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2 INTRODUCTION	
Astroparticle Physics has developed over the years from being the only particle physics 

available at the beginning of the 20th century. At that time the cosmic rays were used as 
particle beams. With the advent of particle accelerators the particle physics experiments got a 
controlled environment in which to investigate the interactions of particles and astroparticle 
physics moved in the direction of investigating the characteristics of the “cosmic beams” 
rather than their interactions. Of course interactions of the very highest available energies 
were still investigated in cosmic ray experiments. It is interesting that the maximum available 
energy has always remained in favour of the cosmic ray experiments even to this day. The 
maximum available centre of mass energy in cosmic ray interactions is of the order  

2 2 10 GeV 450 TeV  

still about a factor of 30 larger than that obtained by the LHC. Of course the usability of 
this CM energy is somewhat limited by the fact that less than one of these particles arrive per 
year on one square kilometre of earth. 

In the mean time many other fields of research have been added to the collective field of 
astroparticle physics.  

 Cosmic Ray physics 

 Experimental measurements of the parameters of cosmology. 

 Cosmic Microwave background 

 Dark Matter Searches 

 Investigation of the high energy processes in the universe such as Active Galactic 
Nuclei and Gamma Ray Bursts 

 TeV gamma-ray physics 

 Neutrino Astrophysics 

 Neutrino-less double-beta decay 

 ...... 

By definition then the subjects of the lectures presented here will be somewhat fractured.  

We will start with a general discussion on hadronic interactions, which is a basis for 
understanding cosmic rays. This is necessary not only to understand the properties of the 
cosmic rays through their interaction in the atmosphere, but also to understand how they 
propagate through space from where they acquire their energy to Earth. 

Next we will discuss what we know about charged cosmic rays: what kind of particles are 
they, where do they come from and how do they become so energetic. Then we will turn our 
attention on the evolution of the universe from the Big Bang to now and will investigate the 
generation of baryons and nuclei. Here we will find the first indication of the necessity of the 
three quark families of the standard model. We will from the present abundance of helium be 
able to limit the number of light neutrino flavours. 

To take a step further in the understanding of the evolution of our universe we will 
investigate the cosmic microwave background (CMB). Specifically the fluctuations in the 
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temperature of the CMB will show that the universe as we know it is only a small fraction of 
the matter in the cosmos. This will bring us to the question of Dark Matter. We will review 
the evidence for dark matter, touching on the way on subjects like gravitational (micro)-
lensing, dark matter detection techniques and possible candidates for dark matter. 

Finally we will turn our attention back to the cosmic rays, but now not charged but 
neutral: In other words the high energy photons and neutrinos. 
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3 SOFT	PHYSICS	
Generally the word soft physics is reserved for describing our lack of knowledge about the 

major fraction of the total hadronic cross section. In other words the Standard Model of 
particle physics describes hard processes, mostly 2→2 processes or production of massive 
objects like Ws, Zs, Hs or top-quarks. To understand most of what goes on in the universe 
today this has very little relevance. 

For instance, understanding the propagation of particles through the cosmos depends 
completely on total cross sections rather than on the hard processes described by the Standard 
Model. The soft physics was all one had in the beginning of particle physics and in the 1950s 
and 1960s many systematic studies were made of these processes. Many general descriptions 
were made in a sort of phenomenological way. Mathematical requirements of continuity,   
extendibility and crossing symmetry led to general behaviours of total cross sections to be 
derived and the few parameters necessary to give a description of the data were extracted 
from experiment. In this way all soft physics is described very concisely. 

3.1 Scattering 
An easy way to look at scattering of a particle with mass m off a second particle is in the 

wave approximation, using the Schrödinger equation 

 

2  (3-1)
 

Where the second particle is described by a potential. We off course take 1, from 
which follows 2 . What we have to describe is the scattering of a particle entering 
effectively from ∞, feeling the effect of the scattering potential very close to the target 
and scattering with some probability to , | | ∞ . At ∞ the effect of the potential is 
negligible so we can approximate the solution by the solution of (3-1) with V=0. This is off 
course a plane wave given by: 

∙  (3-2) 

 

We can now define the flux of the incoming particle by the current density 

1
2

∗ ∗  
(3-3) 

 

The particle is scattered at the target and so the solution to the scattering problem will be a 
superposition of the incoming plane wave and a number of spherical waves that have their 
origin in a scattering centre somewhere in the region where the potential differs significantly 
from zero. We will solve the equation by introducing a Green function that has the property: 

|  (3-4) 
 

 

It is then clear that we can write the solution of (3-1) as  
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Clearly the + solution gives an indication of an outgoing wave and the – solution an 
incoming wave.  

Therefore using the 	for our problem we find that the general solution (3-1) is  

Φ
2 | |

Φ  (3-11) 

 

 

As we are only interested in the solution for large values or r we can rewrite | |

∙  where we have introduced	
| |

. It then follows that the solution to our 

problem is given by  

Φ ,  (3-12)

 

 

With 

,
2

∙ Φ  (3-13) 

 

Of course the problem of the calculation of the scattering amplitude f still has the total 
wavefunction solution behind the integral sign so we haven’t really solved things yet. This 
can always be done using a perturbation expansion. For the time being we are just interested 
in some general characteristics of the solution. Let’s calculate the outward going current 
density. Of course we will only be interested in the radial component which is given by: 

1
2

∗ ∂ ∂ ∗ ∗ | |  (3-14)

 

So the flux into an opening angle d is r2djr from which it follows that  

Ω | |
,  (3-15)

 

3.1.2 Perturbation	
To calculate the scattering we make an approximation that the potential gives only a small 

perturbation to the incoming wave and so we can use  rather than Φ  in (3-13). 
Which after a little bit of algebra leads to  

2
∙  (3-16)
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3.2 Amplitudes as Partial Waves 
In this chapter we will take a look at a general description op scattering in terms of partial 

waves. We can do this because of the spherical symmetry of the scattering problem. We can 
then describe the scattering on a potential by the some of an incoming plane wave and an 
outgoing spherical wave. In fact we can write the incoming plane wave as a sum over the 
partial waves where each partial wave corresponds to a wave of definite angular momentum. 

