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Nonlinear Bogolyubov-Valatin transformations
L Overview

Overview:

» Introduction
» Algebra

» Strategy for nonlinear Bogolyubov-Valatin transformations
(and more algebra)

» Applications (Hamiltonians, SU(4) < SO(6;R))

2/31



Nonlinear Bogolyubov-Valatin transformations
Llntroduction
L The title (I-a)

The title:

nonlinear Bogolyubov-Valatin transformations

N%

- quantum mechanics, 2nd quantization

- fermions: 500) = 0
a0} = 1 (3L = o)
CAR:
(al,a) = ala + aa = oy
{56,5) = 33 + 53 =0

(Grassmann algebra)
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Nonlinear Bogolyubov-Valatin transformations
I—Introduction
L The title (I-b)

finite-dimensional representation for n modes (dimension 2")
(— (multi-) linear algebra),

one mode:

o (8) W ()

W
= O
o O
N~
w>
il
N
o O
[N
~_
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Nonlinear Bogolyubov-Valatin transformations
Llntroduction
L The title (I1)

The title:

nonlinear Bogolyubov-Valatin transformations

N%

canonical transformations
- unitary implementation

~

by = UaUT U e Su(2")
CAR :
{Bz,[;/} = BI B/ + Bk B}L = Oy
{be,b)} = by b + b b =0
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Nonlinear Bogolyubov-Valatin transformations
Llntroduction
L The title (I11-a)

The title:

nonlinear Bogolyubov-Valatin transformations

N%

- linear Bogolyubov-Valatin transformations

by = ua — val
by = ua + v 3?{
— u2 + V2 =1 (Bogolyubov, Valatin 1958)

- nonlinear Bogolyubov-Valatin transformations: —
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Nonlinear Bogolyubov-Valatin transformations
Llntroduction
L The title (I11-b)

here: 2 modes (k =1,2)
b = UaU!

1 A020

+ )\(2|1) AEAI + )\( 2) 2,232

+ A2 5ta 5

T 22 5

AP0 g, A(kl"’) al + AP0 5l 4\ g A0,

D A0 55 4 A0 i,

n )\E<0|1,2) 503

L AL 5ia0s

+ A2 50508,

(“supersymmetric” transformation)
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Nonlinear Bogolyubov-Valatin transformations
- Introduction
- Motivation

Motivation:

» field theory:
Grassmann integrals — nonlinear transformations
» condensed matter theory: Hubbard model
» quantum information theory:
- tensor product structures for fermionic systems
- n=2: two-spin-1-systems (two-qubit systems),
one—spin-%—systems
» mathematics:

- Clifford algebras (n = 2: — Dirac matrices)
- n=2: SU(4), SO(6;R)



Nonlinear Bogolyubov-Valatin transformations

LAIgebra
Algebra
Grassmann — Clifford algebra:
A A CRE))
R T )
{éip]yégq]} = _2 5pq 6[(/7 paq = 172
rename: o1 = §£1]7 k= 1. ..n
e = 3, k=1,....n
{8} = 28-¢ = 28y = —26u

(n=1: “Pauli matrices”, n = 2: “Dirac matrices")
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Nonlinear Bogolyubov-Valatin transformations
LAIgebra

LOne fermion mode: quaternions

One fermion mode: quaternions

C(0,2) ~H
i = altl = i(:a+af)
jo= 3@ = a3

1
_ 23] _ all] a[2] _— N N P _ ifaTs _ aatT
k = 2 = 4a a —21(33 2)—[(33 aa)

(Jordan, Wigner 1927/28)
Excursion to the result:

i’ i i
i = Alj | =ulj|U
K’ k k

A€ SO(3;R), Ue SU(2) (AT = Ad(V))
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Nonlinear Bogolyubov-Valatin transformations
LAIgebra

L Two fermion modes: biparavectors (1)

Two fermion modes: biparavectors
Define:

&1y = it

(non-universal) Clifford algebra C(0,5) (k,/ = —1

{ek; ?3/} = 2014
5 = &, k=-11,...
o = -1y

~
~
~

The operators ¢, span the paravector space V5.

Ck = 6k s k= 1,..

4

J1,..0.,4):

4
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Nonlinear Bogolyubov-Valatin transformations
L Two fermion modes: biparavectors (I1)

LAIgebra

(k,=—1,..

