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Abstract

Near threshold , Soft gluon physics leadsto large logarithmic correctionsfor a crosssection
or decay width. In this thesis Wilson lines are used to describe the soft radiation.

A Wilson line is aphasefactor for an eikonal line representedby a path ordered exponential of
gauge elds. The path usedin the Wilson line is the eikonal path taken by the parton that emits or
absorbsthe soft gluons. Using deep inelastic scattering the useful properties of the Wilson lines
are derived. From an explicit one loop calculation of the Wilson line a universal cusp anomalous
dimension can be de ned using renormalization group equations. With the aid of the universal
cusp anomalous dimension, exponentiated forms of -meson decay and Higgs production are
calculated up to next-to-leading logarithm.

We nd renormalons in the exponentiated one loop contributions to the Wilson line, from
which we derive amodel for the nonperturbative power correctionsto -mesondecayand Higgs
production.
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1 Introduction

1 Introduction

Quantum Chromodynamics (QCD) is the theory that describes the interaction among quarks
and gluons, i.e. the fundamental strong force. This eld theory is a nonabelian gauge theory
basedon the symmetry group SU . Although the formulation for this theory is very simple, the
manifestations are of greatcomplexity. One of the main dif culties is con nement, i.e.quarks and
gluons cannot be detected as free particles, they are only presentin color—singlet bound hadron
states such as protons. Con nement is up to now not satisfactory understood by theoretical
physicists.

Another important aspectof QCD is asymptotic freedom, which is, on the contrary to con-
nement, very well understood. It statesthat the effective coupling between quarks and gluons
vanishes as the energy of the interactions goesto in nity . In other words, the theory can be
regarded as almost a freetheory, i.e. without interactions, at very large energy. We can use per-
turbation theory to describe the remaining small interactions between the quarks and gluons.

1.1 Need for Wilson Lines

Asymptotic freedom states that all higher order corrections in perturbation theory should be
small for hard particles, i.e. particles with high energy, becausethe coupling strength vanishes
for high energy scales. On the other hand, the coupling strength is large if the interactions are
with soft particles. So, in scattering experiments there can (and always will) be soft, i.e. low
energy, gluon radiation. Near threshold the large logarithms coming from the soft radiation
becomethe leading correctionsto the scattering crosssection,see g. 1.1.In principle, this gluon
radiation consistsof anin nite number of soft gluons, which would make perturbation theory an
unusable method for computing physical crosssections. Fortunately, using someapproximations
all this soft radiation can be described by a vacuum expectation value of a single path ordered

exponential
R
(1.2)

i.e. a Wilson line where the path is described by  and is the classical path of the parton that
emits and absorbsthe gluons.  are the gauge group generators. On the contrary to an abelian
gauge theory, for QCD we need ordering of the exponential in the gauge group generators. The
easiestway to order the gauge group generators is according to the path of the parton emitting
and absorbing the soft radiation.

Fig. 1.1: Interactionofa quarkwith a photonincluding agluon correction.If themomentumofthegluon
is smalltheinternal quarkpropagator — is almoston—shell andcanleadto largelogarithmic
correctionsaftertheinfrareddivergencesre canceled.

In this thesis we shall derive the properties of the Wilson line and show how to use it when
calculating crosssectionsand decay rates.
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1.2 Outline of this Thesis

Using deep inelastic scattering to derive useful properties of the Wilson lines in sections2,3and 4
we canapply the obtained knowledge to the moredif cult -mesondecayin section5and Higgs
production in section 6. Using the de nition for the Wilson line we will also have a glimpse at
the nonperturbative effects contributing to the meson decay and the Higgs production at the
end of sections5 and 6, respectively.
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2 Deep Inelastic Scattering

In this section we use deep inelastic scattering to derive the de nition of the Wilson line. Deep
inelastic scattering is the processin which anincoming electron  with momentum and hadron
with momentum interact and form an outgoing state ,seeg. 2.1.Theinteraction occurs
by an exchangeof a hard virtual photon with momentum and we de ne
In the in nite momentum frame the momentum of the incoming hadron is almost onIy in the
dir ection . We use here so-called light cone coordinates, de ned as

where and (2.1)
The inner product of two vectors is given by

(2.2)

Fig. 2.1: Deepinelasticscatteringof an electon off ahadion via theexchangef a space-like
photon

2.1 Parton Model

Wilson lines describe only soft gluons. Soto use the Wilson lines we have to separatethe soft
gluons, which we describe by the Wilson line, from the hard gluons, which contributions can be
calculated using ordinary perturbation theory. To separate the soft gluons from the rest of the
processwe turn to the parton model. In the parton model we assumethat hadrons are extended
objects, consisting of free partons, i.e. quarks and gluons. At the level of the parton model the
hadrons can be described in terms of virtual partonic states.Becauseof con nement, it is impos-
sible to calculate the structur e of these states.

The way to reducethis problem to aminimum is to intr oduce parton density functions
and hard-scattering functions . The parton density function describesthe probability to
nd aparton of type inthe hadron ,carrying afraction of the momentum of the hadron. The
restof the processis a parton crosssection that is then described by the hard-scattering function.
Thus, a cross section including hadrons can be described by a convolution product of parton
distribution functions and a hard-scattering function. The intuitive basisof this factorization can
be found in the parton model.

To be speci c, consider deepinelastic electron hadron scattering by avirtual photon exchange
at a high energy and momentum transfer, see g. 2.1.In the center-of-massframe the hadron is
Lorentz contracted in the dir ection of the collision and the internal interactions are time dilated.
Thus in the center-of-mass frame the energy lengthens the life time of the virtual states,while
the Lorentz contraction makes the time of the passageof the electron through the hadron short.
If the time dilatation is “lar ger” than the time of the passagethrough the hadron, the electron
will “see” afrozen state. The hadron state is characterized by a de nite number of (free)partons
during the time the electron takesto crossit. Due to the asymptotic freedom of the partons we
can think of the partons as free objects, they all have a fraction of the total momentum of the
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hadron. Of course otherwise some partons would betraveling in the dir ection opposite
to the hadron, an extremely unlikely situation.

In addition, when the momentum transfer is very large, the virtual photon cannot travel
far and its resolving power will bevery large. Then, the electron will interact only with a single
parton, if the parton mixtur ein the hadron is not too dense.

With these assumptions we have factorization [1]. That is, the interaction of the partons
among themselves that occur at time dilated time scalesbefore and after the scattering cannot
interfer e with the interaction of the parton with the electron

remainder (2.3)

— remainder (2.4)

The remainder is down by a power of

We have included afactorization scale into this equation. We had to include this parameter,
becausefor QCD there are quantum correctionsto this factorization. Thesequantum uctuations
can have an arbitrary energy. If the energy of such avirtual particle is relatively high according
to the momentum transfer the above discussion still holds and there is not a problem with
factorization. But, if the energy is of the samescaleasthe energy  of the virtual photon, factor-
ization is troubled. To solve this we include afactorization scaleparameter to described which
uctuations should beincluded in the parton distribution functions and which can be included
in the hard-scattering functions. Of course, the crosssection is independent of the factorization
scale .

The interpr etation of (2.3)is that we factorize a deep inelastic scattering cross section into a
low energy part and a high energy part. All low energy interactions (or uctuations) are de-
scribed by the parton distribution functions. All high energy interactions are described by the
hard-scattering functions. The hard-scattering function can be calculated using perturbation the-
ory, becausefor a high energy transfer the coupling constant is small, according to asymptotic
freedom. The parton distribution functions are nonperturbative objects,i.e.they cannot be calcu-
lated using perturbative methods. They should befound by comparing theory with experimental
data.

Essentially the same reasoning applies to factorization of Drell-Yan crosssections. The cross
section can be factorized to

— — remainder (2.5)

Inspir ed by the terminology of the operator product expansion it is conventional to call the rst
term on rhsof (2.4)and (2.5) the leading twist contribution and the remainder the higher twist
contribution or power corrections.

The parton distribution functions in (2.4)and (2.5) are the same functions (if the
samefactorization schemeis used), becausethese distributions describe the probability of nd-
ing a quark inside a hadron. This probability is independent of the rest of the processunder
consideration, so theseparton distribution functions are universal.

2.2 Parton Distribution Functions

The parton distribution functions arede ned as

_ (2.6)
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where
(2.7)

the electromagnetic current and is the bound hadron state.

Unfortunately , theseparton distribution function requireanonperturbative treatmentand are
out of the scope of perturbative QCD. They can be determined by comparing theoretic calcula-
tions by experimental data. Due to the universality of the parton distribution functions, we can
useone process(or asmall setof processes}o measurethesedistribution functions and usethose
resultsin all other theoretical calculations of crosssections.

To do some calculation we consider instead of an incoming hadron an incoming parton. The
parton-in-parton distribution functions arede ned as

— (2.8)
where is now the parton state.

2.3 Leading Twist Approximation

To calculate the parton-in-parton distribution function (2.8)we rst have to do something with
the product of the two electromagnetic currents. In the Born approximation the deep inelastic
scattering processis just anincoming quark with momentum  that is probed by avirtual photon

whereupon the quark goesinto the nal state with momentum , multiplied by its
complex conjugate. The parton distribution function is then a simple delta function. Let us
consider the processin which there is also an additional real gluon involved. The gluon can be
absorbed or emitted before or after the interaction with the virtual photon, see g. 2.2. We will
show that with the eikonal identity not only the one extra gluon contribution, but all real gluon
contributions can be expressedby a single (path-ordered) exponent. To show this, | will closely
follow the method usedin [4].

Fig. 2.2: The onerealgluon contribution to the hadronic part of the partonic deepinelastic scattering
function.

The one-loop contribution to the vertex is given by two gluon-quark-quark vertices and a
gluon propagator. The vertex contributions for the absorption and emission of arealgluon |, see
g. 2.3,aregiven by

and —— (2.9)

respectively.

Thesetwo vertex contributions contain three dif ferent kind of singularities coming from the
dif ferent ways the denominators in (2.9) may vanish: -collinear, -collinear and soft. The soft
singularities rise from the fact that gluons are massless,becauseall four components of  can
go to zero. Then the inner products and are zero, hencethe vertex contributions (2.9)
diver ge.
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A
A

(@) (b)
Fig. 2.3: Verticesfor the absorptiorand emissiorofagluon.

Thereare -collinear singularities becausewe have neglected the quark mass. Consequently

there are no massterms in the denominators of (2.9)and (where ()
is the energy of the quark (gluon) and is the angle between the 3-momenta and ). So,if the
quark and the absorbed gluon are collinear, i.e. , then the product is zero, hencethere

is a singularity . Of coursethe samehappens for the emission of a gluon that is collinear to the
quark, leading to the -collinear singularities.

A more physical interpr etation of the sourcesof thesesingularities is that a single quark can-
not be distinguished from a quark accompanied by an (in) nite  number of soft and/or collinear
gluons. The stateswith a quark accompanied by gluons belong to the sameenergy eigenstateas
asingle quark state, if the gluons are soft or collinear to the quark. Thesestatesare said to be de-
generatewith the single quark state. Thus the physical processof deep inelastic scattering is not
asimple photon that probesaquark, involving asingle quark in the initial and nal states,but an
in nite  number of soft and collinear gluon effectsshould be taken into account. This degeneracy
of the initial and nal statesis the origin of the soft and collinear divergencein the transition
rates.

According to the Kinoshita-Lee-Nauenberg theorem all infrar ed (soft and collinear) singu-
larities cancelin total transition rates, i.e. the transition rates summed over all initial and nal
degenerate states. For a proof of this theorem seee.g[2]. Becausewe considered the parton-in-
parton distribution function, thereis asummation over the nal states . But, for the initial state
we took asingle quark, which cannot be distinguished from a quark accompanied by an (in) nite
number of soft and/or collinear gluons. Becauseof the single quark asthe initial state,we do not
sum over all thesedegenerateinitial states.Therefore only the soft and  -collinear singularities
canceland we are left with the -collinear divergences. We therefore focus on the -collinear
diver gencesonly.

If we representthe gluon in the emission vertex by agauge potential this vertex becomes

(2.10)

For the -collinear diver genceswe have the momentum of the gluon collinear to the momen-
tum of the quark . In this situation we can make some useful approximations for the gauge
potential. We will show that the components of transverse to the momentum  are higher
twist contributions and are neglectedin the leading twist approximation. Within the framework
of factorization, terms which are properly factorized, i.e.the rhsof (2.4)and (2.5)are leading twist
contributions, and all terms that do not factorize, i.e. the remainder of (2.4)and (2.5)aredown by
apower of and are higher twist contributions.
An analysis of the absorption vertex contribution, see g. 2.3a,leadsto

where is a measure for the “collinearity” or “softness” of the gluon, i.e. the more

collinear or softer the gluon is, the smaller is. For the leading twist contributions is down

by a power of , thus all contributions of order ~ (or of a higher order of ) are of higher
twist. We have chosenthe in nite momentum frame such that the momentum of the quark is
mostly in the “+” direction, so in this approximation this leads to , and

. When the gluon momentum is collinear to the quark momentum, we have for the
gluon momentum the same power ordering in the components of the momentum ,
and B
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The numerator of the absorption vertex contribution canbe approximated by

(2.11)

From the identity for anti-commutation relation of the gamma matrices we have
. Thus

B B (2.12)

We nd that only the coefcient in front of  are of order , i.e. of leading twist. The com-

ponents of  transverseto the momentum ,i.e.the andthe , have acoefcient of order
~, and arethus of higher twist and will be neglected.
Therefore we canwrite the gauge potential as

(2.13)

i.e. apuregauge eld. If we now substitute this gauge potential into the emission vertex contri-
bution (2.10)and usethat and , we derive

(2.14)

(2.15)

(2.16)
(2.17)

Becausethere is no restriction on the outgoing momenta we must integrate over all possible
outgoing momenta

_ (2.18)
where
(2.19)
is the classicalor “eikonal” current of the quark  and
—_ (2.20)
i.e. the Fourier transform of . We nd that including the contribution of areal gluon does

not lead to extra (internal) quark propagators in the leading twist approximation. There is only
an overall factor which we have to multiply by the diagram without the gluon attachment.

If we now go backto the eld operator for the quark , we seethat to rst order we
canwrite

(2.21)

The single gluon emission g. 2.3(b)canbe generalized to more gluon emissions. In fact, with
the nonabelian exponentiation theorem, see appendix B, this can be generalized to an in nite
number of gluons.
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Fig. 2.4: Theemissioroftwo gluons.

Let us rst consider the casewhere two (collinear) gluons are emitted, see g. 2.4. Again we
have to integrate over the outgoing momenta and and one can show that the contribution
of the emission of two gluons is equal to!

