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Preface

The end of a matter is b etter than its b e ginning;

Ecclesiates 7v.8

In the Bibleb o ok of Ecclesiates, the T eac her con templates ab out life, and he

concludes that ev erything is futile, b ecause p eople build and w ork and genera-

tions come and go, `but the earth remains the same through the ages' (1v.4).

The v erse of the citation is part of a series of statemen ts ab out wisdom and

happ yness. Life, ev en though ev erything it con tains is futile, is liv ed b etter in

happ yness and wisdom. Therefore the end of a matter is b etter than its b egin-

ning. One has learned and gained new insigh ts and one can enjo y the w ork that

has b een done, with the help of Go d. Indeed I ha v e learned and I ha v e gained

insigh ts this past y ear. Therefore I am Go d and Jezus Christ gratefull that it

has come to a satisfying end and that I can really enjo y the w ork I ha v e done.

In the b eginning of this y ear I started with some basic understanding of

ph ysics but it w as all quite uncorrelated. I guess I'v e nev er studied really hard

or studying nev er had the n um b er one priorit y . Therefore I nev er sa w the bigger

pictures. This y ear w as di�eren t though. Owing to the unin terupted time to

study , slo wly the bigger picture arose. Esp ecially the course that I attended,

`Field Theory in P article Ph ysics', giv en b y Eric Laenen and Bernard de Wit,

enlarged m y understanding of Quan tum Field Theory a great deal. There where

also, of course, n umerous momen ts that things didn't mak e sense and momen ts

that the researc h got stuc k. This last problem w as often the result of the fact

that I w an ted to do more and in v estigate more than w as wise or necessary . But

then, Jan-Willem told me to fo cus at the things that w ere most imp ortan t for

m y researc h and not to lose m yself in all kinds of other things.

The y ear of w ork has resulted in this thesis of whic h the largest e�ort w as not

to write enough pages, but to write not to m uc h. It w as quite tempting for me to

write all that I ha v e learned, but this w ould ha v e yielded a standard in tro duction

in quan tum �eld theory , whic h of course w ouldn't ha v e b een really m y w ork but

just some cop y-pasting. The negativ e consequence of that w ould ha v e b een, that

p eople w ould ha v e had trouble �nding out what w as m y o wn w ork as it w ould

b e hidden somewhere b eteen all these unnecessary pages. An yw a y , I hop e that

the resulting thesis is an enjo y able and clear do cumen t to read.

Finally some ac kno wledgemen ts. First, I'd lik e to thank Jan-Willem v an

Holten, whom I men tioned a momen t ago, who w as m y sup ervisor and who has

learned me a lot during this y ear. I also w an t to thank Ana Ac h � ucarro who put

an e�ort to help me �nd a master researc h pro ject and who is also m y second

sup ervisor. F urther, I really enjo y ed m y time at the Nikhef and w an t to thank

ev ery one there. T o conclude with, I w an t to thank m y girlfriend, Denise, who,
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ev en though she didn't understand an ything ab out ph ysics and what I ha v e done

the past y ear, supp orted me during this y ear, esp ecially during those p erio ds in

whic h I w as desparate b ecause nothing w en t as I w an ted it to go.

F rans Go dsc halk

Leiden, August 2009



In tro duction

In mo dern ph ysics, Quan tum Field Theory pla ys a vital role. Using Lagrangian

�eld theories it is p ossible to describ e ph ysical pro cesses that ha v e a large n um-

b er of quan tum degrees of freedom. That this approac h is a go o d one is sup-

p orted b y exp erimen tal results whic h can b e predicted to a v ery high accuracy .

A v ery imp ortan t notion in Quan tum Field Theory is that of symmetries. Ba-

sically , a symmetry is the transformation of one solution to the �eld equations

of a Lagrangian, to another. F or instance, mo ving through spacetime is asso-

ciated to suc h symmetries. Eac h symmetry is generated b y a single ob ject, a

c harge, and m ultiple of these c harges satisfy m utual algebraic relations. They

form a so called Lie algebra, thereb y forming a consisten t closed framew ork. The

concept of symmetries is so imp ortan t b ecause the form, the in teractions, of a

Lagrangian are restricted b y them to a certain degree. Of course, the more

symmetries that one incorp orates, the more the Lagrangian is restricted. In

this thesis w e are in terested in t w o sp ecial kinds of symmetries, conformal sym-

metries and sup ersymmetry . The �rst one consists of transformations that lea v e

angles una�ected, while the second one is a transformation that rotates b osons

in to fermions and vice v ersa.

Usually when �eld theories are quan tized this yields in�nite v alued coupling

constan ts. One can then rede�ne them in some particular w a y , rendering them

�nite. This pro cedure is called renormalization. Because it cannot b e applied to

all p ossible theories the requiremen t of renormalizabilit y p ossed an extra b ound

on theories. In general, renormalization will result in a scale dep enden t couping

constan t. But if the original theory w as conformally in v arian t, this cannot b e

the case an ymore after renormalization, b ecause the b eha viour of the theory

has b ecome scale dep enden t. Therefore quan tum e�ects and renormalization

can a�ect the symmetries of a theory .

The researc h that has b een done and of whic h this master thesis is a re-

p ort, is the con tin uation of a part of the researc h that w as done b y Mark. O.

de Kok [21 ]. In his do ctoral thesis he describ es t w o mo dels that are relev an t

in nonrelativistic ph ysics: the non-linear Sc hrdinger mo del and the Jac kiw-Pi

mo del, b oth in 2 + 1 dimensions. The last one is basically the �rst one extended

with an extra gauge in teraction, the so called Chern-Simons �eld, whereas the

�rst one is a Sc hr• odinger Lagrangian for b osons with a fourth order in teraction.

The Chern-Simons �eld is a U(1) gauge �eld giving rise to a sp ecial t yp e of

electro dynamics. It w as found that b oth of these mo dels are classically in v ari-

an t under the same symmetry group, namely the Sc hr• odinger group, whic h is a

pro duct of the Galilei group and a conformal group. The quan tization of b oth

mo dels ho w ev er, pro v ed the conformal symmetries to b e anomalous: they brok e

o wing to quan tum e�ects. It turned out ho w ev er, that the Jac kiw-Pi mo del had
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certain v alues for its coupling constan ts w ere the conformal symmetries could

b e reco v ered. These same v alues w ere also seen to b e the ones where the theory

has some in teresting non trivial solutions that allo w ed for top ological excitations

in the Chern-Simons magnetic �eld. It is this p oin t where m y researc h starts.

The breaking of the conformal symmetries w as o wing to lo op corrections to

the fourth order in teraction of the theories. These corrections forced to renor-

malize the coupling constan t so that it b ecame scale dep enden t whic h of course

breaks the scale symmetries. One could hop e to cancel these lo op con tributions

and reco v er the conformal symmetries, b y adding more in teractions to the the-

ory that w ould yield the same con tributions but with opp osite sign. Because

the theories are for b osonic �elds, this hin ts to the in tro duction of fermionic

�elds, b ecause when a fermion w ould run through a lo op this w ould yield a sign

opp osite to when a b oson runs through the same lo op. In relativistic ph ysics it

is seen that sup ersymmetric theories exhibit this exact prop ert y of cancellation

and th us w e ma y w onder if it is p ossible to extend the non-linear Sc hr• odinger

mo del and the Jac kiw-Pi mo del to include sup ersymmetry , in addition to the

already presen t Sc hr• odinger symmetries. The goal of this extension is of course

to in v estigate whether or not the conformal symmetries of the quan tized the-

ories can b e restored. The answ er to this question lies in the v alue of the so

called � -function.

Before treating the mo dels and in v estigating their prop erties some in tro duc-

tion has to b e giv en to elucidate the structure in whic h they are em b edded,

whic h is where the �rst t w o c hapters are dedicated to. Chapter one will b e an

in tro duction to classical �eld theory . Esp ecially Hamiltonian �eld theory will b e

imp ortan t as this will in v olv e the de�nition of P oisson brac k ets, whic h represen t

the underlying algebraic structure of �eld theories. This is in timately related

to the symmetries of a theory . Chapter t w o will b e dedicated to a sp ecial t yp e

of symmetry , namely sup ersymmetry . The main concepts and the most basic

theory , the W ess-Zumino mo del, will b e in tro duced. The mo del will b e used to

deriv e a sup ersymmetric Sc hr• odinger theory . This will b e the sub ject of c hapter

three. First, it will b e in v estigated ho w one can deriv e a nonrelativistic theory

from a relativistic one. Then, the symmetries of the free Sc hr• odinger mo del will

b e in v estigated, for b oth b osonic and fermionic �elds, and the sup ersymmetric

theory will b e deriv ed. After that, the complete algebraic structure is giv en

and a fourth order in teraction is in tro duced. In the subsequen t c hapter the

quan tization of the theory will b e researc hed. T o do so, �rst an in tro duction

is giv en to Quan tum Field Theory and its main concepts. This will b e used to

deriv e the rules for quan tization so that the � -function can b e deriv ed for the

sup er-Sc hr• odinger theory . The �fth and �nal c hapter will de dedicated to the

deriv ation and in v estigation of the sup er Jac kiw-Pi mo del. This do es not ha v e

to b e v ery long as all of the concepts that w ere in tro duced in the previous c hap-

ters, can also b e applied here. The main purp ose of this c hapter is to quan tize

the theory and deriv e the � -function.

In the end some conclusions are dra wn. W e will see that just lik e the original,

non-sup ersymmetric mo dels, also the sup ersymmetric ones will ha v e anomalous

conformal symmetries. Again, also for the sup er Jac kiw-Pi mo del will there b e

sp eci�c v alues for the coupling constan ts where the conformal symmetries are

restored.



Chapter 1

Classical Field Theory

Field theory is the basis of classical ph ysics and the step up for quan tum �eld

theory . If one has a system with an in�nite n um b er of degrees of freedom that

needs to b e quan tized, �rst a classical �eld theory is devised. Only when the

classical theory is sensible, one can pro ceed to quan tization. Normally , if a

classical system is describ ed in the �eld formalism the t yp es of �elds that are

considered are electromagnetic �elds, or gra vitational �elds. But if systems ha v e

a large n um b er of quan tum degrees of freedom, it will turn out that also the

matter particles should b e treated as �elds. This is what is done in condensed

matter ph ysics where p eople w ork with man y-b o dy quan tum theories when de-

scribing, for instance, sup erconductivit y . The quan tization of �eld theories will

not b e treated in this c hapter though, but in c hapter 4.

The goal of this c hapter is to giv e a basic in tro duction to the features of

classical �eld theory that are needed in this thesis. A v ery relev an t question

is what the equations of motion of a ph ysical system are and ho w this sytem

ev olv es in time. The k ey concepts in answ ering these questions are the Lagrange

and Hamilton formalisms, the action and Hamiltons v ariational principle. The

v ariational principle is v ery old and is frequen tly used in the history of ph ysics

to deriv e equations of motion of ph ysical systems. Hamiltons principle is the

v ariational principle applied to the Lagrangian. This Lagrangian is an imp ortan t

ob ject in ph ysics b ecause the in tegral of it o v er spacetime m ust b e in v arian t

under the symmetries of the theory . These symmetries are transformations

that lea v e the equations of motion in v arian t. In the Lagrangian formalism one

can treat the space and time co ordinates on equal fo oting, whic h is crucial in

relativistic �eld theory .

It is tried to systematically approac h the basics of �eld theory so that all

concepts will b ecome clear in due time. The build up is as follo ws. The �rst

t w o sections will treat the Lagrangian and Hamiltonian Field Theory . This

will in v olv e among others the deriv ation of the Euler-Lagrange equations of

motion, Hamilton equation of motion and P oisson brac k ets. After that this

will b e related to the concept of symmetries whic h is ro oted in the so called

No ether Theorem, whic h relates a conserv ed quan tit y to eac h con tin uous sym-

metry . After that the structure underlying these quan tities, the Lie algebra, will

b e treated. That section will end with an in tro duction and brief application of

the Lie algebra to the P oincar � e group and the Galilei group
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1.1 Lagrangian Field Theory

The dynamics of a system with an in�nite n um b er of degrees of freedom, can

b e cast in a Lagrangian form and extracted using the action principle. The

action is a functional of the displacemen t �eld � ( x ; t ), whic h is a generalized

co ordinate. F or con v enience w e will use four-v ector notation so that x

�

= ( ct; x )

and @

�

= ( @

t

=c; r ). F urther w e will tak e c = 1. The general form of the action

reads

S =

Z

d

n

x L ( � ( x ) ; @

�

� ( x )) (1.1)

with L the Lagrangian densit y and n the n um b er of dimensions. No w the

v ariational principle can b e applied whic h is the statemen t that the ph ysics of

this system corresp onds to an extrem um of the action. The v ariation of S is

giv en b y

� S =

Z

d

n

x

�

@ L

@ �

� @

�

�

@ L

@ ( @

�

� )

��

� � + @

�

�

@ L

@ ( @

�

� )

� �

�

= 0 (1.2)

One can see that if the b oundary term is zero this implies that the system

satis�es the Euler-Lagrange equations of motion. If this situation applies to a

system it is said to b e on-shell. Owing to the Heisen b erg uncertain t y principle

systems don't need to b e on-shell all the time as they ma y tak e paths where

the action is not an extrem um, if this is for a short enough time. Here the

system is said to b e o�-shell

1

. In quan tum �eld theory , whic h will b e describ ed

more thoroughly in c hapter 4, these o�-shell states are represen ted b y virtual

pro cesses, where o�-shell particles are exc hanged b et w een the �nal states.

In imp ortan t quan tit y is the momen tum densit y conjugate to � , de�ned b y

� ( x ; t ) =

@ L

@

_

� ( x ; t )

(1.3)

Note that only the time deriv ativ e is in v olv ed in this de�nition and not the

space deriv ativ es.

In the follo wing c hapters w e will frequen tly refer to an imp ortan t relativistic

theory , Klein-Gordon theory , whic h describ es spin-0 particles. This is repre-

sen ted b y the Lagrangian

L

K G

= �

1

2

( @

t

� )

2

+

1

2

( r � )

2

+ m

2

( � )

2

� � @

�

�@

�

� + m

2

( � )

2

(1.4)

with m the particle mass. Here w e ha v e implicitly in tro duced the Mink o wski

metric �

��

= diag (1 ; � 1 ; � 1 ; � 1), whic h de�nes the relativistic in�nitesimal

length ds

2

= �

��

dx

�

dx

�

. Another imp ortan t theory is Dirac theory , whic h

describ es particles with spin-1/2. The corresp onding massiv e Lagrangian is

L

D

= i

�

 


�

@

�

 � mc

�

  (1.5)

with again m the mass of the particle. Because more will b e said ab out these

theories later on w e will just lea v e them here for no w.

1

In another terminology p eople talk ab out `mass-shell' instead of `shell'
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A t this p oin t the basic ingredien ts of Lagrangian Field theory ha v e b een

giv en. Of course this is only a classical description. Lik e men tioned in the

in tro duction, the Lagrangian formalism is used to quan tize theories. W e no w

pro ceed to another t yp e �eld theory .

1.2 Hamiltonian Field Theory

A description equiv alen t to the Lagrangian Field Theory is Hamiltonian Field

Theory . In the previous section the conjugate momen tum densit y w as de�ned in

eqn (1.3), whic h will no w b e used to de�ne the �eld Hamiltonian, b y a Legendre

transformation of the Lagrangian

H =

Z

d

d

x

h

� ( x ; t )

_

� ( x ; t ) � L

i

�

Z

d

d

x H (1.6)

with H the Hamilton �eld densit y and d the n um b er of space dimensions. V ary-

ing this quan tit y it b ecomes clear dat it do es not dep end on the time deriv ativ e

of the displacemen t �eld b ecause one has

� H =

Z

d

d

x

_

� � �

�

� L

� �

�

� � +

�

� �

� L

�

_

�

�

�

_

� (1.7)

where the last term is b y the de�nition of � equal to zero. Using this v ariation

of H one can deriv e Hamilton's equations of motion

_

� ( x ) =

� H

� � ( x )

� L

� � ( x )

= �

� H

� � ( x )

= _� ( x ) (1.8)

These equations can subsequen tly b e used to deriv e a more general form of the

Hamilton equations of motion. F or this tak e the time deriv ativ e of the quan tit y

F = F ( � ; �; t )

_

F =

� F

� �

_

� +

� F

� �

_� +

@ F

@ t

� f F ; H g +

@ F

@ t

(1.9)

where the P oisson brac k et is de�ned, b y using eqn (1.8), to b e

f F ; G g =

Z

d

d

x

� F

� � ( x )

� G

� � ( x )

�

� F

� � ( x )

� G

� � ( x )

(1.10)

where again four-v ector notation w as used. Of course this could b e generalized

to an y n um b er of �elds b y adding an index to the �elds. If w e ha v e a Lagrangian

the explicit expression for the canonical momen tum densit y , eqn (1.3), can b e

used to rewrite the P oisson brac k et. Later w e will do this for sev eral theories

that will b e treated in this thesis. First, some prop erties of P oisson brac k ets

will b e deriv ed.

If one w an ts to calculate the P oisson brac k ets of t w o quan tities, this migh t b e-

come a v ery cum b ersome job. Ho w ev er, w e can simplify these calculations dras-

tically . Starting with t w o quan tities F = F ( � ( z ) ; � ( z )) and G = G ( � ( w ) ; � ( w )),

one can tak e the brac k ets of these with the displacemen t �eld and the momen-

tum densit y , yielding
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f � ( x ) ; G g =

� G

� � ( x )

f � ( x ) ; G g = �

� G

� � ( x )

(1.11)

Applying these to the de�nition of the P oisson brac k et giv es

�

F ; G

	

=

Z

d

d

x

� F

� � ( x )

�

� ( x ) ; G

	

+

� F

� � ( x )

�

� ( x ) ; G

	

(1.12)

The problem of calculating a P oisson brac k et is no w reduced to taking t w o

(v ariational) deriv ativ es and calculating f � ; G g and f �; G g . The �nal expression

has the same structure as the v ariation of F with resp ect to some other quan tit y

G .

