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Recap: “Seeing the wood for the trees”
• Lecture 1: “Particles”
• Zooming into constituents of matter
• Skills: distinguish particle types, Spin

• Lecture 2: “Forces”
• Exchange of quanta: EM, Weak, QCD
• Skills: 4-vectors, Feynman diagrams

• Lecture 3: “Waves”
• Quantum fields and gauge invariance
• Dirac algebra, Lagrangian, co- & contra variant

• Lecture 4: “Symmetries”
• Standard Model, Higgs, Discrete Symmetries
• Skills: Lagrangians, Chirality & Helicity

• Lecture 5: “Scattering”
• Cross section, decay, perturbation theory
• Skills: Dirac-delta function, Feynman Calculus

• Lecture 6: “Detectors”
• Energy loss mechanisms, detection technologies

38 LECTURE 2. PERTURBATION THEORY AND FERMI’S GOLDEN RULE

You may wonder why we need to consider a finite time interval T . The reason is that
when we assume that the initial state is an eigenstate of the free Hamiltonian with fixed
momentum (or energy), we have lost track of where a particle is in both space and

time. A moving wave packet would see the static potential during a finite time, but the
plane waves do not. Just like we will need to normalize the wave functions on a finite
volume, we will need to normalize the potential to a finite time. A proper treatment is
rather lengthy and relies on the use of wave packets. (See e.g. the book by K.Gottfried,
“Quantum Mechanics” (1966), Volume 1, sections 12, 56.) In the end, we can write
transition probabilities in terms of plane waves, provided that we normalize to T and
V . We discuss the normalization in more detail below.

2.3 Relativistic scattering

Fermi’s golden rule allows us to compute the scattering rate of non-relativistic particles
on a static potential. In scattering experiments at high energies we need to deal with two
scattering particles, rather than single particles scattering on a source. As an example,
consider two spin-less electrons scatter in their mutual electromagnetic field, as depicted
in Fig. 2.3.
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Figure 2.3: Scattering of two electrons in an electromagnetic potential.

Such scattering processes can be described by the exchange of virtual particles, Yukawa’s
force carriers. Even without understanding the details of the interaction, we can readily
identify one place where it should di↵er from the discussion above: the result must
somehow encode four-momentum conservation and not just energy conservation.

Our master formula for the di↵erential cross-section, Eq. (2.8) is essentially a gener-
alization to problems with more than one particle in the initial or final state. We
cannot derive the expressions for a scattering cross section at high energies without
going through the machinery of quantum field theory. (This is not entirely true: see
Thomson, chapter 3 and section 5.1.) Instead, we will sketch the main results, then work
through the electrodynamics of spin-less particles as an example in the next lectures.
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Lecture 1: “Particles” - Nuclear

• Neutrons ‘glue’ protons together —> force between nucleons 

• Must be very short range (~fm) 

• Must be attractive, but repulsive at very short scales 

—> Square well? (infinities —> binding energies problematic?) 
  

Nuclear force
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Lecture 2

Kernkrachten

• Een model voor de potentiaal
• ‘Vierkante put’ potentiaal

• Nucleonen gevangen in put

• In werkelijkheid natuurlijk niet  
zo scherp afgebakend

• Maar er is ook de elektromagnetische Coulomb interactie
• Extra bijdrage aan de totale potentiaal voor nucleonen (protonen)

• Hierdoor schematisch potentiaal ‘vervormd’ naar:
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Neutron Proton
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42 1 Historical Introduction to the Elementary Particles

Fig. 1.11 (a) In Rutherford scattering, the
number of particles deflected through large
angles indicates that the atom has internal
structure (a nucleus). (b) In deep inelastic
scattering, the number of particles deflected
through large angles indicates that the pro-
ton has internal structure (quarks). The
dashed lines show what you would expect

if the positive charge were uniformly dis-
tributed over the volume of (a) the atom,
(b) the proton. (Source: Halzen, F. and Mar-
tin, A. D. (1984) Quarks and Leptons, John
Wiley & Sons, New York, p. 17. Copyright 
John Wiley & Sons, Inc. Reprinted by permis-
sion.)

into, since there is no lighter particle with fractional charge? So quarks ought to be
easy to produce, easy to identify, and easy to store, and yet, no one has ever found one.

The failure of experiments to produce isolated quarks occasioned widespread
skepticism about the quark model in the late 1960s and early 1970s. Those who
clung to the model tried to conceal their disappointment by introducing the notion
of quark confinement: perhaps, for reasons not yet understood, quarks are absolutely
confined within baryons and mesons, so that no matter how hard you try, you
cannot get them out. Of course, this doesn’t explain anything, it just gives a
name to our frustration. But it does pose sharply a critical theoretical question
that is still not completely answered: what is the mechanism responsible for quark
confinement? [27]

Even if all quarks are stuck inside hadrons, this does not mean they are
inaccessible to experimental study. One can explore the interior of a proton in
much the same way as Rutherford probed the inside of an atom – by firing things
into it. Such experiments were carried out in the late 1960s using high-energy
electrons at the Stanford Linear Accelerator Center (SLAC). They were repeated in
the early 1970s using neutrino beams at CERN, and later still using protons. The
results of these so-called ‘deep inelastic scattering’ experiments [28] were strikingly
reminiscent of Rutherford’s (Figure 1.11): most of the incident particles pass right
through, whereas a small number bounce back sharply. This means that the charge
of the proton is concentrated in small lumps, just as Rutherford’s results indicated
that the positive charge in an atom is concentrated at the nucleus [29]. However,

quarks



Lecture 1: “Particles” - subatomic

18 Lecture 1. Particles and Forces
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Figure 1.7: Decuplet of baryons with spin=3/2. The Ω− was not yet observed when
this model was introduced. It’s mass was predicted.

Figure 1.8: Discovery of the omega particle.

1.7 The Eightfold Way (1961–1964) 35

photon don’t experience strong forces at all, so strangeness does not apply to
them.)

The garden that seemed so tidy in 1947 had grown into a jungle by 1960, and
hadron physics could only be described as chaos. The plethora of strongly interacting
particles was divided into two great families – the baryons and the mesons – and
the members of each family were distinguished by charge, strangeness, and mass;
but beyond that there was no rhyme or reason to it all. This predicament reminded
many physicists of the situation in chemistry a century earlier, in the days before
the periodic table, when scores of elements had been identified, but there was no
underlying order or system. In 1960, the elementary particles awaited their own
‘periodic table’.

1.7
The Eightfold Way (1961–1964)

The Mendeleev of elementary particle physics was Murray Gell-Mann, who intro-
duced the so-called Eightfold Way in 1961 [23]. (Essentially the same scheme was
proposed independently by Ne’eman.) The Eightfold Way arranged the baryons and
mesons into weird geometrical patterns, according to their charge and strangeness.
The eight lightest baryons fit into a hexagonal array, with two particles at the center:∗

This group is known as the baryon octet. Notice that particles of like charge lie along
the downward-sloping diagonal lines: Q = +1 (in units of the proton charge) for
the proton and the !+; Q = 0 for the neutron, the ", the !0, and the #0; Q = −1
for the !− and the #−. Horizontal lines associate particles of like strangeness: S = 0
for the proton and neutron, S = −1 for the middle line, and S = −2 for the two #’s.

