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Flavour physics has a track record…
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This Letter reports the results of experimental
studies designed to search for the 2m decay of the
K, meson. Several previous experiments have
served"~ to set an upper limit of 1/300 for the
fraction of K2 's which decay into two charged pi-
ons. The present experiment, using spark cham-
ber techniques, proposed to extend this limit.
In this measurement, K,' mesons were pro-

duced at the Brookhaven AGS in an internal Be
target bombarded by 30-BeV protons. A neutral
beam was defined at 30 degrees relative to the

1 1circulating protons by a 1&-in. x 12-in. x 48-in.
collimator at an average distance of 14.5 ft. from
the internal target. This collimator was followed
by a sweeping magnet of 512 kG-in. at -20 ft. .
and a 6-in. x 6-in. x 48-in. collimator at 55 ft. A
1~-in. thickness of Pb was placed in front of the
first collimator to attenuate the gamma rays in
the beam.
The experimental layout is shown in relation to

the beam in Fig. 1. The detector for the decay
products consisted of two spectrometers each
composed of two spark chambers for track delin-
eation separated by a magnetic field of 178 kG-in.
The axis of each spectrometer was in the hori-
zontal plane and each subtended an average solid
angle of 0.7&& 10 steradians. The squark cham-
bers were triggered on a coincidence between
water Cherenkov and scintillation counters posi-
tioned immediately behind the spectrometers.
When coherent K,' regeneration in solid materials
was being studied, an anticoincidence counter was
placed immediately behind the regenerator. To
minimize interactions K2' decays were observed
from a volume of He gas at nearly STP.

Water

The analysis program computed the vector mo-
mentum of each charged particle observed in the
decay and the invariant mass, m*, assuming
each charged particle had the mass of the
charged pion. In this detector the Ke3 decay
leads to a distribution in m* ranging from 280
MeV to -536 MeV; the K&3, from 280 to -516; and
the K&3, from 280 to 363 MeV. We emphasize
that m* equal to the E' mass is not a preferred
result when the three-body decays are analyzed
in this way. In addition, the vector sum of the
two momenta and the angle, |9, between it and the
direction of the K,' beam were determined. This
angle should be zero for two-body decay and is,
in general, different from zero for three-body
decays.
An important calibration of the apparatus and

data reduction system was afforded by observing
the decays of K,' mesons produced by coherent
regeneration in 43 gm/cm' of tungsten. Since the
K,' mesons produced by coherent regeneration
have the same momentum and direction as the
K,' beam, the K,' decay simulates the direct de-
cay of the K,' into two pions. The regenerator
was successively placed at intervals of 11 in.
along the region of the beam sensed by the detec-
tor to approximate the spatial distribution of the
K,"s. The K,' vector momenta peaked about the
forward direction with a standard deviation of
3.4+0.3 milliradians. The mass distribution of
these events was fitted to a Gaussian with an av-
erage mass 498.1+0.4 MeV and standard devia-
tion of 3.6+ 0.2 MeV. The mean momentum of
the K,o decays was found to be 1100 MeV/c. At
this momentum the beam region sensed by the
detector was 300 K,' decay lengths from the tar-
get.
For the K,' decays in He gas, the experimental

distribution in m is shown in Fig. 2(a). It is
compared in the figure with the results of a
Monte Carlo calculation which takes into account
the nature of the interaction and the form factors
involved in the decay, coupled with the detection
efficiency of the apparatus. The computed curve
shown in Fig. 2(a) is for a vector interaction,
form-factor ratio f /f+= 0.5, and relative abun-
dance 0.47, 0.37, and 0.16 for the Ke3, K&3, and
Eg3 respectively. The scalar interaction has
been computed as well as the vector interaction
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the forward peak after subtraction of background
out of a total corrected sample of 22 700 K,' de-
cays.
Data taken with a hydrogen target in the beam

also show evidence of a forward peak in the cos0
distribution. After subtraction of background,
45+ 10 events are observed in the forward peak
at the K' mass. We estimate that -10 events can
be expected from coherent regeneration. The
number of events remaining (35) is entirely con-
sistent with the decay data when the relative tar-
get volumes and integrated beam intensities are
taken into account. This number is substantially
smaller (by more than a factor of 15) than one
would expect on the basis of the data of Adair
et al. '
We have examined many possibilities which

might lead to a pronounced forward peak in the
angular distribution at the K' mass. These in-
clude the following:
(i) K,' coherent regeneration. In the He gas it

is computed to be too small by a factor of -10' to
account for the effect observed, assuming reason
able scattering amplitudes. Anomalously large
scattering amplitudes would presumably lead to
exaggerated effects in liquid H, which are not
observed. The walls of the He bag are outside
the sensitive volume of the detector. The spatial
distribution of the forward events is the same as
that for the regular K,' decays which eliminates
the possibility of regeneration having occurred
in the collimator.
(ii) K&3 or Ke3 decay. A spectrum can be

constructed to reproduce the observed data. It
requires the preferential emission of the neutrino
within a narrow band of energy, +4 MeV, cen-
tered at 17+ 2 MeV (K&3) or 39+ 2 MeV (Ke3).
This must be coupled with an appropriate angular
correlation to produce the forward peak. There
appears to be no reasonable mechanism which
can produce such a spectrum.
(iii) Decay into w+7t y. To produce the highly