�

G

F =

Z

d

d

x

� F

� � ( x )

�

G

� ( x ) +

� F

� � ( x )

�

G

� ( x )

�

=

�

F ; G

	

�

(1.13)

If w e tak e F to b e the �eld � ( � ) w e get an expression for the v ariation of �

( � ), whic h is in fact an in�nitesimal transformation, with resp ect to G

�

G

� = f �; G g �

G

� = f � ; G g (1.14)

In section 1.3.1 this relation will b e deriv ed in the con text of symmetries. F ur-

ther, w e will apply the ab o v e results in c hapter 3.

The follo wing prop erties of the P oisson brac k ets hin t to an underlying struc-

ture that will b e treated in section 1.4. T aking F

i

, G and H to b e functions

of � and � , then the follo wing prop erties are true. The P oisson brac k et is, b y

de�nition, an ti-symmetric

f F ; G g = � f G; F g (1.15)

and linear

f F

1

+ F

2

; G g = f F

1

; G g + f F

2

; G g (1.16)

As a consequence of the Leibniz in tegration rule, it satis�es the pro duct la w

f F

1

F

2

; G g = F

1

f F

2

; G g + f F

1

; G g F

2

(1.17)

and, �nally it satis�es the Jacobi iden tit y

f F ; f G; H gg + f G; f H ; F g g + f H ; f F ; G g g = 0 (1.18)

All these prop erties can b e c hec k ed explicitly b y inserting the de�nition of

the P oisson brac k et, eqn (1.10), and writing ev erything do wn. Note that the

�rst t w o and the last one are iden tities and are th us trivial.

The P oisson brac k et can b e seen as the classical analog of the quan tum com-

m utation relations. Therefore these t w o can b e related to eac h other b y a pro cess

called canonical quan tization. This pro cess constists of replacing the P oisson

brac k ets of the classical theory b y the comm utator brac k ets of the quan tum

theory , with an extra factor of i �h in fron t of it. The p osition and momen tum

v ariables will b ecome op erators [4]. The relation can b e made explicit b y con-

sidering that in p osition space and momen tum space represen tation w e ha v e

resp ectiv ely the co ordinate relations
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� and � = � i �h r

�

; � = � i �h r

�

and � (1.19)

so that indeed w e get the follo wing sp eci�c relation b et w een comm utation and

P oisson brac k ets

�

^

� ; ^�

	

= i �h f �; � g = i �h (1.20)

where the v ariables with a hat are op erators. This relation can b e generalized

to general P oisson brac k ets, yielding

[ F ; G ] = i �h f F ; G g (1.21)

This t yp e of quan tization is based on relating quan tities that describ e fun-

damen tally di�eren t ph ysics. The (�rst) equal sign in eqn's (1.20) and (1.21)

are based on analogy , not on mathematical equalit y . Therefore it is p ossible

that inconsistencies o ccur. Because these will not b e encoun tered in this thesis

this ssub ject will no tb e treated here further.

Un til no w w e only considered b osonic quan tities, i.e. comm uting quan tities.

W e will need to consider ho w ev er, what will happ en if fermionic, an ticomm uting,

quan tities are used.

1.2.1 An ticomm uting V ariables

Because w e will b e in terested in fermionic �elds in this thesis, it has to b e

considered what the P oisson brac k ets will b e of an ticomm uting �elds. F or this

w e will in tro duce so called grassmann v ariable, �

�

, whic h con tains grassmann

n um b ers as en tries. These n um b ers an ticomm ute with eac h other, f �

�

; �

�

g = 0,

and comm ute with b osonic quan tities, [ �

�

; x

�

] = 0. The main part of this

paragraph is based on [4]. F urther, it m ust b e said that a more thorough

in tro duction to grassmann n um b ers is giv en in app endix B.

Owing to the an ticomm utativit y of the grassmann v ariables some con v en-

tions ha v e to b e made with resp ect to taking the deriv ativ e, b ecause also the

deriv ativ es and v ariables will an ticomm ute so that the order will b e imp ortan t.

The deriv ativ e is de�ned to w ork on the left of a function

@ � ( � )

@ �

�

(1.22)

so that for the v ariation of the function w e ha v e

� � ( � ) = � �

�

@ � ( � )

@ �

�

(1.23)

If one has to pass a deriv ativ e through a grassmann v ariable a min us sign is

pro duced o wing to the an ticomm utativit y . No w w e can de�ne the canonical

momen tum, �

�

, and the Euler-Lagrange equations to b e

�

�

=

@ L

@

_

�

�

d�

�

dt

=

@ L

@ �

�

(1.24)

while the Hamiltonian and Hamilton equations are

H =

_

�

�

�

�

� L

@ H

@ �

�

= �

_

�

�

@ H

@ �

�

= �

_

�

�

(1.25)
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Again these can b e used to de�ne the P oisson brac k et, no w for functions of

an ticomm uting co ordinates. T aking the b osonic quan tit y A = A ( � ; � ), w e get

for the time deriv ativ e of A

_

A =

_

�

�

@ A

@ �

�

+

_

�

�

@ A

@ �

�

=

@ A

@ �

�

@ H

@ �

�

+

@ A

@ �

�

@ H

@ �

�

= f A; H g (1.26)

where in the de�nition of the P oisson brac k et the A and H terms w ere in ter-

c hanged at the cost of an extra sign. If A w ould b e a fermionic quan tit y then

the in terc hange of these t w o terms w ould not ha v e yielded an extra sign. This

sign `am biguit y' can b e accoun ted for b y taking, not the left deriv ativ e of the

A -terms, but the righ t deriv ativ e. In case of a b osonic A this do es not matter,

but in case of a fermionic A this repro duces the extra sign.

No w un til this p oin t w e only w ork ed with �nite degrees of freedom. Of course

this pro cedure can easily b e generalized to �elds. As the pro cedure should b e

clear an yw a y this will not b e done explicitly . W e will ho w ev er giv e the explicit

P oisson brac k et that will b e used in c hapter 3 when the sup er-Sc hr• odinger theory

is quan tized. F or the b osonic displacemen t �elds w e will use � ( x ; t ) while the

canonical momen tum is, using eqn (1.3), � ( x ; t ) = i�

�

( x ; t ). Lik ewise w e use

for the fermionic displacemen t �elds  ( x ; t ) with the corresp onding canonical

momen tum � ( x ; t ) = i 

�

( x ; t ). Here the spinor indices are omitted as they are

not explicitely needed. Using these �elds and momen ta w e get the follo wing

P oisson brac k et

f F ; G g = i

Z

d

d

x

� F

� �

�

( x )

� G

� � ( x )

�

� F

� � ( x )

� G

� �

�

( x )

� i

Z

d

d

x

�

( r )

F

�  

�

( x )

�

( l )

G

�  ( x )

+

�

( r )

F

�  ( x )

�

( l )

G

�  

�

( x )

(1.27)

where the r ( l ) denotes the righ t (left) deriv ativ e in accordance to the previous

discussion. It ma y b e clear that one can alw a ys add more �elds and momen ta

to this de�nition dep ending on what is needed, th us extending the de�nition of

the P oisson brac k et.

No w that also the basics of Hamiltonian Field Theory are describ ed w e ma y

pro ceed to a v ery imp ortan t concept in �eld theories, the concept of symmetries.

1.3 Symmetries

The use of the action is con v enien t b y virtue of the fact that it has to b e in v arian t

under symmetry transformations. These are de�ned as transformations of the

�elds and co ordinates that lea v e the equations of motion in v arian t up to a total

deriv ativ e. The total deriv ativ e is a b oundary term that m ust b e zero under

the in tegral of the action. Ho w ev er, this go es further. Ev ery transformation

lea v es the action in v arian t trivially if the equations of motion are used and

there are suitable b oundary conditions. Therefore it is a crucial ingredien t of

symmetries that they lea v e the action in v arian t when they are o�-shell, i.e. when

the equations of motion are not used. Of course, demanding more symmetries

will put a larger limit on the p ossible in teractions of a theory
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The concept of symmetries relate solutions of the equations of motion to eac h

other in parameter space. A symmetry is then a transformation that mo v es one

p oin t in that space to another p oin t. F or discrete symmetries there is only a

�nite amoun t of p oin ts while for a con tin uous symmetry a manifold is spanned,

con taining an in�nite amoun t of p oin ts. In particular the con tin uous groups

will b e relev an t in this thesis.

There is a imp ortan t theorem attac hed to this notion of symmetries called

No ether Theorem. The statemen t of this theorem is that ev ery con tin uous sym-

metry of an action is asso ciated to a conserv ed c harge. F or instance, in v ariance

under time translations corresp onds to conserv ation of energy , whic h is repre-

sen ted b y the Hamiltonian of the theory . T o state it di�eren t, the Hamiltonian

generates

2

time translations that lea v e the action in v arian t (if this is a symmetry

of the theory). Lik ewise the momen tum c harge genererates space translations.

As energy and momen tum should alw a ys b e conserv ed in a realistic theory they

should alw a ys corresp ond to symmetries of the theory .

No w viewing symmetries of quan tum mec hanics in the con text of the Hamil-

tonian formalism, w e can sa y that an y time-indep enden t c harge that comm utes

with the Hamiltonian is itself a conserv ed c harge b ecause it is in v arian t under

time translations. This can b e easily seen if w e consider the follo wing

H Q j E i = ( [ H ; Q ] + QH ) j E i = QH j E i = E Q j E i (1.28)

So Q j E i is an eigenstate of the Hamiltonian and it do esn't matter if one �rst

applies Q and then H or vice v ersa so that this state has the same energy as

the un transformed state. Hamiltons equation of motion, eqn (1.9), no w implies

that there is no time ev olution of the c harge so that it do es not c hange the

quan tum state and it is indeed a symmetry of the theory . It will turn out

ho w ev er that ev en op erators that don't comm ute with the Hamiltonian, that

are time dep enden t, ma y b e symmetries of a theory . The crucial requiremen t

is that the total time deriv ativ e is zero so that the system do es not c hange in

time. This can b e seen when considering Heisen b ergs equation of motion, the

quan tum analog to the Hamilton equation of motion, whic h reads

d

^

O

dt

= � i

h

^

O ; H

i

+

@

^

O

@ t

(1.29)

Demanding the op erator

^

O to b e time indep enden t implies that there ma y b e

explicit time dep endence as long as this is cancelled b y the comm utator with H .

More will b e said b out this in section 1.4 ab out Lie-algebra's. W e will con tin ue

here with pro ving No ether theorem in Lagrangian �eld theory .

1.3.1 No ether Theorem

The pro of of No ether theorem that will b e giv en is based on [19 ]. No w the pro of

will lo ok a lot lik e what w as done in the section on Lagrangian �eld theory

where in eqn (1.2) the v ariation of the action w as used to de�ne the equations

of motion. W e also had a total deriv ativ e in this equation whic h should b e

zero on its o wn if the equations of motion are satis�ed. The di�erence with

the follo wing pro of is that w e will no w also consider spacetime transformations,

2

A t this p oin t it is not v ery clear what this `generates' means but it will b e made explicit

in sections 1.3.1 and 1.4.
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whic h in general do not comm ute with deriv ativ es. Remem b ering what w as

said in the in tro duction of this section, w e exp ect of course that the arising

total deriv ativ e m ust b e zero if the equations of motion are satis�ed.

Let's start with a general con tin uous, in�nitesimal transformation of the

co ordinates, �elds and deriv ativ es of �elds, where the transformation do es not

comm ute with the deriv ativ e. Then w e get the follo wing expression for the

v ariation of the action, with a n um b er of �elds �

i

( x ),

� S = S

0

� S =

Z

d

n

x

0

L ( �

0

i

( x

0

) ; @

0

�

�

0

i

( x

0

)) �

Z

d

n

x L ( �

i

( x ) ; @

�

�

i

( x ))

=

Z

d

n

x

�

(1 + @

�

� x

�

)

�

L +

@ L

@ �

i

� �

i

+

@ L

@ ( @

�

�

i

)

� @

�

�

i

�

� L

�

=

Z

d

n

x

�

@ L

@ �

i

� �

i

+

@ L

@ ( @

�

�

i

)

� @

�

�

i

+ L @

�

� x

�

�

(1.30)

where is used that d

n

x

0

= (1 + @

�

� x

�

) d

n

x for some in�nitesimal transformation

x

0

= x + � x . No w the transformations ma y b e split in a part that do es and that

do es not comm ute with the deriv ativ e. So basically w e split the v ariation of the

�eld in a lo cal and non-lo cal part. The resulting transformations are

� �

i

= @

�

�

i

� x

�

+ �

�

�

i

(1.31)

� @

�

�

i

= @

�

@

�

�

i

� x

�

+ @

�

( �

�

�

i

) (1.32)

with �

�

the v ariation that comm utes with the deriv ativ es. These transformations

can b e plugged in to eqn (1.30) so that after p erforming partial in tegration and

rearranging the terms, this leads to

� S =

Z

d

n

x @

�

�

@ L

@ ( @

�

�

i

)

�

�

�

i

+ L � x

�

�

+ (E.L. ) �

�

�

i

= 0 (1.33)

The abbreviation E.L. denotes the Euler-Lagrange equations of motion. Indeed

the symmetry left the equations of motion unc hanged up to a total deriv ativ e

and when they are satis�ed, the total deriv ativ e m ust b e zero. This deriv ativ e

is de�ned to b e the on-shell conserv ed curren t. In comparison with eqn (1.2)

there is no w an extra term prop ortional to the Lagrangian that accoun ts for the

lo cal transformations. The curren t, J

�

, is giv en b y

J

�

�

@ L

@ ( @

�

�

i

)

�

�

�

i

+ L � x

�

(1.34)

�

@ L

@ ( @

�

�

i

)

� �

i

� T

��

� x

�

(1.35)

The global transformation in the �rst line w as replaced for the lo cal one in the

second line, using eqn (1.31). F urther the energy-momen tum tensor T

��

w as

de�ned. The curren t naturally forms a con tin uit y equation, b ecause on-shell w e

ha v e

@

�

J

�

= @

0

J

0

+ r � J = 0 (1.36)
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This equation tells us that there is a conserv ed quan tit y . The time deriv ativ e

term giv es the rate with whic h the `amoun t' of J

0

c hanges, whic h equals the

negativ e 
ux of J

0

through a surface that encloses the c harge. Therefore one

can use J

0

to de�ne this conserv ed quan tit y , also kno wn as the No ether c harge,

to b e

Q �

Z

d

d

x J

0

(1.37)

So indeed to an y con tin uous symmetry corresp onds a conserv ed c harge. No w

these No ether c harges are in fact the generators of the transformations, whic h

means that they induce in some kind of w a y a transformation, for instance of the

�elds. T o see this, one m ust �rst note that the c harge is related to the conjugate

momen tum of eqn (1.3), so w e kno w what the comm utator of this quan tit y with

the �eld m ust b e. The transformation of a �eld with some generator yields

�

0

( x

0

) = e

iQ

� ( x ) e

� iQ

� � ( x ) + i [ Q; � ] = � ( x ) + i

Z

d

n

y [ � ( y ) � � ( y ) ; � ( x )]

= � ( x ) + i

Z

d

n

y [ � ( y ) ; � ( x )] � � ( y ) = � ( x ) + � � ( x ) (1.38)

Th us the No ether c harge indeed generates the transformation of the �eld (and

co ordinates). Because the comm utator is the quan tum v ersion of the P oisson

brac k ets, eqn's (1.20) and (1.21), w e can see here that eqn (1.14), where the

P oisson brac k et and the v ariation w ere related to eac h other via �

G

� = f �; G g ,

w as indeed correct.

Before con tin uing, �rst a more practical remark. If one w an ts to calculate

No ether c harges it is imp ortan t that the v ariation of the �eld is kno wn under

a certain transformation. No w a general transformed �eld can b e rewritten in

terms of the un transformed �eld as follo ws

	

0

( x

0

) = 	

0

( x + � x )

� 	

0

( x ) + � x

@ 	

0

( x )

@ x

� 	

0

( x ) + � x

@ 	( x )

@ x

(1.39)

where the � sign indicates that w e are w orking with in�nitesimal transforma-

tions so that the relations are true for small v ariations. This relation can b e

used to calculate the v ariation of the �eld

� 	( x ) = 	

0

( x ) � 	( x ) (1.40)

� 	

0

( x

0

) � � x

@ 	( x )

@ x

� 	( x ) (1.41)

This relation will b e frequen tly used in c hapter 3 to calculate No ether c harges.

One ma y exp ect from the discussion sofar that the No ether c harges are not

some uncorrelated quan tities. In the follo wing section w e will see that they are

part of a mathematical structure called a group.
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1.4 Lie Algebra's

In section 1.2 the expression for the P oisson brac k ets w as deriv ed for whic h sev-

eral relations w ere giv en in eqn's (1.15) to (1.18). These relations indicate that

there migh t b e an underlying structure b et w een the quan tities in the P oisson

brac k ets, whic h w e will call (No ether) c harges from no w on. Indeed the brac k ets

of these c harges form a group structure kno wn as a Lie algebra. In this section

w e will �rst de�ne what a group is, after whic h the Lie group is in tro duced. W e

will close with the treatmen t of t w o relev an t Lie groups, the P oincar � e group and

the Galilei group.

A group G is a set of elemen ts g that has the follo wing prop erties. (i) There

is an op eration � so that if w e apply this op eration to t w o elemen ts of the group,

another elemen t is pro duced: a � b = c , with a; b; c 2 G . Therefore the group

is said to b e closed under the op eration � . (ii) The op eration is asso ciativ e

( a � b ) � c = a � ( b � c ). (iii) There is an iden tit y elemen t I so that for all elemen ts

I � g = g � I . (iv) Ev ery elemen t has an in v erse so that g � g

� 1

= I . An y set of

elemen ts inside a group that satis�es the same prop erties (i)-(iv) is a subgroup

of G.

In general, the elemen ts of a group do not ha v e to comm ute with eac h other.

If they do comm ute the group is said to b e ab elian. F urther, groups can ha v e

b oth a �nite and an in�nite amoun t of elemen ts. The �rst ones are discrete

groups while the second one are called con tin uous groups. Although con tin uous

groups ha v e an in�nite n um b er of elemen ts, the n um b er of indep enden t param-

eters that de�ne this group can b e �nite. This n um b er is the dimension of the

group. W e are in terested in a sp eci�c kind of con tin uous groups, the Lie group,

where the dep endence on the parameters is analytic. F or a parameter � that

is in�nitesimally near the iden tit y one ma y write the elemen t g ( � ) 2 G as an

exp onen tial

g ( � ) = exp( � � t ) (1.42)

where t is the generator of the Lie group that induces the transformation. The

n um b er of generators of a Lie group equals the dimension of the group.