The eight lightest mesons fill a similar hexagonal pattern, forming the (pseudo-
scalar) meson octet:

∗ The relative placement of the particles in the center is arbitrary, but in this book I shall always
put the neutral member of the triplet (here the !0) above the singlet (here the ").

Baryon Octet

Spin – ½ 

1.5 Neutrinos (1930–1962) 25

Fig. 1.5 The beta decay spectrum of tritium (3
1H → 3

2He).
(Source: Lewis, G. M. (1970) Neutrinos, Wykeham, London,
p. 30.)

In modern terminology, then, the fundamental beta decay process is

n → p+ + e− + ν (1.8)

(neutron goes to proton plus electron plus antineutrino).
Now, you may have noticed something peculiar about Powell’s picture of the

disintegrating pion (Figure 1.3): the muon emerges at about 90◦ with respect to
the original pion direction. (That’s not the result of a collision, by the way; collisions
with atoms in the emulsion account for the dither in the tracks, but they cannot
produce an abrupt left turn.) What this kink indicates is that some other particle
was produced in the decay of the pion, a particle that left no footprints in the
emulsion, and hence must have been electrically neutral. It was natural (or at any
rate economical) to suppose that this was again Pauli’s neutrino:

π → µ + ν (1.9)

A few months after their first paper, Powell’s group published an even more striking
picture, in which the subsequent decay of the muon is also visible (Figure 1.6). By
then muon decays had been studied for many years, and it was well established
that the charged secondary is an electron. From the figure there is clearly a neutral
product as well, and you might guess that it is another neutrino. However, this
time it is actually two neutrinos:

µ → e + 2ν (1.10)

𝐸 =
𝑚!
" −𝑚#

" +𝑚$
"

2𝑚!
𝑐"

!
"𝐻 → #

"𝐻𝑒 + 𝑒$

QCD Strange
top

Neutrinos

Underlying
structure

Antiparticles (~1930-1956)
• Anderson: observed positron (e+) in cosmic rays 

• 1955, BeVatron, Berkeley: 
- Antiproton 
- Anti-neutron 
  (question: how?) 

• Photon: 
               (question: why?)

53

� = �̄

Antimatter

𝑝 = 𝑢𝑢𝑑 𝐾$ = 𝑠+𝑢
𝑢, 𝑑, 𝑠, 𝑐, 𝑏, 𝑡



Lecture 1: “Particles”
Classification of particles

• Lepton: fundamental particle
• Hadron: consist of quarks
• Meson: 1 quark + 1 antiquark (𝜋!,𝐵"#, …)
• Baryon: 3 quarks (𝑝 ,𝑛 , Λ, …)
• Anti-baryon: 3 anti-quarks

• Fermion: particle with half-integer spin.
• Antisymmetric wave function: obeys Pauli-

exclusion principle and Pauli-Dirac statistics
• All fundamental quarks and leptons are spin-½
• Baryons (S= ⁄$ %, ⁄& %) 

• Boson: particle with integer spin
• Symmetric wave function: Bose-Einstein statistics
• Mesons: (S=0, 1), Higgs (S=0)
• Force carriers: 𝛾, 𝑊, 𝑍, 𝑔 (S=1); graviton(S=2)



Lecture 2: “Forces”

• Electromagnetism
• Weak Interaction
• Strong Interaction
• No Gravitation

Griffiths chapter 2



Lecture : “Forces”
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Attractive and Repulsive forces and the quantum exchange

There is no
“action at a distance”

EM: photon
Weak: W, Z bosons
Strong: gluons
Gravitation: graviton(?)



Example of a quantum process: 𝑒! + 𝑒" → 𝑞 %𝑞 𝑔

• Electron-positron annihilation
• Produce a “virtual” photon
• Photon produces a quark + antiquark
• Quark can radiate a gluon



Example of a quantum process: 𝑒! + 𝑒" → 𝑞 %𝑞 𝑔

• Electron-positron annihilation
• Produce a “virtual” photon
• Photon produces a quark + antiquark
• Quark can radiate a gluon

Note:
This is a graphic representation of a 
calculation that represents a quantum 
event. We use it to talk about it.
Do not take it literally as what happens

Feynman diagram



Another example

• Kaon decay with weak interaction mediated by a 𝑊-boson
• Quark anti-quark produced by the strong interaction mediated by a gluon 



Lecture 2: Forces

Part 1
The Electromagnetic Interaction
Quantum Electrodynamics (QED) 

Griffiths section 2.2



Quantum Electrodynamics (QED)
• There is only one fundamental quantum 

interaction process: ie one “vertex”

time
time

“annihilation” “radiation”

• “strength” of the “vertex coupling” is equal to the elementary charge 𝑒
• Note: this vertex can only be part of a process since energy and momentum 

cannot be conserved at the same time in this “2-to-1” process
• This is an off-shell or virtual photon

Real Photon: 𝐸 = 𝑝 : 𝑝% = (𝑝, 𝑝, 0,0
𝐸′, 𝑝′, 0,0 + 𝐸′, −𝑝′, 0,0 = 2𝐸&, 0,0,0

    Does not work!   See Griffiths page 64, 65



A Real QED Process: Möller scattering

t

• “Coulomb” repulsion of colliding 
electrons

• Convention: the direction of an 
arrow w.r.t. time determines 
whether it is a colliding particle 
or antiparticle
• Should leave out the charge to be 

unambiguous

Photon has mass;
 it is virtual, 
also called off-shell
Think Heisenberg!

Photon:
𝑝' = (0, 𝑝(, 0,0)   ??



A Real QED Process: Möller scattering

t

• “Coulomb” repulsion of colliding 
electrons

• Convention: the direction of an 
arrow w.r.t. time determines 
whether it is a colliding particle 
or antiparticle
• Should leave out the charge to be 

unambiguous

Photon has mass;
 it is virtual, 
also called off-shell
Think Heisenberg!

Photon:
𝑝' = (0, 𝑝(, 0,0)   ??



A Real QED Process: Möller scattering

• “Coulomb” repulsion of colliding 
electrons

• Convention: the direction of an 
arrow w.r.t. time determines 
whether it is a colliding particle 
or antiparticle
• Should leave out the charge to be 

unambiguous

• Feynman diagrams are always 
drawn with particles
• Anti-particles are represented with 

an  arrow pointing against the 
direction of time.

t

+ +

+ +

Makes no sense!

Photon has mass;
 it is virtual, 
also called off-shell
Think Heisenberg!

Photon:
𝑝' = (0, 𝑝(, 0,0)   ??



A Real Process: Bhabha Scattering
• Scattering of electron and positron, two quantum processes 

(“Feynman diagrams”) in one real process:
• Spacelike “s-channel” exchange
• 𝑒* and 𝑒+ annihilate into a photon, which converts back to a 𝑒* and 𝑒+ pair

• Timelike ”t-channel” exchange
• 𝑒* and 𝑒+ scatter in each others EM field

tt

t-channels-channel +
What is wrong?



