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Relativity and Quantum Mechanics 2

Classical Mechanics

Smaller Sizes (h)

Newton

From our experience we are not used to relativistic and quantum
mechanical phenomena. That’s why we find it counterintuitive.

A i) ~ Feynman
Quantum Field Theory
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A “Gedanken” Experiment

Einstein's Light Box
(after a drawing by Bohr)
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Bohr and Einstein at Ehrenfest’s home in Leiden

A useful tool: Thought experiments:
Consider an experiment that is not limited by our level of technology.
Assume the apparatus works so perfectly that we only test the limits of the laws of nature!




The Story Sofar 4

Postulates of Special Relativity

Two observers in so-called inertial frames, i.e. they move with a
constant relative speed to each other, observe that:

1) The laws of physics for each observer are the same,

2) The speed of light in vacuum for each observer is the same.

Astronaut ¢ = 300 000 km/s Astronaut EpESD LIMIT
with flashlight flying in 299,792 458
P
-

spaceship
Light

o’.."-i-./\/\.).m.» mc
A < Al ‘B

3 x 108 m/s 1 % 108 m/s N

“Absolute velocity” is meaningless.




The Story Sofar: Principle of Relativity 5

The Sun and earth move in space

with a speed of 828000 km/h.
We do not notice it!




The Story Sofar: Simultaneity

Bob: “Strikes A and B are simultaneous”
Alice: “Strike B happens before A”

415 the speed of light
>
D Alice




The Story Sofar: Time Dilation and Lorentz Contraction

A Time Dilation
Time slows dowr
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The Story Sofar: A Real Experiment 8

Muon particles are created at 10 km height. They have a half-

lifetime of 1.56 us, too short to reach the ground, but:... Qut of a million
H 5 particles at 10 km, miﬁu:%mm

how many will height.
reach the Earth?

Primary cosmic ray

H:omass207m, | y-g8c
charge + or - =5

Rest halflife: Relativity

Ty=1.56 X TR [EEE

L'EI'= 10 km




The Story Sofar: A Real Experiment

Muon particles are created at 10 km height. They have a half-
lifetime of 1.56 us , too short to reach the ground, but: Out of a million T a
. particles at 10km, | 4 o 'y0 km
* As seen from an observer on earth they live a factor 5 longer how many will height
: : : reach the Earth? n
* As seen from the muon particle the distance is a factor 5 shorter (M

AT

At
Elapsed muon Elapsed muon \
lifetime lifetime
Ll : mass 207 m & v=.98c
charge + or - Y=5

Muon created Rest halflife: Relativity

4 To=1.56x 10-659.: factor

L0=1[]|'I:]"l'l

Muon created

L

Muon decays Muon decays

(a) Muon'’s reference frame (b) Earth's reference frame
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Lecture 3

The Lorentz Transformation and Paradoxes

“Imagination is more important than knowledge.”
- Albert Einstein




Coordinate Systems

A reference system or coordinate system is used to )
determine the time and position of an event. S , S

Y ﬁ YA Event

Reference system S is linked to observer Bob at
position (x,y,z) = (0,0,0)

An event is fully specified by giving its coordinates
and time: (t, x, y, z)

> \/

Reference system S’ is linked to observer Alice who X X
is moving with velocity v with respect to Bob. The )
event has: (t/, x, y’, Z')

How are the coordinates of an event, say a
lightning strike in a tree, expressed in coordinates
for Bob and for Alice?

(t,x,y,z2) =2 (t'x,y,7)

S": “Alice”




Space-time diagram

Bob drives from Maastricht to Alice drives from Maastricht to
Amsterdam with 100 km/h. Amsterdam with 200 km/h.
t I'{4 V4
A Events™:
12h00 5>} —————————
S 1_) ® Departure Alice & Bob
1h! e Arrival Bob
: ® Arrival Alice
11h00—)59 ——————————————
| “World lines”:
1h! — Bob’s world-line
i —— Alice’s world-line
10h00 ~> | _____
X

N
7

Maastricht Amsterdam

Events with space-time coordinates: (x,t)
More general: it is a 4-dimensional coordinate system: (x,y,z,t)




Coordinate transformation

How does Alice’s trip look like in the coordinates of the reference system of Bob?

t
N
S| 12h00=> - mm . S/
! |
1 hi i
- |
: | (%,,15)
11hO(H:H (200km,1h)
1h!
10h00 >
X

Alice as seen from Maastricht
S = fixed reference system in Maastricht

t/
12h007\ﬁ _______________ ji th = t,
1 h (100km,1h)i 1h=1h
11h007\i/:R9
1h
10h00—":% X’

Alice as seen from Bob
S’ = fixed reference to Bob

:
1
. 100 km =200 km —
|
:
:
:

X5y = X, — VUt

100km/h X 1h

Bob’s reference frame S’ moves with velocity v (100 km/h) with respect to Maastricht S



Coordinate transformation

How does Alice’s trip look like in the coordinates of the reference system of Bob?