singular behavior shown in Fig. 3 it would be
necessary for the y ray to have an average ener-
gy of less than 1 MeV with the available energy
ext nding to 209 MeV. We know of no physical
process which would accomplish this.
We would conclude therefore that K2 decays to

two pions with a branching ratio R = (K2- w++ w )/
(K,'- all charged modes) = (2.0+ 0.4) && 10 where
the error is the standard deviation. As empha-
sized above, any alternate explanation of the ef-
fect requires highly nonphysical behavior of the
three-body decays of the K,'. The presence of a
two-pion decay mode implies that the K,' meson
is not a pure eigenstate of CI'. Expressed as
K,0=2 "'[(K,-KO)+e(KO+KJ] then I&I'= R&T—IT2
where 7, and T, are the K, and K,' mean lives
and RZ is the branching ratio including decay to
two r'. Using RT = &R and the branching ratio
quoted above, l et =—2.3x 10
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studies designed to search for the 2m decay of the
K, meson. Several previous experiments have
served"~ to set an upper limit of 1/300 for the
fraction of K2 's which decay into two charged pi-
ons. The present experiment, using spark cham-
ber techniques, proposed to extend this limit.
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collimator at an average distance of 14.5 ft. from
the internal target. This collimator was followed
by a sweeping magnet of 512 kG-in. at -20 ft. .
and a 6-in. x 6-in. x 48-in. collimator at 55 ft. A
1~-in. thickness of Pb was placed in front of the
first collimator to attenuate the gamma rays in
the beam.
The experimental layout is shown in relation to

the beam in Fig. 1. The detector for the decay
products consisted of two spectrometers each
composed of two spark chambers for track delin-
eation separated by a magnetic field of 178 kG-in.
The axis of each spectrometer was in the hori-
zontal plane and each subtended an average solid
angle of 0.7&& 10 steradians. The squark cham-
bers were triggered on a coincidence between
water Cherenkov and scintillation counters posi-
tioned immediately behind the spectrometers.
When coherent K,' regeneration in solid materials
was being studied, an anticoincidence counter was
placed immediately behind the regenerator. To
minimize interactions K2' decays were observed
from a volume of He gas at nearly STP.

Water

The analysis program computed the vector mo-
mentum of each charged particle observed in the
decay and the invariant mass, m*, assuming
each charged particle had the mass of the
charged pion. In this detector the Ke3 decay
leads to a distribution in m* ranging from 280
MeV to -536 MeV; the K&3, from 280 to -516; and
the K&3, from 280 to 363 MeV. We emphasize
that m* equal to the E' mass is not a preferred
result when the three-body decays are analyzed
in this way. In addition, the vector sum of the
two momenta and the angle, |9, between it and the
direction of the K,' beam were determined. This
angle should be zero for two-body decay and is,
in general, different from zero for three-body
decays.
An important calibration of the apparatus and

data reduction system was afforded by observing
the decays of K,' mesons produced by coherent
regeneration in 43 gm/cm' of tungsten. Since the
K,' mesons produced by coherent regeneration
have the same momentum and direction as the
K,' beam, the K,' decay simulates the direct de-
cay of the K,' into two pions. The regenerator
was successively placed at intervals of 11 in.
along the region of the beam sensed by the detec-
tor to approximate the spatial distribution of the
K,"s. The K,' vector momenta peaked about the
forward direction with a standard deviation of
3.4+0.3 milliradians. The mass distribution of
these events was fitted to a Gaussian with an av-
erage mass 498.1+0.4 MeV and standard devia-
tion of 3.6+ 0.2 MeV. The mean momentum of
the K,o decays was found to be 1100 MeV/c. At
this momentum the beam region sensed by the
detector was 300 K,' decay lengths from the tar-
get.
For the K,' decays in He gas, the experimental

distribution in m is shown in Fig. 2(a). It is
compared in the figure with the results of a
Monte Carlo calculation which takes into account
the nature of the interaction and the form factors
involved in the decay, coupled with the detection
efficiency of the apparatus. The computed curve
shown in Fig. 2(a) is for a vector interaction,
form-factor ratio f /f+= 0.5, and relative abun-
dance 0.47, 0.37, and 0.16 for the Ke3, K&3, and
Eg3 respectively. The scalar interaction has
been computed as well as the vector interaction
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regeneration in 43 gm/cm' of tungsten. Since the
K,' mesons produced by coherent regeneration
have the same momentum and direction as the
K,' beam, the K,' decay simulates the direct de-
cay of the K,' into two pions. The regenerator
was successively placed at intervals of 11 in.
along the region of the beam sensed by the detec-
tor to approximate the spatial distribution of the
K,"s. The K,' vector momenta peaked about the
forward direction with a standard deviation of
3.4+0.3 milliradians. The mass distribution of
these events was fitted to a Gaussian with an av-
erage mass 498.1+0.4 MeV and standard devia-
tion of 3.6+ 0.2 MeV. The mean momentum of
the K,o decays was found to be 1100 MeV/c. At
this momentum the beam region sensed by the
detector was 300 K,' decay lengths from the tar-
get.
For the K,' decays in He gas, the experimental