2 1 cos  (3-17)

 

Where the functions  are spherical Bessel functions describing the radial 
distribution and cos  are the Legendre polynomials describing the angular distribution of 
the partial wave. For large values of  the Bessel functions behave as: 

sin 2  (3-18)

 

So asymptotically we can write the incoming wave as 

,
1

2 1 cos  (3-19)

 

Where  is given by  

sin
2 2

 (3-20)

 

Of course we can do the same decomposition for the solutions of the Schrödinger equation  

Φ ,
1

2 1 cos  (3-21)

 

Where we have introduced some unknown functions which have to be solutions of the  

1 2
 (3-22)

Schrödinger equation written for convenience in spherical coordinates 

If we now look at the scattering problem again the full solution should contain the 
incoming plane wave and an outgoing spherical wave. It is then reasonable to derive the R 
functions from the  functions whereby the outgoing spherical waves present in the 
decomposition of the incoming plane wave get modified by the scattering 

2
 (3-23) 

If we now again write the solution of the problem as 
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Φ , , , ,  (3-24)

 

Then using (3-23) the scattering amplitudes are given by  

2
2 1 1 cos  (3-25)

 

Furthermore we know that to conserve the total normalisation of the waves that we have 
to require | | 1 and so we can write  

1 2 sin
2 sin cos sin

 (3-26)

 

The scattering amplitude is then given in terms of the phaseshift  by 

1
2 1 sin cos

1
2 1 cos  (3-27) 

 

And the  are called the partial wave amplitudes. 

3.3 Elastic and Inelastic Scattering 
In the above the normalisation of the wavefunction was taken as , however using 

relativistic particles it is more convenient to normalise the wave function to 1, i.e. one 
particle, so that the current density is given by: 

1

2
∗ ∗  (3-28)

 

And likewise for the radial current density. Introducing the scattering function  as a 
generalisation of the potential and the profile function Γ  =1-	  we can write the 
outgoing wavefunction as 

2
∙  (3-29)

 

And the elastic scattering amplitude 

2
Γ ∙  (3-30)

 

To make it a little easier we will approximate the scattering target as a disc Γ

Γ  so that we get 

2
Γ ∙  (3-31)
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The differential elastic cross section is given by  

Ω
| |  (3-32)

 

Integrating this over the full solid angle gives the total elastic cross section 

| |  (3-33)

 

With 

| | Γ Γ∗ ∙  (3-34)

 

And using  

1
2

∙  (3-35)

 

the total elastic cross section is given by 

Γ  (3-36)

 

We now turn to calculating the inelastic cross section. This is of course just the incoming 
flux minus the outgoing elastic flux: 

Ω
4

∗ ∙

1 2ReΓ Γ  
(3-37)

 

From which it follows that the total cross section is given by  

2Re Γ  (3-38)

 

And comparing this to the elastic scattering amplitude at zero momentum transfer we 
come to the optical theorem which states that  

4
 Im 0  (3-39)

 

3.3.1 Profile	functions	
Uniform 	disc	

A uniform density disc is given as  
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Γ 0  
Γ 0  

(3-40)

 

from which it follows that 

2
Γ ∙  (3-41)

 

from which we can derive, using  

 (3-42)

 

that  

 (3-43)

 

and because  

→

1
2

 (3-44)

 

the total cross section becomes 

4 1
2

2  (3-45)

 

The differential elastic cross section is 

Ω
| →

q
|

t
|  (3-46)

 

which for small t  becomes 

t
 (3-47)

 

so the slope of the elastic cross section in t gives an indication of the size of the disc. In this 
case the total cross section is twice the area of the disc and the elastic cross section is given by 
the area of the disc. 

Gaussian	profile	

	

With the profile function given by Γ Γ 0 it is easy to derive that  

 



 

 
 
Both

the unif
square f
favours 
small t, 

Figur

 

making 
have ju
sections
the beam

3.4 R
To g

mass en
observa
mass sq
instance
very sim
particles
particles

h profile fu
form disc s
first order 
the Gaussi
but at large

re 3-2: Elastic p

the geome
ust used the
s so in princ
m and targe

Regge Phe
get a handl
nergy we w

ation that w
quared then
e in ̅ col
milar. If one
s in  co
s and they w

unctions pre
shows a ch
Bessel func
an profile. T
e t a diffract

proton proton sc

etrical pictu
e wave equ
ciple the pr

et. 

enomenolo
e on the be
will now tu

when one pl
n the particl
llisions crea
e now exten

ollisions on
will behave

4
	

edict an exp
haracteristic 
ction. Expe
The differen
tive minimu

cattering showin

ure of the p
ation to ex

rofile functi

ogy 
ehaviour of 
urn to Reg
lots the ang
es with the
ates these r
nds the inv

ne expects 
e similarly. 

