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Abstract

We consider supersymmetry, which is a possible solution to many of the theoretical problems
with the Standard Model of Particle Physics. If supersymmetry exists, it has to be a bro-
ken symmetry, and there are several ways to break it. We study minimal Gauge-Mediated
Supersymmetry Breaking (mGMSB), in this model supersymmetry is broken in a hidden
sector, which is communicated to the Minimal Supersymmetric Standard Model (MSSM)
by a messenger sector which interacts with the MSSM sparticles via the Standard Model
gauge interactions.

In the mGMSB model, only �ve free parameters are added to the Standard Model pa-
rameters, and we consider a model in which four of these �ve are �xed, while the �fth (� , the
scale which determines the size of the supersymmetry breaking) is varied between 95TeV
and 230 TeV. In this model, the gravitino is the Lightest Supersymmetric Particle and the
lightest neutralino is the Next-to-Lightest Supersymmetric Particle. We study the resulting
events in the ATLAS detector, which usually contain two high-energy photons and large
missing energy, using simulated signal and background samples. Using optimizingcuts, we
�nd that at a centre-of-mass energy of 7 TeV and with an integrated luminosity of 4 fb� 1,
the ATLAS detector can discover mGMSB for � � 200 TeV or exclude it for � � 215 TeV.
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Populaire samenvatting

Alle materie om ons heen is opgebouwd uit deeltjes die horen bij het Standaardmodel, een
model voor deeltjesfysica dat tot nu toe heel veel uitkomsten van experimenten correct voor-
speld heeft. Er zijn echter ook een paar problemen met het Standaardmodel, bijvoorbeeld
dat er in ons heelal heel veel \donkere materie" is, waarvan we weten dat het niet kan
bestaan uit Standaardmodel-deeltjes. Een mogelijke oplossing voor deze problemen is su-
persymmetrie, volgens deze theorie heeft elk deeltje in het Standaardmodel een zogenaamde
superpartner. Dit is een deeltje met precies dezelfde massa en andere eigenschappen als het
Standaardmodel-deeltje, maar een andere spin. De nieuwe deeltjes worden meestal super-
symmetrische deeltjes genoemd.

We weten echter dat supersymmetrie geen exacte symmetrie kan zijn, want als de su-
persymmetrische deeltjes inderdaad dezelfde massa zouden hebben als de Standaardmodel-
deeltjes, zouden we ze allang gevonden hebben. Daarom moet supersymmetrie een gebroken
symmetrie zijn, en dit zorgt ervoor dat de supersymmetrische deeltjes een veel hogere massa
hebben dan de Standaardmodel-deeltjes. Er zijn verschillende manieren om supersymmetrie
te breken, de manier die wij hebben bestudeerd heet \gauge-mediated supersymmetry break-
ing". Het idee achter deze theorie is dat supersymmetrie wordt gebroken door deeltjes met
een heel hoge massa, en uiteindelijk via de krachten die we kennen uit het Standaardmodel
(de sterke kracht, de zwakke kracht en de electromagnetische kracht) wordtgecommuniceerd
naar de supersymmetrische deeltjes. De precieze massa van de supersymmetrische deeltjes
in dit model hangt af van vijf nieuwe parameters (naast de Standaardmodel-parameters).

Uiteraard zouden we graag willen weten of gauge-mediated supersymmetry breaking echt
bestaat. Een van de experimenten die bewijs proberen te vinden voor gauge-mediated su-
persymmetry breaking is de ATLAS detector, die meet wat er gebeurt als je twee protonen
met heel hoge energie op elkaar laat botsen. De kans bestaat dat bij zo'n botsing twee
supersymmetrische deeltjes worden geproduceerd, en omdat de meeste supersymmetrische
deeltjes niet stabiel zijn, zullen ze vervallen naar andere supersymmetrische deeltjes en
Standaardmodel-deeltjes. De enige superpartner die wel stabiel is, is degene met de laagste
massa: het gravitino. Het enige deeltje wat een grote kans heeft om direct naar het gravitino
te vervallen, is het lichtste neutralino, een deeltje dat een mix is tussen de superpartners
van het foton, het Higgs boson and hetZ boson. Dit deeltje vervalt in ongeveer 75 % van
de gevallen naar een foton en een gravitino, waarbij beide deeltjes een hoge energie krijgen.
Gravitino's zijn onzichtbaar voor de ATLAS detector, maar met behulp van im pulsbehoud
kunnen we wel zien of er onzichtbare deeltjes zijn geproduceerd. De onzichtbare deeltjes
vormen samen de zogenaamde missende energie. Het signaal wat we zoeken bestaat dus uit
een grote missende energie en twee fotonen met een hoge energie.

Omdat in slechts een heel klein deel van de botsingen in ATLAS superpartners worden
geproduceerd, hebben we een manier gezocht om deze botsingen te onderscheiden van de
rest. De beste manier om dit te doen is door alle botsingen die niet aan bepaalde regels
voldoen te verwijderen. Voor het onderzoek wat wij hebben gedaan, zijn deze regels als
volgt: in een botsing moeten minstens twee fotonen met een energie hoger dan een bepaalde
waarde worden geproduceerd, die fotonen moeten onder een grote hoek met de inkomende
protonen worden geproduceerd, en de missende energie moet hoger zijn dan een bepaalde
waarde. Als we deze snedes toepassen, blijkt dat we aan het eind van 2011 gauge-mediated
supersymmetry breaking voor een aantal waarden van de verschillende parameters zullen
kunnen vinden of uitsluiten.
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1 Introduction

The Standard Model of Particle Physics is a very successful theory, which describes all forces
and particles that have been detected so far. However, there are some questions whichthe
Standard Model alone cannot answer, so in the past decades physicists have started looking
for Beyond the Standard Model theories. These are theories that at low energies reduce
to the Standard Model, but at high energies contain new physics, for example heavy new
particles or new forces. One of the most important theories for new physics is supersym-
metry, which introduces a new symmetry between bosons and fermions, and superpartners
for all Standard Model particles. There are many branches of supersymmetry, but inthis
thesis we will study only one of them: minimal Gauge-Mediated Supersymmetry Breaking
(mGMSB). In this theory, the masses of the supersymmetric particles depend only on the
Standard Model parameters and �ve new free parameters.

However, theoretical arguments alone do not su�ce to establish the existence of mGMSB,
data are required. For this reason, we will also study the type of signals that mGMSB would
give in the ATLAS detector, which is a particle detector at the Large Hadron Collider (LHC),
where protons are collided with a centre-of-mass energy of 7 TeV. As only a very small frac-
tion of all events at the LHC would contain supersymmetric particles, we will try to �nd
cuts on variables that separate signal events (events in which supersymmetricparticles are
produced) from background events (events in which only Standard Model particles are pro-
duced). The �nal goal is to calculate for which values of the �ve new parameters mGMSB
models could be discovered, or excluded, with an integrated luminosity of 4 fb� 1, which is
the amount of data that ATLAS is expected to collect up to the end of 2011.

In chapter 2, we will describe the Standard Model, which is very important because su-
persymmetry is based on the Standard Model. There are some problems with the Standard
Model, and three of those will be discussed in chapter 3. Later on, we will see thatall of
them can be solved by supersymmetry.

We start our discussion of supersymmetry in chapter 4. First, we will discuss the su-
persymmetric algebra, superspace and super�elds. Using these concepts, we will derivethe
forms of the general, chiral and vector super�elds and determine how their components
transform under a supersymmetry transformation. In chapter 5, we will use ournewfound
knowledge of super�elds to derive the most general Lagrangian for a supersymmetric the-
ory, and do some calculations to show that these Lagrangians are indeed invariant under
supersymmetric transformations.

In chapter 6, we will discuss the minimal supersymmetric extension of the Standard
Model, the Minimal Supersymmetric Standard Model (MSSM), and list all particles in this
model. We will also discussR-parity, which is a new symmetry with important consequences
for the phenomenology of the MSSM.

In chapter 7, we will �rst explain why supersymmetry has to be a broken symmetry.
After that, we will give the most general form of the supersymmetry-breaking parameters
and discuss di�erent types of supersymmetry breaking.

As an intermezzo, in chapter 8 we will discuss electroweak symmetry breaking, which has
a large in
uence on the phenomenology of the MSSM. After electroweak symmetry breaking,
a number of supersymmetric particles will mix and form new mass eigenstates, which will
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also be described in this chapter.

In the last theoretical chapter, chapter 9, we will discuss how gauge-mediated supersym-
metry breaking works and calculate the masses of a number of particles in this model. We
will also discuss the minimal version of gauge-mediated supersymmetry breaking(mGMSB),
in which there are only �ve new parameters compared with the Standard Model. Finally,
we will discuss the gravitino, which is a very important particle in this model.

In chapter 10, we will start the experimental part of the thesis by discussing the Large
Hadron Collider and the ATLAS experiment. We will also explain how the di�eren t subde-
tectors work and what exactly they detect. Finally, we will discuss the trigger system that
is used in ATLAS.

In chapter 11, we will study the phenomenology of the mGMSB model for di�erent values
of the �ve parameters, and decide which values we want to study further. After this, the
process of simulating signal events (events in which supersymmetric particlesare produced)
will be explained and the programs used for this simulation will be described brie
y. We
will also discuss the main backgrounds to mGMSB events and explain how the objectswe
use are reconstructed with the ATLAS software.

Finally, in chapter 12 we will describe how we analyzed the signal and backgroundevents
and how we found the optimal cuts on the variables. We will also give the limits that can
be set on the mGMSB models that we have studied with 4 fb� 1 of ATLAS data.
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2 The Standard Model

Supersymmetry, the subject of this thesis, does not stand on its own: it is an expansion
of the Standard Model of Particle Physics, which is a theory that agrees with experiment
extremely well and has for example predicted the masses of theZ boson and the top quark
before they were found [1]. This chapter is dedicated to constructing the Standard Model,
and many of the concepts explained here will also be used later on, when we are constructing
supersymmetry.

The Standard Model is a relativistic quantum �eld theory which is invariant under the
gauge groupSU(3) � SU(2) � U(1) at high energies and describes all particles that have
been detected so far. Elementary particles have a fundamental characteristic called\spin"
[2]. Based on their spin, we can divide elementary particles in two groups: bosons have
integer spin and fermions have half-integer spin. Apart from spin, elementary particles also
have a number of other quantum numbers, for example their electrical charge, and each
elementary particle has a corresponding antiparticle whose quantum numbers (exceptfor
the spin) have the same absolute value, but opposite sign.

Figure 2.1: The particles of the Standard Model (ignoring colour and antiparticles).

The Standard Model also describes three of the four fundamental forces: the electromag-
netic, the weak and the strong force. These three forces are mediated by spin-1 gauge bosons
(we will see later on what we mean by this statement): eight gluons for the strong force,
the photon for the electromagnetic force and theW + , W � and Z 0 bosons for the weak force.

As far as we know, all matter is built up out of spin-1/2 fermions, and we can divide
those fermions in three \generations" or \families". Each generation contains four fermions:
two quarks and two leptons (a charged lepton and a neutrino). In �gure 2.1 it is shown
that for example the �rst generation contains the up quark, the down quark, the electron
and the electron neutrino. Actually, it also contains the anti-particles, and eachquark can
have three di�erent \colours", but these are not shown here. Another interesting thing to
note is that the only di�erence between for example the up and the top quark (which are
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in di�erent generations) is their mass, all other quantum numbers are the same. The main
di�erence between the quarks and the leptons is that the quarks interact via the strongforce
(that is, they interact with gluons) while the leptons do not.

If we now consider �gure 2.1 again, we can see that there is one particle that we havenot
discussed yet: the Higgs boson (a scalar particle, which has spin 0). The Standard Model
predicts that this particle is necessary to give mass to the other particles (in section 2.3 we
will see how this takes place), but it has not been found yet.

2.1 Group theory

As was already said in the introduction, the Standard Model is invariant under the group
SU(3) � SU(2) � U(1), so to understand the Standard Model we �rst need to understand
what groups are. A group is something that contains elements (for example, all integers)
and an operation that combines any two elements to form a third element of the group (for
the integers, this operation can for example be addition, as the result of addingtwo integers
is always an integer). Other properties of groups are that they are associative (which means
that for all a, b and c, (a+ b)+ c = a+( b+ c)), they must always contain an identity element
(in the case of the integers, the identity element is the number 0, because for allintegers
a, a + 0 = a) and for every element, there must be an inverse element (in the case of the
integers, the inverse ofa is � a, becausea + ( � a) = 0, which is the identity element).

A full set of symmetry transformations is always a group, but there is a cleardistinction
between discrete and continuous transformations [3]. Discrete symmetries usually form a
group with a �nite number of elements, for example the group of rotations that leave a
triangle invariant (which contains three elements: rotations over 0, 120 and 240 degrees).
Continuous symmetries depend on one or more continuous parameters, so the groupcontains
an in�nite number of elements. An example of a continuous symmetry group is the group of
rotations that leave a circle invariant (in this case the continuous parameter is the rotation
angle). If a continuous symmetry depends on the parameters in an analytic way, we call the
corresponding group a Lie group [3], and the three groups under which the Standard Model
is invariant ( SU(3), SU(2) and U(1)) are all Lie groups. Another important distinction is
the distinction between Abelian and non-Abelian groups: the commutator [a; b] = ab� baof
two group elements is always zero if a group is Abelian, but can be nonzero for non-Abelian
groups.

In [3] it is shown that an element g of a Lie group G can always be written as

g(� 1; :::; � n ) = ei� i t i (2.1)

where � i (with i = 1 ; :::; n) are the parameters the symmetry transformation depends on,
t i are the so-called generators of the Lie group, which are operators that givein�nitesimal
transformations in linearly independent directions in the parameter space of the group, and
summation over repeated indices is implied (as it will be everywhere in this thesis). Clearly,
the number of generators is equal to the number of parameters (which makes sense, because
a Lie group with three parameters has a three-dimensional parameter space, so we need
three generators to span this space). If we now consider the product of two group elements
g1 and g2, we get [4]
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g1(� 1; :::; � n ) � g2(� 1; :::; � n ) = ei� i t i ei� j t j

= ei� i t i + i� i t i � 1
2 � i � j [t i ;t j ]+ ::: ; (2.2)

where the dots in the second line denote higher-order commutators oft i . As we want g1 � g2

to be an element ofG as well, it must be possible to write it in the form of equation 2.1.
That is only possible if the commutators of the generatorst i are linear combinations of
generators themselves, so

[t i ; t j ] = if ijk tk ; (2.3)

where thef ijk are the structure constants of the group. Clearly, for Abelian groups all struc-
ture constants are zero. For non-Abelian groups, structure constants are very important,
because they de�ne the group: if a set of matrices obeys the commutation relations fora
group G, this set of matrices is a complete set of generators of the groupG [3].

We know that the symmetry group of the Standard Model is SU(3) � SU(2) � U(1). In
general, U(N ) is the group of unitary N � N matrices [2]. This means that U(N ) has N 2

generators, as aN � N complex matrix contains 2N 2 real parameters and the requirement
of unitarity means that there are N 2 constraints, so we haveN 2 free parameters left. The
Standard Model group U(1) is the group of unitary 1 � 1 matrices, so it is actually the
group of all complex numbersc with absolute value 1. It is equal to the group of rotations
in two dimensions (because if we plot the elements ofU(1) in the complex plane, they form
a circle, and we can use this to relate each complex number to a rotation angle).

SU(N ) is a subgroup ofU(N ), it contains all unitary N � N matrices with determinant
1 [4]. Because of this one extra requirement, the number of generators (which is the number
of free parameters) isN 2 � 1.

We just de�ned SU(N ) as a group containing N � N matrices, so it makes sense to
expect the generators ofSU(N ) to be N � N matrices as well. However, it is important
to remember that each set of matrices that obeys the commutation relations belonging to
SU(N ) is a set of generators forSU(N ). We call such a set of generators a representation of
SU(N ) (thought it is actually a representation of the Lie algebra corresponding toSU(N ),
not of SU(N ) itself). Important representations of SU(N ) are the fundamental representa-
tion (which consists of N � N matrices), the trivial representation (where all generators are
0) and the adjoint representation (which consists ofM � M matrices, whereM is the number
of generators of the group) [5]. For each representation there is also an anti-representation
which contains the complex conjugates of the matrices of the representation, but in some
cases the representation and the anti-representation are equivalent.

The action of an elementg of a Lie group G with generators t i on an object f is given
by (see equation 2.1)

f ! ei� i t i f: (2.4)

If the t i are for example in the fundamental representation ofSU(3), they are 3� 3 matrices
so f will be a 3-component vector, and we say thatf transforms in the fundamental repre-
sentation of SU(3). The SU(3) transformation given in equation 2.4 will rotate the di�erent
components off into eachother, and we say that these components form a multiplet (for
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example a triplet in the case of the SU(3) fundamental representation). Representations
of unitary non-Abelian groups are usually labeled by their dimension, so the fundamental
representation of SU(3) is called 3, the antifundamental representation is called �3 and the
trivial representation is called 1.

2.2 The Standard Model Lagrangian

In the introduction to this chapter, we have named all particles that are part of the Standard
Model, but we have not said much about their properties, for example their masses and the
way they interact with eachother. These properties are given by the Lagrangianof the
theory, which is in general given by [1]

L = T � V (2.5)

where T is the kinetic energy of the system andV is its potential energy. In this thesis, we
will work with the Lagrangian density L , de�ned by

L =
Z

L d3x; (2.6)

and we will follow common practice by calling L the Lagrangian [1]. It will be a function
of all the �elds (corresponding to the particles) in the theory and a number of constants,
and will contain three types of terms: kinetic terms (which contain derivatives of the �elds,
for example @� �@� � for a scalar �eld � ), mass terms (which contain two �elds, for example
m2�� ) and interaction terms (which contain three or more �elds, for example ���� ) [1].

We will see that we can derive the Lagrangian by simply requiring that it should be
renormalizable (renormalization will be discussed in section 2.5, but in practice this require-
ment means that the Lagrangian is only allowed to contain terms with massdimension no
larger than four [2]), Lorentz invariant (which means that only combinati ons of �elds are
allowed that are invariant under Lorentz transformations) and locally i nvariant under the
Standard Model gauge group.

We will start with the most basic Lagrangian for a spin-1/2 fermion (f or example a
quark). A spin-1/2 fermion is described by a four-component spinor (x) which is a function
of spacetime (x = ( t; ~x)).  (x) can be decomposed in two two-component parts (the left-
handed part  L (x) and the right-handed part  R (x)) and its kinetic term in the Lagrangian
is given by [2]

L kin;f = i � (x)
 � @�  (x); (2.7)

with � (x) =  y(x)
 0 and 
 � the Dirac gamma matrices given in appendix A. This term is
Lorentz invariant and renormalizable, but we also want it to be invariant under SU(3), SU(2)
and U(1). Using equation 2.4, we can see that the Standard Model gauge transformation of
 (x) is given by

 (x) !  0(x) = ei� a T a
e

i
2 � i � i

e
i
2 
Y  (x); (2.8)

with Ta the eight generators ofSU(3), � i the three generators ofSU(2), Y the generator of
U(1) (which is just a number, equal to the hypercharge of the particle ) and the factors 1

2
put in because of convention. The Standard Model gauge transformation of� is given by
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� (x) ! � 0(x) = e� i� a T a
e� i

2 � i � i
e� i

2 
Y � (x): (2.9)

Applying the transformations given in equations 2.8 and 2.9 to the Lagrangian in equation
2.7, we see that this Lagrangian is indeed invariant under the Standard Model gaugegroup.
However, we now want to introduce the concept of local gauge invariance, because we believe
that requiring the Lagrangian to be invariant under local gauge transformations will give
us the interactions between elementary particles that we are looking for (in fact, we will
see that this is the case). Local gauge invariance means that we want the Lagrangian to be
invariant under the transformation [1]

 (x) !  0(x) = ei� a (x )T a
e

i
2 � i (x ) � i

e
i
2 
 (x )Y  (x): (2.10)

To make things a bit simpler, we will �rst consider only the U(1) part, so we want to know
whether the Lagrangian is invariant under

 ! e
i
2 
 (x )Y  (2.11)

(from now on we will suppress the dependence of the �elds onx). Unfortunately, the
Lagrangian in equation 2.7 is not invariant under this transformation, as

L 0
kin;f = ie� i

2 
 (x )Y � 
 �
�

e
i
2 
 (x )Y @�  +

i
2

Y e
i
2 
 (x )Y  @� 
 (x)

�
6= L kin;f : (2.12)

The solution is to introduce the covariant derivative [1]

D �;U (1) = @� �
i
2

g1B � ; (2.13)

where g1 is the U(1) coupling strength (which is a new parameter in the theory) and B � is
a spin-1 gauge boson which transforms as

B � ! B � +
Y
g1

@� 
: (2.14)

As this gauge boson is a physical particle, it should have a kinetic term whichcontains
derivatives of B � and is invariant under the local gauge transformations. The simplest
possibility is � 1

4 F �� F�� with F�� the antisymmetric �eld tensor: F�� = @� B � � @� B � [1].
If we now replace the@� in equation 2.7 by the covariant derivative D � and add the kinetic
term for the gauge �eld, we get

L f;U (1) = i � 
 � D �;U (1)  �
1
4

F�� F ��

= i � 
 � @�  +
g1

2
� 
 �  B � �

1
4

F�� F �� (2.15)

which can easily be shown to be invariant under the combined transformations 2.11 and
2.14. We now have a Lagrangian that is invariant under localU(1) transformations, but the
price that we pay is the inclusion of a spin-1 gauge �eld which couples to the fermion with
a coupling strength g1 (the coupling is given by the � 
 �  B � term).

If we consider only theSU(3) symmetry, the situation is a bit more complicated, as this
symmetry has eight generators instead of just one. To make equation 2.7 invariant under
 ! ei� a (x )T a

 , we need to replace@� by the covariant derivative for SU(3), which is
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D �;SU (3) = @� + ig3TaGa
� (2.16)

where g3 is the SU(3) coupling strength and eight spin-1 gauge bosonsGa
� are introduced.

These gauge bosons have to transform as

Ga
� ! Ga

� �
1
g3

@� � a � f abc� bGc
� (2.17)

with f abc the structure constants of SU(3) (see section 2.1). Finally, the kinetic term for
the gauge bosonsGa

� is given by � 1
4 Ga

�� G��
a with Ga

�� = @� Ga
� � @� Ga

� � g3f abcGb
� Gc

� [1].
So the Lagrangian invariant under SU(3) local gauge transformations is

L f;SU (3) = i � 
 � D �;SU (3)  �
1
4

Ga
�� G��

a

= i � 
 � @�  � g3
� 
 � Ta  G a

� �
1
4

Ga
�� G��

a : (2.18)

The construction of a Lagrangian invariant under SU(2) transformations is done in the
same way, only with three generators� i , so also three gauge �eldsW i

� . This means that the
covariant derivative for the whole Standard Model gauge group is equal to

D �;SM = @� �
i
2

g1B � �
i
2

g2� i W i
� + ig3TaGa

� (2.19)

and the Lagrangian is

L f = i � 
 � D �;SM  �
1
4

F�� F �� �
1
4

Ga
�� G��

a �
1
4

H i
�� H ��

i (2.20)

with H i
�� the �eld tensor for the W i

� �elds.

To make the Lagrangian invariant under SU(3) � SU(2) � U(1), we had to introduce
twelve spin-1 particles: eight for SU(3), three for SU(2) and one for U(1). Comparing this
with the contents of the Standard Model, it is tempting to identify the strong fo rce with
SU(3) (so we can identify the eight Ga

� with the eight gluons), the weak force with SU(2)
(so we can identify the threeW i

� with the W + , W � and Z 0 bosons) and the electromagnetic
force with U(1) (so we can identify B � with the photon). This is correct in the case of the
strong force, but as we will see in the next section it is not quite correct in the case of the
electromagnetic and weak force.

We have given the general gauge transformation for a fermion in equation 2.10, but we
have not speci�ed in which representation these fermions transform. We now know that the
three symmetry groups are related to three forces, but not every fermion feels every force
(for example, leptons do not feel the strong force). To make this apparent in the Lagrangian,
fermions that do not feel a force transform in the trivial representation of the corresponding
gauge group (or in other words, they transform as a singlet under this gauge group), and as
e0 = 1 this part simply disappears from the gauge transformation. Fermions that do feel a
certain force can transform either in the fundamental (for particles) or in the antifundamen-
tal (for antiparticles) representation of the corresponding gauge group. We can now also
understand what the three colours of the quarks mean: quarks transform in the fundamental
representation ofSU(3), which is three-dimensional, and these three dimensions correspond
to the three colours of the quarks. The gauge bosons of a force transform in the adjoint
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Name Symbol (SU(3) � SU(2) � U(1))

Left-handed quarks QL = ( uL ; dL ) (3; 2; 1
3 )

Right-handed up uR (3; 1; 4
3 )

Right-handed down dR (3; 1; � 2
3 )

Left-handed leptons L L = ( eL ; � eL ) (1; 2; � 1)

Right-handed charged lepton eR (1; 1; � 2)

Gluons g (8; 1; 0)

W and Z bosons W � ; Z 0 (1; 3; 0)

Photon 
 (1; 1; 0)

Higgs boson H (1; 2; 1)

Table 2.1: The particle content of the �rst generation of the Standard Model. SU(3) and
SU(2) representations are labeled by their dimension whileU(1) representations are labeled
by the eigenvalue of the hypercharge generatorY [1].

representation of the corresponding gauge group [1].

The strong force only a�ects quarks, not leptons. According to experiments [1], the weak
force only a�ects left-handed particles, and for each generation the two left-handed quarks
form a weak doublet and the two left-handed leptons form a weak doublet (which means
that the weak force can for example transform an up-quark into a down-quark). Table 2.1
lists the Standard Model particles of the �rst generation and the SU(3) � SU(2) � U(1)
representations they are in. An interesting thing to note is that according to the Standard
Model, there is no right-handed neutrino.

Of course, we might want to add other terms to the Lagrangian in equation 2.20 (in fact,
we will do this in the next section). To conserve the gauge invariance of the Lagrangian, these
terms should be singlets underSU(3), SU(2) and U(1). To make clear what this means, we
will consider an example: a possible allowed term isy �QL HdR , because adding theY-values
of these �elds gives� 1

3 + 1 � 2
3 = 0 (remember that the quantum numbers of antiparticles,

which are denoted by a bar, have equal size but opposite sign compared to the quantum
numbers of the corresponding particles), the �elds are in the�3, 1 and 3 representations of
SU(3), and they are in the 2 (which is equal to the �2), 2 and 1 representations ofSU(2).

2.3 The Higgs mechanism

We now have a beautiful Lagrangian, but there is one problem: all particles in it are still
massless, while we know from experiments that at least the quarks, the charged leptons
and the W � and Z 0 bosons should have a non-zero mass [6]. Unfortunately, it is not so
easy to add mass terms to the Lagrangian while keeping the Lagrangian invariant under the
gauge symmetries. Fermionic mass terms must be of the formm �  = m( � L  R + � R  L )
[2], however as L is an SU(2) doublet and  R is a singlet, these mass terms are not gauge
invariant. The same problem appears if we try to add mass terms for the gauge bosons,
which for neutral bosons should be of the form1

2 m2A � A � , but this term is also not gauge
invariant (which is clear from equation 2.14).
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The solution to this problem is called the Higgs mechanism and it is based on the prin-
ciple of spontaneous symmetry breaking. We say that a symmetry is spontaneously broken
when the Lagrangian of a system is invariant under this symmetry, but the vacuum state
(the ground state of the system) is not. To make this clearer, we will have alook at an
example.

The most general renormalizable and Lorentz-invariant Lagrangian for a complex scalar
�eld � is given by [1]

L s = j@� � j2 � � 2j� j2 � � j� j4; (2.21)

which is clearly invariant under � ! ei� � , so under globalU(1) transformations. If � and � 2

are positive, this is just a normal Lagrangian with a mass term and a self-interaction term
for � . However, if � 2 is negative, we have a mass term of the wrong sign and a potential
that looks like �gure 2.2 (which is clearly also invariant under U(1), the group of rotations
in two dimensions). The ground state of a system is the state in which the potential is at a
minimum. Usually the potential will be zero when the �elds are zero (if � 2 is positive, the
potential minimum V = 0 appears for � = 0) but in this case there is an in�nite number
of degenerate ground states. In each of those ground states,j� j2 = � � 2=� . As soon as
Nature picks one of these vacuum states (it does not matter which one is chosen, as they
are degenerate, but the system can only be in one of those vacuum states), the system is
no longer invariant under U(1) rotations. This means that the U(1) symmetry has been
spontaneously broken.

Figure 2.2: The potential V (� ) = � 2j� j2 + 1
4 � j� j4 for � > 0 and � 2 < 0.

To apply this to the Standard Model, instead of a complex scalar �eld we add a complex
scalar SU(2) doublet given by

� =

 
� +

� 0

!

=
1

p
2

 
� 1 + i� 2

� 3 + i� 4

!

(2.22)

which is a singlet under SU(3) and has hyperchargeY = 1. The most general Lagrangian
for such a scalar doublet is

L s = jD � � j2 � � 2j� j2 �
1
4

� j� j4 (2.23)

with D � the covariant derivative for a �eld that transforms under SU(2) � U(1):
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D � = @� �
i
2

g1B � �
i
2

g2� i W i
� : (2.24)

Once again we choose� positive and � 2 negative, and if we de�ne � � 2

� = v2, we can
pick the minimum � 1 = � 2 = � 4 = 0, � 3 = v. v is called the vacuum expectation value of
� 3 (because it is the value that� 3 has in the vacuum state), which is usually denoted byh� 3i .

We can now expand� (x) around this vacuum, so

� (x) =
1

p
2

 
0

v + h(x)

!

; (2.25)

and write the Lagrangian in terms of v and h(x) instead of in terms of � (x).

If we do this for the �rst term in equation 2.23, use the fact that the generators � i of
SU(2) are the Pauli matrices given in appendix A and only consider the mass-like terms
(the terms with two �elds and no derivatives), we get

jD � � j2 =
1
8

v2g2
2

�
(W 1

� )2 + ( W 2
� )2�

+
1
8

v2(g1B � � g2W 3
� )(g1B � � g2W 3� ) (2.26)

If we now change bases toW � = 1p
2
(W 1 � iW 2), Z � =

g2 W 3
� � g1 B �p
g2

1 + g2
2

and A � =
g2 W 3

� + g1 B �p
g2

1 + g2
2

,

this becomes

jD � � j2 =
�

1
2

vg2

� 2

W +
� W � � +

1
2

�
1
2

v
q

g2
1 + g2

2

� 2

Z 2
� : (2.27)

From the above equation we can see that our Lagrangian now contains three massive gauge
bosons: bothW + and W � (which are eachother's antiparticle) have a mass of12 vg (because
for a charged boson we expect a mass term of the formM 2

W W + W � [1]), and the mass ofZ 0

is 1
2 v

p
g2

1 + g2
2 (because for a neutral boson we expect a mass term of the form12 M 2

Z Z 2). A �

is still massless (as the Lagrangian does not contain a mass term forA � ), which means that
we can identify it with the photon, which we know to be massless. This exactlydescribes
the situation we know from experiment.

One might wonder what exactly happens here, as it seems that after the Higgs mech-
anism, we have more degrees of freedom than before (as a massless spin-1 boson has two
degrees of freedom, while a massive spin-1 boson has three degrees of freedom [2]). However,
this is not true, because we start out with a complex Higgs doublet (two complex scalar
�elds, so four degrees of freedom) and four massless spin-1 bosons (eight degrees of free-
dom), and we end up with one Higgs scalar (one degree of freedom), one massless spin-1
boson (two degrees of freedom) and three massive gauge bosons (nine degrees of freedom).
This means that the degrees of freedom from the Higgs scalars are absorbed by the massless
gauge bosons (the gauge boson �elds have become linear combinations of the original gauge
boson �elds and the Higgs scalars), which makes them massive. Often, it is said that the
massless Higgs scalars are \eaten" by the gauge bosons.

As we have seen, the vacuumh� 0i is electrically neutral (as only the neutral component
of the SU(2) Higgs doublet gets a vacuum expectation value), this means that the vacuum
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is still invariant under electromagnetic transformations. This means that the massless gauge
boson left, the photon, must be the gauge boson corresponding to electromagnetictransfor-
mations. It also means that the SU(2) � U(1) symmetry is broken to a U(1)EM symmetry,
and this process is called electroweak symmetry breaking.

Using the same Higgs doublet, we can also give masses to the fermions, by adding some
extra terms to the Lagrangian. For the charged leptons and the down-type quarks,these
terms are

L f;mass = � Ge �L L �e R � Gd �QL �d R + h:c: (2.28)

where h.c. denotes the Hermitian conjugate. If we replace the Higgs doublet� by its vacuum
expectation value, these terms are indeed fermionic mass terms. To give mass to the up-type
quarks, we �rst need to construct the charge conjugate Higgs doublet:

� c = � i� 2� � =

 
� � 0�

� �

!

(2.29)

and then we can add a term

� Gu �QL � cuR + h:c: : (2.30)

The constants Ge, Gd and Gu are not predicted by the theory (and can be di�erent for the
di�erent generations) so the Standard Model does not predict the fermion masses.

Finally, the Higgs boson itself also has a mass, which is given by [1]

m2
h = v2�; (2.31)

and as we do not know the value of the Higgs self-coupling strength� , the mass of the Higgs
boson is not predicted by the Standard Model.

2.4 Cross sections

To see whether the Standard Model Lagrangian we have derived in the sections 2.2 and
2.3 is a correct description of reality, experiments need to be done and the results of those
experiments need to be compared with the predictions of the Standard Model. What we
can measure in experiments are \cross sections", which are a measure for how often a cer-
tain process takes place. However, when we try to calculate these cross sections from the
Lagrangian, we run into a problem: doing the exact calculation is impossible [2]. The only
thing we can do is do a Taylor expansion of the cross section in terms of the couplingcon-
stant and calculate the �rst few terms.

To make calculating these terms easier, they are usually drawn graphically as Feynman
diagrams, where the process is represented graphically by lines (representing propagating
particles) and vertices (representing interactions between particles). Figure 2.3is an example
of such a Feynman diagram for the processe+ e� ! e+ e� , but this is not the only way to
draw this process: we could also omit the electron loop (the circle in the middle) or add more
loops (either electron loops or photon loops) and it would still be ane+ e� ! e+ e� diagram.
In fact, there is an in�nite number of possible Feynman diagrams, and the contribution of
each diagram is proportional to gn (where g is the coupling constant of the force involved
and n is the number of vertices). So for example the �rst three terms in the Taylor expansion
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of the cross section of a process are all Feynman diagrams representing this process with
zero, one and two loops.

Figure 2.3: A Feynman diagram containing one virtual particle running around in a loop.
The straight lines are (anti)electrons, the wavy lines are photons.

The basic idea of calculating a Feynman diagram is to just multiply all vertex and
propagator factors. These factors are given by the Feynman rules, which we get from the
Lagrangian. The most important ones (all taken from [2]) are:

� The propagator for a spin-0 particle (a scalar) as a function of its momentump is
given by

� s(p) =
i

p2 � m2 + i"
(2.32)

with m the mass of the scalar and" an in�nitesimal parameter.

� The propagator for a spin-1/2 fermion as a function of its momentump is given by

� f (p) =
i (6p + m)

p2 � m2 + i"
(2.33)

with m the mass of the fermion and6p = p� 
 � with 
 � the Dirac matrices (see appendix
A).

� The vertex factor for a vertex interaction between particles A, B and C is given by
the coe�cient of the ABC -term in the Lagrangian multiplied by a factor i . If there
are n interchangable �elds at a vertex, the vertex factor is multiplied with n!.

� As one can see from �gure 2.3, Feynman diagrams can contain loops in which a virtual
particle is running around. This particle can in principle have any four-momentum q,
so to calculate a loop diagram we need to integrate overq up to in�nity. The four-
momentum of any propagator is completely determined by the requirement that at
each vertex, the total momentum has to be conserved.

� Every fermion loop in the diagram gives a factor -1.