~

1C1 6‘2 6‘3 Cy
~1,
o}
&)
&3
4
20 14

A

|

4— X
<O

I

— «<<Q
o = N o <

_AAACAAACAAACAAACAAAC

«<Q +

4=~
<«

Il «

<L __

X
<O
— =
<«

«wQ
“4— X
«<Q
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Nonlinear Bogolyubov-Valatin transformations
LAlgebra

L Two fermion modes: biparavectors (II)

Biparavectors:

= (my, m), my < my

A A A INEU a2 A
M = Cmimy = —Cmpm = 5 CmCmy = CmypCmy = — Cmm
(Eddington 1928: E-numbers)
- span the 15-dimensional biparavector space \*(Vs)
(= space of non-trivial operators in Fock space)
[Coips Carl = Cpipr Cnar — Caran Cpimo
= —20pq C(pzqz) 2 0pyqp C(p1q1)
+ 2 0p1qn C(p2q1) + 2 0pyq C(P1Q2)
Lie algebra su(4) ~ so(6)
(particle physics: su(2, 2) ~ so(4,2) — spin representation of conformal group)

T
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
LStra'tegy (U]

Strategy for nonlinear Bogolyubov-Valatin transformations
2 modes (n=2, k=1,2)

~

b = UL

= A0 g, A ST RO T N0 g AR,
+ a0 gtal AU afa AP 5l
+ A7 ala + AT alz + AP a3
+ A2 aTats g A(L22) 5TaTs)

+ A2 aTa 8, 4+ AR 5T )

1,2]1,2) atata
—i—)\g( | )31323132
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
LStra'tegy (W]

Transition to Clifford algebra problem:

3 = i(acral) . BT = BT =i (Bt B])
a2 = Pt —g —af B — BT — b, — B}
rename: oy = 2’5(1]’ a,zk_l _ Bl[(l]
Gk = «55(2], dok = BE]
de = UgUf
[1] (m) . Lo (mn) o 4 L Bl (mnp) :a »a
= Xk Cm + o1 Xk CmCn + 31 Xk i €mCnlp
1 (4] (mnpg) - o a
+ EXE] (m.n,p.q) I CmCnCpCq
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
LStrategy (y

de = XE] (1) &+ XE] (2 & + X[ 13) ~ & + X[ 14 &
+X[2]( 2)?:1?:2 + X[]( 3) &8s + X[]( )&?:4
+ X[2] (2,3) &res + X[ ] (24) &t + X[ 1 (3:4) &84
+ X [3] (1.23) i C160C3 + x[3] (1.24) i C160Ca
+ X [3] (134 C1C3Cs + X[3] (234 CrC3Ca
+ xEj” 1239 | &1es858

nonlinear basis transformation in the Clifford algebra C(0,4)!

an A o A
{dk,d/} = ddy + dide € 24,0 = 2801y = =26 14

Clifford algebra analogue of CAR
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
LStrategy (1v)

{CA/k,E//} Lo O 1a
_ [XE]W) e 1 X[kzl(m VALY
T X[f’](mnp) (ol (mae) 4 L X[f](mn,pq) Ny (m,n,p,q)] 1,
_ [Xfl(mn) 3 (mna) B (mana) EZ](m,n)} &
_ XE(l](m) (3] (m,p.q) + XE] (m,p,q) XEl](m)
+2 KB e % W (mnpa) ngl(mn)} At

b IO ey B G 10 6 n g, n g
+ 1 @ma) 2 (ea) g

5 Xk m A\ Ch AN Cp N\ Cq
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
LStra'tegy (V)

Calculational background:

Cqd)

S

) CI
~Xi(q) 14 = Xi'(gs) €

1 3
2l Xi (g,s,t)
L 12 (re) I [

S) A ~ ~ PPN At Ao
+§X’ cq/\cr/\cs—ax,(%s’t’u) ic*ActaeY

+ e e - iesnet

1 [Bl(rst)

+ 5 X P g N AC A G

» x A = x|A + xA\A, x,y: vectors, A: multivector
> x| (yi A AYp) =
Ziﬂ(_l)kﬂ (X ye) (YL A AYRA . AYp)

Yi: vector to be omitted
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S
Nonlinear Bogolyubov-Valatin transformations

I—Strategy (and more algebra)
LStrategy (V1)

Example: quadrivector part

X (LY ea) & ne ne e = 0
B o

)25(2] — XE] (mnm) & Ag

k = I: decomposability condition for bivectors

Solution:  § = 2 [H AL, Le=1Lm e,
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)

Final answer

Final answer (2 fermion modes):

EJ’M = Ué/\// UJr = XMN é/\[ = C2(L)MN é/\[
xun = GLmn
= Lm1n1 Lmznz - Lmlnz Lm2n1
L e SO(6;R)
different formulation: 15 = L éLT

(Hristev 1964, ten Kate 1968, Buchdahl 1968)

group of nonlinear Bogolyubov-Valatin transformations:

SO(6;R)/Z>
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Nonlinear Bogolyubov-Valatin transformations

LStrategy (and more algebra)
L More algebra (1)

More algebra. Question:

Which six-dimensional space does L € SO(6;R) operate in?