12 

2 Γ 0  
1
2

Γ 0

Γ 0

ponential sh
 diffraction

erimentally 
ntial cross s
um is observ

ng the diffractiv

proton a litt
xtract some 
ion has to b

the total cr
gge-Müller 
gular mome
e same G-p
resonances 
vestigation t
that it will
To do this 

 

 

hape of the 
n pattern w
the ratio o

section show
ved (see ), 

ve minimum 

tle more co
of the cha

be seen as a

ross section
analysis. T

entum of p
arity fall on
at a particu
to the t-cha
l somehow
we first intr

elastic t dis
with a zero 

f total to e
ws an expon

mplicated. 
racteristics 

a convolutio

n as a functi
This analys
articles suc
n a straight
ular s value
nnel exchan
reflect the

roduce the 

stribution a
point given

elastic cross
nential beha

Of course 
of scatterin

on of the pr

ion of the c
sis started 
ch as r vers
t line. So if
e their beha
nge of one 
e equality 
invariant am

(3-48)

at small t 
n by the 
s section 
aviour at 

here we 
ng cross 
rofiles of 

centre of 
from an 
sus their 
f one for 
aviour is 
of these 
of these 
mplitude 



13 
 

rather than the one we have been working with so far. The invariant cross section is in this 
case given as  

1
16

| , |  (3-49)

 

And in terms of the invariant amplitude the optical theorem takes on the form 

1
Im	 , 0  (3-50)

 

3.5 Total Cross Sections 
The invariant amplitude can of course like any function be described as infinite sum of 

partial waves 

,
8 √

2 1 cos  (3-51)

 

This can be converted via a Sommerfeld-Watson transformation to an integral over , 
which is now a complex variable. One must of course assume that the partial wave amplitudes 
are continuous and extendible into the complex plane.  

,
8 √ 1

2
2 1 , cos

sin
 (3-52)

 

The expectation is then that in the complex plane there are poles which correspond to the 
trajectories of equally behaving particles. 

,
8 √ 2 1 cos

sin
 (3-53)

 

Where  is the residue of the partial wave amplitude in the pole occurring at . So 

we have taken an infinite sum of partial waves and have transformed it into hopefully a finite 
sum over poles. So we can now specify the process we are interested in.  

→  (3-54) 
 

To see the effect of the Regge poles we first look at the crossed channel 

̅ → ̅  (3-55) 
 

Where we expect the resonances to occur that in the first reaction are exchanged particles. 
It is clear that for this reaction the partial wave expansion is valid and we can then lumping 
everything except the Legendre polynomial together it looks like: 

̅ , ̅ ̅ cos ̅  (3-56) 
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Where we have indicated by the bar over the variables that we are dealing with the 
crossed channel to the one we really want. We now invoke the crossing symmetry that states 
that the invariant amplitude in the crossed channel is equal to that of the non-crossed channel 
as long as we replace ̅ 	with	  and ̅	with	 . In other words: 

̅ , ̅ ̅, ̅  (3-57)
 

For the crossed channel we have ̅  which gives 

	 ̅ 2 2 2 ̅ cos ̅ 2 2 2  
 

(3-58) 

where for the last equality we have used the fact that we work in the centre of mass frame 
(invariant amplitude) and that we are dealing with elastic scattering. From this it follows that  

cos ̅ ̅ 2 ̅ 4

̅ 1
4
̅

 (3-59)

 

Changing to the non-crossed channel we have then 

cos
2 4

1
4 4

 (3-60)

 

This is for almost all situations a large number so we can take the behaviour of the 
Legendre polynomials 

→
 so we find that the asymptotic behaviour of the 

amplitude is  

,  (3-61)

 

And so using the optical theorem we get to the total cross section: 

1
0 0  (3-62)

 

So let’s now see what these values of  are. In Figure 3-3 the trajectory of the  is shown. 
The right hand side of the plot where M2 is positive the resonances occur at equal intervals as 
the angular momentum increases. These coincide with the ̅ → ; ; ; → ̅ whereas  
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the Pomeron intercept. In the case of the cross section being driven by the increase in the 
gluon density we have at least the possibility of introducing a stop to this growth through the 
process of recombination.  

When dealing with extrapolations of cross sections beyond our present experimental 
knowledge it is certainly necessary to proceed with caution. 

3.6 Longitudinal phase space 
The general interaction of a proton with another proton is a superficial glance where the 

gluons in the one proton interact with the gluons in the other. This leads most likely to colour 
exchange (although sometimes the exchanged gluons compensate and we have elastic 
scattering, and we call the exchange a Pomeron) and so we are left in the final state with a 
colour field stretching from the one “proton” to the other “proton”. Because of the 
characteristics of QCD this colour field has little transverse extension. This leads to an 
increase in the field energy density as the colour charges move away from one another. The 
energy density increases so much that finally there is locally enough energy to produce a 
quark anti-quark pair and some of the centre of mass energy will be transformed into mass. 
This pair will typically be travelling in one or the other direction and we therefore have two 
strings each with a smaller centre of mass energy, but still both with an increasing string 
tension. This will proceed until the quarks and anti-quarks of opposite colour form bound 
state mesons and take not only mass but also kinetic energy out of the colour field. This 
mechanism has been simulated with the Jetset MonteCarlo. The simulation is well capable of 
describing the hadronisation that takes place in interactions, at the cost of course of many 
parameters. Because of the almost one dimensional character of the colour field the 
simulation assumes that the colour charges are connected via a string which has an energy 
density or string constant (equivalent to the spring constant in an oscillator) of 1GeV/fm.  