S I

wherethe meansthat the product is path ordered in the gauge group generators ~ which are
included in the Feynman rules for the vertex, seeappendix A.2. If the parton that emits or absorbs
the gluons, is aquark the gauge group generatorsare in the fundamental representation,if it is a
gluon the gauge group generators are in the adjoint representation. Note that the path goesfrom
“right to left”, i.e.the samedirection asthe momentum of the quark. We had to intr oduce some
ordering in the product of the rhsof (2.22), becausethe (and also the )
are Lie Algebra valued. A non-ordered product does not make any sensefor Lie Algebra valued
expressions.Let us show that (2.22)is correct. First note that with (2.18)we nd that

§ (2.23)

Becauseof the path ordering we have that

(2.24)

Because one of the two gluons (e.g.the one with momentum ) interacts with the quark
always beforethe other gluon, which is perfectly in agreementwith path ordering. Let us Fourier
transform the 's back to momentum space

(2.23) - (2.25)
First do the integral and then the

(2.23) e S (2.26)

(2.27)

(2.28)

1The ow of the momentum of the quark is in the samedir ection asits charge.
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With the eikonal identity , seeappendix A.2.1,we nd that the part between the bracketsis equal
to —— and we get

(2.23) (2.29)

This is exactly the Ihsof (2.22)(c.f. (2.17)). Recall that the path is from “right to left” and that the
gluons are emitted. Thus (2.22)is an identity .
Sofor the quark eld operator we nd

(2.30)

With the use of induction this expression can be generalized to all orders in perturbation
theory and rewritten as a path ordered exponent. Of course gluons can also be absorbed and
a gluon can interact with two or three other gluons. The nonabelian eikonal exponentiation
theorem, seeappendix B, statesthat all gluon interactions can be exponentiated.

2.4 Wilson Lines

As already concluded above, the gluons are pure gauge elds and the eld operators can be
factorized into a part independent of the gauge eld times a pure phase factor

and (2.31)

where is the phasefactor. At the end of the previous section | showed that this phase
factor canbewritten asapath ordered exponent. Note that we must have some ordering because
the  areLie Algebra valued and do not commute. If we use a path ordered exponent? we nd
the useful expression,

(2.32)
S (2.33)

(2.34)

wherethe means path ordering and is a parametrization for the path of the quark with
and . This is an useful expressionbecauseif we consider the gauge transfor-
mation

- (2.35)
we want the phasefactor  to transform as
(2.36)

To seethat this is indeed the caselet us use the explicit  -dependence of the phase factor: the
phasefactor  transforms as

(2.37)

(2.38)

2Another ordering would be time ordering, but the problem with time ordering is that when one is dealing with cut
diagrams, the diagram is partly time ordered and partly anti-time ordered, which makesit more dif cult to handle.
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For simplicity we make the integral discrete

R (2.39)

where we split the integration path from to into piecesof the samesize in such away
that and correspond with the point  and , respectively.
If we take small (which correspondswith large ) we have

(2.40)
where issmall, i.e. . Therefore the secondterm of the rhsof (2.39)is equal to
- (2.41)
Becausewe have path ordering we canrewrite (2.39)as
(2.42)
We can now expand because is small. We also have that
(this can be easily seenif one expands the exponent). So(2.42)is equal to
(2.42) (2.43)
(2.44)
P
(2.45)
If we now go back to the continuum, taking , , but leaving the product
constant,we nd our desired gauge transformation
P
(2.46)
(2.47)
(2.48)
So,we have found that this phasefactor behaveswell under gauge transformations.
We use (2.32)asthe de nition for a Wilson line
(2.49)

10
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2.4.1 Properties for the Wilson Lines

Wilson lines have the following useful properties, which are proven to order in appendix
C:

hermiticity: Taking the hermitian conjugate of a Wilson line gives you the sameline in the op-
posite dir ection

(2.50)

causality: Becauseof the path ordering we can glue paths together. If we rst have a Wilson line
from to andthen aline along the samedirection form to ,we canglue them together
into one Wilson line from to

(2.51)
This alsoworks for lines that are not in the samedir ection.

unitarity: If we have a Wilson line from to and then aline back from to in the opposite
dir ection they will give
(2.52)

2.5 Backto the Leading Twist Approximation

With the properties for the Wilson lines (2.50),(2.51) and (2.52) the product of the electromag-
netic currents in the parton distribution function (2.8)is, using the operator product expansion
to leading twist, proportional to

(2.53)
Use causality to rewrite the second asa product

(2.54)
Use hermiticity to rewrite the rst , then we have

(2.55)
Again, use causality to get

(2.56)

Thus, using the de nition (2.49)for the Wilson line we nd that the product of the two currents
is proportional to

(2.57)

What we have found is that the product of the two currentscanbereplaced,in leading twist, by a
eld operator that “creates”a quark at position and a eld operator that “annihilates” a quark
at position . In between the quark “moves” from to , described by a path ordered phase
factor: a Wilson line.

11
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2.6 Soft Approximation for

If we now assumethat we are closeto the phase spaceboundary, i.e. or elastic scattering,
the product of the two currents (2.57)canbe simpli ed even further. For the total “+” com-
ponent of the emitted radiation vanishesas . This meansthat the “+” component of any

emitted real gluon is positive and vanishing, thus the emitted gluons are either soft or collinear.
There are also contributions coming from hard, virtual gluons, but they can be factorized and
absorbedinto a coefcient function , according to the factorization theorem [1].

In the limit the gluons are soft or collinear to the quark with momentum and the
eikonal Feynman rules, seethe appendix A.2, can be used. Therefore also the gluon dependence
of the two remaining quark eld operators in (2.57)can be factorized into phasefactors

and (2.58)

These are phase factors of the same form as described in (2.49). To seethis | recall the form of
thesephasefactors. Becausethereis no restriction on the exactlocation where the gluon interacts,
we must integrate over all possible locations and we get an integral in the exponent similar to
(2.18).The integration path is along the trajectory of the eikonal quark with momentum |, hence
the subscript hanging under the in (2.58). Again we need path ordering, becausethe gluons
are non-abelian gauge elds. This leads to the conclusion that the phase factors in (2.58)are of
the sameform as(2.49).

We can substitute (2.58)into (2.57)and combine the phasefactors, see2.4.1.We nd then for

the partonic distribution function in the limit
(2.59)
where is the coefcient function that contains all the hard, virtual gluon contributions,
the Fourier transformation xes the “+” component of the emitted radiation on ,and
(2.60)
(2.61)
with is the path asin g. 2.5.Notice that it hastwo cuspsat positions and . The cuspswill
feature prominently in what follows.
N
|
|
|
|
|
I
|
|
\

Fig. 2.5: Theintegrationpath . Theverticaldashedine representghe nal statecut.

Recall that this parton distribution function is an amplitude squared, so there is a “unitary
cut” in the -line.

2.7 Summary

Close to the phase space boundary we nd that the parton-in-parton distribution function is
given by a product of two functions. One is the Fourier transformation of a Wilson line expec-
tation value, which contains all the collinear and soft gluon contributions. The other is a coef-
cient function that takesinto accountthe contributions form the hard, thus short distance, virtual

12
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gluon—quark interactions. TheseWilson lines are a very powerful tool to describeall the soft and
collinear gluon contributions to the parton distribution function aswe will see.In particular, in
sections5 and 6 we give two more examples of how to use theseWilson lines in calculating decay
widths or crosssections. To understand them better, we calculate the one-loop approximation in
section 3 and the renormalization group equationsin section 4.

13






3 One-loop Calculation

3 One-loop Calculation

In the previous section we derived aformal expressionfor the Wilson line (2.61). In this section
we perform the explicit one-loop calculation and show the dif culties that arisein the calculation.
We start with parameterizing the path of the quark by

— (3.1)

wherewe choose  light-like: ,and time-like and we have by
de nition , sothis vector is normalized.
We now have three relevant dif ferent one-loop diagrams, given in g. 3.1, and two more
generated by symmetry. Note that a fourth diagram where we have gluon from a point on the
-line to another point on the -line doesnot contribute becauseit is proportional to

(@) (b) (©

Fig. 3.1: Thethreeone-loogontributionsto the Wilson line.

3.1 Contribution from

First of all, we should recall that these are diagrams for the amplitude squared. Sothereis a
unitary cutin the -line. Therefore,the gluon that goesto apoint onthe -line is for points
left (right) of the unitary cut avirtual (real or “cut”) gluon. The exactlocation of the cut is a bit
arbitrary , but becauseof the causality of the Wilson lines we can extend the -line to in nity and
make the unitary cut there, and then come back to the point ,see g. 3.2.

(@) (b)

Fig. 3.2: Thevirtual (a) andreal(b) contributionsto

To calculate the virtual (real) contributions to we have to contract two quark—gluon
vertices with the virtual (real) gluon propagator and integrate over all possible emission and
absorption points. The virtual and real gluons are emitted at where , thus we
have an integral . The gluons are absorbed at the points where
and for the real and virtual gluon, respectively. Thus we have an integral
for the virtual gluon and an integral for the real gluon.
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Wilson Lines in QCD

Let and be the virtual and real propagatorsfrom to ,respectively.
Then the diagram is given by
(3.2)
(3.3)
where | used and .
If we assumethat s positive, then is the vector is time-like
— — _ (3.4)
because and . In that casethe virtual and cut propagators are identical.

(3.3)is then equal to
(3.5)

If is negative, there might be a problem, or at least a very dif cult integral, becausethen
the vector is space-like and the virtual and the cut propagator do not coincide. The way
to circumvent this problem is by deforming the integration path ,see g. 3.3.First we note that
the polesin the integral (for the cut propagator) lie in the lower half of the complex —plane.
To seethis, analyze the cut propagator derived in appendix A.1.2. We also note that for large
(complex) the integrand vanishes quickly enough not to contribute to the integral. So,we can
deform the integration path from to , wher e the minus sign means
that this integral is in the “negative” direction,i.e.from to . Wethen have the vector
time-like, and the samesituation asfor  positive occurs.

Im

y
y
3

/+/o Re 0 ° °
poles Im
- [} ° Re
Fig. 3.3: Deformationof theintegrationpath . Thepolesare at the points — and

The rst diagramof the intermediatestepis equalto zeo, becaus¢here arent any poleswithin thein-
tegrationcontour Also the contribution comingfrom the large half circleis zeio, becausé¢he integrand
vanishegjuickly enoughfor large(complex) .

Using the Feynman rules for the propagatorin  dimensions — ,

16



3 One-loop Calculation

seeappendix A.1.1, we obtain
(3.6)

Where | intr oduced a scale parameter to keep the dimension of the coupling constant the
samein any dimension. If we write out the square in the integrand and use that and

, becausethey are a light-like and a normalized time-like vectors respectively, the integral
in (3.6)is equal to

(3.7)
Because , Where , we have absorbed the into the
ie. _ , where
This integral has UV diver gences.To seetheir origin we changethe order of integration and
make a change of variables and obtain
(3.8)
(3.9)
(3.10)
(3.11)
We seethat there are two ultraviolet singularities for . for and . The rst
one s called the “cusp singularity”, becausethis correspondsto . Here, the dif ference
of all four components of the points and goesto zero. Becuasethe point  is on the
line and the point is on the line , which arein different dir ections, we conclude that this
singularity correspondsto both and ,i.e.the gluon propagator starts and ends very
closeto the cusp. Sowe nd that the cuspsare sourcesfor ultraviolet diver gences.
For the secondone we have and thus (notethat hasalight-like

dir ection) and it's called the light-cone singularity . This correspondsto a gluon moving collinear
to the light-like quark, i.e. collinear to the path

Of course nothing prevents a gluon to be both near the cusp and approximately in the light-
conedir ection. Then this gluon has both cusp and light-cone diver gences,and we nd adouble
pole.

If we choose the we can perform the two integrals

— (3.12)

and

(3.13)

Substituting (3.12)and (3.13)into (3.11)and with the help of (3.6),the result for this diagram is

(3.14)

(3.15)
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3.2 Contribution from

In the second diagram we have the gluon propagator going from the point onthe -line to
the point on the -line. As above we have to integrate over all points on the lines, so that
gives

(3.16)

Using the parametrization for the lines, this integral is equal to

(3.17)
We cannow shift the integral by

(3.18)

If we now plug in the Feynman rules for the propagatorin  dimensions and intr oduce the scale
parameter ,the diagram is equal to

(3.19)

(3.20)

This integral looks to dif cult to calculate dir ectly. We would like to replacethe cut propagator
by the virtual one, becausethat makesthe integral alot easier This canbe done. Justin the same

way asin the computation of we can deform the integration paths in such a way that the
vector becomestime-like, see g. 3.3,then the two propagators are identical and
we canreplacethe cut by avirtual one.

First we look at the situation where . Then
and this is only larger than zero if we can deform the integration path  in such away that
becomesnegative. A quick look at the cut propagator tells us that the polesin the integral lie
in the lower have of the complex —plane. We can, similar to the calculation of , deform the
integration path to asituation where is negative.

For we must deform the integration path in such away that becomespositive,
becausethen the vector is time-like. This can also be done, and goessimilar to the
above described method.

We conclude that by deformation of the paths the virtual and the cut propagators become
identical. Therefore it is save to absorb the the into the , in the sameway aswe did in
(3.7) for the . In this calculation we assume that is positive, thus we may change the
integration boundaries of the integral to and replacethe cut by avirtual propagator.

(3.21)

(3.22)
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3 One-loop Calculation

In the last step | usedthat  is anormalized time-like vector ( ) and that is alight-like
vector ( ) and changed the integration variable

Now, changethe integration variables to and . Note that the integration
boundaries then become and , with a Jacobianof 1/2. The integral

in (3.22)is therefore equal to

- (3.23)

| want a change of variables in such a way that the boundaries of the  integral no longer
depend on the , becausethen we canchangethe order of integration. Thus, we make a change
of variables and we nd that this integral is equal to

- (3.24)
Now, we can change the order of integration, and we can do another changein variables
, to get a nice form for the integral.
- —_— (3.25)
And we nd an infrar ed singularity for for . Looking at the changesmade in the
integration variables this corresponds to . Recallthat both and are
negative, so we conclude that we have a infrar ed singularity for or
Taking we can perform the integrals
—_— (3.26)
and
(3.27)

If we substitute (3.26)and (3.27)into (3.25)and with the help of (3.22)we nd the unrenormalized
result for this diagram

(3.28)

— (3.29)

We nd the sameresultfor  negative.
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3.3 Contribution from

This diagram correspondsto a gluon propagator going from the point , Where
on the -line to some other point later where on the -line.
(3.30)
_— (3.31)
— (3.32)
where we have made a change of variables .
Sowe nd an ultra-violet diver gencesfor , Which corresponds to . If we
choosenow we canperform the integral and we have
—_— —_— (3.33)
So,we also nd an ultra-violet singularity for , Which corresponds to , and an
infrar ed singularity for , which correspondsto . Note that the infrar ed and

the ultra-violet diver gencescoming from have opposite signs, thus we canformally set

(3.34)

3.4 One-loop Result

We found ultraviolet singularities for , an infrar ed singularity for and that is

equal to . For the total one-loop contribution we have to sum (3.15)and (3.29). Note that
has a symmetric diagram that we have to add as well. The total expression for the one-loop
contribution is therefore

(3.35)

S (3.36)

We now want to renormalize this result. We rst rewrite this expression with the use of

, , and —
_ - (3.37)
— - - — — (3.38)
— — — — (3.39)
— — — - (3.40)
where we have used for notational simplicity in the intermediate steps.
In the —schemewe de ne — sowe have
— — —_— — (3.41)
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3 One-loop Calculation

If we expand the exponentin and suppressthe bar abovethe ,we nd

— — — (3.42)

o — (3.43)

According to the  —schemewe subtract the poles and take . And we have asrenormal-
ized result

ren. — — (344)

What is very interesting about this expressionis that thereis a quadratic logarithm. This is be-
causewe have the usual soft and collinear contributions, aswell ascontributions from the cusps.
Also we seethat the Wilson line only depends on the dimensionless combination of variables

. Note that we returned the backin the equation. For notational conveniencewe
had absorbed this term in the , asstated after (3.7) (for the diagram we made a similar
absorption of the term). Therefore we seethat replacing is correct,and we nd that
all the possible singularities are in the upper half of the complex —plane.

