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Lecture 1: “Particles”

Classification of particles

* Lepton: fundamental particle

* Hadron: consist of quarks
« Meson: 1 quark + 1 antiquark (7 *,B2, ...)
* Baryon: 3 quarks (p ,n, A, ...)
* Anti-baryon: 3 anti-quarks

* Fermion: particle with half-integer spin.

* Antisymmetric wave function: obeys Pauli-
exclusion principle and Pauli-Dirac statistics

* All fundamental quarks and leptons are spin-%
* Baryons (S=1/,, 3/,)

* Boson: particle with integer spin
* Symmetric wave function: Bose-Einstein statistics
* Mesons: (S=0, 1), (S=0)
* Force carriers: y, W, Z, g (S=1); graviton(S=2)

Griffiths chapter 1

Standard Model of Elementary Particles
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Lecture 2: “Forces”
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Lecture 3: “Waves” — wave equations

Probability interpretation
(Continuity equation)

p = 2|N|*E

|
., 0 - ' 0 S
Quantum Mechanics: E = E = lha ; p—op=-—ihV i a—’:+ V-7=0
_____________________________________________________________ et
Non-relativistic spin O: Schrodinger: ' §
IVLZ P ag """ S : ,/*:r p =y P = |N|? 2
p : 2 : i(_)_)—Et) *:ﬂ Tl %17 _ﬂ-’
= —— ih—1) = ——— - = Ne''P* J= Yy —yrvy) =—-p
o =gt 7= ) -
_________________________I;'_';'_:'_'_"_'_"_';'_"_'_"_'_"_' ____________________ _| __________________________
Relativistic spin O: Klein-Gordon: | . _
g2 5 5 > 4 02 P Vz(l) m2c? P : jH(p,)) = i[p* (04 ) — p(0Hd™)]
= p“c“ + m*c ——— = — + !
c2 dt>2 h?2 i

. T T . =Sy T — 2,1
Example: pions (7”6”(]5 + ngb =0 ¢ = Nei®x Et)/*?f= 2IN |23 J 2[N|“p
B etsotstolfttfulifstslsfstefebetefeleftete e .
Relativistic spin- Y: Dirac: (The Master in action) N |
a L o lp — u(p)el(px_Et): jl" = l/;]/‘ul/)
—(a-p | — — _l a - V + bm . I
H=(a-p+pm) latlli ( pm)y —

i(iy”c’)u —m)p =0

Fundamental u(p) =
LYE = (B, Bd)

guarks and leptons

Relativistic spin-1: EM:A* =y >m=0
Fundamental
force carriers

EM: Maxwell equations
for E and B fields


https://www.youtube.com/watch?v=Ci86Aps7CMo

Lecture 3: “Waves” — gauge invariance
Lagrangians: Spin 0 Scalar field: £ = - (8,¢)(9%¢) — > m?¢>
Spin % Dirac fermion L = iy, 0"y — myy
Spin 1 gauge boson (photon) : £ = — i(aﬂAV — c')VA“)(OHAV — OVAH) — jHA,

Euler Lagrange lead to the wave equations: 0L =d, oL (from field theory)
dp(x) 9 (aﬂqb(x))
All forces result from requiring a symmetry principle: Lagrangian should stay invariant under transformations
1) QED = U(1) symmetry L=iy,0*p —mpyp —> L= iy, DMp — myyp
P(x) = P’ (x) = e (x) Covariant derivative: 9d# — DF = g* + igA*
u u — AH(x) — K - - -
A*(x) » A'*(x) = A*(x) — 0*a(x) L T iy, Fp — mt/n/J/— \ql/))/ﬂlp/l“)
=>» 1 E.M. photon field: A*(x) ,,eree,, “nterhction” i "
_______________________________________________________________________ r
2) Weak = SU(2) symmetry y = (lpu) 3) QCD = SU(3) symmetry i = | ¥y
_ Va ¥ o Y Yr
P(x) - P'(x) = exp (ég?- &(x)) (lpu) Y(x) - YP'(x) = exp (595/1 ‘ c?(x)) Vg
d

= 3 weak fields: WHt(x), WHE™ (x), Z*(x) =» 8 colored gluon fields: g*(x) ¥



Lecture 4: “Symmetries” — Standard Model

* The Lagrangian of the Standard Model includes electromagnetic, weak and strong

interactions according to the gauge field principle

* Construction of the Lagrangian: £ = Lgee — Linteraction = Lpirac — 9% 4,
* With g a coupling constant, J# a current ()0;) and A, a force field

A.

Local U(1) gauge invariance: symmetry under complex phase rotations
Conserved guantum number: (hyper-) charge

Lagrangian: £ = llj(iy“D# —m)y = 1/3(1')/“6# —m)yY — qpyHy Ay,
]EM

Local SU(2) gauge invariance: symmetry under transformations in isospin doublet space.
Conserved quantum number: weak isospin

Lagrangian: £ = P(iy#D, —m)¥ = P(iy*9, — m)¥ — %‘ij“f‘P I;H
]Weak

Local SU(3) gauge invariance: symmetry under transformations in colour triplet space
Conserved quantum number: color