When one starts to look at the details of hadronisation one finds that not only pions are 
formed but also kaons. These can of course be easily accommodated by the fact that a strange 
quark anti-quark pair gets created from the energy in the field. Experimentally one finds, that t 
the number of kaons produced is about one third of the number of pions. The argument given 
for this is that the strange quark has more mass and so the string must stretch further to 
produce a strange pair whereas it should not in the meantime produce an up or down quark 
pair. In the end this is parameterized by giving the strange quark a production probability of 
0.33. It is of course also possible to produce coloured objects with 2 quarks, so in the string 
di-quark di-anti-quarks can be formed which behave similarly to quark anti-quarks because 
only their colour is important. This allows for baryon production inside the colour field. This 
is parameterized with the di-quark probability, which is set such that the roughly 8% of 
baryons produced in the fragmentation are reproduced.  

In this model there is essentially no transverse momentum, however in typical minimum 

bias events the transverse momentum behaves roughly as  where  is of the order 

6 which means that the typical transverse momentum of a particle is around 300 MeV. In the 
model, which is quite well substantiated by data, the transverse momentum is randomly 
chosen and then locally compensated.  
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Where  is the flux of particles in the energy interval  at  passing through the position 
interval  at point	 .  The flux  can be written in terms of the diffusion coefficient   

 
(4-4) 

 

So equation (4-3) becomes 

 
(4-5) 

 

Which can be generalised to three dimensions 

 
(4-6) 

 

If the energy loss of the particles can be described purely as a function of the energy –

 we can then write  

 (4-7) 

 

And so we finally arrive at 

 (4-8) 

 

With the help of this general equation we can now start to attack the problem of spallation. 
We will first attack the problem of the light elements Li, Be and B, which we will assume are 
the spallation products of the elements C, N and O. We will simplify things a little so we put 
together the spallation parents and call these the M sample and the daughters the L sample. 

We now modify the equation to be dependent on the species, . We add a term that describes 
the disappearance of the species through the spallation, which we describe in terms of a 
spallation lifetime, , and the creation of the species through the spallation of a heavier 
species, 	 . 

 (4-9) 

 

Where the  define the probability that when species  undergoes spallation that it will create 

species . 

This equation has of course too many unknowns, so we shall have to simplify things a little. 
We assume that we have a galaxy where no species are created. We assume that at t=0 there is 
a certain number of species I after which there is no injection of new particles. The second 
assumption is that the cosmic rays are everywhere the same in the galaxy so that the diffusion 
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term will be zero. Finally we assume there is no energy loss before or after the spallation 
takes place. These assumptions are quite reasonable as we shall discover later. We also 
introduce the traversed matter density rather than time, . The equation then 
becomes significantly simplified. 

 (4-10) 

 

We now assume that the M sample has only losses, whereas the L sample has losses but is 
only fed from the M sample. 

 (4-11) 

 
(4-12) 

 

 

Equation (4-11) is solved straightforwardly: 

 
(4-13) 

 

 

And we rewrite equation (4-12) as 

 
(4-14) 

 

From this we get  

1  
(4-15) 

 

Table 4-1: Cross sections in mbarn for the spallation of heavy nuclei into the lighter nuclei. 

Product 
Nucleus Z A 

Parent Nucleus 
11B 12C 14N 16O 

Lithium 3 6 12.9 12.6 12.6 12.6 
  7 17.6 11.4 11.4 11.4 
Berylium 4 7 6.4 9.7 9.7 9.7 
  9 7.1 4.3 4.3 4.3 
  10 15.8 2.9 1.9 1.9 
Boron 5 10 26.6 17.3 16.0 7.1 
  11 - 31.5 15.0 12.0 
 

The experimental result for the ratio is 0.25 which together with the spallation cross sections 
measured at accelerator (of course with a proton beam hitting a heavy nucleus target rather 
than in this case, the heavy nucleus hitting the proton target) gives a traversed matter of 48 
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kg/m2. Note this is not a density but rather a density multiplied by the length the particle 
travels.  

 

We now turn to the heavier elements that we assume all come from the spallation of Fe. The 
spallation cross section of Fe is 764	mbarns, which translates to a value of 

22	kg/m2 and given the values of table for the spallation products cross sections we find that 
≪  so that we must conclude that: 

1
 (4-16) 

 

Which, putting in the values of 22	kg/m2 and of 50	kg/m2, gives a predicted 
value of 8.7 rather than the experimental value of 0.5. There is of course a simple explanation 
for this in the fact that not all particles traverse the same amount of matter. Let’s look at what 
happens if we let one third of the Fe traverse twice the amount of matter and two thirds 
traverse no matter at all. Of course we have to do this for the previous result also. This gives 

for the one third, 100	kg/m2: 

 

0.6	 

At this point all Fe undergoes spallation. In the two thirds case no spallation products 
appear and all Fe and the full M sample survives. This then gives 

 

0.26	and	 0.5	 

which agrees with the data. The real situation is of course a little more complicated. The 
cosmic rays will turn out to come mostly from our galaxy, where they are trapped by the 
galactic magnetic field. There is in time a certain probability for the particles to escape. They 
are then lost from our measurements. This model of the cosmic rays in our galaxy is known as 
the leaky box model. Putting this into our diffusion equation: 