The total Wilson line is thus given by

(3.45)

where we have just calculated the secondterm on the rhs and

(3.46)

Although this result might look very satisfying, there is a problem. The logarithms in (3.44)
are very large if momentum of the incoming quark is mostly in the dir ection, which is the
casein the in nite  momentum frame,

(3.47)

An examination of higher loop results will give that in principle every power of is accompa-
nied by a power of . This leads to a breakdown of perturbation theory, becausethe
seriesis no longer (asymptotically) converging. Thereis a solution to this problem and it is called
“resummation” or “exponentiation”. The idea is to use the renormalization group equations to
resum the large logarithms in all powers of the coupling constant , by writing the Wilson line
as an exponent. It turns out that all the leading and the next-to-leading logarithms can be re-
summed with the knowledge of the Wilson line in the one-loop approximation. There is a price
that we must pay in order resum all these logarithms. It turns out that it is rather dif cult and a
lot of work to getthe constantterms (in our casethe factor — ) right. In the next section (section
4.1.2,to be more precise)we will seehow this resummation procedure works.
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4 Renormalization Group Equations

If we want to evaluate the parton distribution function, becauseof the (numerically) large loga-
rithmic factors, we must compute the Wilson line to all orders in perturbation theory. Renormal-
ization group equations are a powerful method to resum the expansion in the coupling constant.

Renormalization group equations reorganize the dependence of the coupling constant times
the large logarithmic terms into a perturbative function times an exponential scalefactor. The
perturbative function is basically the original perturbation series, but calculated at a dif ferent
renormalization scale such that the large logarithms become small. The exponential scale fac-
tor rescalesthe (now) convergent perturbation seriesto the original series. This means that in
stead of calculating the perturbation theory at the original renormalization scale(which leadsto
the diver gent perturbation series)we pick another renormalization scaleand relate this through
the renormalization group equation to the original renormalization scaleusing exponential scale
factor.

4.1 Renormalization Group Equation for the Wilson Line

First we have to nd the renormalization group equations. For this we need cusp anomalous
dimensions, which depend on the cusp angle , de ned in appendix D.

In the situation described in the previous sections, with the integration path asin g. 2.5,
there is a problem with the de nition of the cusp angles, becausethe line of this path lies on
the light-cone. As stated in appendix D, angles are not well-de ned if we have vectors lying on
the light-cone. And if the angles are not well-de ned, the cusp anomalous dimension, which
depends on the angles, is alsoiill-de ned.

Thereforewe rst consider the casethat the line of the integration path lies away from the
light-cone (i.e. ). Thelines and arealready away from the light-cone becausethey are
in the dir ection, and we de ned .

The situation where we put backthe line of integration path on the light-cone is treatedin
4.1.2.

4.1.1 Away from the Light-cone

Unrenormalized Green'sfunctions arealways independent, and therefore alsothe unrenormal-
ized Wilson loop. This gives

_ S (4.1)

The “non-local” singularities ® can be removed by renormalizing the coupling constant and
the gauge eld . There are no anomalous dimensions necessarybecausethere are no external
lines. Note that the eikonal lines are actually not a part of the Wilson line, they merely describe
the integration path. The (ultraviolet) cusp singularities however cannot be removed this simply.
They require arenormalization of the whole loop. Thus

ren. cusp (4-2)
where the subscript denotes that the parameter is renormalized. are the angles between
the vectors and . Thefactor cusp isequalto cusp cusp ,

becauseevery cusp needsto be renormalized separately.

Swith non-local singularities we mean singularities that are not coming from a speci ¢ point, such asthe points where
the two cusps are. In the one loop example of the previous section the non-local singularities are the two singularities

coming from (which cancelagainst eachother),the infrar ed singularity coming from and the ultraviolet light-
cone singularity coming from (which is absentwhen we assumethat the line lies away from the light-cone).
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Wilson Lines in QCD

If we insert this into (4.1)we nd the renormalization group equation
- - ren. cusp cusp (43)
with the QCD betafunction

— — (4.4)

and the cusp anomalous dimension de ned by

cusp — cusp (4.5)

From now on we assumethat the singularities are removed by renormalization and we do not
write the subscript labels ¢, and  explicitly anymore.

The cusp anomalous dimension  cusp does not depend on the shape of the integration
path, it only depends on the coupling constantand the cusp angle [5]. This is related to the fact
that the ultraviolet diver gencesof the Wilson line corresponding to the cuspsoriginate from the
limit of in nitesimally closeattachments of the gluon in g. 3.1(a)to the cusp. Thereforethe cusp
anomalous dimensions depend only on the local properties of the integration path, i.e. only on
the cusp angle.

For large angles the anomalous dimension is linear in the angle to all orders in perturbation
theory cusp cusp [5] [6]. This hasthe following explanation. First we con-
clude that the ultraviolet pole relatesto the cusp singularity , while its dependenceon the angle
is determined by the integration of collinear and soft gluons. Becausewe have written our Wilson
line asan exponent only one—patrticle—irreducible diagrams contribute to the exponentin the Wil-
son line. For one—particle—irreducible diagrams there are at most two integrations producing an
infrar ed singularity . The cusp anomalous dimension is related to the derivative of the logarithm
of the Wilson line, thus proportional to the derivative of the one—particle—irreducible diagrams.
The derivative reducesthe (maximum of) two logarithms to one. Hence only a single logarithm

emerges,and thus is the cusp anomalous dimension linear in the angle for large
angles
cusp cusp (4-6)

As expectedthe one-loop result (3.45)(with apart of integration path lying on the light-cone)
does not satisfy (4.3),but, asshown in the next section, thereis a solution to this problem.

4.1.2 On the Light-cone

The renormalization group equation for a Wilson Line partially lying on the light-cone is not a

straightforwar d generalization of (4.3), becausethe rhs does not make much sensefor

Instead we rst shift the integration path away from the light-cone while keeping the

cusp angleslarge. Then we use atrick to rewrite (4.3)in such away that it no longer depends on
,and nd our desired renormalization group equation.

For the largeangle , i.e.the angle between and , both vectors away from the light-
cone (recall that ), we have

- - a.7)

We must recall that the and the  are actually not precisely the correct factors. There

should be termsin this equation to make it well-de ned. From the propagator A.1.1 we know

that the term is actually equal to , but we ignored that term for notation simplicity .

And asalready mentioned after (3.44)we must replace . Forthe angle this
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4 Renormalization Group Equations

gives the replacement and for  we replace . So,
actually we have

- —— and - — (4.8)

We now use a trick. Differentiate (4.3) with respectto to get an equation that does not
depend on

— _— cusp (4'9)

There is a complex conjugate for the  becausethis cusp angle is at the other side of the unitary
cut. If we perform the dif ferentiation we get

_ _ cusp (4.10)

_ousp (4.11)

and we seethat this equation no longer dependson  and we canformally set . We can
rewrite (4.11)as

cusp (4-12)

So,we have found a very elegant evolution equation for the Wilson line. We seethat the loga-

rithm of the Wilson line is controlled by the cusp anomalous dimension through double(logarith-

mic) dif ferentiations. Becauseof the universal structure of evolution equations, all Wilson lines

(partially lying on the light-cone) have to satisfy this equation to all ordersin perturbation theory.
It is easyto integrate (4.11)

. o cusp (4.13)

where is the integration constant. The and the that arein the rst term can be com-
pensated for by shifting the integration constant. This is convenient to do, because
is adimensionless variable.

We can use our one loop result (3.45)to nd the oneloop cusp anomalous dimension.

cusp

— — — (4.14)
We recall that the beta function (4.4)is of order ,and — is of order , Sowe
can neglecttheir product in the one loop approximation.
Evaluating the derivative gives
cusp - (4-15)
From this we nd that the one-loop cusp anomalous dimension is equal to
cusp — (4.16)
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and
_ (4.17)

where we used that .
We can now resum the expansion in the coupling constant of the Wilson line, by solving the
renormalization group equation (4.13).We nd

— cusp (4.18)

wherethe boundary value is chosensuchthat the Wilson line becomesafunction of the dimen-

sionlessvariable , hence . The prefactor

takesinto account all non-logarithmic terms.* (For the one-loop approximation this is the — )
Calculation of the anomalous dimensions  cusp and up to aspecic order and the
prefactor up to order resumsall N leading logaritms, where denotes
leading logaritms, next-to-leading logaritms, etc.

We have calculated the anomalous dimensions up to order , and the prefactor up to order
. This meansthat (4.18)together with (4.16)and (4.17)describe all leading and next-to-leading
logarithms up to all orders perturbation theory. Of course the exponent can be expanded in
powers of and we will nd the expressionfor the Wilson line in a power seriesin . Let
us show that we indeed nd the (next-to-)leading logarithms in the one-loop approximation by
expanding the exponent in (4.18)up to order in . For the one-loop approximation we can
approximate running coupling constant by a constant coupling constant . The integral
is then quite easyto calculate

cusp

— — (4.19)
— (4.20)
Sowe have for the Wilson line
_ (4.21)
_ (4.22)

which are precisely the leading and next-to-leading logarithmic terms of (3.44). (Compare (4.21-
4.22)with (3.44)and we nd that - —

4.2 Renormalization Group Equation for the Parton Distribution Function

With our knowledge of the renormalization group equation for the Wilson line partially lying
on the light cone (4.13)we can now derive the renormalization group equation for the parton
distribution function near the phase spaceboundary (2.59). In turns out that we can write the
renormalization group equation for the parton distribution function as an integro—differential
equation including a so—calledsplitting function. We will now show this.

Recall (2.59)

_ (4.23)

4This is not completely correct. There are next-to-next-to-leading logarithmic contributions (starting at order )
in this prefactor to cancelthe product of lower order non-logarithmic terms times the logarithms in the exponent.
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We canrewrite this equation asan integral over the dimensionless variable

— (4.24)

where , asbefore.
To nd the renormalization group equation we take the derivative of the parton distribution
function with respectto . This gives

. — S (4.25)
The rst term on the rhsis equal to
(4.26)
The secondterm on the rhsof (4.25)is equal to
—_ — _ - (4.27)
The term in this equation that is proportional to canbeneglectedin the soft approximation
,asusual. Thus we nd that (4.27)is equal to
4.27) _ (4.28)

Use the renormalization group equation (4.13)to rewrite the third term on the rhsof (4.25).
We nd that this term is equal to

e — cusp (429)

To get (4.29)in anicer form we intr oduce a secondintegral over avariable together with adelta
function

cusp

cusp

— — (4.30)
The delta function can berewritten as
— — — T (4.31)
Substitute this into (4.30)and collect all the terms
4300 wp — — —
_ T (4.32)
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This is equal to
(4.30) cusp T — — (4.33)

Now substitute (4.33)into (4.29)and this, together with (4.26)and (4.28),into (4.25)and we
nd the renormalization group equation

cusp - (4-34)
If we de ne asplitting function

— cusp

(4.35)
we canwrite the renormalization group equation (4.34)as

(4.36)

which is an integro—differential equation.

Note that we have incorporated the spectral property of the parton distribution function by
changing the integration boundaries to . This can be done becausefor the parton distri-
bution function is 0, and for the splitting function is 0. To seethis we recall that
the singularities of the Wilson line lie in the upper half of the complex —plane. Therefore if we
replacethe integral in (4.24)by a path integral and close the integration curve in the lower half
plane with ain nitely large half circle, the integral will be equal to 0. If the exponent in (4.24)is
negative for large negative imaginary , that is as , the contribution from the half
circleis equal to zero. Hence

for (4.37)

The splitting function is de ned in (4.35). For this function the singularities are alsoin the
upper half of the complex —plane. Thus for the samereasonasabove we can conclude that

for or, equivalently for (4.38)

To compute we use the fact that the Fourier transform of a constant function is a delta
function

- — - (4.39)

(4.40)

where cis some constant, i.e. independent of . We also know that the logarithm of a product is
the sum of the separatelogarithms

(4.41)

Sothe only dif cult thing in the calculation of the splitting function isto nd the Fourier
transform of the logarithm
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To compute the Fourier transform of the remaining logarithm we use the fact that we can
representa logarithm asan integral ®

For (4.42)looks ill de ned. Therefore we intr oduce a regulator

equation the by

where is the Heaviside Stepfunction and
seeappendix F. We cannow safely take the limit

and then we cando the and
shall remove the regulator by taking the limit
Using (4.42)with the regulator we nd that

is the “+"-distribution

5This is an easyto prove representation if we use the following trick

Then we canwrite rhsof (4.42)as

z

and do the integral
z

z

Now the integral is also straightforwar d

This completes the proof.

4

for

(4.42)

by replacing in that

of the function

integrations safely. Afterwar d we

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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Substituting (4.49)into (4.35)and doing the integral we nd that the splitting function
is equal to

cusp
cusp i — (4.50)

So,if we put it all together we have the renormalization group equation of the parton distri-
bution function (4.36).

If we take , i.e. the soft limit and , there is a nice simpli cation of the
splitting function . If we multiply with we nd

cusp (4-51)

To seethis we rst recallthat is under anintegral given by (4.36). Then we canconclude that

if we multiply the delta function in , given in (4.50),by that this gives zero (assuming

that is smooth enough). The “+"-distribution multiplied with is slightly more

complicated

(4.52)

(4.53)

o (4.54)

for (4.55)

From this we canread of (4.51).

The renormalization group equation for the limit for the parton distrinbution function
(4.36)is obtained from the evolution equation of the Wilson line partially lying on the light-cone.
Becauseof the universal structure of evolution equations one nds that any distribution for the
parton distribution function that can be described by Wilson lines partially lying on the light-
cone, must obey the renormalization equation (4.36), where the splitting function has to
satisfy (4.51).

4.3 Moments

A way to simplify the renormalization group equation of the parton distribution function (4.36)
is by performing aMellin transformation to moment space.The simpli cation lies in the fact that
in moment spaceconvolution products, such asthe rhsof (4.36),becomeordinary products. The
Mellin transformation is de ned as

(4.56)

with inverse

_ (4.57)
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where is suchthat it is to the right of all singularities. This transformation is closely related to
the Laplace transformation

(4.58)

because , sofor large , or equivalently the two transformations
are equal.

If we Mellin transform the parton distribution function nearthe phasespaceboundary (4.24)
we nd anice relation

(4.59)

. — (4.60)
(4.61)

Wethus nd the renormalization group equation in moment space

cusp

(4.62)
where the moment dependenceon the rhsis in the logarithmic term.

4.3.1 Moments of Common Expressions

| will explicitly derive the moments of some common expressions. The results are also summa-
rized in appendix F.

For a constant function we have

_ (4.63)
The previous item can easily be generalized to any polynomial in
Poly (4.64)
For a delta distribution we nd that the moments are constant
(4.65)
The moments of the “+"-distribution of the function are more complicated to
derive.
—_— _ (4.66)
wherethe de nition of the “+"-distribution was

used, seeappendix F. Becausethe two terms on the rhsof (4.66)diver ge when considered
seperately we are not allowed to calculate them independently. But we can introduce a
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regulator that regulates both theseintegrals and make them seperately well de ned. We
replacethe rhsof (4.66)by

- - - (4.67)

where is small.