2.5 Renormalization

In this section we will give a very short introduction to the subject of renormalization.
More information can for example be found in the books by Peskin and Schroeder[2] and
the forthcoming book by De Wit, Laenen and Smith [3].
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In section 2.4 we have given a short introduction to calculating Feynman diagrams,
however for some of the loop diagrams we run into a problem. As an example wewill have a
look at the � 3-theory, which contains only a real scalar� and has a very simple Lagrangian:

L =
1
2

@� �@� � �
1
2

m2� 2 �
1
3!

g� 3: (2.34)

Figure 2.4: The one-loop diagram that contributes to the scalar propagator in � 3-theory.

Using the rules given in section 2.4, we see that the��� -interaction has vertex factor
� ig and we can write the one-loop correction to the propagator (�gure 2.4) as

�
i

p2 � m2 + i"

� 2

�
(� ig)2

2

Z 1

�1

d4k
(2� )4

i
k2 � m2 + i"

i
(p + k)2 � m2 + i"

; (2.35)

with the factor 1
2 coming from the fact that the internal lines in �gure 2.4 are identical. We

can write this one-loop correction as

� s(p)( � i � 1(p))� s(p) (2.36)

with � s(p) the scalar propagator (equation 2.32) and �1(p) the so-called self-energy of the
scalar particle:

� 1(p) =
ig2

2(2� )4

Z 1

�1

d4k
(k2 � m2 + i" )(( p + k)2 � m2 + i" )

: (2.37)

It is easy to see that � 1(p) is in�nite, as the leading term for k ! 1 is
R

d4 k
k 4 / ln k, which

diverges if we integrate up to in�nity. Of course, this is a problem, because it means that the
�rst correction to the propagator is not well-de�ned. The solution to this problem is ca lled
renormalization. It is a consistent procedure to rede�ne the masses, coupling constantsand
�elds in the theory to absorb in�nities.

The �rst step towards renormalization is to label the in�nities in the theory, w hich is
called regularization. There are several possible ways to do this, but the easiest way is cut-o�
regularization, where we no longer integrate up to in�nity, but up to a �nite energy scal e
�. After doing our calculations, we will again take � ! 1 , but �rst we want to split the
self-energy in a �nite part and a part containing the divergences. We can do this by adding
and subtracting a term which also contains a leading term

R
d4 k
k 4 for k ! 1 , for example:

� 1(p; �) =
ig2

32� 4

Z �

� �
d4k

�
1

(k2 � m2 + i" )(( p + k)2 � m2 + i" )
�

1
(k2 � � 2 + i" )2

�

+
ig2

32� 4

Z �

� �
d4k

1
(k2 � � 2 + i" )2

(2.38)
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where � is a mass parameter that we can choose freely. The �rst integral is now �nite for
� ! 1 , while the second integral is in�nite but depends only on � and � , not on any
parameters in the Lagrangian (except forg).

As we know, the Feynman diagram in �gure 2.4 is not the only correction to the propa-
gator, there is an in�nite number of corrections given by propagators with one, two, three,
four, etc. loops inserted. The total propagator is given by

� s + � s(� i � 1)� s + � s(� i � 1)� s(� i � 1)� s + ::: =
i

p2 � m2 � � 1 + i"
(2.39)

which in fact looks a lot like the original propagator (equation 2.32), only with a di�erent
massmcorr de�ned by

m2
corr = m2 + � 1: (2.40)

This mcorr is what we call the physical mass: it is the mass that we measure in experiments.

To understand renormalization, it is important to realize that the parameters in the La-
grangian (the masses and coupling constants) have no physical signi�cance. The only thing
we can measure in experiments are cross sections and physical masses, which are compli-
cated functions of the parameters in the Lagrangian. As we know that �1 is in�nite and
mcorr is �nite, the only possibility is that m2 is also in�nite, but in such a way that the sum
of the two in�nities (one of them needs to have a minus sign) ismcorr , the physical mass.
We will not discuss here how exactly the parameters (masses and coupling constants) in the
Lagrangian are chosen such that the physical parameters are �nite, but we have made it
plausible that it can be done.

The parameter � is a free parameter that we can pick any way we like, and in principle it
should not in
uence the physics, so nothing should depend on it. However, it is impossible
to calculate all diagrams in the expansion in equation 2.39, which means thatthe result of
our calculations does depend on� . To make sure that this does not cause any problems,
we should make sure that the perturbative expansion converges as fast as possible, and this
happens when we choose� to be reasonably close to the energy scale of the process we are
looking at [2]. This means that if we change the energy scale of the process, alsothe e�ective
masses and couplings will change. Fortunately, the exact relationship between� and the
masses and couplings is given by the Renormalization Group Equations (RGE),which are
di�erential equations that can be solved numerically. Using the RGE, we can calculate the
e�ective masses at one energy scale when we know them at another scale [2].
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3 Motivations for supersymmetry

Up to now, no signi�cant deviations from values predicted by the Standard Model have
been found, with one exception: it has become clear that neutrinos oscillate in 
avour,
which means that they must have a mass [7], while according to the Standard Model they
must be massless (as the Standard Model does not contain a right-handed neutrino, which
means that a Dirac mass term like 2.30 is impossible [1]). However, itappears to be quite
easy to add neutrino masses to the Standard Model [8].

Apart from this experimental inconsistency, there are also some theoretical problems
with the Standard Model. Most of these problems are naturalness problems and are based
on the fact that most physicists consider it unnatural if certain constants have to be �ne-
tuned very precisely. It is not impossible for those constants to have the valueswe observe,
just highly improbable, so whether or not those naturalness problems are real problems is a
matter of taste.

In the remainder of this chapter, a couple of problems with the Standard Model are
mentioned, which might be solved by supersymmetry. However, this list is by no means
complete, and there are also many questions that supersymmetry does not answer.

3.1 The hierarchy problem

The hierarchy problem is one of the most well-known naturalness problems. In this case
the value that needs to be �ne-tuned is the mass of the Higgs boson. Of course, we do not
even know the exact mass of the Higgs boson, so one might wonder how it is possible that
we already know that the mass has to be �ne-tuned. However, we do know that the Higgs
boson mass has to be of the order of 100 GeV [6], and as we will see this meansthat it has
to be �ne-tuned quite a lot.

As we have seen in section 2.5, the physical mass of a particle is given by

m2
phys = m2

bare + � 1 (3.1)

with mbare the mass parameter in the Lagrangian and �1 the quantum correction to the
bare mass given by the one-loop diagrams. There is no way to calculate or measure the
bare mass parameter, but we can calculate �1 (like we did in section 2.5) and measure the
physical mass and determine the bare mass that way.

We know that the Standard Model cannot be correct for all energies. The Standard
Model describes three of the four fundamental forces, but not gravity. At low energies,this
is acceptable, as in that case the other forces are a lot stronger than gravity andwe can
ignore the gravitational interactions. However, it can be shown that at energies close to the
Planck scale (around 1019 GeV), the interaction strength of gravity is comparable to that of
the other forces and we can no longer ignore it [9]. Because of this, the Standard Modelcan
no longer be a correct description at energies larger than the Planck scale. This means that if
we calculate loop diagrams, we should not integrate up to in�nity, but up to the P lanck scale.

In the case of the Higgs mass, there are in fact two possible loops that could give a
contribution (one containing a fermion and one containing a scalar), so we will calculate
them both. The correction to the squared Higgs mass resulting from the loop diagrams
containing a fermion (see Fig. 3.1a) is [10]
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Figure 3.1: One-loop quantum corrections to the Higgs mass from (a) a fermion f and (b)
a scalar S.

� 1;f =
1

16� 2 j� f j2(� 2� 2 + 6m2
f ln

�
�

mf

�
+ :::) (3.2)

with � f the H �f f coupling and � the cut-o� energy. As we can see, the correction to the
Higgs mass is not proportional to the Higgs mass itself (so if the Higgs mass goes to zero,
this does not a�ect the correction), but it is proportional to � 2. This means that if we take
the Planck scale to be the cut-o� energy, � 1;f is of the order of 1038 GeV2. It is also possible
to choose another cut-o� scale, but it will always be a high energy scale.

If we now look at the correction to the squared Higgs mass resulting from theloop
diagrams containing a scalarS (see Fig. 3.1b), we get [10]

� 1;S =
1

16� 2 � S (� 2 � 2m2
S ln

�
�

mS

�
+ :::) (3.3)

with � S the jH j2jSj2 coupling. Again, this correction is not proportional to the Higgs mass
and is of the order of 1038 GeV2. It does have the opposite sign compared to �1;f , so one
might wonder whether � 1;f and � 1;S would not cancel eachother out. However, the Stan-
dard Model contains only one scalar (the Higgs boson itself) and many fermions, and also
there is no reason why� f and � S would be related. This means that it is extremely unlikely
that � 1;f and � 1;S would just happen to cancel eachother.

We now know m2
H;phys � 104 GeV2 and � 1 � 1038 GeV2, according to equation 3.1 this

would mean that mH;bare would have to be �ne-tuned immensely (to a precision of about 1 in
1017) to get the right mH;phys , and this �ne-tuning is not natural. In the book by Collins [11],
an e�ective �eld theory argument using renormalized quantities is given, which shows that
the hierarchy problem is not just a consequence of the regularization scheme we have chosen.

One might wonder why this is only a problem for the Higgs boson and not for the other
particles in the Standard Model. The answer to this question is found when we consider for
example the corrected electron mass, which is [5]

me = m0 +
3�
4�

m0 ln
�

� 2

m2
0

�
(3.4)

with m0 the bare mass of the electron (the mass parameter in the Lagrangian) and � the
cut-o� momentum, which in this case is the Planck scale. As we can see, the correction to
the mass is proportional to m0 and the logarithm of � divided by m0. That means that
even when � is much larger than m0, the correction will still be quite small, so m0 and me
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will be of the same order and we will not need a lot of �ne-tuning to get the electron mass
that has been measured [12].

We have now seen that the small Higgs boson mass is not \natural", while thesmall
masses of the Standard Model fermions are. One might wonder what causes this di�erence,
and the answer was given by 't Hooft, who said that at any energy scale� , a physical
parameter X (or set of parametersX i ) is only allowed to be small if replacing X (or X i )
by zero would increase the symmetry of the system [12]. The reasoning behind this is
that if replacing X by zero increases the symmetry,X is apparently a symmetry-breaking
parameter, and this symmetry protects X against large quantum corrections [12]. For
charged leptons, this works: if we take the masses of the electron, the muon and the tau to
be zero, a chiral symmetry appears [12]. However, if we take the Higgs mass to be zero, no
symmetry appears, so the small mass of the Higgs boson is not natural.

3.2 Gauge uni�cation

In physics, we always try to make our theories as simple as possible (thefewer parame-
ters, the better) while still remaining correct. For this reason, it would be nice if at high
energies we could describe all interactions (electromagnetic, weak, strong and maybe even
gravitational, though we will ignore that last possibility for now a s we do not have a quan-
tum �eld description of gravity yet) by one theory with one coupling constant. In t his
case, the new theory would have to be invariant under a symmetry groupG which contains
SU(3) � SU(2) � U(1) (G could for example beSU(5) or SO(10) [1]). This would mean
that at high energies all gauge transformations would have the same gauge coupling, and at
a certain energy scale,G would break down to the Standard Model symmetry group, with
the gauge couplings we know.

Of course, this would only work if at the energy whereG breaks down the gauge cou-
plings of SU(3)C , SU(2)L and U(1)Y would have the same values, as there cannot be a
discontinuity in the value of the gauge coupling. Unfortunately, if we consider just the Stan-
dard Model, we can see in Fig. 3.2 that there is no point at which the gauge couplings all
have the same value, so there is no starting point for a uni�ed theory.

However, if we add new particles to the theory, there would be additional loop diagrams,
which would change the Renormalization Group Equations. This means that the running
of the coupling constants (the way they depend on the energy scale) would change, and it
is possible that they would change in such a way that there would be a point atwhich they
all have the same value.

3.3 Dark matter

A third problem with the Standard Model is the existence of so-called dark matter. If
we consider galaxies far away from Earth, we can calculate their mass using two di�erent
methods. The �rst way is to measure the amount of radiation coming from the galaxy and
then using the known mass-to-light-ratio to calculate the mass of the galaxy. To be able to
do this, we have to assume that the mass-to-light ratio in other galaxies is similar to the
mass-to-light ratio close to the Sun, which seems to be a reasonable assumption [13]. The
second way to calculate the mass of a galaxy is to consider the rotation velocity of stars in
the galaxy as a function of their distance to the centre of the galaxy. From this rotation
velocity, we can calculate the total mass of the galaxy, and we can also determine the mass
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Figure 3.2: The one-loop running of the electromagnetic, weak and stronggauge couplings
with energy in the Standard Model. The thickness of the linesrepresents the error in the
coupling constants.

distribution in the galaxy, as only the mass inside the orbit of the star a� ects its rotation
velocity.

The results of these two calculations di�er greatly [13]. Most of the radiation coming
from a galaxy originates around its centre, yet according to the second method the dark
outer parts of the galaxy also contain a lot of mass. Also, the total mass of the galaxy
according to the second method is much larger than according to the �rst method [13].
The best explanation for this is that the mass-to-light ratio in other galaxies di�ers greatly
from the mass-to-light ratio close to the Sun, which means that those galaxies must con-
tain a lot of \stu�" that is not part of the Standard Model. This stu� is what we call
dark matter. As this dark matter is clearly concentrated around the edges of galaxies, it
is very likely that our own galaxy also contains dark matter, just not (much) close to the Sun.

Of course, the next question is what dark matter is made of. There are many possibil-
ities, but nowadays most physicists assume that dark matter consists of WIMPs: Weakly
Interacting Massive Particles [14]. These particles should be stable or decayvery slowly, as
otherwise they would have disappeared sometime during the lifetime of our universe.There
are many theories that contain possible WIMPs, and as we will see later on supersymmetry
is one of them.
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4 Supersymmetry

If we want to solve the three problems discussed in chapter 3, we need a theory which ex-
plains why the Higgs mass is so small, which contains a stable neutral particle that can be
the dark matter in our universe and which changes the running of the gauge couplings in
such a way that there is an energy at which they all have the same value. Supersymmetry
is a theory that does all this and more.

From section 3.1 it is clear that one of the big problems of the Standard Model is that the
Higgs mass is not protected by any symmetry, which means that the quantum corrections
to this mass are very large. As we can see from equations 3.2 and 3.3, this problem might
be solved if for each fermion there was a scalar with similar properties(as the fermion and
boson one-loop corrections have opposite signs but apart from that are very similar). For
that reason, it makes sense to try to extend the Standard Model by adding a symmetry
between bosons and fermions, with a symmetry operatorQ (also called the supercharge)
which gives

Qjbosoni = jfermioni ; Qjfermioni = jbosoni : (4.1)

Because of spin conservation,Q should be a fermionic operator, which means that it must be
an anticommuting spinor, so we will write it as Qa with a = 1 ; 2; 3; 4 the spinor component.
It can be shown that the fact that Q is fermionic means that the symmetry it generates
has to be a spacetime symmetry [9], and thatQy

a , the hermitian conjugate of Qa , is also a
generator of this symmetry.

In fact, there could be several independent sets of symmetry operators (QaA , Qy
aA ) (with

A running from 1 to N ) which all change bosons into fermions and vice versa. However, for
N > 1 (called extended supersymmetry), the gauge interactions of the fermions have tobe
invariant under parity transformations (which change left-handed particles into right-handed
particles) [12]. As we know from experiments that only left-handed particles feel the weak
interaction, this interaction is de�nitely not symmetric under parity [1]. This m eans that
only N = 1 supersymmetry is compatible with experimental results, so we will onlydiscuss
supersymmetry with one set of symmetry operators (Qa , Qy

a).

4.1 The supersymmetric algebra

We will now consider the supersymmetric algebra. The algebra of a symmetry group is the
set of commutation relations among all symmetry generators. Because supersymmetry is a
spacetime symmetry, the set of generators also includes the Poincar�e generatorsP� (which is
the four-momentum generator of spacetime translations) andM �� (the generator of Lorentz
transformations) [12]. As Qa and Qy

a are anticommuting spinors, the supersymmetric alge-
bra will actually consist of both commutation relations (between two bosonic generators or
a bosonic and a fermionic generator) and anticommutation relations (betweentwo fermionic
generators) [12]. Of course, this means that the Jacobi identities will also contain anticom-
mutators. We already know the commutation relations between the Poincar�e generators
[12]:

[P� ; P� ] = 0 ; (4.2)

[M �� ; P� ] = i (� �� P� � � �� P� ); (4.3)

[M �� ; M �� ] = � i (� �� M �� � � �� M �� � � �� M �� + � �� M �� ) (4.4)
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with � �� the spacetime metric (de�ned in appendix A).

The �rst relation we are interested in is the commutator of Qa and P� . As Qa is fermionic
and P� is bosonic, their commutator must be fermionic because of spin conservation, which
means that it has to be proportional to Qb (the only fermionic operator in the theory). It
can be shown [12] that the commutator has to be of the form

[Qa ; P� ] = ( x
 � + y
 � 
 5)abQb (4.5)

with x real and y imaginary. However, using the Jacobi identity for P� , P� and Qa , which
is [12]

[P� ; [P� ; Qa ]] + [ P� ; [Qa ; P� ]] + [ Qa ; [P� ; P� ]] = 0 (4.6)

it is easy to show that x2 = y2, and as x is real and y is imaginary, this means that they
must both be zero, so we have

[Qa ; P� ] = [ Qy
a ; P� ] = 0 : (4.7)

This means that also

[Qa ; P2] = P � [Qa ; P� ] = 0 (4.8)

and

[Qy
a ; P2] = 0 : (4.9)

Relations 4.8 and 4.9 have a very important consequence. As we know, for some single
particle state j
 i we have P2j
 i = m2j
 i with m the mass of the particle, soP2 is
the squared-mass operator [2]. As the squared-mass operator commutes with thesuper-
symmetry operator, particles that are transformed into one another by the supersymmetry
operators must have the same mass. Later on we will see the consequences of this statement.

Of course the commutator of Qa (fermionic) and M �� (bosonic) will also have to be
fermionic, so it will also have to be proportional to Qb. In fact the only option is [12]

[M �� ; Qa ] = � (� �� )abQb (4.10)

with � �� = i
4 [
 � ; 
 � ], which means that Qa transforms as a spinor under Lorentz transfor-

mations.

We know that f Qa ; Qbg must be bosonic (because of spin conservation) and symmetric
under the interchange of a and b (because of the de�nition of the anticommutator). The
only bosonic generators of spacetime symmetry areP� and M �� and the only matrices that
are even under transposition are
 � C and � �� C (with C = i
 2
 0 the charge conjugation
matrix) [12], so

f Qa ; Qbg = r (
 � C)abP� + s(� �� C)abM �� (4.11)

with r and s unknown coe�cients. The Jacobi identity for Qa , Qb and P� states [12]

f Qa ; [Qb; P� ]g + f Qb; [P� ; Qa ]g + [ P� ; f Qa ; Qbg] = 0 (4.12)

so using equations 4.7 and 4.11 we get
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[P� ; r (
 � C)abP� + s(� �� C)abM �� ] = 0 (4.13)

and if we use equations 4.2 and 4.3 we can see that this is true ifs is zero. Also, r can be
scaled to any value by rede�ning Qa . We will take r = � 2 so

f Qa ; Qbg = � 2(
 � C)abP� : (4.14)

A similar reasoning can be followed forf Qa ; Qy
bg and f Qy

a ; Qy
bg, which means that those

anticommutators are also proportional to P� .

We now know all (anti)commutation relations between P� , M �� , Qa and Qy
a and as they

only involve those quantities themselves, the SUSY algebra is closed.

4.2 Superspace

Following the argument of Aitchison [15] we will now have another look atequation 4.14. It
states that the anticommutator of two supercharges is proportional to P� , which is equal to
i@� with @� the space-time derivative [4]. Applying the anticommutator of two supercharges
means applying two supersymmetry transformations, and apparently this is about equal to
applying one space-time derivative. This means that we could consider the superchargeQa

to be the square root of the space-time derivative, or as the square root of the translation
operator P� .

When we introduced the square root of -1, the real axis was expanded to the complex
plane. Introducing the square root of the space-time derivative can be seen as something
similar: if this square root exists, we need to add new coordinates (just likewe added the
imaginary axis when we introduced the square root of -1) and as these new coordinates are
related to the fermionic superchargesQa and Qy

a , we expect them to be fermionic as well.
Of course this is a handwaving argument but it does make clear where the idea of expanding
normal space-time to superspace comes from.

It is important to note that this has nothing to do with adding extra spacetime di men-
sions as is for example done in string theory. The fermionic dimensions will beintegrated
out during calculations (which is again similar to the way complex numbers areused, as we
only predict and measure the absolute values of variables) and no particles could movein
those extra dimensions.

Superspace is the space consisting of elementsz = ( x; �; � y) where x are the normal
(four-dimensional) space-time coordinates and� and � y are conjugate Weyl spinor doublets
� � and � y

_� (for more information on Weyl spinors, Dirac spinors and dotted and undotted
indices, see appendix B) which span the fermionic subspace of superspace. As� and � y

are fermionic, their components must be anticommuting Grassmann variables,which means
that � � � � = � � � � � and � � � � = 0.

This means that we get

�� = � � � � = " �� � � � � = � 2� 1 � � 1� 2 = � 2� 1� 2 (4.15)

with " �� as de�ned in appendix B, and similarly � y� y = 2 � y _1� y _2. It is also easy to show that
if � and � y are two-component spinors consisting of Grassmann variables, any term with ���
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or � y� y� y will be zero.

We postulate that a general global supersymmetry transformation in superspace will
change the supercoordinate variables as follows [12]

(x � ; � � ; � y
_� ) ! (x � � i�� � " y + i"� � � y; � � + " � ; � y

_� + " y
_� ) (4.16)

with " and " y in�nitesimal anticommuting spinor parameters and � � as de�ned in appendix
A. In other words, the supercoordinates transform as

�x � = � i�� � " y + i"� � � y; (4.17)

�� � = " � ; (4.18)

�� y
_� = " y

_� : (4.19)

In this thesis, we will in general use� to denote the change of something under a supersym-
metry transformation, so X ! X + �X under a supersymmetry transformation, whereX
can for example be a �eld or a coordinate.

Of course we can also de�ne di�erentiation and integration with respect to the spinorial
coordinates, just as has been done for the normal space-time coordinates. We de�ne dif-
ferentiations @� = @

@�� , @� = @
@��

, @y
_� = @

@�y _� and @y _� = @
@�y_�

. By de�nition we then have

@� � � = � �
� et cetera, and @� � � = � " �� with " as given in appendix B. When considering

integration we have to remember that � and � y are both spinors with two components, so
the integration measures in the fermionic subspace ared2� = � 1

4 d� � d� � , d2� y = � 1
4 d� y

_� d� y _�

and d4� = d2�d 2� y. The integration rules are

Z
d2� =

Z
d2� y =

Z
d2� � � =

Z
d2� y� y

_� = 0 ; (4.20)
Z

d2� �� =
Z

d2� y � y� y =
Z

d4� ��� y� y =
Z

d2� � (2) (� ) =
Z

d2� y� (2) (� y) = 1 ; (4.21)

with � (2) (� ) the two-dimensional delta function.

Now that we have de�ned the derivatives with respect to the spinorial coordinates, we
can express the supersymmetry generatorsQ and Qy in terms of those derivatives. From
now on we will write Q and Qy as Weyl spinor doubletsQ� and Qy _� with

Qa =

 
Q�

Qy _�

!

; Qy
a =

�
Q� Qy

_�

�
: (4.22)

If supersymmetry is linearly realized (which is usually assumed) we know that an in�nites-
imal supersymmetry transformation of any function of the supercoordinatesf has to be
expressible as a linear combination of the supersymmetry generatorsQ� and Qy _� [12], so

�f (x; �; � y) = i ("Q + " yQy)f (x; �; � y): (4.23)

We know

32



�f (x; �; � y) = �x � @� f + �� � @� f + �� y
_� @y _� f (4.24)

= ( � i�� � " y + i"� � � y)@� f + " � @� f + " y
_� @y _� f

and if we now compare the terms proportional to" and " y on the right-hand sides of equa-
tions 4.23 and 4.24 we get the following expressions for the supersymmetry generators as
di�erential operators:

Q� = � i@� + � �
� _�

� y _� @� ; (4.25)

Qy _� = � i@y _� � � � � �
� _�

"
_� _� @� : (4.26)

4.3 Super�elds

We have expanded our normal, four-dimensional space to a superspace with coordinates
(x � ; � � ; � y

_� ). In four dimensions, particles were described by �elds that were functions ofx � ,
so in superspace we expect the super�elds to be functions of (x � ; � � ; � y

_� ). This might seem
problematic, but we can expand those super�elds in� and � y since we know that� 3 = 0 and
(� y)3 = 0, so the general expression for a Lorentz-invariant super�eld (with spinor indices
suppressed) is [12]

F (x; �; � y) = f (x) +
p

2�� (x) +
p

2� y� y(x) + ��M (x) + � y� yN (x) + �� � � yA � (x)

+ ��� y� y(x) + � y� y�� (x) +
1
2

��� y� yD(x) (4.27)

with the numerical factors put in for convenience.

The super�eld F contains nine component �elds that only depend onx, and we expect
those component �elds to describe particles. There are four component �elds (f , M , N
and D) with no vector or spinor indices so these must be complex scalars (so each of them
contains two bosonic degrees of freedom). There is one complex vector �eldA � (another
eight bosonic degrees of freedom) and if we put in the spinor indices, it is clear that there
must be two left handed-Weyl spinor �elds � � and � � and two right-handed Weyl spinor
�elds � y _� and � y _� . Each of those spinor �elds contains four fermionic degrees of freedom so
F contains sixteen fermionic and sixteen bosonic degrees of freedom.

So far the degrees of freedom in equation 4.27 are o�-shell, which means that we havenot
requested that they satisfy the classical equations of motion, sop2 = m2 does not necessarily
hold for these particles. If we go on-shell, we will see that some of the component �elds can
be eliminated, because we can write them in terms of other component �elds. Component
�elds that are eliminated when we go on-shell are called auxiliary �elds.

Now that we know how to write a super�eld and the e�ect of a supersymmetry trans-
formation on such a �eld, we can calculate how the component �elds transform under a
supersymmetry transformation. We know from equations 4.23, 4.25 and 4.26 that
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�F = i ("Q + " yQy)F

= ( " � @� + i"� � � y@� + " y
_� @y _� � i�� � " y@� ) �

� (f +
p

2�� +
p

2� y� y + ��M + � y� yN + �� � � yA � + ��� y� y + � y� y� +
1
2

��� y� yD)

=
p

2"� + 2 "�M � � y �� � "A � + �� � � y "� � � y + � y� y "� + "� � y� yD � i� y �� � "@� f

+
p

2i @� �� �� " �� � � y �
i

p
2

@� �" �� � � y �
i

p
2

� y� y "� � @� � y � i� y �� � " �� @ � M

+
i
2

"� � y� y@� A � + � y� y"� �� � @� A � �
i
2

��� y� y "� � @� � y +
p

2" y� y + 2" y� yN

+ �� � " yA � + ��" y� y + �� � � y �� � " y + ��" y� yD � i�� � " y@� f +
1

p
2

�� @� �� � " y

�
p

2i@� � y �� �� " y �� � � y +
i

p
2

@� � y" y�� � � y � i� y� y�� � " y@� N �
i
2

" y� y��@� A �

+ �� � y �� �� " y@� A � +
i
2

� y� y�� @� �� � " y (4.28)

with � �� and �� �� as de�ned in appendix B and using identities C.5, C.6, C.8, C.9, C.10 and
C.15.

If we compare this with

�F = �f +
p

2��� +
p

2� y�� y + ���M + � y� y�N + �� � � y�A � + ��� y�� y + � y� y���

+
1
2

��� y� y�D (4.29)

and equate equal powers of� and � y we get the following supersymmetry transformations
for the component �elds of the general super�eld

�f =
p

2"� +
p

2" y� y; (4.30a)

�� � =
p

2" � M +
1

p
2

(� � " y) � (A � � i@� f ); (4.30b)

�� y _� =
p

2" y _� N �
1

p
2

(� y" ) _� (A � + i@� f ); (4.30c)

�M = " y� y +
i

p
2

@� �� � " y; (4.30d)

�N = "� �
i

p
2

"� � @� � y; (4.30e)

�A � = "� � � y + �� � " y �
i

p
2

"@� � +
i

p
2

@� � y" y

+ i
p

2"� �� @� � � i
p

2" y �� �� @� � y; (4.30f)

�� y _� = " y _� D �
i
2

" y _� @� A � � i (�� � " ) _� @� M + (�� �� " y) _� @� A � ; (4.30g)

�� � = " � D +
i
2

" � @� A � � i (� � " y) � @� N � (� �� " ) � @� A � ; (4.30h)

�D = i@� (�� � " y + � y �� � " ): (4.30i)
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An interesting point to note is that linear combinations of super�elds will als o be super�elds
(as Q� and Qy _� are linear di�erential operators), and the same is true for products of su-
per�elds [12].

The general super�eld in equation 4.27 is not an irreducible representation of super-
symmetry, which means that there are subsets of component �elds in the general super�eld
that only transform into eachother under supersymmetry transformations. Two possible
irreducible representations are the chiral super�eld � for which Dy� = 0 (the covariant
derivative D will be de�ned in subsection 4.3.1) and the vector super�eld V for which
V = V y. It can be shown that for N = 1 supersymmetry, all supersymmetric renormaliz-
able Lagrangians can be expressed in terms of chiral and vector super�elds, so we donot
need to consider other possible constraints [10].

4.3.1 Chiral super�elds

To determine the �eld content of a chiral super�eld, we �rst need to de�ne the chiral covari-
ant derivative Dy

_� used in the de�nition of the chiral super�eld. We have already de�ned the
normal spinorial derivatives @� and @y

_� in subsection 4.2. However, using equation 4.25 and
the fact that f @� ; @� g = 0 it is clear that @� does not commute with the supersymmetry
generatorsQ� and Qy _� .

We need to �nd a derivative that does commute with the supersymmetry generators, as
otherwise the derivative of a �eld will not transform in the same way under supersymmetry
as the �eld itself. This derivative is called the covariant derivative and is de�ned as [12]

D� = @� � i� �
� _�

� y _� @� ; (4.31)

and it is easy to show that fD � ; Q� g = 0.

Of course there is also a contravariant version

D � = " �� D� = � @� + i� y
_�
�� � _�� @� (4.32)

and covariant derivatives with respect to � y:

Dy _� = @y _� � i �� � _�� � � @� (4.33)

Dy
_� = � @y

_� + i� � � �
� _� @� : (4.34)

Now that we have de�ned the covariant derivatives, we can also de�ne two types of chiral
super�elds: a super�eld � obeying Dy

_� � = 0 is called a left chiral super�eld (or sometimes
a chiral super�eld) and a super�eld � y obeying D� � y = 0 is called a right chiral super�eld
(or sometimes an anti-chiral super�eld). As is implied by the notation, if we take the Her-
mitian conjugate of a left-chiral super�eld we get a right-chiral super�eld and v ice versa [12].

Of course we would like to expand � and � y in component �elds, just as we did for the
general super�eld F in equation 4.27. The easiest way to do this is to temporarily change
to a new system of coordinates called left and right chiral superspace coordinates:we shift
x � to y� = x � � i�� � � y (left chiral superspace coordinates) or toyy� = x � + i�� � � y (right
chiral superspace coordinates). In both cases� and � y remain the same.
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The advantage of those new coordinates is that

Dy
_� � = 0 (4.35)

and

Dy
_� y� = ( � @y

_� + i� � � �
� _� @� )(x � � i� 
 � �


 _
 � y _
 ) (4.36)

= i@y
_� � 
 � �


 _
 � y _
 + i� � � �
� _� @� x �

= � i� 
 � �

 _
 � _


_� + i� � � �
� _�

= 0 ;

using f @y
_� ; � � g = 0 (because� � and � y _� anticommute). In the same way we can show that

D� � y = D� yy� = 0 : (4.37)

This means that for any functions f (y; � ) and g(yy; � y) we get

Dy
_� f (y; � ) = 0 ; D� g(yy; � y) = 0 : (4.38)

Clearly, any super�eld that is a function of just y and � is a left chiral super�eld, and any
super�eld that is a function of just yy and � y is a right chiral super�eld. Again we can
expand those super�elds in terms of� or � y and using that we want � y to be the Hermitian
conjugate of � the result is

�( y; � ) = � (y) +
p

2�� (y) + ��F (y); (4.39)

� y(yy; � y) = � � (yy) +
p

2� y� y(yy) + � y� yF � (yy): (4.40)

Now the �nal thing that needs to be done is changing back to regular coordinates, as we
want the component �elds in our super�eld to be functions of x � . We can use a Taylor
expansion to do this, as the Taylor expansion of a function of y is given by

 (y) =  (x) � i@�  (x)�� � � y �
1
2

@� @�  (x)�� � � y�� � � y (4.41)

which is exact (not an approximation), as � 3 = 0.

So the left chiral super�eld is given by

�( y; � ) = � (x) � i�� � � y@� � (x) �
1
2

@� @� � (x) �� � � y �� � � y

+
p

2�� (x) � i
p

2@� � (x)� �� � � y + ��F (x) (4.42)

and using the identities C.6, C.8 and C.11 we get

�( y; � ) = � (x) � i�� � � y@� � (x) �
1
4

��� y� y@� @� � (x)

+
p

2�� (x) +
i

p
2

�� @� � (x)� � � y + ��F (x): (4.43)
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In a similar way we get for a right chiral super�eld

� y(yy; � y) = � � (x) + i�� � � y@� � � (x) �
1
4

��� y� y@� @� � � (x)

+
p

2� y� y(x) �
i

p
2

� y� y�� � @� � y(x) + � y� yF � (x): (4.44)

As we can see, chiral super�elds contain only three component �elds: the complex scalars
� (x) and F (x) and the two-component complex spinor� � (x). This means that we have four
bosonic degrees of freedom and four fermionic degrees of freedom. Again, this is just an
o�-shell description and we will see later on that F disappears when we use the equations
of motion (which only hold on-shell).

Of course, the supersymmetry transformation rules for a chiral super�eld are di�erent
from those for a general super�eld, as there are less component �elds. We can calculatethem
in the same way as we did for the general super�eld, so simply using� � = i ("Q + " yQy)�,
and for a left chiral super�eld � the result is

�� =
p

2"�; (4.45a)

�� � =
p

2" � F �
p

2i (� � " y) � @� �; (4.45b)

�F =
p

2i@� (�� � " y): (4.45c)

Similarly, for a right chiral super�eld � y the result is

�� � =
p

2" y� y; (4.46a)

�� y _� =
p

2" y _� F � �
p

2i (�� � " ) _� @� � � ; (4.46b)

�F � =
p

2i@� (� y �� � " ): (4.46c)

Using this, we can show that the supersymmetric algebra is indeed closed, as we have
already shown in a di�erent way in section 4.1. We do this by showing that the commutator
of two supersymmetry transformations working on a component �eld is anothersymmetry
transformation working on that component �eld. For example, it is easy to show that

[� " 1 ; � " 2 ]� = 2 i ("1� � " y
2 � "2� � " y

1)@� �

= 2( "1� � " y
2 � "2� � " y

1)P� � (4.47)

and we know that P� is also a symmetry generator. If we do this for� and F , the result is
similar: in all cases, the commutator of two supersymmetry transformations on a component
�eld is proportional to P� on the component �eld, which we already expected from equation
4.14

It is also possible to show that products of chiral super�elds are super�elds as well, for
example

� i � j = � i � j +
p

2� (� i � j + � i � j ) + �� (� i Fj + � j Fi � � i � j ) (4.48)

and
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� i � j � k = � i � j � k +
p

2� (� i � j � k + � j � i � k + � k � j � i )

+ �� (Fi � j � k + Fj � i � k + Fk � j � i � � i � j � k � � j � k � i � � k � i � j ) (4.49)

and similarly for higher orders.

