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Abstract

This thesis preserns the theoretical calculations of the processthat producesa single top via
W-gluon fusion. The single top processis important becauseit allows for a direct mea-
suremen of the charged current coupling (V) and the strong coupling constart ( ). The
calculations are given using the Spinor Helicity Method. The complete tree-level helicity
amplitudes for both the full processand the narrow top-width approximation are given in
analytical form. Numerical results for the W-gluon fusion processand for its narrow width
approximation are given. The accuracy of the latter is cheded. Numerical evaluations are
performed using an evert generator, which will be described briey .
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Chapter 1

In tro duction

This thesis describesa hadron-hadron collision processin which a single (anti-)top quark is
produced. This processis called “single-top production'. It is important becauseit allows for

a direct measuremeh of the strength of the coupling betweena top quark, a bottom quark
and a W-boson, Vy,. Also the strength of the strong coupling ( ) can be derived.

There are a few subprocessest the parton level which cortribute to the single-top process.
We concerirate on onein particular, the so-calledW-gluon fusion process.

The method to determine the physical parametersmentioned above, is to calculate the cross
section of the process,which is sensitive to jVipj2 and the strength of the strong coupling, .
Measuremen of the experimental crosssectionthen allows for a determination of the two by
a tting procedure.

The main new result preserted in this thesisis the explicit calculation of the scattering matrix

elemerts that go into the crosssectionand their implementation in a numerical Monte Carlo
program (J.v.d.Heide et al.[1]). A detailed study of the sensitivity to Vi, wasdoneby Stelzeret
al. [2], and their main results will be outlined for completeness.

The thesis is structured as follows. In Chapter 2, the Standard Model is summarised. This

model describes elemertary particles and their interactions. Moreover, it is necessaryto

derive the calculational tools with which the probability for observingthe single top process
experimentally, can be calculated.

In Chapter 3 atool to calculate the matrix elemer, the Spinor Helicity Method is described.
A simple application of this method is preseried.

In Chapter 4 the actual calculation of the singletop production matrix elemen is performed
at tree level approximation. The results are given for the W-gluon processwith the decay
of the top quark and for the narrow width approximation (the top quark is rst produced
on-shelland then decygs).

Chapter 5 describes the numerical methods for the generation of and the integration over
phase space. Then the simulation parameters are outlined, followed by simulation results.
The narrow width approximation and complete calculation are compared. Finally, the results
of Stelzeret al are presened.[2]. This showns with which accuracy Vy, can be extracted from
experimert.

Conclusionsare drawn in Chapter 6.
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Chapter 2

Standard Mo del

2.1 Intro duction

This chapter describesthe theory of elemenary particles and their interactions, more com-
monly known as the Standard Model (SM). This model is not a simple theory, but more a
tightly woven collection of di erent theoriesfor the various elemertary particles and interac-
tions. A thorough treatment is necessaryfor the understanding of the underlying principles
used to describe elemenary processesn general and the single top processin particular.
Although a derivation of the Feynman rules will not be given in this thesis, it should be
understood that they can be derived from the Lagrangiansin the SM. It will alsobe outlined
how the quark mixing becomesapparert in the charged current interactions.

In the past the SM has proven its value in predicting seweral particles and their properties.
Howevwer it is still not complete in that it is incompetert to predict properties suc as the
massof particles. It is understood that the Higgs medanism is responsible for the massesof
the particles, although the Higgs bosonsis still to be found experimertally.

Suggestionsfor extensionsof the model have beenmade, but until now, they have not been
proven right or wrong by experimernt. This thesis deals with processeswithin the SM, no
further attention is given to these'exotic' theories.

2.2 Overview

For a treatment of the SM, it is corveniert to give an overview of the di erent particles rst,
followed by a thorough theoretical treatment of them and their interactions. The elemerary
particles of which all matter is built, together with the force carriers, the so-calledmediators,
are listed in Table (2.1).

2.3 The action integral

The action integral reads
VA Z
S= Ldt= L( ;@ )d*x (2.1)



8 CHAPTER 2. STANDARD MODEL

Generations| 1| 2| 3 Mediators Force
quarks | u| c| t Photon | Electro-magnetic

d| s| b Z% | (Neutral) Weak

leptons | e w (Charged) Weak

e Gluon Strong

Table 2.1: The elementary particles and the force mediators

Here represents a eld, @ the derivative of the eld and L is the Lagrangian density.
According to the principle of leastaction, a classicalsystemewlvesfrom one state to another
along a path for which S hasa minimum, thus

S=0 (2.2)

The Dirac Lagrangian for fermions with massm is

Lpirac= (i @ m) (2.3)
with = Y O Herethe 'saredened as
0 _ 0 1 i 0 !
- L, 0 o

1, represerts the 2 2 unity matrix and the 's arethe Pauli matrices. The -matrices satisfy
f 5 9=2

wheref ..,..g is de ned as
fa;bg= ab + ba

The metric in Minkowski spacetherefore reads:

0 1
1 0 0 O
0O 1 0 O
9 @0 0 1 o0 § (2.4)
0O 0 O 1
Applying the principle of least action to this Lagrangian yields
Z
0 = S — d4X0 I—Dirac
, () ()
= d%° i 9 @ x9 m (x9 (x9
. ()
= dx4 @ ) m (x9 ‘x x9
0 =i @ (x) m (x) (2.5)

And this is the Dirac equation. The Maxwell Lagrangian for masslessspin-1 particles is

1 1
LM axwell = Z(F )2 = Z(@A @A )2 (2.6)
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Applying the principle of least action again yields the Maxwell equations
@F =0or @A @@A =0 (2.7)

The two Lagrangians describe electromagnetismwithout interactions. To accourt for inter-
actions of the two elds, the ordinary derivative in (2.3) hasto be replaced by the so-called
covariant derivative. This will be discussedin section 2.5.

@ ! D =(@+ieA ) (2.8)

2.4 Symmetry

A symmetry is de ned asan operation on the elds which leavesthe action integral invariant.
Symmetries have proven their usefulnessin the past as guidelines for the construction of
theories. Demanding symmetrieswill put constraints on the Lagrangian from which you wish
to derive the equations of motion.

A very elegarn way of represerting symmetriesis via groups. Let a group G act on some eld

g: ! %=g; g2G (2.9)

If the elemerts g of G leave the action Sinvariant, then G is a symmetry group of the system.
There are di erent types of symmetries, some of which will be discussedin the subsequen
subsections.

2.4.1 Discrete vs. contin uous symmetry

When a symmetry group G hasa nite number of elemerts, is it called a discrete symmetry.
Examples of discrete symmetry groupsin particle physicsare parity (P), charge-conjugation
(C) and time-reversal (T). A symmetry group G with an in nite number of elemerts is called
a continuous group. If the group G is a di eren tiable manifold, it is called a Lie-group.
Under the conditions that the Lie-group is compact and connected,the group elemers can
be written as:

g=eal? (2.10)

where T2 are the generatorsand 5 the parametersof the group.

2.4.2 Global vs. local symmetry

When the elemens of the group are coordinate independert, the symmetry is said to be
glokal.

g: xX) !' ) =g (x); 8y2G;8x2R" (2.11)

This type of symmetry describes,for instance, multiplets of particles with nearly equalmasses.
A local symmetry has group elemerns which depend on the coordinates

gx): (x) ' ) =g(x) (x); 8y(x)2G R";8x2R" (2.12)

Now the action isn't invariant anymore due to the x-dependenceof g. The invariance is
restored by introducing the covariant derivative. This will be showvn in the next section.
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2.5 Gauge symmetries
Considerthe Lagrangian for a free particle with massm
Lo= (i @ m) (2.13)

Demanding invariance of the Lagrangian under a local phasetransformation, more commonly
known as a gaugetransformation

x)! X=e' MW x); =€ ® (x) (2.14)
forcesthe ordinary derivative to be replacedby the covariant derivative
D (x)=(@+ieA) (x); (O ()°=e’' ¥D (x) (2.15)
For this to betrue, the gauge eld A must transform as
A (X)! A°x)= A (x)+ %@ (x) (2.16)
The Lagrangian now becomes
L3= (i D m) (2.17)

For the gauge eld to represen a dynamical eld, the Lagrangian must include a gauge
invariant term involving the derivatives of the eld, i.e. it must include a kinetic term. The
simplest possibility is (which is also known asthe Maxwell Lagrangian)

1 1
Lwawen = 7(F )?= 2(@A @A)’ (2.18)
Thus the Lagrangian for QED can be written as
. 1 2
LQED = (i D m) Z(F ) (2.19)
It is invariant under a local (Ab elian) U(1) transformation.

The principle of gaugeinvariance can also be extendedto the non-Abalian case. The group
under considerationis SU(2) and the transformation of an isospin vector can be written as

(x)! UAx) = exp %(X) (x) (2.20)

where = ( 1; 2; 3) arethe Pauli matricesand = ( 1; 2; 3) arethe parametersof SU(2).
To restore invariance of the Lagrangian, the ordinary derivative has to be replaced by the
covariant derivative

D =(@ ig—2) (2.21)

with g the coupling constart (analogousto €). And the gauge elds have to obey the trans-
formation law

Ai0: Al + ik jak é‘@ i (2.22)
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i K js the completely anti-symmetric tensor, i.e.

128 9. 132 320_ 213_- (2.23)

and if any of the three indices are the same, it is zero.

From the secondterm it is clear that the gaugebosonsneedto carry charge, sincethis is the
transformation of a triplet under SU(2). Following the sameargumert asjust after Eq. (2.17)
a secondrank tensor can be constructed

FIl'= @A" @A" + g kAl AK (2.24)
This tensor is not gaugeinvariant by itself, it transforms as a triplet under SU(2)
FiO= Fl + Tk Ik (2.25)
but the product
FloF (2.26)
is. The complete gaugeinvariant Lagrangian now reads

1 .
L= ZF'F + i D m (2.27)

Which is invariant under local SU(2) transformations.
26 U(l) SU(@Q)
Neither of the two gauge symmetries separately describes the electro-magnetic or weak in-

teractions. Combining the two gaugetheoriesinto one, forming U(1) x SU(2), givesa better
description. The Lagrangian now becomes

L = %Fi Fl %G G + i D (2.28)
where
F' = @A" @A' +gl*kal Ak (2.29)
and
G =@B @B (2.30)

are the SU(2) and U(1) gauge eld tensors. (The gauge eld A belongingto the Abelian case
has beenrenamedB for clarity.) And

D =(@ igT A igO%B) (2.31)

is the complete covariant derivative. Y denotesthe U(1) charge, g and g° are the coupling

constarts and T is the particular represenation of the group under consideration. The

Lagrangian of Eq. (2.28) is completely invariant under local U(1) and SU(2) transformations.