Lagrangian: £ = ®(iy#D, — m)® = d(iy 9, — m)d — %CTD]/“ZCD Cy
]_)QCD



Lecture 4: “Symmetries” — Standard Model

QED U(1) Line = —J, A with ], = qy,p

Weak SU(2) : Line = —J,b¥ with J, =2 Py, 7 W

1 _ . 1 — . 1 .
Wi = ﬁ(b}l ¥ ib?) Ji= TE‘Pmﬁ‘P with 7t = S (11 £ iTy)
1= . 1 .
Z,~b} Ji= E‘Pyﬂr3ll’ with 7t = S (11 1 iTy)

Electroweak mixing SU(2)xU(1): Yu = Au cos By, + bﬁ sin 6y,

Z, = —A, sinBy, + b, cos Oy,

Standard Model: ~ SU(3) co10r XSU(2), XU(1)y

Electromagnetic
interaction

s q
Strong
ggbnn\< interaction
q



Lecture 4: “Symmetries” — Symmetry breaking

1 1 1 1
L=2(3:0)" ~V($) =5 (0:0)" -~ Fu70? - 219"

\ v /%ﬁ/

Massive Klein-Gordon Interaction
term (Spin 0, mass =i)  term
2
The Lagrangian has a minimum for ¢, = [—“ = vor p? = —1v?

Conclusion:

 The symmetry of the Lagrangian by adding a
symmetric potential ¢ has not been destroyed

 The vacuum is no longer in a symmetric position

The real case include complex fields ¢




Lecture 4: “Symmetries” — Symmetry breaking

=@, ub) (019) — u?(¢*$) — 1 (¢"$)? where ¢ = (1 + ih2)
e o %FJ

2 A\WV@D)
Massive Klein-Gordon Interaction us <0
term (Spin 0, mass = u) term
The Lagrangian has minima for\/¢? + ¢35 = /_7”2 =v b,
v / >
: )
Conclusion: |
 The symmetry of the Lagrangian by adding a S AN

symmetric potential §b has not been destroyed e -
 The vacuum is no longer in a symmetric position 1+ i¢2) . L(O)

ﬁ((fk +ig, V2 \v

massless y + massive W+, W™, Z

C,b =
The real case includes a complex isospin doublet ¢




Recap: “Seeing the wood for the trees”

e Lecture 1: “Particles”
e Zooming into constituents of matter
 Skills: distinguish particle types, Spin
e Lecture 2: “Forces”

* Exchange of quanta: EM, Weak, QCD
 Skills: 4-vectors, Feynman diagrams

e Lecture 3: “Waves”
 Quantum fields and gauge invariance
e Dirac algebra, Lagrangian, co- & contra variant

e Lecture 4: “Symmetries”
e Standard Model, Higgs, Discrete Symmetries
 Skills: Lagrangians, Chirality & Helicity

e Lecture 5: “Scattering”
* Cross section, decay, perturbation theory
 Skills: Dirac-delta function, Feynman Calculus

e Lecture 6: “Detectors”

* Energy loss mechanisms, detection technologies

The Standard Model

14 hillion years
3

> 11 hillfon years .
.’ & H
" 3hilfion years

Earliest visible galaxies' 700 miIUnn years

Recombination Atoms form \——&
Relic radiation decouples (CMB) ‘;m S

Matter domination
Onset of gravitational collapse

Nucleosynthesis 3 minutes
Light elements created - D, He, Li

Nuclear fusion begins 0.01 seconds

Quark-hadron transition
Protons and neutrons formed

Electroweak
Electromagnetic and weak nu
forces first differentiate

Supersymmetry breaking

Axions etc.?

Grand unification transition
Electroweak and strong nuclear

Quantum gravity wall =
Spacetime description breaks down



Today: Scattering Theory and Feynman Calculus

Part 1 : Decay and Cross Section Griffiths §6.1
Part 2 : Perturbation Theory and the Golden Rule | Griffiths §6.2 and PP1 Chapter 2
Part 3 : Feynman Calculus Griffiths §6.3

“Let’s play around with physics and math”




Scattering Theory and Feynman Calculus

Part 1
Decay and Cross Section Griffiths §6.1




Terminology: Decays

A\?\\Q DQ(G\)

1"\ ITEE

* A quantum particle decays with equal

probability per unit time
* dN/N = —I'dt such that:
N =N(0)e " = N(0)e /"

1 L
* ' =decay rate - =T =mean lifetime

e Often particles can decay in many quantum ways; each with its own partial
decay “width” I

* Total decay rate I, = ).;I; and lifetime T =

and Branching Ratio BR; = —

tot tot

* The decay rate can be calculated from the Standard Model
 Compare theory and experiment



Terminology: Cross Section

* A scattering process is measured using “cross section”; the effective surface seen by a
particle colliding with a target. We use the same for collisions:

* e.g. proton-proton colliders.

* For colliding protons many processes may happen:
* Exclusive cross section g; : cross section for one specific process “i”
* Inclusive cross section g;,¢: sum all possible exclusive cross sections: ;¢ = Z’iv O;

[
<
[9)]

* The cross section can for example depend on
the energy of the collision

* Look at the processete™ — qq
 There is a resonance at 91 GeV; the mass of the

Cross-section (pb)
=
=
T
%
EN
% :
<

|

103} i

Z-boson et te- >qq
* And there is a peak near 0 GeV; the photon o PR
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Scattering

 Scattering of particles with  Scattering on a “hard sphere”
Coulomb interaction

Scattering center

b = R sina
20+0 =m
sina = sin(w/2 — 6/2) = cos(0/2)
b=Rcos(6/2)

b = Impact Parameter
6 =Scattering Angle
1-to-1 relation b and 6



A) Hard Sphere Scattering

* Calculation of hard sphere scattering
If particle goes through do it will scatter through solid angle d() :

do = D(6)dQ .
dQ = 6do d
do = |bdb dg| Isin ¢l
~. Hard scattering:

_do | b (db b =Rcos(6/2)
D) =—= |-
dQ) Isinf8 \d@ - db R (0
“Differential cross-section” E - E > (E)

do

¥

Griffiths §6.1

Then: Rb sin(0/2)
sin
D(0) = 2sin @
_ R? cos(8/2)sin(6/2)
2 sin @
RZ

_ ( cosasina = %(sin 2a) )

de=Jsin6d9d¢=4n

a=jda= jD(H)dQ

Particle incident in
Area do scatters into

solid angle d(}

RZ
= | =-da = nR?
J4 "

This corresponds to the projected
surface of the circle seen by the particle



B) Rutherford Scattering (point charge)

* Scattering of charged particles D(8) = dg
with Coulomb force

da
e Eg alpha particles on nucleus target

b db
sin 6 (d@)‘
414, _ q149> 2
e Coulomb Force law: F = D(o) = ( )

72 4F sin?(6/2)
____________________ e a=]da= JD(H) dQ
F B 419> 2[ 1 _
0'—27T(4E) i sin4(9/2)smgd9

The integral turns out to be infinite!
Particle sees an infinitely large scattering surface?
Reason is that Coulomb force has infinite range.

—— — — — —— St et — S— S—

Scattering center o ,
Most “collisions” will happen at large distance,

which is what Rutherford observed.



Luminosity

* Consider beam of particles on a target

Luminosity L is number of particles per unit time, per unit area.

Number of particles passing through areado: dN = L do

Number of particles scattering into solid angle dQ : dN = Ldo = L D(6) dQ
By counting one can measure the differential cross section: do =D(0) = aN

Alternatively the total cross section: N = L o dQ L dQ
do

These aspects are
needed when you
Compare theory

with experiments.

— b}_—- \
Y

* Experimental particle physics:

e Measure number of events N and the luminosity £ to find cross sectiono = N/L

. . . d .
 Compare with theoretical calculation of o (or d—;) using e.g. Standard Model



Scattering Theory and Feynman Calculus

Part 2 Griffiths §6.2 and PP1 Chapter 2

Perturbation Theory and the Golden Rule

“How to calculate the cross section o”

Griffiths only states the “Golden Rule”.
In next 7 slides we will try to understand it!
For the exam only Griffith level is required.



Fermi’s Golden Rule

* To calculate decay rates and cross section in relativistic scattering we use a
general formula that we cannot fully derive within the scope of these lectures

* For a fully relativistic derivation: quantum field theory

* We will "make it plausible” using non-relativistic single particle theory
* see also the book of Thomsom §2.3.6 and chapter 3, or Nikhef PP1 lecture notes chapter 2

e Here is the end-result:

 Golden Rule fordecays:1 - 24+3+4+-n

n
5 2 2 0 d4p1'
[ = 5 [1M12 @m)*6* (o1 = p2 = ps = ) X Bzw(m -m)0(}) Goys

* Golden Rule for scattering:14+2 —->34+4+5+:n
S

} 4\/(P1 - p2)? — (mymy)?

n
d*p;
[ 19012 @84y + 9z = ps = o) x [ [ 276003 = m)0(9)
j=3

o

OK, let’s go....



Scattering with waves

* An incoming particle is
represented by a wave packet of
incoming plane waves: (x) = Ne™*

* Example 1:

* Calculate the scattering of these
waves in an external potential

* Example 2:

* For collisions the scattering potential
AH of particle A is determined by the
field of particle B and vice versa.

Several plane waves Wave packet

=0

Free particle | \Vf

Hamiltonian

Hyo
-t ““verturbation’
\lji Mx,t)
B

o




Perturbation Theory .

o) t=—T/2 t=T/2
» Consider the free Schrodinger equation i —> = Hoy i /\"f

« H, is time-independent Hamiltonian Hy¢,(X) = Epp ¢ (X)

* Eigenstates orthogonal: Jqﬁ,’;,(a?)cpn(f)d?’x = Omn

 where ¢,,(%) form orthonormal basis for any solution and ¥, (¥,t) = ¢, (X) e~ Emt

(Particle = wave packet)

e L . d 9
* Hamiltonian with time-dependent perturbation ia—l/: = (Hoy + V(& 1))y

00)

 Solutions are of the form can be written as ¢ (x,t) = z a,(t) ¢, (X)e tEnt

e Substituting gives:

—
-3

dan(t) - 1 . . Sl - - - ]
Pn(XeEnt +i(—iE,) ) _antt) pp(B)e Ent = > Epa,@¥¢p(X)e Ent + > V(X t)a,(O) ¢y (¥)e Ent




Perturbation Theory

da, (t)

T G(R)e it = ZV(x D)an () (e iEnt

* Multiply the equation: iz:

n=0
... from the left by jz/);d?’x with ;= ¢pre'frt
to find:

iz dagit) Jd3x¢;(f)¢n(5£) e—i(En—Ef)t — 2 an(t) f d3x gb}(f)V(f, t)qbn(f)e_i(E"_Ef)t

n=0 n=0

- [l -

Ofn
* Using orthonormality gives: idaéft)