 (4-17) 

 

And setting the diffusion to zero again this leads to  

0  (4-18) 

or 

0  
 

(4-19) 
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→  decay. For a relativistic proton travelling at the speed of light through a medium of 
protons with a number density  the probability per second of having an inelastic collision is 

7.5	10 		  

 

Where 2.5	10 		m2 and 	 10 		m‐3. In the volume, , of the galaxy, if the 

density of cosmic rays with an energy  is given by  then the rate of interaction in the 
galaxy will be given by 	 . At large enough energy isospin conservation 
requires that of all the pions produced 1/3 must be  mesons. Also we can assume that the 
inelastic collision produces mainly pions. With the empirical fact that the leading baryons 
take away about half the collision energy (leading particle effect) one finds that on average 
1/6 of the total energy in the collision will be liberated as neutral pions and so through the 
pion decay to the photons. This energy can be estimated by: 

1
6

1
6

 (4-25) 

 

The energy density of the cosmic rays is 1	MeV	m‐3 and the galaxy can be 
approximated by a cylinder 200 pc (1	pc	 3.08	10 	m  high with a radius of 8000 pc 

( 2	10 	m3 . So the luminosity is  

1
6

1
6
7.5	10 2	10 	1.6	10 	W 	2	10 W 

 

which is, considering the relatively crude approximations used, in reasonable agreement with 
the value of the measured value.  

Exercise: Given the flux of cosmic rays in Figure 4-4 calculate the energy density of cosmic rays 
and verify the value given above. 
 

We have deduced that the cosmic rays are accelerated interstellar gas and predominantly of 
galactic origin. The questions we are left with are: “Where are the sources that produce the 
acceleration and what is the mechanism through which the acceleration takes place?” 

4.4 Galactic source  
Given the fact that we have seen that most of the cosmic rays have galactic origin one 

must search for sources that can sustain a steady state of accelerated particles even though 
particles are lost through escape and energy is lost through radiation. It must also be possible 
to keep the cosmic rays captured by the galactic magnetic fields.  

Exercise:  From the Lorentz force derive a formula that gives the radius of curvature  of the 
path that a high energy particle of charge  and momentum  will follow while in a 
homogeneous magnetic field .  Given the approximate galactic magnetic field strength of  
	μGauss	or	 	T give the radius for a particle of eV. Compare this to the height 

and radius of the Galaxy. 
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To sustain the loss by radiation from  decay any galactic source must inject the energy 

of 10 W which in the usual dimensions used by the astronomy community is 10 	erg	s‐1 or 

3	10 	erg	year‐1. This is a significant energy input. One of the few galactic phenomena 
capable of producing such energy is the Super Nova. These stellar collapses release energy of 
about 3	10 erg in neutrinos from the transformation	 → . In addition the kinetic 
energy of the ejected matter amounts to 10 erg. The radiation that is released is about 
3	10 erg. Supernovae happen at roughly a rate of one per galaxy per 100-200 years. The 
total energy transferred to the accelerated particles must therefore be about 3	10 erg in order 
to sustain the interaction losses in the cosmic rays. The ejected matter is the most interesting 
possibility to produce acceleration as it acts as a shockwave travelling at a speed of roughly 

10000	km	s‐1. The acceleration mechanism must be quite efficient as about 3‰ of the 
released energy in the ejected material must be transformed into accelerated cosmic rays.  

4.5 Acceleration 
The supernova remnants in our galaxy are thus perfect candidates for the sources of high 

energy cosmic rays. The acceleration mechanism that we will investigate is the shockwave 
acceleration or first order Fermi acceleration. The idea is that the acceleration is a stochastic 
process and by repeating the same acceleration many times extremely large energies can be 
reached. The assumption we make is that we have a repeated process that each time it occurs 
gives an increase in energy given by 

Δ
 (4-26) 

 

In other words the energy increase per acceleration cycle is proportional to the energy. But 
for each cycle there is also a probability to lose a particle from the acceleration cycle.  

1  (4-27) 
 

If we now go through  acceleration cycles the number of remaining particles in the 
acceleration process will be  

 (4-28) 
 

 

And the energy of the particles will be 

 (4-29)
 

From which it follows 

ln

ln

ln
ln

 (4-30) 
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From these equations we can extract information about the change of conditions before 

and after the shock. Using that  with  the ratio of specific heat at constant volume 

and constant pressure, and introducing the Mach number of the shock as the ratio of the shock 

velocity to the sound velocity of the undisturbed gas, 	  where  we can 

derive the following relationships between the before and after conditions: 

 

2
1

 

(4-34) 
1
1

 

2 1
1

 

 

For a Monatomic gas we have 5
3, from which it follows 

1
4

1
4

 (4-35) 

 

Transforming back to the system where 0 we see that the gas behind the shockwave 
is dragged along at ¾ the velocity of the shockwave. Furthermore we see that the temperature 
behind the shockwave is very much increased. The typical sound velocity is a few hundred 
metres per second and the temperature T1 is a few K. This means that the temperature T2 
becomes  ~10 	 . This is high enough to ionize the gas and to create a plasma. 