This combined theory still not describesthe real world, for the gaugebosonsare all massless.
The next sectionwill deal with this problem.



12 CHAPTER 2. STANDARD MODEL

2.7 Higgs mechanism

There are two ways for the gaugebosonsto acquire mass. One is to add a massterm to the
Lagrangian, but this spoils gaugeinvariance. The other is to break the SU(2) symmetry. This
can be achieved by applying the so-calledHiggs-medanism to local gaugetransformations.

This results in spontaneous symmetry breaking. A (complex) scalardoublet = s
addedto the Lagrangian (Eq. 2.28) i
Luiggs= (D ) Y(D ) V() (2.32)
where
VO = 2 e ()2 (2.33)

The potential minimum is not located at the origin. The collection of minima is located at
. 2 .
j j2= —. The vacuum expectation value can be chosenas

(2.34)

This vacuum expectation value is U(1) symmetric, thus it only breaks SU(2). Therefore one
gauge boson (the photon) will remain massless. Evaluating the Higgs Lagrangian at this
scalar vacuum expectation value yields (taking only the interaction terms)

1— . 9 a a 1— 9 b b } 0
;00V) AT S+ odB  SAY ProgB
— }V_z 207 1\2 207212 3 B )2
= 57 TANTF (AT (gA” 9B )
MZW*rW  + %Mgz z (2.35)
Thus for the charged vector bosonsfollows
w = (Al iAZ):pE (2.36)
And
M2 = g?v?=4 (2.37)

As mertioned above U(1) is unbroken, therefore one of the neutral gauge bosonsremains
massless.This results in a vanishing eigervalue of the massmatrix, apparert in the neutral
term

SMZZZ = o oA B
_ Ve @ g A
g 99 o B
M2 0 z
= (Z ;A) OZ 0 A (2.38)
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where
M2 = v¥(g? + g¥)=4 (2.39)

The diagonalisation of the matrix can be achieved by intro ducing the weak mixing angle

tan w = g%=g (2.40)

Then Z and A can be written as
Z =cos wA® sin B (2.41)
A = sin wA®+ cos B (2.42)

The theory now contains one masslessand three massiwe vector bosons;the ‘force carriers' of
the electro-magneticand the weak forces. The coupling to fermions, which has beenleft out
sofar, will be discussedin the next section.

2.7.1 Covariant deriv ativ e

Consideragain the covariant derivative, D . Substituting the masseigenstatesde ned in the
above section, yields

D = @ iph WT +W T  ip—r 7 @73 g®
2 o? + g®
. gg° 3
ip———A (T°+Y) (2.43)
g? + g%
where
T =71 12 (2.44)

The last term in Eq. (2.43), since A has beenidentied asthe photon eld, allows us to
identify the electron charge e

_ g’
92 + g(ﬂ

and the electric charge quantum number Q as
Q=T3+Y (2.46)
Using Eq. (2.46), Eq. (2.43) can be rewritten in terms of Q

D = @ ipg—i WAT +W T i%z T3 sin2 ,Q ieA Q (2.47)

w
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2.8 Fermion sector
Consider rst only one generation. Then there are 15 two componert fermions
= eL;€L;€Rr;UL;UR;dL;dR (2.48)

The index for the colour of the quarks is suppressedhere. It is experimentally obsened that
fermions couple only left-handed to the W  elds, and thereforeit is corveniert to make the
distinction betweenleft- and right-handed particles. Note

e = %(l 5)e (2.49)
er = %(1+ 5)€ (2.50)
The 5 is dened as
5= °>=1i01t23= 102 012 (2.51)
and it obeys
f% g=0 (2.52)

i.e., 5 anti-commutes with the other -matrices. The left-handed particles are grouped
together to form doublets, the right-handed particles remain singlets under SU(2). Ignoring
massedor the momert, the Lagrangian for the fermion kinetic terms read

Lrermion = EL(iB)EL + er(iB)er + QL(i B)QL + Ur(I BP)ug + dr(i B)dr  (2.53)

where E is the lepton and Q the quark doublet

EL= 5 Qs (2.54)

Rewriting the Lagrangian using Eq. (2.47) yields

Lrermion = EL(i @EL + er(i @er + QL(I @QL + Ur(i @ur + dr(i @dr (2.55)
+g W', +W J,, +2°%, +eAJgy, (2.56)

here the fermion currents J are

Jwo = AL e +u d)

Jy = pl_é(eL L+Hdoou);

I, = eic L 3 Lte ((1+si? e ter (sin? Wer (2.57)
+uL (3 Zsin? wug+ur  ( Zsin® y)uR
vd (34 dsin? Wdo+dr (Ssi? w)dk

Joy = e ( De+u %u+d %d:

In this expressionthe valuesfor Q and T3 for the dierent particles have been substituted.
So far the massof the fermions was neglectedbecauseit was not a priori clear what a mass
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term would look like. It wasn't possibleto write down ere. or anything equivalert to that,
becauseer and e_ belongto dierent represenations of the SU(2) group. As was outlined
in the previous section, the gaugebosonsacquire massdue to the Higgs mecanism. Soit is
likely that the fermions gain massedn a similar way. A gaugeinvariant coupling of the scalar
eld to the fermion spinors can be written as

Le
Lq

eEL  er+ hici and (2.58)
QL dr oy ®Qua VYur + hic (2.59)

Substituting the vacuum expectation value for  (Eq. 2.34)yields

Le = pl—é eVe er + hic: and (2.60)
1 1
Lqg = p—é avdL dr p—é uVUL UR + h:c: (2.61)

These are massterms for the leptons and quarks resp. Thus the Higgs medanism also gives
massedo the fermions
Me = eV and (2.62)

Mgy = d;uV (2.63)

ol ol

The extensionto three generationsis straightforward in the caseof leptons. For the quarks,
howewer, the situation is a little more complicated due to mixing of quark avours. This is
outlined in the next section.

2.9 Quark mixing

First, rede ne Q_, Ur, and dr to accourt for three generations

QL= L= d ' s ' b, (2.64)
and
uk = (UR: Gr; tr); Ok = (dr; Sk BR): (2.65)
The massterm for the quark elds is
Lm= §QL dik 1§ ®Ql, Juk+ hc (2.66)

Here,the 's are complex-valued matrices, but not necessarilysymmetric or Hermitian.
Eq. (2.66) can be simpli ed by diagonalisation of the -matrices squared

o 3= UD3VY Y = WDAWY; (2.67)
where D32 = is diagonal matrix with positive eigervalues. Now

u = UyD WY, (2.68)
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For 4, similar matrices Uy and Wy can be de ned
a = UgDgW}; (2.69)

With the change of variables

uk ! widh; and dy 1wl d; (2.70)
the unitary matrices are removed from the masspart of the Lagrangian (Eqg. 2.66) (the Higgs
coupling). _
The three ui's and di 's have the samecoupling to the gauge elds. ThusW, and W4 commute
with the corresponding covariant derivatives. Therefore, under the transformation 2.70, the

free part of the Lagrangian remainsthe sameand thus W, and Wy disappear from the theory.
A simpli cation can also be made for the left-handed elds. Using the transformation

uould; oand df rould; (2.71)

eliminates the U, and Uy from the terms in Eqg. 2.66 that involves the lower componert of
the Higgs eld. These are exactly the terms that survive in the unitary gauge. Using the
vacuum expectation value of the Higgs eld (Eqg. 2.34) and conbining this with the diagonal
elemerns of D, and Dy, thesecomponerts can be viewed as quark masses

. 1 . . 1 .
m, = p—zDﬂv; my = p—ing: (2.72)
Eg. 2.66 then takesthe form
o h S h
Lm= myd dz 1+ " muyupul 1+ " (2.73)

These are exactly the same expressions,apart from the transformations used, as those ob-
tained in section2.8. The transformations (2.70) and (2.71) transform the quark elds to the
basis of masseigenstates.

The (left-handed) u and d quarks have the same coupling to Quantum Chromo Dynamics
(QCD) (Seesection2.11), the matrices U, and Uy therefore commute with the QCD couplings
in the covariant derivative.

The caseis not so simple for the weak interactions. Taking the Lagrangian (2.55) from sec-
tion 2.8, it is easyto seethat the U's cancelin the kinetic terms. The same goes for the
electro-magneticcurrent Jg

ulbul o dud o ulkuk = Ul ol (2.74)
By the sameargumert, the U's also disappear from the Z° current. Howewer, in the current
corresponding to the interaction of the W-bosons,the U's don't vanish, for example
1 . . 1 . i
J*t= p—éu'L d ! p—zu'L Ulug  d (2.75)
Thus the charge changing weak interactions couple the three u. quarksto a unitary rotation
of the three d. quarks. This rotation is usually written as
V = UJUq4 (2.76)

and is known asthe Cabbiln-Kobayashi-Maskawa(CKM) mixing matrix. Most of the elemerts
have been measuredexperimertally. The o diagonal elemens are small. Vy, is the down
right elemen of this matrix.
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2.10 The Higgs boson

The Higgs medanism 'gives' massesto the gauge bosonsand the fermions, but another
implication of this theory is the existence of another particle, the Higgs boson. Consider
again the scalar eld

( x)= U(x)pl—z V+%(X) (2.77)

wherev is the vacuum expectation value and h(x) a uctuating eld, with th(x)i = 0. U(x) is

a general SU(2) transformation. Making a gaugetransformation to eliminate U(x) from the

Lagrangian will reduce to a eld with one degreeof freedom. The minimum of the Higgs
1

potential (Eq. 2.33) liesat v = 2 2 Thusthe Higgs potential takesthe form

1
Ly = 2h2 vh® =-ht (2.78)
;4
— :_L 21,2 _ 3 :_L 4
= 2mhh 2mhh ) h (2.79)

where my, = p§ is the mass of the particle generatedby the quantum eld h(x). This
particle is known as the Higgs boson. This bosonis the most direct manifestation of the
Higgs medanism.

