

with respect to three reference sites: POTS (Potsdam, 490
Germany); ONSA (Onsala, Sweden), and VAAS (Vaas, 491
Finland). 492

[40] These sites are expected to have varying levels of 493
deformation associated with tectonic and GIA processes. As 494
suggested by the predictions shown in Figures 1—4, tectonic 495
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Figure 4. Details of the velocity predictions for (a) model 4 and (b) model 6.

velocities associated with boundary forcing at the African-
Eurasia-Aegean plate contact tend to decrease as one moves
northward (POTS, ONSA, VAAS), although forcing from
the spreading along the Atlantic Ridge clearly complicates

this simple geometry. Since VAAS lies near the center of the 500
Fennoscandian ice complex at its greatest extent, the GIA- 501
induced radial motions are near a maximum, while the 502
associated horizontal motions are relatively close to zero. 503
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Figure 5. Maps showing radial (colors) and horizontal (arrows) crustal velocity predicted by the GIA
model (model 8, Table 1) described in detail in the text. (a) Global view. (b) Enlargement of the
Fennoscandia region.

(Choosing VAAS as a reference site also has the advantage
that it appears in both the BIFROST and ITRF2000 data-
bases.) The ratio of horizontal to radial GIA motions

predicted radial motion is ~3 mm/yr versus a horizontal 509
velocity of ~1.5 mm/yr. POTS, which lies on the peripheral 510
bulge of the GIA-induced crustal motion, is characterized 511

increases as we move from VAAS to POTS. ONSA is near
the edge of the Fennoscandian ice sheet at LGM; the

by predicted radial and horizontal motions of ~—1 and 512
~2.5 mm/yr, respectively. 513
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extension and red shortening, according to (a) ITRF2000 and (b) BIFROST data sets. Grey inverted
triangles indicate the ITRF2000 sites while triangles indicate BIFROST sites.

[41] The baseline rate, BL, is formally given by

d(BL)
o1

(r —n)
ri — 12

=(Vi—=Va)-

(14)

which defines a projection of relative velocity between sites
1 and 2, (V; — V,), onto a unit vector in the direction of
the baseline vector extending from site 1 to site 2, ((r; — rp)/
[r; — rp|). As discussed in section 2, our thin sheet tectonic
model yields predictions of horizontal motion only, and thus
in this case the baseline rates are predicted on the basis of
this component. This limitation should not introduce
significant errors since the applied tectonic forcings would

not be expected to produce large vertical velocities at the 524
European sites. In contrast to this aspect of the modeling, 525
the GIA baseline predictions are based on a 3-D response 526
theory, reflecting the significant vertical and horizontal 527
contributions to the velocity field induced by ice-ocean 528
surface mass loading. 529

[42] To begin, we consider the observed baseline rates 530
with respect to the reference site VAAS. Figures 6a and 6b 531
show the location of baselines associated with ITRF2000 532
and BIFROST data sets, respectively, where the observed 533
dominant extension is denoted by blue and the observed 534
shortening by red. The sites in Figure 6 listed as BIFROST 535
sites include, in addition to sites in the actual BIFROST 536
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Figure 7. Predicted baseline rates for baselines referenced to the site VAAS, where blue indicates
extension and red shortening for (a) model 8, (b) model 1, (c) model 5, and (d) model 7.

network, a set of five other sites (HERS, MADR, BRUS,
KOSG, POTS, WETT, RIGA) that were included in crustal
velocity solutions published on the BIFROST Web site
(http://www.oso.chalmers.se/~hgs/Bifrost 01/index.html).
We will henceforth refer to all these sites as “BIFROST
sites,” but the reader should be aware of the distinction.

[43] Figure 7a shows our GIA prediction (as in Figure 5)
of the sign of the baseline rate for all the VAAS-referenced
baselines in Figure 6. Except for some inconsistencies with
a few southerly directed baselines, the GIA model captures
the major feature of Figure 6, namely, the dominant exten-
sion in the ITRF2000 and BIFROST data.