A Real Process: Bhabha Scattering
• Scattering of electron and positron, two quantum processes 

(“Feynman diagrams”) in one real process:
• Spacelike “s-channel” exchange
• 𝑒* and 𝑒+ annihilate into a photon, which converts back to a 𝑒* and 𝑒+ pair

• Timelike ”t-channel” exchange
• 𝑒* and 𝑒+ scatter in each others EM field

tt

t-channels-channel +
Now its OK!

Note: the interaction is 
attractive, not repulsive!



Feynman Diagram

• Calculation using Feynman rules: 
ℳ = 2!

3!

• Fine structure constant:                  
𝛼 = 2!

45
Hence: ℳ ∝ 6

3!

𝑞@ is “virtuality” of the photon

• Strength of the interaction
• Determined by the coupling constant 𝑒:  
𝛼 = A!

BC
= 1/137 why???

Note: a real photon should have 𝑞% = 0 !

Vertex: 𝑒Vertex: 𝑒

Propagator: !
"!

t

𝑞' = Energy, momentum 4-vector

Note:
𝑞" = 𝑞%𝑞% = 𝐸, 𝑝⃗ "

= 𝐸" − 𝑝⃗"

𝑞' 



Scattering with photons

Real processes with external photon lines

Quantum ElectroDynamics (QED)
• ‘real-life’ process —> combination of vertices.  

Processes with external photon lines:

�11
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Perturbation Theory

‘Perturbation theory’
• Approximate a QFT process:  

- expand around stable point: minimal energy  (least action)  
- add ‘perturbations’: series expansion in g (or !) 

• Coulomb scattering, e- + e- —> e- + e-,
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~ !2 ~ !4 ~ !4 ~ !4 ~ !4

‘Leading Order’: 
LO

‘Next-to Leading Order’: 
NLO NNLO

} }Feynman diagrams we use describe the lowest order  “Perturbation Theory”. 
Calculations with Feynman diagrams are never exact, always an approximation.

• We simply do not know how to do exact calculations in particle physics
• QED is extremely precise because many complicated diagrams have been calculated

Coulomb scattering: 𝑒D𝑒D → 𝑒D𝑒D

See lecture 5

Note: 𝛼 = ⁄! !"'



Not all diagrams exist

Get creative
• But not too creative:  

- Don’t use vertices not in our ‘toolbox’: 
 
 
 
 
 
 
 
- Don’t forget about Energy & momentum conservation
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• You can only use combinations 
of the fundamental QED vertex:



The background of Feynman Diagrams

• More about scattering and Feynman diagrams in Lecture 5

• For an intuitive approach to Feynman diagrams, see wikipedia: 
https://en.wikipedia.org/wiki/Quantum_electrodynamics and 
references therein, or the booklet of Feynman:
• “The strange theory of light and matter”

https://en.wikipedia.org/wiki/Quantum_electrodynamics


Part 2
The Weak Interaction

Griffiths section 2.4



Historical: Fermi 4-point interaction
• Becquerel discovered radioactivity based on the weak force
• 𝑛 → 𝑝 + 𝑒 + 𝜈

• The original model for the weak interaction is from Fermi
• For obvious reasons it is called the 4-point ‘contact’ interaction (1933).
• The strength of the interaction was given by Fermi’s constant 𝐺G = 10DH

t t



Quantum zoom-in on Fermi 4-point interaction

• Very short range W exchange

Weak interaction
• Original idea, Fermi: 4-point ‘contact’ interaction (1933) 

• Short range, so not a bad idea at low energies 
• However, force = exchange of particle: ‘intermediate vector boson’

�22

- W is (electrically) charged! 
- (q2 = ‘energy’ of W) 
- if q2 > Mw2 —> effect visible 
- note: if MW large —> force small

- GF ~ 10-5 (~ g2/MW2) 
- compare to ! ~ 10-2
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but also ‘propagator’
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Fermi decay 

constant: 
8"
9

• Similar to electrodynamics the weak interaction has a propagator
• 𝑊 spin-1 boson

• At quark level it involves a 𝑑 → 𝑢 transition

Effective Strength: I"@

𝑔

𝑔

𝐺) = Fermi Constant

• Fermi 4-point interaction



The Weak Interaction

• Feynman rules

Weak interaction
• Original idea, Fermi: 4-point ‘contact’ interaction (1933) 

• Short range, so not a bad idea at low energies 
• However, force = exchange of particle: ‘intermediate vector boson’

�22

- W is (electrically) charged! 
- (q2 = ‘energy’ of W) 
- if q2 > Mw2 —> effect visible 
- note: if MW large —> force small

- GF ~ 10-5 (~ g2/MW2) 
- compare to ! ~ 10-2

g2

M2
W � q2

GF

✓
⇡ g2

M2
W

◆

Not just ‘vertex’,  
but also ‘propagator’

Vertex: #
$ $

Vertex: #
$ $

Propagator:     
!

%"
! &"!

• 𝑊-boson has electric charge
• The process is called a charged current

• 𝑞# is the momentum transfer from the 
hadronic to leptonic vertex
• Here due to mass difference 𝑚0 −𝑚1

• Effect of propagator is only noticeable 
when 𝑞#~𝑀$

# (𝑀$=80.4 GeV)
• If 𝑞" is large: resonance
• In that case weak force is strong

• If 𝑞" is small: then effectively a 4-point 
Fermi coupling
• Propagator ~ ⁄1 𝑀*

% è weak force
• 𝐺) =

+&

,-'
& ;        𝛼. =

+&

%/
= $

&#
> 𝛼012

• The weak coupling constant is large!
• Interaction is weak due to large W mass



W and Z bosons

• Glashow, Salam, Weinberg (GSW model, 1968) predict three weak mediators
• 𝑊K , 𝑊D , 𝑍 - bosons 

• Discovery of the 𝑊 and 𝑍 bosons at CERN, 1983, UA1 and UA2 experiments
• Look at high energy proton - antiproton collisions
• 𝑀L = 80 𝐺𝑒𝑉/𝑐@ , 𝑀M = 91 𝐺𝑒𝑉/𝑐@ as predicted by GSW model 

1

VIII.Experimental tests of the Standard Model

1. Discovery of W and Z boson

2. Precision tests of the Z sector 

3. Precision test of the W sector

4. Radiative corrections and prediction of the 
Higgs mass

5. Higgs searches at the LHC

1. Discovery of the W and Z boson 1983 at CERN SppS accelerator, 
�s|540 GeV, UA-1/2 experiments

1.1 Boson production in pp interactions

p

p
u

d

W
ŝ

q,�"

q,"Q p

p
u

u

Z
ŝ

q,�"

q,�"

XWpp �oo ""Q XffZpp �oo

Similar to Drell-Yan: (photon instead of W)

10 1001 ZWMs ,ˆ

)( ZW VV

nb1.0

nb1

nb10

12.0x   mitˆ q | sxxs qq

22
q )GeV65(014.0xˆ  | sss

o Cross section is small !