2.11 Quantum Chromo Dynamics (QCD)

This sectiondealswith the theory of the strong interaction. Quarks comein six avours and
three colours. The strong force is mediated by gluons.

For the description of the strong force a non-Abelian gaugetheory is used, just asin the
caseof the electro-weak theory. The colour symmetry, when gauged,is a far more natural
description becausethe symmetry remains unbroken. The QCD-Lagrangian reads

1_. . .
Loco = 21|=' F'o+ Ai D mp) A (2.80)

where
Fl' = @G @G gfjj«G G (2.81)
i
D f=@ §+§gsGi ( Dab b

here gs is the strong coupling constart and the ;'s are the well-known Gell-Mann matrices,
belongingto the fundamertal represenation of SU(3). They obey the following commutation
relations

[is j]1=2f5k « (2.82)

The fj; are the SU(3) structure constarts. There are eight gluon elds, G' and Ny = 6
quark-colour triplets, £ with A denoting avour and a colour.
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The coupling constart is large comparedto the QED coupling constart. This posesa prob-
lem since perturbation theory fails if the parameter is too closeto or even bigger than one.
Howewer, the coupling is not constart, but varieswith energy In cortrast to QED wherethe
coupling constart increasesslightly with energy the strong coupling decreaseswith energy
This somewhatsurprising feature is called asymptotic freedomand enablesperturbation the-
ory to be usedin the high energylimit. When lower energiesare used, calculations are done
using, for example, lattice QCD.

Another feature of QCD is the so-calledquark con nement. This statesthat a single quark
can never be obsened. The 'explanation' for this experimertally obsened fact, is that all
particles in nature needto be either colourlessor form a colour singlet (SU(3) is unbroken).
Since single quarks (and also gluons) carry colour and cannot form singlet, they can't be
obsened. This 'solution' has beenprompted without evidence.

2.11.1 Hadrons

Baryons are build from three valence quarks. The proton for instance consists of two up-
and one down quark. Baryons are hadrons. At high velocity (i.e. high energy) these are
more accurately described by the parton model This model states that, apart from the
valence quarks that make up the speci ¢ hadron, other (sea) quarks, as well as gluons are
presen inside the fast moving hadron. Their presences described by the parton distribution
functions, which themselwes are a function of the momertum fraction of the hadron carried
by the particular parton.

It's impossibleto look inside a hadron to seewhich parton carries what momertum fraction.
Therefore, when partons are initial state particles in processesjntegration over all possible
momertum fractions needsto be carried out. This results in a weighted integration in the
formula for the total crosssection. It reads

X leld q
X1 dx
d hihy 1 fex = X—llx—; ih,(X1) jho(X2)  dM(Xg1;X2:) (2.83)
iij

where, for W-gluon fusion, f = b+ b+ g+ | + | and * dependson the kinematics involved.

(x1), (x2) arethe two parton distribution functions of the initial state particles, x1, X are
the momertum fractions carried by the partons and d”(x1;X>:::) is the di erential partonic
crosssection, which will be dealt with in the next chapter. Incoming momenrta will now be
de ned as

P1= X1k1 and P2 = X2k2 (284)

where k; and k; are the momerta of the incoming hadrons.

Dierent quark con gurations make up the initial state, soa summation over these con gu-
ration needsto be performed. The universal parton distribution functions are derived from
experiment and are available in the form of look-up-tables, for instance CTEQ (Lai et al. [8]).
When the time scaleof hard scattering processess much smaller than the typical time scale
of the interactions of the hadronic partons, these partons can be consideredfree. It turns
out that the time scaleof the scattering processdecreasesvith an increasingenergytransfer.
This is the origin of asymptotic freedom.



Chapter 3

Spinor helicit y metho d

3.1 Intro duction

As mertioned in the Chapter 1, the obsenable crosssection is sensitive to Vy,. Therefore it
is necessaryto calculate the crosssection of the single top processto be able to extract Vi,
from experiment by a tting procedure. This chapter rst statesthe generalscattering cross
section formula. It consistsof two parts, the matrix elementof the processand the phase
space. Sincethe phase spaceintegration is done numerically, the description is postponed
until Chapter 5, in which the numerical evaluations are described. This chapter focuseson
the spinor helicity method. This is the calculational tool we usedfor the evaluation of the
matrix elemen for W-gluon fusion, which is done analytically in chapter 4.

3.2 General scattering cross section form ula

The generaldi erential crosssectionis given by

. .2 1 d3p3 d3p4 d3pn
dh = Myj°p 3 3 3
4 (p1 p2)? (mimp)2 (2 )°2Es (2 )°2E,4 (2 )32E,
2)* *pr+p2 P3 Pa Pn) (3.1)

In this equation, p; is the usual four momertum of particle i and M is the matrix elemen of
the scattering processinvolved. The hat on #j will from now on be dropped for simplicity.

3.3 Spinor helicit y metho d

3.3.1 Notations and conventions

For a thorough treatment, somenotations and converntions must be outlined rst.
Sincemost particles involved are masslessit is conveniert to intro ducethe so-calledlight-cone
variables:

p=(p";p ;pr) (3.2)
with
0

p =p° p® and pr = (p5p?)

19
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Thus

PP=p'p Pt (3.3)

C=i2°%=i 2 (3:4)

Thus C=CT = C = CY. Therefore the following relations hold:
C C'= T and CsC l=+ 1= ¢ (3.5)

Charge conjugation on spinorsis de ned as( y 0y

c ¢’ (3.6)

3.3.2 Spinor solutions to the Dirac equation
The Dirac equation is given by:
i @ m =0 (3.7)
For masslesgarticles this equation becomes:
@ =@ =0 (3.8)
Or in momertum space:
&w(k; )=0 (3.9)

wherek is the momertum of the solution and w is the eld decomposedin momertum space.
This equation has 4 solutions:

exp( ik x)u(k; ) and exp(ik x)v(k; ) (3.10)

According to the Scredinger equation (H = i(@@) ) the solution of the eld equations
that propagate as exp( iEt) correspondsto positive energy As will be shown later, indi-
catesthe helicity of the solution (particle).

The u's and v's can be constructed by means of the method of induced represenations,
starting with the vector (in light-cone variables):

a =(q";0;0r) (3.11)

Taking this vector, the Dirac equation now becomes(in momertum space):

0 1 2

(od® 108 208 20P)W(G )
o sd)w(g; )

2 dw(g )= dg'wg )=0 (3.12)

q w(ag, )
0
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The positive energy solutions can now be constructed and yield:
0 1 0o 1
1
0
u(g+) = 01% 0 § ;ou(g )= 02% § (3.13)
0

And the negative energy solutions read:

0,1 0,1
vig )= c1%8§; v(g+) = Cz%8§ (3.14)
0 1

0

= O O

The choice of the helicity for the dierent spinors is quite arbitrary, therefore the usual
corvertions will be used. The fact that represernts the helicity is not quite obvious, but can
be shawvn easily The generatorsof the Lorentz group can be written compactly as:

1.
= 0] (3.15)
Now, helicity is de ned as:
_ _ _ } i O
=q S= 12= 54 o (3.16)
Which, in the presen casereducesto:
1 3 O
- qu 0 . (3.17)
Using the helicity operator of Eq. 3.17 on the spinor solutions of Eq. 3.13yields:
0 10 1
1 0 0 O 1
_ 1% 10 0 §%0 § 1,
u (q1 +) - E 0 0 1 0 0 - Eu(q! +) (318)
0O 0 0 1 0
and similarly:
1
u(g )= sul@ ) (3.19)

Thusthe statemernt that the quantum number appearingin the spinor solutionsis the helicity,
is indeed justi ed. For the v's, the signslabel minus the third componert of the spin, as
can be showvn analogously

Becausethe quantum numbersare all the same,we can renamethe di erent spinor solutions:

v(g;+) = u(g; ) and v(q )= u(g+) (3.20)
Explicit solutions to the masslesDirac equation can also be constructed:

0 O+p ~
B M=01! o P op =0 (3.21)
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For the u spinorsthis equation can be expressedn two 2-dimensionalones,for the upper two
componerts ¢, of u;, and the lower two onestt ofu .

® p~)0e=0 (P°+p )0 =0: (3.22)
Thus
P2 TP aso (3.23)
De ning an arbitrary 0.
0, = 2z plripP=é ppiz pt o pl=els pp (3.24)
yields
(p z)=0 (p* z)=0: (3.25)
The normalisation needsto be xed, using
(us (p))Yus (p) = 2p° (3.26)

and this gives

0
0 Fpp+
p =p° p® ; e'p=57p+§ (3.27)

The derivation for the v spinorsis completely analogousto the one for the u's.
Now spinor products will be de ned, the positive energy spinors rst. De ne

p— p — -
tkpi = T (K)us (p) = k p*é & ktp € P=1:1:= P j(kp)je' (3.28)
where
+k1 k+ 1 ) +k2 k+ 2
(pk) = 2p k; cog p) = ig:+p+ sin( kp) = 15):+p+ (3.29)
j(kp)ik* p j(kp)jk* p
Here, the de nition T = u¥ © hasbeenused. It is straightforward to ched that cos( kp)2 +
sin( kp)2 = 1. For positive energy spinors de ne

[kpl = w: (K)u (p) = j(kp)je ' o* ) (3.30)
Therefore, for positive energy spinors,
tkpilkp] = (kp) (3.31)

In this equation the absolute value condition on the right hand side is omitted, as it is
super uous here. Relation (3.31) is however awkward under crossings,under which all four
momernta changesign, including the energy Hence,following [3], de ne hkpi asin Eq. (3.28)
exceptthat if e.g. k% < 0 we substitute k for the whole 4-vector in the expression. Then
[kp] is de ned via (3.31).
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3.3.3 Solutions to the Vector eld equation

The physical vector potential A satis es the free Maxwell equation
@@A @(@A)=0 (3.32)

The Lorentz condition, which ensuresdecoupling of unphysical modesof the vector potenrtial
is given by

@A =0 (3.33)
The positive and negative energy solutions are, respectively
(ki Ye * % (k; )ek* (3.34)

Note that the role of the u's and v's for spinorsis played by and
The samelittle group vector asin Eqg. (3.11) is chosen. The Lorentz condition then reads

g (g )=0 (3.35)

This implies °= 3. A gaugetransformation on (g; ) correspondsto addingto (q; ) a
factor times q . Hence,in the little group special frame, only the ! and 2 componerts can
be meaningful: the two helicity states of the masslessrector eld.