[44] Since postglacial adjustment in Fennoscandia is
characterized by horizontal motions directed outward from

the center of the ancient ice complex (i.e., near VAAS),
widespread extension along the short BIFROST baselines
(Figure 6b) is expected. The origin of the widespread
extension for the longer ITRF2000 or BIFROST baselines
extending to central and southern Europe (Figures 6a and 6b),
and in particular the role of GIA in this pattern, is less
obvious. To explore this issue, consider again Figure 5. As
described above, the horizontal velocity field is character-
ized by outward directed motions within Fennoscandia,
changing to motions toward Fennoscandia at the periphery.
On the basis of this prediction, one might expect that GIA
would induce shortening in the longer (VAAS to central/
southern Europe) baselines within Figure 6a. However, as it
is clear from equation (13), both horizontal and radial
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motions contribute to these rates. From Figure 5, VAAS is
predicted to be uplifting at a rate close to 1 cm/yr, while
central and southern European sites, which lie within the
peripheral bulge of Fennoscandia, are subsiding at lower
rates. The net contribution of this uplift and (more moder-
ate) subsidence is to extend the baselines. Indeed, this signal
is sufficient to counter the baseline shortening associated
with the GIA-induced horizontal velocity field and the net
result is consistent with the pattern of widespread extension
evident in the longer baselines in Figure 6a. Of course, these
arguments refer primarily to the net sign of the GIA-induced
baseline rate, rather than the amplitude, and we explore the
latter in detail in Figure 8.

[45s] Figures 7b—7d show predictions of baseline rates
generated from a subset of our tectonic models. Figure 7b

(continued)

summarizes results based on model 1 (Table 1), character-
ized by a homogeneous lithosphere, Africa-Eurasia conver-
gence, and no Atlantic Ridge forcing. In this case the
VAAS-referenced baselines show a general pattern of short-
ening, except for a limited extension for short baselines
connecting three sites east of VAAS. Except for this
extension, the style of baseline rates is opposite to the
observed pattern.

[46] This sequence of predictions is completed in
Figures 7c and 7d, where we summarize results for models
in which lateral variations in plate strength are introduced
(models 5 and 7, respectively). With respect to the
predictions of the homogeneous model (model 1,
Figure 7b), model 5 (Figure 7c) improves the fit to the
observed baseline rate pattern by yielding extension for
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baselines directed from southeast to south-southwest; how-
ever, the model predicts shortening for other baselines,
contrary to the observations. The results“in Figure 7d for
model 7 are broadly similar in form to model 5 predictions,
except for a further reduction in extension, forboth northerly
and southerly directed baselines.

[47] The amplitudes of the observed and predicted
VAAS-referenced baseline rates are compared in Figure 8,
where constraints provided by/the ITRF2000 and BIFROST
observations are denoted by the black’and grey vertical bars,
respectively. The baselinestingFigure 8 are ordered on the
basis of the latitude of the second site defining the baseline
(the first being VAAS), and for clarity, only a subset of these
are named at the top of the frame. (Note that the uncertain-
ties associated with the BIFROST data are significantly
smaller, on average, than the uncertainty in baseline rates
determined from the ITRF2000 database.)

[48] The red dots on the frame refer to the numerical GIA
predictions (i.e., the velocity fields of Figure 5 applied to
equation (13)). Note, first, the excellent fit of the numerical
GIA predictions to the well-constrained rates for baselines
within Fennoscandia. This fit is not surprising given that the
ice/Earth model combination used in the numerical predic-
tion was found by Milne et al. [2001] to “best fit” the
BIFROST-determined 3-D crustal motions. It is also clear
from the pattern of the red dots for latitudes south of 52°,
that the same numerical model, while yielding a pattern of
extension for baselines ending at central and southern
European sites (see also Figure 7a and the discussion above
concerning the origin of this extension), does not appear to
reconcile the observed amplitude of this extension. Indeed,
the baseline rates determined from ITRF2000 data are

perhaps a factor of 2—3 larger than the values predicted
by the GIA model alone.