Theseintegrals are Beta-functions, seeappendix F, which can be represented as Gamma-
functions

(4.68)

With the recursion relation for the Gamma function we replacethe
of the second term on the rhsof (4.68) as and the of the rst term as
we nd that

- (4.69)

- (4.70)

Now, use that

(4.71)

- (4.72)

- (4.73)

We can remove the regulator by taking and we nd

— - (4.74)

- - - (4.75)

(4.76)

Sowe nd that the moments of the “+"-distribution of the function are given by

_ 4.77)

where isdened as

We will not derive the moments of the following “+"-distributions, we just write down the
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results, [7]
- - (4.78)
- - (4.79)
- - (4.80)
where is the Riemann zeta function, seeappendix F, and
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5 Meson Decay

The rare decaysof mesonsare of greatimportance becausethey are sensitive for new physics
beyond the standard model. Such processesare induced by the exchangeof heavy virtual parti-

cles. Within the standard model rare decaysof the type areinduced by penguin diagrams
with avirtual top (or charm) quark exchange.
Let us consider the inclusive radiative decay , see g. 5.1,in the limit when the

massof the quark canbe neglected. We are also interestedin the region wherethe energy of the
emitted photon is near its end-point, i.e. the photon gets (almost) all the energy available. Then
we can factorize the processin three separate subprocesses:a hard, a jet and a soft subprocess.
And we canusethe Wilson lines to describe the soft subprocess,and through its renormalization
group equation we can also derive a lot about the two other subprocesses.| will closely follow

[8].

Fig. 5.1: Theinclusiveradiativedecay

5.1 Factorization

In the rest frame of the meson we can de ne a scaling variable asthe ratio of the photon
energy to the massof the quark

—_— (5.1)

The condition that the nal state  hasan invariant masslarger than zero, leads to the
restriction

_ — — (5.2)

where is the mass of the  meson. This variable plays the role of the Bjorken scaling

variable used in section 2 to describe the fraction of the momentum of the incoming hadron

which the probed parton possessed,.e. if we have inelastic decay, if we arein the

region of elastic decay, or closeto photon energy end-point.

We are interestedin the region where the energy of the photon is near the end-point,
An interesting feature of this decay is the fact that can be larger than 1. This window

cannot be reached by perturbation calculations, so we need to take into account

nonperturbative effects, if we want a good estimate for the decay near the photon energy end-
point.

In the eikonal (or heavy) quark approximation the momentum of the quark can be approx-
imated by , Wwhere is a (normalized) vector in the dir ection of the quark, which is
the sameasthe direction of the  meson. In the restframe of the meson the momenta of the
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photon and the quark may be taken to be
photon: T — 0 (5.3)
quark: — 0 (5.4)
Then the momentum of the quark hasto be
quark: — 0 (5.5)

For the quark moves mostly in the“ " direction with a high energy and a small invariant
mass. Thereforethe quark canproduce ajet of collinear particles accompanied by soft radiation
only. This is very similar to situation as described in section 2.6 where we also had an eikonal
quark line accompanied by soft and collinear radiation. The differenceis that in the  meson
decay the quark producesa jet of collinear particles, whereasin section 2.6 we considered the
parton distribution function only. Therefore we can factorize the dif ferential decay width — into
hard (), soft( )andjet( )subprocessessee g. 5.2. The momenta associatedwith the separated
subprocessesare

Hard ( ): (5.6)

Soft( ): (5.7

Jet( ): (5.8)

Notice that the “ ” and the transverse components of the momenta of the particles in the jet

subprocessare much larger then the momenta of the particles in the soft subprocess,whereas
the “+” components of the momenta are distributed between the two subprocesses.Due to the
factorization theorem, when all the diagrams are summed, the dif ferential decay width can be
written the following form

. (5.9)

where is the partonic width in the Born approximation, isthe“ ” component
of the total momentum of the soft gluons emitted in the partonic subprocessand isthe factoriza-
tion scale,which we take equal to the renormalization scale.Note that thereis only an integration
over the “ " component of the momentum, becauseonly that component is distributed among
the soft and jet subprocess.

Let's make an important comment about the integration boundaries. The upper boundary

(5.10)
follows from the condition that the momenta in the quark jet, , hasto be time-like. The
lower boundary corresponds with minimal energy of the soft gluons in the nal state. Na'vely
and according to perturbation theory this would be, due to energy conservation, , but
in realistic meson decay the soft gluons may take some energy from the bound meson state.
Thus the lower bound of the * " component of the total momenta of the soft gluons emitted by
the andthe quarks may even be negative nonperturbatively

- (5.11)

which meansthat very closeto the lower bound the and/or quarks absorb energy from the
bound  meson state, which is not available in the partonic subprocess. This negative lower
integration boundary corresponds to the above described nonperturbative window
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Fig. 5.2: Cut diagramofthehard ( ), jet ( ) andsoft( ) subpocessesfthe radiativeinclusive decay
. Notethat the vertical line representghe nal statecut and goeghroughthe jet andthe soft
subpiocesses.

5.2 The Soft Subprocess

First we will describethe soft subprocessbecausethis subprocesscan be described with the tools
of the Wilson lines derived in the previous sections. In the soft subprocessthe and the quarks
behave like classical particles. This means that all the interaction with the soft gluons can be
factorized into path ordered phasefactors, or Wilson lines. Therefore the soft subprocesscan be
described by a Fourier transformed expectation value of a Wilson line

— (5.12)

with
(5.13)
The integral xes the total “+"-momentum of the soft gluons to  and the integration path
isgiven in g. 2.50n page 12. Note the dif ferencesin the expectation values. In (5.13)thereis
an expectation value betweenthe two  mesonbound states , but in (2.61)it is between two

vacuum states,becausein (2.61)we only described the perturbative partonic subprocess.
In perturbation theory the one-loop approximation for the Wilson line hasthe form (cf. (3.44)),

(5.14)

The Fourier transform (5.12)of a logarithm is a real function that can be expressedin delta and
“+” distributions. For an explicit calculation of this see(4.43-4.49).0One of the properties of the
Fourier transform of afunction is

(5.15)

wherethe meansthe convolution

(5.16)

Thus also the Fourier transform of a logarithm squared is a real distribution. Hence the soft
function is real. And if both the original function and its Fourier transform are real,
it follows dir ectly that thesefunctions must be evenin their arguments

and (5.17)
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For the Wilson line this meansthat
(5.18)

From the previous sectionswe know that the in the argument of the Wilson line
is a property of the gluon propagator and is of perturbative origin. This leads directly to the
spectral property (4.37)for the parton distribution function and for the soft subprocessthis gives

for (5.19)

But as already state above, the total momenta of the soft gluons can be negative. Thus one has
to take into account nonperturbative corrections to the Wilson line (5.13). Sowe must slightly
modify the Mellin transformation, de ned in (4.56),for the soft subprocessto

(5.20)

where the dimensionless variable isde ned as
— (5.21)

and the last equality of (5.20)follows from (4.61).

This gives asrenormalization group equation for soft subprocess
e cusp —_— (5.22)
Solving this dif ferential equation leadsto

cusp (5.23)
where isde ned for simplicity . The comesfrom the boundary value of the Wilson

line expectation value, i.e. the bound  meson state, and is thus of nonperturbative origin. In
section 5.61 presenta way to estimate

5.3 The JetSubprocess

The emission and absorption of collinear particles of the quark is described by the jet subpro-
cess.The total momenta of thesecollinear particles is , and their total invariant massis then
of course

(5.24)

where , and aredened in (5.1),(5.21)and (5.5),respectively. The sum of all the diagrams
contributing to this subprocessdepends only on this quantity and on the factorization scale

(5.25)

Becausewe are interested in the casewhere the photon momentum is near the end-point,
ie. (this automatically sets , because ), we can rewrite , if we take the
moments, as

(5.26)

The identity allows us to identify with in the limit for
or large. And this leads to the property that after integration of the rhsof (5.26)the function
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depends only on the scales and . Thesetwo scalescan be combined and we nd
that
(5.27)

or equivalently
(5.28)

So, for the moments of the soft and jet and the hard subprocesseswe nd that they only
depend on the scales

Soft: (5.29)
Jet: (5.30)
Hard: (5.31)

in the large limit, asexpected.

5.4 Moments of the Dif ferential Decay Width
We canrewrite the dif ferential decay width (5.9)with the use of (5.21)and (5.25)as

- (5.32)

S (5.33)

As suggested in section 4.3 we can use the Mellin transformation to change this complicated
convolution product to asimpler normal product. | will nhow show that this is indeed the casein
this particular example.

Let usde ne

— — (5.34)

asthe moments of the dif ferential decay width (5.9). If we substitute (5.33)into the rhsof (5.34)
we get

_ (5.35)
Near the end-point we can replacethe argument of the jet function
. Then, change the order of integration and make a changein integration
variables
—_— (5.36)

and we nd aproduct of moments

—_— (5.37)

— (5.38)

Becausethe dif ferential decay rate does not depend on the factorization scale the moments
of this rate also don't depend on this scale

N - (5.39)
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This together with (5.29-5.31),give various restrictions on the renormalization group equations
for the moments of the separatesubprocessesWe recall that the renormalization group equation
for the soft subprocess(5.22)is

cusp - (5.40)

Then it is easyto seethat the renormalization group equations for the jet and hard subprocesses
must be

cusp — (5.41)
cusp — (5.42)
where is the quark anomalous dimension in the axial gauge. To seethat the anomalous

dimension “contributing” to the jet subprocessis the quark anomalous dimension in the axial
gauge, note that the jet subprocessis very similar to a cut, dressedquark propagator. If we then
chooseto work in the light like axial gauge , all interactions between this propagator
and soft gluons is suppressed,according to the reasoning leading to (2.13), hence factorization
is manifest. The factor of is needed becausethere are two propagators going into the nal
state, one form the left and one from the right. The one—loop approximation for this anomalous
dimension is

I (5.43)
and the one—loop approximations for the cusp anomalous dimension cusp and are
explicitly written down in (4.16)and (4.17),respectively,

cusp - — (5.44)

5.5 Resummation

We are now going to solve these renormalization group equations (5.40-5.42)and construct the
result for the moments of the differential decay width. Recall that we already solved the soft
function, see(5.23)

cusp (5.45)
e cusp —_— (5 .46)
— —  cusp — (5.47)

Solving the renormalization group equation for the jet function gives

cusp I (5.48)

- — cusp — (5.49)
While we nd for the hard function

— cusp

(5.50)
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Note that the boundary conditions and for the jet and the hard functions, respectively,
are equal to one, becausein the de nition of the dif ferential decay width thereis a normalization
with respectto the Born approximated partonic subprocess,i.e. the factor — in (5.9).

Becausethe moments of the dif ferential decay width are independent of we can put

in (5.38).Because we can forget about the hard function.
- (5.51)
_ (5.52)
N — cusp
. — — cusp
— - (5.53)
where (5.47)and (5.49)were substituted into (5.52)to get (5.53).Also the factor —— is absorbed
into the and takes into account all (and thus also
the ) corrections to

The four terms on the rhs of (5.53) can be combined and we nd for the moments of the
dif ferential decay width

I — cusp

(5.54)

5.6 Infrared Renormalons

As already stated above, near the photon end-point the nonperturbative effects are of greatim-
portance to the dif ferential decay width. We can also seethis in (5.54). For , and for

large, the leading (double logarithmic) terms are no longer decreasing quickly
enough in increasing orders of the perturbation theory. Perturbation theory becomesthen ill-
de ned, becausehigher order corrections are of greatimportance. Sonear the photon end-point
we need to take into account both perturbative as well as nonperturbative effects. But these
effects are ambiguous at the level of power corrections and only their sum is unique. The dif fer-
ential decay width is a physical quantity, henceit consist of the sum of both
perturbative and nonperturbative corrections and therefore it is free of these ambiguities. This
gives us a backdoor to the structure of the nonperturbative effects by analyzing the ambiguity
of the perturbation series. Theseambiguities in the perturbation theory are associatedwith the
so-called infrar ed renormalons. For an intr oduction to renormalons seefor example [9].

To examine the infrar ed renormalon contribution to the Wilson lines, we use the nonabelian
eikonal exponentiation theorem, seeappendix B, to exponentiate the one-loop diagrams of g. 3.1

(5.55)
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The is the gluon propagator. Note that for atime-like distance the virtual and cut prop-

agators coincide, seeappendix A. Thesquare — —  representsthe vertices and the extra

eikonal propagators, coming from the splitting of the eikonal propagators by the gluon. Because
the Wilson line should be an evenfunction of its argument (5.18)two factors of the form

have to be included to make the expressioninvariant under the transformation . Note
that is an even function in  which includes a factor

. The argument of the coupling constant can be determined by looking at higher order
correctionsto . We will not do this here.

From renormalization techniques we know that the (running) coupling constant is equal to
(in the one-loop approximation)

— — (5.56)

where isthe one-loop contribution to the betafunction de ned in (4.4)and isthe QCD scale
parameter. is the only adjustable parameter in QCD except for the quark masses. And this
parameter should be determined by comparing the QCD predictions with experimental data and
is found to be approximately GeV.

Now we want to calculate the integral in (5.55). First we recall that and
sothe integrand dependsonly on , and . For an arbitrary (smooth) function
we have
(5.57)
where is the angular volume, seeappendix F. If we substitute (5.56)into (5.55)we can

do, with the help of (5.57),the -dimensional integral over the gluon momenta . The exponent
of (5.55)is then equal to

(5.58)
Use that the dimension is equal to and that we can shift the integral by . Also
write out the vertices product and use that and , we then nd
(5.58)
(5.59)
Change the integration variables to and
(558 —M — -
(5.60)
A close examination of the factors shows that almost all of them cancel, except for an
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overall factor of . Thus we have
(5.58)
(5.61)
The vertices part cannow be simpli ed
_ (5.62)
and also the product
(5.63)
Substitute (5.62)and (5.63)into (5.61)and make a changein the integration variable
(5.58)
(5.64)

Now we cansplit the integrand into two functions, one depending only on  and the other only
on

(5.58)
(5.65)
The integral canbe done and gives
(5.66)
The integral is equal to
(5.67)
(5.68)
(5.69)

where the last equal sign comesfrom the product identity of the Gamma function, seeappendix
F. Substituting (5.66)and (5.69)into (5.65),we nd that the exponent of (5.55)is equal to

(5.58)
(5.70)
If we write out the angular volume and use that we nd
(5.58) (5.71)
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Thus we nd that the one-loop exponentiated Wilson line (5.55)is equal to

(5.72)

For this remaining integral has (ultraviolet) polesin , but those poles canbe subtracted
via renormalization. There are also poles away from coming form the and
. Thesepoles lie at the points _— = — Theseare infrar ed renormalon singu-

larities. To give a meaning to the perturbative expansion we need a prescription for integrating
thesesingularities, becausewe canlay our integration path above or below the pole, see g. 5.3.
The ambiguity for the integration over the pole is equal to (plus or minus) the third diagram of

Im Im Im

Re ‘

> c\ >
/
pole

Fig. 5.3: Ambiguity for theintegration path.

g. 5.3,and proportional to the residue of the integrand at the pole. Note that the singularity

of the Gamma function at — is compensated for by the cotangent, so the leading infrar ed
renormalon appearsat —. The third diagram of g. 5.3is equal to, with the pole at —
pole
Res (5.73)

— (5.74)
Sowe nd an ambiguity in the term. As already said before, the dif ferential decay
width is free of these ambiguities, becauseit is a physical quantity. So,we have to compensate
for this ambiguity with the nonperturbative term coming form the boundary value of the
Wilson line, i.e.the bound  meson state. Let us nd out, then, what the “leading” form of
must be.