distribution in m is shown in Fig. 2(a). It is
compared in the figure with the results of a
Monte Carlo calculation which takes into account
the nature of the interaction and the form factors
involved in the decay, coupled with the detection
efficiency of the apparatus. The computed curve
shown in Fig. 2(a) is for a vector interaction,
form-factor ratio f /f+= 0.5, and relative abun-
dance 0.47, 0.37, and 0.16 for the Ke3, K&3, and
Eg3 respectively. The scalar interaction has
been computed as well as the vector interaction
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the forward peak after subtraction of background
out of a total corrected sample of 22 700 K,' de-
cays.
Data taken with a hydrogen target in the beam

also show evidence of a forward peak in the cos0
distribution. After subtraction of background,
45+ 10 events are observed in the forward peak
at the K' mass. We estimate that -10 events can
be expected from coherent regeneration. The
number of events remaining (35) is entirely con-
sistent with the decay data when the relative tar-
get volumes and integrated beam intensities are
taken into account. This number is substantially
smaller (by more than a factor of 15) than one
would expect on the basis of the data of Adair
et al. '
We have examined many possibilities which

might lead to a pronounced forward peak in the
angular distribution at the K' mass. These in-
clude the following:
(i) K,' coherent regeneration. In the He gas it

is computed to be too small by a factor of -10' to
account for the effect observed, assuming reason
able scattering amplitudes. Anomalously large
scattering amplitudes would presumably lead to
exaggerated effects in liquid H, which are not
observed. The walls of the He bag are outside
the sensitive volume of the detector. The spatial
distribution of the forward events is the same as
that for the regular K,' decays which eliminates
the possibility of regeneration having occurred
in the collimator.
(ii) K&3 or Ke3 decay. A spectrum can be

constructed to reproduce the observed data. It
requires the preferential emission of the neutrino
within a narrow band of energy, +4 MeV, cen-
tered at 17+ 2 MeV (K&3) or 39+ 2 MeV (Ke3).
This must be coupled with an appropriate angular
correlation to produce the forward peak. There
appears to be no reasonable mechanism which
can produce such a spectrum.
(iii) Decay into w+7t y. To produce the highly

singular behavior shown in Fig. 3 it would be
necessary for the y ray to have an average ener-
gy of less than 1 MeV with the available energy
ext nding to 209 MeV. We know of no physical
process which would accomplish this.
We would conclude therefore that K2 decays to

two pions with a branching ratio R = (K2- w++ w )/
(K,'- all charged modes) = (2.0+ 0.4) && 10 where
the error is the standard deviation. As empha-
sized above, any alternate explanation of the ef-
fect requires highly nonphysical behavior of the
three-body decays of the K,'. The presence of a
two-pion decay mode implies that the K,' meson
is not a pure eigenstate of CI'. Expressed as
K,0=2 "'[(K,-KO)+e(KO+KJ] then I&I'= R&T—IT2
where 7, and T, are the K, and K,' mean lives
and RZ is the branching ratio including decay to
two r'. Using RT = &R and the branching ratio
quoted above, l et =—2.3x 10
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Motivation

• Interesting because:
1) Standard Model:

in the heart of quark 
interactions

2) Cosmology:
related to matter – anti-matter 
asymetry

3) Beyond Standard Model: 
measurements are sensitive to 
new particles

Niels Tuning (8)

• CP-violation (or flavour physics) is about charged 
current interactions

b
s

s
b

Matter 
Dominates !



Grand picture….

Niels Tuning (9)

These lectures

Main motivation

Universe



Personal impression:

• People think it is a complicated part of the Standard Model 
(me too:-). Why?

1) Non-intuitive concepts?
§ Imaginary phase in transition amplitude, T ~ eiφ

§ Different bases to express quark states, d’=0.97 d + 0.22 s + 0.003 b

§ Oscillations (mixing) of mesons:             |K0>   ↔ |`K0>

2) Complicated calculations?

3) Many decay modes?  “Beetopaipaigamma…”
– PDG reports 347 decay modes of the B0-meson:

• Γ1 l+ νl anything ( 10.33 ± 0.28 ) × 10−2

• Γ347 ν ν γ <4.7 × 10−5 CL=90%

– And for one decay there are often more than one decay amplitudes…
Niels Tuning (10)

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )

2 2 220

20 2 2

2 2

2

1 2

f

f

B f A g t g t g t g t

B f A g t g t g t g t

l l

l
l l

*
+ - + -

* *
+ - + -

é ùG ® µ + + Â
ë û
é ù

G ® µ + + Âê ú
ê úë û



CP violation in the SM Lagrangian

Niels Tuning (11)

dLI
g

W+µ

uLI

• Focus on charged current interaction (W±): let’s trace it
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The Standard Model Lagrangian

SM Kinetic Higgs Yukawa= + +L L  L  L

• LKinetic : • Introduce the massless fermion fields
• Require local gauge invariance   è gives rise to existence of gauge bosons

• LHiggs : • Introduce Higgs potential with <f> ≠ 0
• Spontaneous symmetry breaking

• LYukawa : • Ad hoc interactions between Higgs field & fermions

(3) (2) (1) (3) (1)SM C L Y C QG SU SU U SU U= ´ ´ ® ´

The W+, W-,Z0 bosons acquire a mass
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Fields: Notation