However, the product of a chiral super�eld with its Hermitian conjugate is not a chi-
ral super�eld (though it is a general super�eld, as all products of super�elds are general
super�elds [12]), as it involves terms proportional to both � and � y:

� y
i � j = � �

i � j +
p

2�� j � �
i +

p
2� y� y

i � j + ��� �
i Fj + � y� yF �

i � j + 2 � y� y
i �� j

+
p

2��� y
_� (i �� � _�� � j� [@� ]� �

i + � y _�
i Fj ) � 2i�� � � y� �

i [@� ]� j

+
p

2� y� y� � (i� �
� _�

� y _�
i [@� ]� j + � j� F �

i )

+ ��� y� y(F �
i Fj +

1
2

@� � �
i [@� ]� j �

1
2

� �
i [@� ]@� � j + i� j � � [@� ]� y

i ) (4.50)

with X [@� ]Y � 1
2 X@� Y � 1

2 (@� X )Y for two �elds X and Y .

4.3.2 Vector super�elds

A vector super�eld V is characterized by the reality condition V = V y. If we apply this
constraint to the general super�eld in equation 4.27 we can conclude (using identity C.4)
that we must have f = f � , � = � , M = N � , A � = A �

� , � = � and D = D � , so the general
expression for a vector super�eld is

V (x; �; � y) = f (x) +
p

2�� (x) +
p

2� y� y(x) + ��M (x) + � y� yM � (x) + �� � � yA � (x)

+ ��� y� y(x) + � y� y�� (x) +
1
2

��� y� yD(x) (4.51)

with f and D real scalar �elds, M a complex scalar �eld, � and � complex two-component
spinor �elds and A � a real vector �eld.

It is easy to see that � + � y (with � a left chiral super�eld and � y the Hermitian
conjugate of �) is also a vector super�eld, as (� + � y)y = (� + � y). In component notation,
this vector super�eld is equal to

� + � y = � + � � +
p

2�� +
p

2� y� y + ��F + � y� yF � � i�� � � y@� � + i�� � � y@� � �

+
i

p
2

�� @� �� � � y �
i

p
2

� y� y �� � @� � y �
1
4

��� y� y@� @� � �
1
4

��� y� y@� @� � �

= 2Re[� ] +
p

2�� +
p

2� y� y + ��F + � y� yF � + 2 �� � � y@� Im [� ]

�
i

p
2

�� � y �� � @� � �
i

p
2

� y� y �� � @� � y �
1
2

��� y� y@� @� Re[� ]: (4.52)

We can now de�ne the supergauge transformation, which will enable us to simplify the
vector super�eld in equation 4.51 even more. This supergauge transformation is given by
[12]
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V ! V 0 = V + � + � y (4.53)

and as a sum of two vector super�elds is also a vector super�eld,V 0 will be a vector super�eld.

As equations 4.51 and 4.52 are not very similar, this transformation seems to make
everything more complicated instead of less. However, we can rede�ne the vector super�eld
in equation 4.51 by substituting � � ip

2
� � @� � y for � , � y � ip

2
�� � @� � for � y and D � 1

2 @� @� f
for D . The result is

V = f +
p

2�� +
p

2� y� y + ��M + � y� yM � + �� � � yA � + ��� y
�

� y �
i

p
2

� y� @� �
�

+ � y� y�
�

� �
i

p
2

� � @� � y
�

+
1
2

��� y� y
�

D �
1
2

@� @� f
�

: (4.54)

The result of the supergauge transformation 4.53 on equation 4.54 is now

V 0 = V + � + � y

= ( f + 2Re[� ]) +
p

2� (� + � ) +
p

2� y �
� y + � y�

+ �� (M + F ) + � y� y (M � + F � )

+ �� � � y (A � + 2@� Im [� ]) + ��� y
�

� y �
i

p
2

�� � @� � �
i

p
2

�� � @� �
�

+ � y� y�
�

� �
i

p
2

� � @� � y �
i

p
2

� � @� � y
�

+
1
2

��� y� y
�

D �
1
2

@� @� f � @� @� Re[� ]
�

: (4.55)

This means that the supergauge transformationV ! V +�+� y is equivalent to the following
transformations of the component �elds of V :

f ! f + 2Re[� ]; (4.56)

� ! � + �; (4.57)

M ! M + F; (4.58)

A � ! A � + 2@� Im [� ]; (4.59)

� ! �; (4.60)

D ! D: (4.61)

It is clear that both � and D are left invariant under the supergauge transformation. We
can also see thatA � transforms like an Abelian gauge �eld, as

@� A � � @� A � ! @� (A � + 2@� Im [� (x)]) � @� (A � + 2@� Im [� (x)])

= @� A � � @� A � + 2@� @� Im [� (x)] � 2@� @� Im [� (x)])

= @� A � � @� A � (4.62)

so F�� is left invariant under the supergauge transformation (soA � is a supergauge �eld).
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We will see later on that the supersymmetry Lagrangian only contains theD-terms of
vector super�elds, and as theD-term is invariant under the supergauge transformation, we
have the freedom to pick a particular supergauge. We will choose the Wess-Zumino gauge
[12], where 2Re[� ] = � f , � = � � and M = � F so f , � and M all vanish. This means that
we only have three component �elds left (D , � and A � ) and the vector super�eld in the
Wess-Zumino gauge can be written as

VW Z (x; �; � y) = �� � � yA � (x) + ��� y� y(x) + � y� y�� (x) +
1
2

��� y� yD(x): (4.63)

In this equation we have eight degrees of freedom (just like we had for the chiral�elds): we
have one two-component complex spinor� so four fermionic degrees of freedom, one real
scalar D (one bosonic degree of freedom) and one real four-vectorA � , however there is a
gauge restriction on A � [12] (for example@� A � = 0) so A � contains three bosonic degrees
of freedom.

Of course, the Wess-Zumino gauge condition will be violated after every supersymmetry
transformation, as f = � = M = 0 cannot be maintained under a supersymmetry transfor-
mation. However, we can simply restore the Wess-Zumino gauge after every supersymmetry
transformation by putting f = � = M = 0 once again. We can now determine the supersym-
metry transformation rules for the components of the vector super�eld in the Wess-Zumino
gauge. To do this, we have to remember that we substituted� � ip

2
� � @� � y for � in equation

4.54 and did something similar for� y and D. This means that the transformation rule of �
is given by

�� �;new = �� �;old +
i

p
2

� � @� (�� y) (4.64)

with � �;new the � � in equation 4.54, � �;old the � � in equation 4.51 and �� �;old and �� y _�

given by equation 4.30. Similar relations exist for � y and D, and this means that the
transformation rules for the component �elds of the vector super�eld in the Wess-Zumino
gauge are

�A � = "� � � y + �� � " y; (4.65a)

�� � = " � D +
i
2

" � @� A � � (� �� " ) � @� A � �
i
2

(� � �� � " ) � @� A � ; (4.65b)

�� y _� = " y _� D �
i
2

" y _� @� A � + (�� �� " y) _� @� A � +
i
2

(�� � � � " y) _� @� A � ; (4.65c)

�D = i@� (�� � " y + � y �� � " ): (4.65d)

Just like we did for the components of the chiral super�eld (see equation 4.47)we can
compute the commutator of two supersymmetry transformation working on a component
�eld. If we take for example the vector component A � , the result is

[� " 1 ; � " 2 ]A � = i ("2� � " y
1 � "1� � " y

2)(@� A � � @� A � )

= � ("2� � " y
1 � "1� � " y

2)P� A � + @� � (4.66)

with � = i ("2� � " y
1 � "1� � " y

2)A � . If we compare the second term with equation 2.14, it is clear
that this commutator is equal to a combination of a translation and a gauge transformation
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on A � . As these are both symmetries of the theory, the algebra is once again closed.

An interesting property of the Wess-Zumino gauge is that it makes it really easy to
calculate the exponential ofV :

eVW Z =
1X

n =1

V n
W Z

n!

= 1 + VW Z +
1
2

V 2
W Z

= 1 + �� � � yA � + ��� y� y + � y� y�� +
1
2

��� y� y
�

D +
1
2

A � A �

�
(4.67)

using that V n
W Z = 0 for n � 3 (because anything containing three or more powers of�

and/or three or more powers of � y is automatically zero), and using identity C.11.

Finally, we calculate some additional super�eld products involving VW Z , as those will
be useful later on:

� y
i VW Z � j = �� � � yA � � �

i � j + ��� y
_�

�
1

p
2

(�� � � j ) _� � �
i A � + � y _� � �

i � j

�

+ � y� y� �
�

�
1

p
2

(� � � y
i ) � A � � j + � � � �

i � j

�
(4.68)

+
1
2

��� y� y
�

D� �
i � j �

p
2� �

i �� j �
p

2� j � y
i � y � � y

i �� � � j A � � 2iA � � �
i [@� ]� j

�

and

� y
i VW Z V 0

W Z � j =
1
2

��� y� yA � A0
� � �

i � j : (4.69)

4.4 Supermultiplets

So far we have done a lot of mathematics: we have assumed that there is a new symmetry
that transforms bosons into fermions, from that assumption we have �guredout the super-
symmetry algebra in section 4.1, from the supersymmetry algebra we argued that we should
expand our normal space to superspace in section 4.2 and then we �gured out how �elds in
this superspace should behave in section 4.3. However, now we would like to get back to
the physics: what are the e�ects on the Standard Model and which new particles should we
expect if supersymmetry exists?

In section 4.3 we have already determined how a supersymmetry transformationa�ects
the component �elds of a general super�eld. We saw that under a supersymmetry transfor-
mation, bosonic component �elds always transformed into fermionic component �elds and
vice versa. In section 2.1 we have seen that the �elds that transform into eachother must
be in the same multiplet, which for supersymmetry is called a supermultiplet [9].

As has been shown in section 4.1, the squared-mass operatorP2 commutes with the su-
persymmetry generators, so all particles in a certain supermultiplet must haveequal mass.
The generators of gauge transformations also commute with the supersymmetry generators,
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which means that all particles in a supermultiplet must also have equal gauge quantum
numbers, so for example equal electric charge and colour [12].

We have already seen that the number of bosonic and fermionic degrees of freedom in
general, chiral and vector super�elds (supermultiplets) is equal. We can prove that this
is always true using the operator (� 1)2S with S the spin angular momentum (which has
eigenvaluesn for bosons andn+ 1

2 for fermions, with n an integer). Clearly, (� 1)2S jbosoni =
+1 jbosoni and (� 1)2S jfermioni = � 1jfermioni . As the supersymmetry generators turn
bosonic states into fermionic states, we know that (� 1)2S must anticommute with Q and
Qy. Now we will consider the subspace of statesji i within a given supermultiplet with
the same eigenvaluep� of the four-momentum operator P � . We can take the trace of the
operator (� 1)2SP � over all states ji i , using P � / f Q; Qyg the result is

X

i

hi j(� 1)2SP � ji i /
X

i

hi j(� 1)2SQQyji i +
X

i

hi j(� 1)2SQyQji i

/
X

i

hi j(� 1)2SQQyji i +
X

i

X

j

hi j(� 1)2SQy jj ihj jQji i

/
X

i

hi j(� 1)2SQQyji i +
X

j

hj jQ(� 1)2SQyjj i

/
X

i

hi j(� 1)2SQQyji i �
X

i

hi j(� 1)2SQQyji i

= 0 : (4.70)

However, we also know that

X

i

hi j(� 1)2SP � ji i = p�
X

i

hi j(� 1)2S ji i ; (4.71)

so either p� is zero or
P

i hi j(� 1)2S ji i = 0. We know that if ji i is bosonic,hi j(� 1)2S ji i = 1
and if ji i is fermionic, hi j(� 1)2S ji i = � 1, so

X

i

hi j(� 1)2S ji i = nB � nF (4.72)

with nB the number of bosonic degrees of freedom andnF the number of fermionic degrees
of freedom in the supermultiplet. This means that for p� 6= 0 the number of bosonic and
fermionic degrees of freedom in a supermultiplet must be equal, in both the on-shell andthe
o�-shell case.

Because we have two types of super�elds, we also have two types of supermultiplets: the
chiral supermultiplet (containing two scalar particles � and F and one fermion � ) and the
vector supermultiplet (containing a vector particle A � , a scalar particleD and a fermion � ).
This is an o�-shell description, and we will see in the next chapter that in fact we canremove
the so-called auxiliary �elds F and D if we go on-shell. Once these have been removed, each
supermultiplet contains one boson and one fermion with the same mass and gauge quantum
numbers, called eachother's superpartners.
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5 Supersymmetric Lagrangians

To describe a supersymmetric model, we need to write down an actionS that is invariant
under supersymmetric transformations. As we know that [1]

S =
Z

L d4x (5.1)

with L the supersymmetric Lagrangian density, it is clear that under a supersymmetry
transformation, the Lagrangian should change into itself and at most a total spacetime
derivative (as we know

R
d4x @� (:::) = 0 [16]). As we have seen from equations 4.45c, 4.46c

and 4.30i, there are three super�eld components that transform into themselves plus total
spacetime derivatives under a supersymmetric transformation: theD-term of a general su-
per�eld (which is the term proportional to ��� y� y), the F -term of a left chiral super�eld
(which is the term proportional to �� ) and the F -term of a right chiral super�eld (which
is the term proportional to � y� y). This means that if all parts of a Lagrangian are either
D-terms of general super�elds orF -terms of chiral super�elds, the Lagrangian is invariant
under supersymmetry.

Of course, invariance under supersymmetry is not the only requirement for the La-
grangian we are trying to build. It should also be gauge invariant (which will be discussed
in more detail in section 5.2) and renormalizable, just like the Standard Model Lagrangian
we discussed in section 2.2.

5.1 Interacting chiral super�elds

The simplest example of a supersymmetric Lagrangian is one containing only chiral super-
�elds. As we will see later on, this Lagrangian is not gauge invariant, but it is a useful toy
model. The most general renormalizable supersymmetric Lagrangian for chiral super�elds
is

L chiral = [� y
i � i ]D + [ W(� i ) + h:c:]F (5.2)

with h:c: being the hermitian conjugate, [A]D meaning the D-term of A and W the super-
potential:

W(� i ) = hi � i +
1
2

mij � i � j +
1
6

f ijk � i � j � k (5.3)

with both mij and f ijk symmetric in their indices (as equation 4.48 and 4.49 are also sym-
metric under the interchange of indices). Terms containing four or more super�elds arenot
allowed, as they are not renormalizable.

As one might have noticed, we have not speci�ed whether the component �elds of the
� i are functions of x or functions of the left and right chiral coordinates y and yy de�ned
in section 4.3.1. In fact it does not matter for D - and F -terms, as ��X (y) = ��X (x) and
��� y� yY(y) = ��� y� yY(x) for all functions X and Y .

From equation 4.21 it is clear that
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[A]D =
Z

d4�A; (5.4)

[�] F =
Z

d2� � ; (5.5)

�
� y�

F =
Z

d2� y� y (5.6)

This means that we can also write equation 5.2 as

L chiral =
Z

d4� � y
i � i +

Z
d2� W(� i ) +

Z
d2� y W y(� y

i ) (5.7)

so we can write the supersymmetric action as

Schiral =
Z

d8z
�

� y
i � i + W(� i )� 2(� y) + W y(� y

i )� 2(� )
�

: (5.8)

with d8z = d4xd4� . To be able to compare the supersymmetric Lagrangian with the Stan-
dard Model one, it is easier to write the Lagrangian in terms of component �elds instead
of super�elds. When doing this, we can ignore total spacetime derivatives as thosedo not
in
uence the action, which means that

X [@� ]Y =
1
2

X@� Y �
1
2

Y @� X

=
1
2

X@� Y +
1
2

X@� Y �
1
2

@� (XY )

= X@� Y (5.9)

for �elds X and Y . Using equations 4.48, 4.49 and 4.50 results in

L chiral = F �
i Fi + @� � �

i @� � i + i� i � � @� � y
i

+
�
Fi

�
hi + mij � j +

1
2

f ijk � j � k

�
�

1
2

� i � j (mij + f ijk � k ) + h:c:
�

: (5.10)

Up to now, we have been looking at the o�-shell description. However, as was mentioned at
the end of section 4.4, we can eliminate the auxiliary �eldsFi by going on-shell and using
the Euler-Lagrange equations, which state that for every �eld X the following relation holds
[2]:

@�

�
@L

@(@� X )

�
�

@L
@X

= 0 : (5.11)

Taking X = Fi and X = F �
i we get

F �
i = � hi � mij � j �

1
2

f ijk � j � k ; (5.12)

Fi = � h�
i � m�

ij � �
j �

1
2

f �
ijk � �

j � �
k : (5.13)

It is easy to show that we can rewrite these as
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F �
i = �

@W
@� i

�
�
�
� ; (5.14)

Fi = �
@W y

@� y
i

�
�
�
�
�
; (5.15)

with the symbol j meaning that the super�eld is evaluated at � = 0 = � y.

Using these in equation 5.10 we get the on-shell Lagrangian

L chiral;onshell = i� i � � @� � y
i + @� � �

i @� � i � V (�; � � )

�
1
2

�
mij � i � j + f ijk � i � j � k + m�

ij � y
i � y

j + f �
ijk � y

i � y
j � �

k

�
(5.16)

with the scalar potential

V (�; � � ) = F �
i Fi =

�
hi + mij � j +

1
2

f ijk � j � k

� �
h�

i + m�
ij � �

j +
1
2

f �
ijk � �

j � �
k

�
: (5.17)

5.1.1 The Wess-Zumino model

A special case of the interacting-chiral-super�elds model is the Wess-Zumino model. It
contains only one chiral super�eld � and all couplings ( h, m and f ) are real. This means
that we can write the action as

S =
Z

d8z
�
� y� +

�
h� +

1
2

m� 2 +
1
6

f � 3
�

� 2(� y) +
�

h� y +
1
2

m� y2 +
1
6

f � y3
�

� 2(� )
�

:

(5.18)
so the o�-shell Lagrangian in terms of component �elds is

L W Z = F � F + @� � � @� � + i�� � @� � y

+
�

hF + m
�

�F �
1
2

��
�

+
1
2

f (F �� � ��� ) + h:c:
�

: (5.19)

Of course we already know that this Lagrangian must be invariant under the supersymmetry
transformations (barring a total derivative), as it consists of D -terms of general super�elds
and F -terms of chiral super�elds. However, it is also possible to show directly that the
Lagrangian is invariant, using the transformation rules speci�ed in equations 4.45 and 4.46.
For example, if we use those transformations on [12 m��] F = m�F � 1

2 m�� , we get

� (m�F �
1
2

m�� ) =
p

2mF "� +
p

2im�@� (�� � " y) � m� � (
p

2" � F �
p

2i (� � " y) � @� � )

=
p

2im@� (��� � " y) (5.20)

which is a total derivative, so this term is invariant under supersymmetry. The same can be
shown for all other terms in equation 5.19.
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5.2 Including gauge interactions

The model discussed in section 5.1 is clearly invariant under supersymmetry transformations,
but if we try to apply a gauge transformation, we run into problems. We will start by
considering Abelian gauge interactions, for exampleU(1) interactions. As was already shown
in section 2.2, a globalU(1) transformation of a �eld � can be written as [1]

� 0 = ei� �: (5.21)

If we want to make this transformation local, the � needs to depend on the coordinates
(in superspace, these coordinates arez = ( x, � , � y)). This means that � turns into a �eld,
which in superspace will be a super�eld. Now the localU(1) gauge transformation of the
chiral super�elds can be de�ned by [12]

� 0
i = e� 2igt i �( z) � i ; (5.22)

� 0y
i = � y

i e2igt i � y (z) : (5.23)

with g the gauge coupling,t i a real number that is the U(1) charge of � i and � a complex
�eld specifying the local gauge transformation. After this transformatio n, � i and � y

i should
of course still be chiral super�elds. As a product of chiral super�elds is a chiral super�eld
while a product of chiral super�elds and general super�elds is in general not a chiral super-
�eld, � and � y must also be chiral super�elds.

Of course, this means that [� y
i � i ]D is not gauge invariant, as in general � 6= � y. However,

we can solve this problem by adding a gauge vector super�eldV with gauge transformation

V 0 = V + i (� � � y) (5.24)

and generalizing [� y
i � i ]D to [� y

i e2gt i V � i ]D . It is easy to show that this term is invariant
under simultaneously using equations 5.22, 5.23 and 5.24.

If we have a look at the other terms in the chiral super�eld Lagrangian (equation 5.2)
we can see thatW(� i ) in general will not be invariant under the transformations given in
equations 5.22 and 5.23. This means that if we want the Lagrangian to be gauge invari-
ant, we need to pick aW(� i ) that is gauge invariant. In practice this means that hi 6= 0 is
allowed if t i = 0, mij 6= 0 is allowed if t i + t j = 0 and f ijk 6= 0 is allowed if t i + t j + tk = 0 [10].

Finally, we need to check whether we can add any new terms that are renormalizable,
invariant under supersymmetry and invariant under gauge transformations, now that we
have added a vector �eld V . As we can see from equation 4.61, theD-component of V is
invariant under the supergauge transformation in equation 5.24, and we already know that
it transforms into itself plus a total derivative under supersymmetry, so we can also add this
D-component to the Lagrangian (multiplied by a real constant � ).

We also need to put in a kinetic energy term for the vector super�eld. To do this, we
�rst need to de�ne the supersymmetric �eld strengths [12]

W� = �
1
4

DyDyD� V; (5.25)

W y
_� = �

1
4

DDD y
_� V: (5.26)
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The easiest way to calculate them is in the Wess-Zumino gauge, using the left and right
chiral superspace variablesy� and yy� de�ned in section 4.3.1. Using Taylor expansion, we
get

VW Z (y; �; � y) = �� � � yA � (y) + ��� y� y(y) + � y� y�� (y)

+
1
2

��� y� y(D (y) + i@(y )
� A � (y)) ; (5.27)

VW Z (yy; �; � y) = �� � � yA � (yy) + ��� y� y(yy) + � y� y�� (yy)

+
1
2

��� y� y(D (yy) � i@(y y )
� A � (yy)) (5.28)

with @(y )
� the derivative with respect to y. Now we also need to de�ne the covariant deriva-

tives with respect to y and yy. Using the chain rule (changing (x; �; � y) to ( y; �; � y) or
(yy; �; � y)) it is possible to show that

D (y )
� = @� � 2i (� � � y) � @(y )

� ; D (y y )
� = @� ; (5.29)

Dy(y y )
_� = � @y

_� + 2 i (�� � ) _� @(y y )
� ; Dy(y y )

_� = � @y
_� : (5.30)

Using those (and their contravariant equivalents), we get

D (y )
� V(y; �; � y) = ( � � � y) � A � + 2 � � � y� y + � y� y� � + � y� y� � D � � y� y(� �� � ) � F��

+ i��� y� y(� � @� � y) � (5.31)

and similarly for Dy
_� . Now using equations 5.29 and 5.30 it is clear thatD (y y ) � D (y y )

� = � @� @�

and Dy(y)
_� Dy(y) _� = � @_� @_� which means that (using equation 4.15)

�
1
4

D (y y ) D (y y ) (�� ) = 1 ; (5.32)

�
1
4

Dy(y) Dy(y) (� y� y) = 1 : (5.33)

Using this, the �nal expressions for W� and W y
_� are

W� = � � (y) + � � D(y) � (� �� � ) � F�� (y) + i�� (� � @� � ) � (y); (5.34)

W y
_� = � y

_� (yy) + � y
_� D(yy) � " _� _� (�� �� � y)

_� F�� (yy) � i� y� y(@� � (yy)� � ) _� (5.35)

To be able to use these �eld strengths in our Lagrangian (which is still our ultimate goal), we
need to show that they are invariant under gauge and supersymmetry transformations. It is
easy to show that both W� and W y

_� are chiral super�elds, asD� W y
_� = � 1

4 D� D � D� W y
_� = 0

and similarly Dy
_�
W� = 0. This means that the F -terms of W� and W y

_� are invariant under

supersymmetry. As thoseF -terms only contain � and � y, it is also clear that they are
invariant under supergauge transformations (see equation 4.60) so we can use them in our
Lagrangian.

47



Using the de�nitions of W� and W y
_� and the identities C.6, C.7 and C.17 and writing

everything in terms of x again, we get

1
4

h
W � W� + W y

_� W y _�
i

F
=

1
2

D 2(x) �
1
4

F�� (x)F �� (x) + i� (x)� � [@� ]� y(x): (5.36)

The second term on the right-hand side of the above equation is the kinetic energy term
of an Abelian gauge boson and the third term is the kinetic energy term of a (Majorana)

fermion [1], so it makes sense to consider
h
W � W� + W y

_� W y _�
i

F
to be the kinetic energy

term of the vector super�eld V .

We now have the full Lagrangian of a system of self-interacting chiral super�elds � i

coupled to an Abelian gauge vector super�eldV :

L abelian =
1
4

h
W � W� + W y

_� W y _�
i

F
+

h
� y

i e2gt i V � i + 2 �V
i

D
+ [ W(� i ) + h:c:]F (5.37)

with the superpotential W(� i ) respecting gauge invariance.

Again, we can write this in terms of component �elds. The o�-shell result (ignori ng full
spacetime derivatives and using equations 4.67, 4.68, 4.69 and 5.36) is

L abelian =
1
2

D 2 + �D �
1
4

F�� F �� + i�� � [@� ]� y + i� i � � � y
i� � y

i + j� i� � i j2 + F �
i Fi

+
�
hi Fi + mij

�
� i Fj �

1
2

� i � j

�
+

1
2

f ijk (Fi � j � k � � i � j � k ) + h:c:
�

�
p

2gti (� i � y� y
i + � �

i �� i ) + gti Dj� i j2 (5.38)

with the gauge covariant derivative � i� = @� + igt i A � [12].

Again, we can look at how this Lagrangian is changed if we go on-shell. This time, we
have two types of auxiliary �elds that can be eliminated: Fi (and F �

i ) and D. If we apply
the Euler-Lagrange equation (equation 5.11) toFi and F �

i , the result is the same as in the
case of the chiral super�elds. If we apply the Euler-Lagrange equation toD , the result is

D + � + gti j� i j2 = 0 ; (5.39)

so

D = � � � gti j� i j2: (5.40)

This means that the on-shell Lagrangian is given by

L abelian;onshell = i� i � � � y
i� � y

i + j� i� � i j2 �
1
4

F�� F �� + i�� � [@� ]� y �
p

2gti (� y� y
i � i + �� i � �

i )

�
1
2

�
mij � i � j + f ijk � i � j � k + m�

ij � y
i � y

j + f �
ijk � y

i � y
j � �

k

�
� V (� i ; � �

j ) (5.41)

with the scalar potential
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V(� i ; � �
j ) = Fi F �

i +
1
2

D 2

= ( hi + mij � j +
1
2

f ijk � j � k )(h�
i + m�

ij � �
j +

1
2

f �
ijk � �

j � �
k )

+
1
2

(gti j� i j2 + � )2: (5.42)

5.2.1 Supersymmetric QED

A very important example of a model with Abelian gauge interactions is the Lagrangian
of Supersymmetric Quantum Electrodynamics (SQED), which contains three super�elds:
the vector super�eld V and the left chiral super�elds � + (which contains the left chiral
component of the electron) and � � (which contains the left chiral component of the positron,
so � y

� contains the right chiral component of the electron). The super�elds containing the
electron and the positron transform as

� 0
+ = e� 2iq �( z) � + ; � 0

� = e2iq �( z) � � (5.43)

so the only superpotential that respects gauge invariance is

W = M (� + � � + h:c:): (5.44)

As there is no term linear in the gauge boson �eld in the Lagrangian of QED, we also set �
to zero in the SQED Lagrangian. This means that the SQED Lagrangian is given by

L SQED =
1
4

h
W � W� + W y

_� W y _�
i

F
+

h
� y

+ e2qV � + + � y
� e� 2qV � �

i

D
+ M [� + � � + h:c:]F :

(5.45)
In terms of o�-shell component �elds this is

L SQED = L kin + L int + L pot (5.46)

with

L kin =
1
2

D 2 �
1
4

F�� F �� + i�� � @� � y; (5.47)

L int = F �
� F� + @� � �

� @� � � + i� � � � @� � y
� + q2A � A � � �

� � �

� q(D� �
� � � � 2iA � � �

� [@� ]� � � � y
� �� � � � A � �

p
2� � � y� y

� �
p

2� �
� �� � )

+ F �
+ F+ + @� � �

+ @� � + + i� + � � @� � y
+ + q2A � A � � �

+ � +

+ q(D� �
+ � + � 2iA � � �

+ [@� ]� + � � y
+ �� � � + A � �

p
2� + � y� y

+ �
p

2� �
+ �� + );(5.48)

L pot = M (� + F� + � � F+ � � + � � + h:c:): (5.49)

Just like for the Wess-Zumino model, we already know that the corresponding SQED action
should be invariant under supersymmetry as the Lagrangian consists only ofD -terms of
general super�elds andF -terms of chiral super�elds, but still we would like to prove that
this is true.

49



One might think that we could just use the transformation rules written down in equa-
tions 4.45, 4.46 and 4.65, but unfortunately this is not the case. If we compare equations 4.47
and 4.66, it is clear that the commutation rules for supersymmetry transformations on com-
ponents of chiral super�elds and components of vector super�elds are not equal. However,
if the components of the chiral super�eld also transform under gauge transformations, the
commutation algebra of supersymmetry transformations should act uniformly on all com-
ponent �elds in the model. This means that we need to change the transformation rules for
the chiral super�eld in such a way that the commutator of two supersymmetry tr ansforma-
tions working on a chiral component �eld gives a translation plus the gauge transformation
working on this �eld. In that case the transformation rules for the chiral sup er�eld are [17]

�� =
p

2"�; (5.50a)

�� � =
p

2" y� y; (5.50b)

�� � =
p

2" � F �
p

2i (� � " y) � D � �

=
p

2" � F �
p

2i (� � " y) � @� � +
p

2q(� � " y) � A � �; (5.50c)

�� y _� =
p

2" y _� F � �
p

2i (�� � " ) _� D y
� � �

=
p

2" y _� F � �
p

2i (�� � " ) _� @y
� � � �

p
2q(� � " ) _� A � � � ; (5.50d)

�F =
p

2iD � �� � " y + 2q�" y� y

=
p

2i@� �� � " y �
p

2qA� �� � " y + 2q�" y� y; (5.50e)

�F � =
p

2iD y
� � y �� � " + 2q� � "�

=
p

2i@� � y �� � " +
p

2qA� � y �� � " + 2q� � "� (5.50f)

with � , � y and A � component �elds of the vector super�eld, the gauge covariant derivative
D � = @� + iqA � and q the QED charge of the super�eld (for � + this is + q, for � � this is
� q). Using those transformations, we can now calculate the variation ofL kin , L int and L pot

under supersymmetry. We will start with L pot because it is the easiest, we get

� L pot =
p

2M ("� + F� + i� + @� � � � � " y + q� + A � � � � � " y �
p

2q� + � � " y� y

+ "� � F+ + i� � @� � + � � " y � q� � A � � + � � " y +
p

2q� � � + " y� y

� "� � F+ + i� � � � " y@� � + � q� � � � " yA � � + � "� + F� + i� + � � " y@� � �

+ q�+ � � " yA � � � )

=
p

2iM@� (� + � � � � " y + � � � + � � " y) (5.51)

and as we know, we can ignore total derivatives, so this term is invariant under supersym-
metry.

Next we will calculate � L kin , using the transformation rules in equation 4.65 the result
is
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� L kin = iD@� �� � " y � iD"� � @� � y � "� � @� � y@� A � � @� �� � " y@� A � + "� � @� � y@� A �

+ @� �� � " y@� A � + iD"� � @� � y �
1
2

"� � @� � y@� A � +
1
4

"(� � �� � � � � �� � )� � @� � y@� A �

+
1
2

"� � �� � � � @� � y@� A � + i@� D�� � " y +
1
2

�� � " y@� @� A �

�
1
4

�� � (�� � � � � �� � � � )" y@� @� A � �
1
2

�� � �� � � � " y@� @� A � : (5.52)

Using partial integration, ignoring total derivatives, using identities C .12, C.13 and C.14
and grouping together terms with � and terms with � y we get

� L kin = "� � � y@� @� A � � "� � � y@� @� A � +
1
2

"� � � y@� @� A � �
1
8

"� � (�� � � � + �� � � � )� y@� @� A �

+
1
8

"(� � �� � � � + � � �� � � � )� y@� @� A � �
1
4

"� � (�� � � � + �� � � � )� y@� @� A �

+ �� � " y@� @� A � � �� � " y@� @� A � +
1
2

�� � " y@� @� A � �
1
8

� (� � �� � + � � �� � )� � " y@� @� A �

+
1
8

� (� � �� � � � + � � �� � � � )" y@� @� A � �
1
4

� (� � �� � + � � �� � )� � " y@� @� A �

= "� � � y@� @� A � � "� � � y@� @� A � +
1
2

"� � � y@� @� A � �
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"� � � y@� @� A �
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"� � � y@� @� A � �
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"� � � y@� @� A � �
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2

"� � � y@� @� A � + �� � " y@� @� A �

� �� � " y@� @� A � +
1
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�� � " y@� @� A � �
1
4

�� � " y@� @� A � +
1
2

�� � " y@� @� A �

�
1
4

�� � " y@� @� A � �
1
2

�� � " y@� @� A �

= 0 : (5.53)

Finally, we want to calculate � L int . If we compare equations 5.45 and 5.48, it is clear that
the �rst two lines of the right-hand side of equation 5.48 contain the terms originating from
[� y

� e� 2qV � � ]F and the last two lines contain the terms originating from [� y
+ e2qV � + ]F .

Clearly, those two parts are very similar so we will only show that � L int; + = [� y
+ e2qV � + ]F

is invariant under supersymmetry. Using the transformation rules in equations 4.65 and 5.50
and ignoring the subscript + for now, we get

51



� L int; + =
p

2i@� � y �� � "F (a) +
p

2qA� � y �� � "F (d) + 2q� � "�F (d) +
p

2i@� �� � " yF � (a)

�
p

2qA� �� � " yF � (d) + 2q�" y� yF � (d) +
p

2@� � y" y@� � (a) +
p

2@� � � "@� � (a)

+
p

2i"� � @� � yF (a) �
p
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p

2iq" y �� � � � @� � yA � � (g)

+
p

2i�� � " y@� F � (a) +
p

2�� � �� � "@� @� � � (a) �
p

2iq�� � �� � "@� A � � � ( f )

�
p

2iq�� � �� � "A � @� � � ( f ) + 2q2"� � � yA � � � � (b) + 2q2�� � " yA � � � � (b)

+
p

2q2A � A � " y� y� (b) +
p

2q2A � A � � � "� (b) + iq@� �� � " y� � � (e) � iq"� � @� � y� � � (e)

+
p

2qD" y� y� (c) +
p

2qD� � "� � iq"� � � y� � @� � (e) � iq�� � " y� � @� � (e)

�
p

2iqA � " y� y@� � (g) �
p

2iqA � � � "@� � ( f ) + iq"� � � y@�� � (e) + iq�� � " y@� � � � (e)

+
p

2iqA � " y@� � y� (g) +
p

2iqA � @� � � "� ( f ) �
p

2q"y �� � �F � A (d)
�

�
p

2iq"� � �� � �A � @� � � ( f ) �
p

2q2"� � �� � �A � � � A (b)
� �

p
2q� y �� � "F A (d)

�

+
p

2iq� y �� � � � " y@� �A (g)
� �

p
2q2� y �� � � � " yA � A � � (b) � q� y �� � �"� � � y(e)

� q� y �� � ��� � " y(e) � 2q"�� y� y(e) �
p

2q�" y� yD (c) +
i

p
2

q�" y� y@� A (g)
�

�
p

2q�� y �� �� " y@� A (g)
� �

i
p

2
q�� y �� � � � " y@� A (g)

� � 2q�" y� yF � (d)

+ 2 iq�� y �� � "@� � � (e) + 2q2�� y �� � "A � � � (b) � 2q"y� y�� (e) �
p

2q� � "�D (c)

�
i

p
2

q� � "�@� A ( f )
� +

p
2q� � "� �� �@� A ( f )

� +
i

p
2

q� � "� � �� � �@� A ( f )
� � 2q� � "�F (d)

+ 2 iq� � �� � " y@� � (e) � 2q2� � �� � " yA � � (b) : (5.54)

Given the length of this equation, we will show that the result is zero part by part, starting
with all terms followed by (a) , which are the terms that are not proportional to any power
of q. Using equation C.5, we get

(� L int; + )a = �
p

2iF "� � @� � y +
p

2iF � @� �� � " y +
p

2" y@� � y@� � +
p

2@� � � "@� �

+
p

2i"� � @� � yF �
p

2" �� � � � @� � y@� � +
p

2i�� � " y@� F � +
p

2�� � �� � "@� @� � �

=
p

2i@� (F � �� � " y) �
p

2" y� y@� @� � �
p

2@� @� � � "�

+
1

p
2

" y(�� � � � + �� � � � )� y@� @� � +
1

p
2

� (� � �� � + � � �� � )"@� @� � �

= 0 ; (5.55)

using partial integration and the fact that @� @� is symmetric under interchanging � and �
and ignoring total derivatives to get from the �rst to the second line, and using identities
C.12 and C.13 and ignoring total derivatives to get from the second to the third line.