There is nothing that preverts the © = 3 componert from being complex. A gaugetrans-
formation always involvesa real parameter. Henceit seemsa priori not possible,but alsonot
necessaryto gauge-transform % = 3 to zero.

Lorentz transformations in the spin-1 represenation of the Lorentz group are generatedby

() =199 49949 (3.36)
so that
0 1
0O 0 0O
o ~ Bo o 10
I3 = 2= I%’O 100 (3.37)
0O 0 0O

As mentioned earlier, for the special frame chosenhere, the third componert of the spin is
identical to the helicity. The ansatz (q;+) = (c;a;b;c) yields

0 c 1
G @9 =(0nh & (3.38)
c
Thus ib= a;ia = b Redening c

0 1
(g+) = a% |1§ ; (3.39)
C
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Similarly we nd
0 1
1
(q )= aO% : § : (3.40)

( (g+)) hasnegative helicity, sothat the phasesmay be chosensud that
( (@+) = (¢ ) ! a®=a;c%=c¢ (3.41)
The normalisations are chosensud that

@+ (@ )= 1 (3.42)

The following notation will be used
(@ )= (@ (3.43)

3.3.4 Spinor representation of massless vectors

Using the explicit expressionsin Eq. (3.27), the following relation can be proven to hold:

O pr 2@ + ip?) !
ATT(Q)  Us(p) = % il:pzz § (3.44)
p*= 2t + ip?)
Where A will be showvn to be

p_ 1
A= 2pg (3.45)

When this result is comparedwith Eq. (3.39), it is justied to state that
T(kip) = AUL(K) U+ (p) (3.46)

Where Kk is not necessarilyequalto g, aswasassumedn Eq. (3.44). The momertum argumert
of the secondu spinor is not k, and is in fact arbitrary (although p? = 0). The momertum
p is called the \reference momertum". This solution hasthe right helicity and normalisation
properties.

For corveniencea di erent notation is adopted

u (k)=jki; u (k)=h j (3.47)
Using the explicit represenation of Eq. (3.27) it can be proven that
hk j jki =2k ; hk jpi =0 hk jsiki =0 (3.48)
This notation is related to the brackets as

hog = tp ja+i; [pd = lp+jqi (3.49)



3.3. SPINOR HELICITY METHOD 25

These spinor products are antisymmetric under interchange of p and g. This can be shown
as follows. From Eq. (3.6), a complex conjugation relation can be derived

u =v =us=(@ ?)(uy) : (3.50)
Using this relation
hpai = tp jati =T (p)u+(0)
TEEPRE (@) Yue () = (U (@) Pue(p) = hopi (3.51)
Another useful identit y, which can be shown easily is
hkpi = [pk] (3.52)

The normalisation A of the spinor represenation of the polarisation vector can be computed.
This will alsointroduce Fierzing in spinor-helicity language. From Eq. (3.46)

"T(kip) = Atk + ] jptic: (3.53)
sothat, dueto Eq. (3.41),
(k;p)= Atk j jpi : (3.54)
Then
“(kip)  (kip) = AP+ jpribk o jpi (3.55)

To compute this, rst examinethe more generalcase

h+j j2+ih3 j j4i =+ O j4ih 3 | j2+i (3.56)
where
1

o1 %Tr[oloJ]: 13; 1 =1:::5 (3.57)

O = 15 5 '

It can be cheded directly that in Eg. (3.56) only the 1 and s cortribute. Moreover, they
yield the sameresult, hence

hL+j j2+ih3 | j4i = 2hl+ j4ih 3 j2+i (Fierz): (3.58)
Thus
Y(kp)  (kp) = jAP2Kkplkpi = 2jAj%(kp) (3.59)
In order for this equation to satisfy Eq. (3.42) choose
P . 1
A= 2hpki : (3.60)
Furthermore, it can be shawn that

(k;p)  (k;g) = 0O: (3.61)
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Another property, which can be proven via Eq. (3.50), is
k+j jpri=h | jki : (3.62)

From the explicit represenation for the u's in Eqg. (3.27), the completenesgelation for spinors
can be proven

&= jk+ink+ j+ jkih k j (3.63)

and with that it can be showvn that the choice of di erent referencemomerta results in a
di erent gaugechoice

p_
3
Lkp) L (apy) = s 2P

"~ hkpihkpY (3.64)

To conclude this section some very useful relations involving the polarisation vectors are
presenied. Using the Fierz identity it can be shavn

T(ki;p)  (kz k) = O: (3.65)
Similarly

(ki;p)  (kz;p) = O: (3.66)
Finally, the completenesgelation for vectorsis

pk +pk

Tkp) (kp+ (kp T(kp= g o+ ok

(3.67)

3.3.5 Spinor representation of massive vectors

Massive external states needto be treated separately sincethe spinor helicity method does
not apply to them. The massive momerta needto be expressedin terms of null momena
in order for the theory to be applicable. Helicity is not a consened quartity for massiwe
particles. Howeer, they have a well de ned spin, which can always be quantised along some
axis. Although not denoting helicity, thesestateswill alsobelabelled '+ and'-'. The spinor,
belongingto the massiwe vector p, with p> = m? and pp > 0 can be de ned as

Ui = Pas= (B Al i V(R = Po(p Mg |
Ui )= Pas (B marii V(P )= Pa=(p m)igri: (3.68)

For the conjugate spinors we have
1 : 1 .
u(p;+) = p—= +m); v(pit) = pe= m);
(Pi#) = posha j(prm); v(pi4) = P (B m)
1 1
ulp; )= p—g+ j(p+ m); vip; )= p—g+ | m): 3.69
(P )= poshatj(prm); V(i )= P+ i(e m) (3.69)

Where q is an arbitrary null vector with gp > 0. It's easyto ched that for these spinorsthe
Dirac equations, orthogonality and completenesgselations hold.
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3.4 Feynman Rules

Fermion propagator

i(p+m)

T (3.70)

Where the indicesi; j are for the colour of the quarks only.

W, Z propagator

b~~~ 5 a

i(g + %)

R (3.71)

Photon propagator

(3.72)

Quark-quark-gluon  vertex

igs  TT® (3.73)
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Quark-quark-W  vertex
W,
"P1 P2
P1 P2
i j
19w
- (1 A\ 3.74
o+ ( 5) ij ( )

With V; the appropriate CKM matrix elemen. Note that no corvertion is given for the sign

of the vertex coupling. This dependson whether there'sa W™* or W

involved.

Fermion-F ermion-Z vertex

With

Z,
"pr P2
P1 P2
f f
ig f f
72 (CV CA 5)
f Cv Ca
. T T
H H 2
e, 1+ 2sin? %
u, ct 3 3sin® 2
d, s, t s+ 2sin? | 3

(3.75)
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Quark-quark-Photon  vertex
q
i9eQq (3.76)
With Qq the quark charge, and ge = P 4 with the ne structure constart.
Lepton-Lepton-Photon  vertex
P P2
P1 P2
I
ige (3.77)
Lepton-Lepton-W  vertex W
P P2
P1 P2
I
19w
- (1 3.78
>3 ( 5) (3.78)
The various g's are related as follows:
Oe Oe
= — d = — 3.79
%= Siny 2 %7 Sin L cos (3.79)

There are also couplings betweenthe vector bosons,these are not included here, but can be

found in [4].
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In- and outgoing lines

—p
Outgoing fermion: }—’; a(p;s) Row spinor
—-p
Outgoing anti-fermion: 7}—‘* v(p;s) Column spinor
—-Pp
Incoming fermion: u(p;s) 4’—{ Column spinor
—-p
Incoming anti-fermion: v(p;s) H Row spinor
—k
Outgoing vector boson: >’W\/\/\/\/V () k)
—k
Incoming vector boson: (k; ) W\/\/\/\/\<

The usual way to calculate Feynman diagrams is to start where the charge vector ends
and then to proceedbadk along this charge vector.

Completeness relations

X
u (p;s)u (p;s) = (B+ m) (3.80)
S
vV (p;s)V (p;s) = ( m) (3.81)
S
Here m is the fermion mass. Note that ;  are spinor indices.
X
ki) (k)= g (3.82)
The sum is over all polarisations (or spins). Note that ; are vector indices.

Another relation, very useful for computing the complex conjugate M  of a matrix
elemen M is

(u(p) u(k)) = (u(k) u(p) (3.83)
Important trace theorems:

Tr( )=4g ; Tr( & 6Y=4k Kk +kk® g k k9
Tr( )= 0 Tr( )= 0 (3.84)
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3.4.1 Feynman rules for Spinor helicit y metho d
Rule 1: All particles are outgoing.
Outgoing masslesdermion with positive helicity:
hp+ (3.85)
Outgoing masslesdermion with negative helicity:
ho | (3.86)

Outgoing masslessanti-fermion with positive helicity (note the sign of the helicity):

ipi
Outgoing masslessanti-fermion with negative helicity:

jpti

(3.87)

(3.88)

Outgoing massiwe fermions or anti-fermions are described using the corvertional meth-

ods.

Outgoing vector bosonwith positive helicity:

jjki
n+ k; - m pj_ J
(kic 2hgki
Outgoing vector bosonwith negative helicity:
ho+j jk+i
"k =
2[kq]
Rule 2: The quark propagator reads
e (p+p +m);

p2 m2+i

wherep, and p are of the form

P+
p

for somenull-vectors pa,...,pn. For any null-vectorsp and q

hp jgi =0 o+ jg+ri =0

which allows for simpli cation of expressions.

jprrihpy + j+ i+ jpp+ihpy +
jprih py j+ i+ jpnih py

(3.89)

(3.90)

(3.91)

(3.92)
(3.93)

(3.94)

Rule 3: The remaining Feynman rules for the vector boson propagator and for all

vertices are asin the corvertional approad.
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Rule 4: If all external particles are masslessthe amplitude is a complex-valued analytic
function in the momernta p1...p,. To obtain the amplitude squared, rst calculate the
amplitude (numerically) and then take the norm of the resulting complex number. If
there are external massiwe fermions, the hermitian conjugate amplitude is obtained
through the following steps:

{ Replaceall masslessspinors as follows:

bp |, Jpi (3.95)

Replacethe massiwe spinorsu and v by u and v, respectively.