No w supp ose one has a group with a m ultiple n um b er of generators. Then

the pro duct of t w o elemen ts m ust yield a third elemen t. Ho w ev er, the generators

of the group don't ha v e to comm ute with eac h other. Therefore w e get

g ( � ) g ( � ) = e

�

i

t

i

e

�

j

t

j

= e

( �

i

+ �

i

) t

i

+

1

2

�

i

�

j

[ t

i

;t

j

]+ ���

= e

�

k

t

k

= g ( � ) (1.43)

where the Campb ell-Bak er-Hausdorf form ula w as used for m ultiplying t w o non-

comm uting exp onen tials. The last t w o steps w ere made b ecause the elemen ts

g form a group G so that their pro duct m ust also b e in G . This is ob viously

only true if the comm utator of the generators forms a linear com bination of

generators. It is said that they m ust close under comm utation

[ t

i

; t

j

] = f

k

ij

t

k

(1.44)

with f

k

ij

the structure constan ts of this algebra whic h m ust b e an tisymmetric

in the lo w er indices. No w the generators t

i

form the so called Lie algebra of the

Lie group whic h is uniquely determined b y the structure constan ts. Note that
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t w o di�eren t groups ma y ha v e lo cally the same structure constan ts but di�er

globally . An example of this is giv en b y the groups

3

S U (2) and S O (3).

The relation of the Lie group to the Lie algebra hin ts to a structure that w e

already sa w in the b eginning of section 1.3. There the con tin uous symmetries

where seen to span a manifold in parameter space. The Lie group is also a

manifold, whic h is spanned b y the generators of the lie algebra. Therefore the

No ether c harges, that corresp ond to the symmetries, can b e asso ciated to the

generators of the Lie algebra.

This observ ation is further strengthened b y the prop erties that w ere satis�ed

b y the comm utators and P oisson brac k ets, giv en in eqn's (1.15) to (1.18), but

with the P oisson brac k ets replaced b y comm utators. These are all satis�ed

naturally b y the Lie algebra of eqn (1.44). Using this equation w e can also

deriv e a raletion for the structure constan ts. By just plugging in to the jacobi

iden tit y , one obtains

f

e

ab

f

d

ec

+ f

e

bc

f

d

ea

+ f

e

ca

f

d

eb

= 0 (1.45)

The statemen t of this equation is that the structure constan t themselv es satisfy

the Lie algebra. If the generators of the algebra are a set of matrices M ( G )

then one sp eaks of a matrix represen tation of the Lie group. In this case the

structure constan ts form the so called adjoin t represen tation, where the matrices

are giv en b y ( f

a

)

c

b

.

Indeed b ecause the No ether c harges satisfy the same relations as the genera-

tors of the Lie algebra these t w o can b e iden ti�ed. Therefore an y set of No ether

c harges corresp onds to a Lie group and has a corresp onding Lie algebra.

1.5 Conclusions

Let's summarize the most imp ortan t results that w e ha v e seen in this c hapter.

The Hamiltonian and Lagrangian formalisms turn out to b e related via a Leg-

endre transformation and using the v ariational principle w e could deriv e the

equations of motion. Equating di�eren t emerging quan tities from this, it w as

p ossible to de�ne the P oisson brac k ets whic h turned out to ha v e an underlying

Lie group structure. The P oisson brac k ets could b e related to quan tum comm u-

tators and the ob jects inside the brac k ets turned out to b e the No ether c harges,

th us relating symmetries to an algebraic structure.

No w that the primary principles of classical �eld theory ha v e b een men-

tioned w e can pro ceed to an imp ortan t extension thereof. Un til no w all the

symmetries and the corresp onding No ether c harges w ere b osonic. Although w e

ha v e in tro duces grassmann v ariables and an ticomm uting �elds, the corresp ond-

ing symmetries are still b osonic. In the follo wing c hapter the notions of this

c hapter will b e extended to include fermionic c harges. These will represen t a

symmetry b et w een b osonic and fermionic �elds, kno wn as sup ersymmetry .

3

The Lie group S U ( N ) is the group of unitary N � N matrices and the group S O ( N ) is

the group of orthogonal N � N matrices, b oth with unit determinan t.
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Chapter 2

Sup ersymmetry

In the previous c hapter the general structure underlying theories w as treated.

W e sa w that the concept of spacetime symmetries w as v ery imp ortan t. Ho w ev er

the considered symmetries w ere all b osonic. One ma y w onder no w if all the

resources to constrain a theory using symmetries are no w exhausted. It turns

out that this is not the case. One ma y for instance extend the symmetry group

with in ternal symmetries. If these do not dep end on spacetime co ordinates

these are called global symmetries. They represen t transformations in some

in ternal space. This can b e a n um b er but also a matrix that rotates di�eren t

particles in to eac h other. If these phases dep end on spacetime co ordinates, the

symmetries are called lo cal and giv e rise to gauge theories.

In 1967 a v ery imp ortan t theorem w as published on these matters, whic h

has b ecome kno wn as the Coleman-Mandula theorem [6 ]. The theorem states

basically that an y symmetry group that con tains the P oincare group and has

a non trivial S-matrix, so that there is scattering, m ust necessarily b e a direct

pro duct of the P oincare group and in ternal symmetry groups. Later, this theo-

rem w as extended b y Haag,

=

Lopusza � nski and Sohnius to include also fermionic

generators [13 ] and cen tral c harges, b ecause the Coleman-Mandula result com-

prised only b osonic symmetries. These fermionic generators where the ones that

induce sup ertransformations. The corresp onding symmetries are b oth spacetime

and in ternal.

In this c hapter an in tro duction will b e giv en in relativistic sup ersymmetry .

In the subsequen t c hapter the �ndings of this c hapter will b e used to construct

a nonrelativistic theory with sup ersymmetry . One of the most conspicuous

features of the symmetry is that ev ery b osonic (fermionic) particle has a so

called fermionic (b osonic) sup erpartner, whic h has the same quan tum n um b ers

except for the spin of the particle. It is this sp eci�c feature that w e will need

for the nonrelativistic theory .

The con ten t of this c hapter is based on [26 , 29 , 33 ] and is build up as follo ws.

First some basics and de�nitions are giv en. Then w e will treat ho w sup ersym-

metric Lagrangians can b e build and after that ho w in teractions ma y lo ok lik e.

whic h is follo w ed b y the treatmen t of the algebraic features of sup ersymmetry .

No w, all these things will b e considered for relativistic ph ysics. In the follo wing

c hapter, w e will use the obtained results here to build a nonrelativistic mo del

con taining sup ersymmetry . Because of the features of relativistic theory sho wn

in t his c hapter, it will b e p ossible to p oin t out some in teresting di�erences.
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2.1 Structure of Sup ersymmetry

The starting p oin t of the discussion of sup ersymmetry is the demand for a

conserv ed c harge, Q , that rotates a b oson in to a fermion and vice v ersa. This

is represen ted b y

Q

�

j B i = j F i

�

Q

�

j F i

�

= j B i (2.1)

where the � is a spinor index. It can b e clearly seen from this equation that

the c harge should itself also b e fermionic. The in�nitesimal form of this trans-

formation is de�ned to b e

� � = � �  (2.2)

where � (  ) is a b osonic (fermionic) �eld and � is an an ticomm uting or grass-

mann v ariable. This grassmann v ariable is needed to get the same algebraic

features for b oth sides of the equation, i.e. b oth sides ha v e to b e b osonic quan-

tities. Because of the fermionic nature of the c harge, some of the transformations

should ob ey an ticomm utation rules rather then comm utation rules. Therefore

the an ticomm utator of t w o of the same transformations should b e zero. But

w e can also ha v e an an ticomm utator of a transformation with its complex con-

jugate and this ma y yield a non trivial result. Of course w e are only lo oking

for a non trivial result b ecause otherwise w e w ould ha v e just an extra in ternal

symmetry . The only non trivial an ticomm utator w ould result in an ob ject that

transforms as a spin-1 �eld, or a v ector, b ecause b oth sup ertransformations are

spin-1/2 so that their addition is spin-1. Loren tz in v ariance requires this ob ject

to b e prop ortional to the the momen tum op erator. This will b e made more

explicit in the follo wing sections. F or no w this relation is compactly written as

�

Q;

�

Q

	

=

=

P (2.3)

The correct expression will b e giv en in section 2.3.

Owing to the sup ersymmetry the b osonic and fermionic degrees of freedom

can b e conjoined in a so called sup ermultiplet , whic h basically is an in ternal

v ector space of the b osonic and fermionic degrees of freedom. The �elds of this

m ultiplet are kno wn as sup erpartners. There are t w o c haracteristic prop erties

for sup erpartners. First, they ha v e equal masses and second, the n um b er of

fermionic and b osonic degrees of freedom is equal.

The �rst one can b e seen b y considering that all states related to the same

sup erm ultiplet are related b y some com bination of the sup ertransformation, its

complex conjugate and spacetime transformations. But all these transforma-

tions comm ute with the op erator P

2

so that the states ha v e the same eigen v alues

for this op erator whereb y these states ha v e the same mass

Because the b osons and fermions rotate in to eac h other one exp ects that

there m ust b e an equal n um b er of b oth t yp es of degrees of freedom, otherwise

the symmetry w ould not b e exact. This notion can b e pro v en in the follo wing

fashion. First, in tro duce an op erator ( � 1)

2 s

where s is the spin angular mo-

men tum of the state it acts on. The eigen v alues are +1 for a b osonic and � 1

for a fermionic state. A crucial ingredien t is that ( � 1)

2 s

should an ticomm ute

with an y fermionic c harge. This can b e seen b y considering the follo wing, using

eqn (2.1),
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( � 1)

2 s

Q j B i =

� �

( � 1)

2 s

; Q

	

� Q ( � 1)

2 s

�

j B i = �j F i (2.4)

whic h implies that the an ticomm utator is zero. Note that for a b osonic c harge

this should b e a comm utator. No w in tro ducing j i i , an eigenstate of P

�

, w e

ma y use it to tak e the trace o v er the op erator ( � 1)

2 s

P

�

, for all i , whic h is

prop ortional to the n um b er of b osonic min us the n um b er of fermionic degrees

of freedom, n

B

� n

F

. Using eqn (2.3) and the an ticomm utativit y of Q and

( � 1)

2 s

, w e get

X

i

h i j ( � 1)

2 s

P

�

j i i = p

�

T r[( � 1)

2 s

] = n

B

� n

F

=

X

i

h i j ( � 1)

2 s

QQ

y

+ ( � 1)

2 s

Q

y

Q j i i

=

X

i

h i j ( � 1)

2 s

QQ

y

j i i +

X

i

X

j

h i j ( � 1)

2 s

Q

y

j j ih j j Q j i i

=

X

i

h i j ( � 1)

2 s

QQ

y

j i i +

X

j

h j j Q ( � 1)

2 s

Q

y

j j i

=

X

i

h i j ( � 1)

2 s

QQ

y

j i i �

X

j

h j j ( � 1)

2 s

QQ

y

j j i = 0 (2.5)

Th us it can b e concluded that the n um b er of b osonic and fermionic degrees of

freedom indeed m ust b e equal for nonzero momen tum.

There are di�eren t kinds of sup erm ultiplets used in sup ersymmetry . De most

basic one is a real m ultiplet with a ma jorana fermion, with one spin state, and

one real scalar �elds, with one degree of freedom. Tw o of these real m ultiplets

can b e added to form a complex c hiral m ultiplet. Another kind of m ultiplet

is the massless v ector or gauge m ultiplet. The massless spin one �eld has t w o

degrees of freedom whic h can b e com bined with a massless W eyl fermion.

There are some notation and con v en tions attac hed to the description of

sup ersymmetry whic h will implicitly b e used in the follo wing. They can b e

found in app endix A.

2.2 The W ess-Zumino Mo del

The simplest sup ersymmetric theory is describ ed b y the sum of the massless

Klein-Gordon (K G) and Dirac Lagrangians. This is a free theory and it cor-

resp onds to a single c hiral m ultiplet. There are th us t w o fermionic degrees of

freedom so that there should also b e t w o b osonic degrees of freedom. It is nat-

ural to capture these with a complex K G �eld. This simp el mo del is called the

Wess-Zumino mo del and is describ ed b y the action

S =

Z

d

4

x @

�

�

�@

�

� + i

�

 ��

�

@

�

 (2.6)

The b osonic transformation under whic h this action should b e in v arian t is, eqn

(2.2),

� � = � �  �

�

� =

�

 � �� (2.7)
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where �

�

is a constan t grassmann spinor.

Using dimensional analysis it can b e seen that � has dimension [mass]

� 1 = 2

,

whic h implies that the sup ertransformation of the fermionic �eld should con tain

a term with mass dimension one, b esides the b osonic �eld � . This m ust b e a

deriv ativ e in this mo del. The full fermionic transformations are

�  

�

= � i ( �

�

�� )

�

@

�

� �

�

 

_�

= i ( ��

�

)

_�

@

�

�

� (2.8)

One can easiliy c hec k that these transformations indeed lea v e the Lagrangian

of eqn (2.6) in v arian t. If these transformations are symmetries it is exp ected

that there is some underlying Lie group that go v erns the prop erties of the sym-

metry . Therefore w e exp ect these transformations to form a closed algebra.

Ev en stronger, for this to b e a symmetry it m ust close without the use of the

equations of motion. F or this, let's �rst calculate the comm utator of t w o sup er-

transformations applied to a b osonic �eld. W e get

[ �

2

; �

1

] � � �

2

( �

1

� ) � �

1

( �

2

� ) = i ( � �

1

�

�

��

2

+ �

2

�

�

��

1

) @

�

� (2.9)

Here w e �nd what w as already men tioned in the �rst section of this c hapter, in

eqn (2.3), that t w o sup ertransformations will yield a translation of the original

�eld. Therefore sup ersymmetry is b oth an in ternal and spacetime symmetry

1

.

Of course w e are not �nished sho wing that w e are dealing with a symmetry

as this comm utation rule should also apply to the fermionic �eld. Using the

�erz rearrangemen t iden tit y of eqn (A.14) one can sho w that the comm utator

of t w o transformations yields

[ �

2

; �

1

]  

�

= i ( � �

1

�

�

��

2

+ �

2

�

�

��

1

) @

�

 

�

+ i�

1 �

��

2

��

�

@

�

 � i�

2 �

��

1

��

�

@

�

 (2.10)

Because this will only lo ok lik e eqn (2.9) if the equations of motion are satis�ed,

the transformation of the fermionic �eld m ust b e adapted in suc h a w a y that the

t w o terms on the far righ t v anish. This can b e done b y adding a complex b osonic

�eld, F , with mass dimension t w o that will transform lik e the deriv ativ e of  .

The fermionic transformation m ust then acquire an extra term prop ortional to

this �eld

�  

�

= � i ( �

�

�� )

�

@

�

� + �

�

F �

�

 

_�

= i ( ��

�

)

_�

�

� + ��

_�

�

F (2.11)

Because of this new �eld, the Lagrangian has to b e adjusted. Because this

�eld represen ts non propagating degrees of freedom it is often called an auxiliary

�eld. The corresp onding Lagrangian densit y is

L

auxiliar y

=

�

F F (2.12)

T o get a sup ersymmetric Lagrangian the correct transformation for the auxiliary

�eld m ust, indeed, b e

� F = � i �� ��

�

@

�

 �

�

F = i@

�

�

 ��

�

� (2.13)

1

This non trivial result is sp eci�cally related to the an ticomm utativit y of the grassmann

spinor. T aking for instance time translations, w e w ould ha v e [ �

2

; �

1

] � = [ b

2

; b

1

] @

2

t

� = 0

b ecause the parameters comm ute with eac h other.
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As required, the �eld F also satis�es the comm utation rule eqn (2.9). Therefore,

for all the �elds X = �;  ; F w e ha v e

[ �

2

; �

1

] X = i ( � �

1

�

�

��

2

+ �

2

�

�

��

1

) @

�

X (2.14)

so that there is a consisten t framew ork for the description of sup ersymmetry .

A con v enien t framew ork, for some, is the description of sup ersymmetry in

sup erspace. This space con tains extra an ticomm uting v ariables, grassmann

spinors, so that a sup ertransformation is regarded as a translation in sup er-

space, with resp ect to these an ticomm uting v ariables. Building Lagrangians in

this formalism crucially dep ends on the transformation prop ert y of the F term

w e just sa w, eqn (2.13). It transforms as a total deriv ativ e. When sup erspace

Lagrangians are written in their comp onen t form, that is the `normal-space'

form, these F terms are naturally selected so that b y construction a sup ersym-

metric Lagrangian is acquired.

In the ab o v e deriv ation, the need for the algebra to close o�-shell forced

us to in tro duce the auxiliary �eld F . No w, the mass dimension of this �eld

already indicates it's unph ysical nature. Ho w ev er, the need for these extra

b osonic degrees of freedom can b e understo o d in a more ph ysical w a y . In the

on-shell theory w e had t w o fermionic degrees of freedom b ecause there w as

one t w o-comp onen t W eyl fermion. These w ere matc hed b y the t w o degrees of

freedom of the b osonic �eld. In an o�-shell theory , ho w ev er, there arise t w o

extra fermionic degrees of freedom so that also t w o extra b osonic degrees of

freedom are needed to satisfy the result of eqn (2.5). This is satis�ed b y the

in tro duction of the complex �eld F .

No w that the transformations ha v e b een sho wn to b e symmetries of the

theory it will b e in v estigated ho w this W ess-Zumino mo del can b e extended

with in teractions.