We now define the two Lorentz frames coinciding with 0	and	 	  and 

0	and	 	 . If a particle in 	travels with energy E and momentum px along 

the x-axis (perpendicular to the shock) toward the shock, then when it crosses it, it will in  
be observed to have an energy and momentum 

 (4-36) 

	

Using cos , we get 1 cos , where  is the relative 

velocity of the two systems, 	, leading to  

∆
cos  (4-37) 

 

We assume that the particles in	   have random directions so that sin 	 . The 
number of particles that pass the shock per second depends on . We can thus calculate the 
average energy gain per crossing as: 

〈
∆

〉
cos cos cos

cos cos

2
3

 (4-38) 

 



35 
 

The particle is now in  and we assume that here the directions are randomised by 
turbulent magnetic fields. We can then repeat the arguments above identically for particles 
crossing back again from  to . And therefore the round trip energy gain is  

〈
∆

〉
4
3

 (4-39) 

 

We have now an acceleration mechanism that behaves according to (4-26). We now have 
to find the probability that we lose particles during the process. If we have a number density, 

, of particles that are travelling in random directions then the number of particles that 

travers a plane in either direction per second is given by:  

cos cos  (4-40) 

 

But as the shock travels  flow away from the shock front. The loss 

probability is then: 

 (4-41) 

 

Using the notation of (4-26) and (4-27) we get 1  and 1  and so for small 

values of   equation (4-32) becomes  

/
/

 (4-42) 

 

We have a “universal” power law for the accelerated spectrum with a spectral index that is 
independent of the shock velocity. So no matter how fast or slow, within reason of course, the 
shock wave is the same spectrum results. We have however assumed that we have a 
population of reasonably relativistic particles already available and we have also assumed the 
shock wave itself is non-relativistic. Both these assumptions are quite reasonable when talking 
about galactic supernovae where the shock velocities are typically a few percent of the 
velocity of light.  

This process has to eventually cease due to several reasons. First as the energy increases 
in the acceleration process the particle travels a circle with an ever increasing radius. As the 
shockwaves have finite size the particle loss will eventually increase due to lack of magnetic 
confinement. The second process that starts at larger energies is the process of photopion 
production: 

→ ∆ →
→

 (4-43) 

 

The first process leads to an energy loss of around 20% whereas the second process gives a 
complete loss as the neutron being neutral is no longer contained by the magnetic field. The 
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5 Nucleosynthesis	
In the big bang picture of the Universe, all matter is created in a big flash of energy about 

1.5 1010 years ago. From the energy particles were created and mass was formed. The 
expansion of the Universe is described by Einstein’s general relativity and more precisely by 
the Friedman equation: 

8
3

 
(5-1) 

Where H is the Hubbel constant, G is the gravitational constant, 6.7 10 Nm kg , 
 is the total mass density of the Universe and K is the curvature constant which can take 

on the values -1, 0 or 1.  

The total mass density is either in the form of matter or radiation. As the Universe expands 
the matter density will decrease as , ie matter is conserved and the volume increases as the 
cube of the radius.  

For radiation the “mass density” is given by the energy density divided by the velocity of light 
squared. This has a different behaviour to that of matter. As the length scale of the universe 
increases the wavelength of the light gets proportionally longer and so the energy of a photon 
will decrease inversely proportional to R. Combined with the constancy of the number of 
photons this leads to the radiation energy density ( i.e. the energy density of all relativistic 
particles) will decrease as ∝ . 

At very early times we can therefore easily neglect the curvature term and use the Friedman 
equation in the following form. 

8
3

 
(5-2) 

As ∝  it follows that  

4 4
8

3
 

(5-3) 

From which it follows by integration that  

3
32

1
 

(5-4) 

 

According to Stefan-Boltzman a photon gas has an energy density that depends on the 
temperature according to  

4 2
15

 
(5-5) 

 

Where k is Botlzman’s constant, 1.38 10 J/K, s is Stefan-Boltzman’s constant, 
	are the number of spin-degrees of freedom of the photon and h is Planck’s constant, 6.6

10 	Js and /2 . 

From equations (5-4) and (5-5) one then derives a relation between temperature and time of expansion 
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45
32

2 1 1.31 MeVs
 

(5-6) 

Or 

10 Ks
 

(5-7) 

Photons are not the only relativistic degrees of freedom in the early universe. Fermions will 
also count. For them the energy density takes on a different form. We know that the number 
density as a function of energy is given by: 

2 / 1
 

(5-8) 

 

For the situation where ≫  so that  we can use  

1
7
8 15

 
(5-9) 

To derive 

7
8 15 2

 
(5-10) 

 

Therefore the energy density for all relativistic degrees of freedom can be derived from the 
formula for the photon gas by replacing  by ∗ with  

∗ 7
8

 
(5-11) 

 

Where  is the number of bosonic spin degrees of freedom and  is the number of fermionic 

degrees of freedom. In the early times this includes all particles such as the fermions: six quarks with 
g=2, a number of charged leptons with g=2, a number of neutrinos with g=1, photons with g=2, three 
weak bosons with g=3 and a Higgs particle with g=1. Where appropriate the antiparticles will also 
count. So we have 

45
32

2
∗

1
 

(5-12) 

 

Or rewriting  

4
1
2

 
(5-13) 

4 ∗

45
 

(5-14) 

So depending on the number of relativistic degrees of freedom we have a relationship 
between temperature and time. We will now turn to the process of nucleosynthesis and by 
using the evolution of temperature with time that varies depending on the number of degrees 
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of freedom derive the dependence of the present Helium abundance as a function of the 
number of neutrinos. 