{ For eah term and for eatch momerta p; calculate the phase-veight as the total
number of spinorsjp; i and hp;  j which appear in this term. If this number is
odd and p; correspondsto a particle which should be crossedto an incoming state,
add a minus sign.

{ In the amplitude squaredusefor the massiwe spinors

uu = p+m (3.96)
w = p m (3.97)

It is usefulto introduce the following short-hand notation:

hoi jp+i=hii kot g i = ij]
hoi j=h i =i (3.98)

and

(pi + py + i+ pk)2 = Sjuk = >k );
b jk+1jji hki[kj]+ hli[lj] (3.99)

where all momerta are assumedto be null-vectors. Useful formulas in the bra-ket notation:

m J 2n+1 - 1Jp|
hag j L Lpi

1 P C 1
poj o 5l

Scouten identit y:

PAB ihCDi
[AB][CD]

PADIhCBi + PACIhBDi
[AD]ICB]+ [AC][BD]

Fierz identit y:

M+j jB+ihC | jDi = 2[ADJICBI



3.5. EXAMPLE 33

Figure 3.1: Quark anti-quark production

3.5 Example
As an example of the Spinor helicity method, the matrix elemen of the process

e (p)+ € (p2) ! a(ps)+ a(pa) (3.100)

will be calculated. For simplicity only photon exchange will be considered. The processis
shavn in g.(3.1).
The scattering amplitude for a2 ! 2 processwith equal massess given (in the certre-of-
mass-frame)by:
d _ M2

cm

Taking the z-axis in the propagation direction of the electron givesthe following 4-vectors:
p1= (E1;0;0;pz), p2 = (E2;0;0; pz), ps = (Es;pa) and ps = (E1; pg).

The systemis analysedin the CoM-frame, thus (ignoring masses):
Ei=E,=Ez3=E4s=E = Ecm=2 and

jPal = P2l = jpsj = jp4j =E

Furthermore
p1 psa= E2+ jpajipscos = E*(1+ cos)
pr ps= E? jpijjpsjcos = E*(1 cos)
P2 Ps= E?+ jp,jjpsjcos = EZ(1+ cos)
P2 Pa= E? p,jjpsjcos = E*(1 cos)

(3.102)

Computing M from the rules outlined in the previous section yields (For the momert the
helicities are suppressed)

M= upoige Ju(Pi o hu(pa)iige Ju(pa)
in2
= —F2Ei jupohu(pa] Ju(p) (3109

Where Q is the quark mass.
There are 4 non-vanishing helicity amplitudes, namely:
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Theseyield 4 amplitudes:

® ®© d® O
~ o~~~

SN N
+ + + +

<
N}
|

<
w
|

e(+) ! q( )+qH)
e+ ! oaqH+) +al )
e() ! q( )+aH)
e() ! aq+) +al)
igng L i3 i
P JoJL IR
ig2Q o L
q; 4% jlih 3+ ja+i
ig2Q S o
q; R+ jl+ih3 | j4i
2

'g;thﬂ jL+ih3+ ] ja+i

Rearranging M 1 and using the Fierzing identity, gives:

M1=

2ig2Q

q2

For the crosssection M 2 is needed,thus

M

PN 2
M+ jaih 3 j2+i = 2'296[14132'
402
= 49;? [14}82h41i [23]
42
= 7 $14S23
eQ? 2 2
= (P1+ Pa)“(p2 + P3)
4N2
= 4gsezQ (P1 Pa)(P2 P3)
12

0e4Q%(1 + cos )?

(3.104)

(3.105)

(3.106)

(3.107)

In step 1, Eg. (3.52) is usedand in step 2 Eg. (3.31). Analogous results can be obtained for
the other three amplitudes. They vyield

M

M

gaQ*(1 cos)?
gaQ*(1 cos)?
geQ*(1+ cos )?

(3.108)
(3.109)
(3.110)

To obtain the total unpolarised amplitude squared,the dierent helicity states needto be

summedand then averagedover the initial spins. Sothe total amplitude squaredis:

M 2= g2Q?(1+ cos )

(3.111)
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Sothe total crosssection becomes:

d 42
T T e cod)
cm
202
3;15’? (1+ cos ) (3.112)
cm

Where g = P 4  hasbeenusedto rewrite the formula. The factor 3 comesfrom the fact
that no distinction can be made betweencolours of quarks.
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Chapter 4

The single top pro cess

4.1 Intro duction

The top quark is the heaviest of the known quarks. With its massof about 175GeV it is 35
times as heavy asthe bottom quark. It has beendiscovered by Fermi-lab in 1995with the
process

p+tp ! t+t+ X (4.1)

i.e. it has beendetected in conmbination with its anti-particle. Sinceits discovery, only the
massand its strong coupling have beenmeasured. Its chargedcurrent interaction, Vy,, however
could only be measuredin the decg of the top, which is cumbersomeand very inaccurate.
An accurate value for Vi, hasbeenobtained, but this is done using the unitarit y of the CKM
matrix and the values of other elemeris of that matrix. This method is only valid if there
are three generationsof quarks. So a direct measuremen of Vy, allows for the determination
of the number of generations.Fom other obsenations, there's a strong indication that the
number of generationsis 3.

The processin which the top quark is producedwithout its anti-particle is calledthe singletop
processand hassomeinteresting features. First of all the top is producedvia a b-quark, which
enablesan intrinsic measuremen of the charged interaction. Secondly the charged-currert
coupling might be sensitive to physics beyond the standard model. In the next section, the
processwill be described.

4.2 The process

The singletop processhasseeral channelsthrough which it canproceed. The W-gluon fusion

u+g ! t+b+d 4.2)
assaiated W production
g+b ! t+W (4.3)
avour excitation
u+b ! t+d (4.49)

37
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u@) @)

de ) a—{t/ f I*(2%)
b3)

3

)
9(5) @6666‘

Figure 4.1: Feynman diagram for W-gluon fusion and W-assaiated production. The top
quark line is thickenal. Note that all the momenta are outgoing.

1)
u(7") * (2*)
b(3)
d6 )
b(4)

Figure 4.2: Feynman diagram for avour excitation and s-channelproduction. The top quark
line is thickened. Note that all the momenta are outgoing.

and the s-channel production
u+d ! t+b (4.5)

The time scale of the weak decay of the top quark is much smaller than the time scale of
QCD interactions. Therefore, the top quark will decay instead of producing a heavy quark
jet. The top quark decays dominantly to aband aW. The W will also deca/ quickly into a
lepton and the assaiated neutrino. Thus the rst two channelscan be obtained by crossing
from

O! |+l+b+b+g+d+u (4.6)
and the last two from
O! |+Il+b+b+d+u 4.7)

The corresponding Feynman diagrams are givenin gs (4.1) and (4.2), all the momerta are
outgoing. The matrix elemers are calculated using the spinor helicity method, discussedin

chapter 3.

First, the matrix elemen for the W-gluon fusion without top-decay will be calculated, sec-
ondly the matrix elemen for top decay and nally the calculation for the complete process
will be done. The latter involvessome45 diagrams, which all needto be examined. Here the

usefulnessof the method will becomeapparert. Choosingthe referencemomerta wisely will

reducethe amourt of cortributing diagrams.
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All the fermions, except the top quark are taken massless. The use of the spinor helicity
method for these fermions is straightforward.

In calculating the various diagrams, it is cornveniert to use shortcuts. The coupling of the
fermion line to the W-bosoncan be written as:

iVyd Vi G2

————————[6+ih7+ ] 4.8

Similarly, a shortcut can be made for the coupling of the gluon to the quark-line. For a gluon
with positive helicity:
igs ., . . .
— 4+ih5+ j+ j5ih 4 4.9
Pous (] jt] j) (4.9)

And for a gluon with negative helicity:
i9s .. . S :
—p—=——(j5+ihd+ j+ j4ih 5 4.10
P 4](1 it ) (4.10)

For the processunder consideration, this might not look as a simpli cation but for the W-
gluon fusion with top decgy, it will prove its usefulness.

4.3 Narro w width appro ximation

Since the semi-leptonic decay of the top quark is included, diagrams with the same nal

partonic state but in which no top is presert must alsobetakeninto accourt. Thesediagrams
outnumber the onesthat actually have a top in them. Soit might be more economicto
calculate the crosssectionin the narrow width approximation, i.e. the production- and decay
cross-sectionof the top quark are calculated separately convoluted and the limit of vanishing
top width is taken. This approximation reducesthe number of cortributions signi cantly, but
assumeghe top quark to be produced'on-shell'. Therefore, the validity of the approximation
needsto be investigated. This is presened in Chapter 5. The next section presens the
calculations and results for the narrow width approximation.

4.3.1 W-gluon fusion without top decay

The calculation is of order O(gZ gs) and there are four diagramscortributing ( gs. 4.3and4.4).