2.2.1 In teractions

The requiremen t for sup ersymmetry puts a strong b ound on the p ossible in-

teractions that a theory can ha v e. This b ound b ecomes ev en stronger when

one demands for in teractions that are renormalizable b y p o w ercoun ting. This

means that there ma y b e no couplings with negativ e mass dimension. The most

general p oten tial is giv en b y

L

int

=

�

�

1

2

W

ij

 

i

 

j

+ W

i

F

i

�

+ c.c. (2.15)

All p ossible p olynomial in teractions of scalar �elds m ust b e zero b ecause the

transformations of these will pro duce p olynomials of the scalar �eld m ultiplied

with some  or

�

 , without deriv ativ es, whereas the in teractions of eqn (2.15 )

will only yield deriv ativ es of the scalar �elds. Therefore there will b e no cancel-

lation b et w een the di�eren t v ariations so that sup ersymmetry will b e brok en.

F urther, for similar reasons in teractions prop ortional to F

i

F

j

will also not b e

p ossible. Indeed eqn (2.15) represen ts the most general p oten tial. Let's see if

the p oten tial can b e further restrained b y considering it's transformations.

V ariation of the W

ij

-term to �

k

pro duces a pro duct of three fermion �elds.

This con�guration can only b e zero via the Fierz rearrangemen t iden tit y of

eqn (A.14),whic h requires that the deriv ativ e @ W

ij

=@ �

k

is totally symmetric.
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V ariations of this same in teraction term to

�

�

k

will yield terms that cannot

b e cancelled b ecause the �erz iden tit y cannot b e used, so W

ij

ma y only b e a

p olynomial function of �

k

.

Considering the v ariations of the p oten tial to  

i

and F

i

one can see that

this will pro duce terms con taining deriv ativ es that only cancel if the follo wing

is satis�ed

W

ij

@

�

�

j

= @

�

W

i

(2.16)

Owing to this relation and the fact that W

ij

, and therefore also W

i

, are

p olynomials of �

i

, it is extremely con v enien t to in tro duce the ob ject

W =

1

2

M

ij

�

i

�

j

+

1

6

y

ij k

�

i

�

j

�

k

(2.17)

with M

ij

a symmetric mass matrix and y

ij k

a coupling that is totally symmetric

in the in terc hange of the indices. Then the in teractions are related to this ob ject

as follo ws

W

ij

=

�

2

W

� �

i

� �

j

W

i

=

� W

� �

i

(2.18)

so that also eqn (2.16) is satis�ed. The resulting in teractions are all indeed

renormalizable b y p o w ercoun ting, where the terms prop ortional to y

ij k

will b e

yuk a w a in teractions. The ob ject W is called the sup erp oten tial and w e will

encoun ter this again in the follo wing section, ab out sup erspace.

The on-shell form of the Lagrangian including the in teractions is obtained

b y applying the auxiliary equations of motion

F

i

= �

�

W

i

�

F

i

= � W

i

(2.19)

whic h implies that the auxiliary �elds are functions of the scalar �elds, without

deriv ativ es. The Lagrangian b ecomes, in the terms the �elds � and  ,

Z
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x � @
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�@

�

� + i
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� V ( �;

�

� ) (2.20)

where V ( �;

�

� ) � W

k

�

W

k

=

�

F

k

F

k

is the scalar p oten tial, whic h is b y de�nition

b ounded from b elo w since it is a p olynomial of j � j . As w e sa w earlier, sup er-

symmetry requires the b osonic and fermionic particles to ha v e the same mass,

but this Lagrangian do es not con tain an y explicit expression for the mass of the

b osonic �elds. This term resides ho w ev er in the scalar p oten tial. Expanding

the equations of motion for the b osonic �eld to �rst order will yield the correct

mass for the �eld.

W e ha v e no w succesfully describ ed an in teracting, relativistic sup ersymmet-

ric theory with all the necessary requiremen ts. The particles ha v e the same

mass, the n umer of b osonic and fermionic degrees of freedom is equal and the

algebra underlying the symmetry closes. In the follo wing section a formalism

will b e in tro duced that naturally pro duces sup ersymmetric theories. The k ey

concept to this formalism is the in tro duction of a spacetime extended with an-

ticomm uting v ariables, called sup erspace.
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2.3 Algebraic Structure

In the in tro duction it w as men tioned that Haag, Lopuszanski and Sohnius

ha v e extended the Coleman-Mandula theorem to include also fermionic c harges.

They pro v ed that in general the sup er-P oincar � e group con tains also, next to the

spacetime c harges, N fermionic c harges and at most N ( N � 1) = 2 complex cen-

tral c harges. They ha v e calculated the complete algebra, whic h is giv en b y the

follo wing algebra

[ P
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; P
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] = 0 [ Q

a�
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] = 0
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; P

�

] = i ( �
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� �

� �
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= �
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( �
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Z
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where an isospin index w as in tro duced at the sup erc harges. F or N = 1 one

sp eaks of simple sup ersymmetry whereas N > 1 is called extended sup ersym-

metry . Note that the sup erc harges act as squarero ots of te momen tum op erators.

In c hapter 1.4 the structure underlying the algebra w as that of the Lie-group.

F or this sup ersymmetric theory the structure is comparable but sligh tly di�er-

en t. Because of the fermionic c harges there m ust b e an ticomm utators so that

the standard Lie algebra is c hanged in the so called graded Lie algebra. First

de�ne the graded brac k et as

[ Q

A

; Q

B

g = Q

A

Q

B

� ( � )

AB

Q

B

Q

A

(2.22)

where ( � )

AB

is `min us' for A and B b oth fermionic c harges and `plus' other-

wise. If one w ould accompan y the fermionic c harges with a grassmann spinor

then all the brac k ets w ould b ecome comm utator brac k ets. Using this graded

comm utator, the graded Lie algebra is giv en b y

( � )

AC

[ [ Q

A

; Q

B

g ; Q

C

g + ( � )

AB

[ [ Q

B

; Q

C

g ; Q

A

g

+ ( � )

AB

[ [ Q

C

; Q

A

g ; Q

B

g = 0 (2.23)

The structure constan ts of the sup er Lie algebra will also satisfy the jacobi

iden tit y as w as the case for the ordinary Lie algebra. Another equal prop ert y is

that the sup er-Lie group elemen ts are obtained b y taking the exp onen t of the

algebra.

As a �nal remark in this section it m ust b e men tioned that the sup er-

P oincar � e group can b e extended to form a sup erconformal group. The algebra

of this last one con tains the algebra of the �rst one as a subgroup. In con trast

to the sup er-P oincar � e, the sup erconformal group do es not con tain an y cen tral

c harges, whic h is inhibited b y the Jacobi iden tities.

The generators of this sup erconformal algebra are the sup er-P oincare gen-

erators plus the sp ecial conformal generator, K

�

_

�

, the dilatations generator �

and a new sup erc harge S

�

and it's hermitian conjugate. These extra c harges

pro vide a whole bunc h of extra (an ti)comm utators whic h will not b e giv en here.

There is one generic an ticomm utator ho w ev er whic h is w orth wile to men tion.

This is
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�

S

�

;

�

S

_�

	

= K

� _�

(2.24)

Just lik e the ordinary sup erc harges acted as the squarero ot of the translation

generators, this conformal sup erc harge acts as the squarero ot of the sp ecial

conformal generator.

2.4 Conclusions

Let's summarize what w e ha v e seen. The c hapter started with the in tro duction

to the main features of sup ersymmetry . It is an in ternal symmetry , rotating

fermions in to b osons and vice v ersa, and it is a spacetime symmetry as t w o

sup ertransformations yield a translation. It w as sho wn that one can de�ne su-

p erm ultiplets that con tains an equal n um b er of b osonic and fermionic degrees of

freedom. T o b e able to ha v e o�-shell sup ersymmetry it w as needed to in tro duce

auxiliary �elds th us extending the sup erm ultiplets. The W ess-Zumino mo del

w as in tro duced as w as the corresp onding most general p oten tial.

F urther, the algebraic structure underlying the sup ersymmetry transforma-

tions w as treated. This structure w as seen to b e a generalization of the Lie

algebra. The algebra w as graded to include also an ticomm utators and it w as

sho wn that it can b e extended with conformal symmetries.

No w that all the basics of classical �eld theory and sup ersymmetry are

treated. In the follo wing c hapters a lot of the concepts that w ere in tro duced

will b e applied. T o b egin with, w e will thoroughly in v estigate the symmetries

of the non-linear Sc hr• odinger mo del.



Chapter 3

The Sup er-Sc hr• odinger

Mo del

3.1 In tro duction

In the thesis of M.O. de Kok [21 ] the non-linear Sc hr• odinger mo del is studied

for its symmetries. This mo del is giv en b y the action, for d + 1 dimensions,

S =

Z

d t d

d

x i 	

�

@

t

	 +

1

2 m

	

�

�	 �

g

2

n

�

	

�

	

�

n

(3.1)

from whic h the equations of motion can readily b e deriv ed

i@

t

	 = �

1

2 m

�	 + g

2

j 	 j

2 n � 2

	 (3.2)

This equation is kno wn as the Gross-Pitaevskii equation [12 , 31 ] whic h pla ys

an imp ortan t role in the description of Bose-Einstein Condensates [11, 22 , 7]

and optical solitons [15 ]. This equation describ es, after quan tization, w eak

in teractions b et w een repulsiv e ( g

2

> 0) or attractiv e ( g

2

< 0) hardcore b osons.

In this c hapter not the applications of the mo del will b e in v estigated, but

the symmetries exhibited b y this mo del. Doing so, the results of De Kok will b e

repro duced and extended. W e will see that the free mo del ( g = 0) is a nonrela-

tivistic conformal �eld theory in all dimensions. It is in v arian t under space and

time translations, rotations and Galilean b o ost forming a closed group called the

Galilei group. F urther, this theory is in v arian t under dilatations (scale trans-

formations) and sp ecial conformal transformations, forming together with time

translations the SO(2,1) conformal group, and �nally it is in v arian t under phase

transformations. W e will see that this Sc hr• odinger theory will describ e b oth

b osonic and fermionic particles, th us making it p ossible to in tro duce sup ersym-

metry . This sup ersymmetry will b e represen ted b y three di�eren t sup erc harges,

i.e. three di�eren t sup ertransformations, and their complex conjugates. Tw o

of them are asso ciated to the Galilei transformations and one is asso ciated to

the conformal transformations. Of course w e w an t to in tro duce in teractions

in to the theory and retain as m uc h symmetries as p ossible. Although it will b e

p ossible to mak e sup ersymmetric p oten tials for ev ery dimension the demand for

conformal symmetries will greatly restrict the p ossibilities.



30 The Sup er-Sc hr• odinger Mo del

In section (3.2) the nonrelativistic nature of the Sc hr• odinger theory will b e

made explicit. The follo wing section (3.3) will b e dedicated to the in v estigation

of the symmetries of the free Sc hr• odinger mo del. After that, section (3.4) is

concerned with sup ersymmetry and the complete algebra of the theory . Finally

section (3.6) will treat the in teractions whic h w e w an t to add to the free theory .

Before carrying on some con v en tions ha v e to b e made explicit. The used

metric is ( D = d + 1) �

��

= diag(1 ; � 1 ; :::; � 1). F or D = 2 + 1 the 
 -matrix

con v en tion used is




�

= ( �

3

; i�

2

; � i�

1

) (3.3)

where �

i

are the P auli spin matrices, while for D = 3 + 1 the Dirac basis is

used, de�ned b y




0

=

�

I 0

0 � I

�




i

=

�

0 �

i

� �

i

0

�




5

=

�

0 I

I 0

�

(3.4)

In this thesis only these t w o dimensions will b e used. In particular the �rst

one, eqn (3.3), will b e imp ortan t as the most symmetries are main tained in an

in teraction theory in this dimension.

3.2 The NR Limit

Before starting to in v estigate the Sc hr• odinger mo del w e will brie
y lo ok at

the nonrelativistic asp ect of this mo del. F or that w e �rst consider the Klein-

Gordon (K G) and Dirac Lagrangians. As these con tain the dynamical equations

of motion for free, relativistic scalar and spin-1/2 �elds, it is exp ected, and this

is indeed the case for massive �elds, that a nonrelativistic (NR) limit can b e

tak en to obtain dynamical equations of motion for the nonrelativistic b eha viour

of these �elds. It will turn out, that these equations are in fact Sc hr• odinger

equations of motion, although for fermions this is the case in an indirect manner.

The NR limit is also kno wn as the In• on • u-Wigner con traction.

3.2.1 The Klein-Gordon Lagrangian

First w e will in v estigate the NR limit of the massiv e K G-Lagrangian giv en b y

L

K G

= �

�

@

�

�

�

@

�

� � m

2

c

2

�

�

�

�

(3.5)

where w e ha v e tak en �h = 1. Clearly the limit c ! 1 is not de�ned as the mass

term will div erge. It is w ell kno wn that the �elds m ust b e rede�ned b efore taking

this limit. De Azc� arraga and Ginestar describ e the cohomological origin for the

need of this rede�nition [3]. It is not in the purp ose of this thesis ho w ev er to go

deep er in this asp ect, so the in terested reader is refered to [2, 3 ]. The men tioned

�eld rede�nition is giv en b y

� ( x ) =

1

p

2 m

exp

�

� imcx

0

�

~

� ( x ) =

1

p

2 m

exp

�

� imc

2

t

�

~

� ( x ) (3.6)

where x is the spacetime parameter in D = d + 1, and the division with the

factor of

p

2 m is for later con v enience. This �eld rede�nition destro ys Loren tz

co v ariance when taking the NR limit as the time parameter x

0

b ecomes singular.
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But this is not a problem as w e don't exp ect the NR equations to b e Loren tz

co v arian t. They m ust b e Galilei-in v arian t ho w ev er, whic h will luc kily turn out

to b e the case. Putting the rede�nition in equation (3.5) and taking c ! 1

yields

lim

c !1
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K G

= lim
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2 m
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� �
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�

S
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� (3.7)

whic h is just the free Sc hr• odinger Lagrangian. In the last line the Sc hr• odinger

op erator S is de�ned.

3.2.2 L � evy-Leblond's Equations

P aul Dirac deriv ed the equation that b ears his name, b y linearizing the massiv e

K G equation, th us obtaining the �eld equations for relativistic quan tum me-

c hanics of particles with spin 1/2. Jean-Marc L � evy-Leblond applied this v ery

heuristic idea to the Sc hr• odinger equation [25 ] to obtain the nonrelativistic w a v e

equations for spin 1/2 particles. The argumen t go es as follo ws.

W e are lo oking for an op erator linear in all spacetime deriv ativ es ob eying

� 	 �

�

A i@

t

+ B � i r + C

�

	 = 0 (3.8)

The solutions to this equation m ust also ob ey the Sc hr• odinger equation S 	 =

0, whic h implies there m ust b e an op erator �

0

= A

0

i@

t

+ B

0

� i r + C

0

so

that �

0

� = 2 mS , where S is the Sc hr• odinger op erator and the factor 2 m is a

con v enien t normalization. Using this the follo wing relations can b e deriv ed

A

0
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ij

( i; j = 1 ; 2 ; 3) (3.9)
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No w when de�ning the t w o new op erators
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the relations (3.9) can b e rewritten as
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( �; � = 1 to 5) (3.11)

the solutions of these can b e related to the Cli�ord algebra of dimension 4
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with B some nonsingular matrix. W e are lo oking for some irreducible represen-

tation so w e can just use the Dirac basis of eqn (3.4) for the Cli�ord algebra, but

then sligh tly mo di�ed for a euclidean space with �

��

= �

��

. In particular, w e

c ho ose 


4

= � 


0 ;D ir ac

and the min us sign in the 


i;D ir ac

is remo v ed. F urther,

w e c ho ose B suc h that B = � B

� 1

. No w the follo wing is obtained
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(3.13)

B

�

= � B

0

�

from whic h te v alues of A and C can b e deriv ed. T aking these, putting them in

equation (3.8) and letting 	 = ( �

1

�

2

) (t w o t w o-comp onen t spinors), the �nal

result is
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= 0 (3.14)

These equations are kno wn in the literature as the L � evy-Leblond equations.

Because one of the �elds has no dynamics, this �eld is in a sense a useless re-

dundancy . This can also b e seen b y considering equation (3.14) as an eigen v alue

equation for the energy i@

t
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(3.15)

where it is ob vious that the energy indeed dep ends on one �eld. Therefore it

su�ces to use (in this case) only the �eld �

1

to describ e all ph ysics for this

sytem. Eliminating �

2

( �

1

) in equation (3.14) w ould yield the Sc hr• odinger

equation for �

1

( �

2

). One should ho w ev er alw a ys b e careful eliminating a �eld

when dealing with an in teracting theory as some ph ysics ma y b e thro wn a w a y

with this elimination. A �eld should only b e eliminated after the in tro duction

of the in teraction.

In this section w e deriv ed the L � evy-Leblond equations for 3 + 1 dimensions.

It is p ossible ho w ev er to generalize this result to arbitrary dimensions. The

details of this deriv ation are giv en in app endix D.

3.2.3 The Dirac Lagrangian

No w, ha ving considered the L � evy-Leblond equations, w e ha v e to lo ok if these can

b e deriv ed from the Dirac equation, using the same NR limit approac h as used

for the K G equation. Again w e will deriv e this in the Lagrangian formalism.

W e start with

L

D

= i

�
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@

�

 � mc

�

  (3.16)

Rede�ning the Dirac �eld with the same phasefactor as the K G-�eld
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� imc
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~

 ( x ) (3.17)
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will transform the Dirac Lagrangian in to (lea ving a w a y the tilde ab o v e the

spinors)

L

D

= i
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 + mc

�
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0
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 (3.18)

Before taking c ! 1 w e ha v e to de�ne ho w the comp onen ts of the spinor b eha v e

with resp ect to this limit, as they m ust not b eha v e in the same w a y . This is

b ecause the Dirac Lagrangian con tains one deriv ativ e while w e need t w o space

deriv ativ es for the Sc hr• odinger Lagrangian. W e will mak e use of the so called

Dirac-P auli realization, giv en b y
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Inserting this in equation (3.18), denoting the nonrelativistic limit of �

1 ; 2

b y

�

1 ; 2

, w e obtain
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Clearly the equations of motion corresp onding to this Lagrangian are the L � evy-

Leblond equations, whic h pro v es the consistency of the used approac h of taking

the NR limit. When part of an action, this Lagrangian can b e rewritten, b y

p erforming partial in tegration on the second term, in to

�
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(3.21)

where � is a rede�ned spinor �eld, whic h acts lik e a constrain t for �

1

and �

2

.