Next we will show that all terms proportional to q2 (the (b) terms) are equal to zero:
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(� L int; + )b = 2q2"� � � yA � � � � + 2q2�� � " yA � � � � +
p

2q2A � A � " y� y� +
p

2q2A � A � � � "�

�
p

2q2"� � �� � �A � A � � � �
p

2q2� y �� � � � " yA � A � � � 2q2�"� � � yA � � �

� 2q2� � �� � " yA � �

=
p

2q2A � A � " y� y� +
p

2q2A � A � � � "� �
1

p
2

q2" (� � �� � + � � �� � )�A � A � � �

�
1

p
2

q2� y(�� � � � + �� � � � )" yA � A � �

= 0 (5.56)

using the fact that A � A � is symmetric under interchanging � and � to get from the �rst to
the second line and identities C.12 and C.13 to get from the second to the third line.

Now we only have terms proportional to q left, and we will �rst tackle all terms that
contain a D (which are the terms denoted by (c) ):

(� L int; + )c =
p

2qD" y� y� +
p

2qD� � "� �
p

2q�" y� yD �
p

2q� � "�D

= 0 : (5.57)

The next step is to consider the terms proportional toq containing an F or F � , so the terms
denoted by (d) :

(� L int; + )d = �
p

2qF A� "� � � y + 2qF � � "� �
p

2qF � A � �� � " y + 2qF � �" y� y

+
p

2q�� � " yF � A � +
p

2q"� � � yF A � � 2q�" y� yF � � 2q� � "�F

= 0 : (5.58)

Next are the (e) terms, which are all remaining terms that contain a � or � y. These are

(� L int; + )e = iq@� �� � " y� � � � iq"� � @� � y� � � � iq"� � � y� � @� � � iq�� � " y� � @� �

+ iq"� � � y@� � � � + iq�� � " y@� � � � + q�� � � y"� � � y + q�� � � y�� � " y

� 2q"�� y� y � 2iq�"� � � y@� � � � 2q"y� y�� + 2 iq� � �� � " y@� �

= iq@� (�� � " y� � � � "� � � y� � � ) + 2 q"�� y� y + 2q��" y� y � 2q"�� y� y � 2q"y� y��

= 0 ; (5.59)

using identity C.15 to get from the �rst to the second line and ignoring total deri vatives to
get from the second to the third line.

Now we have the two most complicated groups of terms left. We will start with the
terms denoted by ( f ) , which are the terms proportional to q containing A � , � � and � . Using
the de�nition of � �� and the fact that we can rename indices we can rewrite the( f ) terms
as:
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= 0 ; (5.60)

using identities C.12 (which means that A � B � = 1
2 (� � �� � + � � �� � )A � B � ) and C.2 to get

from the �rst to the second line and ignoring total derivatives to get from the t hird to the
fourth line.

The �nal terms (the (g) terms, which are proportional to q and contain A � , � and � y)
are the Hermitian conjugates of the ( f ) terms, so they are solved similarly:
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2
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2
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+
i

2
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2
q@� A � �� y �� � � � " y

=
i

p
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q@� (A � �� y(�� � � � � �� � � � )" y)

= 0 ; (5.61)

using identities C.13 (which means that A � B � = 1
2 (�� � � � + �� � � � )A � B � ) and C.3 to get

from the �rst to the second line and ignoring total derivatives to get from the t hird to the
fourth line.
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So we get

� L int; + = ( � L int; + )a + ( � L int; + )b + ( � L int; + )c + ( � L int; + )d + ( � L int; + )e

+( � L int; + )f + ( � L int; + )g

= 0 : (5.62)

Using the same identities and methods as for� L int; + , it is also possible to show that
� L int; � = � [� y

� e� 2qV � � ]F is zero, so we get

� L SQED = � L pot + � L kin + � L int; + + � L int; �

= 0 : (5.63)

So indeed, as we expected,L SQED is invariant under supersymmetry.

5.3 Adding non-Abelian gauge interactions

The next step is to generalize what we did in the last section to non-Abelian gauge inter-
actions. We consider a simple gauge groupG, which can for example beSU(3) or SU(2).
The gauge transformations of a left chiral super�eld � that belongs to a representation R
of G are generalizations of equations 5.22 and 5.23 and are given by [12]

� 0
I =

h
e� 2ig � a T a

i

IJ
� J ; (5.64)

� y0
I = � y

J

h
e2ig � a y T a

i

JI
(5.65)

with g the coupling constant of G, � a chiral complex superfunctions that specify the gauge
transformation, Ta the generators ofG and the indicesI and J gauge representation space
indices (for example for the Standard Model groupSU(3), I = 1 ; 2; 3 as there are three
colours). Again we must haveDy _� (� aTa) = 0 and D� (� ayTa) = 0 to maintain the chiral
nature of the super�elds under gauge transformations.

It is convenient to work in a basis in which [10]

[Ta ; Tb] = it abcT c; Tr( TaTb) = T(R)� ab (5.66)

with tabc the structure constants of G (see section 2.1) andT(R) the representation constant
of the representation R. For convenience, we now de�ne

� IJ = 2g� aTa
IJ ; VIJ = 2gVaTa

IJ ; W� = 2gWa
� Ta (5.67)

with V a the vector super�elds transforming in the adjoint representation of G (so in case of
SU(3)C , these would be the gluons anda would run from 1 to 8). W� will be de�ned below
for the non-Abelian case.

Of course the Lagrangian should be invariant under gauge transformations. If we consider
equation 5.37 (which we would like to hold for the non-Abelian case as well,with V and �
now de�ned as in equation 5.67) we see that we need to change the gauge transformation of
V to [12]
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eV 0
= e� i � y

eV ei � ; e� V 0
= e� i � e� V ei � y

(5.68)

which for Abelian gauge transformations is equal to the transformation V 0 = V � i � y + i �.

The supersymmetric �eld strengths W� and W y _� are also de�ned di�erently in the non-
Abelian case:

W� = �
1
4

DyDye� V D� eV ; (5.69)

W y _� = �
1
4

DDeV Dy _� e� V (5.70)

which means that they transform under gauge transformations as

W 0
� = e� i � W� ei � ; (5.71)

W 0y_� = ei � W y _� e� i � : (5.72)

This means that the kinetic term in the Lagrangian in equation 5.37 is no longerinvariant
under gauge transformations, as

� gauge [W � W� + W y
_� W y _� ]F = [ e� i � W � W� ei � + ei � W y

_� W y _� e� i � ]F : (5.73)

However, it is easy to see (using the cyclicity of the trace) that Tr[W � W� + W y
_� W y _� ]F is

gauge invariant, so we will use this as the kinetic term for the gauge vector super�eld.

The �nal thing we need to consider is the [2�V ]D -term in the Abelian Lagrangian (equa-
tion 5.37). This term is not invariant under the gauge transformation de�ned i n equation
5.68, so we cannot put it in the non-Abelian Lagrangian.

Putting everything together, the Lagrangian for non-Abelian gauge interactions is [12]

L =
1

16g2k
Tr[ W � W� + W y

_� W y _� ]F + [� y
i (eV ) ij � j ]D + [ W(� i ) + h:c:]F (5.74)

with the factor 1
16g2 k put in for normalization purposes (as will be clear later on), k = T(R)

and i and j now a general type index, which covers the gauge representation space but
also other types, for example generations. Of course, the superpotentialW should still be
invariant under the gauge transformations.

To write this in terms of component �elds, we must �rst know how to write W � in terms
of component �elds. Starting with the de�nitions in equations 5.69 and 5.70 and using
V 3

W Z = 0 we get

W� = �
1
4

DyDy
�

D� V +
1
2

(D� V)V +
1
2

V(D� V) � V D� V
�

= �
1
4

DyDyD � V �
1
8

DyDy[D� V; V] (5.75)

and similarly
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W y _� =
1
4

DDD y _� V �
1
8

DD[Dy _� V; V]: (5.76)

Now we want to calculate 1
16g2 k Tr[ W � W� W y

_� W y _� ]F , and using equation 5.66 we can see

this is equal to 1
4 [W �a W a

� + 1
4 W ya

_� W y _�a ]F (summing over a as usual). Using equation 5.67
we can rewrite equation 5.76 as

2gWa
� Ta = �

1
2

gDyDy(D� V aTa + g[TaD� V a ; TbV b]) (5.77)

and using equation 5.66 and the fact that [D� V a ; V b] = 0 we get

W a
� Ta = �

1
4

DyDy(D� V aTa + igt abcT cD� V aV b): (5.78)

Renaming the indices in the second term and using the fact thattabc is completely antisym-
metric, we get

W a
� = �

1
4

DyDy[D� V a + igt abc(D� V b)V c]: (5.79)

Writing this out in components, using equations 5.31, 5.32 and 5.33 and identities C.8 and
C.9, we get

W a
� = � a

� + D a � � � (� �� � ) � (@� Aa
� � @� Aa

� ) + i�� (� � @� � ay) �

�
1
4

igt abcDyDy
�
Ab

� Ac
� � y� y

�
1
2

� �� � � � i (� �� � ) �

�
�

1
2

Ab
� ��� y� y(� � � cy) �

� � � Ac
� � y� y �� � � by

i

= � a
� + D a � � � (� �� � ) � F a

�� + i�� (� � � � � ay) � (5.80)

with

F a
�� = @� Aa

� � @� Aa
� � gtabcAb

� Ac
� ; (5.81)

� � � ay _� = @� � ay _� � gtabcAb
� � cy _� (5.82)

and the component expansion ofW ay
_� is done in a similar way. The �nal result for the

kinetic term is

1
16g2k

Tr
h
W � W� + W y

_� W y _�
i

F
=

1
4

h
W a� W a

� + W ay
_� W ay _�

i

F

=
1
2

D aD a �
1
4

F a
�� F a�� + i� a � � � � � ay: (5.83)

The next step is to expand the interaction term in terms of component �elds:
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ij
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+ g2Aa� Ab
� � �

i � j (TaTb) ij

= F �
i Fi + i� j � � � y

�ij � y
i + (� �

ij � j )y(� �ik � k ) �
p

2g(� ya � y
i Ta

ij � j + h:c:)

+ gDa � �
i � j Ta

ij (5.84)

with

� �
ij = � ij @� + igA �a Ta

ij : (5.85)

Finally, we have the potential term [W(� i ) + h:c:]F . If we use the general form ofW
(equation 5.3), this term is equal to the second line of the right-hand side of equation 5.10.
So the �nal o�-shell Lagrangian in terms of component �elds is

L na = F �
i Fi + i� j � � � y�

ij � y
i + (� �

ij � j )y(� �ik � k ) �
1
4

F a
�� F ��a + i� a � � � � � ya

�
p

2g(� ya � y
i Ta

ij � j + h:c:) +
1
2

D aD a + gDa � �
i � j Ta

ij

+
�
hi Fi + mij � i Fj �

1
2

mij � i � j +
1
2

f ijk Fi � j � k �
1
2

f ijk � i � j � k + h:c:
�

: (5.86)

Just as we did in the chiral and the Abelian case, we can now go on-shell. If we applythe
Euler-Lagrange equation toFi , F �

i and D a the results are

D a = � g� �
i � j Ta

ij ; (5.87)

Fi = � h�
i � m�

ij � �
j �

1
2

f �
ijk � �

j � �
k ; (5.88)

F �
i = � hi � mij � j �

1
2

f ijk � j � k (5.89)

which is very similar to the Abelian case. Now we can �nally write down the on-shell
Lagrangian

L na;onshell = i� j � � � y�
ij � y

i + (� �
ij � j )y(� �ik � k ) �

1
4

F a
�� F ��a + i� a � � � � � ya

�
p

2g(� ya � y
i Ta

ij � j + h:c:) � V (� i ; � �
j )

�
1
2

(mij � i � j + f ijk � i � j � k + h:c:) (5.90)

with

V (� i ; � �
j ) = Fi F �

i +
1
2

D aD a : (5.91)
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6 The Minimal Supersymmetric Standard Model

So far, our discussion of supersymmetry has been quite abstract, and we have not used our
knowledge of the Standard Model, which was discussed in chapter 2. However, in this chapter
we will take this knowledge into account and use it to describe the Minimal Supersymmetric
Standard Model (MSSM), which is the minimal supersymmetric extension of the Standard
Model (so it contains all particles that are needed and no extra particles).

6.1 Particle content

The Standard Model contains many particles: quarks, leptons, gauge bosons and theHiggs
boson. According to supersymmetry, all particles should be part of either a chiral supermul-
tiplet (containing a complex scalar and a two-component fermion) or a vector supermultiplet
(containing a two-component fermion and a vector particle). As we want to create a mini-
mal extension of the Standard Model, the �rst thing we should try is putting two Standa rd
Model particles in the same supermultiplet. However, if we look at table 2.1,it is clear that
this is impossible, as we need a fermion and a boson with the same gauge quantum numbers,
and these do not exist in the Standard Model.

This means that the minimal supersymmetric model would be to give every Standard
Model particle one superpartner (which is not part of the Standard Model), so we e�ectively
double the number of particles in our theory. The next question might be in what kind of
supermultiplets we should place the Standard Model particles. In case of the gauge bosons
(the gluons, photon, W and Z bosons) the answer is clear: the chiral supermultiplet does
not contain a vector particle, so those vector bosons can only be part of vector multiplets.
This means that they must have spin-1/2 superpartners called gauginos. In all cases, atilde
is used to denote the supersymmetric partner of a Standard Model state, so for example
we have a gluino ~g which is the superpartner of a gluong. For fermionic superpartners, we
always use the appendix '-ino'.

In case of the Standard Model fermions (the quarks and leptons), the answer is less clear,
as both the chiral and the vector supermultiplet contain a spin-1/2 particle. However, as
we can see from equation 4.63, the vector supermultiplet contains both the fermion � and
its conjugate � y, while the chiral supermultiplet only contains the fermion � (see equation
4.43). We know that all members of a supermultiplet have the same quantum numbers, so as
left- and right-handed Standard Model fermions do not have the same quantum numbers (as
left-handed particles transform under the weak force while right-handed particles do not),
they cannot be in the same supermultiplet. This means that the Standard Model fermions
cannot be part of a vector supermultiplet, so they have to be part of a chiral supermultiplet,
which means that their superpartners are scalars. They get a name by adding an `s' infront
of the name of their fermion superpartner, so for example the superpartners of quarks are
called squarks.

As has already been mentioned, the left- and right-handed fermions transform di�erently
under the Standard Model gauge group, which means that they each get their own super-
partner. For example, an up quark has two scalar partners: the ~uL and the ~uR . In this case,
the subscript has nothing to do with the handedness of the particles themselves (because
scalar particles cannot be left- or right-handed) but is just used to distinguish betweenthe
scalar partners of the left- and right-handed up quark. The only exception is the neutrino:
according to the Standard Model, there are no right-handed neutrinos, so we just denote
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the sneutrinos by ~� e, ~� � and ~� � .

Figure 6.1: The diagram for the one-loop correction to the three-gauge-boson vertex, with
the wavy lines gauge bosons and the solid lines fermions [2].

The �nal particle that we need to put into a supermultiplet is the Higgs boson. As thi s
is a scalar particle, it has to be part of a chiral supermultiplet and its superpartner has to
be a fermion, called the Higgsino. However, we run into a problem here that has todo with
the anomaly cancellation conditions. When we try to calculate a one-loop correctionto the
three-gauge-boson vertex (�gure 6.1), the result is a term that violates gauge invariance [2].
Of course this is not allowed in the Standard Model (and also not in the MSSM), so ifwe
sum over all fermions that could run around in the loop, the result should be zero. From
this condition, we get the anomaly cancellation conditions, one of which is [2]

X

f

Y 3
f = 0 (6.1)

with f all left- and right-handed fermions and Yf the weak hypercharge of the particlef .
In the Standard Model, this condition is satis�ed, so there is no gauge-violating term. If we
add the squarks, sleptons and gauginos, the condition is still satis�ed [9]. However, if we
add a Higgs supermultiplet, that means that we add a fermionic weak doublet with weak
hyperchargeY = 1, so the anomaly cancellation condition is no longer ful�lled.

The solution to this problem is to add another weak Higgs doublet [9], so we have

Hu =

 
H +

u

H 0
u

!

; Hd =

 
H 0

d

H �
d

!

(6.2)

with YH u = 1 ( Hu is the Standard Model Higgs doublet) andYH d = � 1. As their fermionic
superpartners will have the same hypercharges, those hypercharges will cancel eachother
and the anomaly cancellation condition will once again be satis�ed. Another advantage of
having two Higgs doublets (as we will see later on) is that in supersymmetry we needHu to
give mass to the up-type quarks andHd to give mass to the down-type quarks.

The �nal list of particles in the MSSM before electroweak symmetry breaking is given in
tables 6.1 and 6.2, which have been taken directly from Martin [9]. As it isuseful to have a
name for the supermultiplet as a whole, we have added those in the second column (the bar
here does not denote any kind of conjugation but is part of the supermultiplet name). For
example, Q stands for the SU(2)-doublet chiral supermultiplet containing ~uL , uL , ~dL and
dL . If needed we can also add a generation index, for example �e2 = �� . What happens after
electroweak symmetry breaking will be discussed in chapter 8.
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Names spin 0 spin 1/2

squarks, quarks Q (~uL
~dL ) (uL dL )

(� 3 families) �u ~u�
R uy

R
�d ~d�

R dy
R

sleptons, leptons L (~� ~eL ) (� e L )

(� 3 families) �e ~e�
R ey

R

Higgs, higgsinos Hu (H +
u H 0

u ) ( ~H +
u

~H 0
u )

Hd (H 0
d H �

d ) ( ~H 0
d

~H �
d )

Table 6.1: All particles in chiral supermultiplets in the MSSM before electroweak symmetry
breaking. All spin-0 �elds are complex scalars, all spin-12 �elds are two-component Weyl
fermions [9].

Names spin 1/2 spin 1

gluino, gluon ~g g

winos, W bosons ~W � ~W 0 W � W 0

bino, B boson ~B 0 B 0

Table 6.2: All particles in vector supermultiplets in the MSSM before electroweak symmetry
breaking [9].

6.2 R-parity

An important part of any supersymmetric Lagrangian is the superpotential (the general
form is given in equation 5.3). So far, the only constraints on this superpotential are an
upper limit on its canonical dimension and invariance under supersymmetry and gauge
transformations (using the Standard Model gauge groupSU(3) � SU(2) � U(1)). However,
if these were the only constraints the superpotential would also contain terms like [9]

W� L =1 =
1
2

� ijk L i L j �ek + � 0ijk L i Qj
�dk + � 0i L i Hu ; (6.3)

W� B =1 =
1
2

� 00ijk �ui
�dj

�dk (6.4)

with generation indices i . In these equations, the scalar part of a supermultiplet is denoted
by the name of the supermultiplet itself (so �ui is in fact ~u�

Ri ). The terms in equation 6.3
do not conserve lepton number, which is 1 for leptons, -1 for antileptons and 0 for all other
particles. The term in equation 6.4 does not conserve baryon number, which is 1/3for
quarks, -1/3 for antiquarks and 0 for all other particles. In the Standard Model there are no
renormalizable terms that violate lepton or baryon number, so baryon and lepton number
are conserved. However, in the MSSM there is in principle no reason why terms like equation
6.3 and 6.4 would not be allowed.

On the other hand, it is clear from experiments that lepton and baryon number seem to
be conserved [6]. For example, if the terms in equations 6.3 and 6.4 would be oforder unity
(and there is no reason why they would be suppressed), the decay time of the proton (for
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example in the processp+ ! e+ � 0) would be a fraction of a second [9]. As at this moment
the lower limit for the partial mean life of the proton for the process p+ ! e+ � 0 is 1:6� 1033

seconds, this seems to be a problem. A possible solution would be to propose that lepton
and baryon number are conserved in the MSSM, however this is also impossible because we
know that they are violated very weakly by non-perturbative e�ects [10].

The solution to this problem is to introduce a new quantum number which in principle
could be exactly conserved (there is no proof that it is exactly conserved, but also no proof
that it is not). There are two possibilities: matter parity and R-parity.

Matter parity is a property of super�elds and is de�ned as [12]

M p = ( � 1)3(B � L ) (6.5)

with B and L the baryon and lepton number of the super�eld. The baryon number of the
chiral super�elds is de�ned as B = 1

3 for Q, B = � 1
3 for �u and �d and B = 0 for the others,

the lepton number is de�ned as L = 1 for L , L = � 1 for �e and L = 0 for the rest [10].
This means that quark and lepton super�elds haveM p = � 1 and the Higgs super�elds have
M p = 1. The matter parity M p is a multiplicative quantum number and if it is conserved,
the result of multiplying the M p of all super�elds in one term in the Lagrangian should be
1. Now if we for example consider equation 6.4, we can see that if we multiply the M p of the
super�elds, the result is -1. This means that if matter parity is indeed conserved, this term
is not allowed to be part of the Lagrangian, and the same is true for the terms in equation 6.3.

Instead of matter parity we can also useR-parity, which is a property of component
�elds (particles) and is de�ned as [12]

Rp = ( � 1)3(B � L )+2 S (6.6)

with S the spin of the component �eld. R-parity is also a multiplicative quantum number
and is especially interesting because all Standard Model particles haveRp = 1 and all spar-
ticles have Rp = � 1. In practice, matter parity conservation and R-parity conservation are
the same thing, because the sum of the spins of all particles at a vertex must be integer, so
�( � 1)2S = 1.

If R-parity is indeed conserved, the number of sparticles at a vertex should always be
even. This means that the lightest sparticle (LSP) will be stable, as it cannot decayto
other sparticles (because those are too heavy) and it also cannot decay to Standard Model
particles (because ofR-parity conservation). So if the LSP is electrically neutral, it is a
good candidate for dark matter [12] (which was discussed in section 3.3).

6.3 MSSM Superpotential

In general, the superpotential is given by equation 5.3, but it needs to be gauge invariant
under the gauge group of the theory we are considering. In this case that gauge group is
the Standard Model gauge groupSU(3) � SU(2) � U(1), plus the R-parity discussed in the
section 6.2. and the most general MSSM superpotential invariant under that groupis [9]

WMSSM = ~�uyu ~QH u � ~�dyd ~QH d � ~�eye ~LH d + �H u Hd (6.7)

with yu , yd and ye dimensionless 3� 3 matrices in family space and the tilde on top of
the chiral super�elds denoting the scalar components of those super�elds (so for example
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~�e1 is the right-handed selectron). Each term contains twoSU(2) weak doublets which are
contracted via an " , for example �H u Hd = � (Hu ) i (Hd) j " ij [9], with " ij as de�ned in ap-
pendix B. In equation 6.7 we have suppressed all gauge and generation indices. If we put
them back, for example the �rst term would be �uia (yu ) j

i Qj�a (Hu ) � " �� with i and j the
generation indices,a the SU(3) (colour) index and � the SU(2) (weak) index.

Here we can see that we do indeed need two Higgs doublets to give mass to all the quarks,
as was alluded to in the previous section. The masses of the quarks will be givenby the �rst
two terms of equation 6.7 when we replace the Higgs doublets by their vacuum expectation
values. A term like �dyd QH u is not allowed because it is not gauge invariant, and a term
like �dyd QH �

u is not allowed because the superpotential can only be a function of left chiral
super�elds, so H u cannot give masses to the down-type quarks.

As we know the top quark, bottom quark and tau are the heaviest fermions in the
Standard Model by far, we can approximate [9]

yu �

0

B
B
@

0 0 0

0 0 0

0 0 yt

1

C
C
A ; yd �

0

B
B
@

0 0 0

0 0 0

0 0 yb

1

C
C
A ; ye �

0

B
B
@

0 0 0

0 0 0

0 0 y�

1

C
C
A : (6.8)

If we use this approximation and write out the weak isospin doublets in terms of their
components, we get the following superpotential:

WMSSM � yt (~�t~tH 0
u � ~�t~bH+

u ) + yb(~�b~bH0
d � ~�b~tH �

d ) + y� (~�� ~�H 0
d � ~�� ~� � H �

d )

+ � (H +
u H �

d � H 0
u H 0

d ) (6.9)

with the bar now denoting the antiparticle. We now have speci�ed the complete MSSM,
and the only new parameter we needed to add is� .
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7 Supersymmetry breaking

As has been stated in section 4.4, all particles in a certain supermultiplet will have the same
mass and the same quantum numbers. This means that the mass of a sparticle should be
equal to the mass of the corresponding particle, so for example a gluino should be mass-
less and a selectron should have a mass of 0.511 MeV. As they have the same masses and
quantum numbers, the sparticles and particles should also have the same abundance. It is
immediately clear that something is wrong here, as so far no sparticles have been observed
and the current lower mass bounds of the selectron and the gluino are of the order of 100
GeV [6]. This means that supersymmetry (if it exists) must be a broken symmetry, and the
rest of this thesis will be dedicated to supersymmetry breaking.

As with any symmetry, there are three ways to break supersymmetry: (i) explicitly (a
small part of the Lagrangian breaks supersymmetry while the remainder conservesit), (ii)
spontaneously (the Lagrangian is invariant under supersymmetry but the vacuum is not) or
(iii) a combination of both [12]. If supersymmetry is broken explicitly, the supermultiplet
structure will stay the same but the particles in a supermultiplet will no longer have the same
mass. If supersymmetry is broken spontaneously, one or more massless Goldstone particles
will appear [1] and as they are not part of the supermultiplets, the multiplet str ucture will
be destroyed. This means that at low energies, the underlying supersymmetry is hidden,
as we can only see the e�ective Lagrangian in our ground state, which is not invariant
under supersymmetry. If supersymmetry is broken both spontaneously and explicitly, the
Goldstone particles will acquire (small) masses and be called pseudo-Goldstoneparticles.

7.1 Soft supersymmetry-breaking terms in the MSSM

Many models have been proposed for breaking supersymmetry and there is no consensus
yet on how it should be done. However, it is possible to simply write down allpossible
extra terms in the Lagrangian that would break supersymmetry explicitly, wi th unknown
coupling constants. Of course, those terms still need to be gauge andR-parity invariant
and renormalizable, otherwise they do not belong in the Lagrangian. As we will show next,
there is a fourth requirement: the supersymmetry-breaking terms need to be \soft"terms,
which means that the mass dimension of the coupling constant has to be positive. As we
already know that the mass dimension of a coupling constant cannot be negative (otherwise
the term is not renormalizable), this only rules out supersymmetry-breaking terms with
dimensionless couplings.

To show why dimensionless couplings are not allowed, we need to go back to the hierarchy
problem discussed in section 3.1. This problem was caused by the large quantum corrections
to the Higgs mass, given by equations 3.2 and 3.3. However, if supersymmetry exists and each
fermion has two scalar partners (one for the left-handed fermion and one for the right-handed
fermion) we can see that the quantum corrections are cancelled if� S = j� f j2 with � f the
dimensionlessHf �f coupling and � S the dimensionlessjH j2jSj2 coupling. If supersymmetry
is unbroken, this equality holds, as the quantum numbers of the scalar and the fermion are
the same, so the coupling constants are also the same. If supersymmetry is broken, it is
very important that this equality still holds, as otherwise the hierarchy problem reappears,
because then we would get contributions to the Higgs mass of the form

� 1 =
1

16� 2 � 2(� S � 2j� f j2) (7.1)
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with � the cuto� energy, which as we know can be very large, so the contribution t o the
Higgs mass would also be very large. As dimensionless supersymmetry-breaking couplings
spoil the equality � S = j� f j2, only soft supersymmetry-breaking coupling constants are al-
lowed [9].

The possible soft supersymmetry-breaking terms in the Lagrangian are [9]

L sof t = �
1
2

�
M a � a � a + t i � i +

1
2

bij � i � j +
1
6

aijk � i � j � k + h:c:
�

� (m2) i
j � � j � i ; (7.2)

L maybesof t = �
1
2

cjk
i � � i � j � k + h:c: (7.3)

with � i the scalar component of a chiral super�eld � i (so a sfermion or a Higgs boson) and
� a the fermionic component of a vector super�eldVa (so a gaugino). These terms are only
allowed if they are gauge invariant, so thet i � i term is only allowed if � i is a gauge singlet
for all gauge groups. As there are no gauge singlet scalars in the MSSM, we can ignore this
term. Finally, the L maybesof t term is usually neglected, because even though it is a soft
term, it can lead to quadratic divergences in some cases [9].

This means that the soft breaking terms are masses for the gauginos, scalar squared-mass
terms (m2) i

j and bij and (scalar)3 couplingsaijk . If we now apply all this to the MSSM, the
terms that are soft, renormalizable and gauge invariant are [9]

L MSSM
sof t = �

1
2

�
M 3~g~g + M 2 ~W ~W + M 1 ~B ~B + h:c:

�

�
�

~�uau ~QH u � ~�dad ~QH d � ~�eae ~LH d + h:c:
�

� ~Qym 2
Q

~Q � ~L ym 2
L

~L � ~�um 2
�u ~�uy � ~�dm 2

�d
~�dy � ~�em 2

�e ~�ey

� m2
H u

H �
u Hu � m2

H d
H �

d Hd � (bHu Hd + h:c:): (7.4)

with gauge and family indices suppressed. The �rst line contains the mass terms forthe
gluino ~g, the wino ~W and the bino ~B . The second line contains the (scalar)3 terms, with
au , ad and ae 3� 3 matrices in family space. The third line contains the squark and slepton
masses of the (m2) j

i type, with m 2
Q , m 2

L , m 2
�u , m 2

�d and m 2
�e also 3 � 3 matrices in family

space. Finally, the fourth line contains the Higgs masses of the (m2) j
i type and the bij type.

It is clear that the soft supersymmetry-breaking terms contain mass terms for all sfermions
and gauginos but no mass terms for the corresponding fermions and gauge bosons, which
explains the mass di�erence between them.

7.1.1 The soft breaking universality conditions

Clearly, equation 7.4 contains many new free parameters. To be exact, 105 new parameters
are introduced in the most general form of supersymmetry breaking, while only one new pa-
rameter (the � in equation 6.7) was introduced by supersymmetry [9]. Of course, we would
prefer to keep our theories as simple as possible, so this seems to be a problem. However,
while writing down the soft breaking terms we have made no assumptions about theway
supersymmetry is broken. If we assume a certain theory is true (which means thatthere is
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an underlying structure), the number of free parameters will be much smaller.

Even if we do not yet choose a model for how supersymmetry is broken, we can use the ex-
perimental limits on for example CP violation, 
avour-changing neutral curren ts and masses
to predict the underlying structure of the supersymmetry-breaking terms. An often-used
example is to assume that at some high energy scale, the so-called soft breaking universality
conditions hold [9]:

m Q
2 = m2

Q 1; m �u
2 = m2

�u 1; m �d
2 = m2

�d1; m L
2 = m2

L 1; m �e
2 = m2

�e1; (7.5a)

au = Au0yu ; ad = Ad0yd ; ae = Ae0ye; (7.5b)

M 1; M 2; M 3 ; Au0; Ad0; Ae0 real: (7.5c)

The �rst line means that the squark and slepton mass matrices are 
avour-blind: as those
mass matrices are proportional to the identity matrix in family space, all squarks/sleptons
with the same quantum numbers will have the same mass. The second line means that the
(scalar)3 terms are proportional to the Yukawa coupling matrices in equation 6.7, so using
the approximation in equation 6.8 it is clear that only the squarks and sleptons of the third
family have non-negligible (scalar)3 couplings. Finally, the third line means that no new
complex phases are introduced, which means that the CKM phase is still the only complex
phase in the theory [9].

If we use those soft breaking universality conditions, there are only fourteen new param-
eters left in the softly-broken MSSM: three real gaugino masses (M 1, M 2 and M 3), �ve real
slepton and squark mass parameters (m2

Q , m2
�u , m2

�d, m2
L and m2

�e, which have to be real be-
cause otherwise the Lagrangian is not real), three real triscalar couplings (Au0, Ad0 and Ae0)
and three real Higgs mass parameters. It might seem as if we have four Higgsparameters
( m2

H u
, m2

H d
, b and � ), but one of them can be replaced by the known Higgs vacuum ex-

pectation value. Also, all Higgs parameters are real:m2
H u

and m2
H d

have to be real because
otherwise the Lagrangian would not be real, and in chapter 8 we will show thatband � can be
made real by rotating the scalar and fermion components of theHu and Hd supermultiplets.

It is important to remember that the soft breaking universality conditions pres umably
are the result of some model for the origin of supersymmetry breaking, and indeeda number
of models exist that predict these conditions (for example Gauge-Mediated Supersymmetry
breaking, which will be discussed in chapter 9). It is also important to remember that the
soft breaking universality conditions presumably hold at some high energy scale, soto get
the relations at the electroweak scale we should use the renormalization group equations
that have been discussed in section 2.5 to evolve all parameters down to the electroweak
scale. At this scale, the soft breaking universality conditions no longer hold exactly, but the

avor- and CP-conserving properties hold to a good approximation [9].

Yet another reason why the soft breaking universality conditions seem reasonable is
based on gauge uni�cation. In section 3.2, it was mentioned that the renormalization group
equations (which tell us how the gauge couplings depend on the energy scale) change if we
add extra particles to the theory. If we calculate the renormalization group equations for
the MSSM, it is easy to show that all three gauge couplings have the same value at an
energy of around 2� 1016 GeV. This means that it is possible that at energies above that
scale, the Standard Model gauge group is part of a larger gauge group (for example SU(5)
or SO(10) [1]). If this is true, the symmetry of the MSSM is higher at high energies, soit
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seems reasonable that relations like the soft breaking universality conditions would hold at
these scales.

7.2 Spontaneous supersymmetry breaking

As mentioned in the introduction to this chapter, there are three ways to break a sym-
metry: explicitly, spontaneously and using a combination of both. As we wouldprefer to
generate the supersymmetry-breaking terms in a dynamic way instead of putting them in
by hand, we will assume that supersymmetry is broken spontaneously. In general, spon-
taneous supersymmetry breaking means that at high energies, the Lagrangian is invariant
under supersymmetry, while the lowest energy state (the vacuum state)j0i is not invariant
under supersymmetry. This means that the e�ective Lagrangian at low energies is also not
invariant under supersymmetry.

If supersymmetry is broken spontaneously, that means thatQ� j0i 6= 0 and Qy
_� j0i 6= 0.

Rewriting equation 4.14 in terms of Weyl spinors we get

f Q� ; Qy
_�
g = 2 � �

� _�
P� ; (7.6)

so using Tr(� � �� � ) = 2 � �� we �nd [12]

P� =
1
4

��
_��

� f Q� ; Qy
_�
g; (7.7)

which means that the Hamiltonian

H = E = P0 =
1
4

�
Q1Qy

_1
+ Qy

_1
Q1 + Q2Qy

_2
+ Qy

_2
Q2

�
; (7.8)

using that � 0 is the identity matrix (see appendix A).

We know that Qy
_� is the Hermitian conjugate of Q� so we get

h0jH j0i =
1
4

�
jQy

_1
j0ij 2 + jQ1j0ij 2 + jQy

_2
j0ij 2 + jQ2j0ij 2

�
(7.9)

with j0i the vacuum state. This means that if supersymmetry is unbroken (Q� j0i = 0 and
Qy

_� j0i = 0) the energy of the vacuum is zero, while for spontaneously broken supersymmetry
(Q� j0i 6= 0 and Qy

_� j0i 6= 0) the energy of the vacuum is positive. Clearly, this is a good way
to distinguish between unbroken and spontaneously broken supersymmetry.