— Z an(t) J d3x Qb;-(f)[/(f’ t)¢n(f)e_i(En_Ef)t

n=0
(00]

day (1) z a4 (E)Vjn € pl®rnt with  wgy = (Ef - En)

or in short: i
dt

n=0

and the transition matrix element: V¢, = f d’x 5 V (X, t) ¢ ()



Perturbation Theory V= [ @22 67 V0 0D

. . . . . . da (t) > Wrn = (Ef - En)
Solving differential equation: i iit Z) @y (D), 1910
n=
* Start with some assumption of zero-th order (0+1)(t) 00
for a,, and then for each order o: = (0) Lw nt
n I ” a, (Ve e
n=0
* First order: assume one step interaction: a;(—%) =1and as(—o) =0 (for f # i)
“yip (0) rpy _ (1)
during” interaction: a; ™ (t) = &y; : lda (t) Vet
dt It

. (1) t daf(t,) t ) P
* Perturbation theory: ag” (t) =f dt’ = _iJ Ve (telrit' dt’  for f # i

. dt
(X, 1) = a; () (X)e 4
with a;(—) = 1 Hy 1-st order 2-nd order

t=—T/2 t=T/2
t;O // Wf time
Ho : space
|




Perturbation Theory 1-st order 2-1d order

time
* First order perturbation: wyi = (Er — E)
fi f L
(1) ‘ daf(t’) / . ‘ / iweit! / space
ar (t)=j dt =—1J Vei(£)e“ri dt

dt

(Vi = [ & 67 VE D) i)
Results in (“Born approximation”) “transition amplitude” T;:
Ty = ap(t — ) = —i J dt f BxpiE, OVE O (F, t) = —i j d*x POV ()P (x) j

Note: co-variant form!
“cheat relativity theory”

* If the potential is time independent (“static”) we find:

Tfi = le(t — 00) = —1 Vflf eiwfitdt — —ZEVfl(S(Ef — El) Energy conservation!
* Where we have used an implementation 1 (®
_ , 5(x) = —j thx q
of the Dirac delta function: 21 J_



Golden Rule — non-relativistic

 Transition rate is defined as: Wy = lim

Tfi — —ZﬂVfl5(Ef — El)

e After squaring of the delta function (not trivial, see 5
PP1) results in transition probability per unit time: |Wy = 2 |V| 8(Ef — E;)

* Where the delta function takes care of energy conservation (Vi = [ d*x 7 VE,0) 4i(X) )
* The name Vy; was used here since it relates to the potential V
* We adapt the more common name for the matrix element M

_ Wi

= ()]
flux

* Waves > particles: The differential cross section is: o

 Where flux represents the “density” of the number of incoming
states per particle: states 2> particle

* The phase space factor @ (also ‘LIPS’) is the density of outgoing | For more, see Chapter 2
states (final state “realisation possibilities”) of the Nikhef PP1 Lectures

* Next extend it to relativistic scattering using the matrix element M’



Golden Rule — non-relativistic

e Transition rate is define Tr; = =21V 6(Ep — E;)

e After squaring of the de
PP1) results in transitiol

Wfi = 21 |Vfi|25(Ef — El)

9 (Vi = [dPx pr V(E L) (X))

* Where the delta function | .
* The name Vy; was used h |§
* We adapt the more comn

_ Wi

= ()]
flux

* Waves -2 particles: The

* Where flux represents th
states per particle: states }

* The phase space factor @
states (final state “realisa

0}

=S ¥0ing | For more, see Chapter 2
of the Nikhef PP1 Lectures

 Next extend it to relativ rix element M

“Mr. Osborne, may I be excused?
My brain is full”



Fermi’s Golden Rule - Relativistic

* In Griffiths the relativistic Golden Rule for decay and scattering are just
stated.

* Try to gain understanding by considering each of the terms qualitatively.

= 7 = mean lifetime

A. Golden Rulefordecays:1 - 2+34+4+--n [ =decay rate

n

=5 (1001 @n*5* s — pa o o) x [ 2050} - mD)0(e?) o5 2
2my Pr=P2=P3- = Pn 11 Pj Pi) 2m)
B. Golden Rule for scattering (cross section):1+2 —-34+4+5+ -
— S 2 4 o4 . . - 2 2 0
N eyt ey g jIMI (2m)*6%(p1 + P2 = P3 -~ Pp) X Uan(p, Ho(p?) = (2n)4

e We will discuss them in turn...



0(pj) =
“Heavyside function”

4 / 0
454 T 2 2 oy 4°P; .
w 2m)*6%(p1 — pp — P3 ... — Pp) X J 27T5(pj —m; )H(pj) )" Phase Space ®:
f=2 Realize each possibility

with equal probability
e S is a quantum factor to prevent double counting for identical particles

* Each species with s particles in the final state gives factor 1/s!
* Eg.:decaya - b+ b + c + ¢ + c gets factor (1/2!)x(1/3!) =1/12

e 2m, = 2E: density of incoming states (see lecture 3: p = 2|N|*E).

e M is the Matrix Element: contains the dynamics (the interesting particle physics). It is
given by the Feynman rules. See later.

. f implements the integral over all realization possibilities to obtain the final state.