Note that this constrain t is equal to the second of the L � evy-Leblond equations

(3.14). A t this p oin t the in
uence of an in teraction can b e seen more clearly .

When there are in teractions presen t in the theory dep ending on � , then � will

con tain extra ph ysics whic h should not b e lost during calculations, so it should

not b e directly thro wn a w a y . But if the in teraction is � -indep enden t it can

b e happily omitted. L � evy-Leblond giv es an example for whic h � is altered. He

in tro duces an external magnetic �eld b y the minimal coupling prescription whic h

results in an extra spin term in the �eld equations and in the probabilit ydensit y-

curren t of the Sc hr• odinger equation [25 ]. A comparable example can b e found

in (sup ersymmetric) nonrelativistic Chern-Simons theory [21 , 23 ].

T ypically , an y in teractions dep ending only on the �rst spinor comp onen t are

not � -dep enden t so that � can safely b e ignored. Gauge in teractions ho w ev er

w � �ll dep end on � th us c hanging the constrain t and the ph ysics of the theory .

A t a later p oin t w e will need the L � evy-Leblond Lagrangian for D = 2 + 1.

Using the 


�

con v en tions of eqn (3.3) for this dimension, Lagrangian (3.20) will

b e of the form
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(3.22)

with r

�

= r

1

� r

2

. After partial in tegration the standard Sc hr• odinger La-

grangian is obtained b esides the constrain t (3.21)
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T o conclude, w e ha v e seen in this section that the NR limit of the massiv e K G-

and Dirac equations indeed describ es nonrelativistic ph ysics. Remark ably , this

is for b oth b osonic and fermionic w a v e functions as they b oth will form the

Sc hr• odinger Lagrangian. Let us no w pro ceed to in v estigating the symmetries of

Sc hr• odinger theory and see if this similarit y is carried on further than just this

simple fact.

3.3 The F ree Sc hr• odinger Mo del

While the �nal goal of this c hapter is a sup ersymmetric non-linear Sc hr• odinger

mo del, �rst a free mo del is studied, b ecause the free mo del should ha v e at

least the same symmetry prop erties as, and is easier studied then an in teracting

mo del. After establishing the prop erties of the free mo del, an in teraction can

b e in tro duced whic h has to satisfy all symmetry prop erties on its o wn.

In the follo wing there will b e made no distinction b et w een b osonic and

fermionic w a v efunctions. W e will start with the action and equation of mo-

tion for the free Sc hr• odinger mo del whic h are just equations (3.1) and (3.2)

without the in teraction terms

S =

Z

d t d
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�	 (3.24)
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There are a n um b er of symmetries asso ciated to this mo del. The corresp onding

generators form a represen tation of the Sc hr• odingergroup [14 , 16 , 25 ]. This

group consists of space and time translations, spatial rotations, Galilean b o osts,

dilatations and sp ecial conformal transformations. The last t w o are conformal

transformations, while the �rst ones are Galilei transformations.

3.3.1 Galilei T ransformations

The Galilei transformations act on the co ordinates ( x ; t ) in the follo wing fashion

t

0

= t + b; x

0

= R x + v t + a (3.26)

where a and b are arbitrary translational parameters, v the b o ostv elo cit y and R

an orthogonal matrix. The orthogonal matrix can b e written as an exp onen tial

op erator of the follo wing form [21 , 30 ].
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(3.27)

with !

ab

= � !

ba

. T aking ! the angle of an in�nitesimal rotation ab out the

z-axis, equation (3.27) b ecomes

R =

0

@

1 � ! 0

! 1 0

0 0 1

1

A

The ab o v e symmetries are all restricted b y an imp ortan t condition demanded

b y the fact that w e w an t a ph ysical theory: the norm of the w a v efunction



3.3 The F ree Sc hr• odinger Mo del 35

should b e conserv ed b y all transformations. Otherwise the w a v efunction w ould

not b e susceptible for the statistical in terpretation. F or time translations this

requiremen t is automatically sati�ed o wing to the equations of motion

@

t

j 	 j

2

= 	

�

@

t

	 + @

t

	

�

	 = 0 (3.28)

This condition ma y b e further restricted b y requiring that the �elds only

acquire a phasefactor under a general Galilei transformation, whic h ma y dep end

on the co ordinates though,

	

0

( x

0

; t

0

) = e

if ( x ;t )

	( x ; t ) (3.29)

Requiring b oth 	

0

( x

0

; t

0

) and 	( x ; t ) to b e solutions of the free Sc h• odinger

equation, the explicit form of f ( x ; t ) can easily b e calculated b y plugging in

equation (3.29) in equation (3.25). Up to a constan t term this results in

f ( x ; t ) =

1

2

m v

2

t + m v � R x (3.30)

F rom this w e can see that for space and time translations and for rotations the

�elds only c hange their co ordinate dep endence. Only when a Galilean b o ost is

applied will the phase of the w a v efunction c hange. These transformations de�ne

a ph ysical represen tation of the Galilei group [25 ].

An extra, rather ob vious, transformation can b e added to extend the Galilei

group. This transformation is giv en b y the in v ariance of the Sc hr• odinger �elds

under global U (1) phase transformations, whic h lea v e the spacetime co ordinates

in v arian t and ha v e the form

	

0

( x

0

; t

0

) = 	

0

( x ; t ) = e

i#

	( x ; t ) (3.31)

with # the phase angle.

3.3.2 Conformal T ransformations

Besides the Galilean and phase symmetries it turns out that there are also

conformal symmetries. These are the symmetries that generate scale transfor-

mations and sp ecial conformal transformations.

The dilatation op erator rescales spacetime co ordinates. W riting do wn the

corresp onding co ordinate transformations for the free Sc hr• odinger equation, eqn

(3.25), w e ha v e to b ear in mind that the deriv ativ e terms transform di�eren t

under this transformation, b ecause the time deriv ativ e is a �rst-order deriv ativ e

while the space deriv ativ e is of second order. This is a result of the fact that

w e are considering a nonrelativistic theory where the mass m has b ecome inde-

p enden t of the length o wing to the In• on • u-Wigner con traction. T aking this in to

accoun t, the dilatation co ordinate transformation reads

t

0

= e

2 �

t; x

0

= e

�

x (3.32)

with � some real parameter. F or the Sc hr• odinger action (3.24) to b e in v arian t

under these dilatation transformations, the �elds ha v e to transform with a di-

mension dep enden t phasefactor to comp ensate transformation of the in tegration

v ariables. W e ha v e
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0

( x

0

; t

0

) = e

� � d= 2

	( x ; t ) (3.33)

Finally , the sp ecial conformal transformation is represen ted b y the follo wing

co ordinate- and �eld transformations

x = (1 + ct )

� 1

x ; t = (1 + ct )

� 1

t;

	

0

( x

0

; t

0

) = (1 + ct )

d= 2

e

� m

i

2

c x

2

1+ ct

	( x ; t ) (3.34)

with c some arbitrary real parameter, not to b e confused with the sp eed of ligh t.

This transformation can b e regarded as the only remaining, non trivial confor-

mal transformation when taking the NR limit of the conformal symmetries of

the Klein-Gordon equation [14 ]. F urther, this transformation is a symmetry for

an y in teraction, added to the free Sc hr• odinger Lagrangian, whic h is lo cal and

scale-in v arian t and whic h has no deriv ativ eterms.

Using equation (1.41) the in�nitesimal form of the ab o v e Sc hr• odinger trans-

formations can b e calculated, resulting in

� � = � i#� + b@

t

� + a � r � + v � ( t r � im x ) �

+ !

ij

x

i

r

j

� + �
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2 t@
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+ x � r +

d

2

�

�

+ c

�

� t

2

@

t

� t

�

x � r +

d

2

�

+

i

2

m x

2

�

� (3.35)

where the transformationparameters are as giv en ab o v e.

Using No ethers theorem, eac h of these in�nitesimal transformations will giv e

rise to a No ether c harge. These c harges can then b e used to construct the algebra

corresp onding to the Galilei group. Before calculating these quan tities w e will

ha v e to consider what happ ens when in tro ducing spin in de Sc hr• odinger �eld.

3.3.3 F ermionic Rotation

Un til no w there w as no distinction made b et w een b osons and fermions in the

treatmen t of the Sc hr• odinger Lagrangian. F rom this p oin t, ho w ev er, w e will

mak e this distinction. F or the sak e of clarit y , from no w on there will b e made a

distinction b et w een di�eren t kinds of �elds. F or arbitrary spin �elds w e use 	,

for b osons � and for fermions  .

Although the transformation prop erties under Galilean transformations are

largely the same for b osons and fermions, one exception has to b e made. L � evy-

Leblond sho w ed [25 ] that indep enden t comp onen ts of w a v e-equations with spin

N = 2, whic h are solutions to the Sc hr• odinger equation and th us are a represen-

tation of the Galilei group

1

, satisfy the transformation prop ert y

	

0

( x

0

; t

0

) = e

if ( x ;t )

D

N = 2

( R )	( x ; t ) (3.36)

where D

N = 2

( R ) is an irreducible represen tation of the N + 1-dimensional rotation

group. Because D

N = 2

( R ) is ob viously di�eren t for di�eren t N also the rotational

1

They are in fact irreducible represen tations of the Galilei group [25]
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transformation prop erties di�er for di�eren t v alues of spin. The other Galilean

transformations though and the conformal and phase transformations ha v e no

e�ect on the spin as they do not rotate the w a v efunction.

W e started the deriv ation of the Sc hr• odinger equation for spinors with the

Dirac equation. Therefore if w e w an t to kno w more ab out the rotational prop-

erties of the Sc hr• odinger spinor it is con v enien t to study �rst Loren tz transfor-

mations of the Dirac spinor. These are giv en b y [30 ]

�

1 = 2

= e

�

i

2

!

��

S

��

; S

��

=

i

4

�




�

; 


�

�

(3.37)

where w e are only lo oking for spin-1/2 �elds ( N = 1) and the 


�

are 2

[

D

2

]

� 2

[

D

2

]

(an ti)hermitian matrices, satisfying the Cli�ord algebra

2

. The n um b er of dimen-

sions is denoted b y D . The �eld rede�nition of equation (3.17), that w as imp osed

when taking the nonrelativistic limit, do es not a�ect this transformation, as it

is indep enden t of the 
 -matrices. Therefore the question is what happ ens when

w e tak e the c ! 1 limit. First consider the Loren tz b o ost transformation, giv en

b y

�

1 = 2

=

�

1 �

� 1

�

(3.38)

with � = v =c . F or v << c , � will b ecome equal to the iden tit y . In the language

of equation (3.37) w e ha v e !

0 i

= !

i 0

= �

i

! 0, yielding �

1 = 2

= 1 . But the e�ect

of a Galile an b o ost on a spinor should b e non trivial. This can b e accomplished

b y letting the di�eren t spinor comp onen ts act di�eren t when taking the NR

limit, lik e in the Dirac-P auli realization (3.19).

Next, considering pure spatial rotations, w e will limit ourselv es to three

dimensions b ecause this is the only case w e are really in terested in for this

thesis. W e ha v e for spatial rotations in 3 + 1 dimensions

S
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ij k
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(3.39)

This can b e recognized as the algebra for a rotation in three dimensions, whic h is

exactly what w e need. W e had seen that for a rotation !

ij

= � !

j i

. Com bining

this with equations (3.37) and (3.39) will giv e rise to the follo wing rotation

transformation

D
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( R ) = exp

h

�

i

4

!

ij
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ij k
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i

= exp

h

�

i

2

!

k

�

k

i

(3.40)

the matrix D

1 = 2

( R ) is the nonrelativistic coun terpart of �

1 = 2

. T o obtain the

in�nitesimal transformation of the nonrelativistic spin-1/2 �eld under a rotation

w e use equations (1.41) and (3.36) with f ( x ; t ) = 0 and N = 1, yielding

�  ( x ; t ) �  

0

( x

0

; t

0

) � � x

@  ( x ; t )

@ x

�  ( x ; t )

=

�

!

ij

x

i

r

j

�

i

2

!

k

�

k

�

 ( x ; t )

As exp ected there is an extra spin rotation term when rotating a fermion.

2

See App endix D ab out this algebra.
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When w e to ok the NR-limit of the Dirac �eld in section (3.2) the �eld w as

decomp osed in t w o parts �

1 ; 2

, b oth with half the amoun t of spinor comp onen ts.

W e c hose �

1

to form the Sc hr• odinger �eld, con taining all the ph ysics of the mo del.

In 3 + 1 dimensions this simpli�cation is in fact rather complicated b ecause the

!

k

�

k

will con tain o�-diagonal elemen ts for arbitrary rotations. The case that

is relev an t for us, D = 2 + 1, will yield a simple result b ecause there is only one

spatial rotation p ossible, corresp onding to the use of 


1

= i�

2

and 


2

= � i�

1

.

This giv es

� �

1

( x ; t ) =

�

! "

ij

x

i

r

j

�

i

2

!

�

�

1

( x ; t ) (3.41)

All ab o v e deriv ed in�nitesimal transformations form a closed group of trans-

formations in whic h there are t w o non-comm uting subgroups, the Galilei group

and the conformal group. Th us the free Sc hr• odinger theory is a conformal �eld

theory . And as w e ha v e made no principal dimensional restrictions this is the

case for all dimensions. A t this p oin t w e could b e satis�ed with this exploration

of the symmetries of the Sc hr• odinger mo del. It turns out ho w ev er more sym-

metries can b e found, pro vided that w e extend our mo del to one where there

are b oth b osonic and fermionic degrees of freedom.

3.4 The F ree Sup er-Sc hr• odinger Mo del

The similarities b et w een the in�nitesimal transformations for b oth b osons and

fermions and the equal Lagrangian terms, hin t to the existence of sup ersymme-

try in this theory . In this section this will b e sho wn to b e true. Starting again

in a relativistic theory , the NR limit will b e used to construct a nonrelativistic

theory according to the discussion in section (3.2). This same principle will

then also b e applied to the sup ertransformations whic h will yield the desired

sup ersymmetric Sc hr• odinger theory .

There is an imp ortan t constrain t ho w ev er to the construction of the sup er-

symmetric theory . If w e w an t to construct a Lagrangian using a real m ultiplet,

with a real b osonic �eld and a Ma jorana spinor there is a problem. Sup ersym-

metry transformations are of course obtained b y transforming a �eld to another

�eld in the same m ultiplet whic h can b e done for real m ultiplets. Un til so far

there is no problem. There is a problem ho w ev er if w e w an t to tak e the NR

limit of the Ma jorana spinor. When taking the NR limit of the Dirac Lagrangian

to obtain the L � evy-Leblond equations, it is vital to adopt di�eren t b eha viour

for the t w o spinor comp onen ts. First, b ecause the Dirac-P auli realization, eqn

(3.19), has to b e implemen ted and second b ecause the second spinor comp onen t

has to b eha v e prop ortional to the deriv ativ e of the �rst spinor comp onen t (eqn

(3.15)). But a Ma jorana spinor is de�ned b y the condition

 

M

=  

c

M

= C

�

 

T

M

,  = i


2

 

�

( D = 3 + 1) (3.42)

where C is the c harge conjugation matrix, whic h is i


2




0

in D = 3 + 1 and is

�

2

in D = 2 + 1. Therefore the t w o spinor comp onen ts of the Ma jorana spinor are

related and e�ectiv ely describ e only one degree of freedom. The requiremen ts

for the NR limit of the Dirac Lagrangian are th us in direct con tradiction with

this Ma jorana de�nition. Therefore w e m ust use complex (Dirac) �elds when
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applying this NR limit pro cedure, b ecause that do es con tain t w o degrees of

freedom.

3.4.1 Sup ersymmetry in D = 2 + 1

In the previous c hapter, section 2.2.1, the W ess-Zumino mo del and its most

general in teraction w as giv en with the corresp onding sup ertransformations. W e

will use the free part and c ho ose an in teraction suc h that a massiv e relativis-

tic and sup ersymmetric theory is obtained. This theory will then b e used to

construct a nonrelativistic theory according to the pro cedure of taking the NR

limit. This theory will b e build in 2 + 1 dimensions as this is the one w e will

consider in the subsequen t c hapter. T o build a useful p oten tial w e start with,

eqn (2.15),

L

int

=

�

�

1

2

W

ij

 

i

 

j

+ W

i

F

i

�

+

�

�

1

2

�

W

ij

�

 

i

�

 

j

+

�

W

i

�

F

i
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(3.43)

No w, w e w an t to build a theory of the form of the K G and Dirac Lagrangians

of resp ectiv ely eqn's (3.5) and (3.16), whic h ha v e b oth complex �elds. T o get

the required mass terms w e will tak e the sup erp oten tial W of equation (2.17)

with y

ij k

= 0 and M

ij

= mc�

ij

, some real diagonal mass matrix. This c hoice

implies that W

ij

=

�

W

ij

= mc�

ij

.

Applying this p oten tial directly will giv e zero mass fermions o wing to the

diagonal mass matrix. Therefore, the fermionic terms of the W ess-Zumino p o-

ten tial m ust b e altered. First de�ne t w o one-comp onen t spinors, and their

complex conjugates, as � and � . Second, rewrite the index con tractions. This

yields the follo wing p oten tial for the Lagrangian
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  + mc ( �F +
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F ) (3.44)

where the relation of eqn (A.8), app endix A, w as used to de�ne the Dirac spinor

 , whic h consists of the t w o c hiral spinors. Adding this sp eci�c in teraction to

the free part w e end up with the follo wing massiv e Lagrangian
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d t d
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The sup ertransformations under whic h the c hiral Lagrangian is in v arian t w ere

deriv ed in c hapter 2 but the ones for this Lagrangian are sligh tly di�eren t b e-

cause the �elds are not c hiral. They can b e calculated to b e
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with � is some Ma jorana grassmann parameter. No w, the auxiliary �eld F can

b e eliminated b y using it's equation of motion F = mc

�

� , c hanging the action

and transformations in to
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This action is just the sum of the massiv e K G and Dirac Lagrangians whic h

w e encoun tered in section (3.2). F ollo wing the argumen tation of this section, it

is straigh tforw ard to obtain the free Sc hr• odinger theory for b oth fermions and

b osons, b y taking the NR limit. It has to b e in v estigated ho w ev er, whether or

not this limit preserv es the sup ersymmetry whic h is manifestly presen t in the

relativistic theory . If there is a sup ersymmetry in the Sc hr• odinger mo del w e

exp ect the b osons and fermions to ha v e similar transformations as b oth ha v e

the same terms in the Lagrangian. It will turn out this is indeed the case.