Flavour changing charged currents: 𝑢𝑑̅ Flavour conserving neutral currents: 𝑢-𝑢



Schöning/Rodejohann                                          19                     Standard Model of Particle Physics SS 2013

Super Proton (Antiproton) Synchrotron

270 GeV protons

270 GeV anti-protons

1981-1984

Schöning/Rodejohann                                          22                     Standard Model of Particle Physics SS 2013

UA2 experiment

Schöning/Rodejohann                                          23                     Standard Model of Particle Physics SS 2013

Candidate Z → ee

Discovery of the Z boson at CERN in 1983

Schöning/Rodejohann                                          24                     Standard Model of Particle Physics SS 2013

Z-candidate Event Signature

U.Uwer



Virtuality

• How can beta decay 𝑛 → 𝑝 + 𝑒 + 𝜈̅ work, if the 𝑊 has a mass of 80 GeV??

Weak interaction
• Original idea, Fermi: 4-point ‘contact’ interaction (1933) 

• Short range, so not a bad idea at low energies 
• However, force = exchange of particle: ‘intermediate vector boson’

�22

- W is (electrically) charged! 
- (q2 = ‘energy’ of W) 
- if q2 > Mw2 —> effect visible 
- note: if MW large —> force small

- GF ~ 10-5 (~ g2/MW2) 
- compare to ! ~ 10-2

g2

M2
W � q2

GF

✓
⇡ g2

M2
W

◆

Not just ‘vertex’,  
but also ‘propagator’

Vertex: #
$ $

Vertex: #
$ $

Propagator:     
!

%"
! &"!

• Exchange of “virtual” particles, also 
called “off-shell”: 𝑞" = 𝐸" − 𝑝⃗" ≠ 𝑚"

• Heisenberg: 
𝐸 is undetermined as Δ𝐸Δ𝑡 ≥ ℏ/2 with 
Δ𝐸 = 𝑞⃗# +𝑚#

For small 𝑞 (Δ𝐸 = 𝑚𝑐")  à range force 𝑅 :

𝑅~𝑐Δ𝑡 ≈ ℏ
"34

~1.2×10*56𝑚

• Notice the resonance behaviour for 
𝑞# ≈ 𝑀$

#
𝑀( = 0.9396 𝐺𝑒𝑉

𝑀) = 0.9383 𝐺𝑒𝑉



Precision studies with Z bosons: “Electroweak Force”

• The LEP collider did many precision studies of the weak interaction with 
𝑒?𝑒@ annihilation collisions at collision energy around ⁄91 𝐺𝑒𝑉 𝑐9. 

Z

Z resonance lineshape

𝑀3 = 91 𝐺𝑒𝑉
Resonance:

𝑞# = 𝑠

𝑞# = 𝑠

𝑞# = 𝑠 = 𝐸! + 𝐸# #

1
𝑀*
# − 𝑞#

1
𝑞#



Similarity of Electromagnetic (γ) and Weak (𝑍) force
• Electromagnetic: 
𝑒K𝑒D → 𝑒K𝑒D

• Weak neutral current: 
𝑒K𝑒D → 𝑒K𝑒D

𝑒𝑒

1
𝑞9

𝑔'𝑔'

1
𝑞9 −𝑀D

9

𝑍

tt



Examples of processes: “neural currents”

𝜇+

𝜇$ 𝜏$

𝜏$

𝜇+

𝜇$ 𝜏$

𝜏+ 𝑢

𝑢

𝑏𝑢

𝑢 𝑏

𝑢

𝑢

𝜈u

𝑢 𝜈

• Electromagnetic: couples to electric charge: ‘+ and –’  

• Weak “Neutral Currents”: couples to weak charge: isospin ‘up’ and ‘down’

𝑍 boson also couples to neutrinos: neutrinos have weak charge 

𝑍 𝑍 𝑍 𝑍𝑍

I3 up
I3 down
I3 up
I3 down



Examples of processes that do not exist

𝜇+

𝜇$ 𝜏$

𝜏$

𝜇+

𝜇$ 𝜏$

𝜏+ u

𝑒$

𝑏𝑢

𝑢 𝑠

𝑢

𝑒

𝜈,𝑢

𝑢 𝜈%

• Electromagnetic:

• Weak “Neutral Currents”:

𝛾 and 𝑍 only couple to particles within one generation and only to quark or lepton pairs

𝑍 𝑍 𝑍 𝑍

𝜇$

𝑢

𝑢

𝜇$



Self coupling

• In electromagnetism a photon has no electric charge
• In the weak interaction the force carriers have weak charge themselves
• The weak charge is called “weak isospin”: 𝑊4: 𝐼& = − $

%
; 𝑍# ∶ 𝐼& = 0 ; 𝑊!: 𝐼& = + $

%
• The following diagrams are possible



The 𝑊 weak force: “charged currents”
• The 𝑊-boson carries electric charge
• The 𝑊 connects the weak isospin (I3) ‘up’ and ‘down’ type particles of a generation
• 𝑊+ and 𝑊* do the opposite 

• 2nd and 3rd generation muon and tau can decay because neutrino’s are light!

Pion decay

𝛽 (neutron) decay

Muon decay

• How does a kaon decay?
• 𝐾# = 𝑠𝑑

• The c-quark is heavier than 
the s quark:
• 𝑠 → 𝑐 𝑒 𝜈$ is	not	possible

𝑞 = '2 3

(𝑞 = '−1
3)

I3

+½ 

+½ 

-½ 

-½ 

𝑡

𝑡

𝐼! = +
1
2

𝐼! = −
1
2

𝐼! = −
1
2

𝐼! = +
1
2



Generations
• Does the 𝑊 only couple between particles of one generation?
• Leptons: yes
• Quarks: no!
• Couplings between generations are possible for the 𝑊!

• Kaon decays
• ”Leptonic”: 𝐾+ → 𝜇+𝜈7

• ”Hadronic”: 𝐾+ → 𝜋+𝜋+𝜋*

I3

+½ 

+½ 

-½ 

-½ 



The Strong Interaction
Quantum Chromodynamics (QCD)

Griffiths section 2.3



Color singlets
• Quarks are “locked-up” in hadrons
• Technical term: confinement

• Quarks carry color charge: 𝑟 , 𝑔 , 𝑏
• All physical objects are color neutral or color 

singlets: confinement!
• Baryons: 𝑟𝑔𝑏 or 𝑟 𝑔 𝑏
• Mesons: 𝑟 𝑟 or 𝑏𝑏 or 𝑔 𝑔

• The color force, transmitted by gluons, is very strong
• Requires a lot of energy to separate a color charge from a 

color neutral object
• Trying to do so will produce another color neutral object • Animation of a color neutral neutron:

baryon anti-baryon

Gluon color:  𝑔 𝑏
There are 8 gluons
+ 1 colorless singlet

𝑞𝑞 → 𝑔𝑙𝑢𝑜𝑛 → 𝑞𝑞

• Are quarks and gluons real or a bookkeeping devise? 