Becausewe have written the Wilson line asan exponent, this ambiguity is in the exponent. If
we want to compensatefor it with a nonperturbative term we can multiply the perturbative part
by a nonperturbative exponent. That leadsto the assumption

nonpert. (5-75)

Weknow that is freeof ambiguities, hence  nonpert. hasanambiguity that is exactly

the sameasthe ambiguity of , exceptfor the sign. We now assumethat the singularity of

nonpert. is not “standing alone”; we assumethat the nonperturbative part of the Wilson line

is of the same order asits ambiguity . Becausethe leading ambiguity is of order we
can make the following ansatzfor the nonperturbative part

(5.76)

nonpert.
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where isanonperturbative correlation length, in which we have absorbedthe QCD scaleparam-
eter . The next-to-leading ambiguities are of order . Theseshould also be canceled
by the non-perturbative part, but in our casewe neglecttheseterms.

If we neglectthe terms of order and substitute this nonperturbative part into (5.12)we

canderive an expressionfor coming from the nonperturbative boundary value. The Fourier
transformation in (5.12)leadsto the following expressionfor the nonperturbative part (5.76)

(5.77)
_ e (5.78)
This Gaussianintegral canbe done and gives
. _ (5.79)
which is a Gaussiandistribution around . Note that outside the physical region
this distribution doesnot go to zero. This is an artifact due to the fact that we neglected the terms
of order . The expression (5.79)is only valid in the vicinity of . The moments of this
expressioncan easily be found by taking the Mellin transform
(5.80)

and this we can usefor the nonperturbative integration boundary value in (5.23)and (5.54).
With the help of heavy-quark effective theory (HQET) the non perturbative correlation length
can actually be given a numerical value.

5.6.1 Wilson Lines and HQET

In heavy-quark effective theory (HQET) (for an intr oduction to HQET seefor example [10]) one
cleverly usesthat some quarks are heavy, i.e.the , and quarks, compared to the other quarks,
i.e.the , and quarks, and masslessgluons. In bound hadron stateswith only one heavy
qguark, such asa meson, there are simpli cations becausethe Compton wavelength of the
heavy quark is much smaller than the size of the hadron. Only hard probes can resolve the
guantum numbers of the heavy quark. The relatively soft gluons exchangedbetween the heavy
guark and the light quarks and gluons canonly resolve distancesmuch larger than the Compton
wavelength of the heavy quark. Therefore the light degreesof freedom are blind to the avor
(mass)and spin orientation of the heavy quark. In fact, in the restframe of the heavy quark it is
only the color eld, which extendsover large distancesbecauseof con nement, that is important.

In HQET we let the massof the heavy quarks go to in nity , with and the
massof the light quarks to zero , With . Theinteraction of the heavy quarks with
the soft gluons is similar to the eikonal approximation from which we derived that the quarks can
be described by Wilson lines. Thereforeit is likely that the Wilson lines obey the same equations
of motion asthe heavy quarks in HQET.

The HQET Lagrangian is

(5.81)
where isaheavy-quark eld function for a heavy quark with velocity  and
is the covariant derivative. Thus the equations of motion for the heavy-quarks are

(5.82)
The Wilson lines satisfy the samerelations asis proven in appendix E

(5.83)
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5.6.2 The nonperturbative correlation length

The Wilson lines and the heavy quarks in HQET obey the sameequations of motion which allows
us to apply HQET machinery for the determination of the nonperturbative correlation length

The expansion of the Wilson line (5.13)in powers of is given by [8]
(5.84)
where
(5.85)
- and (5.86)
— (5.87)

In HQET we have similar expressionsthat we need for the calculation of the nonperturbative
corrections . It follows from HQET that and for , which is proportional to the
“excesskinetic energy” of the heavy quark inside the meson,we nd [11]

(5.88)
We seethat to order the ansatz for the nonperturbative part of the Wilson line (5.76)
is consistent with the expansion of , because (this is satisfactorily becausethere

is no linear term in the exponent of (5.76))and  is non zero (also satisfactorily becausethat term
comesform the leading infrar ed renormalon).
Theoretical information about  can be obtained by calculating the nonperturbative expec-

tation value in (5.88). Using QCD sum rules in HQET, Ball and Braun [12]
derived avalue GeV , but this is later corrected by Neubert [13] to
GeV (5.89)

where he used another QCD sum rule that is consistent with eld theory analog of the virial
theorem. The smaller value looks more realistic becausethen the average momentum of the
heavy quark is in the order of 200-400MeV in the restframe of the meson, which is more or less
the sameasthe QCD scale(compare with the rather large 700-800MeV for the value computed
by Ball and Braun). The smaller value of  leadsto the following value for the nonperturbative
correlation length

GeV (5.90)

This numerical value can be inserted into (5.79)and with its Mellin transform (5.80)this gives a
value to the nonperturbative integration boundary in (5.23)and (5.54).

5.7 Summary

Due to the factorization theorem it is possible to factorize, near the phase space boundary, the
-meson decay width into a hard, jet and soft subprocesses. Noting that the soft subprocess
was nothing more than the Fourier transform of an expectation value of a Wilson line, we could
use the property that cusp anomalous dimension are universal to nd aresummed expression
for the soft function by using the cusp anomalous dimension calculated in the previous sections
about deep inelastic scattering. Becausethe renormalization scale invariance of the (physical
measurable) decay width and the speci ¢ scaledependence of hard, jet and soft subprocesses,
the anomalous dimension of the jet and hard subprocesseswere obtained and we found the
resummed decay width (5.54).
To say something about the nonperturbative effects contributing to the decay width, we no-
ticed that a physical quantity (here the decay width) is free of ambiguities. However, there are
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ambiguities in the perturbative Wilson line, which suggeststhat there should be canceling ambi-
guities in the nonperturbative part. Assuming that the form of the nonperturbative part is of the
sameorder asits ambiguity we could thereby even give a numerical value to the nonperturba-
tive correlation length by looking at the correspondencebetween Wilson lines and heavy quark
effective theory.
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6 Higgs Production

Although the Higgs boson hasn't yet beenfound experimentally, it is of greatimportance to the
theoretical pictur e of the Standard Model. In this section we discussthe production of the Higgs
particle by proton-proton collision. The Higgs particle couples to every massive particle and
the heavier the particle the stronger the coupling is. There are various ways the Higgs boson
can be produced in proton-proton collisions. The simplest mechanism is by quark-anti-quark
annihilation, see g. 6.1(a).But the Higgs coupling to light quarks is very small and the chances
of nding a heavy quark and anti-quark in a proton via quantum uctuations are also small.
It turns out [14] that there is a loop diagram that has a larger contribution to the cross section.
The loop diagram comes by gluon-gluon fusion through a heavy quark loop, see g. 6.1(b).
Loosely speaking, about half the proton's momentum resideson gluons, so the chancesthat the
two colliding partons are gluons is substantial. Through the loop all quarks would contribute,
but the top quark is by far the heaviest, hence only the contribution from the top (anti-)quark
hasto betaken into account® Of course there are also other mechanismsfor the production of a
Higgs boson, but we assumethat also these contributions are small and we that we are allowed
to approximate Higgs production entirely by gluon-gluon fusion through atop (anti-)quark loop.

(a) (b)

Fig. 6.1: Thequark-anti-quarkannihilation (a) and the gluon-gluonfusion (b) mechanismsontributing
to Higgs bosorproduction.

Instead of considering only Higgs production, we shall derive a much more general cross
section. We study hadronic crosssections near threshold and small transverse
momentum. and are the incoming hadrons, is the Higgs boson, or another heavy nal
state, for examplea -or -boson,and X is the restof the particles that go into the nal state.
This is considered in [15], which | will follow closely. Higgs production in proton-proton colli-
sions by gluon-gluon fusion through atop (anti-)quark loop is a speci ¢ caseof this crosssection.

6.1 Factorization

In this sectionwe derive an expressionfor the hadronic crosssection of Higgs production at mea-
sured mass squared and transverse momentum squared . As before these cross sections
can be factorized into convolutions of parton distributions with hard-scattering functions. The
(general) collinear factorized form of the Higgs production canbe written as,see(2.5),

(6.1)

where are the nonperturbative parton distributions of parton with momentum frac-
tion in hadron . Theseparton distribution function are the same universal functions as for
deep inelastic scattering, see(2.3-2.5). is the hard-scattering function
that can be computed perturbatively as a power seriesin . Here is the partonic
invariant masssquared and is the factorization scalewhich we have setequal to the renormal-
ization scale.

61 there are even heavier (undiscovered) particles thesemight also contribute substantially.
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It is our goal is to nd an expression for this hadronic cross section. The hadronic cross
section cannot be computed in perturbation theory from rst principles, becausea hadron is a
nonperturbative object. In (6.1)the nonperturbative effectsare presentin the parton distribution
functions. Theseparton distribution functions are universal distributions that can be determined
by comparing theoretical computations with experimental results. So,what we will do here is
calculate the hard-scattering function, by considering the partoniccrosssection

(6.2)
where are the parton in parton distribution functions, that can be computed pertur -
batively.

The hard-scattering function is singular at partonic threshold , i.e. the energy of the
two colliding partons is just enough to createthe Higgs boson. Also at the hard-scattering

function is singular. But thesesingularities, which can be representedasdelta and plus distribu-
tions, are smoothed in the physical cross section becausethey are integrated with the (smooth)
parton distributions. Although theseintegrals are nite they can be sourcesof large numerical
correctionsorder by order in perturbation theory. Fortunately thesecorrections canberesummed
to all ordersin perturbation theory, which gives us awell-de ned result.

The way to resum these contributions is to use the nonabelian eikonal exponentiation theo-
rem, seeAppendix B. Sowe rst have to factorize the crosssection (6.2) even further to factorize
out a soft subdiagram. This canbe done nearthreshold and at low . Then we make the eikonal
approximation for the two colliding partons, and then we can exponentiate the diagrams to give
the resummed crosssection.

The fully factorized form of the partonic crosssection near threshold and at low is

(6.3)

where is the partonic crosssection in the Born approximation. and
arethe hard, jet and soft subprocessesrespectively. We can think of the jet subprocess

assomesort of parton distribution functions, although they areinaccessibleby experiments. The
momenta associatedwith these separate subprocessesare the same as in the section about
meson decay, see(5.6-5.8). The remainder s free of singularities at leading power. The fully
factorized form of the partonic crosssectionis representedin g. 6.2.

Becauseof the convolutions in (6.2)and (6.3)it is useful to go to Moments spaceby making
a Mellin transformation, seesection 4.3, with respectto becausethen the convolution
changesinto a normal product. Therefore we canwrite (6.2)as

(6.4)

For (6.3)we also do Fourier transformations with respectto , and

— (6.5)

where we have neglected non leading corrections, which include parton mixing. Note that for
notation simplicity the Mellin (and Fourier) transformed expressionscan only be distinguished
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Fig. 6.2: Theleadingregionsofthefully factorizedorm of the partoniccrosssection(6.3). Thehorizontal
dashedine representsheheavy nal state . Theverticaldashedine reptesentghe nal statecut.

from the original onesby their arguments ( ()it steadof . » ( , , ). Tocheckthat
theselast two expressionsare indeed correctis an easyexerciseif one substitutes the transforms
by their explicit transformations

(6.6)
(6.7)
(6.8)

where .

The expressions(6.4) and (6.5) are equal near threshold (which is in moments spacelarge )
and at low (which isin Fourier spacesmall ) atleading power. Equating both the expressions
leadsto

— (6.9)

where we also set , Which is an allowed approximation nearthreshold, i.e.large

6.2 Eikonal Approximation

Near threshold all radiation is soft compared to the hard scattering function. This naturally leads
to the eikonal approximation for the crosssection. Thus we are going to de ne an eikonal cross
section and parton distribution function, which have a form similar asin section 2.6.

We de ne the eikonal crosssectionto be

elk — (6.10)
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N

\
Fig. 6.3: Theintegrationpath . Thevector is thevector in thefully factorizedform. The
path consistofthe productoftwo paths,onelabeled , whichis in thedirection , andtheother ,
whichisin thedirection . Thearrowsonthelinesindicateshedirectionofthepathordering.Notethat
this is a cut diagramwith thecut, representedby the verticaldashedine, betweerthetwo pieces.

where is the dimension of the representation of the parton , i.e. 3 for a quark and 8 for
a gluon. is de ned in (2.61),where the path is given in g. 6.3. At threshold the
dif ference between the partonic cross section (6.2) and the eikonal cross section (6.10) are only
contributions form hard, virtual gluons. Let this overall factor be . This overall factor
can be used to normalize the eikonal parton distributions and eikonal jet subprocesses.

Becausethe integration path consistsof the product of two paths, it is natural to intr oduce
eikonal parton distributions by

eik _ (6.11)

where the path is is the part of the path labeled ,seeg. 6.3.With this we canwrite the
eikonal crosssection as

eik eik eik eik (6.12)
This is the eikonal approximation of (6.2),identifying and
The same can be done for the fully factorized form near threshold and at low (6.3)
eik _ (6.13)
where is the part of the integration path labeled , see g. 6.3. And thus we can write

the eikonal crosssection as

eik eik eik

(6.14)

Note that the soft function consistsonly of soft momenta, hence ek

As already stated above we canusethe overall hard, virtual gluon contrlbutlons to normalize
the eikonal parton distributions and eikonal jet subprocessesWe choosethe normalization

eik eik (6 15)

which de nes the overall hard, virtual gluon contributions.
To remove the convolutions in (6.12)and (6.14)we do, asusual, a Mellin transformation (and
a Fourier transformation for the transverse part)

eik eik eik eik (6.16)
eik eik eik (6.17)
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Then we usethat near threshold and atlow 1 (6.16)and (6.17)are equal. This leadsto
eik eik

eik : _ (6.18)

eik eik

which is the eikonal approximation of (6.9),apart from hard, virtual gluon contributions.

6.3 Renormalization Group Equation & Cusp Anomalous Dimension

In section 4.2we derived the renormalization group equations for the parton distribution func-
tion . Recallthat these parton distribution functions are universal functions. Thus we
have the samerenormalization group equation for the parton distribution function

(6.19)
which is similar to (4.36),where the splitting function isde ned as
cusp - (6.20)
which for a (anti) quark ( ) is the sameas (4.50). For a gluon ( ) the cusp anomalous
dimension is slightly different. In stead of the Casimir operator being in the fundamental repre-
sentation —— it is now in the adjoint representation (where s the dimension
of the group). The cusp anomalous dimension in the adjoint representationis thus equal to
cusp — (6.21)
The preciseform of can be derived from calculating the speci ¢ diagrams contributing,
seee.g.[16], and we will just quote the result
— and —_ (6.22)
It can be shown that this is the sameas(4.50)[17].
In moment spacethe renormalization group equation is given by
(6.23)
where the moments of the splitting function, seesection4.3.1,are equal to
Cusp (6.24)

The solution to the renormalization group equation for the moments of the parton distribution
function can be written in the explicit form

— cusp (6.25)

where the boundary condition is used.
The normalization condition chosenin (6.15) ensures that the eikonal parton distribution

function X and the eikonal jet subprocess ek are sums of “+”-distributions in

the variables and , because“+"-distributions integrated over the interval from zero to unity,

vanish. Therefore the eikonal parton distributions in moment spacediffer only constant terms

(which should be normalized to ,according to the (6.15),hence K ) and terms of order
from the (noneikonal) parton distributions. This allows us to write

eik — cusp (6.26)
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6.4 Infrared Singularities

Sofar | have not been explicit about the (infrar ed) diver gencesand singularities in the above
de ned distributions, crosssections and subprocesses.Here | will try to make clear where all
thesediver gencesare.