We know that the Hamiltonian is equal to the kinetic energy plus the potential energy
[2]. As we are considering the lowest energy state, the kinetic energy must be zero, so
h0jH j0i = h0jV j0i . Now we already know (see equation 5.91) thatV is equal to

V = F �
i Fi +

1
2

X

a

D aD a (7.10)

with Fi the auxiliary component of the chiral super�eld � i and D a the auxiliary component
of the vector super�eld V a . This means that supersymmetry is broken spontaneously if it
is impossible for all Fi and/or all D a to be nonzero at the same time.
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7.2.1 D-term supersymmetry breaking

D-type spontaneous supersymmetry breaking is caused by the nonzero vacuum expectation
value (VEV) of the auxiliary D-component of a vector super�eld. The simplest model for
D -type breaking is the Fayet-Iliopoulos mechanism [9]. As we have seen in section 5.2, the
most general Lagrangian for aU(1) vector super�eld and a number of chiral super�elds
(equation 5.38) contains a term�D (we took � to be zero in SQED). The Fayet-Iliopoulos
mechanism contains one chiral super�eld and one Abelian vector super�eld, so the scalar
potential is

V = F F � +
1
2

(gtj� j2 + � )2: (7.11)

It is clear that if gt� is strictly positive, V must always be larger than zero, which means
that supersymmetry is spontaneously broken. In this case, the minimum occurs forh� i = 0
(which means that the ground state remains invariant under U(1)), which gives

Vmin =
1
2

� 2: (7.12)

This only works for Abelian groups, as otherwise the�D -term is not gauge invariant [12].
This means that we only have one option that is part of the Standard Model gauge group:
the U(1)Y group. However, the MSSM contains multiple chiral super�elds, so the scalar
potential is

V = Fi F �
i +

1
2

(gti j� i j2 + � )2 (7.13)

and as the hyperchargest i of the MSSM super�elds can be both positive and negative,
it is possible to �nd a set of h� i i such that V = 0, so D-term supersymmetry breaking
is impossible. This means that the Fayet-Iliopoulos mechanism does not work for any of
the gauge �elds in the Standard Model, so we will have to introduce a newU(1) group.
However, a newU(1) factor introduces several anomalies which are not cancelled, so the
theory becomes unrenormalizable [12]. This problem can in principle be solved, but only by
introducing many new super�elds to cancel all anomalies, which makes it hard to giveall
particles correct masses [9], so we will ignoreD-term breaking from now on.

7.2.2 F -term supersymmetry breaking

The second and more likely option is that supersymmetry is spontaneously broken by the
F -component of a chiral super�eld getting a VEV. Models where this happens are usually
called O'Raifeartaigh models [9] and contain a set of chiral supermultipletswith the super-
potential W chosen in such a way that the equationsF �

i = � @W=@� i j = 0 (see equation
5.14) cannot all be true at the same time.

It is quite easy to show that supersymmetry cannot be spontaneously broken in amodel
with only one self-interacting chiral super�eld, as this is the Wess-Zumino model with (see
equation 5.18)

W = h� +
1
2

m� 2 +
1
6

f � 3; (7.14)

so we get

F � = � h � m� �
f
2

� 2; (7.15)
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so F � is zero if we choose

� = �
m
f

�
1
f

p
m2 � 2hf : (7.16)

Similarly, it can be shown that supersymmetry cannot be spontaneously brokenin a model
with only two chiral super�elds, so the simplest model with spontaneousF -term supersym-
metry breaking contains three chiral super�elds � 1;2;3 with a superpotential [9]

W = � k� 1 + m� 2� 3 +
1
2

y� 1� 2
3; (7.17)

with k, m and y �xed real parameters. If we now calculateF �
i = � @W=@� i j, we get

F �
1 = k �

1
2

y� 2
3; (7.18)

F �
2 = � m� 3; (7.19)

F �
3 = � m� 2 � y� 1� 3 (7.20)

with � 1;2;3 the scalar component of the super�eld � 1;2;3.

Clearly, the constraint equations for F �
1;2;3 cannot all be true at the same time: F �

2 is
only zero if � 3 is zero, but if that is the caseF �

1 is equal to k. This means that V will always
be larger than zero, so supersymmetry is spontaneously broken and the vacuum state is not
supersymmetric.

If we assumem2 > yk , the scalar potential

V =
1
2

D aD a + jF1j2 + jF2j2 + jF3j2

=
1
2

D aD a + jk �
1
2

y� 2
3j2 + m2j� 3j2 + jm� 2 + y� 1� 3j2 (7.21)

has its minimum at � 2 = � 3 = 0 and � 1 arbitrary. If we now choose � 1 = 0, the vacuum
state is gauge invariant.

The model discussed above shows thatF -term supersymmetry breaking is possible for
relatively simple models, but now we need to apply this to the MSSM. As we can see, the
MSSM superpotential (equation 6.7) does not contain a term of the typehi � i , as the MSSM
does not contain gauge singlets (�elds that are invariant under all gauge symmetries of the
Standard Model). However, such a term is needed to haveF -term supersymmetry breaking,
because otherwise we can always getF �

i = 0 for all i by choosingh� i i = 0 for all i . This
means that to get F -term breaking we need to expand the MSSM, just like forD-term
breaking. Luckily, it is much easier to create viable models forF -term breaking [9].

So how do we incorporateF -term supersymmetry breaking in the MSSM? Clearly, at
least one extra chiral super�eld S has to be introduced, which has to be a gauge singlet. The
logical �rst choice is to make this super�eld couple directly to the MSSM super�elds. How-
ever, the only direct coupling term which is renormalizable and gauge invariant isSHu Hd,
which is a mass term for the Higgs bosons. As we know that supersymmetry breaking should
also give masses to the gauginos and sfermions, theSHu Hd term is not enough. To solve
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this problem, we need to introduce many new super�elds, but it is hard to give them high
masses (which they need to have, because they have not been detected yet) while keeping
their couplings to the Standard Model small enough to �t the experimental constraints.
Also, there is no reason why the soft breaking universality conditions would hold in a situ-
ation like this.

Clearly, letting the gauge singlets needed forF -term SUSY breaking couple to the MSSM
directly is not a very good solution. Instead, we will consider supersymmetry breaking in
a hidden sector, which contains super�elds that are singlets with respect to the Standard
Model gauge group and do not have direct couplings to the MSSM, so supersymmetry
breaking can take place in this sector (at some high energy scale). In this case wealso
need a third group of super�elds, the messenger sector, which couples to both the MSSM
(the observable sector) and the hidden sector. If the interactions of the messenger sector
with either the observable sector or the hidden sector are 
avour-blind, the soft breaking
universality conditions will automatically hold [9].

7.3 The goldstino

According to Goldstone's theorem, for every spontaneously broken symmetry generator (so
every generator that generates a symmetry of the Lagrangian which is not a symmetry of
the vacuum) a Goldstone particle will appear [1]. This Goldstone particle will have the same
quantum numbers as the broken generator [9]. This means that if the generator is bosonic
(for example the generators of theSU(2) � U(1) symmetry in the Standard Model), the
Goldstone particles will be spinless bosons (for example, the Higgs scalarsthat were eaten
by the W � and Z 0 bosons). However, if the generator is fermionic (like theQ and Qy of
supersymmetry), the Goldstone particles will be spin-1/2 fermions. The Goldstone particles
related to the breaking of supersymmetry are called goldstinos [12], which means that we
deviate from our usual naming customs here, as the goldstino is not the superpartner ofa
Goldstone boson. The goldstinos are neutral and colourless, just likeQ and Qy.

If we consider a general supersymmetric model with gauge super�eldsV a and chiral
super�elds � i , the available fermionic degrees of freedom are gauginos� a and fermions � i .
If we look at the Lagrangian for such a general supersymmetric model (equation 5.86), it
is clear that the possible fermion mass terms (which can become real fermionmass terms
when some of the� i , for example the Higgs boson(s), obtain a VEV) are

L fmass = �
p

2g� a � i Ta
ij h� �

j i �
1
2

mij � i � j �
1
2

f ijk � i � j h� k i + h:c:

=
�

� a � i

�
 

0 � 1p
2
gTa

jk h� �
k i

� 1p
2
gTb

ij h� �
j i � 1

2 mij � 1
2 f ijk h� k i

!  
� b

� j

!

+ h:c:

=
�

� a � i

�
m F

 
� b

� j

!

+ h:c: (7.22)

with m F the fermion mass matrix and h� i denoting the vacuum expectation value of� .

We start with the assumption that the goldstino is a combination of � a and � i , with
coe�cients
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~G =

 
1p
2
hD a i

hFi i

!

: (7.23)

In that case, we get

m F ~G =

 
� 1p

2
gTa

jk hFj ih� �
k i

� 1
2 gTb

ij h� �
j ihD bi � 1

2 mij hFj i � 1
2 f ijk h� k ihFj i

!

: (7.24)

We know that the superpotential (equation 5.3) should be gauge invariant, so

(� i + mij � j +
1
2

f ijk � j � k )� gauge � i = 0 (7.25)

Of course, this is also true if we take� = 0 = � y, which means that (using equations 5.64
and 5.89)

2ig� aTa
ij � j F �

i = 0 : (7.26)

As � a is the gauge transformation parameter, it cannot be zero, so we must haveTa
ij � j F �

i =
0, so the upper component ofm F ~G is zero.

We also know that at a local minimum of the scalar potential, using equations5.87, 5.88
and 5.89,

0 =
�

@V
@�i

�

=
�

@
@�i

(Fi F �
i +

1
2

D aD a)
�

=


Fj (� mij � f ijk � k ) + D a(� g� �

j Ta
ij )

�

= � mij hFj i � f ijk hFj ih� k i � gh� �
j ihD a i Ta

ij ; (7.27)

which is proportional to the lower component of m F ~G.

Combining those results, it is clear that m F annihilates the goldstino, so the goldstino
is a massless fermion. It is also clear that if allD a and Fi are zero at the minimum of the
potential, there is no goldstino, which makes sense because supersymmetry is not broken
spontaneously in that case. We conclude that equation 7.23 does indeed describe the gold-
stino.

Because a massless fermion has not been found thus far, this might seem problematic.
The solution to this problem is discussed in section 9.4.
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8 Electroweak symmetry breaking

So far we have considered supersymmetry at very high energies, but of course we would
like to know what supersymmetry looks like at the energies we can access with the current
particle colliders and other experiments. As we have seen in section 2.3, at theseenergies
the electroweak symmetry is broken. This means that we �rst need to �nd out what the
e�ects of electroweak symmetry breaking (EWSB) are. We will see later on that EWSB
in the MSSM is only possible if supersymmetry is broken, so we know that the scale of
supersymmetry breaking is higher than the EWSB scale.

8.1 The Higgs potential

Electroweak symmetry is broken by the vacuum expectation value of the Higgs doublet, so
�rst we need to know what the Higgs potential in the MSSM is. This potential contains all
terms in the Lagrangian that contain only Higgs scalars, which can be found in the scalar
potential (equation 5.42) and the soft explicit supersymmetry breaking terms (equation 7.4).
The latter are the easiest, as they simply give (remember thatL = T � V )

VH;sof t = m2
H u

(jH +
u j2 + jH 0

u j2) + m2
H d

(jH 0
d j2 + jH �

d j2) + ( bH+
u H �

d � bH0
u H 0

d + h:c:) (8.1)

when written in terms of component �elds.

The terms coming from the scalar potential are somewhat more complicated. Wewill
�rst consider the 1

2 D aD a term, using equation 5.87 these are

VH;Dterm =
1
2

X

a

g2
a(� � Ta � )2: (8.2)

For the Higgs bosons, the sum has two terms, as they do not have a colour charge. For
U(1), Ta

ij = 1
2 Y � ij with Y the hypercharge of the �eld � , and for SU(2), Ta

ij = 1
2 � a

ij with
a = 1 ; 2; 3 [12]. This means that we get

VH;Dterm =
1
8

g2
1(� �

pi Y � pi )2 +
1
8

g2
2(� �

pi �
a
ij � pj )2: (8.3)

where we sum overi; j (the SU(2) indices) and p (with � p = Hu ; Hd). We can use equation
C.1 to rewrite the last term as

1
8

g2
2(� �

pi �
a
ij � pj )( � �

qk � a
kl � ql ) =

1
4

g2
2 � �

pi � pj � �
qj � qi �

1
8

g2
2 � �

pi � pi � �
qk � qk : (8.4)

If we now use� p; � q = Hu ; Hd and i; j = 1 ; 2 we get

VH;Dterm =
1
8

(g2
1 + g2

2)( jH +
u j2 + jH 0

u j2 � j H 0
d j2 � j H �

d j2)2 +
1
2

g2
2 jH +

u H 0�
d + H 0

u H ��
d j2: (8.5)

There are also terms in the Higgs potential that come from theF -term in the scalar potential.
Using equations 5.88, 5.89 and 6.7, we can write them as

VH;F term = j� j2(jH 0
u j2 + jH +

u j2 + jH 0
d j2 + jH �

d j2); (8.6)

so the total scalar Higgs potential for the MSSM with soft supersymmetry breaking terms
is
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VH = ( m2
H u

+ j� j2)( jH +
u j2 + jH 0

u j2) + ( m2
H d

+ j� j2)( jH 0
d j2 + jH �

d j2)

+
1
8

(g2
1 + g2

2)( jH +
u j2 + jH 0

u j2 � j H 0
d j2 � j H �

d j2)2 +
1
2

g2
2 jH +

u H 0�
d + H 0

u H ��
d j2

+ ( bH+
u H �

d � bH0
u H 0

d + h:c:): (8.7)

It is interesting to note that in the Standard Model, the Higgs potential is VH = 1
2 � 2� 2+ 1

4 �� 4

where � could be chosen freely, while in the MSSM the coe�cient of theH 4 terms is �xed
in terms of the gauge couplings.

Just like in the Standard Model, electroweak symmetry is broken by the vacuum expec-
tation value of the Higgs �elds, which means that the minimum of VH is attained at nonzero
values of the Higgs �elds. In principle, each component of the Higgs �elds (soH +

u , H 0
u , H 0

d
and H �

d ) could get a VEV, which would make the equations very complicated. However,
we still have the freedom to make aSU(2) gauge transformation, and we can �x the gauge
in such a way that H +

u = 0 (which means that also H + �
u = 0). We also know that at the

minimum of the potential, all derivatives of V with respect to �elds should be zero, so using
the gauge �xing we get

0 =
@V

@H+
u

= bH �
d +

1
2

g2
2H 0�

d H 0�
u H �

d ; (8.8)

which is only true if H �
d = 0. This means that around the minimum, the following expression

is valid:

VH = ( m2
H u

+ j� j2)jH 0
u j2 + ( m2

H d
+ j� j2)jH 0

d j2 � bH0
u H 0

d � bH0�
u H 0�

d

+
1
8

(g2
1 + g2

2)( jH 0
u j2 � j H 0

d j2)2: (8.9)

We can now de�ne the vacuum expectation values of the Higgs doublets as

hHu i =
1

p
2

 
0

vu

!

; hHd i =
1

p
2

 
vd

0

!

; (8.10)

with

v2
u + v2

d = v2 (8.11)

and v the Standard Model Higgs VEV de�ned below equation 2.24. The ratio

tan � =
vu

vd
(8.12)

is a free parameter of the theory.

Since the charged components ofHu and Hd do not acquire a VEV, electromagnetism
(U(1)EM ) is not broken, just like in the Standard Model.

As will be shown below, there are certain constraints onV , and determining those
constraints is easier if all terms in equation 8.9 are real. Luckily, theonly term that is prob-
lematic is � bH0

u H 0
d + c:c:, as all the other terms only contain absolute values and constants
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that are known to be real (the massesmH u;d and the gauge coupling constantsg1 and g2).
Even more luckily, we can absorb any phase factor inb in either Hu or Hd (so b is real)
and we still have the freedom to do aU(1)Y gauge transformation. At the minimum of V ,
bH0

u H 0
d + c:c: should be as large as possible (as this term has a minus sign inVH ), which is

the case whenhH 0
u H 0

d i is real and positive. Finally, we know that H 0
u and H 0

d have opposite
hyperchargesY , and ashH 0

u H 0
d i is real and positive the phases ofhH 0

u i and hH 0
d i should be

equal but opposite, so we can use a singleU(1)Y transformation to make both hH 0
u i and

hH 0
d i real and positive.

To make sure that spontaneous symmetry breaking will take place,VH needs to be
bounded from below (because otherwise it has no minimum) andhHu i and/or hHd i need
to be nonzero atVH;min . For large values ofH 0

u and H 0
d , the last term of equation 8.9 will

dominate as it is quartic in the �elds. As this term is positive, it seems immediately clear
that V is bounded from below. However, a problem arises ifjH 0

u j = jH 0
d j, as in that case the

quartic term disappears and not all quadratic terms are positive. If jH 0
u j = jH 0

d j we have

VH u = H d = ( m2
H u

+ m2
H d

+ 2 j� j2)jH 0
u j2 � 2bjH 0

u j2 (8.13)

which is only bounded from below if

b <
1
2

(m2
H u

+ m2
H d

) + j� j2 (8.14)

so to make sure thatVH is always bounded from below, we demand the inequality in equa-
tion 8.14 to be true.

The next thing we need to show is that Hu and/or Hd acquire a VEV. In the Standard
Model, we haveV = 1

2 � 2� 2 + 1
4 �� 4 and � acquires a VEV for � 2 < 0. If we compare this

with equation 8.9 it is clear that the quadratic part should contain a negative (mass)2 term.
The quadratic terms can be written as

�
H 0�

u H 0
d

�
 

j� j2 + m2
H u

� b

� b j� j2 + m2
H d

!  
H 0

u

H 0�
d

!

; (8.15)

so for spontaneous symmetry breaking to take place, the above matrix shouldhave at least
one negative eigenvalue (comparable with the \negative mass" in the Standard Model case).
For a 2 � 2 matrix A with eigenvalues � 1;2, the trace of A is equal to � 1 + � 2 and the
determinant is equal to � 1� 2 [16]. The trace of the matrix in equation 8.15 is positive,
which means that at least one of the eigenvalues is also positive. This means that the other
eigenvalue can only be negative if the determinant is negative, and for the determinant to
be negative we need to have

b2 > (j� j2 + m2
H u

)( j� j2 + m2
H d

): (8.16)

As b, mH u and mH d are all coe�cients of soft supersymmetry-breaking terms, they are zero
if supersymmetry is not broken. That means that equations 8.14 and 8.16 would simplify
to j� j4 < 0 and j� j2 > 0 in case supersymmetry is exact, and clearly those conditions con-
tradict. This means that electroweak symmetry breaking in the MSSM can only take place
if supersymmetry has also been broken.

The �nal thing we want to do in this section is to calculate the actual minimum of the
Higgs scalar potential, with the VEVs given by equation 8.10. We know
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@VH
@H0

u
= 0 ; and

@VH
@H0

d
= 0 ; (8.17)

and calculating these forVH as given in equation 8.9, we get

p
2(j� j2 + m2

H u
)vu �

p
2bvd +

1

4
p

2
(g2

1 + g2
2)vu (v2

u � v2
d) = 0 ; (8.18)

p
2(j� j2 + m2

H d
)vd �

p
2bvu �

1

4
p

2
(g2

1 + g2
2)vd(v2

u � v2
d) = 0 ; (8.19)

which we can rewrite as

j� j2 + m2
H u

= b
vd

vu
�

1
8

(g2
1 + g2

2)(v2
u � v2

d); (8.20)

j� j2 + m2
H d

= b
vu

vd
+

1
8

(g2
1 + g2

2)(v2
u � v2

d): (8.21)

In terms of the parameters� (which was de�ned just below equation 8.10) andmZ (the mass
of the Z boson, which has been given below equation 2.27) we get the following equations
(which will hold at the minimum of the Higgs potential):

j� j2 + m2
H u

= bcot � +
1
2

m2
Z cos 2�; (8.22)

j� j2 + m2
H d

= btan � �
1
2

m2
Z cos 2�: (8.23)

As we now have two equations which both involvej� j, b and � , we will usually eliminate b
and j� j in favour of tan � .

8.2 The Higgs bosons and their masses

We know that the MSSM contains two complex Higgs doublets, which means that there
are eight real (scalar) degrees of freedom. Electroweak symmetry breaking means that the
SU(2) � U(1)Y symmetry is broken to a U(1)EM symmetry, so three of the symmetry gen-
erators are broken. According to the Goldstone mechanism, this means that three of the
Higgs degrees of freedom are massless Goldstone bosons (G� and G0), and the Z 0 and W �

bosons acquire a mass by eating those Goldstone bosons. After this, there are �ve Higgs
scalars left: two CP-even neutral scalarsh0 and H 0 (by convention, h0 is lighter than H 0),
one CP-odd neutral scalarA0 and two charged scalarsH � [9]. We will now determine the
masses of those �ve Higgs scalars.

We start with the Higgs potential (equation 8.7). To get the mass terms, we have to
expand around the vacuum by substituting X = hX i + X for all particles X . The VEVs of
the Higgs doublets have been given in equation 8.10 so the result of expanding equation 8.7
around the vacuum is (keeping only the terms quadratic in the �elds, as those are the mass
terms)
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VH;mass = ( j� j2 + m2
H u

)( jH +
u j2 + jH 0

u j2) + ( j� j2 + m2
H d

)( jH 0
d j2 + jH �

d j2)

+
1
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u (Re[H 0
u ])2
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d(Re[H 0

d ])2 � 4vu vdRe[H 0
u ]Re[H 0

d ]
�

+
1
4

g2
2

�
v2

d jH +
u j2 + v2

u jH �
d j2 + vu vd(H + �

u H ��
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u H �
d )

�

+ b(H +
u H �

d + H + �
u H ��

d � 2Re[H 0
u H 0

d ]) (8.24)

using that for a complex variable z, z + z� = 2 Re[z]. We would like to rewrite this in terms
of the variables b, � , m2

Z and m2
W , with the latter two the masses of the Standard Model

gauge bosons. In the MSSM, these are given by [1]

m2
Z =

1
4

v2(g2
1 + g2

2) =
1
4

(v2
u + v2

d)(g2
1 + g2

2); (8.25)

m2
W =

1
4

v2g2
2 =

1
4

g2
2(v2

u + v2
d): (8.26)

We also need some geometric identities involving� , which are based on the fact that

v2
u

v2
d

= tan 2� =
sin2�
cos2�

=
1 � cos2�

cos2�
; (8.27)

so

cos2� =
v2

d

v2
u + v2

d
; (8.28)

sin2� = 1 � cos2� =
v2

u

v2
u + v2

d
; (8.29)

cos (2� ) = cos2� � sin2� =
v2

d � v2
u

v2
u + v2

d
; (8.30)

sin (2� ) = 2 sin � cos� = 2 tan � cos2� =
2vu vd

v2
u + v2

d
: (8.31)

Using all identities above and also equations 8.22 and 8.23, we can rewrite equation 8.24 as
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W sin 2�

b+ 1
2 m2

W sin 2� b tan � + m2
W sin2�

!  
H +

u

H ��
d

!

+

�
Im[H 0

u ] Im[H 0
d ]

�
 

bcot � b

b btan �

!  
Im[H 0

u ]

Im[H 0
d ]

!

+

�
Re[H 0

u ] Re[H 0
d ]

�
 

bcot � + m2
Z sin2� � b� 1

2 m2
Z sin 2�

� b� 1
2 m2

Z sin 2� b tan � + m2
Z cos2�

!  
Re[H 0

u ]

Re[H 0
d ]

!

:(8.32)
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Now we just need to diagonalize the three mass matrices in the above equation. Starting with
the second one, we can easily calculate that its eigenvalues are 0 and2b

sin 2 � , which correspond

to the Goldstone bosonG0 and the CP-odd Higgs bosonA0. If we now de�ne m2
A = 2b

sin 2 �
we can write the eigenvalues of the other two matrices in terms of this parameter. The
eigenvalues of the �rst mass matrix (corresponding to the charged particles) are 0 andm2

A +
m2

W , which correspond to the Goldstone bosonsG� and the charged Higgs bosonsH � . The
eigenvalues of the third mass matrix are1

2 (m2
A + m2

Z �
p

(m2
A + m2

Z )2 � 4m2
A m2

Z cos2(2� ))
so the masses of the �ve Higgs bosons are

m2
A =

2b
sin (2� )

; (8.33)

m2
h =

1
2

�
m2

A + m2
Z �

q
(m2

A + m2
Z )2 � 4m2

A m2
Z cos2(2� )

�
; (8.34)

m2
H 0 =

1
2

�
m2

A + m2
Z +

q
(m2

A + m2
Z )2 � 4m2

A m2
Z cos2(2� )

�
; (8.35)

m2
H + = m2

A + m2
W ; (8.36)

m2
H � = m2

A + m2
W : (8.37)

We can write m2
h as

m2
h =

1
2

(m2
A + m2

Z )

 

1 �

s

1 �
4m2

A m2
Z cos2(2� )

(m2
A + m2

Z )2

!

; (8.38)

and using a Taylor approximation we get

m2
h �

m2
A m2

Z cos2(2� )
m2

A + m2
Z

; (8.39)

which we can use to order the Higgs masses

m2
h < m 2

A < m 2
H 0 ; m2

H � (8.40)

and also to give a bound onmh :

mh < j cos (2� )j mZ : (8.41)

This seems to be a problem, because it would mean thatmh is smaller than mZ , while we
know that mZ = 91:2 GeV [6] and the current lower bound onmh is 92.8 GeV [6] (this is
a di�erent bound than that for the Standard Model Higgs boson). However, the masses we
have calculated above are the tree-level masses (the masses calculated using only tree-level
diagrams, see section 2.5), and it turns out that loop corrections (in particular, those due
to the top quark and the stop squark) raise the upper bound on theh0 mass [12].

8.3 Sparticle masses and mixing

After electroweak symmetry breaking, there are several particles which have the same quan-
tum numbers (which means that they have the sameR-parity, spin, colour charge and
electrical charge, as those are the only quantum numbers left), so they can mix (which
means that their gauge eigenstates are di�erent from their physical mass eigenstates). This

77



happens for both the fermions and the scalars, and we will discuss them separately.

In the case of the fermions, the higgsinos and electroweak gauginos mix (the gluinos have
colour, so they do not participate in the mixing). The neutral higgsinos ( ~H 0

u and ~H 0
d ) and

the neutral gauginos (~B 0 and ~W 0) combine to form four mass eigenstates called neutralinos,
which are usually denoted by ~� 0

1;2;3;4, with ~� 0
1 the lightest neutralino and ~� 0

4 the heaviest.
The positively charged higgsino ~H +

u and the positively charged wino ~W + combine to form
two mass eigenstates ~� +

1;2 and the same happens with ~H �
d and ~W � which form ~� �

1;2.

8.3.1 Neutralino masses and mixing

There are three types of neutralino mass terms. The �rst type is the gaugino mass terms
� 1

2 M 2 ~W 0 ~W 0 � 1
2 M 1 ~B ~B + c.c. from equation 7.4. The second is the higgsino mass term

� ~H 0 ~H 0
d + c.c., which comes from the Higgs mass term in the MSSM superpotential (see

equations 5.3, 5.10 and 6.9). The �nal type originates from the�
p

2g� �
i Ta

ij  j � a + c.c. term

in equation 5.86, which for � a = ( ~B; ~W 0) (with Ta
ij = ( 1

2 Y � ij ; 1
2 � 3

ij )) and  j = ( ~H 0
u ; ~H 0

d )
gives

L HHG = �
p

2g1H 0�
u

~H 0
u

�
1
2

YH u

�
~B �

p
2g1H 0�

d
~H 0

d

�
1
2

YH d

�
~B

�
p

2g2

�
H + �

u H 0
u

� 1
2

 
1 0

0 � 1

!  
~H +

u

~H 0
u

!

~W 0

�
p

2g2

�
H 0�

d H �
d

� 1
2

 
1 0

0 � 1

!  
~H 0

d

~H �
d

!

~W 0 + c.c. : (8.42)

Using that YH u = 1 and YH d = � 1, replacing H 0�
u and H 0�

d by their vacuum expectation
values (as given in equation 8.10, remember thathH 0

u i = hH 0�
u i and hH 0

d i = hH 0�
d i ) and

keeping only the terms for the neutral higgsinos, we get

L HHG;neutral = �
1
2

g1vu ~H 0
u

~B +
1
2

g1vd ~H 0
d

~B +
1
2

g2vu ~H 0
u

~W 0 �
1
2

g2vd ~H 0
d

~W 0 + c.c. : (8.43)

We can now combine the three types of neutralino mass terms and write them as

L nmass = �
1
2

( 0)T M ~� 0  0 + c.c. (8.44)

with (  0)T = ( ~B; ~W 0; ~H 0
d ; ~H 0

u ) and

M ~� 0 =

0

B
B
B
B
@

M 1 0 � g1
vd
2 g1

vu
2

0 M 2 g2
vd
2 � g2

vu
2

� g1
vd
2 g2

vd
2 0 � �

g1
vu
2 � g2

vu
2 � � 0

1

C
C
C
C
A

: (8.45)

This matrix can be diagonalized by some unitary matrix N (with N � M ~� 0 N = M D , where
M D is a diagonal matrix with real positive entries on the diagonal) and the mass eigenstates
in that case are given by ~� i = N ij  0

j , with m ~� i = M D
ii . We could write down N and the
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mass eigenvalues in terms ofM 1, M 2, � and tan � , however this is a complicated calculation
and we will not do it here, as usually these are just calculated numerically.

M 1, M 2 and � can have arbitrary complex phases, however by rede�ning the phases of
~B and ~W 0 we can chooseM 1 and M 2 to be real and positive. This is not possible for� ,
but if � is not real, it might cause large CP violation and for example large electric dipole
moments for the electron and the muon (which we do not see) [9]. Because of this, itis
usually assumed that� is real.

8.3.2 Chargino masses and mixing

In a similar way, we can get the terms contributing to the chargino mass terms. Again,
we have a gaugino mass term (in this case, it is� M 2 ~W + ~W � + c.c.), a higgsino mass term
(� � ~H +

u
~H �

d + c.c.) and terms from the �
p

2g� �
i Ta

ij  j � a term in equation 5.86 (� g2vu ~H +
u

~W � �
g2vd ~W + ~H �

d + c.c.). Together these give

L cmass = �
1
2

( � )T M ~� �  � + c.c. ; (8.46)

with (  � )T = ( ~W + ; ~H +
u ; ~W � ; ~H �

d ) and

M ~� � =

0

B
B
B
B
@

0 0 M 2 g2vd

0 0 g2vu �

M 2 g2vu 0 0

g2vd � 0 0

1

C
C
C
C
A

: (8.47)

In this case, the mass eigenstates are given by [9]
 

~� +
1

~� +
2

!

= V

 
~W +

~H +
u

!

;

 
~� �

1

~� �
2

!

= U

 
~W �

~H �
d

!

; (8.48)

where U and V can be di�erent unitary matrices.

8.3.3 Squark and slepton masses and mixing

As all up-type squarks have the same electric charge (2
3 ), in principle all six up-type squarks

(~u; ~c;~t)L;R could mix, which would be a very complicated situation. However, we are assum-
ing that at some high energy scale, the squark and slepton mass matrices are proportional to
the identity matrix in family space (see equation 7.5). This means that at this high energy
scale the mixing between for example ~uL and ~tL is zero, as they both have the same mass
(mixing between ~tR and ~tL at this scale is of course impossible, because they have di�erent
quantum numbers).

If we now run all parameters down to the electroweak scale (using the Renormalization
Group Equations for the MSSM, which are given in for example the book by Drees, Godbole
and Roy [12]), the result is that there is signi�cant mixing between ~tL and ~tR , between~bL and
~bR and between ~� L and ~� R , and almost no mixing between the other squarks and sleptons.
To show this, we denote the mass eigenstates of the third-generation squarks and sleptons by
~t1;2, ~b1;2 and ~� 1;2 (where ~t2 is heavier than ~t1) and consider the mass and gauge eigenstates
of the other squarks and sleptons to be equal (so we will just use ~uR , ~uL , etcetera, in our
further discussions).
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9 Gauge-mediated supersymmetry breaking

In section 7.2 we have already seen that it is not possible to break supersymmetry with
only the MSSM super�elds, so there must be a supersymmetry-breaking sector. We have
also seen that it is highly unlikely that this sector couples directly to the MSSM sector
through a renormalizable interaction, which meant that there were two options: either the
supersymmetry-breaking sector (which we will call the hidden sector from now on) couples
to the MSSM through a nonrenormalizable interaction (for example gravity) or both sectors
couple to a third sector called the messenger sector through gauge interactions. Thissecond
option is called \gauge-mediated supersymmetry breaking" (GMSB) and is the subjectof
this chapter. The advantage of GMSB compared with gravity-mediated supersymmetry
breaking is that squarks and sleptons with the same gauge quantum numbers automatically
get the same soft supersymmetry-breaking masses, which means that the soft breaking
universality conditions automatically hold at a high scale.

9.1 The MSSM, messenger and hidden sectors

Figure 9.1: A sketch of the particle content and couplings of a typical GMSB model [18].

A schematic overview of a typical GMSB model can be seen in �gure 9.1. As messenger
super�elds we take chiral super�elds � i and �� i , where the bar denotes that � i and �� i trans-
form under conjugate representations of the Standard Model gauge group, so their quantum
numbers are exactly opposite. This means that �i �� i is invariant under the Standard Model
gauge group, so a mass termmi � i �� i is allowed, which means that the messenger particles
can acquire masses that are much higher than the weak scale. The messenger super�elds
couple to the MSSM super�elds through gauge interactions, so they are nonsinglets under
the Standard Model gauge group.

As we have seen,F -term supersymmetry breaking is only possible if the theory contains
at least one gauge singlet chiral super�eldS. To get supersymmetry breaking, the auxiliary
component FS of S must get a nonzero VEV, and we will also assume that the scalar com-
ponent � S gets a VEV. At the moment we are only interested in the soft supersymmetry
breaking terms which were given in section 7.1 and as we will see, they only depend onhFS i ,
h� S i and the messenger super�elds, so we will not concern ourselves with how exactly the
components ofS acquire a VEV. However, one should realize that we are simply upping the
limit of what we know: our theory will give us the soft supersymmetry breaking terms, but
we still do not know how supersymmetry is broken exactly.

The most general gauge-invariant and renormalizable superpotential for the messenger
super�elds (remember that both � i and �� i are left chiral super�elds and that S is a gauge
singlet under the Standard Model gauge group) is
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Wmess =
X

i

� i S� i �� i : (9.1)

In principle, there could also be o�-diagonal terms (� ij S� i �� j ), but these can be absorbed
by a rede�nition of the messenger super�elds [19]. We could also include a mass termP

i mi � i �� i , but as we will see givingFS and � S a VEV has the same e�ect, and we prefer
to generate the mass terms dynamically instead of simply putting them in by hand. Finally,
we know that S also takes part in some superpotentialWbreaking , but we do not know the
form of this superpotential. Some possible models for this superpotential are discussed in
the paper by Giudice and Rattazzi [19].

The next step is to calculate the masses of the components of the messenger super�elds.
We will denote the scalar, fermionic and auxiliary components of � i by � i , � i and Fi , those
of �� i by �� i , �� i and �Fi and those ofS by � S , � S and FS . From equation 5.16 we know that
the mass terms of the scalar components reside in the scalar potentialV , with

V =
X

k

jFk j2 (9.2)

where k counts over all chiral super�elds in the theory.