Proton Substructure: discovery of “partons” or “quarks”(1968)
• Similarly to Rutherford scattering (“substructure of the nucleus”) deep 

inelastic scattering of electrons on protons show the proton substructure  



Discovery of the Gluon (1979)

• The gluon was discovered in 𝑒?𝑒@
collisions at DESY in Hamburg
• “3-jet events”

• Feynman diagram for 
quark-quark 
interaction
• At LHC



3-Jet event at LEP - Delphi (1989 – 2000)



Yukawa’s pion exchange vs gluon exchange
• Yukawa: Nuclear force is carried by massive gluon
• QCD: Strong force is mediated by massless gluon 

Virtual quanta

• Yukawa theory predicted a particle with the mass mY ≈ 100MeV/c2

(from a ≈ 2 fm), responsible for proton-neutron (nuclear) interactions

• mn − mp ≈ 1.3MeV/c2 � mY .
Therefore an emission process
n→ p + Y is impossible for real
particle Y (energy conservation
violated)

• Exchange by the virtual particle
mediates the proton-neutron
interaction

Alexey Boyarsky STRUCTURE OF THE STANDARD MODEL 6

Virtual quanta

• Yukawa theory predicted a particle with the mass mY ≈ 100MeV/c2

(from a ≈ 2 fm), responsible for proton-neutron (nuclear) interactions

• mn − mp ≈ 1.3MeV/c2 � mY .
Therefore an emission process
n→ p + Y is impossible for real
particle Y (energy conservation
violated)

• Exchange by the virtual particle
mediates the proton-neutron
interaction

Alexey Boyarsky STRUCTURE OF THE STANDARD MODEL 6

Both are “correct”
depending on “zoom”

Short range because of mass Short range because of colour



Fundamental Vertices of the strong interaction
• QED: photon couples to charge
• Weak: W couples to isospin
• Strong gluon couples to color
• 3 colors and anti-colors
• Gluon carries charge itself!
• 8 different gluons (9 – 1 symmetric)

𝑞

𝑞

𝑔M NO
𝑔M NO

𝑔M NP

𝑔PNO 𝑔M NO

𝑔PM̅

𝑔M NO

𝑔PM̅
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a:
γ

e+

e−

µ+

µ−

b: W
e−

νe

νµ

µ−

c:
g

q

q

q

q

Figure 1.11: Feynman diagrams of fundamental lowest order perturbation theory pro-
cesses in a: electromagnetic, b: weak and c: strong interaction.

There is an important difference between the electromagnetic force on one hand, and
the weak and strong force on the other hand. The photon does not carry charge and,
therefore, does not interact with itself. The gluons, however, carry color and do interact
amongst each other. Also, the weak vector bosons carry weak isospin and undergo a
self coupling.

The strength of an interaction is determined by the coupling constant as well as the
mass of the vector boson. Contrary to its name the couplings are not constant, but
vary as a function of energy. At a momentum transfer of 1015 GeV the couplings of
electromagnetic, weak and strong interaction all have the same value. In the quest of
unification it is often assumed that the three forces unify to a grand unification force at
this energy.

Due to the self coupling of the force carriers the running of the coupling constants
of the weak and strong interaction are opposite to that of electromagnetism. Electro-
magnetism becomes weaker at low momentum (i.e. at large distance), the weak and the
strong force become stronger at low momentum or large distance. The strong interac-
tion coupling even diverges at momenta less than a few 100 MeV (the perturbative QCD
description breaks down). This leads to confinement: the existence of colored objects
(i.e. objects with net strong charge) is forbidden.

Finally, the Standard Model includes a, not yet observed, scalar Higgs boson, which
provides mass to the vector bosons and fermions in the Brout-Englert-Higgs mechanism.

Figure 1.12: Running of the coupling constants and possible unification point. On the
left: Standard Model. On the right: Supersymmetric Standard Model.
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Figure 1.11: Feynman diagrams of fundamental lowest order perturbation theory pro-
cesses in a: electromagnetic, b: weak and c: strong interaction.

There is an important difference between the electromagnetic force on one hand, and
the weak and strong force on the other hand. The photon does not carry charge and,
therefore, does not interact with itself. The gluons, however, carry color and do interact
amongst each other. Also, the weak vector bosons carry weak isospin and undergo a
self coupling.

The strength of an interaction is determined by the coupling constant as well as the
mass of the vector boson. Contrary to its name the couplings are not constant, but
vary as a function of energy. At a momentum transfer of 1015 GeV the couplings of
electromagnetic, weak and strong interaction all have the same value. In the quest of
unification it is often assumed that the three forces unify to a grand unification force at
this energy.

Due to the self coupling of the force carriers the running of the coupling constants
of the weak and strong interaction are opposite to that of electromagnetism. Electro-
magnetism becomes weaker at low momentum (i.e. at large distance), the weak and the
strong force become stronger at low momentum or large distance. The strong interac-
tion coupling even diverges at momenta less than a few 100 MeV (the perturbative QCD
description breaks down). This leads to confinement: the existence of colored objects
(i.e. objects with net strong charge) is forbidden.

Finally, the Standard Model includes a, not yet observed, scalar Higgs boson, which
provides mass to the vector bosons and fermions in the Brout-Englert-Higgs mechanism.

Figure 1.12: Running of the coupling constants and possible unification point. On the
left: Standard Model. On the right: Supersymmetric Standard Model.

• Leptons carry no color: leptons do not feel strong (nuclear) interaction



Abelian and non-Abelian
• Photons have no electric charge: 
• Photons do not interact with each other (“Abelian” in group theory) 

• Gluons carry color charge:
• Gluons do interact with each other (“non-Abelian” in group theory) 

• in QFT, the vacuum is such a ‘dielectric’: 
 
 
 
 
 
 
 

• ‘separation’: ~ Compton wavelength (h/mc ~ 10-10 cm) 

• gluon loops: opposite effect! (coupling down at short distances) 

• # quarks vs # gluons:  a = 2f - 11c,       with f=6 and c=3 —> a=-21  
—> gluon loops win: coupling decreases at short distances!
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Vacuum polarisation
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QED, QCD QCD
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• Vacuum behaves like dielectric: by QED and even more so by QCD…



Screening
• Charge screening effect:
• Around a charge 𝑞(+) dipoles align
• Halo of negative charge
• Effective charge (at distance) reduced

Strong interaction
• Coupling strength: !s > 1 

—> Every vertex contributes more and more!  
—> What does that imply?  
—> perturbation theory is in trouble! 

• Actually, coupling constant is not constant at all… 

• ‘Charge screening effect’: - around a charge q(+), dipoles align 
                                         - ‘halo’ of negative charge 
                                         - effective charge far away is reduced 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F±̀ �Áu�Á �̀̀ X¡��^»�S�uX��Á�o Á̀ h̀ì X¡u±̀ ÁX�¬��u�mÁ _`�`�_�Á���`´oS�Á��Áo� Á́eS�Á
º�­ÁS�̀ Áf���Á�o Á̀��¬�Y !̀ÁPtu�ÁYS�ÁW Á̀¬�_`����� Á̂�¬S�u�S y± �̀ºÁS�Áf����´�!ÁLwY�µ Á̀l���Á
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‘classic’ 
charge

‘real’ 
charge

Strong interaction
• Coupling strength: !s > 1 

—> Every vertex contributes more and more!  
—> What does that imply?  
—> perturbation theory is in trouble! 