* § is the Dirac delta function. §* implements energy-momentum conservation and
[18 assures produced particles are on-mass shell: p* = m? - E? — p? = m? .
* 0 step function so thatonly E > 0.
underlying reason:

e Each 6-function comes with a factor 2 and each d*p with 1/(2m) . h=h/2m



0(pj) =
“Heavyside function”

' =
. Decay: 5°

[ =—— f |M|2 (27'[)454(}91 D2 — P3 - — Dp) X _[2ﬂ5(p] —mz)H(p (27.[)4

* Using the mathematical characteristics of Dirac 6 functions (optional exercise,
Griffiths page 205: “the H(p}))-function kills the S(p}))”), the second part can be
shortened into: Use: §(x? —a?) = —[6(x —a) + 8(x + a) ]

n

S 1 d3p
[=— 2 (2m)*6*(py — P2 — P3 - — Pn) X )
2, f|M| (2m)*6%*(p1 — P2 — p3 Dn) | ZZEJ' eE
]:
' Eg.: K t 4T
* Consider the example A - B + C 4 EEiKomtm
C < o > B
d3p2 d3P3
2 <4
= 3207m, lel 6% (p1=P2=pP3) = A: pf = (m,0,0,0)
. . . B: pét — (EZrPZJ Or 0)
° Kinematics for the two-particle case......

C: p§ = (E3p3,0,0)



Two—particle decay ... calculate...

['=

327T my

54 (p1 —

Now: p? = m; and p; = 0

| 1er?

[ =

327T2m1

Next: use p3 =

[ =

327T2m1

[' =

327T2m1

2 o4
| 1002 84y =92 =) T2 5

—D2

| 1ar?
| 1ar?

—p3) = 5(291 - Pz —P3)53(ﬁ1 — P2 — P3)

5 (ma VR - [+ md)

JEF i [+ m3
5 (ma ~ VFZ g - [53 4+ )

VP2 + mz\/Pz +m3

5<m1 —Vp? +mj —Jpz +m§>

Jp?+ m%\/pz +m3

d3P2

[ Jo N

> B

A: pi' = (my,0,0,0)
B: Pg - (EZJPZJ O» 0)
C: p& = (E3p3,0,0)

83 Py + p3)d>p,d>p3

Next, go to spherical coordinates:

- (p,0,¢)

pzdpjsine do do

N

-

AT




Two-particle decay ... calculate...

The integral over dp is not easy to calculate. Make the substitution: u = \/pz +m5 + Jpz + m%

du B up du

A
Then: dp ; pdp—— p +me +‘m3
P m Jp2+m§
Such that we recognize:
S (0/0]
[= J |IM|? 5(m; — ) Bdu which only has a contribution for u = m, (8-function):
8mm, (my+ms3) u

Note: mq > mo + mq

Inverting the equation for u and p and putting u = m gives (exercise):

p=|pl = T \/ml +m5 + ms — 2m#fms — 2m#mé — 2msm53

S
and putting u = m4 gives finally : | [' = i |]V[|2
87tm1

Note that the §-functions were enough to do all the integrals and put the required kinematic value for p



Exercise (Optional): Kinematics relation

* Show explicitly that by inverting the equation:

my = /p? +m3 +\/p2 +m;
it follows that:

P = \/ml +m5 +m; — 2mims — 2mims — 2msm5

Solution: (putc = 1)

1

1
mic = /12 +m3c2 + /12 + mgcz. Square: ! e e e e e \
1 1

]

1

1

1

1

1 1 'c

| mic? = 1? + m3c® +1* + mic® + 2\/1’2 + m3c2 \/,,2 + m3c? L T [(m% —m3 —m3)? - 4m%m§] = 12 (m5 +m3 +m} —mb —m3) = rzrn%czI

1
1 2 1
: c2 ) D) ) > 5 2 o 2 29 . | : r? = L [m‘ll+m§+m3 2m1m2 2m1m3+2m2m3 4m2m§] :
- —(m?% —mb —m3) —r*> = /12 +m2c2, /12 + m3c2. Square again: AN 42 '
q g

1 2 1 2 2 3 1 ! 1 :
1

4 ' |

:Z(ml—mz—m3)2—rc (m} — mf —m3) +7* =/ + 12 m2+m3)+m2m§C4




B. Cross Section

* Golden rule for cross section:

S J
— M |2 2m)*8*(py + P2 — P3 o — Pr) X _[ 2m8(pf —m7)6 (PO)
4\/(191 - p2)?% — (m1m2)2 \ ! ] (2n)4
" Flux ! Phase Space @

e Can be shortened, just as for decay, by doing the integrals over pO

requiring on-mass relation: p}) = \/pjz + 7’rlj2 = E; to find:

n

- : lel2 (2m)*6*(p1 + P2 — P3 . — Pn) X L 4,
4,/ (p1 - p2)? — (mymy)? =3 2E; (2m)*
* Consider the (“2-to-2”) example A+ B - C+ D
* Kinematics for the two-particle case...... D3 C
T .

A D1 B D ‘4
Before P2 / After



Two-to-Two cross section ...

0
> @ <€ ®:--- _X __________
cA+B—->C+D A D1 p, B y
Before After
Kinematics for the two-particle case in Center-of-Mass: p, = —p;
5 j 1 d’p;
0= M2 (2m)*8*(p1 + P2 — P3 — Pa) X e
4y/(p1 - p2)? — (mym,)? L 12£; (2m)

Use: pf = (E4,|p1],0,0) and pg = (E,, —|p4],0,0) to see that, after kinematic calculation’s — see Griffiths...

d3p5 d3p
o M2 (2m)*8% (1 + P2 — D3 — Pa) =

 64m2(E; + E)|p| f Es E4
Again, split up the §*(p; + p, — p3 — ps) into §(E; + E, — E3 — E,) X §3(p3 + B,) ...etc... similar as decay.