W e start with the ab o v e deriv ed sup ertransformations, equation (3.48). In

order to obtian nonrelativistic transformations the same pro cedure is used for

the �elds � and  as in section (3.2), where b oth �elds w ere rede�ned and the

fermion �eld w as c hosen in the Dirac-P auli realization. Note that the transfor-

mation �  has the same structure as the Dirac equation, so it will b e p ossible

to tak e a NR limit. F urther note that � � has no deriv ativ es so the NR limit is

trivially tak en.

In section (3.2) w e sa w the second spinor comp onen t dep end on the deriv ativ e

of the �rst comp onen t, whic h w as represen ted b y the constrain t � of equation

(3.23). No w, taking the NR limit of equations (3.48) will result in t w o sets of

transformations that re
ect this same spinor comp onen t structure

�

1

� =

p

2 m �

�

1

 �

1

 = �

p

2 m �

1

� (3.49)
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These are the �rst and next-to-leading order terms in the NR limit. Here w e

ha v e omitted factors of

p

c and 1 =

p

c for the �rst and second transformations

resp ectiv ely , b ecause these transform as the ab o v e and lo w er comp onen t of a

spinor, eqn (3.15), whic h w as c hosen in the Dirac-P auli realization.

The transformations are indeed sup ertransformations for the massiv e sup er-

symmetric Sc hr• odinger mo del, and as exp ected, the transformations are m uc h

alik e. Ev en b etter: there are in fact t w o sup ersymmetric transformations corre-

sp onding to four sup erc harges. This is what w e could ha v e exp ected as w e are

w orking with a complex sup er�eld whic h represen ts t w o real �elds so that there

could also b e t w o sup ertransformations

T o recapitulate, un til no w w e ha v e deriv ed a sup ersymmetric free Sc hr• odinger

Lagrangian that is in v arian t under the conformal Galilei group and the sup er-

transformations of eqn's (3.49) and (3.50). The Lagrangian is giv en b y
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d t d
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No w that al symmetries of this mo del are in v estigated, w e can pro ceed to the

structure underlying these.
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3.5 No ether Charges and Lie-Algebra

As all the in�nitesimal transformations, corresp onding to symmetries, ha v e b een

deriv ed for the free sup er-Sc hr• odinger theory , the corresp onding the No ether

c harges can b e deriv ed in accordance with the considerations of c hapter 1. After

that, the Lie-algebra connecting these c harges can b e deriv ed. Using No ethers

theorem in com bination with the deriv ed in�nitesimal transformations (3.35,

3.41, 3.49, 3.50), the follo wing c harges are obtained in 2 + 1 dimensions
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with N the n um b er op erator, H the Hamiltonian, P the momen tum, G the

galilean b o ost op erator, M the angular momen tum op erator, D the dilatations

op erator, K the sp ecial conformal op erator and Q

1

the kinematical and Q

2

the

dynamical sup ersymmetry op erator. These c harges are asso ciated to the phase,

time, space, galilean, rotational, scaling and sp ecial conformal transformations

and to the �rst (3.49) and second (3.50) sup ertranslations resp ectiv ely . A t

this p oin t, it should b e rem b ered that sup ersymmetric transformations are not

induced just b y Q , but b y �� Q +

�

Q � . This mak es sense as this com bination is

real but Q is not. This is also seen in the follo wing consideration.

Consistency requires that taking the P oisson brac k et, eqn (1.27), of a �eld

with one of the ab o v e No ether c harges will giv e the in�nitesimal transformation

generated b y this c harge �

Q

	, for some No etherc harge Q and some �eld 	 as w as

seen in eqn (1.14). There is ho w ev er a subtlet y when considering the fermionic

c harge, in comparison with the b osonic c harges. As the b osonic c harges are real

the follo wing is true
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whic h implies that when applying a b osonic c harge to transform a Lagrangian,

all �elds are transformed b y this single c harge. No w the fermionic c harge is
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complexv alued, so Q
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. Indeed the set of P oisson brac k ets for Q
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this fact
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Th us w e see that applying Q to a Lagrangian will not b e enough to induce

a sup ersymmetric transformation. F or this the ab o v e men tioned com bination,

��Q +

�

Q � , is needed.

Ha ving deriv ed the P oisson brac k ets of the c harges with the �elds, these can

b e used to calculate the P oisson brac k ets of c harges, as describ ed in equation

(1.12), in order to ease the calculations of the algebra satis�ed b y the c harges.

This results in a closed sup er-Sc hr• odinger algebra with three subgroups: the

extended Galilei group, the conformal group and the sup ersymmetry group.

The c harges giv en in equations (3.52) - (3.56), form a represen tation of the

extended Galilei group
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(3.63)
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= P

i

�

P

i

; G

j

	

= �

ij

mN

This represen tation is extended as there is a cen tral c harge, N . The cen tral

c harge app ears here also non trivially in the algebra, as a result of the brac k et of

P and G . This is a rather surprising result as the P oincar � e algebra could only

con tain cen tral c harges in a trivial fashion. This non trivial app earance of the

cen tral c harge is related to the non trivial NR limit that w e ha v e tak en to obtain

the Sc hr• odinger theory [2].

The conformal subgroup of the sup er-Sc hr• odinger algebra is spanned b y H ,

D and K . They satisfy the algebra of the conformal SO(2,1) group

�

D ; H

	

= � 2 H

�

D ; K

	

= 2 K (3.64)

�

H ; K

	

= � D

Beside calculating explicitely , the same argumen tation as ab o v e can b e used

to argumen t that the n um b er op erator is also cen tral for D and K . The P oisson

brac k ets with the other Galilean c harges are

�
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K ; G
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=
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D ; G

i

	

= G

i

(3.65)

When w e w ould only consider a b osonic (fermionic) Sc hr• odinger Lagrangian

w e w ould just ha v e to put all the fermionic (b osonic) terms equal to zero in

the c harges giv en in equations (3.52) - (3.59), in whic h case the ab o v e algebraic

relations w ould b e for the b osonic (fermionic) theories describ ed in section (3.3).
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The third subgroup is that of the sup erc harges. These c harges act as the

square ro ots of some Galilean c harges. They satisfy the follo wing sup ersymme-

try algebra

�

Q
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�

Q
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= 0
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Q

1

; Q

�

1

	

= � 2 imN

�

Q

2

; Q

�

2

	

= � iH (3.66)

The nonzero algebra in v olving a Q

1

-c harge are kno wn in the literature as

the kinematical sup ersymmetry algebra while the algebra in v olving Q

2

and Q

�

2

is kno wn as the dynamical sup ersymmetry algebra [27 , 28 ]. Note that N is

indeed the cen tral c harge of the sup erc harges, although N

F

and N

B

are not

cen tral. This mak es sense though, b ecause the sup ergenerators rotate a b osonic

(fermionic) state in to a fermionic (b osonic) state, th us reducing the n um b er

of b osons (fermions) and increasing the n um b er of fermions (b osons) b y one.

But then the total n um b er of particles, N , is main tained at the same lev el. In

app endix C the kinematical sup ersymmetry is in v estigated from the p ersp ectiv e

of co ordinate transformations rather then the p ersp ectiv e of No ether c harges.

Extending the Galilean algebra with the sup erc harges yields the follo wing

algebra

� �
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= � iQ
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In c hapter 2 some remarks w ere made concerning conformal sup ersymmetry .

Esp escially it w as men tioned that there will b e a c harge that acts as the square-

ro ot of the sp ecial conformal op erator. Indeed this will happ en, also for this

sup er-Sc hr• odinger theory . The algebra of the sup erc harges with the conformal

generators will yield a new, conformal sup erc harge, F . The app earance of Q

2

pla ys a vital role in this as w e can see in the follo wing algebra

�
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= 0 (3.68)

�

D ; Q

2

	

=

1

2

Q

2

�

K ; Q

2

	

= � iF

where F and it's corresp onding in�nitesimal transformations can b e calculated

to b e
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In order to close the sup erconfomal algebra, w e need to calculate the P oisson

brac k ets of F with all the other c harges. This results in
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F rom this can b e seen that F indeed acts as the square ro ot of the conformal

c harge K . F urther lik e the other ones, also this sup erc harge, F , has N as a

cen tral c harge although N

B

and N

F

are not cen tral. This is in con tradiction

with what is the case for relativistic theories as it w as men tioned in c hapter 2

that relativistic sup erconformal theories cannot ha v e cen tral c harges.

T o summarize, w e ha v e calculated the algebra for the sup ersymmetric free

Sc hr• odinger theory in 2 + 1 dimensions. W e ended up with 16 generators

H ; P ; G ; M ; D ; K ; Q

1 ; 2

; Q

�

1 ; 2

; F ; F

�

; N

F

; N

B

that generate the extended sup er-

conformal Galilean algebra.

3.5.1 Time Dep endence

In v estigating the algebra more thoroughly there are some parado xes. W e ha v e

calculated all conserv ed c harges, whic h implies that they do not c hange in time.

So naiv ely one exp ects these c harges to all comm ute with the Hamiltonian.

Ho w ev er, in the b eginning of section 1.3 it as already men tioned that this is

allo w ed as long as the total time dep endence of the No ether c harge is zero. And

indeed this turns out to b e the case for al the c harges that do not comm ute

with the Hamiltonian. These are G , D and K . The explicit time dep endence of

these c harges can b e used to de�ne the follo wing momen ta [21 ] whic h represen t

the dynamics of the free Sc hr• odinger theory
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H � tD � K (3.73)
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r 	 = D � 2 tH

F or some condensate 	, I

1

is square of the width of the w a v epac k et, while I

2

is related to the rate of gro wth of the condensate [11]. No w, all the in v olv ed

c harges in equation (3.73) are constan ts of motion so the time dep endence of

the momen ta is explicit. This yields the equations

d I

dt

= � P

dI

1

dt

= � I

2

dI

2

dt

= � 2 H (3.74)



3.6 Non-Linear In teractions 45

whic h can b e related to P oisson brac k ets, using Hamiltons equation of motion,

yielding

�

I ; H

	

= � P

�

I

1

; H

	

= � I

2

�

I

2

; H

	

= � 2 H (3.75)

F rom this w e can conclude that an y time indep enden t solution to the free

theory w ould ha v e zero momen tum and energy ( I

2

= 0 ) H = 0). These solu-

tions ho w ev er are constan ts and are th us not normalizable and do not represen t

an y ph ysical state. The in tro duction of a p oten tial or some in teraction ma y

alter this picture rendering non trivial zero energy solutions to the corresp ond-

ing theory . The Jac kiw-Pi mo del, a 	

4

-Sc hr• odinger mo del with Chern-Simons

gauge �eld in teractions, exhibits this non trivial solutions for sp eci�c v alues of

the coupling constan ts [21 , 20 ].

In this section, w e ha v e seen that the free sup ersymmetric Sc hr• odinger the-

ory is a conformal �eld theory . The follo wing question w ould b e if there are an y

in teractions that preserv e all the symmetries. W e are then particularly in ter-

ested in the preserv ation of the conformal and sup ersymmetries. All the ab o v e

symmetries are indeed conserv ed in sup ersymmetric Chern-Simons theory [23 ].

W e will not b e in terested, ho w ev er, in gauge in teractions. The primary goal is

to �nd a non-linear fourth-order in teraction to do the job.

3.6 Non-Linear In teractions

In this section w e will searc h for p oten tial terms whic h could b e added to the

free sup er-Sc hr• odinger mo del without breaking an y of the symmetries of section

(3.4). F or clarit y w e will �rst consider the free Sc hr• odinger mo del without

sup ersymmetry . The considered p oten tial m ust b e equally v alid for b oth b osonic

and fermionic �elds. Recalling the discussion ab out p oten tials for Sc hr• odinger

spinors on page 33, w e can in tro duce an y p oten tial term as long as it dep ends

only on the spinor that app ears in the free Sc hr• odinger part. One m ust b e

carefull with in teractions that alter the constrain t of eqn (3.21) as this could

in tro duce new ph ysics.

Using the symmetries of section 3.3, a set of constrain ts can b e determined

to restrict the form of the p oten tial. The demand for rigid U(1) phase symmetry

for instance, restricts the terms in the p oten tial to ha v e an equal n um b er of 	's

and 	

�

's. In addition to these symmetry prop erties w e w an t the p oten tial to

b e a p olynomial in order to b e able to use p ertubation theory when quan tizing

the theory . The distinct in teractions will then b e of the form

S

int

= �

g

2

n

Z

dtd

d

x

�

	

�

	

�

n

(3.76)

The demand for conformal symmetries will constrain the p oten tial in a more

rigorous w a y . First w e observ e that the W eyl w eigh ts of the time and space

co ordinates are resp ectiv ely t w o and one and, examining the free Sc hr• odinger

Lagrangian, eqn 3.24, more closely , that of the �elds 	 are d= 2 [21]. F or the

in teraction S

int

to exhibit dilatation symmetries, the coupling constan t has to

b e dimensionless. But this will only b e true when, requiring the action to b e

dimensionless, the dimension of the in tegration v ariables is cancelled b y the

dimension of the �elds
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2 + d = nd (3.77)

F or D = 1 this is the case when n = 3 and when D = 2 there is conformal

in v ariance for n = 2. All other cases require nonin teger v alues of n . As there

is only one v alue of n where the in teraction is scale-in v arian t, the n um b er of

p ossible in teraction terms that can b e added is constrained to b e one

3

.

In section 3.3 the requiremen t of the in v ariance of j 	 j

2

w as used to deriv e

the Galilean transformations. Consequen tly an y p o w er of j 	 j

2

is in v arian t onder

galilei transformations. Th us the generators ( N ; P ; G ; M ) will not c hange under

the addition of eqn (3.76) to the free Sc hr• odinger mo del, eqn (3.24). The Hamil-

tonian and scale and sp ecial conformal transformation, ho w ev er, are c hanged in

the follo wing fashion
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I

� tD

I

� I

1

The in�nitesimal transformation corresp onding to D

I

and K

I

is the same

as for the free theory c harges. T o see ho w the in teraction c hanges the time

dep endence (and P oisson brac k ets) of the momen ta de�ned in section 3.5.1,

�rst w e observ e that I and I

1

ha v e zero P oisson brac k ets with the in teraction,

S

int

, as b oth dep end on j 	 j

2

. But I

2

has a deriv ativ e so the P oisson brac k et

with the in teraction will not b e zero. Calculating this, w e end up with the

follo wing relations
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Again using Hamiltons equation of motion the time dep endence of the mo-

men ta can b e deriv ed. When satisfying the condition of equation (3.77) these

lo ok similar to equations (3.74), only with H replaced b y H

I

. Again the only

static solutions to this theory (with g

2

> 0) are those with zero momen tum and

energy . There is only one of these namely the one where 	 = 0.

As an extra feature, the ab o v e equations (3.78) and (3.79) can b e used to

obtain expressions for the time dep endence of D and K

dK

dt

= � t

dD

dt

dD

dt

=

2 + d � nd

n

Z

d

d

x g

2

j 	 j

2 n

(3.80)

No w w e can see formally what w as already argued for dilatations, that b oth

D �and K are conserv ed c harges when satisfying equation (3.77). W e are then

3

One could also try to consider in teractions con taining deriv ativ es. But requiring these

to b e conformally in v arian t, b y coun ting the W eyl w eigh ts, and requiring these to b e only of

in teger p o w ers, it turns out there are t w o p ossibilies. One could ha v e one or t w o deriv ativ es.

F or the �rst one to b e in v arian t under general Galilei transformations, eqn (3.29), it m ust

b e a total deriv ativ e and the second one is in fact the free Hamiltonian. Therefore only

nonderiv ativ e in teractions ha v e to b e considered.
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dealing with the full set of c harges, Galilean, Phase and Conformal, when con-

sidering this theory . Finally , note that no restrictions ha v e b een made with

resp ect to the spin of the particle. So for b oth scalars and spin-1/2 particles

the fourth order in teraction will b e an in v arian t quan tit y under all symmetries.

3.6.1 Sup ersymmetric In teraction

Ha ving found a suitable in teraction p oten tial for the Sc hr• odinger theory w e w an t

to see if it is p ossible to extend this to a sup ersymmetric in teraction. There

is a fairly easy w a y to �nd the correct sup ersymmetric p oten tial. W e b egin

calculating the v ariation of the b osonic j � j

2 n

and the fermionic j  j

2 n

p oten tials

under the �rst in�nitesimal sup ertransformations giv en b y equation (3.49). In

the follo wing step another in teraction term has to b e found whic h cancels the

obtained v ariations. T ypically , the v ariation of an in teraction of the form j � j

2 n

is giv en b y
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2 n

�

=

p
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(3.81)

This v ariation can b e cancelled b y the v ariation to j  j

2

of a newly in tro duced

term j � j

2( n � 1)

j  j

2

. The v ariation to j � j

2( n � 1)

of this new in teraction has no w

to b e cancelled b y y et another new in teraction term. This pro cedure can b e

iterated un til an in teraction of the form j � j

2

j  j

2

has to b e in tro duced. No w the

same pro cedure has to b e applied to the p oten tial term j  j

2 n

. Due to the fact

that �

1

( j � j

2

) = � �

1

( j  j

2

), this results in the same in teraction j � j

2

j  j

2

but with

opp osite sign. Adding ev erything then yields zero. Ob viously , this pro cedure

restrains the in teraction terms to b e in teger p o w ers of  and � . F or n > 2 the

follo wing p oten tial is in v arian t under the �rst sup ersymmetry , eqn (3.49),
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(3.82)

This is not the correct in teraction Lagrangian for n = 2 b ecause in that

case there is only one v alue, k = 1, whic h giv es ho w ev er t w o times the same

crossterm. The correct in teraction for n = 2 is therefore

S
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2
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Z

d t d

d
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(3.83)

No w w e w an t to kno w what symmetries are main tained in these crossterm-

lik e in teractions. Of course there are Galilean and phase symmetries as the

in teraction only dep ends on the densit y of the �elds j 	 j

2

. But what ab out the

conformal symmetries?