First we note that hadronic cross sections (6.1) are nite, of course. On the other
hand, the partonic cross section (6.2) has collinear singularities. We de ned the hard-
scattering function in such a way that the parton in parton distribution functions
are fully responsible for these singularities, the hard-scattering function is free of these
collinear singularities. Note that from this dir ectly follows that the parton in hadron distribution
functions do not contain these collinear diver gences,which is precisely what we want for
these physical accessibledistributions.

In the fully factorized form of the partonic cross section (6.3), the collinear diver gencesare
included in the jet subprocess , becausethey are de ned to contain all the lines collinear to
the incoming partons. The hard subprocess is de ned to be freeof all other soft singularities
aswell; it includes only lines that are off-shell by order . The soft subprocess  contains all
soft radiation.

Softdiver gencescoming from real gluon exchangeof individual diagrams contributing to the
partonic crosssection (6.2)and (6.3) cancelin the sum over all nal statesagainst virtual
corrections, according to the Kinoshita-Lee-Nauenberg theorem. This results in delta function
and “+” distributions, which are only de ned against the integration of smooth functions, here
the parton in hadron distribution functions . This may lead to numerically large logarithmic
corrections at each power in perturbation theory, so they need to be resummed to get a well-
de ned result. We will do this resummation in the next section.

The eikonal partonic cross section ek (6.10) has collinear singularities due to the light
like, eikonal directions and . In the factorization of these eikonal partonic cross sections

(6.12) and (6.14) the eikonal parton in parton distribution functions ®k and the eikonal jet

subprocesses ®k arede ned in such away that the eikonal hard-scattering function ¢k and
the soft subprocess |, respectively, are freeof thesecollinear diver gences.The soft diver gences

of the eikonal partonic crosssection ®k  cancelin the sum over all nal states.Thus the hard-
scattering functions ¢k and the soft subprocesses  areinfrar ed safe.
According to all this we needto slightly “modify” the de nitions of all the collinear diver ging

functions, becausethey are now ill-de ned. We intr oduce a dimension regulator and give all
collinear diverging expressionthis as an additional argument, from now on. For example,

replace ek by ek . Thereis one moreremark to be made. Also the
solutions to the renormalization group equations for the parton in parton distribution function

(6.25)and its eikonal approximation (6.26)need dimensional regularization. It is not necessary
to change the dimension of the integral. The dependence on the regulator is only via the
(running) coupling constant. The integral is regulated by re-expressingthe xed coupling

in terms of the running coupling according to aswe have
implicitly done in (6.25)and (6.26).We shall not indicate this dependenceof the coupling constant
on the regulator explicitly .

6.5 Partonic and Eikonal Cross Sections

We are now ready to de ne the contributions from the hard, virtual gluons to that are the dif fer-
encesbetween the partonic crosssection (6.2) and its eikonal approximation (6.10). This differ-

ence isde ned by equating (6.9)with the overall factor
times (6.18)

ek (6.27)
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or
eik eik

(6.28)

eik eik

Becausethe (eikonal) hard-scattering functions are freeof collinear diver gencesthe ratios on the
Ihsand rhsof the above equation are free of thesecollinear diver gences.
The expression (6.28)can easily be rewritten as

eik eik eik eik

(6.29)

Note that theseratios are no longer freeof collinear diver gences.
The parton distribution functions and their eikonal approximations are fully determined by
the splitting functions, asis shown explicitly in (6.25)and (6.26). This gives us dir ectly an explicit

ik

expression for the ratio o leading power in , namely there are only contributions
from

eik eik

- (6.30)

where s the factorization scale.

In the ratios of (6.28)all collinear diver gencescancel. Therefore the ratios of the jet subpro-
cessesn (6.29)must be of the sameform asthe ratios of the parton distribution functions with
its eikonal approximations to leading power in . The only differenceis the upper limit of the

-integral which we must setto be the factorization scalein the , hencewe chooseit to be as
before,

eik eik

- (6.31)

Substituting (6.30)and (6.31)into (6.29)gives us the result
_ (6.32)

Note that we could have made the choice to setthe factorization scaleof the jet subprocesses
equal to the factorization scaleof the parton distribution functions , i.e. . This would
have setthe overall factor from the hard, virtual contributions to zero . But
| shall not do that here because,aswe will seein (6.34),we want to include that in the hadronic
cross section the factorization scalesof the parton distribution functions and the eikonal hard-
scattering function may be chosento be dif ferent.

Sowe have found that the hard-scattering function is equal to its eikonal approximation times

an overall factor given by , or explicitly

— elk (6.33)

Thus the hadronic crosssection (6.1) given as an inverse transform from moments space,takes
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the form

ek (6.34)
with . Note that ¥ — ek , the inverse
Fourier transform.

What we have found is that the computation of the hadronic cross section reducesto the
determination of eikonal crosssections. A powerful theorem that canbe used by the computation
of those eikonal crosssectionsis the nonabelian eikonal exponentiation theorem, seeappendix B.

6.6 Resummation by Exponentiation

As is derived in the appendix B eikonal diagrams can be resummed by exponentiation. The
eikonal cross section can be expressedas an exponent with only a subset of the diagrams con-
tributing to the crosssection in the exponent. The subsetconsistsonly of “webs”, i.e. diagrams
that cannot be partitioned into webs of lower order by cutting both the eikonal lines ones,or one
of the eikonal lines twice, and with a dif ferent color factor, which | called the color weight. The
eikonal crosssection may be expressedas

eik - —
(6.35)

where representsthe sum of all the webs at xed total momentum . For
real particles, i.e. particles going through the cut, we have to multiply this web by the exponent
,which xes the energy and the transverse momentum of the on shell particle. For
the virtual particles thereis no such xation necessary hencewe only integrate over all possible
momenta . The two theta functions are inserted to cut off the and integrals. The upper
limit is a bit arbitrary becausewe can absorb changesinto the hard subprocess . This
cut-off ensuresthat the  and  integrals are ultraviolet nite. This also gives a restriction on
the integral. The maximal value the transverse momentum squared is . The
dependence on the dimensional regulator is explicit in the dimensional integral and in
the argument of the webs. The angular factor will drop out against the transverse angular
integral. Thereis an overall factor becausewe are multiplying the exponents of the webs on the
left side of the cut with the oneson the right side.
The invariance of the webs under rescalingof the light-like eikonal directions  and gives
strong constraints in the -dependenceof the webs

(6.36)
The directions and arelight-like. They canbe chosenin suchaway ’ that

(6.37)

"This refersto the frames where
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We note that webs have at most one overall UV diver gence,seeappendix B.1,which can bere-
moved by renormalizing the web in terms of their external lines. For eikonal lines in the Feynman
gauge these factors vanish. There is also at most one infrar ed diver gence accompanied by one
collinear divergence.Sowe nd that the for xed the integral is nite. Once isintegrated
the webs are ultraviolet diver gent for and infrar ed (and collinear) diver gent for
seealso section B.2.

We are now going to rewrite (6.35)in a convenient from. We rst make a changein variables

. Theintegral in the exponent, neglecting the theta functions, changesto

L (6.38)

where the relation —_— ~ is used and the integration region

is a sphere of radius . By taking care of the theta functions the  and integrals become
de nite integrals and we have

- — (6.39)
Accordingly, the eikonal crosssection is equal to
eik
_ T (6.40)
(6.41)

The exponent in the exponent looks very much like the zeroth order modi ed Besselfunction
of the secondkind — , seeappendix F. We will show that they are the
samefor large  up to exponentially suppressedcontributions. First make a change of variables
to prevent notational clutter

. — — N (6.42)

— — (6.43)

where — and ——. The upper integration boundary of the integral can be ex-

tended to in nity , because — is smaller than for . A similar argument holds

for the extending of the lower integration boundary. This boundary can be lowered to zero,
becausefor the exponent — is smaller than . Sofor large  we have

—_— _ (6.44)
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So,up to corrections that are of order we nd that the moments of the eikonal cross
section are given by

eik
(6.45)
As commented abovethe integral over the web is nite at xed valuesof . In the collinear
limit, i.e. or or equivalently ,wherewe x the value of the
integral looks diver gent for . I will show that the diver gencesof the integral of the

real and virtual contributions to the eikonal crosssection cancel. Considered separately, the real
and virtual contributions are diver gent in the collinear limit: for the real contribution the Bessel
function diver ges,for the virtual contribution the logarithm blows up. But in the sum of the two,
the diver gence of Besselfunction cancelsagainst the diver gence of the logarithm, becausefor
small values of we have

(6.46)

and thus the momentum dependence of the Besselfunction cancelsagainst the momentum de-
pendence of the logarithm, leaving afactor of . This meansthat the integral is nite.

However, the eikonal cross section is not free of collinear singularities. We nd a collinear
singularity in the integral for once s integrated. We know that this singularity
cancelsagainst the singularities in the eikonal parton distribution functions, in such away that
the factorized eikonal hard-scattering function remains free of collinear singularities. Although
this cancellation removes the collinear diver gences,it results in numerically large logarithmic
correctionsin perturbation theory.

The eikonal hard-scattering function (6.18)can be constructed from the eikonal crosssection
(6.45)divided by the two eikonal parton distributions (6.26),see(6.16).This leadsto

eik

— cusp cusp (6.47)

where is the factorization scale,and recall that is the renormalization scale. As already
concluded above, the eikonal hard-scattering function contains no infrar ed singularities. This
leads to constraints on the momentum dependence of the webs, which we will useto isolate the
(next-to-)leading logarithms in the next section.

6.7 Isolation of (Next-to-)Leading Logarithms

Using the properties of the webs, seesection B.2,the expressionfor the eikonal hard-scattering
function (6.47)canbefurther simplied. What we want is to rearrangethis function in suchaway
that it isolates the leading (and asit turns out also the next-to-leading) logarithms from the rest
of the function. The leading logarithms are of the form such that ,
where , and areall positive integers. For next-to-leading logarithms we have

Hence, we would like to write

eik eik eik (6.48)
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where ¥ contains all leading logarithmic terms and ¥

leading logarithmic terms.

all non-

The leading logarithms are given by the terms including the cusp anomalous dimensions

cusp cusp (6.49)

Recall that this expression has collinear diver genceswhich are regulated by re-expressing the
xed coupling in terms of the running coupling , seethe remark at the end of
section 6.4.

There are also leading terms coming from the terms proportional to the webs, becausewe
have seenin the limit of that the momentum dependence of the Besselfunction
cancels against the logarithm, which leaves a , seethe argumentation around (6.46). So
there are also leading logarithms in the expression

(6.50)

The expressions(6.49)and (6.50) contain also non-leading terms. We can use the properties
of the webs to factor even more non-leading terms out (6.50). One of the properties of the web is
that there is only one overall ultraviolet diver gence,seeappendix B.2. This meansthat for xed

the integral must be nite and requiresno overall ultraviolet subtraction. At the sametime
the eikonal hard-scattering function is free of infrar ed singularities, becausethey are absorbed
in the eikonal parton distribution functions or are canceledin the sum over the nal state. But

(6.49)is infrar ed diver gent for . Therefore (6.50)should contain singular behavior after the
integral over the web is done to cancelthe singularity of (6.49). Hence we must have, where

we use that for small  and for small
cusp cusp (6.51)

where there is an implicit dependence of the running coupling on the dimensional regulator
is nite for and does not contribute at leading logarithm. Sowe nd
that all the leading logarithms are given by

eik
cusp cusp

cusp cusp

(6.52)

where is equal to the one-dimensional transverse angular integral
Using polar coordinates for the  integral, we cancombinethe  andthe integrals. This
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gives
eik
— cusp cusp
cusp cusp
(6.53)
where the Besselfunction of the rst kind of order . It is easyto
seethat in this expressmnthe collinear diver gencesare absent, becausethe term between the
curly brackets is of order for , seeappendix F. Sowe can remove the (implicit)

dependenceon the dimensional regulator by setting

The non-leading logarithms included in ek are given by the terms that remain
from the eikonal hard-scattering function after we subtracted the leading terms

eik

S S (6.54)

The rst term does not contribute to (next-to-)leading logarithm becauseit is nite for small
; there is no singularity , hence this term is “constant” (it contributes only to next-to-next-to-
leading logarithms). The term between the square brackets behavessmoothly for
and also for with xed. Soat rst sight we conclude that this term (multiplied by
the webs) contributes to next-to-leading logarithm. If we look a bit more closely we can even
exclude that this term contributes to next-to-leading logarithm and only contributes to next-to-
next-to-leading logarithm. This is becausethe leading order web is proportional to ,i.e.one
realgluon exchange.The term between the square brackets vanishes for , henceit doesnot
contribute to next-to-leading logarithm.

6.8 The Hadronic Cross Section

The explicit form of the hadronic crosssection for Higgs production cannow be found by insert-
ing (6.48)into (6.34).

eik eik

— (6.55)

We cancombine the dependenceon the factorization scale by by setting the factorization scale
equal to the large momentum scale in  °k

eik eik

—  cusp cusp (6.56)
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Recall the form of the moments of the splitting function cusp
, see (6.24). The second term on the rhs of (6.56) can be combined with the factor

— of (6.55)to give precisely an integral over the mo-

ments of the splitting function

eik eik (6.57)
where the moments of the splitting function were de ned in (6.24). This is general
expressionfor the crosssection for hadron-hadron collisions near threshold and

small transverse momentum.

6.8.1 -factors

To seethat it is actually useful to resum all the logarithms in comparison with ordinary (xed
order) perturbation theory, Catani, De Florian, Grazzini and Nason [18] made a plot of the -
factors for xed and resummed perturbation theory for Higgs production at LHC, see g. 6.4.

The -factor is de ned asthe ratio of the crosssection calculated at a speci ¢ order or loga-
rithm over the leading order result. It is a measure of the impact of higher order corrections on
the leading approximation (LO). Ideally, the -factor is equal to for all orders, becausethen
the leading order is suf cient for the computation of the cross section and all loop corrections
can be neglected. We seethat for Higgs production the next-to-leading order (NLO) hasa -
factor between and , which means that including the one-loop corrections more or less
doubles the numerical result for the crosssectionin comparison with the born approximation, so
they clearly cannot be neglected. Also including the next-to-next-to-leading order contributions
doesn't really help, becausethis again leadsto a higher -factor.

On the other hand, instead of only including higher orders using xed order perturbation
theory, but also including the resummed logarithms does help. We seethat the -factor for the
crosssectionincluding contributions up to next-to-next-to-leading logarithm (NNLL) lies almost
completely over the -factor for the crosssectionincluding contributions up to next-to-leading
logarithm (NLL). This meansthat the next-to-leading logarithmic approximation gives already
an excellent numerical result and the next-to-next-to-leading logarithms only slightly raise the
numerical value.