[49] What is the source of the residual extension evident
in the VAAS to central/southern European baselines in
Figure 8? One possibility is that the observed VAAS site
velocity is in error. A second possibility is that the GIA
model is in error, perhaps because of errors in the adopted
ice history and radially stratified viscoelastic structure.
While there is certainly leeway in these models, any
alternative combination of these inputs must be constrained
to provide a comparable fit to the BIFROST data. To partly
explore this issue, we repeated the calculations in Figure 8 for
a series of Earth models in which either the lithospheric
thickness, upper mantle viscosity, or lower mantle viscosity
was varied from the values defining the Milne et al. [2001]
best fit case. These ranges, guided by the x> misfit analysis
presented by Milne et al. [2001], were 96—146 km, 0.5—
1.0 x 10*" Pa s, and 5-20 x 10*' Pa s, respectively.
None of these GIA models produced a VAAS-to-central/
southern European baseline extension significantly larger
than that evident in Figure 8. In future work we will
explore, in detail, this insensitivity and extend the analysis
to a more complete range of Earth model and ice history
cases.

[s0] The other possibility is that the residual signal evident
in Figure 8 for GIA originates from tectonic forcing. Our
tectonic predictions are given by the yellow squares (mode 1),
blue triangles (model 5), and green dots (model 7).

[s1] Model 1 predicts a shortening that tends to increase
as one moves toward the southern plate boundary, between
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the velocity pattern in Figure 2a driven primarily by the
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Africa indenter. Note that the extension evident for base-
lines ending at sites east of VAAS (Figure 7b) is of
insignificantly small amplitude. We can conclude that this
tectonic model does not impact the GIA fit to the BIFROST
baselines and adds to the residual associated with the longer
baselines.

[52] The tectonic model 5 yields some extension in
baselines ending at sites close to 50°N; however, it is
unable to explain the dominance of extension in the
observations for baselines extending from VAAS to sites
between 40° and 46°. North of 50°N, this model predicts
some limited extension and shortening but of amplitude
insufficient to corrupt the GIA results. The results for

model 7 are broadly similar to model 5 predictions in form,
but they tend to be displaced downward in the diagram; thus
shortening instead of extension is predicted for all baselines
ending at sites with latitudes higher than 56°N.

[53] In Figure 9 we turn our attention to baselines
referenced to the Potsdam site (POTS) in northern Europe.
Short BIFROST baselines defined by sites between 55° and
60°N are primarily in compression, while baselines extend-
ing to more northerly sites are in extension (Figure 9b). The
same pattern is evident in the ITRF2000 baselines extending
into Fennoscandia (Figure 9a). The ITRF2000 baselines
within northern, central and southern Europe are character-
ized by variable style. These baselines are predominantly in
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Figure 10. Predic}ed baseline rates for baselines referenced to the site POTS for (a) model 8, (b) model 1,

(c) model 5, and (d) model 7.

compression; however, a number of them show extension,
for example, a cluster of baselines defined by sites in the
southeast portion of Figure 9a.

[s4] Figure 10a shows predictions for the same set of
baselines generated using the GIA model described above
(model 8, Table 1). This model reconciles the pattern
evident in the northern baselines, in particular, a transition
from shortening to extension as one considers more north-
erly sites.

[55] In Figures 10b—10d we show POTS-referenced
baseline results generated by using the same three models
used to construct Figures 7b—7d, respectively.

[s6] The uniform lithosphere model 1 (Figure 10b) is
driven by forcing along the southern (Africa-Eurasia)

boundary and the resulting northward decrease in velocity
(Figure 2a) yields a shortening of all baselines, thus failing
to reproduce the extension of the baselines connecting sites
north of POTS.