5.1 Proton to Neutron ratio 
According to the formulae derived in the previous chapter at about 1 ms after the Big 

Bang the temperature will have dropped below 100 MeV (this is of course dimensionally 
incorrect what is really meant is that kT<100 MeV, but it has become jargon to assume k=1). 
At this point the only hadrons that will remain are the proton and neutron. All other hadrons 
have lifetimes much shorter than 1 ms and the temperature is insufficient to sustain the 
inverse of the decay of massive hadrons. In principle their anti-particles are also present but 
they will annihilate with most of the protons and neutrons. The fact that they do not remove 
all protons and neutrons is the subject of a different lecture. There are several interactions that 
determine the ratio of neutrons to protons 

↔  (5-15) 

̅ ↔  (5-16) 

→ ̅  (5-17) 

 

As they are non relativistic at these temperatures the ratio of their numbers will be given by 
the ratio of their Boltzman factors: 

/

/
/  

(5-18) 

 

with 1.293	MeV. 

For the interactions (5-15) and (5-16) their rate will depend linearly on the density and these 
weak interactions depend quadratically on the relative energy and so on the temperature. As 
the energy of the photons and so the temperature depends on R as  and the density has a 

 dependence the interaction rate depends on the temperature as  

∝  (5-19) 

The expansion rate however depends on the temperature as  

∝ ∗  
(5-20) 

So that the expansion rate will at a certain time become larger than the interaction rate. At this 
point the interactions will cease, or freeze out. This happens at 0.8	MeV assuming the 
relativistic degrees of freedom associated with three families of neutrinos. At this temperature 
the neutron to proton ratio is  

0
0

. / . 0.2 (5-21) 

From this point on only neutron decay will take place. The neutron has a lifetime of 
887	 . so that the neutron to proton ratio will evolve as: 
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0.2 /

1.2 0.2 /  (5-22) 

 

5.2 Deuterium production 
There is an equilibrium process for the production and disintegration of Deuterium 

↔  (5-23) 

The binding energy of Deuterium is 2.2 MeV and so the disintegration requires the density 
of photons with energy larger than 2.2 MeV to be the same or larger than the density of 
protons and neutrons. As the ratio of photons to protons is of the order 1010 the process only 
departs from equilibrium at a temperature that is significantly lower than 2.2	 . This 
occurs when the density of photons with energy above 2.2 MeV becomes comparable to the 
deuterium density. This happens at 0.0475	 . As soon as Deuteron disintegration 
stops other processes can start forming heavier nuclei: 

→  (5-24) 

→  (5-25) 

→  (5-26) 

→  (5-27) 

Using (5-12) with ∗ given by the photons (2), electrons (14/8), positrons (14/8) and 

neutrinos (N*7/8), the time at which the deuterium disintegration stops is t = 380 s for N=3. 
The ratio of neutrons to protons is then modified to 

0.2 /

1.2 0.2 / 0.122 (5-28) 

  

The ratio of He to H is then given by (assuming all neutrons end up in 4He) 

1
2
1
2

2
0.065 (5-29) 

So that the mass density ratio is given by  

0.26 (5-30) 

 

The dependence on the photon to proton ratio is shown in Figure 5-1. The measured Helium 
abundance and the ratio of photons to protons allows for a limit of four to be set on the 
number of light neutrino species. 
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Helium-4 and aabundances of oother light elemments. 
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6.1 Homestake, SAGE and Gallex 
The Davis experiment used a large volume of perchloroethylene using the capture process on 
the chlorine nuclei to allow for the detection of the neutrinos. The reaction used was: 

37 → 37  
 

(6-10) 

This reaction is sensitive to neutrinos down to an energy of 0.8 MeV and so is 
predominantly sensitive to the decay of 7Be. The expected rate in the 100,000 gallon of 
cleaning fluid was a few tens per week. The Argon was harvested by bubbling ultra pure 
Helium through the tank and measuring the decay of the Argon nuclei by using the gas in a 
Geiger counter. 

The experiment was able to measure a flux of neutrinos in the detector at the level of 
2.55 0.17 0.15	 SNU  where the Solar Model predicted 7.5

1.0	 SNU . The mnemonic SNU stands for Solar Neutrino Unit and is defined as the capture 
rate in an equipment equal to 10-36 per second per nucleus in the detector and is therefore 
equal to the flux from the sun times the cross section of the interaction used to measure the 
neutrinos. The lack of neutrinos was first attributed to the experimental apparatus or the Solar 
Model. After all, the predicted flux from the model for varied proportional to the core 
temperature of the Sun to the 10th power, and of course extracting a handful of Argon atoms 
from a vat of 1031 perchloroethylene molecules with know efficiency was considered rather 
too ambitious. 

The Solar model was refined significantly and measurements of Solar seismology 
determined the core temperature to a few percent making the predictions of the rates of the 
Boron decay accurate to about 30% and that of the Berylium decay to about 20% and the rate 
from the pp fusion is accurate to better than 10%. The search was therefore on for more 
accurate measurement techniques. The one concentrated on a similar technique as employed 
in the Homestake experiment, but replaced the Cl nucleus by a Ga nucleus. The remainder of 
the experiment is similar in that the produced Ge atoms are washed out of the Ga with 
hydrogen peroxide and a destilation process then concentrates the number of Ge atoms and 
after several more concentration processes, the Ge is fed into a proportional chamber where 
the decay of the nucleus is measured. Again a few tens of Ge atoms are produced per month. 
The rection used is: 

71 → 71  
 

(6-11) 

The big advantage of this reaction is the low threshold of 0.3 MeV. With this experiment 
one is thus sensitive to the pp fusion process of the Sun. The results after a very large nmber 
of calibration checks was that the measured rate was 67.2 7.0 3.5	 SNU  
compared to the predicted rate of 129.0 4.0	 SNU  so rougly a factor of two too 
low. 