Complication: there is an angle 0 in the game and we cannot carry out the integral , since M can depend on it.
(Q: Why was there no 6 in the case of decay?).

Determine the angle dependent cross section:

da_(1)2 s\m|? |p]
dQ  \8m/ (Ey+E)? |pi




Two-to-Two cross section ...

A+ B->C+CLC

Kinematics for the two-p:
S

0' =
4 (p1 - p2)? — (n
Use: pf — (E1) |ﬁ1|) 010)
S
O- _—

64m2(E; + E;)|p

Again, split up the §*(p; -

Complication: there is an a
(Q: Why was there no 6 in

Determine the angle deper

If you really want to know...

In the CM frame, p, = —p1,50 p1 =

Eq E, Eq E>
P1-P2= ———Pl (—p1) = —+P%
2 2\2 Eq1E; 2 2\2
(1 p2)? — (mama?)? = (222 4 p2) " (mymac?)
_ E2E2 E1E2
= c42 +2 p%+p1 m%m%c‘1
E2 EZ EZ
But m3c? = 1 — p?,and m5c% = c_2 —p3=-2-p2 So
(p1- p2)? — (mamac®)?
El/EZ/ E1E2 RS E2 2
=
gﬁ/ z_%iﬂ,;
1 1
= C—ZP%(E% +E5 +2E Ep) = C—2P1(El + E)*.

— (mympc?)? = —|P1|(E1 + E).

1V (p1-p2)? —

E E
(2r)r=(2m)

:ulation’s — see Griffiths...

) ...etc... similar as decay.

iince M can depend on it.

15|
il

o1







How are you doing?




How are you doing?
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Scattering Theory and Feynman Calculus

Part 3
Feynman Calculus Griffiths §6.3

Or: how to find the matrix element M
This is the dynamics: the interesting bit!



Feynman Rules: ABC Toy Theory

e All the “real” particle physics is in the calculation of the matrix M.

A full derivation of QED is not in the scope of the lectures. We give a “recipe”.

e Consider ABC example theory

B * ABC model is simplest possible “theory”.
A * Particles have no spin
C * Particles are their own antiparticle
* No “arrows” needed
Only one fundamental vertex * Think of 7°, K®, 7 particles etc

* No real forces, just “particles”

* For the following recipe keep perturbation theory and the golden rule in mind.



Feynman Rules: ABC Toy TheoryforA+ B - A+ B

* Recipe to find M:
1. Draw all the possible diagrams

2. Label the external 4-momenta pi” and
put an arrow for the direction forward
in time for external lines

For each vertex write a factor —ig
4. Propagators: for each internal line

. l
write: ———
a7

* Note that for an internal line: qu +* mjz

w

5. Conservation of energy and momentum:

* For each vertex write a §-function of the form: (2m)* §*(k; + k, + k3) , with a positive sign for
momenta k; going into the vertex. This 6 makes sure that no momentum is “disappearing into a vertex’

)

. . . : 1
6. Integrate over all internal momenta. For each internal line write a factor oIy d*q;
7. Result will include a delta function: 2m)*6*(p; + py — p3 ... — p,,) reflecting overall energy

and momentum conservation. Erase this delta function factor and multiply by i. 2 M



Decay: Lifetimeof A = B+ C

Feynman rules: D2 B
1. Diagrams: see sketch A _ig
2. Labels: see sketch
3. Onevertex: —ig g
4. Propagators: no internal lines P1 pB\A C
5. Conservation of energy and momentum: (2m)* 6*(p; — p, — p3)
6. Integrate: no internal momenta
7. Discard delta-function and multiply by i.

Result for the amplitude: M = g

: Slp ) : : :
We obtain: I' = IpIZ |IM|? = Iplz g* (no identical particles: S = 1)
8TTMy 8TTMy

9 1
where |p| = E\[mj +mg + mg — 2mims — 2mimé — 2mimé  (see before)

1 87T"m2
So that the lifetimeis: T = — = > %A
r g-lpl




Exercise: Pion Decay

Calculate the lifetime of the neutral pion 7°

The neutral pion decays mainly via: t° — yy. Asisume that the amplitude has
dimensions [mass]x [velocity]. Griffiths: 7° = % (uﬂ — dd)

a) Motivate the reason that the amplitude should be proportional to the
coupling constant: M’ o< a = e?/4m. Sketch a diagram of the decay.
For dimensional reasons M is of the form M = am;

b) Use Fermi’s golden rule for two-body decays to estimate the decay width I" of
the pion. What are S, my, |p|? Express I in GeV.

c) Use the conversion table to calculate the lifetime of the ¥ and compare it
with the experimental value. What do you think?



A+ A - B + B Scattering: M

> @ <«

Feynman rules: )

: p, A
1. Diagram: see sketch Before
2. Labels: see sketch
3. Two vertices: (—ig)? = —g* |
4. Propagators: one internal line: — l >
q=—mg
5. Conservation of energy and momentum twice:

(2m)* 6*(py —p3 —q) and 2m)* 6*(p2 + ¢ — pa)

. : R R 7/}
6. Integrate: one integral: (2n)4d q

Result so far:

L
—(271)492] ——6*(p1 —p3 — q)6* (P2 + q —pa)d*q
q= —mg
Doing integral over 2" §* sets ¢ = p, — p, . Into first §* to find
~g% 5 @m)**(py + Pz — s — ps)
ng 2 Tt P1 T P2 —P3 — P4

— 2
C
7. Erase delta-function and multiply by i to find: M = g

(Ps — P2)% — m%



A+ A - B + B Scattering: M

> @ <« D ‘--__X __________

A D1 A *
Before P2 V After

* There is a second diagram: see sketch

* Repeat the computation?