[57] Figure 10c illustrates the impact on the POTS-
referenced baselines of stiffening the East European Plat-
form (model 5). The combined effect of a viscosity increase
in the Baltic Shield and a push from the Atlantic Ridge
reproduces the observed pattern of dominant shortening
between POTS and the Mediterranean and extension
between POTS and Fennoscandia. In reference to Figure 3b,
the effect of the shield is to maintain into southern and central
Europe the north directed motion driven by the Africa
indenter. The stronger platform acts to significantly reduce
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Figure 10.

the predicted tectonic deformation across central and northern
Europe, including Potsdam (compare Figures 2d and 3b).
As a consequence, sites clustered near the Africa-Europe
plate boundary in the southwest (latitudes 43° and 48°N)
are predicted to move toward a relatively more stationary
Potsdam, and the result is a predicted shortening of these
baselines. Figure 10c thus shows that a realistic tectonic
model characterized by a stiffening of the lithosphere in the
Baltic Shield and a velocity applied along the Atlantic
Ridge which simulates ridge push forces can reproduce
the dominant shortening of baselines from POTS south and
contributes to the extension north of this site.

[s8] For the final tectonic model of this sequence
(model 7, Figure 10d) the weakened Mediterranean sub-

40

(continued)

domain, in contrast to the strong Baltic Shield case, leads to
a decrease in horizontal motions as one moves north from
POTS through the Fennoscandian region (Figure 3d). As a
consequence, this model predicts shortening of baselines
ending with BIFROST sites.

[59] In Figure 11 a comparison between the amplitude of
the observed and predicted baseline rates is shown for
baselines referenced to POTS.

[60] The observed shortening of baselines ending at sites
within 56°—60°N appears to be somewhat overestimated by
the GIA model (red dots). For baselines ending with sites at
Potsdam’s latitude or below, the GIA model predicts a low
amplitude shortening, which is a consequence of both the
horizontal and radial motion patterns in Figure 5. The GIA
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pattern is broadly consistent with the observed rates,
although discrepancies for individual baselines cansbeflarge.

[61] Model 1 (yellow squares) predicts a shortening of
baselines ending in proximity to the south€rn boundary; this
shortening decreases as one moves to latitudes close to that
of the reference site POTS (50°—552N) andsthen increases
again (to up to 0.5 mm/yr) as one movesmorthward through
the BIFROST baselines. Note that the baselines in the
latitude range 50°—55°N are oriénted atwoughly \right angles
to the tectonic velocity field (Figure 2a) and this accounts for
the relatively insignificant rates predieted for these baselines.

[62] The tectonic modelus.(blue triangles) predicts a
shortening of all baselines” ending at sites below 60°N
(see also Figure 10c). As, a consequence of the stronger
platform, the forcing at theysouthern boundary is reduced
north to Fennoscandia and the result, relative to the POTS
site, is an extension of such baselines north of 60°N. We
note that model 5 yields a rather good fit to the POTS
baselines for sites within the range 46°—60°N. The model
also yields a moderate (fraction of a millimeter per year)
extension in the baselines ending at the more northern
BIFROST sites. The weakened Mediterranean subdomain
(model 7, green dots), in contrast to the strong Baltic Shield
case, leads to shortening of comparable amplitude to that
predicted by model 5 for sites south of Potsdam. Model 7
predicts a shortening, instead of the extension evident in the
model 5 results for sites north of Potsdam.

[63] Finally, Figure 12 compares predictions with obser-
vations for baselines referenced to ONSA. Both observa-
tions and model predictions suggest patterns similar to those
of Figure 11. The GIA model simultaneously reconciles the
tendency for shortening on baselines ending south of ONSA
and the extension in the (northern) BIFROST baselines.

Model 1 yields shortening for baselines ending at sites
between 40° and 50°N. The behavior of model 5 is similar
to the Figure 11 results, except for some scattered shorten-
ing for latitudes north of 60°. Model 7 also predicts a pattern
of shortening for ONSA baselines extending to sites south
of 52°N. This shortening becomes negligible when sites
between 54° and 58°N are considered, while it is of highly
variable amplitude when considering baselines ending at
sites north of 60°N.