6.2 Water detectors 
In the beginning of the 1980s there was great interest in the measurement of the proton 

lifetime, because of the SU(5) model of Grand Unification. The SU(5) symmetry group is the 
smallest group that incorporates the Weak-EM SU(2) and the Strong SU(3) groups. The 
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Compared to the predicted flux of  

5.8 0.4 10 s  (6-14) 

So again a deficit of a factor of two compared to the model. 

6.4 Oscillations 
An explanation to explain the experimental deficit of neutrinos from the sun is that the 

neutrinos oscillate. In other words the the flavor of the neutrino is not constant as it travels but 
rather varies as a function of energy and distance from production. To see to this the 
assumption is made that the interaction eigenstates of the neutrino are not the same as the 
mass eigenstates. In other words a neutrino made in an interaction is built up of neutrino states 
of different mass. And neutrinos travelling through space are not a definite flavor. 

We can write this mathematically by introducing three mass eigenstates 
neutrinos:	 , ,  they are then related to the flavor eigenstates :	 , ,  via a unitary 

transformation: 

〉 | 〉 (6-15) 

 

Every mass eigenstates is of course the solution to the Dirac/Schrödinger/Klein-Gordon 
equation in free space and is therefore given by: 

| 〉 ∙ ∙  
 

(6-16) 

With  and t = L/c we get for the mass eigenstates the 

equation  

| 〉  
 

(6-17) 

Assume now we have a flavor eigenstate 〉 produced as a mixture of mass eigenstates at 

time t=0 then after a time t or distance L the flavor eigenstates will have evolved from 

〉 | 〉 (6-18) 

To 

〉 | 〉 (6-19) 

Of course at this point we can decompose each mass eigenstates into a set of flavor 
eigenstates and so we get: 

〉 ∗ 〉 (6-20) 

So, in general, a state that starts off as a flavor eigenstates will, after a certain distance, 
evolve into a superposition of all flavor eigenstates. This of course allows for the 
disappearance of neutrinos of a certain flavor, while the other flavors remain undetected 
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through energy conservation.  The probability of measuring flavor f’ after a distance L if one 
starts with flavor f is given by  

→ ; 〈 ∗  
(6-21) 

 

Restricting ourselves to two flavors the unitary matrix can be written as  

cos sin
sin cos

 (6-22) 

Where the angle  parameterizes the initial mixing of the flavor eigenstates into the mass 
eigenstates. Insertion of (6-22) into (6-21) yields the following result: 

→ ; 2
1.27 ∆ eV km

GeV
 (6-23) 

This therefore gives a natural explanation for the deficit in the solar neutrino flux. If the 
difference of the masses squared are such that the term in the bracket is a large number the 
spread of the energy of the neutrinos will cause only 50% of the initial electron neutrinos to 
be measured as electron neutrinos. The others will manifest themselves as muon or tau 
neutrinos and therefore be difficult to detect. Except in elastic neutral current scattering the 
interaction will be excluded by energy conservation as muons or taus must be made in the 
final state to conserve lepton flavor. 

6.5 The SNO experiment 
In order to prove the assumption that oscillations are causing the neutrino deficit from the 

Sun an experiment must be devised that is sensitive to all flavours of neutrinos. The Sudbury 
Neutrino Observatory constructed a water Cherenkov experiment but replacing conventional 
water by heavy water. The replacement of hydrogen by deuterium has the advantage that two 
additional interactions can take place. In addition to the conventional charged and neutral 
current scattering off electrons: 

→  
→  

(6-24) 

Also the deuteron disintegrations take place. 

→  
 

(6-25) 

→  (6-26) 

If the reactions (6-25) and (6-26) can be separated experimentally then the strengths of the 
NC scattering can be determined and therefore the rate of interactions caused by the sum of 
all flavour neutrinos. The experimental separation requires the detection of the neutron 
produced in the reaction (6-26). This is done in the experiment through the reaction  

2 → → ̅  
 

(6-27) 

The detection of the delayed electron from the tritium decay gives determines the rate of 
the interaction (6-26) and therefore the intensity of the total neutrino flux from the sun.  
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√2  (6-34) 

Where  is the electron density in matter and  is the Fermi coupling constant. We can now 
discuss the system as a two component oscillation as we are only interested in the difference between 
the electron neutrino and the others. We can write this as two coupled equations of motion. We start 
with the initial mixing of the neutrinos. 

cos sin
sin cos

 

 

(6-35) 

The evolution of the flavor content of the wave function can then be written as  
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(6-36) 

So the matter eigenstates are not purely given by the mass difference but also by the 
difference in potential energy. We can now define the new mass eigenstates in matter as 
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Where  can be extracted by solving the eigenvalue problem 
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Which gives mass differences  
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(6-39) 

And newly defined mixing angles 
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(6-40) 

This gives the possibility that the finally observed mixing is significantly larger than it 
would be in vacuum, depending on the electron density. Figure 6-8 shows the behaviour of 
the mixing parameter as a function of the parameter . For specific electron density and 
neutrino energy the mixing will be significantly enhanced to maximum mixing. 
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