Notice that the bands are obtained by varying the renormalization and the factorization scale
in the range , With the constraint . A small band-
width hints to smaller higher order (or logarithmic) contributions. Sothis we seethat resummed
perturbation theory gives better resultsthan xed order perturbation theory.

6.9 Next-to-Leading Logarithm up to Next-to-Next-to-Leading Order

In this section we will checkthat the expressionfound at the end of the previous section (6.57)
correspondswith the next-to-next-to-leading order computation for Higgs production by gluon-
gluon fusion near threshold done by Catani, De Florian and Grazzini [19] up to next-to-leading
logarithm. Of course it is only necessaryto check that the hard-scattering functions are equal,
not the complete hadronic crosssection, becausethe parton distribution functions are universal
functions.

The dominant mechanism for Higgs production is gluon-gluon fusion through a top quark
loop. Soin the hard-scattering function we canreplacethe partons by gluons. Catani, De Florian
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Fig. 6.4: The -factorsfor Higgs productionfor xed andresummegberturbationtheoryat theLHC. The
bandscomdorm the dependencen therenormalizatiorandthefactorizationscales.

and Grazzini found that the hard-scattering function for Higgs production by gluon-gluon fusion

near threshold, but integrated over the transverse momentum , is given by

(6.58)
where we setthe invariant mass  equal to the mass of the Higgs boson . We also
set the transverse momentum of the Higgs boson to zero . Recall that is
the crosssection in the Born approximation, and is the partonic
invariant masssquared. and are the renormalization and factorization scales,respectively.
The coefcient function is computable in perturbation theory according to the expansion

(6.59)

To make are computation easy we set the factorization scale equal to the renormalization
scaleequal to the Higgs mass . Going to moments spacewe nd the following
contributions

The leading contribution follows dir ectly from the de nitions
(6.60)

The next-to-leading order contribution hasbeencomputed by considering all one loop cor-
rectionsto the processand is equal to

— (6.61)
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where isthe Casimir operator in the adjoint representation . includes terms
that are independent of  or proportional to

where and areintegers

The next-to-next-to-leading order contribution was found by considering all two loop cor-
rections to the processand is equal to

— - (6.62)

where —— is the one loop contribution to the QCD beta function.
includes all terms that are of next-to-next-to-leading logarithm and even lessleading.

To compare this with the resummed cross section (6.57)we have to integrate over the trans-
verse momentum of the Higgs , which is the same as setting the impact parameter ,
becauseof the (inverse) Fourier transform. And then we have to lter all leading and next-to-
leading logarithms up to next-to-next-to-leading order from (6.57) and hope to nd the same
expressionsas (6.60-6.62).

First we recall that the mechanism for Higgs production is dominated by gluon-gluon fusion

through atop quark loop. Sowe setthe partons to be gluons . Of course, the invariant

masssquared s equal to the Higgs masssquared . We can also setthe factorization scale
equal to the renormalization scaleequal to the Higgs mass , this all leads to many
simpli cations of (6.57).Note also that the hard subprocess , sodoes

not contribute to (next-to-)leading logarithm. The hard-scattering function (6.58)in resummed
form is thus equal to

eik (6.63)

where is the remainder and does not contribute to (next-to-)leading logarithm. Sowe have
to compute

eik — cusp (6.64)

— cusp (6.65)

wher e the change of variables is made.
For the (next-to-)leading logarithms we only need the one loop approximation for the cusp
anomalous dimension

cusp — (6.66)

and the one loop approximation for the running coupling constant

_ — (6.67)
this gives all the leading and next-to-leading logarithms.
We already know that for small we have
(6.68)
and for large
(6.69)

soit is not unreasonableto think that we canreplacethe integral in (6.65)in the large  limit by

—  cusp — cusp (670)

where the difference is not of (next-to-)leading order. In fact, a numerical analysis of the two
integrals shows that for the difference is approximately constant,see g. 6.58 Therefore

8For this numerical analysis the cusp anomalous dimension was treated asa constant equal to .
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Moment

Dif ference

Fig. 6.5: Thedifference betweertheintegralsin (6.70).For thedifferencds a constant.

we can neglect this dif ference.
The integral on the rhs of (6.70) with the one loop approximation for the cusp anomalous
dimension (6.66)and the running coupling constant (6.67)can be calculated easily

S (6.71)

Sowe nd the the leading logarithms for the hard-scattering function (6.63)are given by

S (6.72)

When we expand the exponent in

S (6.73)

(6.74)

we nd exactly the same (next-to-)leading logarithmic terms calculated up to next-to-next-to-
leading order in perturbation theory, (6.58-6.62).Note that we only needed the one loop approx-
imations (or for somefactors only leading order approximations) to nd all the (next-to-)leading

logarithms.

6.10 Renormalons

In section 5.6 we had a look at the renormalons in perturbation theory for the -meson decay.
This led to an estimation for the nonperturbative part of the decay process. For Higgs produc-
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Fig. 6.6: One of the diagramscontributing to the exponentiate@negluon appoximationof the Wilson
line (6.75).

tion we can use a similar derivation to nd an ansatz for the nonperturbative contributions to
this crosssection. The sameaswe did for the -mesondecay, we exponentiate the one loop con-
tributions to the Wilson line , wherethe path and one possible one gluon contribution
aregivenin g. 6.6

(6.75)

where and are the light like dir ections of the eikonal lines,
is the vector between the two pieces,see g. 6.3.Note that we replacedthe factor by
, becausethe eikonal lines are gluons, hencewe should usethe Casimir operator in the adjoint

representation. The argument of the running coupling constant can be determined by
looking at higher order contributions to the Wilson line.
Becausethevectors and  arelight like we have . Sowe canwrite the vertices

part of (6.75)as

(6.76)
We recall that, see(5.56),
— (6.77)
and we usethat
- (6.78)
Substituting (6.76),(6.77)and (6.78)into (6.75)we nd
— - (6.79)
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6.10.1
For simplicity integrate over all transverse momentum of the Higgs , Which is the sameas
setting . Now we canuse (5.57)to rewrite the exponentin (6.79)as
— - (6.80)
We can shift the integral by and to remove the factor ~ from the cosine, change
the integration variables by —— and —— and write out the angular volume
—. Then we have
(6.80) _ -
_ (6.81)
Group all the terms and shift the  integral by . This gives
(6.80)
(6.82)
Let us now changethe order of integration betweenthe  andthe integrals
(6.83)
The integral can now be normalized by in such a way that its integration boundaries
become
(6.83) (6.84)
The integrals cannow be separated. The  integral is equal to
(6.85)
and the integral is afamiliar one, see(5.66),
(6.86)
Thus the product is equal to
(6.83) (6.87)
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So,we nd that the Wilson line (6.79)integrated over all transverse momentum of the Higgs
is equal to

(6.88)

The remaining integral has poles for - - — Thesepoles are the infrar ed renor-
malon singularities and lead to ambiguities in perturbation theory, becausewe canlay the in-
tegration path above or beyond these poles. The leading infrar ed renormalon appears at —

sothe ambiguity is equal to

pole

Res (6.89)

(6.90)

Using the samereasoning asfor the -mesondecay (5.76)and (5.77)we can make the following
ansatz for the nonperturbative part of the Wilson line

nonpert. (6.91)
Recall that  is the Fourier conjugate of , see(6.13),thus —, where is
the mass of the Higgs boson . Sowe nd that the resummed Wilson line give us a handle
on the nonperturbative power corrections . Weeven nd aresummed power corrections

contribution, becausethe corrections are inside an exponent, and after an expansion this leads to
a seriesof power corrections.

6.10.2

It is rather dif cult to calculate (6.79)with by hand. Using an algebraic computation
program such as Mathematica it turns out that the integral can be expressedin Hyper geomet-
ric functions , seeappendix F for the de nition of Hyper geometric
functions. It turns out that the integral is proportional to

- (6.92)

The “leading” singular behavior of this expression comes form the Gamma functions. These
Gamma functions have leading renormalon poles for —. For this value of , both Hyper ge-

ometric functions are equal to
The exponent in (6.79)is proportional to

(6.92) (6.93)
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and therefore is the residue of the pole at — proportional to
Res _ (6.93) _— (6.94)
Recall that the is the Fourier conjugate of and the impact parameter s the
Fourier conjugate of . Sowe have and —, respectively. Thus, we can make

the following ansatzfor the nonperturbative contribution to the Wilson line,

nonpert. E— —_— —_— (6.95)

Sowe have found ahandle on the nonperturbative power corrections, both in powers as
in .

What remainsto be done is to assesthe effectin the numerical calculation of the crosssection
for Higgs production. It is not known how to do this and remains a topic for futur e work.

6.11 Summary

We re-expressedthe crosssection for Higgs production at largetransferred momentum and small
transverse momentum in terms of an eikonal crosssection. This eikonal structure function is a
Fourier transform of a vacuum expectation value of a Wilson line. Due to the nonabelian eikonal
exponentiation theorem we were able to resum the eikonal cross section into an exponent of
webs, which at leading logarithm are just proportional to the universal cusp anomalous dimen-
sion. We factored out all leading and next-to-leading logarithms from the general cross section
and showed that they are equal to the (next-to-)leading logarithms of the up to next-to-next-to-
leading order calculation using ordinary perturbation theory. In the last section we calculated
the renormalon contribution to the Wilson line from which we derived an ansatz for the nonper-
turbative part of the Wilson line.
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A Feynman Rules

A.1 Gluon Propagator in Coordinate Representation
A.1.1 Virtual Propagator

We'll derive the gluon propagator in the Feynman gauge in the coordinate representation. We do
this by making a Fourier transformation of the propagator in the momentum representation

(A1)
where
(A.2)
is the freegluon propagator in the Feynman gauge. The function is a function of the form
(A.3)
where all have a vanishing positive imaginary part Im for all . The function is
an analytic function of the in the region Im and therefore also its Fourier conjugate
is an analytic function in this region. [20] Soinstead of calculating the function for
arbitrary , we may as well take a particular value for the and analytically continue the
answer around this value to arbitrary . Let us take all imaginary, and we shall write
,whereall arerealand positive . We then have
(A.4)
(A.5)

A change of variables changesthe dependenceof the to the exponent and to an overall factor

— — — (A.6)
where isaneuclidean vector squared . We arenow left with aeuclidean
integral which can be calculated using the following identity

— (A7)

where we omit the subscript . The Fourier conjugate of this function is
—_ —  — (A.8)
 — - = (A.9)
—_ - (A.10)
In the last step we made a change of variables —. Now it is possible to do the integral

dir ectly, with the use of -

S S — — - (A.11)
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De ne —. The integral then becomes
— - — —— — (A.12)
— (A.13)
— (A.14)
Sothe function is equal to
— — — — (A.15)
or, after an analytical continuation to arbitrary
— (A.16)
S — — (A.17)

For the propagator the imaginary part of the s positive and vanishing, the real part is
for and  for all other . Thus the term between the brackets of (A.17) becomesa vector in
Minkowskian spacesquared with a negativeand vanishing imaginary part, thus we nd

(A.18)
— (A.19)

where . This is the propagator in the coordinate representation.

A.1.2 Cut Propagator

For cut diagrams we also need the cut propagator in coordinate representation. In momentum
representation this propagator takesthe form

(A.20)

We now have to Fourier transform this expressionto nd the propagator in coordinate represen-
tation

—_— (A.21)
where we suppressedthe . If we assumethat we can rewrite the integral as
_ (A.22)

The transverse  integrals can now be done, becausethe integrand depends only on
squared. Rewriting the integration variables

(A.23)

- (A.24)
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The angular integrals are equal to

(A.25)
Substituting (A.24), with the help of (A.25), into (A.22) we nd
(A.22)
(A.26)
Use the delta function to do the integral
(A.27)

Note that the integration boundaries for the integral depend on  due to the delta function.
Now make a change from Minkowskian to light-cone coordinates

(A.28)
Becauseboth and we must keep in mind that and are actually
and , with , if we want this integral to be well de ned. For notation conveniencewe
suppressthese
The term can be replaced by an operator® that is proportional to
(A.28)
(A.29)
(A.30)
The integrals are now easyto calculate
o (A.31)
Substitute this into (A.30) and we nd that the cut propagator is equal to
(A.22) (A.32)
(A.33)
(A.34)
(A.35)

9Thereis ambiguity in the de nition of the operator that can give factors
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Note that the  andthe  areactually and , respectively.
Thus, the cut propagator in coordinate representationis (if we assumethat )
(A.36)
For a gluon propagating in atime-like dir ection ( and ) the cut and the

virtual propagators coincide.

A.2 Eikonal Vertex

For a quark-quark-gluon vertex we can make some useful approximation if we assumethat the
quark can be approximated by a eikonal line'. If we have an outgoing eikonal quark with mo-
mentum that emits a gluon with momentum we have the situation diagrammized in g. A.l.

» »
> >

Fig. A.1: Outgoing quarkthat emitsa gluon.

This diagram is equal to

(A.37)
In the eikonal approximation we let the momentum of the gluon go to zero , Sowe have

(A.38)
If we now use the Dirac-equation for the outgoing quark

(A.39)
to add an additional term to get

(A.40)
we have an anti-commutator for the gamma matrices

(A.41)
With the help of the anti-commutation relations for the gamma matrices

(A.42)

10Ejkonal approximation: assumethat the momentum of the quark is large, so that the change of it's momentum, due
to an emission or absorption of a (soft) gluon, is negligible.
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we canrewrite (A.41) to

(A.43)
Let bea(normalized) vector in the samedirection as , i.e. . Then we can factor
out the Q and we are left with

(A.44)

What we have found is that the gamma matrices are no longer presentin the vertex and the
internal propagator. Sothe contribution of the gluon canbe factorized out the vertex and because
it does not changethe momentum of the quark it hasto be a phasefactor.

For the outgoing anti-quark and the incoming (anti-)quark there are similar expressions.

A.2.1 Eikonal Identity

Becausethe gamma matrices are no longer presentin the eikonal vertices, there is a very useful
identity relating the emission/absorption of two gluons. The following identity holds for the
Feynman integral part, i.e. neglecting the color part:

I I GRS TS H

and it is called the eikonal identity .

To seethat this indeed correct we consider a similar diagram as g. A.1, but instead of the
single gluon with momentum we now consider the casewhere two gluons are emitted with
momenta and ,respectively. The diagram will then be equal to

(A.46)

The product of the denominators of (A.46) can easily be rewritten

(A.47)

And this is precisely the eikonal identity (A.45). Note that the color part of the diagram is not
included in this identity , and the order of the product of the and doesnot change.
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Fig. B.1: A generaldiagram that canbeexponentiated.

B Nonabelian Eikonal Exponentiation Theorem

In this section| give a sketchfor the proof of the nonabelian eikonal exponentiation theorem [21]
[22]. This theorem statesthat a crosssection  with two eikonal lines in a nonabelian theory
exponentiates

(B.1)

where and aregiven by

and
all diagrams A all diagrams A all diagrams A all diagrams A
(B.2)
respectively. A diagram consistsof two eikonal lines that depart form a single point and an
arbitrary number of soft gluon lines, see g. B.1. The diagram  has a Feynman integral part
and a color factor ) is the color weight 1! of a diagram, and below | will show
how to nd the color weight of a diagram. To avoid unnecessarynotation we omit the eikonal
lines in our notation, e.g.