[64] The results shown by Figures 8, 11, and 12 may be
summarized by noting that the GIA model performs best for
the baselines connecting the three reference sites to sites
located north of 58°—~60°N. The same conclusion holds for
southerly directed baselines when VAAS is the reference site.
For the reference sites ONSA and POTS, GIA underesti-
mates the shortening observed for the baselines connecting
sites south of about 58°, while the tectonic models generally
provide for an improved fit as far as this shortening is
concerned. Among the tectonic models, the best performing
cases are those characterized by lateral viscosity variations,
either in the Baltic Shield or in the Mediterranean subdo-
mains, since in both cases the predicted tectonic shortening
does not reach Fennoscandia (and thus does not corrupt the
excellent fit obtained by the GIA model in this region).

[65] In section 6 we perform a statistical (x*) analysis in
an attempt to more robustly quantify the deviation between
model predictions and observations and isolate a “best
fitting” combination of GIA and tectonic models.

6. The x* Analysis

[66] To complete this study, we perform a x> analysis to
determine which of the 19 models in Table 1 best fit the
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Figure 12. Amplitudes of the predicted baseline rates, with respect to ONSA, for the baselines shown in
Figures 7a—7d, for model 8 (red dots), model ‘1 (yellow dots), model 5 (blue triangles), and model 7
(green dots), compared to the observed valuestof baseline rates (black and grey vertical bars have the

same significance of Figure 8).

observations. For this purpose, we will censider JTRE2000
baselines only; the GIA model 8 was tuned to"best fit
BIFROST baselines; as we have seen, thisiprocedure
yielded small residuals and thus little scope for neotectonic
deformations [Milne et al. 2001]

[67] Let us define the usual X statistic for the perfor-
mance of the mth model as

u BRoi_BRrr;iz
:Z( )

2
Ooi

(15)

i=1

where BR,,; and BR,; denote the ith component of vectors
whose components correspond to the values of the modeled
and observed baseline rates, respectively. The variance
associated with the ith baseline rate is o%;, and N represents
the total number of baselines.

[68] In Figure 13 we plot the x* misfit computed for each
of the 19 models in Table 1 for the set of ITRF2000
baselines. It is clear from Figure 13 that model 14, which
combines the tectonic model 6 with the GIA model 8,
provides the best fit to the observations. As we discussed
above, model 6 is characterized by a soft Mediterranean
subdomain: this region acts to reduce the impact of tectonic
forcing due to Africa-Eurasia convergence at sites north of
Potsdam, and thus it preserves the fit to northern baselines
achieved by the GIA model. In this regard, we note that the
next best x? value is achieved by model 5, which reduces
the tectonic deformation for sites north of Potsdam by
stiffening the Baltic Shield.

[69] The results in Figure 13 do not represent an exhaus-
tive investigation of model space. However, Figure 13
demonstrates that a combination of tectonic and GIA

models has the potential to improve misfits to observed
baseline rates over continental Europe.

7. Final Remarks

[70] We have predicted the effects of tectonics on baseline
rates within Europe using a suite of thin sheet models
intended to sample the sensitivity of the results to changes
the Atlantic Ridge forces and to the presence of lateral
variations in lithospheric strength. We have compared these
results to GIA predictions and to observed baseline rates
relative to three reference sites; VAAS, ONSA, and POTS.
Our analysis suggests that geodetically inferred deformation
of the broad region represents a complex interplay between
deformation associated Africa-Eurasia convergence, GIA,
and Atlantic Ridge spreading. Furthermore, each of these
signals has a distinct geometric impact on the European
region, and this has been highlighted by predictions asso-
ciated with the three reference sites. Not surprisingly,
Africa-Eurasia boundary forces have the strongest impact
on baselines rates within the southern part of Europe. While
GIA strongly dominates the deformation signal for the
northern (Fennoscandian) baselines, nonnegligible contri-
butions from this process are evident for baselines within
central and southern Europe. Southerly directed baselines
from POTS and ONSA clearly indicate that tectonics plays
an increasingly important role toward the Alpine front and
Mediterranean domain. We also note that lateral variations
in lithospheric strength have a major impact in moderating
deformation patterns associated with tectonic forcing. We
considered two classes of such models; the first was
characterized by a stiffening of the Baltic Shield, while
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Figure 13. Results of the x* analysis (see text forla detailed discussion) for the performance of the

models listed in Table 1.

the second involved a weakening of the Mediterranean
domain. .