/
S| 12h007—> F-------———--—- . S |12h005=> f----------mm——- T,
| | 2 =1

. : . l
1h: | 1hi  h=1h
i | : |

i (X5,t,) | I
11h00 7> (250/<Zm 1h)  11h005%—> Y2 =XV
; ’ ; 100 km = 200 km —
1h! 1hi 100 km/h x 1h
10h00 X—> 10h00 >

200 km
Classical (Gallilei Transformation):

' =t

/

€T r—vt




Coordinate transformation

How does Alice’s trip look like in the coordinates of the reference system of Bob?

t
N
S | 12h007> f--===-m-=-- . S" | 12h004—> o
: | : 2 =
1 I 1
1h: i 1h! 1h —?[lh— 1.5 x 107115
: | '
: : (X It ) : I _
11h00 3> (250/<Zm 1h) ~ 11h00%—> 2=t
' 100 km —?
1h; Lhi 100km + 0.4 nm
10h00 Y- 10h00 > ’
X X
200 km
Classical (Gallilei Transformation): Relativistic (Lorentz Transformation):
' =t ﬂ=7t—£w 1
R c? with: v = =
' o _ v
r = x—vt = v (xz—vt) 1— >




Lorentz Transformations

t e
[
-

Hendrik Anton Lorentz (1853 — 1928)

Dutch Physicist in Leiden
(Nobelprize 1902 with Pieter Zeeman)

4
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To explain the Michelson-Morley experiment
he assumed that bodies contracted due to
intermolecular forces as they were moving
through the ether.

(He believed in the existence of the ether)

Einstein derived it from the relativity
principle and also saw that time has to be
modified.

g'




Let’s go crazy and derive the Lorentz Transformation...

Start with classical Galilei Transformation:

S 299,792, 458

Let’s try relativity by including a factor f:
x' = f(x —vt)
x = f(x" +vt)

Forlight: x = ct and x" = ct’

T

Astronaut Astronaut
with flashlight ¢=300000km/s | “gingin
)

spaceship

Light

A A @ =
vV . - ali "I

3 x 108 m/s 1 x 108 m/s N




Let’s go crazy and derive the Lorentz Transformation...

Start with classical Galilei Transformation:
x'=x—vt

x =x"+ vt

Let’s try relativity by including a factor f:
x' = f(x—vt)
x = f(x" +vt)

For light: x = ct and x" = ct’, so:
ct’ = f(ct — vt)
ct = f(ct' + vt')

Then: ¢’ =f(C:v)t

t=f<c+v)t’

C
Substitute first into second:

= () )

So that we find: f

Dividebyt: 1= (CJC’”) (C;”) £2 = (CZC—ZVZ) f2
c? 1
It follows then that: f* = el gy R

1

-7

Therefor we have derived the
Lorentz transformation:

Similarly we find the Lorentz
transformation for time:
(see lecture notes)

whereas the Galilei
translation was:

— VZ/CZ

x' = y(x —vt)




Let’s go crazy and derive the Lorentz Transformation...

Start with classical Galilei Transfc

x'=x — vt

x =x"+ vt

Let’s try relativity by including a
x' = f(x—vt)
x = f(x" +vt)

For light: x = ct and x" = ct’, sc

ct’ = f(ct —vt)
ct = f(ct' + vt')

Then: ¢’ =f(C:v)t

t=f(c+v)t'

C
Substitute first into second:

=1 (=) ()

c? 1
£2 —
ct—v? 1-—wv?/c?
f 1
— — y
J1—1v2/c?
ived the
n: x' = y(x —vt)
Dr.entZ . v
e: t' =y (t — ; .X')
“Mr. Osborne, may I be excused? t' =t
My brain is full”




Mathematics isn’t too hard...