R (B.3)

We hope that is alot simpler to calculate than . It turns out that this is the casebecause
for a lot of diagrams the color weight is equal to zero. It turns out that only for “webs”
the color weight is non-zero, where aweb is de ned asa diagram consisting of soft gluon lines
connecting two eikonal lines which cannot be partitioned into diagrams of lower order by cutting
both the eikonal lines ones,or one of the eikonal lines twice. Therefore we write for

(B.4)
all webs
of order
The stand for aweb of order . The order of aweb is de ned to be equal to the power of

it contains.

A color factor can be represented graphically in a diagram which is similar to a normal
Feynman diagram, but the lines representonly the “ow” of color. Thus a quark-gluon-gluon
vertex representsa factor , a gluon-gluon-gluon vertex a factor and apropagator . The
color factors obey the following relations

(B.5)

11The color weight is in general not the sameasthe color factor.
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(B.6)
or graphically

j—i %; E?i (B.7)
M A‘mﬁ E (B.8)
To nd the color weights of the diagrams we use the following relations
If isnotaweb

If isaconnectedwebl?

Otherwise use (B.5-B.8)to disentangle the color factors of a general web into a sum of
products of color factors of a connectedweb. For a connectedweb the color factor is equal
to the color weight and we can related the color weight of a connected web to the color

weight of ageneral web. For Example,to nd the color weight % consider

kS Y 3y (B.9)
Note that g 3 is not aweb, thus g 3 , but )’j is aconnectedweb, thus

5;’ 5;’ . Sowe have
¢ Y ' — (B.10)

Using the color factor relations (B.5-B.8)we canderive all color weights of all webs.

Now we know how to nd the color weights of all diagrams, we know how to exponentiate. We
will not prove that it is correctto all orders, we will only show it up to order
We can use the eikonal identity

I I G NS IS

to rewrite the Feynman integral parts of general diagrams into asum of products of webs and we
can use the color relations (B.5-B.8)to disentangle gluon lines of general diagrams into a sum of
products of connectedwebs. Note that if the identity is symmetric in the gluon momenta, i.e. the
gluon momenta and arethe sameor we integrate over all the gluon momenta and ,a
factor of — should be included on the rhsof (B.11)to avoid overcounting.

If we work in the Feynman gauge the eikonal self energies vanish and up to order two we
have the diagrams drawn in g. B.2.Of coursethe sum of all diagrams at an given order in  is
gauge invariant.

The rst, second, forth, fth and sixth diagrams are webs. Sothey will be presentin the
exponent. The third diagram is not a web so it will not be presentin the exponent. The forth

12Connected webs are webs where all the soft gluon lines are attached to eachother. Crossedlines do not count as
connected.
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< < <
< € <«

Fig. B.2: Diagramscontributingup to order  (excludingself-enegies). Thecolorpartsofthediagrams
are,omitting the normalizationconstant everywhee, , , — , — and
— , respectively

diagram is not a connectedweb, soits color weight is not equal to its color factor. As we derived
in (B.10)the color weight of that diagram is

}{ — (B.12)

If we apply the eikonal identity (B.11)together with the color factor relations (B.5-B.8)we can
rearrangethe third and forth term of g. B.2into

§ X i3 17 X X (613
I I

%
o7 % ew
X X ¥
XX @1
T ®1

Thus we arrive at the following series obtained by rearranging the expansion of  up to
secondorder in

(B.14)

(B.16)

NTTT
NTTT

— (B.19)

all webs all webs all webs

of order 1 of order of order
which is illustrated graphically in g. B.3. This seriesis exactly the expansion of the exponent
given in (B.1)and (B.4) up to order . The combinatorial factor of — is necessaryto avoid

over-counting since two webs are indistinguishable if the integration measure is symmetric in
the gluon momenta, seethe remark after (B.11). If we have a path ordering in the eikonal quark
lines, which is the casefor the Wilson lines, the combinatorial factor is, of course, replaced by the

B.1 Cancellation of Subdivergences in the Exponent

An important and useful property of the exponentiation theorem is that infrar ed subdiver gences
and ultraviolet subdivergencesinvolving the eikonal vertex are absentin the exponent [23].

77



Wilson Lines in QCD

< <L <
< € <«

Fig. B.3: Graphicalexpressingof the exponentiatiortheoemup to order . Thecolorweightsofthe
diagramsare , , , — , — and — , respectively

B.1.1 Ultraviolet Subdivergences

First we show that there are no ultraviolet subdivergences.The super cial degreeof divergence
is given by

- (B.20)

where ( )isthe number of external boson (fermion) lines. Every web hasat leastone external
boson line (i.e. the photon that probesthe quark) and two external fermion lines (i.e. the eikonal
lines). This suggestthat a web is at most logarithmic diver gent. If the web has another external
(gluon) line then the web hasa super cial degreeof diver gencesmaller then zero, thus it is nite.
There might also be a possibility that there is a subdiagram contained in the web that has an
ultraviolet diver gence. If such a subdiagram is a self energy the whole web is zero, becausewe
are working in the Feynman gauge. If it is not a self energy the minimal number of external (to
the subdiagram) lines it hasis three,if the photon vertex is part of the subdiagram, or four if it
is not. Soit can be a most logarithmic diver gent. But subdiagrams with two “external” fermion
lines and one boson line are in fact subwebs that can be partitioned from the original diagram,
hencethe original diagram was not a web and does not appear in the exponent.

We know that in the Feynman gauge all self energies are zero, so there is only one ultraviolet
logarithmic diver genceassociatedwith the vertex, which is an overall diver gence.

B.1.2 Infrared Subdivergences

To show that the infrar ed diver gencesare absentlet us write the sum of all webs of a given order
as

conv. div. — (B.21)

all webs all webs
of order of order

This equation meansthat the sum of all webs of order are given by the original perturbation
seriesat that order minus all products of lower order webs in such away that a product of
those lower order websis a Feynman diagram of the order . Of course,the original perturbation

series can be classied in terms which do not contain subdivergences, ., and terms with

subdivergences, , . Note that this relation follows dir ectly from the expansion of the exponent
in (B.1),wherefor a given order in perturbation theory,

conv. div. (B.22)
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and
— (B.23)
all webs all webs
of order of order
where and arethe ™ order contribution to and , respectively.

In eikonal crosssectionscollinear subdivergencesoriginate from a gluon that is collinear to a
qguark or another gluon. But according to the factorization theorem, we can factorize this jet-like
structur e from the restof the diagram. This is diagrammed in g. B.4.

Fig. B.4: Factorizationof a jet-like structure, representedby thegray oval.

The gray oval representsthe jet-like structure, collinear to one of the eikonal lines. The equal-
ity displays that the sum of all webs of a given order, where this jet-like structureis connectedto
the restof the eikonal crosssectionthrough soft lines, is equal to the factorized form shown on the
rhs All correctionsto this equality are non-leading and can be neglected. The factorized form is
no longer aweb of the sameorder, but rather a product of two webs of lower order in such away
that the sum of the orders of those lower order webs is equal to the order of the original web. The
factorized web contains one subweb including the jet-like structure and another subweb which

representsthe restof the original web. The web on the Ihsof g. B.4contributesto , in (B.13),

but the rhsis aterm of the — all webs in (B.13).Hencein
of order

the lhs of (B.13)this divergenceis not present. Using the equality of g. B.4recursively we see
that the sum of webs at a given order is free of subdivergences.

The sameargument can also be used to factorize soft structureswhich can contain soft diver -
gencesfrom the original web.

Sowe nd that only overall diver gences,which cannot be factorized in the above way, con-
tribute to the eikonal crosssection.

B.2 Properties of the Webs

The rescalinginvariance of eikonal lines, see(A.44), and the cancellation of subdiver gencesleads
to the following properties for the webs [23].

In general the webs depend on contracted (rescaleinvariant) dir ections of the eikonal lines
and and the web momentum that it contributes to the nal state (and it depends on the
(running) coupling constant, of course)

(B.24)

where is the renormalization scale. Note that and are light like directions, thus

Becausethe eikonal lines are rescaleinvariant the webs must also be rescaleinvariant in the
dir ections of the eikonal lines. This meansthat the dir ections must appear in equal powers in the
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numerator asin the denominator of the argument of the web. Hence the argument of the webs is
restricted to

(B.25)
If we usethe so-called Sudakov parametrization for the momentum

(B.26)
it is easyto derive that we canwrite the arguments of the webs as

(B.27)

where  arethe momentum components of  transverseto the plane spannedby and
hence .

The cancellation of ultraviolet and infrar ed subdiver gencesfor the webs meansthat the webs
are completely nite for xed . Only the integration of the integral can lead to (overall)
diver gences. This meansthat after regulating the overall ultraviolet diver gencethe dependence
of the webs on the renormalization scalemust disappear

_ _ (B.28)

where is the renormalization regulator, in this thesis always the dimensional regulator in the
scheme.
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C Properties for the Wilson Lines

In this sectionI'll derive the properties for the Wilson lines given in 2.4.1to order , but these
results can be generalized to any order in  without many dif culties.

C.1 Hermiticity

We have to prove that
(C.1)

We do this by making an expansion of the path ordered exponent to order

(C.2)

(C.3)

(C.4)

Now usethat and . Wethen nd
(C.5)

(C.6)

We have switched the integration boundaries of the secondterm on the rhsand changedthe order
of integration in the third term. Now switch the integration boundaries of the two integrals in
the thir d term and renamethe integration variables

(C.7)
(C.8)
(C.9)
And we have found our desired result.
C.2 Causality
We show that
(C.10)
So, rst make an expansion of the path ordered exponents and collect all the terms
(C.11)
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The terms of order cantrivially be summed to get the desired term, and the terms that
are of order can also be summed, after a careful look at the integration boundaries, see
g. C.1,

(C.12)
(C.13)

1%

Fig. C.1: Theintegrationregionfor thetermsin (C.11)of order , Where ,

and . Clearlyall threeregionsaddup to theintegration boundarief
theorder termin (C.12).
C.3 Unitarity

The unitarity of the Wilson line follows dir ectly from the hermiticity and the causality

(C.14)
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D Angles in Minkowskian Space

Let's de ne cusp anglesin Minkowskian space. First consider 2 dimensional Euclideanspace.
Let be a normalized vector. Then we can choose a frame in which that vector is given by
. We can use the rotation matrix

rot (D.1)
to de ne another normalized vector in such away that the angle between the vectors is given by

rot (D.2)
Soif we want to de ne the angle between two vectors in terms of their inner product, we nd

where we have divided the Ihs by the length of the vectors for two general, not normalized vec-
tors. We have found the well-known relation between the angle and the inner product of two
vectors.

In 2 dimensional Minkowskian spacewe consider again the vector . But in this
situation arotation doesnot make much sense.Instead we use a Lorentz boost

boost (D-4)

to de ne another normalized vector

boost (D.5)

If we now again calculate the inner product of thesetwo vectors

S (D.6)

we have our de nition for an angle in Minkowskian space.Note that we have divided the Ihs of
(D.6) by the length of the two vectors, sothat we canalsousethis relation in the more general case
when we are not considering normalized vectors. However, for light-like vectors this relation is
not well-de ned, becausethe length of alight-like vector is zero. So,we canonly usethis relation
if we rule out light-like vectors.

Note that, although the relations (D.3) and (D.6) look very similar, the angles have totally
dif ferent properties. For example, the angle in Euclidean spaceis bounded and
multiple-valued , but in Minkowskian spaceit can be any value and is single-
valued.

In the leading twist approximation ( ,Wwhere is the massof the quarks and

with the momentum of the photon that probesthe quark with momentum ) and
if we assumethat the quarks can be describe by classicalparticles, i.e. the eikonal approximation,
the angle betweenthe two quarks (with velocities and )in Minkowskian spaceis large ,
because

I (D.7)

_ (D.8)
_ _ (D.9)

S (D.10)
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For large (positive or negative) angleswe can approximate the by

- - (D.11)

Thus to leading twist in the eikonal approximation we have

(D.12)
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E Proof of the Wilson Line Correspondence with the HQET
Equations of Motion
In this appendix we proof that the equations of motion that describe heavy quarks in heavy-

quark effective theory (HQET) are also obeyed by the Wilson lines. We have to show that (5.83)
is correct. If we write out the covariant derivative this becomes

(E.1)

The easiestway to show that this is an identity is order by order in the coupling constant
Note that for the rhsof (E.1)thereis an extra in front of the Wilson line, thus the ™ order of

on the lhs should cancelagainst the th order of on the rhs The
order by order expansion of is
(E.2)
(E.3)
(E.4)

For the order by order derivation of (E.1)we need the following identity, let
and use — and — ,

— _ _ —— — (E.5)
Zeroth order: The zeroth order is quite trivial
(E.6)
First order: The rst order is also trivial
(E.7)
Second order: Let work on the secondorder and we get
(E.8)
— (E.9)
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For the rst term on the rhs of (E.9) we change the order of integration and for both the
terms we let the derivatives — and — work on the whole integrands

(E.9) —
— (E.10)
Now the most right integrals can be done
(E.9)
(E.11)
And this is equal to
(E.9) (E.12)

So,(E.1)is also correct for the secondorder term.

order: Using the same method as for the second order, we can easily derive the identity to
all orders. If we let work on an arbitrary order we get

(E.13)

With the help of (E.5)we canrewrite this as

(E.14)

Justaswe did for the derivation of the secondorder we make a changein integration order.
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For the ™ term we changethe integration order of the integral with the integral

— (E.15)

For every ™ term we cannow do the " integral. This gives

(E.16)
If we changefor every ™ term, the integration variable to we seethat alot of terms
canceland we are left with

(E.17)

Thus (E.1)also holds for an arbitrary order.

Because(E.1)holds for all ordersin perturbation theory, we canconclude that the Wilson lines
obey the sameequations of motion asthe heavy quarks in HQET

(E.18)

And this completes the proof.
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Identities, Conventions & Useful Formulae
We work in natural units . In this system,

length time energy mass

Light-cone metric:

From this metric follows dir ectly the de nition of light-cone variables and their inner prod-
uct and integration measure:

We use dimensional regularization such that the dimension is

Beta-function:

Gamma-function:

— integral representation:

— recursion relation:

— expansion:

— doubling formula:

— product identity:

Coupling constant:
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— Running coupling in leading order:

where —— the one loop contribution to the beta function.

Dirac matrices:

Angular volume:

Delta function identity:

Heaviside step function:

for
for
“+"-distribution:
— de nition: is de ned via its integral with a (smooth) test function

— expansion:

Mellin transform:

— de nition:

Mellin

— inverse:

— Mellin

— explicit Mellin transforms of some functions:

for a polynomial in

Poly

for a delta distribution
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de ne —— ,then
where , the includes all constant terms and all terms of the form
—— (where isaninteger ) and is the Riemann zeta function.

Riemann zeta function:

— representation: on the real line the Riemann zeta function can be representedas, for

— some explicit values:

Path ordered exponent sum rule:

Besselfunctions:

— Besselfunction of the rst kind of order
de nition:

expansion for small

— Modi ed Besselfunction of the secondkind of order
de nition:

expansion for small

where
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Hyper geometric functions:

where

is the Pochhammer symbol:
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