We know (using equations 4.48 and 5.14) that

F �
i = �

@Wmess

@� i

�
�
�
�

= � � i � S
�� i ; (9.3)

�F �
i = �

@Wmess

@�� i

�
�
�
�

= � � i � S � i ; (9.4)

F �
S = �

@
@S

(Wmess + Wbreaking )

�
�
�
�

= � � i � i
�� i �

@Wbreaking

@S

�
�
�
� (9.5)

so

Vmess + breaking (� i ; � �
j ) = jFi j2 + j �Fi j2 + jFS j2

= j� i � S
�� i j2 + j� i � S � i j2 +

�
�
�
�

�
� � i � i

�� i �
@Wbreaking

@S

� �
�
�
�

2

:(9.6)

We now want to integrate out the super�eld S, because at the scale we are interested in (the
mass scale of the messenger super�elds) we only notice the VEVs ofS, not S itself. As has
been said before,� S and FS both get a VEV (denoted by h� S i and hFS i ), while � S does
not. We also know
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hF �
S i =

�
�

@
@S

(Wmess + Wbreaking )

�
�
�
�

�

=
�

�
@Wbreaking

@S

�
�
�
�

�
� h � i � j ji

=
�

�
@Wbreaking

@S

�
�
�
�

�
; (9.7)

so after substituting the VEVs for the components of S we get

Vmess + breaking = j� i h� S ij 2 �� i
�� �

i + j� i h� S ij 2� i � �
i + ( � � i � i

�� i + hF �
S i )( � � �

i � �
i

�� �
i + hFS i ) (9.8)

and remembering that L contains � V we can write the scalar mass terms as

L SMT = �
�

� �
i

�� i

�
 

j� i h� S ij 2 � � �
i hF �

S i

� � i hFS i j � i h� S ij 2

!  
� i

�� �
i

!

: (9.9)

This means that the scalar components of �i and �� i mix to form states with squared mass
(the eigenvalues of the above scalar mass matrix)

m2
i � = j� i h� S ij 2 � j � i hFS ij : (9.10)

The masses of the fermionic components of �i and �� i are easier to calculate. From equation
5.16 it is clear that for general W = hi � i + 1

2 mij � i � j + 1
6 f ijk � i � j � k the fermionic mass

terms are� 1
2 � i � j (mij + f ijk h� k i ), so for the superpotential given in equation 9.1 the fermionic

mass terms are

L F MT = � � i h� S i � i
�� i + h:c: (9.11)

so the fermion masses are given by

mfermion = j� i h� S ij : (9.12)

Comparing equations 9.10 and 9.12 it is clear that supersymmetry is broken ifhFS i 6= 0,
which is exactly what we want, as that means that in that case supersymmetry is broken
spontaneously in the hidden sector. Equation 9.10 also leads to the constraint

x i =

�
�
�
�

hFS i
� i h� S i 2

�
�
�
� < 1 (9.13)

because the scalar squared masses cannot be negative.

9.2 The soft supersymmetry breaking terms

As we have seen in section 7.1, the soft supersymmetry breaking terms containmany param-
eters: the gaugino massesM � , the (scalar)3 coupling matrices aX , the squark and slepton
mass matricesm 2

X , the Higgs massesm2
H u

and m2
H d

, and the Higgs mass parameterb. In
section 7.1 we have treated them as parameters we have put in by hand, but in this section
we will show how they can be generated by interactions with the messenger sector.
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Figure 9.2: The diagram that generates the supersymmetry-breaking gaugino mass to leading
order, with ~� p the gaugino,� i and  i the scalar and fermion components of� i and �� i and
� i the scalar and fermion components of�� i [10].

Figure 9.3: All diagrams that contribute to the supersymmetry-breakingsfermion and Higgs
masses to leading order, with the normal dashed lines the sfermions or Higgs bosons, the
heavy dashed lines the� i and �� i scalars, the solid lines the� i and � i fermions, the wavy
lines the Standard Model gauge bosons and the solid lines with wavy lines superimposed the
MSSM gauginos [9].

The leading-order contributions to the gaugino massesM � are given by the one-loop
diagram shown in �gure 9.2 [9]. There is no one-loop diagram contributing to thesfermion
and Higgs masses, because there are no direct interactions between the MSSM scalars and
fermions and the messenger scalars and fermions, only gauge interactions. This means that
the leading-order contribution to the squared scalar masses is given by the two-loop dia-
grams shown in �gure 9.3 [9].

We will now calculate the leading-order contributions to the gaugino mass, which give the
leading-order mass, as the Lagrangian does not contain a mass parameter for thegaugino.
For every messenger super�eld �i which couples to � � , there will be a diagram like �gure
9.2, so to get the total leading-order gaugino mass, we will need to sum over the messenger
super�elds that couple to � � . Figure 9.2 seems to be a complicated diagram because it
contains a mass insertion (the cross in the middle of the� i and  i lines), but fortunately it
is possible to rewrite it in terms of the mass eigenstates of� i and �� i and in that case the
Feynman diagram looks more like what we are used to.

From the previous section we already know that the eigenvalues of the scalar massmatrix
(equation 9.9) arem2

� = j� i h� S ij 2 �j � i hFS ij , and now we need to �nd its eigenvectors. Using
that MV i = � i Vi for a matrix M with eigenvalues� i and corresponding eigenvectorsVi [16],
and calling the eigenvector with eigenvaluem2

�
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' � =

 
� �

� �

!

(9.14)

and ignoring the subscript i for now, we get the following equations:

� � � hF �
S i � � = �j � hFS ij � � ; (9.15)

� � hFS i � � = �j � hFS ij � � : (9.16)

Assuming that � hFS i is real, we get� � = � � � so our two eigenvectors are' + = 1p
2
(� � �� � )

and ' � = 1p
2
(� + �� � ) which means that we can also write� and �� , which appear in the

Lagrangian, in terms of ' � :

� =
1

p
2

(' + + ' � ) ; � � =
1

p
2

(' �
+ + ' �

� );

�� =
1

p
2

(' �
� � ' �

+ ) ; � � =
1

p
2

(' � � ' + ): (9.17)

To calculate the diagram in �gure 9.2, we need the gaugino-fermion-sfermion vertex. Look-
ing back at the Lagrangian for a non-Abelian supersymmetric gauge theory (which is also
applicable for the Abelian case, only then it is simpler), equation 5.86, we cansee that
for a set of general chiral supermultiplets � i = ( � i ; � i ; Fi ) and a general set of gauge su-
permultiplets V a = ( Aa� ; � a ; D a) the gaugino-fermion-sfermion interaction term is given
by

L gfs � int = �
p

2g(� ya � y
i Ta

ij � j + � �
j Ta

ji � i � a): (9.18)

In this case, we have chiral supermultiplets � i and �� i whose gauge quantum numbers are
exactly opposite, so the interaction terms are given by

L gfs � int;GMSB = �
p

2g
�

� ya � y
i Ta

ij � j + � �
j Ta

ji � i � a � � ya �� y
i Ta

ij
�� j + �� �

j Ta
ji

�� i � a
�

(9.19)

and using equation 9.17 we get

L gfs � int;GMSB = � g(� ya � y
i Ta

ij ' j + + � ya � y
i Ta

ij ' j � + ' �
j + Ta

ji � i � a + ' �
j � Ta

ji � i � a

� � ya �� y
i Ta

ij ' �
j � + � ya �� y

i Ta
ij ' �

j + � ' j � Ta
ji

�� i � a + ' j + Ta
ji

�� i � a):(9.20)

This means that we now have four Feynman diagrams contributing toM � for every (� i ; �� i )
that couples to � � : one with ' i + and � i , one with ' i � and � i , one with ' i + and �� i and
one with ' i � and �� i . These Feynman diagrams look like �gure 9.4, which is similar to the
Feynman diagram we calculated in section 2.5.

From section 2.4 we know that the tree-level fermion propagator is given by

� f (p) =
i (6p + m0)
p2 � m2

0
; (9.21)
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Figure 9.4: The diagram that generates the supersymmetry-breaking gaugino masses in lead-
ing order. The solid line superimposed on a wavy line is the gaugino � , the solid line is
either the fermion � i or the fermion �� i and the dotted line is either the scalar' + or the
scalar ' � .

with p� the four-momentum of the fermion and m0 its mass parameter in the Lagrangian,
so the tree-level gaugino propagator is

� ~� (p) =
i6p
p2 ; (9.22)

becausem0;~� = 0. From section 2.5, we know that if we write the expression for the diagram
in �gure 9.4 as

i6p
p2 (� i � 1(p))

i6p
p2 ; (9.23)

the contribution to the gaugino mass is [2]

�m = � 1(6p = 0) (9.24)

so we need to calculate �1(p). We can get the vertex contribution for the gaugino-scalar-
fermion vertices from equation 9.20: it isgTa

ij for the diagram with �� i and ' j � and � gTa
ij

for the other three diagrams. The propagators for the scalar and the fermion in the loop
are equations 2.32 and 2.33.

If we now take p� as the external momentum (the momentum of the gaugino) andq� as
the momentum of the scalar in �gure 9.2, the momentum of the fermion in �gure 9.2 will
be q� + p� . We need to integrate overq because it is an internal momentum (which means
that it can have any value) and to avoid possible in�nities, we will do so in n dimensions
instead of 4 (this is a di�erent regularization technique than the one used in section 2.5).
The result is

� 1(p) =
Z

dn q
(2� )n (�

p
2igT a

ij )
i

q2 � m2
�

(�
p

2igT b
ji )

1
(q + p)2 � m2

 
(i (6q + 6p) + m )

= � 2ig2Tr[ TaTb]
Z

dn q
i (6q + 6p) + m 

(q2 � m2
� )(( q + p)2 � m2

 )
(9.25)

with m� the mass of the scalar andm the mass of the fermion and using thatTa
ij Tb

ij =
Tr[ TaTb]. Using

Z
dn qq� f (q; p) =

p�

p2

Z
dn q p� qf (q; p) (9.26)
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(which can easily be shown to be true by contracting both sides withp� ), we can write

� 1(p) = � 2ig2Tr[ TaTb](m A(p2) + i6pB(p2)) (9.27)

with

A(p2) =
Z

dn q
(2� )n

1
(q2 � m2

� )(( q + p)2 � m2
 )

; (9.28)

B (p2) =
Z

dn q
(2� )n

p � q p� 2 + 1
(q2 � m2

� )(( q + p)2 � m2
 )

: (9.29)

However, we are interested in �1(6p = 0) (see equation 9.24), so we can ignore the part of
� 2 that is proportional to 6p, which means that

� 2(6p = 0) = � 2ig2Tr[ TaTb]m A(p2): (9.30)

Using [3]

1
CD

=
Z 1

0

dx
(Cx + D(1 � x))2 (9.31)

and interchanging the two integrations (over x and over q) we get

A(p2) =
Z 1

0
dx

Z
dn q

(2� )n

1
((q2 � m2

� )x + (( q + p)2 � m2
 )(1 � x))2

=
1

(2� )n

Z 1

0
dx

Z
dn q

1
(q2 + 2q � K + M 2)2 (9.32)

with

K = p(1 � x); (9.33)

M 2 = p2(1 � x) � m2
 + ( m2

 � m2
� )x: (9.34)

We can now change the integration variable toQ = q + K , then we get

A(p2) =
1

(2� )n

Z 1

0
dx

Z
dn Q

1
(Q2 � K 2 + M 2)2 : (9.35)

We now want to do the integration over dn Q, with Q2 = Q2
0 � Q2 (where Q is the momentum

three-vector), but to make this easier we will �rst use a trick, called the Wick r otation (more
information can be found in for example the book by Peskin and Schroeder [2]).The idea
is to change the integration variable from Q to P, with Q0 = iP0 and Q = P. The result
of the integration is the same (because we can rotate the contour of integration in the
complex Q0-plane) but the integration is much easier because we haveQ2 = � P2

0 � P 2,
so all four coordinates are \on the same footing" and we can solve the integral in four-
dimensional spherical coordinates. The result of changing the integration variable from Q
to P in equation 9.35 is
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A(p2) =
1

(2� )n

Z 1

0
dx

Z
(idn P)

1
(� P2

0 � P 2 � K 2 + M 2)2

=
i

(2� )n

Z 1

0
dx

Z
dn P

1
(P2 + K 2 � M 2)2 (9.36)

Using that for n = 4 + " with " very small [3]
Z

dn q
(q2 + m2)2 � � 2� 2� "

�
1
"

+
1
2


 E +
1
2

ln
�

�m 2

� 2

�
+ O(")

�
(9.37)

with the reference mass� introduced to make everything dimensionally correct, we get

A(p2) =
� 2i� 2

(2� )4+ "

Z 1

0
dx� "

�
1
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+
1
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 E +
1
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� 2
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�
(9.38)
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�

� 2
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�
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Z 1

0
ln (K 2 � M 2)

�
(9.39)

Considering only the last term (assuming that the other terms are removed by a renormal-
ization procedure) and taking p2 = 0 becausep is the momentum of the gaugino and the
gaugino has no mass term in the Lagrangian, we get

A(p2) =
� i

16� 2
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: (9.40)

Now that we have calculatedA(p2), we can determine the gaugino massM � , which is given
by (see equation 9.24)

M � =
X

i

� 1;i (6p = 0) (9.41)

where we sum over all sets (�i ; �� i ) which couple to the gaugino � � whose mass we are
calculating. Using equation 9.27 this can be written as

M � =
X

i

X

 

X

�

� 2ig2
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!
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!

� 1 + ln ( m2
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!

; (9.42)
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where we now also sum over = � i ; �� i and � = ' i + ; ' i � , which means that we sum over the
four diagrams that contribute to M � for each i . The result (using equations 9.10, 9.12 and
9.13) is

M � = �
g2

�

8� 2 m 

X

i

2T� (R i ) �

�
1
x i

[(1 + x i ) ln (1 + x i ) � (1 � x i ) ln (1 � x i ) � 2x i (1 � ln (m2
 ))] (9.43)

with T� (R i ) = Tr[ TaTb] the representation constant of the representationR i (see equation
5.66). Unfortunately, this is not the correct answer, as in the literature (for example the
book by Drees, Godbole and Roy [12] and the review paper by Giudice and Rattazzi [19])
the result is quoted as

M � =
g2

�

16� 2 �
X

i

2T� (R i )g(x i ); (9.44)

with � a scale determining the overall size of the soft supersymmetry breaking masses in
the observable sector, de�ned by

� =

�
�
�
�
hFS i
hsi

�
�
�
� ; (9.45)

so m = � =xi , and

g(x) =
1
x2 [(1 + x) ln (1 + x) + (1 � x) ln (1 � x)]: (9.46)

In fact, the result we get would be equal to the result quoted in the literature if we had
only two Feynman diagrams (one with ' + and � and the other with ' � and � ) and there
was a relative minus sign between those two. However, why this minus signwould be there
and why the other fermion �� would not participate in the Feynman diagrams is currently
unclear to us. From now on, we will use the result quoted in the literature (equation 9.44).

The leading-order contributions to the sfermion masses are given by the eight two-loop-
diagrams in �gure 9.3. We could calculate these as well, using many of the sametechniques
as we used for the gaugino mass calculations, however as this is a very long and complicated
calculation we will simply quote the result from the literature, which is [12]

m2
~f ;H = 2M 2

s

X

�

�
g2

�

16� 2

� 2

C
~f ;H

�

X

i

2T� (R i )f (x i ) (9.47)

with C� the so-called Casimir of the representationR i under the gauge groupG� , de�ned
by

C� =
X

�

(TaTa) � (9.48)

which is equal to N 2 � 1
2N for SU(N ) groups and 3

5

�
Y
2

�
for U(1)Y , and

f (x) =
1 + x
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ln (1 + x) � 2Li2

�
x

1 + x

�
+

1
2

Li 2

�
2x

1 + x

��
+ ( x ! � x) (9.49)
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with Li 2 = �
R1

0 dt t � 1 ln (1 � yt) the dilogarithm.

As we can see, the masses of the sfermions and Higgs bosons only depend on their gauge
quantum numbers and not on any other property. This means that the squark and slepton
mass matricesm 2

X are proportional to the identity matrix, for example m 2
�e = m2

~eR
1 with

m2
~eR

given by equation 9.47. This also means that the soft breaking universality conditions
(equation 7.5) hold in this case, which means that the GMSB model contains no extraCP
or 
avour violation when compared with the Standard Model.

It is easy to see that the leading-order contributions to the Higgs, sfermion andgaugino
masses are of the same magnitude, as the one-loop diagram in �gure 9.2 is proportional
to g2

� and contributes to the gaugino mass, while the two-loop diagrams in �gure 9.3are
proportional to g4

� and contribute to the squared scalar mass (a scalar mass term in the
Lagrangian has the formm2� 2 because of dimensionality arguments). However, the leading-
order contribution to the (scalar) 3 coupling aX comes from two-loop diagrams (as the scalars
involved in the vertex do not couple directly to the messenger particles, only via gauginos
or gauge bosons) and as such will be proportional tog4

� . As the aX parameters have mass
dimension one, we can neglect them if we only consider the leading-order corrections to the
sfermion and gaugino masses, so

au = ad = ae = 0: (9.50)

We now have all leading-order soft breaking terms (equations 9.44, 9.47 and 9.50) except the
Higgs mass parameterb. This means that all parameters that were introduced by supersym-
metry and soft supersymmetry breaking have now been dynamically generated, except for
� and b. Using equations 8.22 and 8.23 it is clear that both of these parameters shouldhave
roughly the same size asm2

H u;d
, however unfortunately it appears to be quite complicated

to generate � and b terms of this size [12]. Several new super�elds will need to be added,
and even then we usually need to add discrete symmetries for no other reason than because
we otherwise get a very largeb [12]. This problem with dynamically generating � and b of
the correct size is usually considered to be the biggest problem in GMSB, and so far a real
solution has not been found. However, we will continue studying the GMSB and pretend
that � and b are just two parameters that we have put in by hand, even though this is,
admittedly, not very satisfactory.

The above equations (9.44, 9.47 and 9.50) are not true at any energy scale, butare
boundary conditions at a certain energy scale [12]. If we want to know the values of these
parameters at any other scale (like the electroweak scale), we will need to evolve them back
to that scale using RGEs, as was discussed in section 2.5. We can assume that equation 9.44,
9.47 and 9.50 are valid at the scale of the messenger masses, which is calledthe messenger
scale and is equal to [12]

M m = m = j� h� S ij (9.51)

with � some kind of average of all couplings� i appearing in equation 9.1.

9.3 Minimal GMSB

In the general GMSB model, the soft supersymmetry-breaking terms still depend on many
parameters, which makes it hard to predict the low-energy behaviour of the theory because
there are so many parameters that can be changed. For this reason, we would liketo consider
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the minimal GMSB model (mGMSB), which is the simplest model that has been formulated
so far [12]. It depends on only �ve parameters and is based on two assumptions, which we
will discuss brie
y.

The �rst assumption has to do with the functions f (x i ) and g(x i ) in equations 9.46 and
9.49. We can write these functions as [12]

g(x) = 1 +
x2

6
+

x4

15
+ O(x6)

f (x) = 1 +
x2

16
�

11
450

x4 + O(x6) (9.52)

and as we know that 0� x � 1, we can make the assumption thatg(x i ) = f (x i ) = 1, which
is a approximately true for most x i in the allowed range.

The second assumption that we make is that the messenger super�elds form complete
representations ofSU(5), which is the simplest group containing all Standard Model gauge
groups (see section 3.2). This means that we now have a parametern5, which is the number
of messenger �elds �i and �� i transforming under the 5 and �5 representations ofSU(5). In
that case, T� (R i ) = 1

2 for each (� i ; �� i ) pair [12]. This second assumption is also a reason-
able assumption, because if the messenger �elds do not form complete representations of
SU(5), gauge uni�cation is spoiled [19].

Using both these assumptions we can rewrite the soft supersymmetry-breaking terms as

M � =
g2

�

16� 2 n5� (9.53)

and

m2
� i

= 2� 2n5

3X

� =1

�
g2

�

16� 2

� 2

C� (i ) (9.54)

with � i = ~f ; H and C� (i ) given in equation 9.48 (so for exampleC3 is 4/3 for SU(3) triplets
and 0 for SU(3) singlets).

As we can see, equations 9.50, 9.53 and 9.54 only depend onn5, � and Standard Model
parameters, so the values for the soft breaking terms at the electroweak scale only depend on
n5, �, M m and Standard Model parameters. We also still have the Higgs mass parameters
� (from the MSSM superpotential) and b (from the soft supersymmetry-breaking terms),
however using equations 8.22 and 8.23 we can rewritej� j and b in terms of mZ (which is a
Standard Model parameter), mH u and mH d (which are given by equation 9.54) and tan� .
So the only new parameters in the Higgs sector are tan� and the sign of � , which means
that the �ve new parameters describing mGMSB are

n5; � ; M m ; tan � and sgn(� ); (9.55)

which is certainly a lot less than the 105 new parameters introduced by the most general
soft supersymmetry-breaking terms.
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9.4 The gravitino

As we have shown in section 7.3, if supersymmetry is broken spontaneously,a massless spin-
1/2 Goldstone fermion called the goldstino will appear. However, as so farthis goldstino
has not been detected, one might wonder what has happened to it.

This problem is solved by considering local supersymmetry instead of global supersym-
metry, which means that the supersymmetry transformations depend on the spacetime co-
ordinates. This means that the spinor parameters" � and " y

_� , which �rst appeared in section
4.2, will now depend onz, so the local supersymmetry transformation of the scalar compo-
nent of a chiral super�eld is �� =

p
2"(z)� instead of �� =

p
2"� .

However, if we make supersymmetry local, we must introduce gravity. Thisis clear when
we consider equation 4.14, which states that the commutator of two supersymmetry trans-
formations is a translation. If supersymmetry is local, our theory will be invariant under
local supersymmetry transformations, which means that it will also be invariant under local
translations (coordinate transformations). As we know from general relativity, this means
that a theory of local supersymmetry must contain gravity [20], and as it is a quantum �eld
theory, this means that a theory of local supersymmetry (called supergravity)must contain
a spin-2 graviton G [12]. Of course, this graviton will also have a superpartner, the spin-3/2
gravitino ~G [12], and together they form a gravity supermultiplet.

As long as supersymmetry is unbroken, the graviton and the gravitino are both mass-
less. However, as soon as supersymmetry is broken spontaneously, a massless goldstino will
appear, and then the gravitino will get a mass by eating the goldstino. This iscalled the
super-Higgs mechanism, as it is analogous to the ordinary Higgs mechanism described in
section 2.3. Before this, both the gravitino and the goldstino have two degrees of freedom
(two spin helicity states), and after this, the gravitino has four degrees of freedom (because
it is now massive).

The exact calculation of the massm3=2 that the gravitino acquires by eating the goldstino
is quite complicated and requires a good understanding of the supergravity Lagrangian.
However, we know that if supersymmetry is restored (there is no supersymmetrybreaking)
or if gravity is turned o�, m3=2 should become zero. Based on this we can approximate the
gravitino mass for F -term supersymmetry breaking as

m3=2 �
hFS i
M P l

(9.56)

where M P l is the Planck mass, which is given by [1]

M P l =

r
~c

GN
� 1:22� 1019 GeV: (9.57)

If we turn o� gravity, GN goes to zero, soM P l goes to in�nity.

Now that we have gravity, there will be gravitational communication bet ween the hidden
sector and the MSSM (in addition to the communication via the messenger sector), which
means that there will also be gravitational contributions to the soft breaking terms (loop
diagrams with gravitinos or gravitons running around in the loop). However, we want these
gravitational contributions to be much smaller than the messenger contributions, as other-
wise the soft breaking universality conditions will no longer hold. This is only possible if
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hFS i divided by 1 GeV is several orders of magnitude smaller thanM P l [12], which means
that the mass of the gravitino will be (much) smaller than a GeV. As the gravitino has
R-parity -1, this means that the gravitino is the Lightest Supersymmetric Part icle (LSP),
which is stable and contributes to the dark matter in the universe (see also section 6.2).

As the gravitino is the LSP, eventually all MSSM sparticles will decay to �nal sta tes that
contain a gravitino and a number of Standard Model particles. If the gravitino interacts only
gravitationally (which one would expect), the decay of the Next to Lightest Supersymmetric
Particle (NLSP) to the gravitino would be extremely slow, as gravitat ional interactions
are extremely weak. However, because the gravitino eats the goldstino that appears after
spontaneous supersymmmetry breaking, it inherits the interactions of the goldstino, and
these are not only gravitational. In fact, it can be shown that the decay rate of a sparticle
~X into its Standard Model partner X and a gravitino is [9]

�( ~X ! X ~G) =
m5

~X

16� hF i 2

 

1 �
m2

X

m2
~X

! 4

: (9.58)

Though this decay happens much faster than the gravitational decay, it is still much slower
than decays through the Standard Model gauge interactions, which means that in practice
the only particle decaying to a gravitino will be the NLSP (the branching ratios for decays of
other particles to the gravitino are all smaller than 10� 7). However, the decay of the NLSP
to the gravitino and a Standard Model particle will in general give a very characteristic
signal, which we will explore further in the second part of this thesis.
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10 The LHC and the ATLAS detector

As the previous chapters have shown, minimal gauge-mediated supersymmetry breaking
(mGMSB) is an interesting and consistent theory which solves some of the problems with
the Standard Model. The next step is to �nd out whether or not mGMSB is a correct
description of reality, so we want to either prove or disprove the theory. In particle physics,
this proof is usually gathered by collider experiments, where two particles (forexample two
protons, two electrons, or a proton and an electron) are collided with a certain energy and
particle detectors are used to trace back which particles were produced during this collision.
The ATLAS detector at the Large Hadron Collider is one of the detectors that is most likely
to �nd mGMSB if it exists, and in this chapter we will introduce both the LHC and the
ATLAS detector.

10.1 The Large Hadron Collider

The Large Hadron Collider (LHC) is a particle accelerator located at CERN, near Geneva,
which has been colliding particles since late 2009. It has been installed in the tunnelwhere
the Large Electron Positron accelerator (LEP) was located between 1989 and2000 [21].
This tunnel is approximately circular, has a circumference of 26.7 km and lies between 45
and 170 m below the surface. The LHC has been designed to collide beams of protons with
centre-of-mass energies of up to 14 TeV and a luminosity of 1:0�1034 cm� 2 s� 1 (the luminos-
ity is a measure for the amount of collisions per second). The LHC will occassionally also
collide lead ions with a centre-of-mass energy of 1.15 PeV (which is much higher than for
proton collisions because the mass of a lead ion is much higher than that of a proton) and a
design luminosity of 1:0 � 1027 cm� 2 s� 1, but in this thesis only proton-proton collisions are
considered.

Unfortunately, there have been some problems with the LHC, and the current sched-
ule is to keep running at a centre-of-mass energy of 7 TeV until the end of 2012, when a
long shutdown is planned [22]. After this shutdown, it will hopefully be possible to run
at the design centre-of-mass energy and luminosity. Both the centre-of-mass energy and
the luminosity are very important parameters in the search for supersymmetry, as a higher
luminosity means more collisions (so more opportunities to produce supersymmetric parti-
cles) and a higher centre-of-mass energy means higher cross sections for the production of
supersymmetric particles [12].

The protons used in the LHC are produced by stripping hydrogen atoms of their elec-
trons and accelerating them, �rst in a linear accelerator (the LINAC 2) and then in thr ee
circular pre-accelerators (the Booster, Proton Synchrotron and Super Proton Synchrotron).
After this, the protons are injected in both directions in the LHC, where they are accelerated
even further in two vacuum beam pipes surrounded by a large number of superconducting
magnets with a �eld strength of 8.33 T [21]. The proton beams cross each otherat four
points in the tunnel, and at each of these points one of the four main detectors islocated:
the ATLAS and CMS detectors are general purpose detectors, the LHCb detector is mainly
dedicated to studying B-mesons (bound states of a quark and an anti-quark, which contain
a b or a �b quark) and the ALICE detector has been designed to study ion collisions. A
schematic overview of the locations of these detectors is shown in �gure 10.1.

A proton consists of two up quarks and one down quark (the valence quarks), a number
of quark-anti-quark pairs (the sea quarks) and a number of gluons [1]. Collectively, these
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Figure 10.1: A schematic overview of the particle detectors and accelerators at CERN.

particles are known as partons. When two protons collide at the LHC, it is actually their
partons that interact with each other. This means that when two protons collide, it could
be two (anti-)quarks, two gluons or a gluon and an (anti-)quark that are actually interact-
ing. We know that the protons each have an energy of 3.5 TeV, but each parton carriesa
di�erent fraction of the total proton energy. This means that we do not know a prio ri what
the centre-of-mass energy of the interaction was. It also means that even though theproton
collision is symmetric (as both protons have the same energy), this is notnecessarily true
for the interaction between the partons.

However, one of the things we would like to study with the ATLAS detector is the missing
energy, which is the energy of particles that cannot be detected with the ATLAS detector
(for example neutrinos and gravitinos, as they hardly interact with other parti cles). We
can �nd these particles by using momentum conservation: the total momentum before and
after the collision has to be conserved, so if the total momentum of all particles we detect
after the collision is not equal to the total momentum of all particles we know were there
before the collision, there have to be \invisible" particles. The problem is that we do not
know the momentum of the partons inside the proton before the collision. However, we do
know that the protons were moving along the beam pipe with very high momentum, which
means that the parton momentum perpendicular to the beam pipe was negligible. This
means that if we add the transverse momentumpT (the component of the momentum that
is perpendicular to the beam pipe) for all particles after the collision, the resultshould be
zero, and if it is not, there must be invisible particle'. The missing momentum is called
the missing transverse momentum or missing transverse energy (becausec = 1, energy and
momentum are the same), which is often denoted as6ET .

10.2 The ATLAS detector

The ATLAS detector (which is short for \A large Toroidal Lhc ApparatuS" detector ) is
roughly cylindrical, 44 metres long and has a diameter of 25 metres. A schematic picture of
the ATLAS detector is shown in �gure 10.2, the central part is called the barrel and on both
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sides of the barrel there are endcaps. The subdetectors in the barrel form concentric layers
around the beam pipe and mainly detect particles which propagate under a large angle with
respect to the beam pipe, while the endcaps have been installed perpendicular to the beam
pipe and mainly detect particles that stay close to the beam pipe.

Figure 10.2: Cut-away view of the ATLAS detector with all subdetectors [23].

An ATLAS coordinate system has been de�ned in the following way: the interaction
point (the point where the protons collide) in the centre of the detector is the origin of
the coordinate system. Thez-axis is parallel to the beam pipe, with the positive z-axis in
the counterclockwise direction, as seen from above. The positivex-axis points towards the
centre of the LHC, which means that the y-axis points upwards to the surface, as we are
using a right-handed coordinate system. This means that thex-y-plane is the transverse
plane (the plane perpendicular to the beam pipe).

Usually cylindrical coordinates are used, because the ATLAS detector is roughly cylin-
drical. The radial coordinate is R =

p
x2 + y2 and the angle � 2 [� �; � ] is de�ned in the

x-y-plane, it is zero at the positive x-axis and increases in clockwise direction when looking
down the positive z-axis. The angle� 2 [0; � ] is de�ned as the angle with the positivez-axis
in the R-z-plane, but it is usually replaced by the pseudorapidity � , which is de�ned as

� = � ln
�

tan
�

�
2

��
; (10.1)

so a track with very high j� j runs almost parallel to the beam pipe. A straight track coming
from the interaction point is completely determined by its � and � .

The ATLAS detector has been designed to detect the wide range of particles that will
be created during both proton-proton and ion-ion collisions in the LHC and measuretheir
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properties. One of the most important goals is to detect the Higgs boson, but ATLAS will
also for example study the properties of the top quark and try to detect signals of beyond the
Standard Model theories like supersymmetry. To be able to do all this, several subdetectors
are needed, which will be discussed below. All details have been taken from the detector
report by the ATLAS collaboration [23].

10.2.1 The Inner Detector

As the name already implies, the inner detector is the part of the detector that is closest
to the beam pipe. It has been designed to reconstruct the tracks of charged particles and
determine their momentum and the location where they were produced very precisely, using
the fact that the tracks of moving charged particles bend in a magnetic �eld. The inner de-
tector covers the rapidity range j� j < 2:5 and detects particles with a transverse momentum
larger than about 0.1 GeV, using a magnetic �eld of 2 T generated by a solenoid magnet
that ensconces the whole inner detector.

To get a high momentum resolution over the entire range of momenta, three tracking
detectors are used: the pixel detector, the semi-conductor tracker (SCT) and the transition
radiation tracker (TRT). They are all shown in �gure 10.3. As we can see from this �gure,
the pixel detector is closest to the beam pipe. It consists of three layers in both the barrel
and the endcap regions, so in principle there will be three position measurements from the
pixel detector for each charged particle in an event. When a charged particle crossesone of
the layers, electron-hole pairs are created in the detector material, which induces a current,
which can be read out [24]. The pixels are 50� 400 � m2 and the intrinsic accuracies are 10
� m in the R-� -plane and 115� m in the z-direction in the barrel region and the R-direction
in the endcaps, so the position as measured by the pixel detector is very precise.

The middle part of the inner detector is the SCT, which consists of four layers in the
barrel and nine layers in each of the endcaps. On average, four extra position measurements
are added to those that have been obtained by the pixel detector. The detection principle is
very similar to that of the pixel detectors, only now strips are used instead of pixels. Each
module consists of two layers of strips with a small angle with respect toeachother, so that
a precise position measurement can be obtained. The intrinsic accuracies per module are 17
� m in the R-� -plane and 580� m in the z-direction in the barrel region and the R-direction
in the endcaps. Together the pixel detector and the SCT mainly contribute to the measure-
ment of the positions of the interaction vertex and the vertices where speci�c particles were
produced.

The TRT is the outermost part of the inner detector and mainly contributes to the mea-
surement of the bending of the tracks. This measurement is very important, as we can use
it to determine the charge and momentum of charged particles: positively and negatively
charged particles bend in opposite directions, and particles with low momentum bend more
than particles with high momentum. The TRT only gives information about the position of
the particle in the R-� -plane, and the average number of position measurements per particle
is 36. As can be seen from �gure 10.3, the TRT endcaps do not cover the area close to the
beam pipe, so it only covers pseudorapidites up to 2.0.

The TRT combines two di�erent methods to detect charged particles, using tubes �lled
with gas and transition radiation material (layers of materials wi th a di�erent di�ractive
index). When a charged particle passes through a tube, the gas inside is ionized. Because
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Figure 10.3: Cut-away view of the ATLAS inner detector with the pixel detector, the SCT
and the TRT [23].

there is a voltage di�erence between the tube and a metal wire in its centre, the freeelec-
trons will drift towards the wire and be detected there [24]. The second detection principle is
transition radiation: if a charged relativistic particle crosses the interface of two media with
di�erent di�ractive indices (for example, when it passes through the transition ra diation
material), it will emit photons. These photons will be absorbed by the gas in the tubes,
which can also be detected [24]. The signals from transition radiation andcharged particles
passing through can be distinguished because the transition radiation gives a much larger
signal amplitude than the charged particles.

The TRT is also used to identify electrons: as the amount of transition radiation that
is emitted is proportional to the Lorentz factor of the particle (which is 
 = E=m), the
intensity of the radiation is much higher for electrons than for other charged particles like
pions. Using this, electrons can be identi�ed up to a pseudorapidity of 2.0.

10.2.2 The Calorimeters

The next layer of the detector are the calorimeters, which have been designed to determine
the energies of electrons, photons and hadrons withj� j < 4:9. The calorimeters cover a large
� range because it is important that the energies of all particles are measured, sothat the
missing energy can be determined very precisely. The calorimeter consists of three parts: the
electromagnetic calorimeter, the hadronic calorimeter and the forward calorimeter. They
are shown in �gure 10.4.

All calorimeters in the ATLAS detector are sampling detectors, which means that they
contain alternating layers of passive and active material. The passive material is dense, so
there are many interactions between the passive material and the particles passing through
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Figure 10.4: Cut-away view of the ATLAS calorimeters, with the grey part in the middle the
inner detector [23].

the calorimeter. These interactions cause particles to start a shower of secondaryparticles
(for example because an electron radiates a photon, which then splits into an electron and
a positron, etcetera), which can then be detected in the active material [24]. Ifthere are
enough layers of both types, all particles will be stopped and their total energy can be de-
termined by measuring the total energy deposited in the active layers and correctingfor the
energy that is deposited in the passive layers.

The electromagnetic calorimeter is closest to the beam pipe and has been designed to
measure the energies of photons and electrons, which are stopped in this calorimeter.Heav-
ier charged particles, like muons and protons, will leave a track in the electromagnetic
calorimeter but continue on to the outer parts of the ATLAS detector. The electromagnetic
calorimeter contains a barrel part (j� j < 1:475) and two endcap parts (1:375 < j� j < 3:2),
both with lead as the passive material and liquid argon as the active material. The charged
particles that are produced in showers will ionize the liquid argon, and the free electrons
will move towards the readout electrodes.