18




The classical limit (everyday life experience)

Lorentz transformation: With new variables: Daily life experience: speed
v much lower than lightspeed:
t — _zx v )
£ = C B == Fraction of
2 C lightspeed v<Lc, K1
1 — =
c? 1 y = 1
, x — vt y = Relativistic
x' = V2 factor
-2 e
C2
ct' = y(ct — Bx) t' =t
x' =y(x — Bct) x' ~x—vt

(Einstein) (Galilei)



The classical limit (everyday life experience)

Lorentz transformation: With new variables: Daily life experience: speed
v much lower than lightspeed:
t — _zx v . f
= C B =-— Fraction o
: 2 C lightspeed v<Lc, K1
C 1 y = 1
, X — vt y = Relativistic
x' = V2 factor
-2 =
C2
I I __ . I
In everyday life we do not see ct’ = y(ct ,Bx) U=t
the difference between the ¥ = y(x — Bet) ad '~ x — pt
classical and relativity theory! 14

(Einstein) (Galilei)



Paradoxes

7MH NOSE WILL
GROW NOW!




Paradoxes Case 1: Sherlock & Watson

Sherlock {

‘v N /‘[' ‘(

Watson 4‘

21




Paradoxes Case 1: Sherlock & Watson

Sherlockv/_f}{_

lp

Ly

Watson 4‘

21




Paradoxes Case 1: Sherlock & Watson

She rIock/_f:{_

lp

Ly

a A -1 =

Watson 4‘
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Paradoxes Case 1: Sherlock & Watson

A murder scene is being investigated.

Alice enters a room and from the doorstep shoots
Bob, who dies. (Thought experiment!)

Sherlock (S) stands at the doorstep (next to Alice)
and observes the events.

Alice shoots at t = t, from position x = X,

Bob dies at t =tg at position x = xg

Watson (S’) passes by on a fast train and sees the
same scene. He sees:

e Alice shoots at t’ =t,” from position x” = x,’

e Bob dies at t’ = tg’ at position x" = xg’




Paradoxes Case 1: Sherlock & Watson

A murder scene is being investigated.

Alice enters a room and from the doorstep shoots Sherlock: Alice shoots at Bob from x, at time t,
Bob, who dies. (Thought experiment!) Bob dies on position xz and time t5

ct
Sherlock (S) stands at the doorstep (next to Alice) 1
and observes the events. (Xg Cty)
Alice shoots at t = t, from position x = X, Clgl I
Bob dies at t =tz at position x = xg 0--e (X, Ct,) |

: X

Watson (S’) passes by on a fast train and sees the 5 X5 g

same scene. He sees:
e Alice shoots at t’ =t,” from position x” = x,’
e Bob dies at t’ = tg’ at position x" = xg’




Causality

Sherlock: Alice shoots at Bob from x, at time t,

Bob dies on position x5 and time tg

cty
0

cty

ct
(X Ctg)
_____________________ _’I
—-@ (X, Cly) |
| X
0 Xg

V4
ct This is what
Watson sees:

What does Watson see at v=0.6c?

1

f =0.6 ,y=m:1.25
ct’ = ~(ct — B x)
' = ~(x—0Bct)

To make the calculation easy let’s take
XA=Oand tA=0:

ct’y
T
ct’s
Tp

0
0

1.25 (:BB — 0.6 CtB)

If distance xg > ctg/0.6 then ctz;’< 0 :
Bob dies before Alice shoots the gun!




What is wrong?

The situation was not possible to begin with!

Light-speed
Nothing can travel faster than the
: m speed of light, also not the bullet of
ct Time-like gun!
0 Space-like
The requirement: Xz >ctg /0.6
(Xg,Ctg) implies a bullet speed of :
v=x/tg>c/0.6=1.67c!
““““““““““““““““ ¢ Faster than speed of light!
o | _____ AlCtA) E
i 'i X Travelling faster than light would
| ' > imply you go back in time for some
0 observers.

Causality is not affected by the relativity theory!




“Grandfather Paradox”

Build time
machine &

Travel back
in time

Time Meet

machine grandfather
: before

not built

he procates

\
N

Time traveller-
not born

Travelling backwards in time is not possible!



Paradox 2: A ladder in a barn?

Alice runs towards a barn with
v=0.8c(y=1.66).

She carries a 5 m long ladder.