* No, just replace: p3 < p, and fill in the end result:

g° g°

M = +
(p3 —p2)? — m% (Ps — P2)% — m%

* Note: M does not depend on Lorentz frame: itis a
Lorentz invariant (scalar) quantity.



A + A - B + B Scattering: da /d ()

- (I
4 Before P2 A V After
* Look at the matrix element and assume that ) 5
my, = mg = mand m, = 0 (eg. a photon): M = g ~ + g >
(p3 — p2) (P4 — 2)
(P —D2)* — m% = p; 2+ P% 2_ 2D2 * P4 Note that for 4-vectors:
=’m4+m2—2p2-pi ) pi'Pj=PiﬂPf-L=EiEj—ﬁi'ﬁj
= 2m? — 2E,E, + 2(P; - Ps) and that p? = p,p* = E? — p? = m?
— 2m2 —? (\/mz n ﬁz) (\/mz + ﬁz) + 225’2 cos 6 (Invariant mass)

= —2p%(1 — cos9)

(p3 — )% —mé& = —2p2(1 + cos 0) * Plugin: (s =1/2)

do ( 1 )2 SIMI? |By]
_ g N 9° ___ g da \8n/ (Ey+Ep)? |pil
—2p?(1 —cos@) —2p?(1+ cosB) 2p? sin? 6 do 1 g2 E
dQ ~ 2\16mEp?sin? 6

2
M




Exercise: Two-to-Two Scattering

Consider the process: A + B - A + B in the ABC theory

a) Draw the (two) lowest-order Feynman diagrams, and calculate the amplitudes

b) Find the differential cross-section in the CM frame, assumingmy = mg = m,mg = 0,
in terms of the (incoming) energy E and the scattering angle 0.

c) Assuming next that B is much heavier than A, calculate the differential cross-section
in the lab frame.

d) For case c), find the total cross-section.



Feynman Rules: ABC Toy TheoryforA+ B - A+ B

* Recipe to find M:
1. Draw all the possible diagrams

2. Label the external 4-momenta pi” and
put an arrow for the direction forward
in time for external lines

For each vertex write a factor —ig
4. Propagators: for each internal line

. l
write: ———
a7

* Note that for an internal line: qu +* mjz

w

5. Conservation of energy and momentum:

* For each vertex write a §-function of the form: (2m)* §*(k; + k, + k3) , with a positive sign for
momenta k; going into the vertex. This 6 makes sure that no momentum is “disappearing into a vertex’

)

. . . : 1
6. Integrate over all internal momenta. For each internal line write a factor oIy d*q;
7. Result will include a delta function: 2m)*6*(p; + py — p3 ... — p,,) reflecting overall energy

and momentum conservation. Erase this delta function factor and multiply by i. 2 M



Solution Exercise

From these, we get:
ps =\ _P3), pa=(mpc0)

1] —p, =

: (a) I pr=ps=(Opi+ps) so : : (p1—ps) = (f - mBC,p1) ;o (ptp2) = (f +ch,p1) . :
:I 1= pa)? = —(p1+p3)* = —(p] +P3 +2p1 - p3) I |

| = —(2p% + 2|p1||p1| cos §) = —dp? cos?8/2 I E 2 I
| P1 +2|p1l(P1 P1 - | o222 (B 2 22

: | : " 2l ) : | (p1—pa)” —mec ;e py —mcc :
I T4\ B pleos?0/2)’ I E > (E 22 22, ,22

: ¥ 1 H =\ 7 —mec) — |z —mac” ) —mge” = miye :

| I do (he\* M |pa]. B I 2 20_(E oo 0, I

i : : ia = \87) @EEIp] Ipsl = |p1l, I (p1+p2)" —mee” = | —+mpe ) —pi—mce |

| Diagram 1: 2 2\2 [ 2 2 I E 2 E? I
I :(hl> L(&) o1 | =(7+m3c> —(——mZCZ)—mzczgmzc2

I 2 451 44 d*q I 8w/ (2E)* \ 4 E*  pfcos?0/2 H ¢ A ¢ I

L i (2m) 6t — py— ) 20)*5 g+ p2 = pa) | N |

| 7? —m?c (2m) I > _ 2,2 22 | 2 |

But p7 = E“/c® —mjc°, so I 2
| " H Il Mm@l |do_( T8 |
_ —ig 454 o _ g I Sz |dn 4rm3c3

| = = pa)? i @r) 0 (pr+p2—p3—ps), Mi= (e 2 1 2 2 [ B B I

: Diagram 2: ¢ < I E2  plcos?6/2) E2 (B2 —m2c*) cos26/2 : I @ :

| ' s I ) [(E2 —m?c*) cos?0/2 — Ez] _e [E2 (c0529/2 -1) - m2c* c0529/2] | : 5 |

I 8P = 0 -+ 2 = )84 s~ ) ! EX(E? — mct) cos?6/2 E2(E? — mi2ct) cos?6/2 I o= [ 40— 4 (’L‘T) SN & |

| g% — mZc (27) | : o (E%sin?0/2 4 mPctcos?6/2) 2 (E?tan?0/2 + m?c*) I dQ dQ 7\ 2mcd I