Let us again consider the di�eren t momen ta of last section, but no w with

the c harges lik e in equations (3.52) - (3.58), with b oth b osonic and fermionic

�elds, and with some in teracting Hamiltonian H

S

. As b efore, the conformal

c harges are also c hanged o wing to the in tro duction of the sup erin teraction, D

to D

S

and K to K

S

, in a similar w a y as in equation (3.78). W e ha v e
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Lik e ab o v e, the P oisson brac k ets of these momen ta with the Hamiltonian will

yield imp ortan t information ab out the time ev olution of the conformal c harges.

No w w e kno w what the algebraic relations of the free part of the Hamiltonian

with the momen ta are. Therefore w e ha v e to consider if the in teraction p oten tial

of the Hamiltonian, H

S

, will alter the P oisson brac k ets. W e tak e the general

p oten tial of eqns (3.82) or (3.83). First, w e can immediately observ e that these

in teraction p oten tials will ha v e zero P oisson brac k ets with I

S

and I

S

1

, as b oth

dep end on the densities j  j

2

and j � j

2

. If they ha v e zero brac k ets with I

S

2

is

somewhat less ob vious. The di�eren t terms of the in teractions will ha v e zero

P oisson brac k ets with eac h other whic h will enable us to consider all of them

separately . W e ma y tak e a general mixed t yp e in teractions and examine what

are te conditions for this to b e conformally in v arian t. De�ne a mixed in teraction

S
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d

x j  j

2 �

j � j

2 �

(3.85)

so that the Hamiltonian is giv en b y

H
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(3.86)

W riting the conformal c harges and momen ta in terms of this Hamiltonian tak-

ing the time deriv ativ es and calculating the P oison brac k ets using Hamiltons

equation of motion, all in accordance with the pro cedure of section 3.5.1, this

results in a rather ob vious generalisation of eqn's (3.79)
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When 2 + d � d ( � + � ) = 0 the ab o v e equations are just a generalisation of the

equations with the free Hamiltonian, equations (3.74). No w the time dep endence

of the conformal c harges can b e calculated yielding again a generalisation, no w

of eqn's (3.80)
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(3.88)

No w w e can clearly see that the D = 2 + 1 theory exhibits conformal symme-

tries for three di�eren t p oten tialin teractions, namely those for whic h � + � = 2

with �; � > 0. The three solutions ob viously are ( �; � ) = (0 ; 2); (1 ; 1); (2 ; 0).

These terms are exactly the terms in the n = 2 sup erp oten tial of equation
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(3.83), so this p oten tial exhibits conformal symmetries. F or higher v alues of d

� and � ha v e to ha v e nonin teger v alues, th us breaking the sup ersymmetry .

Un til no w all but t w o of the symmetries of section (3.4) w ere considered.

W e still ha v e to c hec k if the second sup ersymmetry transformations of equation

(3.50) are preserv ed in this t yp e of p oten tial and consequen tly , if the conformal

sup erc harge F is a conserv ed quan tit y . Due to the deriv ativ e in Q

2

, there arises

a fundamen tal asymmetry in the p oten tial term when � + � > 1 so that this

symmetry is brok en in that case. Therefore only kw adratic terms for  and �

exhibit this sup ersymmetry . Also the conformal sup erc harge is brok en under

these conditions as this c harge dep ended crucially on the second sup erc harge.

3.7 Conclusions

In this c hapter the sup ersymmetric Sc hr• odinger Lagrangian w as in v estigated.

W e started with deriving the free Sc hr• odinger Lagrangian from the massiv e

Klein-Gordon and Dirac Lagrangians b y taking the NR limit, th us describing

b oth spin 1/2 paricles and spin-0 particles with the same equations of motion.

F or b oth systems the symmetries w ere deriv ed. These turned out to b e Galilean

symmetries (time- and space translation, rotation and Galilean b o osts) and

conformal symmetries (dilatation and sp ecial conformal transformations). The

similarit y of b oth systems made it p ossible to in tro duce sup ersymmetry . A total

of three sup erc harges w ere deriv ed (kinematical, dynamical and sup erconformal

generators). Also the complete, closed algebra for these c harges w as deriv ed.

When in tro ducing in teractions the dynamical and sup erconformal sup ersym-

metries w ere brok en, lea ving only one sup erc harge. W e ended with a sup ersym-

metric non-linear Sc hr• odinger mo del describ ed b y the follo wing Lagrangian

S =

Z

d t d
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t

 +

1

2 m
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�  + i�
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� +
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(3.89)

Whic h implies the follo wing equations of motion for  and �

@

t

 +

1

2 m

�  = g

2

�

j  j

2

+ j � j

2

�

 (3.90)
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t

� +

1

2 m

� � = g

2

�

j  j

2

+ j � j

2

�

� (3.91)

This Lagrangian turned out to b e in v arian t under t w elv e kinds of transforma-

tions, represen ted b y the generators H ; P ; G ; M ; D ; K ; Q

1

; Q

�

1

; N

F

; N

B

as giv en

b y equations (3.52) to (3.59), for d = 2. Notable is that the Galilean and con-

formal sup eralgebra con tain a cen tral c harge in a non trivial fashion ev en though

this ma y not happ en for relativistic theories.

No w that the classical theory is describ ed w e ma y w onder what happ ens if

it is turned in to a quan tum theory . Will all symmetries b e retained or will there

b e anomalous ones, i.e. will symmetries b e brok en o wing to the quan tization

pro cedure. The follo wing c hapter is dedicated to �nding the answ er to this

question. It will turn out that the conformal symmetries are anomalous.



Chapter 4

Quan tization of

Sup er-Sc hr• odinger Theory

4.1 In tro duction

The main purp ose of this c hapter is to quan tize the �eld theory that w as build in

the preceding c hapter. No w, normally the description of nonrelativistic ph ysics

go es in terms of single particles, but when going to relativistic energies, this

description is not su�cien t an ymore and one has to resort to descriptions in

terms of �elds. The reason for this is that at a certain p oin t the particle n um b er

is not conserv ed an ymore o wing to the p ossibilit y to create virtual particle an ti-

particle pairs o v er a short enough p erio d of time, � t � �h = � E . Field theory

turns out to b e the only framew ork to describ e this kind of ph ysics.

Also from the p oin t of causalit y a single-particle high energy theory is not

su�cien t [30 ]. Consider for example the propagation amplitude for a nonrela-

tivistic particle with energy E = p

2

= 2 m

h x j e

� i

p

2

2 m

t

j x

0

i =

Z

d

3

p

(2 � )

3

e

� i

p

2

2 m

t

e

i p � ( x � x

0

)

=

�

m

2 � it

�

3 = 2

e

im ( x � x

0

)

2

= 2 t

(4.1)

This expression implies that a particle can propagate to an y p oin t in space in

arbitrary short time, whic h is a violation of causalit y in relativistic ph ysics. This

problem is solv ed b y the in tro duction of an ti-particles that cancel an y amplitude

violating causalit y . These an ti-particles corresp ond to negativ e energy mo des,

whic h ma y exist in relativistic ph ysics, but not in nonrelativistic ph ysics, b ecause

then the energy w ould b e un b ound.

The question is no w wh y w e w an t to describ e nonrelativistic quan tum ph ysics

using quan tum �eld theory (QFT) if particle n um b er is conserv ed and causalit y

is violated. Apparen tly , QFT is particularly suitable for high energy ph ysics

but not for lo w energy ph ysics. The main reason to still use QFT is that �eld

theories describ e systems with in�nite degrees of freedom, whic h is particularly

in teresting for m ultiparticle systems, ev en at lo w energies. Ev en b etter, QFT

pro vides a framew ork to quan tize these lo w energy m ultiparticle systems. The

absence of an ti-particles and the conserv ation of particle n um b er will ev en in-

tro duce a n um b er of simpli�cations greatly easing the calculations.
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One of the di�culties of QFT, when dealing with an in teracting theory , is

that the ground state is not kno wn. But if the ground state is not kno wn w e

do not kno w ho w a quan tum op erator � ( x ) will act on this state. Di�eren t

ph ysicists ha v e found w a ys to form ulate quan tum �eld theories. F eynman, for

instance, dev elop ed the functional in tegration approac h, whic h, b y the w a y , will

not b e treated in this thesis. W e will treat the approac h �rst dev elop ed b y

Dyson. He describ ed quan tum �eld theory using op erator language in p ertur-

bativ e expansions. This is ho w ev er only p ossible if the in teractions of the theory

ha v e small coupling constan ts. F or large couplings the p erturbativ e approac h

breaks do wn so that other w a ys ha v e to b e found to quan tize �eld theories. In

general the problems that arise are v ery hard to solv e when p erturbation theory

is excluded.

The sup er-Sc hr• odinger theory that w as dev elop ed in the previous c hapter

w as describ ed b y the Lagrangian

S =

Z

d t d
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(4.2)

This is of course a classical theory but w e are in terested in what happ ens when

it is quan tized. It v ery w ell migh t happ en that symmetries on a classical lev el

break do wn up on quan tization. So will that happ en for this theory? It will turn

out that the conformal symmetries do break up on quan tization, while the other

ones remain to b e symmetries.

This c hapter b egins with a general treatmen t of Quan tum Field Theory in

section 4.2, whic h includes correlation functions, Wic k's Theorem, F eynman

diagrams, F eynman rules and the S-matrix. Already during this treatmen t

some of the concepts will b e applied to the theory of eqn (4.2). Sometimes

comparisons will b e made with the (relativistic) Klein-Gordon theory , in order

to sp ecify some di�erences b et w een relativistic and nonrelativistic ph ysics. In

section 4.3 w e will apply the diagram tec hnique to the sup er-Sc hr• odinger theory .

First the diagrams will b e treated qualitativ ely after whic h the calculations will

b e p erformed. In the last section, (4.4), the renormalization of the theory , whic h

is basically the rescaling of coupling constan ts, will b e describ ed. This section

b egins with an in tro duction to renormalization after whic h it is applied to our

theory . Here the breaking of the conformal symmetries will b e sho wn.

4.2 Quan tum Field Theory

First, some general in tro duction will b e giv en in the main concepts of quan tum

�eld theory , where the p erturbational approac h will b e used and not the func-

tional approac h. The concepts will b e applied to b oth the free Klein-Gordon

�eld and the free Sc hr• odinger �eld to allo w for comparison b et w een them. This

will con�rm some of the di�erences b et w een relativistic and nonrelativistic �eld

theory as w as men tioned in the in tro duction. As a lot of this section is based

on [21 , 30 ] these references are men tioned at this p oin t and not in the follo wing.

The quan tization of a theory consists of replacing all P oisson brac k et b y

(an ti)comm utator brac k ets, dep ending on the con ten t of b oth c harges. If b oth
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c harges are fermionic an ticomm utators are used, otherwise comm utators are

used. This implies for instance that Hamiltons equation of motion, eqn (1.9), is

replaced b y Heisen b erg's equation of motion

d

^

Q

dt

= @

t

^

Q + i

�

^

H ;

^

Q

�

(4.3)

Besides this c hange of brac k ets, the �elds 	 (	

�

) are replaced b y op erators

^

	

(

^

	

y

), where from no w one the hats will b e omitted. In particular, b osonic �elds

� no w satisfy comm utation relations

�

� ( x ) ; �

y

( y )

�

= � ( x � y ) (4.4)

where the y denotes hermitian conjugation, while fermionic �elds satisfy an ti-

comm utation relations

�

 

�

( x ) ;  

y

�

( y )

	

= � ( x � y ) �

��

(4.5)

These �elds can no w b e seen as creation and annihilation op erators, acting on

states in F o c k space. F or relativistic complex �elds, � annihilates particles and

creates an ti-particles, while �

y

creates particles and annihilates an ti-particles.

Similar in terpretations are used for  and  

y

.

In due course w e will need some explicit solutions to the Klein-Gordon and

Sc hr• odinger equations. The �rst one is giv en b y

� ( x ) =

Z

d

3

p

(2 � )

3

1

p

2 !

p

�
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p

e

i p � x
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p

e

� i p � x
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(4.6)

with a

y

p

a creation- and a

p

an annihilation op erator. These op erators act on

the v acuum state, j 0 i , lik e

a

p

j 0 i = 0 a

y

p

j 0 i = j p i (4.7)

where j p i is some state with momen tum p . The solution to the Sc hr• odinger

equation, for b oth b osons and fermions, is giv en b y

	( x ; t ) =

1

(2 � )

d

Z

d

d

k a ( k ) e

i k � x � i ( k

2

= 2 m ) t

(4.8)

Note that the momen tum space op erator of the Sc hr• odinger �eld, a ( k ), is not

the same as the one from the Klein-Gordon �eld, a

p

.

4.2.1 Time-Ordering and Propagators

T o handle a pro duct of �elds it is required to b e extra careful as w e ha v e to

mak e sure that there is no violation of causalit y . If an (an ti-)particle is created

at some time x

0

it ma y only b e annihilated at some time time y

0

> x

0

, otherwise

there is suc h a violation. Therefore the time-ordering sym b ol T f� � � g is de�ned

to preserv e causalit y . It is giv en b y

T f � ( x ) � ( y ) g �

�

� ( x ) � ( y ) for x

0

> y

0

� ( y ) � ( x ) for y

0

> x

0
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Let's sa y that � ( x ) is the solution to the Klein-Gordon equation, giv en b y eqn

(4.6), then the exp ectation v alue of the time-ordering of t w o �elds turns out to

b e the Green function of this same equation, whic h is denoted b y D

F

( x � y ).

The F denotes the use of the F eynman prescription whic h corresp onds to the

insertion of an i� in the Green function. The explicit expression of this quan tit y

can b e calcutated, yielding

D

F

( x � y ) =

Z

d

4

p

(2 � )

4

i

p

2

� m

2

+ i�

e

� ip � ( x � y )

(4.9)

This function has p oles at p

0

= � ( E

p

� i� ), so that the negativ e (p ositiv e) p ole

is in the upp er (lo w er) half of the complex plane, corresp onding to the negativ e

(p ositiv e) energy mo de. Therefore, if x

0

> y

0

the p

0

in tegral can b e p erformed

b y closing the con tour in the lo w er half and if x

0

< y

0

it can b e p erformed

b y closing the con tour in the upp er half of the complex plane. De�ning the

propagation function

D ( x � y ) � h 0 j � ( x ) � ( y ) j 0 i =

Z

d

3

p

(2 � )

3

1

2 E

p

e

� ip � ( x � y )

(4.10)

it is p ossible to relate D

F

( x � y ) to the time-ordering of the �elds. W e ha v e

D

F

( x � y ) =

�

D ( x � y ) x

0

> y

0

D ( y � x ) y

0

> x

0

�

= h 0 j T f � ( x ) � ( y ) g j 0 i (4.11)

Th us, o wing to the F eynman prescription w e w ere able to separate the t w o

distinct causal cases in t w o p ossible propagation functions. But what is the

ph ysical meaning of these t w o p oles in the Green function? The p ositiv e (neg-

ativ e) energy p ole implies the propagation of a particle from x to y ( y to x ).

Because there is no a priori reason to close the con tour only in one direction,

b oth m ust alw a ys b e true. Of course a negativ e energy particle is not ph ysical.

But if w e in terpret this as an absen t negativ e energy particle going bac k in time

(a hole according to Dirac's hole theory) then this is equiv alen t to a p ositiv e en-

ergy state going forw ard in time, whic h is called an ti-particle. The an ti-particle

therefore mak es it p ossible to ha v e in teractions going `bac k' in time. As an ex-

ample, if w e tak e x

0

> y

0

, then D ( x � y ) in eqn (4.11) corresp onds to a particle,

while D ( y � x ) corresp onds to an an ti-particle, b oth propagating from x to y .

In case of the real K G �eld particle and an ti-particle are iden ti�ed. F or complex

K G �elds b oth are distinct and carry opp osite c harge.

No w let's pro ceed to the treatmen t of the time-ordering of Sc hr• odinger �elds,

whic h w ere giv en b y eqn (4.8). Also the Green function of the Sc hr• odinger

equation, can b e asso ciated to the exp ectation v alue of the time-ordering of t w o

�elds. Doing the calulation explicitely , w e ha v e

1

1

A comparable calculation can b e used to calculate the Klein-Gordon Green function.
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In the second line � ( x

0

� y

0

) is the step function and in the fourth line eqn (4.4)

w as used. The Sc hr• odinger Green function can no w easily b e calculated using

the fourier transformation of D

S

( x � y ). W e get
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with in the last line the fourier transform of the delta function. Com bining this

with eqn (4.12) and using a construction lik e w as used in eqn's (4.10) and (4.11),

yields the desired relation
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where dk stands for dk

0

d

d

k and the i� is included to shift the p ole to the lo w er

half of the complex plane. The most imp ortan t di�erence with the K G Green

function is that there is only one p ole. Therefore, only when the con tour of

the k

0

-in tegral is closed in the lo w er half plane, whic h corresp onds to x

0

> y

0

,

will there b e propagation of the particle. This implies that there is only one

p ossible mo de, a particle mo de. An ti-particles are absen t. Later, more will b e

said ab out this, in the con text of Wic k's theorem.