(3,2,1 6)
(3,2,1 6)I

I

Lid
uæ ö
ç ÷
è ø

Quarks:

Leptons:

Scalar field:

(1,2, 1 2)
(1,2, 1 2)

I

I
Lil

næ ö-
ç ÷

-è ø

(3,1,2 3)I
Riu (3,1, 1 3)I

Rid -

(1,1, 1)I
Ril -

0(1, 2,1 2)
j

f
j

+æ ö
= ç ÷
è ø

•

••

•

• •

•

Y = Q - T3

Under SU2:
Left handed doublets
Right hander singlets 

Note:
Interaction representation: standard model 
interaction is independent of generation 
number

( )IRin

5 51 1;
2 2L R
g gy y y y- +æ ö æ ö= =ç ÷ ç ÷

è ø è ø
Fermions: with y = QL, uR, dR, LL, lR, nR

SU(3)C SU(2)L Hypercharge Y
(=avg el.charge in multiplet)Left-

handed
generation
index

Interaction rep.

(3,2,1 6)I
LiQº

(1,2, 1 2)I
LiLº -
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Fields: Notation

Explicitly:

3

3

( )1 6
1 2
1 2

, , , , , ,
(3, 2,1 6) , ,

, , , , , ,

I I I
r r r

I I
g gI

Li

L L L
I I

I I I
b b b

I I I
b b b

I I I
r r

g

g g gr
I

I
T

Y
T

u c t

d s b

u c t

d

c t

d s
Q

bb

u

s
= +

=
= -

æ ö æ ö æ ö
ç ÷ ç ÷ ç ÷=
ç ÷ ç ÷ ç ÷
è ø è ø è ø

• Similarly for the quark singlets:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 3

1 3

(3,1, 2 3) , , , , , , , ,

(3,1, 1 3) , , , , , , , ,

I
Ri R R R

I
R

I I I
r r r

I I I
r

I I I
r r r

I I I
r r

I I I
r r r

I I I
i Rr r r r Rr R r

Y

Y

t

d s b

u c tu

d d s b

cuu c t

d s b

=

= -

=

- =

( )3

3

1 2
1 2

1 2
(1,2, 1 2) , ,

II I
eI

Li I II
L LL

T
L Y

Te
µ tnn n

tµ

+

-

æ öæ ö æ ö =
- = = -ç ÷ç ÷ ç ÷ç ÷ ç ÷ç ÷ =è ø è øè ø

• And similarly the (charged) singlets: ( )(1,1, 1) , , 1I I I I
Ri R R Rl e Yµ t- = = -

• The left handed leptons:

• The left handed quark doublet :

Q = T3 + YY = Q - T3
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KineticL : Fermions + gauge bosons + interactions

Procedure: 
Introduce the Fermion fields and demand that the theory is local gauge invariant under 
SU(3)CxSU(2)LxU(1)Y transformations.

Start with the Dirac Lagrangian: ( )i µ
µy g y= ¶L

Replace: s a a b big G igW T ig YL BDµ µµ µµµ¶ ® º ¶ + + ¢+

Fields:

Generators:

Gaµ : 8 gluons
Wbµ : weak bosons: W1, W2, W3
Bµ : hypercharge boson

La : Gell-Mann matrices:      ½ la (3x3)      SU(3)C
Tb : Pauli Matrices:               ½ tb (2x2)     SU(2)L
Y  : Hypercharge:                                            U(1)Y

:The Kinetic Part

For the remainder we only consider Electroweak: SU(2)L x U(1)Y

SM Kinetic Higgs Yukawa= + +L L  L  L
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: The Kinetic Part

( ) ( )1 1 2 2 3 3( , ) ,
2

...
2 2

I
IWeak I

kinetic L L
L

I I I I I I I I
L L L L L L L L

uiu d i u d g W W W
d

g giu u id d u W d d W u

µ µ µ µ
µ

µ µ µ µ
µ µ µ µ

g t t t

g g g g- +

æ öæ ö= ¶ + + + ç ÷ç ÷
è øè ø

= ¶ + ¶ - - -

L

: ( ) ( )

, , , ,
kinetic

I I I I I
Li Ri Ri Li Ri

i i D

with Q u d L l

µ µ
µ µy g y y g y

y

¶ ®

=

L

For example, the term with QLiI becomes:

( )
2 2

(

6

)I I I
kinetic Li Li Li

I I
Li b La a b is

i i ig G gW g

Q iQ D Q

iQ B Q

µ
µ

µ
µ µ µ µl t

g

g ¢¶ + +

=

= +

L

Writing out only the weak part for the quarks:

dLI
g

W+µ

uLI

W+ = (1/√2) (W1+ i W2)
W- = (1/√ 2) (W1 – i W2)

L=JµWµ

1

2

3

0 1
1 0

0
0

1 0
0 1

i
i

t

t

t

æ ö
= ç ÷
è ø

-æ ö
= ç ÷
è ø
æ ö

= ç ÷-è ø

SM Kinetic Higgs Yukawa= + +L L  L  L
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: The Higgs Potential