The hadronic calorimeter surrounds the electromagnetic calorimeter and measures the
energy and direction of particle jets, which usually come from hadronized quarks andglu-
ons. The barrel region coversj� j < 1:7 and has steel as the passive material and scintillating
plastic tiles as the active material, while the endcap regions cover 1:5 < j� j < 3:2 and have
copper as the passive material and liquid argon as the active material. Charged particles
cause the scintillator material to emit light, which is ampli�ed by photom ultiplier tubes and
then detected [24].

Finally, there is the forward calorimeter, which covers 3:1 < j� j < 4:9 and contains on
each side one electromagnetic layer and two hadronic layers. To be able to cover this pseu-
dorapidity range, which is very important for the detection of missing energy, the forward
calorimeter is located very close to the beam pipe. The hadronic components have tungsten
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as the passive material, while the electromagnetic component has copper. All components
use liquid argon as the active material.

The only particles that are not stopped in the calorimeters are muons and particlesthat
only interact weakly (for example, neutrinos and gravitinos).

10.2.3 The Muon Spectrometer

The muon spectrometer is the outermost subdetector and has been designed to detect muons
with momenta between approximately 3 GeV and 3 TeV and reconstruct their tracks. Just
like in the inner detector, the muon momentum is calculated from the curvature of the
muon track in a magnetic �eld. As the muons have high momenta and will bend only a
little, a precise momentum measurement can only be done with a long track, so themuon
spectrometer needs to be quite large (it has a volume of around 16000 m3). In principle, no
other charged particles will have energies large enough to reach the muon spectrometer, so
no further particle identi�cation is needed.

The muon spectrometer consists of four components. The Resistive Plate Chambers
(RPC) and the Thin Gap Chambers (TGC) trigger on muons with high momenta, while
the Monitored Drift Tube (MDT) chambers and the Cathode Strip Chambers (CSC) take
care of the track reconstruction. The magnetic �eld in the muon spectrometer is generated
by three toroid magnets: one barrel toroid and two endcap toroids, which are also shown in
�gure. The �eld strength generated varies between 0.15 T and 2.5 T. The locations of the
detector components and magnets are shown in �gure 10.5.

Figure 10.5: Cut-away view of the ATLAS muon spectrometer, with the inner detector and
calorimeters left out [23].

The part of the muon spectrometer that is located in the barrel consists of three layers
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and covers pseudorapidities up to 1.0. The inner layer contains only MDT chambers, while
the other two layers contain both MDT chambers and RPCs. The two endcap parts consist
of four layers on each side and cover 1:0 < j� j < 2:7. They mainly consist of MDT cham-
bers, but the innermost layer also contains CSCs (covering 2:0 < j� j < 2:7), and the trigger
information is provided by three planes of TGCs (covering 1:05 < j� j < 2:4).

As mentioned above, the MDT chambers and CSCs have been designed to provide track-
ing of the muons. The MDT chambers contain tubes �lled with gas, which detect the passage
of charged particles in approximately the same way as the tubes in the TRT do. The CSCs
also contain chambers �lled with gas, but each chamber contains multiple wires that the
free electrons can move towards, instead of just one.

As the drift time (the time that it takes the free electrons to move towards t he wire) for
both the MDT chambers and the CSCs is large, additional trigger chambers areneeded: the
TGCs and the RPCs. The TGCs are based on the same principle as the CSCs, but they are
much smaller, so the drift time is also much smaller. The RPCs also contain gas that will be
ionized when charged particles traverse the detector, but they do not contain wires. In the
RPCs, the particles drift towards the sides of the detector (to which a voltageis applied).

10.3 The trigger system

The LHC has been designed to produce up to one billion events per second (1 GHz), however
only a very small fraction of these events is what we would consider interesting, for example
because gauge bosons, top quarks or supersymmetric particles are produced. Also, storing
all events would mean storing about 1 PB of data every second, which is simply notpossible
with the current technology. The solution to this problem is a trigger system, which makes
sure that only certain events are stored and/or analyzed. Of course, any kind of triggering
will automatically introduce a bias in the data we are storing and analyzing, as we are not
throwing away random data but speci�c types of events. The best solution is to create a
system with triggering criteria that can easily be changed if needed, which is the case for
the ATLAS triggering system.

The trigger system that has been developed by the ATLAS collaboration rejects events
in three stages [25]. The three stages are called the Level-1 Trigger (L1), theLevel-2 Trigger
(L2) and the Event Filter, and we will discuss them brie
y.

The L1 uses information from the calorimeters and the muon spectrometer to determine
whether the event contains electron, photon, muon, tau and jet candidates. It can also
trigger on the total energy or on the missing transverse energy. The L1 de�nes Regions of
Interest in ( �; � ) space where candidates pass certain energy thresholds. If there are enough
Regions of Interest, the event is passed on to the L2 and a signal is sent to the data acqui-
sition system to read out all data on the event. The L1 reduces the event rate fromabout
1 GHz to at most 75 kHz.

The L2 uses information from all subdetectors, including the inner detector, to study
the Regions of Interest de�ned by the L1. It attempts to reconstruct physics objects (for
example electrons or jets) and calculates the missing transverse energy. A set of selection
criteria is applied to decide whether or not an event is passed on to the Event Filter. The
L2 should reduce the event rate to about 3.5 kHz.
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The Event Filter takes care of the �nal event selection, using all data from the complete
detector. It uses the algorithms that are later on also used for the reconstruction of the
events, but with looser criteria, to decide whether the event should be stored permanently
and how it should be tagged (for example, events can be tagged as B-physics events). The
output event rate of the Event Filter is about 200 Hz, which is the maximum rat e that the
permanent storage system can handle.

For each trigger, we can de�ne a set of conditions which need to be satis�ed for an event
to pass this trigger. Together, these sets of conditions de�ne a trigger menu. All events
that pass all three triggers are stored and passed on to the reconstruction software, which
reconstructs all objects (for example electrons, muons and jets) in the event and stores them
in such a way that they can be analyzed quite easily. The reconstruction of photons,which
are the most important particles for the analysis done in this thesis, is discussed in section
11.4.
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11 Event simulation

We would like to use data from the ATLAS detector to �nd evidence for gauge-mediated
supersymmetry breaking. The LHC collides protons, which haveR-parity 1, so if R-parity
is conserved, the number of supersymmetric particles produced in a proton-proton collision
will always be even (see section 6.2). As supersymmetric particles are heavy compared to
the centre-of-mass energy of the LHC, the probability of producing four supersymmetric
particles in one collision is extremely small, so we will only consider eventsin which two
supersymmetric particles are produced. These can for example be two squarks, twoneu-
tralinos or a chargino and a gluino. In general, these supersymmetric particleswill decay
quickly to other supersymmetric particles and Standard Model particles, and we always end
up with a number of Standard Model particles and two gravitinos (as the gravitino is the
LSP).

An example of a supersymmetric event is shown in �gure 11.1, where a quark and an
anti-quark interact to form an o�-shell Z boson, which decays to two charginos. After that,
each of the charginos decays to a stau and a neutrino, each stau decays to a neutralino
and a tau and each neutralino decays to a gravitino and a photon. The tau leptons are
not stable and will decay before they reach the inner detector [6], but that is not shown in
this �gure. This means that if all detectors work optimally, the ATLAS detector wi ll detect
two photons, the decay products of two tau leptons, and a lot of missing energy (fromthe
neutrinos and the gravitinos).

Figure 11.1: An example of an mGMSB event.

Of course, �gure 11.1 is just an example, and many other supersymmetric events are
possible. The possibility that a certain supersymmetric event takes place dependson the
production cross sections and branching ratios for the supersymmetric particles.As has been
discussed in section 2.4, the cross section of a process is a measure for how oftenthis process
(in this case, the production of two speci�c supersymmetric particles in a proton-proton
collision with a centre-of-mass energy of 7 TeV) takes place. The branching ratio for a de-
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cay mode is the fraction of particles that decays using that decay mode. For example, the
t ! Wbbranching ratio is very close to one [6], which means that almost all top quarks decay
to bottom quarks and W bosons, while theW ! e� branching ratio is about 0.1 [6], which
means that in about 10 percent of the cases, aW boson decays to an electron and a neutrino.

This means that if we want to know what kind of events we can expect, we need to know
the cross sections and branching ratios for all supersymmetric particles, which in general
will depend signi�cantly on their masses. In chapter 9, we have seen that even if we consider
the minimal version of GMSB, the masses of the supersymmetric particles depend on 5 free
parameters. This means that there is in principle an in�nite number of mGMSB models,
and in each of them the masses, cross sections and branching ratios of the supersymmetric
particles will be di�erent. Of course it is not possible to study all these models, so we will
have to pick a few sets of values for the �ve parameters (which we will call modelpoints)
that give a good overview.

11.1 De�ning the model points

To get an overview of the phenomenology of a model with a particular choice for the �ve
mGMSB parameters (n5, �, M m , tan � and the sign of � ), we have used two programs.
The �rst program is SPheno 2.2.3 [26], which calculates the masses, mixing parameters
and branching ratios for all supersymmetric particles by solving the Renormalization Group
Equations numerically. The second is Prospino2 (based on [27, 28, 29, 30, 31]), which gives
the next-to-leading order cross sections for sparticle production. These programs use the
CTEQ6 Parton Distribution Functions and take the value of the strong coupling constant
� S at the Z boson mass to be 0.1172. To use these programs, we �rst need to �nd out what
reasonable values for the mGMSB parameters are.

For the sign of � , this is easy, as the only possible values are� > 0 and � < 0. n5, which
is the number of 5 + �5 messenger multiplets, is also reasonably easy: it has to be an integer,
it has to be larger than 0 (because otherwise we would not have gauge-mediated supersym-
metry breaking) and it can be shown that n5 < 6 is required for gauge uni�cation [12] (this is
not a hard upper bound, as we do not know for sure whether the gauge forces will be uni�ed
at a high energy, but we will use it for now). Also, if we require that electroweak symmetry
is broken in the MSSM, the value of tan� is approximately restricted to 1 � tan � � 60 [12].

If we compare the de�nitions of � (equation 9.45), M m (equation 9.51) andx i (equation
9.13), it is clear that

M m =
�
x

(11.1)

with x some kind of average over allx i (just like � was some kind of average over all� i ). We
know that x i < 1, sox < 1, which means that M m > �. It can be shown that electroweak
symmetry breaking in the MSSM is impossible forM m smaller than a few tens of TeV (a
precise bound cannot really be determined) [12]. Also, it can be shown that if we assume
that the couplings in the messenger superpotential are of order unity (which is natural,
because there is no reason to assume that they are suppressed),M m needs to be smaller
than approximately 108 GeV. This means that there is quite a large range of possible values
of M m and �, however we are most interested in values for which the sparticle massesare
not too large, as otherwise we cannot produce them at the LHC. It turns out that the most
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interesting values for � and M m are of the order of 100 TeV.

Now that we know which values of the mGMSB parameters are reasonable, we can have
a look at how varying these parameters in
uences the phenomenology of the model. The
cross sections and branching ratios are mainly determined by the masses of the particles, so
we will study the behaviour of some representative masses. For example, we have plotted
the mass of the lightest neutralino ~� 0

1 for � > 0 and di�erent values of tan � , n5, � and M m

in �gure 11.2. Similar plots have been made for the mass of the gluino (�gure 11.3) and
the mass of the ~dR squark (�gure 11.4). All graphs and histograms in this thesis have been
created using the ROOT package [32].
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Figure 11.2: The ~� 0
1 mass as a function of� for � > 0 and di�erent values of M m , tan �

and n5.

From �gures 11.2, 11.3 and 11.4 it is clear that the sparticle masses hardly depend on
tan � and M m . It is also clear that the sparticle masses depend approximately linearly on
� and that the gaugino masses approximately scale with n5 and the sfermion masses withp

n5. This makes sense if we consider equations 9.53 and 9.54, which show that atM m ,
the gaugino mass is proportional to �n5 while the squared sfermion mass is proportional to
� 2n5. This dependence is still approximately true at lower scales and it also holds for the
sfermions and gauginos which we have not plotted here.

We have also plotted the ~dR mass for positive and negative� , which is shown in �gure
11.5. As we can see from this �gure, the mass does not seem to depend on the sign of� .
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Figure 11.3: The ~g mass as a function of� for � > 0 and di�erent values of M m , tan �
and n5.
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Figure 11.4: The ~dR mass as a function of� for � > 0 and di�erent values of M m , tan �
and n5.
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Figure 11.5: The ~dR mass as a function of� for tan � = 5, n5 = 1 , di�erent values of M m

and � either negative or positive.

In minimal GMSB, all supersymmetric particles will eventually decay to the Next to
Lightest Supersymmetric Particle (NLSP), which will then decay to the gravi tino (the LSP)
and the superpartner of the NLSP. As we are interested in what the general decay chain of a
supersymmetric particle at the LHC looks like, we would like to know which particle is the
NLSP for di�erent choices of the mGMSB parameters. From equations 9.53 and 9.54it is
clear that the gaugino massesM � are proportional to g2

� and the sfermion squared masses
are proportional to g4

� , summing over all � that the sfermion couples to. We also know that
g3 > g2 > g1 [9], so we expect the gluino to be heavier than the neutralinos and charginos.
We also expect the lightest sfermions to be the ones that do not interact via the strong and
weak forces: the right-handed sleptons. As there is signi�cant mixing between ~� L and ~� R ,
we will consider the lightest stau ~� 1, together with ~eR and ~� R .

Because the sparticle masses hardly depend onM m and the sign of � , from now on we
will choose M m = 500 TeV and � > 0 and no longer vary them. m ~� 0

1
, m~g and m ~dR

also
hardly depend on tan � , however because tan� in
uences the mixing between ~� L and ~� R , it
might in
uence which particle is the NLSP, so we will consider two di�erent values of tan � .
In �gure 11.6, the masses of the potential NLSPs ~� 0

1, ~eR , ~� R and ~� 1 are plotted for di�erent
values of �, n5 and tan � .

From �gure 11.6 it is clear that for n5 = 1, the lightest neutralino ~� 0
1 is the NLSP, while

for n5 = 3 a slepton is the NLSP (for tan � = 25 this is the lightest stau ~� 1, while for tan �
= 5, the three sleptons ~� 1, ~� R and ~eR are co-NLSPs). This means that the signal of these
models in the ATLAS detector will be very di�erent, so to simplify our analysi s, we will only
consider mGMSB models withn5 = 1. As in that case the value of tan � is not very im-
portant for the phenomenology we are studying, we will take tan� = 5 and no longer vary it.

We have decided that we will consider models withM m = 500 TeV, n5 = 1, tan � = 5,
� > 0 and variable �. However, not all values of � will be interesting, as for hi gh values of
� the production cross section is so low that no supersymmetric particles will be produced
at the LHC. To determine how many supersymmetric events (events where supersymmetric
particles are produced) will take place in a certain period, we multiply the supersymmetric
production cross section with the integrated luminosity for that period. Cross sections are

106



Lambda in GeV
40 60 80 100 120 140 160 180 200

310´

m
as

s 
in

 G
eV

50

100

150

200

250

300

350 hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

~chi_10
~tau_1-
~mu_R
~e_R

tanb = 5, n5 = 1, Mm = 500 TeV

(a) tan � = 5, n5 = 1

Lambda in GeV
40 60 80 100 120 140 160 180 200

310´

m
as

s 
in

 G
eV

100

200

300

400

500

600

700

800 hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

~chi_10
~tau_1-
~mu_R
~e_R

tanb = 5, n5 = 3, Mm = 500 TeV

(b) tan � = 5, n5 = 3

Lambda in GeV
40 60 80 100 120 140 160 180 200

310´

m
as

s 
in

 G
eV

50

100

150

200

250

300

350 hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

~chi_10
~tau_1-
~mu_R
~e_R

tanb = 25, n5 = 1, Mm = 500 TeV

(c) tan � = 25, n5 = 1

Lambda in GeV
40 60 80 100 120 140 160 180 200

310´

m
as

s 
in

 G
eV

100

200

300

400

500

600

700

800 hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

hpx
Entries  0
Mean x       0
Mean y       0
RMS x       0
RMS y       0

~chi_10
~tau_1-
~mu_R
~e_R

tanb = 25, n5 = 3, Mm = 500 TeV

(d) tan � = 25, n5 = 3

Figure 11.6: The masses of the potential NLSPs (~� 0
1, ~eR , ~� R and ~� 1

~dR ) as a function of �
for � > 0, M m = 500 TeV and di�erent values of tan � and n5. For tan � = 25, the masses
of ~eR and ~� R overlap; for tan � = 5, the masses of~eR , ~� R and ~� 1 overlap.

usually expressed in barn (where 1 b = 10� 28 m2 [1]), so to make the calculations easier,
the integrated luminosity is usually expressed in inverse barn. The expected integrated
luminosity for the ATLAS detector in 2011 is about 4 fb � 1 (four inverse femtobarn), and
using Prospino2 (which was introduced above) we have calculated the total supersymmetric
production cross section for several values of �. For � = 230 TeV, this cross section is
2.36 femtobarn, which means that we expect 4� 2:36 = 9:44 events in 2011. This will al-
ready be impossible to �nd, so we will not consider values for � that are higher than 230 TeV.

Of course, we also need to take into account the fact that other experiments have already
searched for mGMSB and not found it. The current best limit on mGMSB comes from the
D0 experiment at the Tevatron [33]. ATLAS [34] and CMS [35] have also put limits on
GMSB models, however as they consider a di�erent GMSB model called General Gauge
Mediation (which also depends on only a few parameters), we cannot use those limits. D0
has considered the Snowmass Slope SPS 8 (see also [36]), which is a mGMSB model with
n5 = 1, tan � = 15, � > 0, M m = 2� and variable �, and found that for this model, � > 92
TeV. As this model is very similar to the model we are considering, we will onlyconsider
values of � larger than 92 TeV.

In our analysis, we will consider models withM m = 500 TeV, n5 = 1, tan � = 5, � > 0
and � = (95 + 15 i ) TeV, with i = 0, 1 ,..., 9 (so ten model points with � between 95 and
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� (TeV) � susy (fb) m ~� 0
1

(GeV) m ~� (GeV) m~q (GeV) m~g (GeV) Br( 
 ~G) � ~�

� susy

95 556 125.8 240.6 1022 766.5 0.778 0.51

110 230 147.1 282.6 1172 876.6 0.757 0.61

125 106 168.6 324.6 1322 986.0 0.750 0.69

140 54.0 190.2 366.8 1471 1095 0.748 0.75

155 23.9 211.9 409.1 1619 1204 0.747 0.80

170 16.7 233.9 451.6 1767 1313 0.748 0.82

185 9.91 256.1 494.5 1914 1423 0.748 0.84

200 6.03 278.6 537.8 2060 1533 0.749 0.84

215 3.35 301.5 581.6 2207 1643 0.749 0.84

230 2.36 324.7 625.92 2353 1755 0.750 0.84

Table 11.1: The values of some interesting parameters for the mGMSB model points with M m

= 500 TeV, n5 = 1, tan � = 5, � > 0 and variable � . � susy is the total supersymmetric
production cross section, m~q the average quark mass,m ~� the average ofm ~� 0

2
and m ~� �

1
,

Br( 
 ~G) the branching ratio for ~� 0
1 ! 
 ~G and � ~� the pp ! ~� ~� cross section, where~� can be

either a neutralino or a chargino.

230 TeV), which we will denote by P95, P110, ..., P230. Using SPheno 2.2.3and Prospino2,
we have gathered some information about these models in table 11.1. We can see that for
all model points, most of the ~� 0

1 will decay to a gravitino and a photon, which means that
~� 0

1 (which is a mix of the superpartners of the photon, theZ boson and the neutral Higgs
bosons) contains mainly \photino". Another important point is that for a ll of these model
points, the production of charginos and neutralinos is dominant, even though the partons
in the proton collision interact via the strong force while charginos and neutralinos do not.
This is because for these model points, neutralinos and charginos are on average much lighter
than squarks and gluinos (as is also clear from table 11.1).

11.2 Signal simulation

Now that we have de�ned the model points that we hope to discover with the ATLAS data,
we need to �nd out what exactly we are looking for. We know that each supersymmetric
particle that is produced will eventually decay to the NLSP, which for these model points
is the lightest neutralino ~� 0

1. We have also seen that in about 75 to 80 % of the cases (de-
pending on the value of �), ~� 0

1 will decay to a photon and a gravitino (in the other cases, it
will decay to a gravitino and a Z boson). Because the ~� 0

1 is quite heavy and the photon and
the gravitino are both massless, the photon and the gravitino will usually both get a large
energy. This means that about 60 % of the supersymmetric events for the mGMSB model
points will contain two high-energy photons and large missing energy.

Of course, we do not know exactly what a supersymmetric event looks like, because
we do not know which energies and directions the photons have, what the other possible
sources of missing energy are, etcetera. Because there are so many possibilities,we cannot
get the transverse momentum spectrum for the photons by simply calculating it. Theonly
thing we can do is perform a Monte Carlo simulation of the events. This is done in three
steps: �rst the parton-level event is simulated with MadGraph/MadEvent 4.4.56 [ 37], then
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the showering, hadronisation, decay, �nal and initial state radiation and underlyi ng event
are simulated with Pythia 6.4.24 [38], and �nally the detector response is simulated with
AtlFast [39, 40]. Each of these steps will be discussed below.

11.2.1 MadGraph/MadEvent

The MadGraph/MadEvent (MG/ME) package simulates the hard scattering process, which
describes the interaction between two partons (quarks or gluons), one from eachof the col-
liding protons. As input, MG/ME needs information about the model point (the mas ses,
mixing parameters and branching ratios of all sparticles, which we get from the SPheno
output �le), the particle collider (which particles are colliding and at what centre-of -mass
energy) and the 2 ! 2 process we are trying to simulate. If we are for example simulat-
ing pp ! ~g~g, MG/ME will �rst determine all possible tree-level Feynman diagrams that
contribute to the cross section for this process. Using those Feynman diagrams, MG/ME
will then simulate pp ! ~g~g events, with the properties of the outgoing gluinos taken from
the correct distributions [37]. MG/ME can also simulate several processes in the same run,
in that case it generates events for all processes according to their cross sections, so if we
simulate processesA and B in the same run and the cross section ofA is twice that of B ,
1/3 of the events will be type B and 2/3 will be type A.

As MG/ME only takes into account the tree-level diagrams, it is a leading-order (LO)
generator. At the scale at which the parton-level event takes place, the strong coupling
constant g3 is small, which means that the leading order is a reasonable approximation [41].
However, a better approximation would be to use the NLO cross sections that are calculated
by Prospino2, instead of the LO cross sections that are calculated by MG/ME itself. Of
course, adding the NLO diagrams does not only change the production cross section, but it
might also change other properties of the events, for example the energy distribution of the
outgoing particles. However, this e�ect is likely to be small, so we will ignore it and scale
the MG/ME events using the NLO cross sections calculated by Prospino2. In section12.1,
we will discuss how exactly this scaling is done.

Because the ratio between the NLO cross section and the LO cross section can vary alot
for di�erent processes, we cannot simulate all events in the same run, as we cannot use the
same number to scale them. Prospino2 gives NLO and LO cross sections for 67 processes,
however it would be quite complicated to generate 67 sets of events, so we will combine
some processes. For example, the ratio of NLO and LO cross sections is almostequal for
pp ! ~� 0

1 ~� 0
1 and pp ! ~� 0

1 ~� 0
2, so we can generate scale them with the same factor.

After considering the NLO/LO cross section ratio for all processes, the best solution
seems to be to generate nine sets of events:

� pp ! ~g~g (gg),

� pp ! ~g~� (ng),

� pp ! ~� ~� (nn),

� pp ! ~̀~̀(ll),

� pp ! ~� ~q and pp ! ~� ~�q (ns),

� pp ! ~ql ~�ql (sb),
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Event subset LO cross section� LO (fb) NLO cross section� NLO (fb) � NLO
� LO

ng 10.5 10.9 1.04

ns 6.58 7.31 1.11

nn 232 284 1.22

ll 23.9 28.4 1.19

gg 21.6 66.2 3.06

sb 3.47 5.31 1.53

sg 63.8 118 1.85

ss 28.3 35.1 1.24

hb 0.420 0.897 2.14

total 391 556 1.42

Table 11.2: LO and NLO cross sections for P95 for the subsets de�ned in thetext, as given
by Prospino.

� pp ! ~q~g and pp ! ~�q~g (sg),

� pp ! ~q~q and pp ! ~�q~�q (ss),

� pp ! ~qh ~�qh (hb),

with ~� all neutralinos and charginos, ~̀ all leptons, ~q all squarks, ~�q all anti-squarks, ~ql (~�ql )
all squarks (anti-squarks) of the �rst and second generations and ~qh (~�qh ) all squarks (anti-
squarks) of the third generation.

As an example, the LO and NLO cross sections and their ratio for these sets of events
for the model point P95 are given in table 11.2. From this table, it is clear that the ratio
between the NLO and LO cross sections is highest for particles that interact via thestrong
force. This makes sense, because the coupling constant for the strong force is higher than
that for the other forces, so higher-order diagrams have a larger in
uence on the totalcross
section. Of course, this might mean that the NNLO cross sections are again very di�erent
from the NLO cross sections, but the NNLO cross sections have not been calculated yet.

For each model point de�ned in section 11.1 and each set of event types de�ned above we
have generated 10,000 events using MG/ME. This means that in total, we have generated
900,000 events.

11.2.2 Pythia

As we know, the hard scattering event is not the only thing that is going on during a proton
collision. The particles that come out of the hard scattering event might not be stable par-
ticles, in which case they will decay to other particles, which might also decay, and so forth.
There is also the underlying event: we know that the hard scattering event only involves
two partons and takes place at a high energy, but the other partons in the protons willalso
interact at lower energy scales. Also, the particles in the event can shower if theirenergies
are large enough, which means that they radiate gluons or photons, which might split into
further gluons, quark-antiquark-pairs, or electron-positron-pairs, etcetera. If this happens
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to the partons before the collision takes place, it is called initial state radiation, and if it
takes place afterwards, it is called �nal state radiation. Finally, when the energies of the
particles are too low for showering, quarks will form hadrons (for example,an up-quark and
an anti-down quark will form a � + particle), which is called hadronization. As many of
those hadrons will not be stable, they might also decay.

All these subprocesses (initial and �nal state radiation, hadronization, decay and the
underlying event) are simulated by Pythia, using the hard scattering event generated by
MG/ME as input. The assumption that is made for this simulation is that the ener gy scales
at which those subprocesses take place are well separated, as in that case the subprocesses
can be treated as independent [41]. Of course, to correctly simulate all these processes,
Pythia also needs the information about the masses and branching ratios of the supersym-
metric particles (given in the SPheno output �le) and about the collider.

In this thesis, we have used the Pythia version that is part of Athena 16.4.0 tosimulate
the full proton collisions for the 900,000 hard scattering events that we hadsimulated with
MG/ME. Athena is the ATLAS o�ine software framework, which provides alg orithms for
event generation, detector simulation, event reconstruction and event analysis, among other
things.

As output, Pythia gives a �le which for each event contains a list of all parti cles in the
event, with the status code (which denotes for example whether a particle is a �nal state
particle or will decay further), PDG code of the particle (which denotes which particle we
are dealing with), the \mother" and \daughters" of the particle (which particle decayed to
this particle, and to which particles this particle will decay) and the momentum in the x,
y and z directions, energy and mass of the particle. This output �le can then be used as
input �le for the detector simulation.

11.2.3 AtlFast

After simulating the complete event, we need to simulate the response of the detectorto
this event, as that is what we will actually see in case of real events. In principle, this means
that we need to simulate what happens in every part of every subdetector. For ATLAS, this
is done by the full simulation, which uses the GEANT4 package [42].

In the full simulation, the propagation of all particles and their energy lossesin the dif-
ferent components of the detector are simulated as completely as possible. However, as the
geometry of the ATLAS detector is very complex (the full simulation describes almost 30
million volumes, all of them with their own properties), doing the full simul ation for one
event takes around 20 minutes on a fast computer. As we have 900,000 events and only one
computer, doing the full simulation for the GMSB signal events is simply not feasible in the
limited amount of time that was available for this project.

Fortunately, a faster simulation has been developed for cases like this, and this fast sim-
ulation for the ATLAS detector is called AtlFast. AtlFast takes stable pa rticles from the
Pythia event �le and tracks them through the magnetic �eld in the inner detector to deter-
mine the point where they hit the calorimeter. The electromagnetic and hadronic calorimeter
are seen as one, and the energy of the particle is taken to be deposited completely in the
calorimeter cell where the particle hits the calorimeter. Not all stable particles are tracked,
we can declare particles to be invisible, and in that case they will be ignored. Theparticles
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we have declared to be invisible in this analysis are the neutrinos and the gravitino, as we
know that the ATLAS detector cannot detect them.

In AtlFast, the energy of a particle or jet is obtained by smearing the true energyusing a
resolution function, which has been obtained from test beam studies. For photons (themost
important particles in our analysis), the pseudorapidity � is also smeared using a resolution
function, but the direction � is not. Also, an object is reconstructed as an electron when
the Pythia output �le tells us that it is in fact an electron. This is di�erent from t he full
simulations, where the object reconstruction is based on the information comingfrom the
di�erent detector parts, just like for real data. Finally, the missing energy is calculated from
all reconstructed objects and calorimeter cells which are not associated with reconstructed
objects, with the energies of the latter also smeared by a resolution function.

In the ATLAS detector, not all photons will be reconstructed as photons, for example
because they are reconstructed as other particles or because they end up in a dead part of
the detector (a part of the detector which is not working well). The percentage of photons
which is actually reconstructed as a photon is called the reconstruction e�ciency, for ATLAS
it is about 80 % [40]. As this is not taken into account in AtlFast, we will have to apply it
ourselves, which we will do in section 12.2.

The AtlFast output is a �le with several containers which contain reconstructed objects
(for example, the AtlfastPhotonCollection contains reconstructed photons, while the Atl-
fastMissingET container contains the reconstructed missing energy). Each reconstructed
object has a number of properties (for example, its pseudorapidity, electrical charge and
transverse momentum), which we can access and plot directly. However, what we want to
do is a little more complicated, and will be discussed in chapter 12.

11.3 Background

We know that most of the GMSB events will be events which contain large missing energy
and two high-energy photons. In principle, all other events will be background to this,and
we will need to �nd cuts on variables (for example a lower limit on the missing transverse
energy of the event) which background events do not survive (for example because they have
a low missing transverse energy) but signal events do. This means that the most important
background consists of events which are very similar to GMSB events, so events which also
contain large missing energy and two high-energy photons. As it takes an immense amount
of time to analyze all possible events in ATLAS and we will throw away most of them any-
way, we will only consider the most important background.

In fact, the only Standard Model processes which also produce two high-energy photons
and large missing energy arepp ! Z

 ! ��

 and pp ! W

 ! `�

 [33]. The LO
cross sections for these processes are 14.60 fb for theZ

 ! ��

 and 69.92 fb for the
W

 ! `�

 [43], and though the NLO cross sections have not been calculated, we do
not expect them to be much bigger. However, this is not the only important background,
as there are also objects that could fake a photon or missing energy: electrons andjets
are sometimes misidenti�ed as photons, and if the calorimeters are not workingoptimally
(for example because some cells are not working at all), this can easily leadto fake missing
energy. This means that we will also have to consider events which contain for example one
electron, one photon and missing energy, as the electron could be misidenti�ed as a photon
and then the reconstructed event would contain two high-energy photons and missing energy.
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We cannot use AtlFast to simulate these types of events, as AtlFast cannot simulate par-
ticle misidenti�cation. Fortunately, all background samples that we need have already been
generated and put through the full simulation by other people in the ATLAS collaboration.
The background samples we have used are listed below, and their exact names and numbers
are given in appendix D.

� pp ! Z

 ! ��

 and pp ! W � 

 ! ` � �

 events, which are called the irreducible
background samples, with missing energy coming from the neutrino(s).

� pp ! Z
 ! ``
 events, where one of the leptons is misidenti�ed as a photon and there
is fake missing energy. .

� pp ! W � 
 ! ` � �
 events, where the lepton is misidenti�ed as a photon and there is
real missing energy from the neutrino.

� pp ! Z + jets ! `` + jets events, where either leptons or jets are misidenti�ed as
photons and there is fake missing energy.

� pp ! Z + jets ! �� + jets events, where jets are misidenti�ed as photons and there
is real missing energy from the neutrinos.

� pp ! W � + jets ! ` � � + jets events, where either a lepton and a jet or two jets are
misidenti�ed as photons and there is real missing energy from the neutrino.

� pp ! t �t ! W + W � b�b events, where eachW boson could decay either hadronically (to
a quark and an anti-quark) or leptonically (to a charged lepton and a neutrino). If at
least one of theW bosons decays leptonically, there is real missing energy from the
neutrino(s), but otherwise we need fake missing energy. Also, either leptons or jets
need to be misidenti�ed as photons.

� pp ! jets events, these are only an important background if there are two jets misiden-
ti�ed as photons and fake missing energy, and clearly the probability of this happening
is very low. However, the cross section for this process is very large, so it is included
in our background samples. This sample is divided into nine subsamples, based on the
pT of the leading jet.

� pp ! 
 + jet events, with one jet misidenti�ed as a photon and fake missing energy.

� pp ! 

 events, with fake missing energy.

The pp ! Z=W
 and pp ! Z=W

 events have been generated with MG/ME and
Pythia, the pp ! Z=W + jets events have been generated with Alpgen [44] and Jimmy [45],
the pp ! t �t events have been generated with MC@NLO [46] and Jimmy and the rest of the
samples have been generated with Pythia. For all samples which contain jets, events have
been generated where up to �ve partons are produced in the hard scattering process, and
most of these partons will form jets.

When we compare the cross sections of the di�erent background samples listed above,
it is clear that the pp ! jets cross section is by far the largest (in the order of millibarns)
and the pp ! 
 + jets the second largest. One might expect that these form the main
background, but we will see later on that this is not the case, because very few events in
these samples contain two high-energy photons and missing energy after reconstruction.
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The background samples mentioned above contain a very large number of events.As
we are only interested in events which contain at least two reconstructed photons, we have
used skimmed samples, from which all events which do not contain at least twoso-called
Loose Photons with each a transverse momentum of at least 23 GeV have been deleted. The
de�nition of a Loose Photon will be discussed in the next section.

11.4 Object reconstruction

The data gathered with the ATLAS detector consists of a lot of signals in all subdetectors,
and we need to �gure which particle has caused what signal. To match a set of signals to
a particle, a number of algorithms have been written, which analyze the data and then re-
construct objects, for example electrons or photons. The full simulation uses the algorithms
that are also used for the real data, because the same information is available. In this
section, we will discuss the reconstruction of photons, as these are the only reconstructed
objects that we will use in our analysis.

The signals of both electrons and photons in the calorimeter are very similar,so the
procedure for reconstructing them starts out the same, with the sliding window algorithm
[47]. This algorithm divides the electromagnetic calorimeter (for j� j < 2:5) in cells of size
� � � � � = 0 :025 � 0:025 and for every window of 5� 5 of these elements it calculates
the total transverse energy deposited in all cells in the window. If this is larger than 3
GeV, these 25 cells qualify as a precluster. The algorithm searches locally for the optimal
precluster (the window which contains the largest transverse energy).

The next step is the reconstruction of tracks in the inner detector. As the inner detector
only detects charged particles, photons will not have a track in the inner detector while
electrons will. However, photons can split into an electron-positron pair if they interact
with material. The probability of this happening somewhere in the inner detector is about
50 % per photon, so this e�ect needs to be taken into account [48]. If one or two tracks are
detected in the TRT that do not �t with any tracks in the SCT and pixel detector, this is
probably a converted photon, so the precluster in the electromagnetic calorimeter is tagged
as a converted photon candidate. In other cases, if there is a spatial separation �� < 0:05
and � � < 0:1 between a track and a precluster, the precluster is tagged as an electron
candidate. If there is no track associated to the precluster, it is tagged as a nonconverted
photon candidate [47].