The top quark is an external state, and needsto be treated di erently sinceit is not massless.
There are two ways to proceed. First the u(t) spinorscanbewritten asde ned in section3.3.5
and expressedas null vectors. Secondly the u(t) spinor can be treated corventionally and

removed from the amplitude squaredwith the useof completenesgelations. The rst method

will be usedhere. The helicity amplitudes can be obtained by crossingfrom

0 ! t(8)+ b(4)+ g(5)+ d(6) + u(?) (4.11)
The colour decomposition reads

A= gsTE 67AD + g g TELAGR (4.12)
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d6 )
u(7*) _< 9(5)

3

——— (4) b(4)
g(5) (66 u(7*)

Figure 4.3: Diagrams with the same colour structure (A(®)contributing to W-gluon fusion
without top decay.
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a(5)
u(7") d6 ) a6 )
t(8)
a(5) t(8)
b(4)
u(7") b(4)

Figure 4.4: Diagrams with the same colour structure (A®) contributing to W-gluon fusion
without top decay.

where

P @)
AD o VgV (D22 BWoprod
W g;prod 2sin? w  Se7 m\ZN v h2 j4+5+ 6+ 7j2i
P @
A® _ ViV (D22 Bwgprod (4.13)
W g;prod 2sin? w  Sse7 m\%\/ " h2 j4+5+ 6+ 72i

Here, the referencemomertum is chosento be p,. For the colour matrices, the shorthand
notation T§, = TS, is used. They are normalised according to

1
TrTeTh= o (4.14)

Since the W-boson only couplesleft-handed, the only non-vanishing helicity con gurations
cortain 6 and 7*. i.e. the incoming u-type quark has negative helicity. The non-vanishing
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amplitudes are

(1) _ B j4+ 5+ 7j2i 6 j4+ 57i [7416 j4+ 7j5i
1 me6 16 j4+ 570  [74F6  j4+ T7j5i
B\(N)g prod(p4 ’ p5 p8) h65i M5 * S467 m2 '
B - [74] (6 j4+ 6+ 720 [ATHV6 + m2[24}B6 ;
W g;prod p4 Ps 5 p8) - [54](5467 m2) ] 121 [ h [ }5 '
m [47]

B proa(Ph i Ps 1 Pg) (l25h67i[74]+ 1B6h2  j5+ 6+ 7j4i ); (4.15)

Si67 M2 [45]

2 B j4+5+72ih 6 5+ 74i
B\(N)gprod(p4’p5 pg) - - - ;

hb6h75
mh62ih6  j5+ 7j4i
\(li)g prod(p4 ’ p5 p8 ) = r66h75 ;
(2) _ [7412+ j(4+ 5+ 6+ 7)(5+ 6)j71i
2 _ m[ATIR 5+ 67
\(N)g prod(p4 'Ps:Pg) = [57][56] (4.16)

Taking p2 as referencemomertum, is not the most obvious choice. pg would be a better
choice, sincetwo of the cortributions would vanish. However, when the decy is taken into
accoun, which will be donein the next section, p, turns out to be the most sensibleone.

4.3.2 Top decay

The amplitude for the top deca is obtained from

t(pg) ! (p1) *+ I(p2) + b(ps) (4.17)

In order not to spoil gaugeinvariance, the same referencemomertum as for the W-gluon
fusion processwithout decay needsto be chosen. Thus pref = p2. This amourts in one
non-vanishing amplitude

eV, 2i

p
— Bl M j1+ 3j2i (4.18)
2sin“ \ S12 mW

Adec(pl , p; P33 Pg ) =

4.3.3 Implemen tation of the narro w width appro ximation

To implemert the narrow top width approximation, only terms with a propagator 1=(p3
m?2+ im ), with the inclusive top width, will be taken. The amplitude squaredthus reads

X i 2

jAj2 Adec(:::;ps)pz Aprod(:::; Pg)
8

m2 + im

, , 1 . .
JAdec(:::;pg)Jz(pg m2)2 + m? ZJAprod(:::;pg)Jz; (4.19)
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because,with the choice of referencemomertum for the massie spinor, Agec(::;;pg) = O.
In the limit of vanishing top width the Breit-Wigner function in (4.19) reducesto a Dirac
delta-function and the squaredamplitude reads

— (B M)jAdec(:t5 P )i%iAproal:i Pg )i (4.20)
The full n-particle phasespacemay be factorised accordingly

1
d n(Q! kg;uikn) = 2—d n 2(Q! paika;iikn)dpdd a(ps! ki k2 ks); (4.21)

with n = 5 for the W-gluon fusion. Note that
Z

jAdec(::pg )i%d 3(ps! kijkaiks) = 2m (4.22)

4.4 W-gluon fusion with top decay

As stated in the introduction of this chapter, the helicity amplitudes for W-gluon fusion can
be obtained by crossingfrom

0 ! (@) + 1(2)+ b3)+ b(4) + g(5) + d(6) + u(7) (4.23)

The calculations are donein tree approximation and are of order O(gsg). The cortributing
diagramsare givenin Appendix A. There are alsoprocesse®f order O(g3gZ) cortributing to
the process.Theseform a di erent set of gaugeinvariant diagrams and they do not contain
a top quark. The cortributions from this set may be taken as badkground.

The colour decomposition again reads

A= 95T§4 67A(1) T Os 34T§7A(2) (4-24)

The amplitudes AD and A®@ are separately gaugeinvariant. Therefore, the referencemo-
menta may be chosenindependertly. A® correspndsto diagrams where the gluon couples
to the b  b-fermion line, and A® to the gluon coupling to the d  u-fermion line. Repre-
sertative Feynman diagrams for the partial amplitudes are shavn in gs. 4.5 and 4.6. 21
diagrams cortribute to the amplitude A® | of which 3 contain a top quark and 24 diagrams
cortribute to A@ | of which 2 cortain a top quark. The partial amplitudes A() can be
further decomposedaccordingto their electrowveak structure

4 - ..2
1) €"Vq4 I Vi) (1;1) (1 )
A A + v,V + VAVEPs (s Ay
Wg 2sim w  2sim y  Wo aVp + Vg Vh Pz (S345)
(1 3) COS w 1; )
+ YV + VGVE Pz (s34s) Ay Vp Vi Pz(sass) Ay
sin w
+ VoV, + V& VE Pz (Sass) A( 5) + VAV F’z(3345)A(1 S
4
@) €"Viq iVibii? @ @: 2)
A A + Vv, + VEVEP (s Ay
Wg 2sin? w  2sin? W9 aVo * Va Vb Pz (Sa4)
Z\Z (2:3) Cos w @ 4)
VgVt uVp Pz (S34) Awg oV sin Vb Pz(s3a) Ay

+ VeV + VEVEPz(sas) ALy + VEVE Pz(s34)A(2 6 (4.25)
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u(7’) 1)

d6 ) a—{ f I* (2*)
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—— 1(4)
9(5) @6666‘

Figure 4.5: A representative Feynman diagram for single-top production via the W-gluon fu-
sion processcontributing to the partial amplitude A® (4.24). The top quark line is thickened.

d6 ) u(7) 1)
I*(2*)

o(5) %)
b(4)

Figure 4.6: A representative Feynman diagram for single-top production contributing to the
partial amplitude A (4.24). The top quark line is thickene.

Where
Pz(s) = — €= gwSin w
S z
L _ . R _
vt = Q; vit = Q
: I sin® . sin
zi s Q W (ZR - Q w., (4.26)
Sin w COS w COS w

Here, Q denotesthe charge and |3 the third componert of the weak isospin of the fermion.
Vug and Vy, are the well-known CKM-matrix elemens and , is the weak mixing angle. The
labels L and R denote the left- and right-hand couplings. As before, the helicities of the
u and d quark are xed to 7* and 6 becausethe coupling to the W-bosonis only left-
handed. By the sametoken the neutrino and (anti)lepton have xed helicities: 1 and 2*
resp. As mentioned before, there are 45 diagrams contributing, the resulting expressionsfor
the amplitudes are thus numerousand are listed in Appendix B.

4.5 Other single top pro cesses

As merntioned at the beginning of this chapter, there are di erent processedeadingto single
top production. Theseall have di erent initial and/or nal states. For theoretical discussions
they can thus be considereddistinguishable. Howewer, this may not be the casefor exper-
imental obsenations. Next, a list of the dierent single top production processeds given
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together with their assaiated nal partonic state. The initial state is given, but one hasto
assumethat those cannot be distinguished experimertally.

W-gluon fusion

u+g ! b+t+d ! b+d+b+W" | b+d+b+l+ |

(4.27)
Asscciated W production
b+g ! W +t ! u+d+b+W" | u+d+b+l+ |
(4.28)
Flavour excitation
u+b ! t+d ! W +b+d ! I+ +b+d
(4.29)
S-channel production
u+d ! t+b ! Wr+b+b ! I+ ;+Db+b
(4.30)

The Feynman diagrams in this chapter and the W-gluon fusion processlisted above, shav

an up quark in the initial and a down quark in the nal partonic state. This has beendone
for simplicity. It should be understood that the (u; d)-pair can be replacedby any other pair

of quarks, either from the same generation, or from di erent generations. It is experimen-

tally impossibleto distinguish di erent light quarks in the nal partonic state. Therefore,

a summation over all the possible quark con gurations needsto be carried out. Similarly,

the lepton can be either an electron or a muon. Although it is possibleto experimertally

distinguish betweenthe two, both cortributions are taken into accourt and the crosssection
is simply multiplied by two (the muon can also be taken massless.)

This study focuseson the W-gluon fusion processand doesnot considerthe other processes.
The calculations of the W-gluon fusion processare useful if this processcan be identi ed in

experiments, or if it dominates all other processeqThis is the casefor LHC). A processis

characterised by its various kinematical distributions (e.g. momertum, invariant massetc.),

which can also be simulated using a Monte Carlo program. This can help to increasethe

dominance of a subprocessin an experiment via the application of well chosencuts.

Apart from other single top production medanisms, there are processeswhich mimic the

signal, but do not classify as a single top process.Theseare called badkground processesA

badkground processwhich is important in this case,is the tt production process,sinceit has
a crosssectionwhich is about v etimes (for run Il at Tevatron, [2]) larger than the W-gluon

fusion process.This processis given below:

u+d ! t+t ! b+W" +b+W | b+l+ ;+b+d+u (4.31)



Chapter 5

Simulations

5.1 Intro duction

In section 3.2 the formula for the di erential crosssectionwas given (Eg. 3.1). The matrix
elemen M was evaluated analytically in chapter 4. The presen chapter starts with the
description of the numerical methods for the generation of phasespaceand the overall inte-
gration. Experimertal considerations,summarisedat the end of chapter 4 will be translated
into numerical cuts on the di erent momerta.

Simulations are performed for the W-gluon fusion processwith top deca and for the narrow
width approximation. The results are preseried and discussedand the validity of the narrow
width approximation is cheded. At the end of the chapter, the results of the study by Stelzer
et al. [2] are summarised. They have performed a detailed study of the sensitivity of the cross
sectionto Vip.

5.2 Simulation techniques

As stated above, this section describesthe method usedto perform the phasespaceintegral
for multiple nal state particles. The overall integral is done using Monte Carlo techniques.
Thesewill beoutlined rst. The generationof spacespaceis doneusingthe cascadealgorithm.
This method allows for an easyincorporation of experimental cuts. The algorithm is described
at the end of this section.