( ) ( )2† 2 † †1
2Higgs Higgs HiggsD D V Vµ

µf f µ f f l f f= -      = +L  

2 0 :
0

µ
j
>

< >=

V(f)

f

Symmetry

Spontaneous Symmetry Breaking: The Higgs field adopts a non-zero vacuum expectation value

Procedure:
0 0 0

e i m
e i m

j j f
f

j j f

+ + +æ ö æ öÂ + Á
= =ç ÷ ç ÷

Â + Áè ø è ø

Substitute: 
0

0

2
v Hej +

Â =

And rewrite the Lagrangian (tedious):
(The other 3 Higgs fields are “eaten” by the W, Z bosons)

V(f)

f

Broken
Symmetry

2 0 :
0

2
v

µ

j

<

æ ö
ç ÷< >=
ç ÷
è ø

~ 246 GeV2v µ l= -

1. .  
2. The W+,W-,Z0 bosons acquire mass
3. The Higgs boson H appears

( ) ( ): (3) (2) (1) (3) (1)SM C L Y C EMG SU SU U SU U´ ´ ® ´

SM Kinetic Higgs Yukawa= + +L L  L  L
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: The Yukawa PartSM Kinetic Higgs Yukawa= + +L L L L

, ,d u l
ij ij ijY Y Y    

Since we have a Higgs field we can (should?) add (ad-hoc) 
interactions between f and the fermions in a gauge invariant way.

( ) . .LiYukawa ij Rj h cY y f y- = +L

( ) ∞( ) ( ) . .I I I I I I
Li Rj L

d u l
ij i Rj Liij j RjiY Y YQ d Q u L l h cf f f= + + +

The result is:

are arbitrary complex matrices which 
operate in family space (3x3)
è Flavour physics!

doublets
singlet

0
* *

2

0 1
1 0

i
f

f s f f
f-

æ öæ ö
= = = ç ÷ç ÷- -è ø è ø
!

With:
(The CP conjugate of f 
To be manifestly invariant under SU(2) )

i, j :  indices for the 3 generations!

~
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: The Yukawa Part

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0 0 0

0 0 0

0

11 12 13

21 22 13

31 32 0 33 0

, , ,

, , ,

, , ,

I I I I I I
L L L L L L

I I I I I I
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d d
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L L
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è ø è ø è ø
æ ö æ ö æ
ç ÷ ç ÷ç ÷ ç ÷
è ø è ø

I
R
I
R
I
R

d
s
b

æ ö
ç ÷
ç ÷

æ öç ÷
ç ÷ç ÷• ç ÷ç ÷
ç ÷ç ÷ è øç ÷

ç ÷ç ÷
è

ö
÷÷
ø ø

çç
è

Writing the first term explicitly:

0
( , )I I
L L

I
R

d
ij jiY u dd

j

j

+æ ö
ç ÷ç ÷
è ø

=

SM Kinetic Higgs Yukawa= + +L L L L
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There are 3 Yukawa matrices (in the case of massless neutrino’s):

, ,d u l
ij ij ijY Y Y

Each matrix is 3x3 complex:
• 27 real parameters
• 27 imaginary parameters   (“phases”)

Ø many of the parameters are equivalent, since the physics described            
by  one set of couplings is the same as another
Ø It can be shown (see ref. [Nir]) that the independent parameters are:

• 12 real parameters
• 1 imaginary phase

ØThis single phase is the source of all CP violation in the Standard Model

……Revisit later

: The Yukawa PartSM Kinetic Higgs Yukawa= + +L L L L
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: The Fermion Masses

( ) ( )0
( , ) ... ...I I I

Yuk
d u l
ij ij jL Rj iL iu Yd YdY

j

j

+æ ö
- = + +ç ÷ç ÷

è ø
L

( )0. . . :
2

v HS S B e j +
Â ®

Yukawa Mass®L LS.S.B

Start with the Yukawa Lagrangian

After which the following mass term emerges:

. .

I d I I u I
Yuk Mass Li ij Rj Li ij Rj

I l I
Li ij Rj

d M d u M u

l M l h c

- ® - = +

+ +

L L

with , ,
2 2 2

d d u u l l
ij ij ij ij ij ij

v v vM Y M Y M Yº º º

LMass is CP violating in a similar way as LYuk



Niels Tuning (22)

: The Fermion Masses

( ) ( ) ( ) ., , , ,, , .

I I

I I I I I I I I

L LI

I

I I

I

R

I

L

R

I

R

I

ed u
s u c t c e
b t

hs cd bMass
d u lM M Mµ t µ

t

æ ö æ öæ ö
ç ÷ ç ÷ç ÷

æ ö æ ö
ç ÷ ç ÷
ç ÷ ç ÷
ç ÷ ç ÷
è ø è ø

ç ÷ç ÷ ç ÷è ø

æ

è ø è ø

ö
ç ÷
ç ÷
ç

=- + +
÷

è ø

+! ! ! ! ! !L

†f f f
diagonaL R l

f MV M V =

Writing in an explicit form:

The matrices M can always be diagonalised by unitary matrices VLf and VRf such that:

Then the real fermion mass eigenstates are given by:

dL
I , uL

I , lL
I are the weak interaction eigenstates

dL , uL  ,  lL are the mass eigenstates (“physical particles”)

( ) ( )
( ) ( )
( ) ( )

I I
Li Lj Ri Rj

I I
Li Lj Ri Rj

I I
Li Lj R

d d
L Rij ij

u u
L Rij ij

l l
L R Rjiiij j

d d d d

u u u

V V

V V

V V

u

l l l l

= × = ×

= × = ×

= × = ×

( ) † †, ,

I

I I I I

L I

f f f f
L R

f

R

L RV V
d

d s b sV
b

VM
æé ù

ê ú
ê ú
ê ú
ë

ö
ç ÷

÷
÷

è û

ç
ç

ø

Yukawa Mass®L LS.S.B
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: The Fermion Masses

( ) ( )

( )

,

., , .