• Actually, coupling constant is not constant at all… 

• ‘Charge screening effect’: - around a charge q(+), dipoles align 
                                         - ‘halo’ of negative charge 
                                         - effective charge far away is reduced 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‘classic’ 
charge

‘real’ 
charge

• in QFT, the vacuum is such a ‘dielectric’: 
 
 
 
 
 
 
 

• ‘separation’: ~ Compton wavelength (h/mc ~ 10-10 cm) 

• gluon loops: opposite effect! (coupling down at short distances) 

• # quarks vs # gluons:  a = 2f - 11c,       with f=6 and c=3 —> a=-21 
—> gluon loops win: coupling decreases at short distances!
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Vacuum polarisation
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)�x���}¸°9¯KtK}\�̂ ¸�M¸�̂ K¸KtL?���}�̧ ఞºxbIġ	ఞGP�°	Јᬡ߶ߵ ęġ5HS¹̧ ġ?x"̧ +��̧ Fi��7�?K�¸
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Anti-screening and asymptotic freedom
• Anti-screening: 
• gluon self coupling loops have 

opposite effect
• Crucial parameter: 
𝑎 ≡ 2𝑓 − 11𝑐
where: 𝑓 = number of flavours

𝑐 = number of colors
• In case 𝑎 > 1 (QED) coupling 

increases for short distance:
• In case 𝑎 < 1 (QCD) coupling 

decreases for short distance

• in QFT, the vacuum is such a ‘dielectric’: 
 
 
 
 
 
 
 

• ‘separation’: ~ Compton wavelength (h/mc ~ 10-10 cm) 

• gluon loops: opposite effect! (coupling down at short distances) 

• # quarks vs # gluons:  a = 2f - 11c,       with f=6 and c=3 —> a=-21  
—> gluon loops win: coupling decreases at short distances!
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Vacuum polarisation
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• in QFT, the vacuum is such a ‘dielectric’: 
 
 
 
 
 
 
 

• ‘separation’: ~ Compton wavelength (h/mc ~ 10-10 cm) 

• gluon loops: opposite effect! (coupling down at short distances) 

• # quarks vs # gluons:  a = 2f - 11c,       with f=6 and c=3 —> a=-21  
—> gluon loops win: coupling decreases at short distances!

.&Í�˴Fā T�g�5�o��8ovZKO�7logZP��

yUg=C��C�8sC� yCb@je��ks̀ VgP�8{�y�?Q� eVg�{C�zCm8r8|Vjg�@Vz~9g?Cz���7Q8{��D� Q8�C�
8b�8�z� =8bbC@� �{QC� =Q8sPC� jG�}SC� CbC>{slg�� Vy� 8>{�8bb�� {QC� G�bb�� y>sCCgC@� qĳ��+=§qƢ
?R8rPD��

1j� e�>Q� Hjt� CbC?�j@�g8eU?y��4RC� z8eC� {SVgP�Q8mnCgy� Vg�0E#
� ;�|��V{R�8g�
Wenkr{:g{�8@@C@� XgPsDAUDg{�� .k}�khb��@k��C�Q8�D�{QC�p�8s_�p�8s`�Pb�jg��Cs�C��
��QW?Q�� ;�� Y{zDbG�� �k�c@� 8P8Wg� bD8@� {k� 8g� Ug=sC8yVhP� >j�mbVgP� y{sCgP{S� 8{� yQjs��
AZz�g?Dz�
�;�{�gk��~QDsD�8tD�໊ᬡ�QD�@WrD={�Pb�kg�Pb�kg��Dw}W=Dz��2j�Vg�8A@U~Vjg��k�
{QC�B[8Pu8fz�8g8bkPk�z�|k��8?��f�mlb8uV�8�jg�Vg�0'$���C�f�z��gk��8bzj�Wg?b�@C�
Pb�jg�cjjmy��y�?Q�8z� |QCyC��

*{�Uz�gj{�?bC8s�8�nsVjsV��R8{�VgN�Cg?C� |QCyC� @V8Ps8ez� �Vbb�Q8�C�kg�{QC�y{js�� ��,��8y�
Z{��z�j�|��|QC[v�CJC!����) {SC������_̄ �³4RCsC�j>=�sy�8� V̀g@�jG�=jenC|V�jg�;C{�CCg�
{QC� p�8s̀ �mjb8sV�8{Vkg� @V8Ps8ey� ��TY=Q�AtV�C��27¥�³8{� ySkt~�AVy�:g=Cy�� 8gA� Pb�kg�
nkb8tY�8�kg� ��QW?R� AtW�Dz� W{�F�ª}��³ 3Wg>D��SD�HkigDs�@DmDg@y�kg��SD�g�e;Ds�kH�
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Vacuum polarisation
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QED, QCD QCD
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• Asymptotic freedom: at short distance: 
• Coupling 𝛼8~0 at very small distances
• Quarks and gluons become “free”
èQuark gluon plasma

• At small distances, !s < 1 
—> attractive force between quarks is small 

• At large distances, !s > 1 
—> attractive force between quarks becomes large  
—> At some point, potential energy > 2 x mquark c2  

•

Running coupling constant
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• Confinement: at large distance:
• 𝛼` > ~1



Running coupling constants and unification?
Running coupling constant
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137
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LEP (~mZ) LHC

Running coupling: 
‘beta’-function’

g2W
8M2

W

=
GFp
2

• Running couplings:
‘beta’-function
• Higher energy means 

shorter distance
• Lines do not cross in 

one point



Running coupling constants and unification?

• Unification with SUSY?
• 1015 GeV
• Grand Unified Theory

• 1019 GeV:
• Planck scale à quantum 

gravity?

Running coupling constant
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- 1015 GeV —> Grand Unified Theory?

- Planck scale (~1019 GeV) —> Gravity!  —>  Theory of Everything?



Standard Model of particles and forces



Summary Forces: Intermediate Vector Bosons
• SM: forces are transmitted by vector mesons, 

particles with spin-1:
• Electromagnetism:
• Long range : photon 𝛾 ,  𝑀0 = 0
• Photon carries no E.M. charge 

• Weak interaction: 
• Very short range: 𝑊 and 𝑍 bosons,  𝑀1 = 80 𝐺𝑒𝑉 ,𝑀2 = 91 𝐺𝑒𝑉
• Weak isospin charge. 𝑊 and 𝑍 have I-charge.

• Strong interaction:
• Very short range: gluon g    ,   𝑀3 = 0
• Gluons carry color à confinement à very short range

• Pairs of quarks can transmit strong force: Yukawa’s mesons
• Short range

• Gravitation: transmitted by spin-2 particle?
• Graviton
• Long range: 𝑀3 = 0

Yukawa interaction
between nucleons

22 Lecture 1. Particles and Forces
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Figure 1.11: Feynman diagrams of fundamental lowest order perturbation theory pro-
cesses in a: electromagnetic, b: weak and c: strong interaction.

There is an important difference between the electromagnetic force on one hand, and
the weak and strong force on the other hand. The photon does not carry charge and,
therefore, does not interact with itself. The gluons, however, carry color and do interact
amongst each other. Also, the weak vector bosons carry weak isospin and undergo a
self coupling.