5.2.1 Monte Carlo metho d

Monte Carlo simulations are a corveniert method to simulate the higher dimensional di cult
integrals which are often encourtered in crosssectioncalculations. The convertional numerical
methods fail when dealing with multidimensional integrals. Monte Carlo simulations o er a
way out. It is basedon a simple principle. Considerthe (n-dimensional) integral

2 Zn
F = dy:: dyaf (X155 Xn) (5.1

al an

The Monte Carlo method usesrandom numkers x; between0O and 1. A generalintegral needs
thus be rescaledto theselimits. The function f will be sampledN times. After averaging,

45



46 CHAPTER 5. SIMULATIONS

this producesan estimate of F, thus

F F= Ni f(y2(i); 5 xa(i)) + O 191ﬁ (5.2)
i=1

wherey (i) = ax+ xk(i)(bc ax). The standard deviation (s.d.) of this method decreasesvith
p%. This is not very interesting for 1-dimensionalintegrals, since there are algorithms for
which the s.d. drops much faster with N. But the caseis very di erent for multi-dimensional
integrals. Here the Monte Carlo method hasthe sames.d. dependenceon N, but the corven-
tional methods now have worse dependencies.

The parametrisation of the momertum componerts of a di erential crosssectionin terms of

the random numbers x,(i) will be outlined in the next subsection.

5.2.2 Cascade algorithm

Considera phasespaceconsistingof n particles having arbitrary (but known) massesny;:::;;mp.
An algorithm thus needsa minimum of 3n 4 random numbers. Three for ead nal state mo-
merntum minus four to accourt for overall momertum consenation. The phasespaceintegral
reads (cf Eq. 3.1)

e Z dBo: X
= oy @’ Pe w (5.3)
i=1 i=1
The rst momertum p; is generatedo -shell and decgs to the on-shellmomertum p,; and
the o -shell momertum p,. Then p, decas to the on-shellmomertum p, and the o -shell
momertum p,. This procedureis repeateduntil p,, ;, which decas to the on-shellmomerta
p, 1 and pn. The intermediate deceying momerta are not at rest, since they are decay
products of other o -shell momenrta. Therefore appropriate Lorentz boosts are neededin the
algorithm.
For the description in terms of the random numbersx (i), rst de ne

b\
i m;; and
j=i
0 1
2 X\I i
m? @ pA (5.4)

where miz can be identied asthe mass(squared) of the o -shell momertum p;.

In de ning the momertum for the ith particle, it is assumedthat all the previous momerta
pi::pi 1 are known. Thus p; and m; are also known. Therefore it is possibleto expressthe
momerta p; and p;,, in terms of the random numbers. Take

P (Ei;jpijsin jcos j;jpijsin isin j;jpijcos i) (5.5)

2 _ 2
pr = m;

B = Eiv, B



5.2. SIMULATION TECHNIQUES 47

Now p; can be expressedas

G

jpij = o, (5.6)
with  the well-known triangular function

(x;y:2) = X2+ y?+ 72 2xy 2yz 2zx (5.7)

As stated before, three random numbers are neededfor eadh momertum. There are three
unknown quartities: i, ; and mj.1. The parametrisation is as follows

i=2xp; cosi=1 24, (5.8)
mi.1 falls in the range[ i+1;m; m;], thusit can be parametrised as

Miva = i+1 + X5(Mi ) (5.9)

The last step in obtaining the appropriate momerta is to boost bad to the rest frame of p; .
This yields

= B0+ ps)i BLo= (=t B BD = B0 (5.10)
where
Fﬁi’ p,o

and pi==, pi» represen the longitudinal and transversal componerts of momertum p; resp.
And similar expressionsfor pj+1 . Using the sameparametrisation, it follows that
@p _ miuajpi]
(2 )32Ei 4 Zmi
The last two momerta are on shell, m, = m, and
q

(T )dxidxbdxh (5.11)

(M3 ;;ma ;;m3)

L C_ 512
iBnj = iBn 1] T (5.12)
Sincemy, is known, only two random numbers are needed. The last step of the algorithm is
to ewvaluate the last two integrations and the -function. Three of the -functions are removed

by integration over d®p,. Then use

dpn 1= jpn 1j2dipn 1j2 dx§ 2dxj ! (5.13)
and
E.E
dien 1j (° my)= —2— "1 5.14
ipn 1) (P71 1) B 1mn 1 (5.14)
to obtain
3 3 xn n 14,0 1; ;
dpn 1 dpn 2 ) D (p, p)= dxg “dxy “jpn 4 (5.15)

(2 )32E, 1(2 )%2E, My 1 4

j=1
Since all the nal state momenrta are at hand, it is straightforward to imposecuts. This
simply involves step-functions of the form

(P Pout) (5.16)

where p; is the momertum of particle i and pgyt is the desiredcut-o momertum. After the
experimental considerationsare translated into cuts, the step-functions will be introduced.
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5.3 Cuts

The initial gluon splits up in a nearly co-linear bb-pair. The b quarks thus have low transverse
momenta. This implies that the term in the matrix elemen corresponding to the b quark
propagator becomesvery large and the integral becomesdivergern. For the result to have
physical meaning, the integral needsto be nite. This can be achieved by restricting the
transversemomertum of the anti-b ottom quark. This implies the following cut

pr(b) > 20GeV (5.17)

The partons in the nal state needto have a sizable transverse momertum in order to be
detectedin an experiment. This is accourted for by imposinga similar cut on pt of the other
quarks

pr(d) > 20GeV and pr(b) > 20GeV: (5.18)

Since there are only a few diagrams that actually contain a top quark, it is conveniert to
restrict the invariant massof the top decay products to within 20 GeV of the top mass. This
leadsto a cut of the form

(p() + p( 1)+ p(b)? m?< 20GeV (5.19)

5.4 Constants and parameters

Listed here are the physical constarts and parametersas usedin the numerical studies.

Massesand widths

my = 8341GeV w = 2:.06GeV

mz = 91:187GeV 7 = 2:49GeV

m; = 174GeV ¢ = 1.76GeV
(5.20)

Quark mixing
Sincethe o -diagonal elemerns of the CKM-matrix are small, the matrix is takento be
diagonal, therefore no mixing takes place.

Coupling constarts

{ The strong coupling is calculated in 1 loop approximation

s( )= s(mz) 1+ 0|HW (5.21)

with o= 11 2Nf andN¢ =5
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{ The ne-structure constart is calculated from

_ 0 20 2 4(2 mj)
()= (0 1 4 (mz) —= Elnm—% ET&Z (5.22)

with (0) 1= 137036and4 (mz) = 0:059363([5], [6] and [7]).

For the renormalisation and factorisation scale = g = my is used.

The parton distributions are taken from look-up-tables, generatedwith the CTEQA4L tables
(Lai et al. [8]). Therefore gs(mz) = 0:132.

The ewvent generatoris capable of handling pp- as well as pp collisions. This F§tudy howewver
focuseson the former, i.e. Tewvatron. The certre-of-massenergy thereforeis = s = 2.0 TeV
(i.e. run Il, starting in spring 2001).

5.5 Theoretical predictions

The initial gluon splits up in a nearly co-linear bl-pair. Before annihilation of the two, the
bottom quark forms, together with the W-boson, the top quark. The top quark is a heary
particle, soit travels slovly. The subsequeh decey will thus produce decay products (a b
quark and a W-boson) which have a certral momertum distribution. The b doesnot react
and thus presenesits (mostly longitudinal) momertum. The incoming quark decgs in a
W-bosonand a light-quark. Sincethe W-bosonis a heavy particle, the outgoing light quark
is de ected substartially. Thesetheoretical obsenations should be apparert in the simulation
results.

5.6 Results

5.6.1 W-gluon fusion with top decay

We perform a number of numerical studies on our Monte Carlo event generatorto verify that
our matrix elemers yield the right physics. First the total crosssection of W-gluon fusion
with decy is:

150 04 fb

given the cuts on the transversemomerta as described in section 5.3.
When the invariant massof the top deca products is reconstructedto within 20 GeV of the
top mass,the crosssection becomesa little lower:

143 03 fb

Fig. 5.1 shaws the invariant massof the decay products of the top quark (and therefore of the
top itself). It clearly shows a peakaround 174 GeV and the width is readto yield: 1:46 GeV.
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d sigma/d m(vib)

164 166 168 170 172 174 176 178 180 182 184
Invariant mass m(vib)

Figure 5.1: The crosssection vs. the invariant massm .

4.5

35

d sigma/d m(vl)

15

0.5 |
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Invariant mass m(vl)

Figure 5.2: The crosssection vs. the invariant massm .

So, even though only a few of the 45 diagrams contain a top quark, these are very dominant
nearm , Myp. This leadsto the expectation that the narrow width approximation will
work well.
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The invariant massof the W-boson, taken from Fig. 5.2 displays the correct values: my
81GeV and w 2GeV.

Fig. 5.3 shaws the transverse momerta of the quarks. The cut on the pr of the dierent
quarks are clearly visible. From the plot it is obvious that the anti-b ottom quark hasindeed
preferably a small transverse momertum componert as expected from section 5.5. The cut
on pr is thus necessary Moreover,the cuts on the other two quarks have far lessin uence on
the crosssection. The rapidity of a particle is de ned as:

0.6 T T T T T T T

Llight quarkI
Bottom quark -———----
Anti-bottom quark --------

05 |- i
0.4 - P g

03} § i

d sigma/d pt

0.2

0.1 |

0 20 40 60 80 100 120 140 160 180 200
Transverse momentum (pt)

Figure 5.3: The crosssection vs. the transversemomentum of the quarks.

_ 1 potp
y 2In S (5.23)
and is a measurefor the direction of the particle (i.e. y = 0 meansthat the particle comes
out perpendicular to the beamaxisandy > 0 (y < 0) that it comesout in the z(-z)-direction.
The higher y the higher the longitudinal componert of p.)

From the rapidity plot of the anti-b ottom quark (Fig 5.4) it is not obvious that it hasa ten-
dency to have a small transversemomertum. This is becausethe events with pt < 20 GeV
are rejected and the de nition of the rapidity smoothes the sharp cut. The light quark jet
shaws two bumps in the rapidity (Fig 5.4), corresponding to an up quark (big bump) and
an anti-down quark in the initial state. The up quark mainly comesfrom the proton which
travels by de nition in the +z direction. It is de ected in the collision, but still has a siz-
able longitudinal momertum componert afterwards. This is re ected by the positive rapidity
bump. The other possiblequarks in the initial state are not apparert in this plot. This is
becausethe probability of these quarks to form an initial state is much smaller.