Bob stands next to 4 m deep barn.
Will the ladder fit inside?

4m



Paradox 2: A ladder in a barn?

Alice runs towards a barn with
v=0.8c(y=1.66).

She carries a 5 m long ladder.
Bob stands next to 4 m deep barn.

Garage
Ladder

AAIILLIEETY Backdoor

Front door

Will the ladder fit inside? <
4 meters
<
5 meters
Bob: sure, no problem! Alice: no way!
He sees a L/y = 3 m long ladder She sees a L/y = 2.4 m deep barn

Moving Ladder

JUTTITIIT:




Paradox 2: A ladder in a barn?

Bob's experimen_t:A_

I —

Ladder =3m
Barn =4m

UL g

The ladder has

been fully inside

Alice’s experiment:

Bob and Alice don’t agree on
simultaneity of events.

;2‘::” 3 er: . Alice claims the back door is

| =< ~~ $“Close”

| . opened before the front door
: T P

is closed.

Bob claims both doors are

—_ " closed at the same time.

“Close’ t E

A

The Iaddef has not
been fully inside




Paradox 2: A ladder in a barn?

Bob’s experiment: E ; Alice’s experiment:
111111111 i

Bob and Alice don’t agree on
simultaneity of events.

Ladder = 3m ;2‘::6’:22 . Alice claims the back door is
Barn =4m > | ' T Close” ' opened before the front door
TIIIT— | . is closed.
Close” “Close” | A Bob claims both doors are
- 5 I " closed at the same time.
_A_ E T | *But will it stay inside?!
T — - To stay inside the ladder must
. ! “Close” stop (negative accelleration)
> Compressibility = lightspeed
| JIITTIIITIT i
T | ?
The ladder has  |==——— | — The ladder has not

been fully inside | T been fully inside




Paradox 3: The Twin Paradox

Meet identical twins: Jane and Julie

Julie travels to a star with v=99.5% of ¢ (y=10) and
returns to Jane on earth after one year travel.
Jane has aged 10 years, Julie only 1 year.

Jane understands this. Due to Julie’s high speed
time went slower by a factor of 10 and therefore
Jane has aged more than Julie.

“Julie+ly’

But Julie argues: the only thing that matters is our relative speed!
From her spaceship time goes slower on earth! She claims Jane should be younger!

Who is right?

Answer: special relativity holds for constant relative velocities.
When Julie turns around she slows down, turns and accelerates back.
At that point time on earth progresses fast for her, so that Jane is right in the end.




Paradox 3: The Twin Paradox

1971: A real experiment!

Joseph Hafele & Richard Keating tested it with 3 atomic cesium clocks.

* One clock in a plane westward around the earth (against earth rotation)
* One clock in a plane eastward around the earth (with earth rotation)

* One clock stayed behind in the lab.

The clock that went eastward was 300 nsec behind, in agreement with relativity.




Remember Calvin’s father

DAD, WILL YU EXPLAIN THE
| THEQRY OF RELATIWITY TO ME?
I DONT UMDERSTAND "I'llﬁ"!_j

ik

- u,_, 4
) ! IIJ I |iI|l||.|-|J||||||l.1, -

ITS BECAUSE fOu KEEP
CHANGING TIME ZOMES.
SEE, IF You FIY TO CALL-
FORMIA , You GAW THREE
HOURS ON A
FIVE-HOUR,

S0 IF YO0 GO AT TWE SPEED
OF LIGHT, Yo GAIN MORE
TIME . BECAUSE. 1T DOESHT

| TAKE AS LONG TO GET THERE .

RELATWITY OMLY WORS IF

FLIGHT, RIGMT?

YOJRE GUNG WEST. ?




Galilei and Einstein Transformation law

Bob Alice
Batter Running
outfielder

— : Ball
) —-
® w= 30 m/s
¢ w W
3 w'="?

With which speed do Alice and the ball hit by Bob approach each other?
Intuitive law (daily experience): 30 m/s + 10 m/s =40 m/s

Galileo Galilei
(1564 — 1642)

Galilei formula: w' =w+v=30+4+10=40m/s

Einstein f | ., w+tv 30+ 10
cinstein trormuild: w = = =
1+ g 1+ 30 x 10 af D
(see lecture 3) C 9 x 1016 Albert El?\stim
= 39.999999999999997 m/s 1879 - 195




Derive the laws for adding speed

Galilei Transformation: Lorentz Transformation:
x''=x+ vt x’=y(x+v£)
I t' = (t +—x)
t' =t Y ;2

!