, , ,
L

d u

s L

R R
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e

R

L

b t

Mass

m m
m m
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m
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d s b
d u
s u c t c
b t

e
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ç
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ç ÷ ç ÷
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L
In terms of the mass eigenstates:

Mass u c t

d s b

e

uu cc tt

dd ss bb

m m m

m m m
m ee m mµ tµµ tt

= + +

+ + +
+ + +

-L

In flavour space one can choose:
Weak basis: The gauge currents are diagonal in flavour space, but the flavour mass matrices are

non-diagonal
Mass basis: The fermion masses are diagonal, but some gauge currents (charged weak interactions) 

are not diagonal in flavour space

In the weak basis: LYukawa                          = CP violating
In the mass basis: LYukawa  →   LMass = CP conserving

è What happened to the charged current interactions (in LKinetic) ?

Yukawa Mass®L LS.S.B
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: The Charged CurrentCKM®WL L
The charged current interaction for quarks in the interaction basis is:

The charged current interaction for quarks in the mass basis is:

( ) ( ), ,
2 CKMLW

L

d
u c t V s

b

g Wµ µg+
+

æ ö
ç ÷
ç ÷
ç

=
÷

è ø

-L

†

2
u
L L LW

d
Li iu Vg V d Wµ

µg+
+- =L

The unitary matrix: ( )†u d
CKM L LV V V= ×

is the Cabibbo Kobayashi Maskawa mixing matrix:

† 1CKM CKMV V× =

2
I I
Li LW i

g Wu dµ
µg+
+- =L

With:

Lepton sector: similarly ( )†lMNS L LV V Vn= ×

However, for massless neutrino’s: VLn = arbitrary. Choose it such that VMNS = 1 
è There is no mixing in the lepton sector
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Charged Currents

( ) ( )

†

*

5 5 5 5

5 5

2 2
1 1 1 1
2 2 2 22 2

1 1
2 2

I I I I
CC Li Li Li Li CC

ij ji

ij i

CC

i j j i

i j j ij

g gu W d d W u J W J W

g gu W d d W uV V

Vg gu W d d W uV

µ µ µ µ
µ µ µ µ

µ µ
µ µ

µ µ
µ µ

g g

g g g gg g

g g g g

- + - - + +

- +

- +

= + = +

æ ö æ ö æ ö æ ö- - - -
= +ç ÷ ç ÷ ç ÷ ç ÷

è ø è ø è ø è ø

= - + -

L

( ) ( )5 * 51 1
2 2

CP i
CC j i i jij ij

g gd W u u WV V dµ µ
µ µg g g g+¾¾® - + -L

A comparison shows that CP is conserved only if Vij = Vij
*

(Together with (x,t) -> (-x,t))

The charged current term reads:

Under the CP operator this gives:

In general the charged current term is CP violating
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The Standard Model Lagrangian (recap)

• LKinetic : •Introduce the massless fermion fields
•Require local gauge invariance   à gives rise to existence of gauge bosons

• LHiggs : •Introduce Higgs potential with <f> ≠ 0
•Spontaneous symmetry breaking

• LYukawa : •Ad hoc interactions between Higgs field & fermions

• LYukawa → Lmass :  •  fermion weak eigenstates: 
- mass matrix is (3x3) non-diagonal 

•  fermion mass eigenstates: 
- mass matrix is (3x3) diagonal

• LKinetic in mass eigenstates:   CKM – matrix

(3) (2) (1) (3) (1)SM C L Y C QG SU SU U SU U= ´ ´ ® ´

The W+, W-,Z0 bosons acquire a mass

è CP Conserving

è CP Conserving

è CP violating with a single phase

è CP-violating

è CP-conserving!

è CP violating with a single phase

SM Kinetic Higgs Yukawa= + +L L  L  L



Diagonalize Yukawa matrix Yij

– Mass terms

– Quarks rotate
– Off diagonal terms in charged current couplings
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Recap
SM Kinetic Higgs Yukawa= + +L L L L

0
( , ) ...I I

Yuk Li L Rj
d I
j id dY u

j

j

+æ ö
- = +ç ÷ç ÷

è ø
L

...
2 2Kinetic Li Li

I I I
Li L

I
i

g gu W d d W uµ µ
µ µg g- += + +L

( ) ( )5 5*1 1 ...
2 2ij iCKM i j j j i
g gu W d d uV VWµ µ

µ µg g g g- += - + - +L

( ) ( ), , , , ...
d u

s cL L

b tR R

Mass

m d m u
d s b m s u c t m c

m b m t
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ç ÷ ç ÷ ç ÷ ç ÷
è ø è ø è ø è ø

! ! ! !L

I

I
CKM

I

d d
s V s
b b

æ ö æ ö
ç ÷ ç ÷®ç ÷ ç ÷
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SM CKM Higgs Mass= + +L L L L
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Ok…. We’ve got the CKM matrix, now what?