The strength of an interaction is determined by the coupling constant as well as the
mass of the vector boson. Contrary to its name the couplings are not constant, but
vary as a function of energy. At a momentum transfer of 1015 GeV the couplings of
electromagnetic, weak and strong interaction all have the same value. In the quest of
unification it is often assumed that the three forces unify to a grand unification force at
this energy.

Due to the self coupling of the force carriers the running of the coupling constants
of the weak and strong interaction are opposite to that of electromagnetism. Electro-
magnetism becomes weaker at low momentum (i.e. at large distance), the weak and the
strong force become stronger at low momentum or large distance. The strong interac-
tion coupling even diverges at momenta less than a few 100 MeV (the perturbative QCD
description breaks down). This leads to confinement: the existence of colored objects
(i.e. objects with net strong charge) is forbidden.

Finally, the Standard Model includes a, not yet observed, scalar Higgs boson, which
provides mass to the vector bosons and fermions in the Brout-Englert-Higgs mechanism.

Figure 1.12: Running of the coupling constants and possible unification point. On the
left: Standard Model. On the right: Supersymmetric Standard Model.
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Lecture 2: Discussion Topics

Discussions Topics belonging to 
Lecture 2



Topic-4: Flavour changing Weak interaction

• What are neutral currents?; what are charged currents?
• Which transitions are allowed by the charged current?
• What is the consequence for stability of 2nd and 3rd generation 

particles?



Topic-4: Flavour Changing Quark Interactions
The Quark Flavors of the Standard Model
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The Quark Flavors of the Standard Model

lo
g 1

0(
 m

as
s 

[M
eV

/c
2 ]

 )

Charge: +2/3 Charge: −1/3

b

u

W�

gVub

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

up
down

charm

strange

top

bottom

Flavor changing currents

Tuesday, February 14, 12

The Quark Flavors of the Standard Model
lo

g 1
0(

 m
as

s 
[M

eV
/c

2 ]
 )

Charge: +2/3 Charge: −1/3

b

u

W�

gVub

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

up
down

charm

strange

top

bottom

Flavor changing currents

Tuesday, February 14, 12

The Quark Flavors of the Standard Model

lo
g 1

0(
 m

as
s 

[M
eV

/c
2 ]

 )

Charge: +2/3 Charge: −1/3

b

u

W�

gVub

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

up
down

charm

strange

top

bottom

Flavor changing currents

Tuesday, February 14, 12

1

2

3

Flavour changing currents



Topic-4: Flavour Changing Quark Interactions – CP ViolationThe Quark Flavors of the Standard Model
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• Particles and antiparticles have complex 
conjugated coupling constants
• This leads to CP violation
• Matter dominated universe

Flavour changing currents



Topic-5: The CKM and PMNS matrices

• What is different and what is the same for quarks and lepton in the 
charged current weak interaction?
• Explain how possibly a matter – antimatter asymmetry can be 

implemented?
• Think of complex coupling constants



Topic-5: A story of eigenstates

• Mass eigenstates ⟩|𝑞 are the eigenstate solutions of the free Hamiltonian 
• Weak or flavour eigenstates | ⟩𝑞′ are the eigenstate solutions of the weak 

interaction Hamiltonian. 
• They are unitary linear combination, or “rotation” of mass eigenstates.

• The the weak interaction can be written as: 

𝑢

𝑑L

𝑊M 𝑊M𝑐 𝑊M

𝑠L 𝑏L

𝑡



Topic-5: Flavour eigenstates and Mass eigenstates

𝑢

𝑑

𝑊M

𝑑

𝑊M

𝑊M𝑢 𝑊M

𝑊M 𝑊M

𝑊M𝑡

𝑑

𝑊M

𝑠

𝑡

𝑠

𝑊M

𝑏

𝑐

𝑡

𝑏

𝑢
𝑏

𝑐 𝑐

𝑉a`𝑉ab

𝑉cb

𝑉db 𝑉d`

𝑉c`

𝑉ae

𝑉ce

𝑉de

𝑠

𝑢

𝑑L

𝑊M 𝑊M𝑐 𝑊M

𝑠L 𝑏L

𝑡



Topic-5: Why a matrix notation?
• Model:
• Charged weak current does not couple to 

𝑢
𝑑 , 𝑐𝑠 , 𝑡𝑏

• but instead to 
𝑢
𝑑′ , 𝑐𝑠′ , 𝑡

𝑏′
• Where

𝑑′
𝑠′
𝑏′

=
𝑉ab 𝑉a` 𝑉ae
𝑉cb 𝑉c` 𝑉ce
𝑉db 𝑉d` 𝑉de

𝑑
𝑠
𝑏

CKM matrix:
Cabibbo,
Kobayashi
Maskawa

(Cabibbo Kobayashi Maskawa



Topic-5: The CKM matrix 𝑉234 - 3 vs 2 Generations

𝑉!" 𝑉!#
𝑉$" 𝑉$#

𝑑 𝑠

𝑢

𝑐

𝑉fgh =

𝑉NOP:

𝟏 − U𝟏 𝟐𝝀
𝟐 𝝀

−𝝀 𝟏 − U𝟏 𝟐𝝀
𝟐

è No CP violation

𝑉!" 𝑉!# 𝑉!%
𝑉$" 𝑉$# 𝑉$%
𝑉&" 𝑉&# 𝑉&%

𝑑 𝑠 𝑏

𝑢

𝑐

𝑡

• Wolfenstein parametrization: 𝑉fgh =

𝑉NOP:

𝟏 − U𝟏 𝟐𝝀
𝟐 𝝀 𝑨𝝀𝟑 𝝆 − 𝒊𝜼

−𝝀 𝟏 − U𝟏 𝟐𝝀
𝟐 𝑨𝝀𝟐

𝑨𝝀𝟑 𝟏 − 𝝆 − 𝒊𝜼 −𝑨𝝀𝟐 𝟏

è 1 CP violating phase

• 3  generations is the minimal particle content to generate CP violation (In Standard Model).



Topic-5: The Flavour Puzzle
• Why 3?
• Why are the couplings what they are?
• Is there a relation with the masses of the quarks?

e

d

µ t

u

s

c

b

t

𝑚" = 0.5 𝑀𝑒𝑉 𝑚# = 0.5 𝑀𝑒𝑉 𝑚$ = 1.8 𝐺𝑒𝑉

𝑚% = 2.2 𝑀𝑒𝑉 𝑚& = 1.3 𝐺𝑒𝑉

𝑚' = 4.7 𝑀𝑒𝑉

𝑚( = 173 𝐺𝑒𝑉

𝑚) = 96 𝑀𝑒𝑉 𝑚* = 4.2 𝐺𝑒𝑉



Topic-5: Flavour in the leptons!
• It turns out neutrino’s have mass, too!
• The mass is very tiny

• The generation mixing also occurs for neutrino’s
• Slightly different nomenclature:

• Quarks (CKM): 
𝑢′
𝑠′
𝑏′

=
𝑉ab 𝑉a` 𝑉ae
𝑉cb 𝑉c` 𝑉ce
𝑉db 𝑉d` 𝑉de

𝑑
𝑠
𝑏

• Leptons (PMNS): 
𝜈i
𝜈@
𝜈j

=
𝑈iA 𝑈ik 𝑈il
𝑈@A 𝑈@k 𝑈cl
𝑈jA 𝑈jk 𝑈jl

𝑑
𝑠
𝑏

• 𝑈7-89 : Pontecorvo, Maki, Nakagawa, Sakata mixing matrix

• (Difficult) Question: why is lepton mixing not seen in decays?
• It is only seen in neutrino oscillations



Topic-6: Variational calculus and Lagrangians

• Explain the idea behind variational calculus?
• What is a conservative Force?