In the frame of S we have: < g
X =wt
A A
Then it follows:
x=wt' w
/ !/
X —vt=wt w’
/ I !
x'= (w+w)t > >
Therefore in S’:
w=w+v




Derive the laws for adding speed

Galilei Transformation: Lorentz Transformation:
x''=x+ vt x’=y(x+v£)
I t' = (t +—x)
t' =t Y ;2

Re-write the laws: x' =yx 4+ yvt
v

S S
A A t'=yt+ v 2¥
" Substitute in frame S: x = wt tofind: x' =ywt+yvt
VW
*——> t'=yt+y—t
w 1 1 C
Invert the equation for t": t =— t'
oy (=)
> . !/ !/ ¢ 1 1 !/
Put into the expression for x": x' =y(v + w)— ow | ¢
Vy\1+ o
_ , , w4+ v
Which should be: x" = w't’, therefor: w' = T
14+—




Derive the laws for adding speed

Galilei Transformation:

x'=x+ vt
t' =t

!

In the frame of S we have:
X =wt

Then it follows:
x=wt
x'—vt=wt
x'—vt' =wt
x'= (w+w)t

Therefore in S’:

w=w+v

Lorentz Transformation:
x"=y(x + vt)

t' =y(t+£x)

Substitute in frame S: x = wttofind: x' = ywt+yv t

t' =yt + v—Wt
_y y 2

Inv h 1 f / t = _1 1 t’ ¢
nvert the equatlon ort: =
V 1 _|_ _LVV

c2

I/ !/ 1 1 /
Put into the expression for x": x' =y(v + W))—/ | ¢
2

1+
C

) w+ v

Which should be: x’ = w't’, therefor: | w' = oW
1+ ra




Large effects at relativistic speeds

Bob in a rocket passes a star with 0.8 c
Alice in a rocket passes a star with 0.6 c
In opposite directions.

What is their relative speed?

08¢+ 0.6¢
Y T T (08x%0.06)

= 0.95¢

Very different thanw’ =0.8c+0.6c=1.4c !!

Without relativity theory GPS

technology makes mistakes
of about 10 km/day !

tomtom




How about Alice seeing light coming from Bob?

Astronaut Astronaut
with flashlight flying in

4 spaceship

Al Light
-‘a"--/vx.,. L, 3
[, _ 6

NN
3 x 108 m/s 1 x 108 m/s

How fast does the light go for Alice?
=>» Just put w = c into Einstein’s formula:

c+ v c+ v c+ v

w' =

o CU ”U_l _

The speed of light is always the same for each observer!




E=mc?: see lecture notes

Consider a box with length L and mass M floating in
deep space.

A photon is emitted from the left wall and a bit later
absorbed in the right wall.

Center of Mass of box + photon must stay unchanged.

V<—/{/\PE M Mv = E/c

t=1L/c

Ax=vt

MAX = mL

EL/c2=mL

E =mc?

—Ax—

Action = - Reaction: photon momentum is
balanced with box momentum

Time it takes the photon

Distance that the box has moved

C.0.M. does not move: box
compensated by photon C.O.M.

Substitute the above equations

Equivalence of mass and energy!




E=mc?: see lecture notes

An easier way to derive it

Equivalence of mass and energy!




Conclusions Special Relativity

Simple prmcuo!e. _ _ Astronaut Astronaut
* Laws of physics of inertial frames are the same. FHukESalL flying in

* Speed of light is the same for all observers. SO i spaceship
A&

L A T @ o
AN -— ot

3 x 108 m/s 1x 108 m/s

Big Consequences:

Space and time are seen differently for different observers.

* Alice’s time is a mixture of Bob’s time and space and vice versa.
* Alice’s space is a mixture of Bob’s time and space and vice versa.

ct' = y(ct — fx)  Time dilation and Lorentz contraction
5! = y(x . ,Bct) * Energy and mass are equivalent




Next Lecture: General Relativity

General Relativity: inertial mass = gravitational mass

Things move the sameway in a
gravity field as those in a reference v

Things falling freely in a gravity field all accelerate by the same frame accelerating upward with the
amount, sothey move the same way asif they were in aregion

of zero gravity — ~“weightlessness’! same magnitude.
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