• It’s unitary
– “probabilities add up to 1”: 

– d’=0.97 d + 0.22 s + 0.003 b   (0.972+0.222+0.0032=1)

• How many free parameters?
– How many real/complex?

• How do we normally visualize these parameters?
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What do we know about the CKM matrix?

• Magnitudes of elements have been measured over time
– Result of a large number of measurements and calculations

'
'
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ud us ub

cd cs cb

td ts tb

d V V V d
s V V V s
b V V V b

æ ö æ öæ ö
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Magnitude of elements shown only, no information of phase

22 Chapter 2 The Cabibbo-Kobayashi-Maskawa Matrix

B0

d

D∗−
cb

W+

d

e+

νe

V ∗

cb
W−

µ− νµ

e−

νe

1

Figure 2.5: Diagrams important for determining Vcb.

discussed in detail in Section 3.5. Using lattice calculations to take long-distance
effects into account, and assuming |Vtb| = 1, yields:

|Vtd| = 0.0081± 0.0005

|Vts| = 0.0394± 0.0023

|Vtb| : CDF, D0, ATLAS and CMS measured the ratio of branching ratiosBr(t → Wb)/Br(t →
Wq), yielding the following 95% confidence level limit:

|Vtb| = 1.019± 0.025

Taking all the information above, a global fit with Standard Model constraints leads to
the following result for the absolute values of the elements:

VCKM =





0.97446 0.22452 0.00365
0.22438 0.97359 0.04214
0.00896 0.04133 0.99911



±





0.00010 0.00044 0.00012
0.00044 0.00011 0.00076
0.00024 0.00974 0.00003



 (2.6)

The strength of the charged current couplings seem to exhibit a hierarchy. This pattern
motivated Wolfenstein [8] to parametrize the CKM-matrix in powers of the parameter

λ ≈ sin θ12 ≈
√

md

ms
, which is described in the next section.

|VCKM | ∼





1 λ λ3

λ 1 λ2

λ3 λ2 1
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What do we know about the CKM matrix?

• Magnitudes of elements have been measured over time
– Result of a large number of measurements and calculations
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'
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cd cs cb

td ts tb

d V V V d
s V V V s
b V V V b

æ ö æ öæ ö
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è ø è øè ø

ud us ub

cd cs cb

td ts tb

V V V
V V V
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æ ö
ç ÷ »ç ÷
ç ÷
è ø

Magnitude of elements shown only, no information of phase

λ ≈ sinθC = sinθ12 ≈ 0.24



Intermezzo: How about the leptons?

• We now know that neutrinos also have flavour oscillations
– Neutrinos have mass

– Diagonalizing Yl
ij doesn’t come for free any longer

• thus there is the equivalent of a CKM matrix for them:
– Pontecorvo-Maki-Nakagawa-Sakata matrix
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vs



Intermezzo: How about the leptons?

• the equivalent of the CKM matrix
– Pontecorvo-Maki-Nakagawa-Sakata matrix

• a completely different hierarchy!
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The strength of the charged current couplings seem to exhibit a hierarchy. This pattern
motivated Wolfenstein [8] to parametrize the CKM-matrix in powers of the parameter
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, which is described in the next section.
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2.4.1 The Lepton Sector

We only focussed on the quark couplings, and we will continue to do so in the rest of
these notes. Nevertheless it is both enlightening and intriguing to cast some light on the
lepton sector.

The discovery of neutrino oscillations [11] implies that neutrinos have non-zero mass, and
as a result a similar diagonalization of the Yukawa matrix can be done, compared to
the quarks (see Section 1.4.1). The lepton counterpart of the CKM-matrix is called the
PMNS-matrix, after Maki, Nakagawa, Sakata and Pontecorvo [12].

The first observation is that the leptons are commonly referred to as the flavour eigen-
states, in contrast to the mass eigenstates that we use for the quarks. For example, we
typically picture the W to couple purely to a (e, νe) pair, whereas the coupling of the W
to the quarks we picture as the coupling to a (u, [d, s, b]) pair, ie. a mixture of d, s and b
quarks. The lepton-equivalent of the down-type mass eigenstates are ν1, ν2 and ν3.

The second, inspiring, observation is that the magnitude of the elements of the MNSP-
matrix show a completely different hierarchy [13]:

UMNSP =





Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3



 ≈





0.82 0.55 0.15
0.37 0.57 0.70
0.39 0.59 0.69



 .

Interesting numerology appears if we square the matrix elements, revealing the following
approximate composition (known as ’tri-bimaximal mixing’ [14]):

|UMNSP |2 ≈
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or alternatively:

UMNSP ≈
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.

This comparison should make clear that the hierarchy in the CKM matrix, nor the fact
that the matrix is symmetric, is by any means “logical”, or “natural”?!