• Define a Lagrangian: ℒ = 𝑇 − 𝑉 = ]
9
𝑚 𝑥̇9 + 𝑦̇9 + 𝑧̇9 − 𝑉 𝑥, 𝑦, 𝑧

• Show how Newton’s law in one dimension: 𝐹 = 𝑚𝑥̈  leads to the 
Euler Lagrange equation (in case of a conservative force):

𝑑
𝑑𝑡

𝜕ℒ
𝜕𝑥̇

=
𝜕ℒ
𝜕𝑥



Topic-6: Lagrange Formalism classical
• Classical Mechanics: The Lagrangian leads to equations of motion
• 𝐿 𝑞m, ̇𝑞m = 𝑇 − 𝑉 where 𝑞m and ̇𝑞m are the generalized coordinates and velocities.
• The path of a particle is found from Hamilton’s principle of least action

From this the Euler Lagrange equations follow and provide the equations of motion:
𝑑
𝑑𝑡

𝜕𝐿
𝜕 ̇𝑞9

=
𝜕𝐿
𝜕𝑞9

𝑆 = U
:-

:.
𝑑𝑡 𝐿 𝑞, 𝑞̇ = 0 𝛿𝑆 = 0

• Example: Ball falls from height 𝑦 = ℎ :   𝑞 = 𝑦 , 𝑞̇ = 𝑑𝑦/𝑑𝑡 = 𝑣^
• 𝐸nod = 𝑉 = 𝑚𝑔𝑞
• 𝐸pmq = 𝑇 = i

@𝑚𝑞̇
@

• Euler Lagrange: 𝜕𝐿/𝜕𝑞 = 𝑚𝑔 ;  𝜕𝐿/𝜕𝑞̇ = 𝑚𝑞̇
• b
bd

rs
ru̇A

= rs
ruA

gives   𝑚𝑞̈ = 𝑚𝑔 à 𝑞̇ = 𝑔𝑡 + 𝑣v à 𝑞 = 𝑦 = i
@𝑔𝑡

@ + 𝑣v𝑡 + 𝑦v

Griffiths §10.1

See: https://en.wikipedia.org/wiki/Lagrangian_mechanics

𝐿 = 𝑇 − 𝑉 =
1
2𝑚𝑞̇

" −𝑚𝑔𝑞



Lecture 2: Exercises

Exercises belonging to Lecture 2



Exercise-4:  Variational calculus Lagrange Formalism classical
• Example of variational calculus and least action principle: what is the shortest path between two 

points in space?
• Distance of two close points: 

𝑑𝑙 = 𝑑𝑥B + 𝑑𝑦B = 𝑑𝑥B 1 + CD
CE

B
= 1 + 𝑦FB𝑑𝑥 with 𝑦F = 𝑑𝑦/𝑑𝑥

• Total length from 𝑥G, 𝑦G to 𝑥H, 𝑦H :

𝑙 = G
E!

E"
𝑑𝑙 = G

E!

E"
1 + 𝑦FB𝑑𝑥 = G

E!

E"
𝑓 𝑦, 𝑦′ 𝑑𝑥

• Task is to find a function 𝑦 𝑥 for which 𝑙 is minimal
• In general assume the path length is given by: 𝐼 = ∫;/

;- 𝑓 𝑦, 𝑦′ 𝑑𝑥
• Variational principle: shortest path is stationary: 𝛿𝐼 = 0

a) Write 𝛿𝑓 𝑦, 𝑦′ = IJ
ID
𝛿𝑦 + IJ

ID#
𝛿𝑦F where  𝛿𝑦F = 𝛿 CD

CE
= C

CE
𝛿𝑦

Show using partial integration that 𝛿𝐼 = 0 leads to the Hamilton Lagrange equation IJ
ID
− C

CE
IJ
ID#

= 0

b) Here for the shortest path we have 𝑓 𝑦′ = 𝑙 = 1 + 𝑦FB.  
Then 𝜕𝑓/𝜕𝑦 = 0 and 𝜕𝑓/𝜕𝑦F = 𝑦F/ 1 + 𝑦FB

Show that the variational principle leads to a straight line path:  C
CE

DF
HKD#$

= 0 or that 𝑦F is a constant:
𝑑𝑦/𝑑𝑥 = 𝑎 ; 𝑦 = 𝑎𝑥 + 𝑏



Exercise-5: 4-Vector derivatives

a) Start with the expression for a Lorentz transformation along the 𝑥] axis. 
Write down the inverse transformation (i.e. express 𝑥_, 𝑥] in 𝑥_`, 𝑥]` )

b) Use the chain rule to express the derivatives ⁄𝜕 𝜕𝑥_` and ⁄𝜕 𝜕𝑥]` in ⁄𝜕 𝜕𝑥_
and ⁄𝜕 𝜕𝑥]

c) Use the result to show that ⁄𝜕 𝜕𝑥_ , − ⁄𝜕 𝜕𝑥] transforms in the same way 
as 𝑥_, 𝑥]

d) In other words the derivative four-vectors transform inversely to the 
coordinate four-vectors:
𝜕k = i

c
r
rd
, −𝛻 and 𝜕k =

i
c
r
rd
, 𝛻

Note the difference w.r.t. the minus sign!

e) Explicit 4-vectors: 𝑐𝑡, 𝑥, 𝑦, 𝑧 and 𝐸/𝑐, 𝑝a , 𝑝^ , 𝑝b à use next 𝑐 ≡ 1



Co- and contravariant derivatives

• Contravariant vector:

𝑥( = 𝑐𝑡, 𝑥⃗

But covariant derivative:

𝜕P =
1
𝑐
𝜕
𝜕𝑡 , −∇

• Covariant vector:

𝑥c = 𝑐𝑡, −𝑥⃗

But covariant derivative:

𝜕k =
1
𝑐
𝜕
𝜕𝑡
, ∇

Note that the minus sign is “opposite” to the case of the coordinate four-vectors.

Griffiths: chapter 3 



Exercises 6, 7, 8 

6. [Griffiths exercise 2.2] “Crossing lightsabers”
• Draw the lowest-order Feynman diagram representing Delbruck scattering: 𝛾 +
𝛾 → 𝛾 + 𝛾
• This has no classical analogue. Explain why.

7. [Griffiths exercise 2.4]
• Determine the invariant mass of the virtual photon in each of the lowest-order 

Feynman diagrams for Bhabha scattering. Assume electron and positron at rest.

8. [Griffiths exercise 2.7]
• Examine the processes in the left column of Griffiths exercise 2.7 and state 

which one is possible or impossible, and why / with which interaction.
Hint: draw the corresponding Feynman diagrams if needed.