After the tagging, the algorithm determines the energies of the electron and photon can-
didates. This energy is given by the energies deposited in a rectangle of cells around the
centre of the precluster. The size of this rectangle depends on which particle candidate we
are dealing with and where the precluster is located. In the barrel, electrons and converted
photons generate showers that are wide in the� direction because they interact with the
magnetic �eld and because of Bremsstrahlung. For this reason, the window for these candi-
dates in the barrel is a 3� 7 rectangle in � � � , while for unconverted photon candidates it is
3� 5. In the endcaps, the magnetic �eld is weaker, so for all candidates a window size of 5� 5
is chosen. The transverse momentum of a photon or electron candidate is given by thesum
of the transverse momenta deposited in the cells in the window, with a number ofcorrections.

After this procedure, we end up with a number of (converted and unconverted) photon
candidates, but many of them do not correspond to actual photons. To get rid of the false
photon candidates, some extra identi�cation cuts are applied. For photons, three sets of
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identi�cation cuts are used, and the photon candidates that survive these cuts are called
Loose, Tight and TightAR Photons, with TightAR Photons a subset of Tigh t Photons and
Tight Photons a subset of Loose Photons. For all of them, we requirej� j < 2:37 and exclude
the crack region 1:37 < j� j < 1:52. The crack region is excluded because it is the region
where the barrel and the endcap overlap, which means that there is more material in front
of the �rst active calorimeter layer, so the energy resolution in this part of t he detector is
much worse [49].

The exact identi�cation cuts for Loose and Tight Photons can be found in the ATLA S
note by L. Carminati et al. [50]. Some examples of the cuts that are used are upperlimits
on the ratio of the ET of the candidate in the hadronic and electromagnetic calorimeters
and the lateral width of the shower in the � direction, where the exact upper limit depends
on the � of the photon candidate. For Tight Photons, there are cuts on more variables
than for Loose Photons, and the cuts are also tighter (so upper limits are lower and lower
limits are higher). The only di�erence between the Tight and the TightAR Photons i s
that the TightAR selection criteria take into account which modules in the inner l ayer of
the pixel detector are dead, as dead modules in this layer result in an excess of electrons
being reconstructed as converted photons [43]. As a large part of our background consists
of electrons being reconstructed as photons, we will use TightAR Photons for our analysis.
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12 Analysis

The goal of this project is to �nd out which of the model points described in section 11.1
could be discovered or excluded by the ATLAS detector, using the total integrated luminosity
up to the end of 2011, which is expected to be about 4 fb� 1 [51]. To do this, we need to
separate the signal events from the background events. This means that we need to �nd
cuts on certain variables (for example on the transverse momentum of particles, or on the
missing energy) that throw away as many of the background events as possiblewhile keeping
as many of the signal events as possible.

12.1 Preparations

Before we start searching for cuts, we need to scale the simulated samples. Thismeans that
we give each event an event weight, and if later on we make histograms of variables, we will
use these event weights. The event weight for a sample is given by

w =
4 � �

number of events in sample
(12.1)

where � is the production cross section of the sample in femtobarn. For the signal samples,
we use the NLO cross sections as given by Prospino2 (the values for P95 are given in table
11.2), and we know that each sample contains 10,000 events. For the background samples,
we use the cross sections and number of events per sample as given on AMI [52], which is a
website with information on all o�cial simulated samples for the ATLAS collaboration.

The event weights for the background samples vary between 4:9� 10� 6 and 2:8� 107. The
big di�erences are mainly caused by the big di�erences in cross sections. For example, the
cross section for the production of low-energy jets is in the order of millibarns,while the
(Z ! �� )

 cross section is only 14.6 femtobarn. These di�erences are not problematic,
however what is problematic is that some of the event weights are much larger than 1, as
that means that events from these samples will have a very big in
uence on the analysis.
Unfortunately, there is not much we can do about it, but as we will see later on, these events
will not actually in
uence the analysis all that much. This is because most of them are not
very similar to real GMSB events and so it is easy to cut them out.

From chapter 11 it is clear that the most interesting signal for mGMSB events consists
of two high-energy photons and large missing energy. As has been mentioned in section
10.1, we can only measure the transverse momentum and energy, not the total momentum
and energy, so we are interested in events with high transverse missing energy6ET and two
photons with high transverse momentumpT .

To check what would be interesting variables to cut on, we have made a few plots where
we compare a histogram containing all background samples (with the correct event weights)
to a histogram containing all signal samples for P95 (also with the correct event weights).
The results can be seen in �gures 12.1, 12.2 and 12.3. In these �gures, the histograms for
the signal events are actually multiplied by 2000, as there are many more background events
than signal events. The leading photon is the TightAR Photon (for background events) or
photon (for signal events, where all photon candidates are true photons) with the highest
transverse momentum of all TightAR Photons or photons, while the subleading photon is
the TightAR Photon or photon with the next-to-highest transverse momentum. Fo r the
signal photons, we have also required that they have pseudorapidity smaller than 2.37 and
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not between 1.37 and 1.52 (as that is also required for TightAR Photons) andtransverse
momentum larger than 23 GeV.

(a) The leading photon. (b) The subleading photon

Figure 12.1: The transverse momentum of the leading and subleading photon for the back-
ground events and the P95 signal events. The total number of events is the number expected
with an integrated luminosity of 4 fb� 1.

(a) The leading photon. (b) The subleading photon

Figure 12.2: The absolute value of the pseudorapidity of the leading and subleading photon
for the background events and the P95 signal events. The total number of events is the
number expected with an integrated luminosity of 4 fb� 1.

From these �gures it is clear that the average transverse missing energy in P95 signal
events is much higher than that in background events. The same is true for the transverse
momentum of the leading and subleading photons. Also, it is clear that thej� j distribution
of the leading and subleading photons is almost 
at for background events, while forsignal
events we see an increase at lowj� j. Considering these �gures, it makes sense to apply
four cuts: lower limits on the transverse missing energy and the transverse momenta of the
leading and subleading photons, and an upper limit on the pseudorapidity of the photons.
In the following sections the optimal values for those cuts will be determined.

12.2 The analysis algorithm

To analyze the background and signal events, we have written an Athena algorithm which
runs over all events in a sample and for each event extracts the values of a number of param-
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Figure 12.3: The transverse missing energy for the background events andthe P95 signal
events. The total number of events is the number expected with an integrated luminosity of
4 fb� 1.

eters. As mentioned in the last section, we are interested in the transverse missing energy
and the transverse momenta and pseudorapidities of the photons. The transverse missing
energy and the transverse momenta can easily be accessed and saved, but the pseudorapid-
ity is di�erent. It needs to be a part of the photon selection process, because we wantto
ignore all photons with j� j larger than some upper limit � max and then determine which
photons are the leading and subleading photons. This means that in fact we want to savea
number of di�erent transverse momenta of leading and subleading photons: the transverse
momenta of the leading and subleading photon when we requirej� j < 2:37, the transverse
momenta of the leading and subleading photons when we requirej� j < 2:2, etcetera. As
values for � max we take 2.37, 2.2, 2.0, 1.8, 1.6, 1.4, 1.2 and 1.0. In all cases, thecrack
region (1:37 < j� j < 1:52) is excluded (this is done automatically for the TightAR Photons
in the background samples, but we need to do it for the photons in the signal samples aswell).

An important way to separate background and signal that we have not mentioned yet,
is requiring that the photon candidates are isolated, as many background events are QCD
events where the photon candidate is actually (part of) a jet. The isolation requirement
which we use for the background events is that theET in a radius of 0.2 in the � -� -plane
around the centre of the cluster, excluding the cells that are part of the cluster, has to be
less than 10 % of the transverse energy of the cluster. Of course, we cannot use this isola-
tion requirement for the signal events, as we have no information about how much ET was
deposited in speci�c calorimeter cells. However, for a similar signal sampleit was shown
that the signal e�ciency (the percentage of the signal events that passes this cut) is greater
than 93 % [34], so we will assume it to be 93 %.

As was mentioned in section 11.2.3, the photon reconstruction e�ciency of ATLAS is not
taken into account in AtlFast, which means that we need to take it into account in the anal-
ysis algorithm. In the same section it was also already mentioned that this e�ciency is 80 %.

This means that the analysis for full simulation (background) events is done asfollows:
for each event, we loop over the photon candidates (not only the ones that are LoosePho-
tons, but all of them). For each photon candidate, we determine theET in a radius of 0.2 in
the � -� -plane around the centre of the cluster, excluding the cells corresponding to the clus-
ter itself. If this is smaller than 0.1 times the pT of the photon candidate and if the photon
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candidate is a TightAR Photon, we get the pseudorapidity � of the photon, otherwise we
move on to the next photon candidate. We then determine which photons are the leading
and subleading photons for each value of� max and save their pT values. We also save the
missing transverse energy (6ET ) of the event.

The analysis for AtlFast (signal) events is slightly di�erent: for each event, we loop over
all photons in the event and generate a random number between 0 and 1 for each photon.
If this random number is smaller than 0.8 (the photon reconstruction e�ciency of ATL AS),
we get the pseudorapidity� of the photon, otherwise we move on to the next photon. Again,
we determine which photons are the leading and subleading photons in the event for each
value of � max . However, we then generate another random number, and only if this random
number is smaller than 0.93 (the signal e�ciency for the photon isolation cut) we save the
pT values and the value of6ET .

For both background and signal samples, we end up with a �le containing a number of
events for which we have saved the missing transverse energy and several transverse momenta
of photons. It is important to remember that even though we have tried to de�ne cuts that
a�ect the signal and background events equally, it is impossible to do this exactly right, as
we do not have access to the same information in AtlFast as we do in the full simulation.

12.3 The optimal cuts

As soon as there is enough data, we would like to either prove or disprove the existence of
mGMSB. This might seem very easy, as using the cross sections we can predict how many
background events there will be and how many signal events we expect for the di�erent
mGMSB model points, so simply counting the number of events in the data should tell us
whether or not GMSB exists. However, this is not quite true: the cross sections givethe
average expected number of background events, but it is still a statistical process and there
can be large 
uctuations. If we expect 300 background events and 10 signal events,there
is a possibility that there will be in fact 310 background events, so if wesee 310 events we
cannot just conclude that there is a signal, it could just be a statistical 
uctuation.

To deal with this, we have to do a statistical analysis. In particle physics, a 
uctuation of
at least three standard deviations is considered evidence for new physics, and the discovery
of new physics can be claimed if the 
uctuation is at least �ve standard deviations. This
means that to prove that GMSB exists, we need the number of signal events to be at least
�ve times the standard deviation of the number of background events. The number of
background events follows a Poisson distribution, which means that if the expected number
of background events (the product of the integrated luminosity and the total cross section)
is � , the probability that k events take place (with k a non-negative integer) is

f (k; � ) =
� k e� �

k!
: (12.2)

For a Poisson distribution, the so-called signi�cance can be approximated by [53]

Z =
s
� b

�

r

2
�

(s + b) ln
�

1 +
s
b

�
� s

�
; (12.3)

with b is the expected number of background events,� b the standard deviation of b and s is
the expected number of signal events. So if we can �nd cuts such thatZ > 5 (with s and b
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now the number of signal and background events that survive the cuts), it will bepossible
to discover mGMSB.

To �nd out whether we can indeed discover mGMSB, we have plotted the value ofZ for
varying cuts. We will show the process for P200, but it has been done in exactly the same
way for the other model points. For all plots, we have required that the number of signal
events surviving the cuts is at least 5, to make sure that we can actually see them(for all
values of the cuts for whichs gets below 5, we have setZ to zero). We have also required
pT > 23 GeV for both the leading and the subleading photon, as we have also used this cut
in the skimming of the background �les. From now on, we will call the transverse momen-
tum of the leading photon pT 1 and the transverse momentum of the subleading photonpT 2.

We start by plotting the value of Z as a function of the lower limit on 6ET for the di�erent
values of � max . This plot is shown in �gure 12.4, and it is immediately clear that for all
values of� max , Z is maximal for the cut 6ET > 155 GeV. Using only this cut and� max = 1 :6,
Z is 3.44, so already large enough for evidence.

Figure 12.4: The value of the signi�cance Z for the di�erent values of � max , as a function
of the lower limit on 6ET , for model point P200.

The next step is to require 6ET > 155 GeV, and plot the value of� as a function of the
lower limit on pT 1 for the di�erent values of � max . The resulting plot is shown in �gure 12.5.
For � max = 1 :0 and 6ET > 155 GeV, there are less than �ve signal events left, soZ is zero
everywhere.

In �gure 12.5, there are several interesting peaks. For example, for� max = 1 :8, the
maximum value of Z is at pT 1 > 121 GeV, while for � max = 2 :0, the maximum value of
Z is at pT 1 > 129 GeV). For the lower values of� max , there is also a peak atpT 1 > 61
GeV. Of course, these are all relatively small peaks, and might be caused by just one extra
background event being removed by that particular value of the cut. To �nd the best cut, we
have plotted the values ofZ as a function of the lower limit on pT 2 for these three possible
cuts on pT 1. The results can be found in �gure 12.6.

Comparing the sub�gures in �gure 12.6, it is clear that Z is maximal for 6ET > 155 GeV,
pT 1 > 61 GeV, pT 2 > 37 GeV and � max = 1 :6. For these cuts,Z = 5 :37, there are 5.25
signal events left and 0.14 background events. So if there are only Standard Model events,
we expect to see 0.14 events which survive these cuts, while if P200 exists, weexpect to see
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Figure 12.5: The value of the signi�cance Z , requiring 6ET > 155 GeV, for the di�erent
values of� max , as a function of the lower limit on pT 1, for model point P200.

(a) pT 1 > 129 GeV (b) pT 1 > 121 GeV

(c) pT 1 > 61 GeV

Figure 12.6: The value of the signi�cance Z , requiring 6ET > 155 GeV and pT 1 larger than
either 61, 121 or 129 GeV, as a function of the lower limit onpT 2, for model point P200.
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Event sample Prel. cuts 6ET > 155 GeV pT 1 > 61 GeV pT 2 > 37 GeV j� 
 j < 1:6

Signal 11.9 7.62 7.29 6.17 5.25

All background 5.28 �105 3.99 3.25 1.39 0.141

W=Z

 18.6 0.399 0.383 0.227 0.140

Z
 551 0.0 0.0 0.0 0.0

W
 583 0.0 0.0 0.0 0.0

Z + jets 8.23 �103 0.403 0.0 0.0 0.0

W + jets 867 2.45 2.45 0.843 0.0

t �t 63.9 0.641 0.321 0.321 0.0

jets 9.15 �103 0.0972 0.0972 7.89 �10� 4 7.89 �10� 4


 + jet 1.42 �105 0.0 0.0 0.0 0.0



 3.66 �105 0.0 0.0 0.0 0.0

Table 12.1: The cut 
ow for P200 signal events and di�erent types of background events,
with in each column the number of events that survive the cut named on top of that column
and all cuts before that one.

5.39 events. AsZ is larger than 5, it should be possible to discover P200 if we use those cuts.

It is interesting to have a look at which background events are removed by which cuts, for
example by making a cut 
ow. The cut 
ow for the P200 signal events and di�erent types
of background events can be found in table 12.1. The preliminary cuts are the following:
the event needs to contain at least two photons or isolated TightAR Photons with pT > 23
GeV and either j� j < 1:37 or 1:52 < j� j < 2:37.

From table 12.1 it is clear that most of the background is removed by the cut onthe 6ET .
This makes sense, because most background samples do not contain real missing energy,
and fake missing energy is usually not very large. It is also clear that most of the back-
ground events which survive all cuts are (Z ! �� )

 and (W ! �` )

 events, which also
makes sense because those are the only events with two real photons and real missing energy.

In many cases, theZ plots will have several peaks, so the best method is to try out
several cuts (as for example in the case of P200, the highest peak in thepT 1 plot was at
pT 1 > 121 GeV, but the maximal value for � was attained for pT 1 > 61 GeV). Of course,
we cannot know for sure which peaks will in the end give the best result, so it ispossible
that there are even better cuts. Another option would be to use a program to run overall
possible cuts for6ET , pT 1, pT 2 and � and �nd out which of them gives the maximal Z . This
was done for P200, but even just running over 50 GeV< 6ET < 200 GeV (with steps of 5
GeV), 55 GeV < p T 1 < 175 GeV (with steps of 2 GeV), 23 GeV< p T 2 < 45 GeV (with
steps of 2 GeV) and� max = 1.4, 1.6, 1.8 took a couple of days, and the end result was the
same.

We can now use the plotting procedure described above for the other mGMSB model
points, and the resulting cuts and Z values are given in tables 12.2 and 12.3. The signal
point P230 has not been included in the two tables, as after the preliminary cuts thereare
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Model point 6ET lower limit (GeV) pT 1 lower limit (GeV) pT 2 lower limit (GeV) � upper limit

P95 65 49 23 1.4

P110 155 61 35 1.6

P125 155 61 35 1.6

P140 155 61 37 1.6

P155 155 61 37 1.6

P170 155 61 37 1.6

P185 155 61 37 1.6

P200 155 61 37 1.6

P215 150 23 23 2.37

Table 12.2: The cuts that maximizeZ for the mGMSB model points P95 to P215.

Model point Z signal events left background events left

P95 61.3 785 31.2

P110 37.3 124 0.16

P125 24.8 62.2 0.16

P140 17.2 33.0 0.14

P155 12.7 20.1 0.14

P170 9.30 12.2 0.14

P185 6.96 7.81 0.14

P200 5.37 5.25 0.14

P215 2.10 5.08 4.37

Table 12.3: The value of Z and the number of signal and background events left, using the
cuts given in table 12.2, for the mGMSB model points P95 to P215.

only 4.7 signal events left, which is already too few. As the P230 production cross section is
2.36 fb and the integrated luminosity is 4 fb� 1, we expect 9.44 events where supersymmetric
particles are produced. However, in only 56.26 % of the cases the two ~� 0

1 will both decay
to 
 ~G (as the branching ratio for that decay is 0.75), and in only 64 % of the cases these
two photons will both be reconstructed (as the photon reconstruction e�ciency is 0.8), and
in only 93 % of the cases both reconstructed photons will survive the isolationcut. Also, in
some cases, a photon from a ~� 0

1 ! 
 ~G decay will have a transverse momentum smaller than
23 GeV. Taking all of this into account, one might wonder why there are still 4.7 P230 signal
events with pT 1; pT 2 > 23 GeV, as we would expect less than 0:82 � 0:752 � 0:93� 9:44 = 3:16
events. We see the same behaviour for all signal events, which makes it unlikely that this is
a statistical 
uctuation. The real reason is that the signal events might also contain other
photons, not coming from a ~� 0

1 ! 
 ~G decay, with large transverse momentum.
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12.4 Discovery and exclusion limits

If we consider table 12.3, it is immediately clear that according to our analysis, the ATLAS
detector is capable of discovering mGMSB forM m = 500 TeV, n5 = 1, tan � = 5, � > 0
and � � 200 TeV with 4 fb� 1 of data. For � = 215 TeV, there are 5.08 signal events and
4.37 background events left after using the optimal cuts, which is not enough to beable to
claim that there is evidence for GMSB.

In general, there is not only a statistical uncertainty on the number of background and
signal events, but also a systematic error, which causes the mean of the distribution as mea-
sured to be di�erent from the real mean of the distribution. There are many possible causes
of systematic errors, for example the fact that we do not know the exact cross sections of the
processes we are studying (as we do an LO or NLO calculation, instead of calculating the
cross section to all orders) or the fact that we do not detect all particles that areproduced
(as the detector does not cover all values of� and some cells might be dead), which causes
an error in the determination of the 6ET . It is possible to determine a number of causes of
systematic errors and the size of the systematic error they cause, but this is a complicated
procedure. For now, we will assume a systematic error of 30 % on the number of signal
events (because the number of background events surviving the cuts is so low, the e�ectof
a systematic error on the number of background events hardly in
uences the signi�cance),
and see what the result is.

For the P200 signal point, this means that if we only take into account the systematic
error, we expect 5:25 � 1:58 signal events after the cuts. The best way to determine the
averageZ we will get is by doing for example 1000 toy experiments, where we take the
number of signal events in each of those experiments from a Gaussian distribution with
mean 5.25 and standard deviation 1.58, calculateZ for all these toy experiments, and then
take the average of all these values ofZ . However, a conservative estimate is to replaces

in the formula for Z (equation 12.3) by
q

s2 � � 2
s;sys [51], where� s;sys is the systematical

error on s, so in this case� s;sys = 1.58. Using that, the signi�cance Z corrected for the
systematic error is equal to 5.21 (while the uncorrectedZ was 5.37) so taking into account
the systematic error on the number of signal events does not in
uence the end result a lot,
even for a relatively large systematic error.

So far, we have been dealing with non-integer expected numbers of events, which of
course is a problem when we are talking about what will actually be detected at the ATLAS
detector. Clearly, the number of events that is detected will always be an integernumber.
For this reason, we would like to have a look at the probability of detecting a certain number
of events. Again, we will consider P200, as it is the most interesting signal point from this
point of view (as the Z value is larger than 5, but not by much). As has been mentioned
above, if P200 exists, we expect on average 5.39 events to survive the cuts given in table 12.2,
while if there are no in
uences from new physics, we expect 0.14 events. Using equation
12.2, we can see that the possibility of detecting 5 events if we expect 0.14 events is

0:145e� 0:14

5!
= 3 :90� 10� 7; (12.4)

while the possibility of detecting 6 events if we expect 0.14 events is

0:146e� 0:14

6!
= 9 :09� 10� 9: (12.5)
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For a normal distribution (which is reasonably close to a Poisson distribution), 2:87� 10� 7 of
the distribution is further than 5 � away from the average, so we can only claim discovery
if the possibility of detecting the number of events that we have is smaller than2:87� 10� 7.
Comparing this to the possibility of detecting 5 or 6 events, it is clear that we cannot claim
discovery for P200 if we detect 5 events in 4 fb� 1, but we can claim it if we detect 6 events.

Finally, we are interested in whether or not we can exclude mGMSB model points. In
particle physics, excluding a signal is usually done with a con�dence level of 95 %. We
will start by considering P215, for which we expect 5.08 signal events and 4.37 background
events, so if P215 exists we expect 9.45 events to survive the cuts, but if it doesnot exist we
expect 4.37 events to survive the cuts. Again, we round this number to the nearest integer,
which is 4. According to equation 12.2, the possibility of detecting 4 or fewer events if we
expect 9.45 events is

4X

n =0

9:45n e� 9:45

n!
= 0 :0414: (12.6)

As this probability is lower than 0.05, we can conclude that it is possible to exclude signal
point P215 with 95 % con�dence level if we have 4 fb� 1 of data. This means that we can
exclude mGMSB for M m = 500 TeV, n5 = 1, tan � = 5, � > 0 and � � 215 TeV with 4
fb� 1 of ATLAS data.
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13 Conclusions and discussion

The goals of this research were:

� to study the theory of minimal Gauge-Mediated Supersymmetry Breaking (mGMSB),

� to study the type of signals that mGMSB would give in the ATLAS detector,

� to determine optimal cuts for discovering mGMSB with the ATLAS detector,

� to �nd out for which part of parameter space mGMSB can be discovered or excluded
with an integrated luminosity of 4 fb � 1.

In this chapter, we will repeat the most important conclusions and discuss possible fur-
ther research.

The Standard Model of Particle Physics is a consistent theory that agrees with experi-
ment and has made many predictions which have turned out to be correct. Unfortunately,
there are also a few problems with the Standard Model, for example the hierarchy problem,
the lack of gauge uni�cation and the lack of a dark matter candidate. Supersymmetrysolves
most of these problems by giving each fermion in the Standard Model a bosonic superpart-
ner and each boson a fermionic superpartner. We know that supersymmetry needs to be a
broken symmetry, as otherwise we would have found the superpartners already, andin this
thesis we have studied gauge-mediated supersymmetry breaking (GMSB). According to this
theory, there are three sectors: the MSSM (which contains all Standard Model particles and
their superpartners), the hidden sector (where supersymmetry is broken) and the messenger
sector (which communicates supersymmetry breaking from the hidden sector to the MSSM).

The GMSB model that we have studied is called mGMSB (minimal Gauge-Mediated
Supersymmetry Breaking). Its main selling points are that it introduces only �ve new pa-
rameters compared to the Standard Model (two mass scales, a sign, the number of messenger
multiplets and the ratio between the vacuum expectation values of the two Higgs doublets)
and that it explains why supersymmetry does not introduce large Flavour-ChangingNeutral
Currents and CP violation. In this model, the gravitino (the superpartner of t he graviton)
is the lightest supersymmetric particle, which means that it must be stable. The other su-
persymmetric particles are not stable, and they will eventually decay to the next-to-lightest
supersymmetric particle, which will then decay to its superpartner and the gravitino. There
are several detectors searching for this decay, and one of them is the ATLAS detector atthe
Large Hadron Collider.

We have studied a mGMSB model with only one messenger multiplet, where the next-
to-lightest supersymmetric particle is a neutralino, which is a mixture between the super-
partners of the electroweak gauge bosons and the Higgs scalars. In about 75 % of the cases,
this neutralino decays to a photon and a gravitino. This means that in most cases, the
resulting signal in the ATLAS detector will be two high-energy photons and a large amount
of missing energy (as the ATLAS detector cannot detect gravitinos). Using cuts on the
missing transverse energy and the pseudorapidity and transverse momentum of the leading
and subleading photons, we have shown that for a model withM m = 500 TeV, tan � = 5,
n5 = 1, � > 0 and variable �, the ATLAS detector should be able to discover mGMSB for
� � 200 TeV and exclude it for � � 215 TeV with an integrated luminosity of 4 fb � 1.
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Of course, the next step will be to take enough data to have an integrated luminosity of
4 fb� 1 and actually apply the cuts that we have proposed. This should only take until the
end of 2011, which means that in about half a year it will be possible to excludeor discover
mGMSB for these parameters, which is of course an exciting prospect. However, toreally
be able to prove that mGMSB exists, a few parts of the analysis would have tobe redone,
as we have taken a few shortcuts because of time constraints. The most important possible
improvements are:

� The detector simulation for the signal events should be done with the full simulation
instead of with AtlFast.

� Most of the backgrounds should be estimated from the data that has already been
taken, because it is impossible to simulate enough events to get good statistics for
some background samples.

� The systematical error on the background and signal samples should be determined
and taken into account.

Once these points have been taken into account and the data have been taken, it will be
possible to discover or exclude a signi�cant part of the mGMSB parameter space withthe
ATLAS detector.
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A Conventions

In this thesis, it is usually assumed that c = ~ = 1, which means that for example energy,
momentum and mass all have the same units.

The spacetime metric used in this thesis is

� �� = � �� = diag (1 ; � 1; � 1; � 1): (A.1)

For the Dirac matrices 
 � we will use the Weyl representation [12]


 � =

 
0 � �

�� � 0

!

; (A.2)

with � � = ( 1; � p), �� � = ( 1; � � p) and � p the Pauli matrices

� 1 =

 
0 1

1 0

!

; � 2 =

 
0 � i

i 0

!

; � 3 =

 
1 0

0 � 1

!

: (A.3)

In this representation,


 5 = i
 0
 1
 2
 3 =

 
� 1 0

0 1

!

: (A.4)

Using 
 5, we can de�ne the left- and right-handed projection operators as [4]

PL;R =
1
2

(1 � 
 5): (A.5)

Finally, we de�ne

� �� =
i
4

(� � �� � � � � �� � ); �� �� =
i
4

(�� � � � � �� � � � ): (A.6)
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B Weyl spinors

In this appendix, two-component Weyl spinors are discussed, as it is usually more convenient
to describe a supersymmetric theory in terms of Weyl spinors instead of the four-component
Dirac spinors usually used in quantum �eld theory. This is because chiral super�elds con-
tain Weyl spinors and also because it means that we do not need the left- and right-handed
projection operators to describe the weak interaction (which treats left- and right-handed
degrees of freedom di�erently).

To be able to discuss Weyl spinors, we need to consider the Lorentz group, which con-
tains all real, linear transformations of Minkowski spacetime that do not change the origin
and also do not change the length of a four-vector [4]. In general, a Lorentz transformation
is de�ned by x � ! � �

� x � with x � a spacetime four-vector. The Lorentz group has six gen-
erators: three rotations J i and three boostsK i .

Let us �rst consider only the rotations. The most general rotation in three dimensions
is equal to [54]

R�
� = [ e� i� i J i ]�� ; (B.1)

summing over repeated indices and with (� 1, � 2, � 3) the three parameters that specify the
rotation. As the J i are the generators of threedimensional rotations [54], they obey the Lie
algebra of SU(2). In an arbitrary irreducible representation j , this Lie algebra is given by

[t ( j )
p ; t ( j )

q ] = i" pqr t ( j )
r ; (B.2)

with t ( j )
p the generators in the representationj . The j are used to number the represen-

tations, and it is common to give the representation consisting ofi � i matrices the label
j = i � 1

2 . We are considering two-component spinors, so thet ( j )
p should be 2� 2 matrices,

which means that we are consideringj = 1
2 . For this j , the generators are given by [4]

t (1=2)
p =

1
2

� p (B.3)

with � p the Pauli matrices.

A two-component spinor � is now de�ned as an object transforming as

� 0b = h(R)b
a � a ; h(R) = e� i

2 � i � i ; (B.4)

with the � i the same as in equation B.1.

However, the rotation of a two-component spinor (which we will now denote as� ) could
also be given by

� 0b = h� (R)b
a � a ; h� (R) = e

i
2 � i � �

i ; (B.5)

so by the complex conjugate ofh(R). However, if there exists an unitary matrix M such
that h� (R) = Mh (R)M � 1, the representations� and � are equivalent. For SU(2) such an
unitary matrix exists, because

h� (R) = � 2h(R)� 2 (B.6)
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and (� 2)y = � � 1
2 = � 2. This means that the representations� and � are not independent.

To study the full Lorentz group, we need to add the boostsK i . A possible 2� 2
representation of the boosts is given byK i = � i� i [54]. In that case we can generalize
equation B.4 to

h(�) = e
1
2 ! i � i e� i

2 � i � i (B.7)

with ! i the boost parameters. Again, we have spinors� that transform according to h(�)
and spinors � that transform according to h� (�), but in this case there is no matrix M for
which h� (�) = Mh (�) M � 1. This means that the representations are not equivalent, and
we will need a way to distinguish between the two. This is usually done by de�ning

� 0
� = h(�) �

� � � ; � y0
_� = h� (�) _�

_� � y
_� (B.8)

so spinors with dotted indices transform according to h� (�) and spinors with undotted
indices transform according to h(�). The dagger is included in this notation because the
relation between spinors with dotted and undotted indices is one of conjugation:

� � = ( � y
_� )y; � y

_� = ( � � )y: (B.9)

Of course, this makes sense, considering thath� (�) is the complex conjugate of h(�): if a
spinor � transforms as an undotted spinor, its hermitian conjugate � y will transform as a
dotted spinor.

It is a general convention that the contraction of undotted Weyl spinor indices is from
the upper left to the lower right (so �

� ) and the contraction of dotted Weyl spinor indices is
from the lower left to the upper right (so _�

_� ). In this thesis, we will follow this convention.
To be able to raise and lower spinor indices, we introduce the anti-symmetric symbols " ��

and " _� _� . These are given by [12]

" �� = " _� _� =

 
0 � 1

1 0

!

; " �� = " _� _� = � " �� = " �� : (B.10)

This means that the contravariant spinors

� � = " �� � � ; � y _� = � y
_�
"

_� _� (B.11)

transform as

� 0� = � � f [h(�) � 1]T g�
� = � � [h(�) � 1]�� ; (B.12)

� y0_� = f [h� (�) � 1]T g_�
_� � y _� = [ h� (�) � 1] _�

_� � y _� (B.13)

with the T meaning transposition.

In this notation, a Dirac four spinor  can be written as

 =

 
�

� yT

!

; so  a =

 
� �

� y _�

!

(B.14)
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with a = 1,2,3,4, � = 1,2 and _� = _1; _2.

Using the left- and right-handed projection operators de�ned in appendix A, we get

PL  =

 
� �

0

!

; PR  =

 
0

� y _�

!

(B.15)

so � is a left-handed Weyl spinor and� y is a right-handed Weyl spinor.

If we now consider equations A.2 and B.14, it is clear that the matrices (� � ) � _� and
(�� � ) _�� carry indices as indicated.

Usually, the dotted and undotted indices are left out, because there is only one way to
place them. For example

�� = � � � � ; � y� y = � y
_� � y _� ; �� � � y = � � � �

� _� � _� ; � y �� � � = � y
_� �� � _�� � � : (B.16)

It is also easy to show that

�� = ��; � y� y = � y� y: (B.17)

A number of other spinor identities can be found in appendix C.
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C Useful identities

From [10]:

X

i

� i
ab� i

cd = 2 � ad � bc � � ab� cd ; (C.1)

�� � �� � � = �� � �� � �; (C.2)

� y �� � � � � y = � y �� � � � � y; (C.3)

From [12]:

(�� � � y)y = �� � � y; (C.4)

�� � � y = � � y �� � �; (C.5)

�� �� � = � �� �� �; (C.6)

� y �� �� � y = � � y �� �� � y; (C.7)

�� �� � � y = �
1
2

�� �� � � y + �� �� � �� � � y; (C.8)

(� � � y) � �� � � y = � y� y
�

1
2

� �� � � � i (� �� � ) �

�
; (C.9)

(�� � ) _� � y �� � � y = � ��
�

1
2

� y
_� � �� + i (� y �� �� ) _�

�
; (C.10)

�� � � y �� � � y =
1
2

� �� ��� y� y; (C.11)

(� � �� � + � � �� � ) �
� = 2 � �� � �

� ; (C.12)

(�� � � � + �� � � � )
_�
_� = 2 � �� �

_�
_� ; (C.13)

� � �� � � � + � � �� � � � = 2( � �� � � + � �� � � � � �� � � ); (C.14)

� �
� _�

� �
 _� = 2" �
 " _� _� ; (C.15)

(C.16)

From [55]:

� �� � �� = �
1
4

(� �� � �� � � �� � �� + i" ���� ) +
i
2

(� �� � �� + � �� � �� � � �� � �� � � �� � �� )(C.17)
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D Background samples

This is a list of all background samples that have been used in the analysis described in this
thesis:

� mc10 7TeV.[RNUM].AlpgenJimmyW[lepton]nuNp[0-5] pt20.merge.AOD

� mc10 7TeV.[RNUM].AlpgenJimmyZ[leptonlepton]Np[0-5] pt20.merge.AOD

� mc10 7TeV.108323.Pythia MadGraph Zeegamma.merge.AOD

� mc10 7TeV.108324.Pythia MadGraph Zmumugamma.merge.AOD

� mc10 7TeV.108325.Pythia MadGraph Ztautaugamma.merge.AOD

� mc10 7TeV.106001.Pythia MadGraph Wplusenugamma.merge.AOD

� mc10 7TeV.106002.Pythia MadGraph Wplusmunugamma.merge.AOD

� mc10 7TeV.106003.Pythia MadGraph Wplustaunugamma.merge.AOD

� mc10 7TeV.108288.Pythia MadGraph Wminusenugamma.merge.AOD

� mc10 7TeV.108289.Pythia MadGraph Wminusmunugamma.merge.AOD

� mc10 7TeV.108290.Pythia MadGraph Wminustaunugamma.merge.AOD

� mc10 7TeV.105204.TTbar FullHad McAtNlo Jimmy.merge.AOD

� mc10 7TeV.105200.T1McAtNlo Jimmy.merge.AOD

� mc10 7TeV.118619.Pythia MadGraph Znunugammagamma.merge.AOD

� mc10 7TeV.118616.Pythia MadGraph Wminuslepgammagamma.merge.AOD

� mc10 7TeV.118618.Pythia MadGraph Wpluslepgammagamma.merge.AOD

� mc10 7TeV.105964.Pythiagamgam15.merge.AOD

� mc10 7TeV.[RNUM].J[x] pythia jetjet.merge.AOD

� mc10 7TeV.108087.PythiaPhotonJet Unbinned17.merge.AOD
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