The bottom and light quark both have a certral distribution this is preciselyas expected (see
section 5.5).
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Light quérk
Bottom quark -———----
Anti-bottom quark --------

d sigma/dy
w
T

Rapidity (y)

Figure 5.4: The crosssection vs. the rapidity of the quarks.

The various distributions obtained from simulation, characterisethe processunder consider-
ation. In experimens, such a characterisation is usedto identify the process.

5.6.2 Narro w width appro ximation

The numerical result for the total crosssection of W-gluon fusion in the narrow top-width
approximation is:

145 010 fb

The numerical value for the crosssectionin the narrow width approximation deviates only
about 1.5% from the value obtained from the unapproximated simulation.

Fig. 5.5 shaws the rapidity of the quarks. The invariant massplot would simply show a delta-
function and is thus left out. A plot of the transversemomerta of the quarks is also omitted,
since for comparisonthe rapidity plot suces. This plot shavs the same characteristics as
the plot for the complete calculation.

Taking these two obsenations into accourt, it is justied to state that the narrow width
approximation works very well for W-gluon fusion with top decgy, as expected from Fig 5.1.

5.7 Reconstruction of Vi

In this section, the results obtained by Stelzer et al. [2] are discussed.They have performed
a thorough study of the badkground and acceptancefor the single top process(including the
s-thannel and the assaiated W production processes)Also, they calculated the uncertainty
of Vi, for both Tevatron and LHC. Theseresults are preseried for completeness.For details
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N
T

w
T
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Figure 5.5: The cross section vs. the rapidity of the quarks. W-gluon fusion in the narrow
width approximation.

see[2].

They usea dierent cut on the transverse momertum (pr(b) < 20 GeV)of the anti-b ottom
quark. This is doneto reducethe tt badkground.

The resultsfor W-gluon fusion are quoted in table 5.1 and for the s-channel processn table 5.2.
To claim a discovery, the signal I’BLE'[ be uncorrelated with the badground, this is denoted
by the statistical signi cance, S= B. The accuracy of the crosssection is governed by the
the uctuation in tlae total number of expected everts in the signal region, S+ B. Thus here
the uncertainty is S+ B=S.

o]
_r

__ n
B| S+B=S| V=V

S
1.8 TeV pp (110pb 1) 1.8 69% 35%
2TeVpp(2fbY) 11 12% 10%
2TeVpp(30fb 1) 43 3.0% 7.6%
14TeVpp(lfb b 73 1.8% 7.6%

- _— p_ .
Tﬁlb|e 5.1: Statistical signicance (S= B) and accuracy of the measured cross section
( S+ B=S) for W-gluon fusion. In the last column, the accuracy of the extracted value
for Vy, is given.

The uncertainty of Vy, is calculated as follows.

(Wg) = Vg ~(Wg) (5.24)
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8]
_r

D
= B | S+B=S| Vp=Vp
1.8TeV pp (110pb 1) 0.7 190% 95%
2TeVpp(2fb 1) 6.5 21% 12%
2TeVpp (30fb 1) 25 5.4% 4.7%

T&lble 5.2: Statistical signi c ance (S:p B) and accuracy of the measured cross section
(" S+ B=S) for the s-channel process. In the last column, the accuracy of the extracted

value for Vy, is given.

Where (W) is the experimentally obsened crosssection and ~(W g) the calculated cross

section (with Vi, = 1) thus

> _ ~(Wg)
®7 (Wo)
and
2 q
O - " C~wape+ (ST EB=s2
Vib
With
—(Vtg) = Zﬂ
Vttz) th
This yields
Ve 19

V2= 5 (~Wg)?+ ( S+ B=5y

One assumesan accuracy ~(Wg) 15%,the accuracyof Vy, can be calculated.

(5.25)

(5.26)

(5.27)



Chapter 6

Conclusion

In this thesis, the single top production processis investigated. The various calculational
tools necessaryto obtain the crosssection of this processare described and applied.

The spinor helicity method deweloped in chapter 3 is a very elegant and corveniert way to
calculate cross section amplitudes. It enablesone to calculate analytically the amplitude,
rather than the amplitude squared(squaring is done numerically). Furthermore, the calcula-
tion of the amplitude itself is very e cien t due to the clever use of gaugefreedom. Although
originally deweloped for masslessarticles, the method can also handle processeswvith both
massiwe and masslesgarticles. Sincethe top quark is much heavier than all the other parti-
clesinvolved, massesof the latter could be neglected. This is why it was possibleto usethe
method, becausein order to describe massiwe particles, they have to be written as a sum of
masslesones.

The calculations donein chapter 4, have led to the desiredanalytical matrix elemer for both
the full processand its narrow top-width approximation. Analytical results have someadvan-
tages. They o er additional insights, reducethe numerical integration, which savescomputer
time and they allow di erent processedo be examinedwith the sameexpressionby crossing.
An evert generatorwaswritten in C++. Numerical results were obtained for run |11 at Teva-
tron (2.0 TeV) for both the full processas well asits narrow top-width approximation. It
wasfound that the approximation describesthe processvery well. The numerical value of the
crosssection was cheded using the event generator made by MadGraph and agreemem was
found. Results for kinematic distributions of the nal state partons could all be explained
and were as expected. Besidesall the algebraic chedks that were performed, this gives us
additional con dence that our matrix elemer is right.

For usein experimerts, the other processedeading to single top production needalsobe ex-
amined and taken into accourt. Also the badkground and acceptanceneedto be calculated.
Thesecalculations werenot donein this thesis, but the results of Stelzeret al. [2] are included
for completeness.

The crosssection for the singletop processis important, becauseit allows for a direct deter-
mination of certain parameters(Vyp and ) of the Standard model.

This thesis shaws that the amplitude can be calculated analytically, even for a complex pro-
cesswith many partons in the nal state. This might be bene cial for understanding the
crosssectionwhen it is identied experimentally, hopefully in the near future.
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App endix A

Feynman diagrams contributing to
W-gluon fusion

Thesediagrams are generatedusing the MadGraph program. Among thesediagramsare also
the onescontaining a Higgs boson. These diagrams do not contribute sincethe Higgs boson
couplesproportional to massand the bottom quark is taken massless.

Diagrams by MadGraph
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App endix B

Helicit y amplitudes for W-gluon
fusion with top decay

In this appendix the helicity amplitudes for the con gurations (ps;ps:pPs), (P3:P4:Ps),
(P35 P4:Ps) and (p3;ps; Ps) are listed.

AL

BAD(py;pk;ipt)

B®Y (py;pi i ps)

BED(plip,sips)
B (p}:p,:ps)

B®2(p;;p; ;

B®2(p;;p; ;

B (1;2)(p+

B (1;2)(p§

33 P45

P

p

4

2iB 1)

(S12 m\ZN )(Se7 m\ZN) 1

1 1Bl B j4+57ih 6 jl+ 32i

S123 M2H35 H64i
+[477]2 [21h13h6 j4+ 7j5i m?[25186
S467 M
1 [7_4] . j3+ 5/4ih 6 j4+ 7j2i
Sa67 m2 [54] [35]
+h1732 WB7i[74156 j1+ 3j2i  m2hB6i[24]
S123 M
0;
0;
ALD = 4p§iB(1?2) .
(s12 m\ZN )S3455127
h36i ) S
Ps) = m[znﬂ j2+ 7)(4+ 5)j3+i,
[27] ) o . o
= 4ih 1 j2+ 7j4i ;
Ps ) [54][53]h6 j3+ 54i j2+ 741
ho4i ) .
Ps) = m[ﬂ]ﬂ i3+ 5)(2+ 7)j1+i,
[27] ) . . o
= 2+ 7j3ih 4 :
Ps) [45][53]h1 j2+ 7j3ih 6 j4+ 53i ;

65

(B.1)

(B.2)
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66 DECAY
P-_ .
. 4 2B &3
A3) = > : (B.3)
(s12 Mg, )S3a55126
: h61li _ o . .
. 47 . . .
B(1'3)(p3 'PaiPs) = [551][;3]rﬁnh4+ j(3+ 5)(1+ 6)j2i ;
: h61li _ o . .
B(lv3)(p§,p41pg) = mm j1+ 6]2|h 4 |3+ 571 ;
. 371
P-_ .
(1;4)
AL = 4 28 : (B.4)

(s12 Mg, )(ser MG, )Sass’

. 1
(1;4) nt-pt) =
B (p3 ’p4 ’p5) I’54|h35
h 36hl j6+ 7j2ih 3 j4+ 57i + hl6i[728 j(6+ 7)(4+ 5)j3+i);
. 1
(1’4) . + . — . . . . . .
B (P3 ;P23 Ps) 7[53][54]([24}6 j1+ 2j7ih 1 j3+ 54i
[74L j6+ 7j2ih 6 3+ 54i [72h16ih4 + j(6 + 7)(3 + 5)j4i );

(hL4h6 j1+ 2j7ih 4 j3+ 52i

(FBLh6 j1+ 2j7ih 3 j4+ 5j2i

: 1
1:4) (rt - -nt) =
B (p3 !p41p5) m5h53
h 64ihl 6+ 7j2ih 4 3+ 57i + hl6a[72 j(3+ 5)(6+ 7)jd+i);

BE9(ptips;ips) = (326 j1+ 2j7ih 1 j4+ 53i

[54][53]
37 j6+ 7j2ih 6 j4+ 53i + M6E[72}8+ j(6+ 7)(4+ 5)j3i );
AlS) = Lapao (B.5)
(S67 M, )SaasS167" .
BOD(pypjips) = 1B 1+ 67003 j4+ 520 ;
. 241 o
B(l,S)(p3 ;pz;pS) = [4[5][:_],)5]h16|h7+ jd+ 6)(3+ bljdi ;
B(1;5)(p§;p4ipg) = %m j1+ 6j7ih 4 j3+ 52i ;
. 23] .
B} ipiiPs) = gprichlaNT+ L+ 64+ 6)3i
P ..
(1:6)
AL6)  — 4 2B : (B.6)

(Se7 M3, )S3455267
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1 M6l 1B ji+ 62ih 6 j5+ 7j4i  [21pMG[A7F8  j4+ 751
S126 65 hb7i S347
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