Paravector space Vg7:

o>
I

[y

O
O Q> OO OO OO
) [oN) N = o |

(€18 83¢,
1,
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
L More algebra (I1)

More algebra. Answer:

L € SO(6; R) operates in the space of
spin(or) (space) bivectors: A?(C4)

spanned by antisymmetric complex 4 X 4 matrices:

+ +
ro=-r. k=-1,....4

Choose: 1 cabed (Jlr' ) (Jlr' ) = 0y = 1t (F I' )
: 8 k / ki 7 W ey
ab cd
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
L More algebra (111)

+ —
Impose further condition: FkT =T,
+ - + -
e, +0r,
+ - + -
I'k 14F, =+ F, 14Fk
+ - + = + - 4+ -
e Folol, + Tl
ata afa
CrC + CiCk
2 + = af + -
with: & = Mol Sk = Mo

(selects subspace

in A%(C4): Re)

= 2614
= 26 14
= 2614
= 20K 14

(Schouten 1933, Struik 1934, Haantjes 1936)
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Nonlinear Bogolyubov-Valatin transformations
LStrategy (and more algebra)
L More algebra (1V)
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Biparavectors are bi(para)vectors of spin bivector space:

Nve) = N2 (N3(Ca) = Ni(Ro)

but Vs # Rg
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Nonlinear Bogolyubov-Valatin transformations
LAppIications

L Hamiltonians: fermions (U]

Hamiltonians: fermions
H = H/J[

H = hO0 1, 4 a0 gf 4 p2l0) 5T 4 pO) 5 4 p(OR) 3,
+ h120) 3ial 4 () 5T5 4 p(1R) 3l5,
+ hC1) 3la; + K22 a5, + pOL2) 315,
+ A2 alals 4 p(22) 51513,

+ A2 ala5, 4 ACILD ala3, + A252) 5Tala 5
1 1 1
_ (po0 4 pan o Lge b))
( + 5 + 5 4 4
~ Ve (Y@) «— traceless part

4
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S
Nonlinear Bogolyubov-Valatin transformations

|—Applications

L Hamiltonians: fermions (1

y = —vT =
0 ,w I p(1:212) Re h(1:212) Im A(121D) _Re p1:211)
0 Re (26110 4 4122) 1 (24010 1 43212) R (2h@10) - 412D) 1 (24(210) — 1210
o et m (K210 4 p012) R (51200 _ 4112)
0 —Re (K120 4 p012) 1 (501210 112
o K212
0
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Nonlinear Bogolyubov-Valatin transformations
LAppIications

L Hamiltonians: fermions [UD)]

Block-diagonalize Y by means of L € SO(6;R): Z=L Y LT

0 7/(_1)0 0 0 0 0

—I/(_l)o 0 0 0 0 0

T 0 0 0 vz 0 0
Z = z o 0 0 —UV12 0 0 0
0 0 0 0 0 w3

0 0 0 0 —UV34 0

oo - (h(om N %h(ul) N %h(zm ~ zl_lh(l,ml,z)) 1.

i A
- Z tI‘\/6 (ZD)
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S
Nonlinear Bogolyubov-Valatin transformations

|—Applications

L Hamiltonians: fermions ()

1
H = [h<0|0) b (b i)

(h(1,2|1,2) + 2;/(_1)0)] 1,

(h(2|2) - ,,34>

N =

Bl

+ vi2 13151 + v34 ngz — 2110 5133131[32
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Nonlinear Bogolyubov-Valatin transformations
LAppIications

L Hamiltonians: spin

Spin Hamiltonians

spin Hamiltonian (two—spin—%, single—spin—%)

4

Jordan-Wigner transformation

4

two-fermion Hamiltonian

4

diagonalize (nonlinear Bogolyubov-Valatin transformation)

4

Jordan-Wigner transformation

4

diagonalized spin Hamiltonian
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Nonlinear Bogolyubov-Valatin transformations
I—Applications
L su(a) ——50(6; R)

SU(4) — SO(6; R)

U—— L7

+ + +

. = Ly, =ur,u’
U

r, = Lyr, =0T,

1 +
— Ly = Ztr(FkUTI—,U>

(Stepanovskit 1966)
adjoint representation:

Um Ut = x,N v — | Ad(U) = xT = G(LT)

30/31



Nonlinear Bogolyubov-Valatin transformations

L Conclusions

Conclusions

> a strategy for the study of nonlinear Bogolyubov-Valatin
transformations has been developed

» the strategy has successfully been applied to one and two
fermion modes

> results obtained range from theoretical physics (new method
for the diagonalization of 4 x 4 matrix Hamiltonians) to
mathematics (nonlinear basis transformations in a Clifford
algebra, expression for the adjoint representation of SU(4)
matrices)

» the future study of more than two fermion modes will reveal
new structures
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