I i T BE(E2—m2ct)cos?0/2 E2(E2 — m2c%) I I

_ —18 44 _ ' I g

| =9 250 (pr+p2—p3—ps), Mo=—"S—7>. |

| (el (p1+p2)? —mge L o 5 (E2tan? @+ m2ct) ) |

| I do ) g*he an-y +mec |

1 1 | a0~ ) 64w ES(E2 —m2c4) '
I M=M1+M2=g2[( 2 72 2 2 2 I I
p1—pa)> —mec - (p1+p2)? —mgc I

I (0 I

) H I

! X !

| . I |

| P; i R |

| Py Py et I A———po P4 @ |

| A—p ¢ «— B LR I |

| p}’ I Before After |

| Before B After I} I

| I} do ( h )2| 2 |

| [E E : : dQ) 8mrmpe |

I pP1= z/ P1), p2= Z/ —P1), p3 = ;/ P3), P4 ;/ —P3 I I

I | | pr=\=p1), p2=(mpc0) |

! T !

I I I



From ABC to QED

* ABC does not describe electrodynamics in the real world
* We have charged particles and photons

* Fermions have spin=),, forces have spin=1
e Spin is a complication, we will leave that for a course at master level

* How to get the matrix element and Feynman rules for QED scattering?
* This section will be quite “dense” but try to get the gist of it...




A taste of Relativistic QED Scattering

* Dirac equation in QED: (y,p* —m)y + ey, A =0
Ot = OF —jeA* ; OF = ipt ; p* - pHt + eAK

\ - B
* Perturbation theory:  (H, + V)Y = Ey | € -
~. /l 1
- _ k. k 0 N
Ho=a-p+tfm=y7y'p +ym __________________ gpttiey D/ & Scatter charged particles
_ 0, Ap & T in each-others A-field
> V=—eyy,A* % ________

* Transition amplitude: no spin (see before): Ty = —i fd‘*x POV (0 (x)
spin %2 (Dirac): Ty = —i Jd‘*x IOV () (x)

jZ:i = “transition current” = —i f d*x l/;f(x)(—e))/uA“(x)l/Ji(x) = —i lef:iAud‘lx
A

* Remember - - I
LQED = Lfree = Lint = Lpirac — quﬂA“l/} 2 Ling = _]uAM with ]u — quﬂlp -

* To determine A* insert the electromagnetic field that one particle A observes
from the other particle B and vice versa.




A taste of Relativistic QED Scattering

* Particle BD scatters in the field A* of particle AC
* The field A* is obtained from Maxwell: 3,0V A* = jﬁc -

1 3 TR ) =
Solution: A#* = __]AC : Remember: j e'PV Y i /
D/ €

| Transition current: JAc ew,bcy“t/)A

-—

* Transition amplitude becomé§ ___________________ |

BD 1 BD 1
Tri = —i [ jlAy d*x = —i [ j )21(‘,‘4@— i [} )21546)

Inserting plane wave solutions: P (x) = u(p)e ¥ Ug Up

into the current gives: j(‘ch) = —etioyHuy etPcPa)x JBD

and: j(l;au) = —ellpytug e'Pp=PB)*

Hence: Tp; = —i(2m)*6*(pp +pc — Pp —Pa) M

. —1 - L
With:  _iar = ie (TiyHu,) gzw ie(upyug) Jac
_ 9 - . _ UA uc

vertex vertex

“Matrix element” propagator




A taste of Relativistic QED Scattering

* Note that the current is of the form:
M = : u : . It is a 4-vector in Lorentz space (t, x,y,z); u = 0,1,2,3
Jfi ( by ) ( 4 ’ ) <lp‘> It is a scalar in Dirac space (1, 2, 3, 4)

* Finally:
 Feynman rules for QED are given in Griffiths section 7.5

To calculate cross sections with spin-Y% particles is mathematically involved; it requires taking
the square of the matrix element and summation over spin states of spinor objects.

We leave this fun for a topic of a master level course

Section 7.6, 7.7 and 7.8 of Griffiths give you an idea
* |t goes beyond the scope of this course

* Next week: “Detectors”, measuring the particle processes
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Lecture 5: Exercises

Exercises belonging to Lecture 5



Exercise — 17: Pion Decay

Calculate the lifetime of the neutral pion 7°

The neutral pion decays mainly via: t° — yy. Asisume that the amplitude has
dimensions [mass]x [velocity]. Griffiths: 7° = % (uﬂ — dd)

a) Motivate the reason that the amplitude should be proportional to the
coupling constant: M’ o< a = e?/4m. Sketch a diagram of the decay.
For dimensional reasons M is of the form M = am;

b) Use Fermi’s golden rule for two-body decays to estimate the decay width I" of
the pion. What are S, my, |p|? Express I in GeV.

c) Use the conversion table to calculate the lifetime of the ¥ and compare it
with the experimental value. What do you think?



Exercise — 18: Two-to-Two Scattering

Consider the process: A + B - A + B in the ABC theory

a) Draw the (two) lowest-order Feynman diagrams, and calculate the amplitudes

b) Find the differential cross-section in the CM frame, assumingmy = mg = m,mg = 0,
in terms of the (incoming) energy E and the scattering angle 0.

c) Assuming next that B is much heavier than A, calculate the differential cross-section
in the lab frame.

d) For case c), find the total cross-section.