[71] When the ITRF2000 data set is considered,’a com-=
bined model characterized by a tectonic prediction with a
weakened lithosphere in the Mediterranean subdomain and
the standard GIA prediction yields the best fit. This indi-
cates that both intraplate tectonic deformations and, GIA
must be taken simultaneously into account to re¢oncile the
broad style of intraplate deformation in Europe.

Appendix A: Mathematical Detalls of the
Tectonic Model

[72] Introducing equation (10) mto equatlons (7) and (8),
we obtain

o 9 d b
~ 56t 5™ T e 68¢ Toy + 753 Ter+(TGS_T¢¢)COte
+ 370, =0 (A1)
1 0 B () b
“sin0 967 T30 T sin0 g e T gy e T 3Ter
=+ 2TO() cotd =0 (Az)

[73] Assuming zero basal shear stresses and the domi-
nance of horizontal tectonic forces, the components ,¢, 0,
within these general equations can be neglected. The
corresponding equations, averaged through the lithospheric
thickness, take the following form:

a_ 0 1 0
—%P-i-ae Top + = Sin ad)’re(b + (Top — Tyo) cotO =0 (A3)
1 0_ 0_ 1 0 B
_ma—(bp-i-%ﬂte Slnea¢T¢¢+2T¢eCOte 0 (A4)

where we must emphasize that all the fields are averaged
values over the lithospheric thickness.

[74] In order to obtain the average pressure, p, we follow, 890
myspherical geometry, the procedure described by England 891
and McKenzie [1981]. We use the third Navier-Stokes 892
equation 893

1o, 10
raec’e rsinf 0b
+ =0

1
—— 0 + O + . (20, — 049 — T6¢ + T4 COLO)

(AS)

which becomes, after having neglected the shear stress 895
components, 896

0

1
a. Yrr -2 o — Yo r = A
3r0 - [ o Goo — O ¢] fr=0 (A6)

Making use of the incompressibility condition and assuming 898

that the radial strain rate is zero, we finally obtain 899
0
" r = 0 A7
570 T (A7)

with f, = —p g, where g is the gravity and p is the density. 901
Integrating equation (A7) over the lithospheric thickness, 902
we get 903

— / odr+ £(0.6) (A8)

where 7, defines the base of the lithosphere. Since the 905
system is assumed in isostatic equilibrium, 906

f6,6) = — (A9)

(pressure at the base of the lithosphere). Thus, in terms of 908
deviatoric stress, equation (A9) becomes 909

—p:g/ pdr — po (A10)
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The average pressure required by equations (A3) and (A4)
is obtained by integrating this expression over the total
thickness of the thickened lithosphere:

1 ro+L+h

p= T p(r)dr (A12)

where / is the topographic altitude. This integration yields

1 I Pe
P =58l +580. 7 (1 —p—) (A13)

m

where p,,, p, L, and S are the densities of the mantle and
crust and the thickness of the lithosphere and crust,
respectively.

[75] Using expressions (1), (2), and (4) for Ty, Te and
Toe In equation (A3), and making use of expression (A13)
for p, we derive our final result:

— Uy cot e):l

9 20 9 +u +L£ i Lg +a
00 " (%Me sinf c‘)d) sin® do 1o

+ |20 9 —Lﬁ — upcoth
o aeue : 68¢>u¢ 20
gpc _ Pl 2 2 )
coth == o (1 pm>69S (A14)
2 i Lg +2 — t0 ]
2 |"\sinb 96" " ap"0 100
b O (L O, heate ¢
sin® dd sin 0 Bd> 30" B 8§ r
e 1 9
=+ |:2|\L(%ud) +ma—¢ue —u¢cot9)} cot@
_gp.R pe) 150" 5 '
C2L (1 )sme 8¢S (AL5)

where R is the radius of the spherical Earth.
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