To date, no experiment has reached the sensitivity to measure complex phases on the
MNSP matrix elements, which would indicate CP violation in the lepton sector 3.

3The situation is slightly more complex if the neutrino’s are of Majorana nature, ie. if the neutrinos
are their own anti-particles. The smallness of the neutrino masses is typically explained with the see-saw

mechanism, which at the same time predicts a heavy right-handed sterile neutrino at the grand-unification
scale.



From 2 to 3 generations
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• 2 generations: d’=0.97 d + 0.22 s   (θc=13o)

• 3 generations: d’=0.97 d + 0.22 s + 0.003 b
Parameterization used by Particle Data Group (3 Euler angles, 1 phase):



Wolfenstein parameterization

3 real parameters:         A, λ, ρ
1 imaginary parameter:   η



Wolfenstein parameterization

3 real parameters:         A, λ, ρ
1 imaginary parameter:   η
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Deriving the triangle interpretation

• Starting point: the 9 unitarity constraints on the CKM 
matrix

• Pick (arbitrarily) orthogonality condition with (i,j)=(3,1)

* * * 0ub ud cb cd tb tdV V V V V V+ + =

* * *

* * *

* * *

1 0 0
0 1 0
0 0 1

ud cd td ud us ub

us cs ts cd cs cb

ub cb tb td ts tb

V V V V V V
V V V V V V V V

V V V V V V

+

æ öæ ö æ ö
ç ÷ç ÷ ç ÷= =ç ÷ç ÷ ç ÷

ç ÷ ç ÷ç ÷è ø è øè ø
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Visualizing the unitarity constraint

• Sum of three complex vectors is zero à
Form triangle when put head to tail

)(2* ll -×= AVV cdcb

(Wolfenstein params to order l4)

Vtb
*Vtd =1⋅Aλ

3(1− ρ − iη)
)(3* hrl iAVV udub +=
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Visualizing the unitarity constraint

• Divide all sides by length of base

• Constructed a triangle with apex (r,h)

Vub
*Vud

Vcb
*Vcd

= −(ρ + iη)
Vtb
*Vtd

Vcb
*Vcd

= −(1− ρ − iη)

1*

*

º
cdcb

cdcb

VV
VV(0,0) (1,0)

(r,h)



“The” Unitarity triangle

• We can visualize the CKM-constraints in (r,h) plane



Quarks à Mesons

• Quarks:

• Mesons
– “Oscillations” important ingredient!
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Dynamics of Neutral B (or K) mesons…
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No mixing, but with decays…
(i.e.: H is not Hermitian!)
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èWith decays included, probability of observing 
either B0 or B0 must go down as time goes by:

0ÞG >

Time evolution of B0 and B0 can be described by an effective Hamiltonian:
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Describing Mixing…
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Where to put the mixing term?
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Now with mixing – but what is the
difference between M12 and G12?

M12 describes B0 « B0 via off-shell states, 
e.g. the weak box diagram

G12 describes B0«f«B0 via on-
shell states, eg. f=p+p-

Time evolution of B0 and B0 can be described by an effective Hamiltonian:
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Solving the Schrödinger Equation
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Eigenvalues:
– Mass and lifetime of physical states: mass eigenstates
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Solving the Schrödinger Equation
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Eigenvectors:
– mass eigenstates
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Time evolution
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• With diagonal Hamiltonian, usual time evolution is obtained:
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Measuring B Oscillations
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Compare the mesons:

P0àP0

P0àP0

Probability to measure P or P, when we start with 100% P

Time à

P
ro

b
ab

ili
ty

 à <t> Δm x=Δm/Γ y=ΔΓ/2Γ
K0 2.6 10-8 s 5.29 ns-1 Δm/ΓS=0.49 ~1

D0 0.41 10-12 s 0.001 fs-1 ~0 0.01

B0 1.53 10-12 s 0.507 ps-1 0.78 ~0

Bs0 1.47 10-12 s 17.8 ps-1 12.1 ~0.05

By the way, 
ħ=6.58 10-22 MeVs

x=Δm/Γ: avg nr of 
oscillations before decay



Oscillations (1)

• Start with Schrodinger equation:

• Find eigenvalue:

• Solve eigenstates:

• Eigenstates have diagonal Hamiltonian: mass eigenstates!
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a t

t
b t

y
æ ö

= ç ÷
è ø

(2-component state in
P0 and P0 subspace)

p
q

y ±

æ ö
= ç ÷±è ø
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Oscillations (2)

• Two mass eigenstates

• Time evolution:

• Probability for |P0> à |P0> !

• Express in M=mH+mL and Δm=mH-mL à Δm dependence

0 ( )P t
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Oscillations: summary
00

00

H

L

B p B q B

B p B q B

= +

= -

• p, q:

• Δm, ΔΓ:

• x,y: mixing often quoted 
in scaled parameters:
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Bs0 mixing (Δms): New: LHCb
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Mixing à CP violation?

• NB: Just mixing is not necessarily CP violation!

• However, by studying certain decays with and without 
mixing, CP violation is observed

• Next: Measuring CP violation…



Detecting CP violation with B decays

1) CP violation: CKM and the SM

2) Detecting: Detector requirements

3) B-decays: sin2b, fs, Bs0→Ds+K-
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