T o conclude this section it m ust b e men tioned that propagators can b e de-

riv ed directly from the action. T aking the momen tum space represen tation of

all terms with t w o �elds, 	, w e ha v e some expression lik e

S =

Z

d

n

k 	

y

�	 (4.14)

The propagator is then giv en b y �

� 1

, whic h requires � to b e in v ertible. This

will not b e the case for gauge �elds, so that an extra gauge �xing term has to

b e in tro duced prop ortional to the n ull v ector. This will not b e treated in this

thesis ho w ev er.
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4.2.2 P erturbativ e Expansions

Un til no w, only the free �eld equations with trivial groundstates w ere used to

deriv e the propagators. When the free �eld Green function w as calculated in

the preceding section, the time ordered pro duct of t w o �elds w as sandwic hed

b et w een these trivial v acuum states. In general ho w ev er, particles will in teract

and the groundstate will b e non trivial o wing to 
uctuations of the �eld so that

the v acuum state is unkno wn. This implies that w e don't no w ho w the �elds will

act on the v acuum and th us w e can not de�ne a Green function. F ortunately ,

it is p ossible to express these unkno wn quan tities corresp onding to in teracting

theories, in terms of free �eld quan tities. F or example, the t w o-p oin t correlation

function, i.e. the Green function, is giv en b y

h 
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(4.15)

with j 
 i the non trivial v acuum state, the �elds �; �

y

solutions to some �eld

equations

2

in the Heisen b erg picture, �

I

and �

y

I

the same solutions but no w in

the In teraction picture and H

I

( t ) the in teraction part of the Hamiltonian. The

exp onen tial is a shorthand notation for the exp onen tial nature of the in terac-

tion. This means that the total correlation function cannot b e calculated b y

exp onen tiation but b y calculating eac h term. In this w a y the in
uence of the

in teraction is p erturbativ ely added to the free �eld con tributions. Hence, w e

are dealing with p erturbativ e expansions.

The Heisen b erg �eld, � ( x ), and the In teraction picture �eld, �

I

( x ), are de-

�ned in the follo wing fashion
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(4.17)

with H the full and H

0

the free Hamiltonian and with � ( t

0

; x ) the solution to

the free �eld equation. The in teraction picture �eld is related to � ( t

0

; x ) b y a

free �eld time translation. But the �eld equations m ust b e in v arian t under time

translations of the �eld, so �

I

( t; x ) is also a solution to the free �eld equation.

By adding extra �elds on b oth sides of equation (4.15), this form ula can

b e extended to n -p oin t correlation functions, describing in teractions of n �elds

living in a non trivial groundstate.

4.2.3 Wic k's Theorem

T o calculate the quan tit y of eqn (4.15) w e will need Wic k's theorem. This

theorem states that the time-ordering of a set of �elds is equal to the normal

ordering plus all p ossible con tractions. The normal ordering is the ordering

where all a

y

's are to the left and all a 's are to the righ t. Of course, when

sandwic hed b et w een t w o v acuum states, an y normal ordered quan tit y will b e

zero. There is a sym b ol attac hed to this normal ordering, N f� � � g . F or example

2

These �eld equations will not b e sp eci�ed at this p oin t as this is a general treatmen t.
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The con tractions are asso ciated with the comm utator of creation and annihila-

tion op erators, whic h arises when they ha v e to b e put in normal order. Again

taking the ab o v e example, the con traction is de�ned to b e
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(4.19)

Mathematically , Wic k's theorem can b e form ulated, for some real �eld �( x ),

as

T f �( x
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) : : : �( x

n

) g = N f �( x

1

)�( x

2

) : : : �( x

n

) + all con tractions g

(4.20)

Sandwic hing this b et w een t w o v acuum states only the fully con tracted terms

will yield a nonzero con tribution. Th us w e get

h 0 j T f �( x

1

)�( x

2

) : : : �( x

n

) g j 0 i = all p ossible full con tractions of the n �elds

Wic k's theorem implies that an y time ordered pro duct of an o dd n um b er of

�elds will necessarily b e zero, b ecause there will alw a ys b e at least one uncon-

tracted �eld. Considering the t w o-p oin t correlation function there is only one

con traction p ossible. But, according to eqn's (4.12) and (4.13), w e kno w that

this is equal to the Green function. Consequen tly , an y con traction will represen t

a propagator b et w een the corresp onding spacetime p oin ts.

Considering real K G �elds, eqn (4.6), the con traction equals

h 0 j T f �( x )�( y ) g j 0 i = �( x )�( y ) = D

F

( x � y ) =

� �

�

+

( x ) ; �

�

( y )

�

for x

0

> y

0

�

�

+

( y ) ; �

�

( x )

�

for y

0

> x

0

where K G �eld is divided in a p ositiv e frequency part, �

+

( x ) corresp onding to

the a

p

-term, and a negativ e frequency part, �

�

( x ) corresp onding to the a

y

p

-

term. Of course this propagator equals the one giv en in eqn (4.11) whereb y

the discussion ab out the (an ti-)particle that follo w ed this equation also applies

here.

The treatmen t of fermionic �elds is largely the same as that for b osonic

�elds, but w e ha v e to b e a w are of their an ticomm uting nature, whic h will giv e

rise to extra signs at v arious places. The time-ordering is giv en b y

T

�

 ( x )

�

 ( y )

	

�

�

 ( x )

�

 ( y ) for x

0

> y

0

�

�

 ( y )  ( x ) for y

0

> x

0

�

= N

�

 ( x )

�

 ( y )

	

+  ( x )

�

 ( y )

F or b oth t yp es of ordering eac h in terc hange of op erators pro duces a min us sign

so that w e ha v e, in the case of normal ordering,

N

�

a

p

a

y

q

a

k

	

= ( � 1)

2

a

y

q

a

k

a

p

= ( � 1)
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y

q

a

p

a

k

(4.21)
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As w as the case for b osonic �elds, the con traction of t w o fermionic �elds also

equals the propagator

 ( x )

�

 ( y ) = S

F

( x � y ) (4.23)

But b ecause of the an ticomm utativit y the con traction of equal �elds m ust b e

zero

 ( x )  ( y ) =

�

 ( x )

�

 ( y ) = 0 (4.24)

Nonrelativistic Fields

Un til no w, Wic k's theorem w as only treated for relativistic �elds. What hap-

p ens to all this for nonrelativistic �elds? W e already sa w that there are no

an ti-particles so ob viously there should b e some restriction to the p ossible con-

tractions. The consequence of this feature go es ev en further than in section 4.3,

it will b e sho wn that this restriction implies the conserv ation of particle n um b er.

In section 4.2.1 w e talk ed ab out propagators in terms of in tegrals and p oles,

where the p oles of the K G propagator where asso ciated with (an ti-)particles.

The Sc hr• odinger propagator, ho w ev er, had only one p ole whic h w as asso ciated

to a particle. This crucial di�erence can b e traced bac k to an ob vious di�er-

ence b et w een these t w o propagators, i.e. the momen tum op erators presen t in

the corresp onding �elds. The Sc hr• odinger �eld of eqn (4.8) con tains only one

momen tum space op erator, a ( k ), whic h represen ts p ositiv e frequency mo des.

The K G �eld of eqn (4.6), ho w ev er, con tains t w o momen tum space op erators,

a

p

and a

y

p

, represen ting b oth p ositiv e and negativ e frequency mo des. Therefore

the direction of propagation of the K G �eld is not only spacelik e but also time-

lik e. Because of these t w o op erators the normal ordering of t w o K G �elds will

alw a ys yield a con traction of the form of eqn (4.11). All this w as in terpreted in

terms of (an ti-)particles.

The app earance of only one momen tum space op erator in the Sc hr• odinger

�eld implies that the normal ordering of momen tum space op erators equals

the normal ordering of the �elds. Therefore the time-ordering of t w o of the

same �elds 	 (	

y

) will alw a ys equal normal ordering, just lik e T

�

	

y

( x )	( y )

	

with x

0

> y

0

is already normal ordered. According to Wic k's theorem these

quan tities will then b e zero when sandwhic hed b et w een v acuum states as there

are no con tractions. The only nonzero quan tit y will b e T

�

	

y

( x )	( y )

	

with

x

0

< y

0

, where 	

y

is on the righ thand side of 	. Explicitely , the Green function

for the Sc h• odinger equation is giv en b y

h 0 j T

�

	( x )	

y

( y )

	

j 0 i �

�

h 0 j 	( x )	

y

( y ) j 0 i 6= 0 for x

0

> y

0

�h 0 j 	

y

( y )	( x ) j 0 i = 0 for y

0

> x

0

(4.25)

where the plus is for b osonic and the min us for fermionic �elds. Because the

lo w er expression is zero w e can state that the Sc hr• odinger theory has no an ti-

particles and is not able to ha v e in teractions

�

bac kw ard' in time. Note that at this

p oin t the distinction b et w een b osons and fermions in the time-ordering b ecomes

less ob vious, b ecause the distinctiv e part with the sign di�erence is zero. They

are still di�eren t though as b osons y et satisfy comm utation relations (4.4) while

fermions satisfy an ticomm utation relations (4.5).
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The ab o v e discussion can easily b e generalized to n -p oin t correlation func-

tions. F or a correlation function to b e nonzero, there has to b e an equal n um b er

of 	's and 	

y

's, so that ev ery 	 can b e con tracted with a 	

y

. F urther, all cases

will b e zero where there is an already normal ordered con traction. F or example

h 0 j 	

1

: : : 	

n � 1

	

y

n +1

	

n

	

y

n +2

: : : 	

y

2 n

j 0 i

T imeO r der ed

6= 0 (4.26)

but the �eld 	

n

cannot b e con tracted with 	

y

n +1

. Another, more rigorous,

case is when there is a 	

y

at to the left of a correlation function, or a 	 to the

righ t, whic h will alw a ys b e zero

h 0 j 	

y

n +1

	

1

: : : 	

n

	

y

n +2

: : : 	

y

2 n

j 0 i

T imeO r der ed

=

n

X

i =1

h

all con tractions without 	

y

n +1

and 	

i

i

� h 0 j 	

y

n +1

	

i

j 0 i = 0

T o conclude this section, w e ha v e seen that the n um b er of p ossible con trac-

tions is indeed greatly restricted b y the absence of an ti-particles. Before sho wing

that this implies conserv ation of particle n um b er, �rst the tec hnique of F eyn-

man diagrams is in tro duced whic h eases the calculation of n -p oin t correlation

functions considerably .

4.2.4 Diagrams and F eynman Rules

Wic k's theorem pro vides us with a simple recip e for calculating correlation func-

tions. All that has to b e done is to write do wn all p ossible con tractions p er term

in the expansion of eqn (4.15), and generalizations thereof, and calculate the

corresp onding in tegrals. Unfortunately , this pro cedure b ecomes quite messy for

higher orders. Ric hard F eynman though t of a particularly con v enien t and orga-

nized to ol to write do wn all p ossible terms. Ev ery com bination of con tractions

can b e made visual b y dra wing diagrams called after F eynman. T o dra w these,

a certain set of rules has to b e deduced. In the previous section w e sa w, for in-

stance, that ev ery con traction resem bles a propagator whic h can b e represen ted

b y a line going from p oin t x to y . F urther, eac h in teraction is a pro duct of �elds

at the same spacetime p oin t. Con tracting the corresp onding �elds to other ones

can b e diagrammatically represen ted b y a v ertex where di�eren t propagators

join at one p oin t. The strength of this in teraction, the coupling, is determined

b y the prefactor of the in teraction term in the Lagrangian. Higher order terms

in the p erturbation expansion is in this language equal to incorp orating more

and more v ertices in one diagram.

T o clarify this with an example, let's tak e the t w o-p oin t correlation function

of eqn (4.15), with real K G �elds and a fourth order in teraction H

I

=

R

dx �

2

�

4

,

the so called �

4

-theory , with coupling constan t �

2

. T aking the �rst non trivial

term of the exp onen tial, the follo wing con tractions are p ossible

h 0 j � ( x )( � i�

2

)

Z

dz � ( z ) � ( z ) � ( z ) � ( z ) � ( y ) j 0 i (4.27)

h 0 j � ( x )( � i�

2

)

Z

dz � ( z ) � ( z ) � ( z ) � ( z ) � ( y ) j 0 i (4.28)
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The con traction of eqn (4.27) resem bles a propagator that go es from p oin t

x to y , and t w o propagators going from p oin t z to z . The other con traction, of

eqn (4.28), resem bles propagators going from x to z , from z to y and from z to

z . These con tractions corresp ond to the diagrams of �gure 4.1

z

x

y

z

x

y

Figure 4.1: Diagr ams of �

4

-the ory c orr esp onding to c ontr actions in the �rst non-

trivial term of the p erturb ative exp ansion. The left diagr am c onsists of a vacuum

bubble and a pr op agator line and is ther efor e disc onne cte d. The right diagr am

is ful ly c onne cte d and r epr esents the one lo op c orr e ction to the pr op agator. It is

also c al le d a se agul l diagr am.

Although the diagrams are the only p ossible ones to �rst order, there are

sev eral w a ys to mak e them. Di�eren tly stated: there are di�eren t sets of con-

tractions that corresp ond to the same diagrammatic represen tation. T ak e for

instance the seagull. The �eld � ( x ) w as connected to the �rst � ( z ) in eqn (4.28),

but there w ere three other p ossibilities to connect these t w o spacetime p oin ts.

F urther, after this connection, there where still three p ossibilities for connecting

� ( z ) to � ( y ). So this single diagram represen ts in fact 4 � 3 = 12 diagrams.

Alternativ ely , w e could ha v e said there are 4! w a ys connect t w o of the legs of

a four-v ertex, but then w e w ould b e double coun ting b ecause connecting for

instance leg 1 to 3 is the same as connecting 3 to 1. Therefore the total n um b er

of diagrams is 4! = 2 = 12.

When calculating diagrams in p erturbation theory it is imp ortan t to remem-

b er that there is a prefactor asso ciated with the exp onen tial of eqn (4.15). F or

�

4

-theory this prefactor can alw a ys b e made to cancel, b ecause if a diagram has

n v ertices, the prefactor is 1 =n !, but there also is a factor of n ! whic h is the

n um b er of the same diagrams that can b e made b y in terc hanging the v ertices.

The double-lo op diagram of �gure 4.1 is a disconnected diagram b ecause

there are t w o disconnected parts. F urther, the t w o-lo op part of this diagram

is a v acuum bubble b ecause it is not connected to the external p oin ts x and y .

This v acuum bubble represen ts the v acuum state of the theory to �rst order.

As this diagram m ust b e in tegrated o v er an in�nite spacetime v olume there

is a ma jor problem: unless all v acuum bubbles are zero, there is an in�nite

v acuum energy . But then again, this do esn't ha v e to b e a problem, b ecause in

an y ph ysical problem w e are only in terested in energy di�erences. So the ma jor

problem is solv ed for the time b eing if the v acuum ma y b e neglected someho w.

The k ey to sho w that this can b e done starts with the observ ation that b oth

the n umerator and denominator of eqn (4.15) con tain v acuum bubbles.

Examining the v acuum bubbles more closely it turns out that the ones in

the n umerator will cancel against the ones in the denominator of eqn (4.15), and

generalizations thereof. The idea b ehind this pro cedure is fairly easy . Starting

with the n umerator of a n -p oin t correlation function, w e ha v e an exp onen tial

series with an increasing n um b er of v ertices. A t eac h term of the series it is

p ossible to mak e at least one fully connected diagram in whic h all the v ertices
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and all n external legs are used. This same diagram can b e made at all higher

orders, where at increasing order, an increasing n um b er of v ertices m ust b e used

to construct v acuum bubbles. If w e ha v e a connected diagram that con tains n

v ertices, then this diagram can b e made at the exp onen tial series term with

n + m v ertices, in ( n + m )! =m ! p ossible w a ys. But the prefactor of this term w as

1 = ( n + m )!, so m ultiplying these w e end up with a prefactor of 1 =m !. Letting m

go from one to in�nit y yields an exp onen tial series for all the v ertices that are

used for v acuum bubbles, m ultiplied b y the connected diagram with n v ertices.

But this v acuum bubble exp onen tial series is b y de�nition the same as the

denominator of eqn (4.15), so these cancel eac h other. W e are no w left with the

prefactor of the exp onen tial whic h is the connected diagram. T o calculate the

full n -p oin t correlation function w e only ha v e to sum o v er all p ossible connected

diagrams.

Let's state this more precise (and also a bit di�eren tly) with a more math-

ematical argumen tation. Lo oking at an arbitrary correlation function c harac-

terized b y some in teraction, there is a certain full con traction at order n of the

p erturbation expansion. In this con traction is a connected diagram and there

are i v acuum bubbles, V

i

, whic h eac h app ear n

i

times. No w the v alue of the

Green function for this sp eci�c con traction is giv en b y

(v alue of connected piece) �

Y

i

1

n

i

!

( V

i

)

n

i

(4.29)

The factor of 1 =n

i

! is a symmetryfactor arising from in terc hanging the n

i

dia-

grams V

i

. T o get the full correlation function w e ha v e to sum o v er all p ossible

connected pieces and o v er all f n

i

g . But sums and pro ducts ma y b e in terc hanged

so w e get after some rearranging and rewritting

h 0 j T

�

� ( x ) � ( y ) � � � exp

�

� i

Z

dt H

I

( t )

��

j 0 i =

�

X

connected

�

� exp

"

X

i

V

i

#

The denominator of eqn (4.15) is the ab o v e expression without the �elds � ( x )

and � ( y ), whic h is only the exp onen tial term. Th us these exp onen tials cancel,

lea ving us with a v ery easy expression for the correlation function. F or example,

in terms of diagrams the t w o-p oin t correlation function is giv en b y

h 
 j T

�

� ( x ) �

y

( y )

	

j 
 i =

�

+ + � � �

�

(4.30)

No w an n -p oin t correlation function can b e calculated up to order m b y cal-

culating all connected diagrams with 0 � � � m v ertices. Note that w e also ha v e

acquired an expression for the v acuum of the theory whic h is eqn (4.30) without

the �elds � ( x ) and �

y

( y ).

In �gure 4.1 a disconnected diagram w as sho wn consisting of a v acuum bub-

ble and a propagator. There is ho w ev er another disconnected t yp e of diagram,

where all disconnected parts are attac hed to external p oin ts. T ak e for instance

the four-p oin t correlation function to lo w est order (no v ertices). It is clear that

only diagrams can b e dra wn consisting of t w o disconnected propagators. Al-

though they are disconnected, they are not asso ciated with v acuum bubbles, so

they do giv e a con tribution to the correlation function. Of course this greatly

increases the n um b er of diagrams w e need to calculate for correlation functions.
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Luc kily it turns out that w e only need to consider fully connected diagrams when

calculating ph ysical quan tities. This all lies in the de�nition of the S-matrix.

The S-matrix

When calculating correlation functions, the in teresting ph ysics will of course

b e in teracting ph ysics lik e deca y rates and cross-sections, whic h is the n um b er

of scattering ev en ts in a collision of particles. T o calculate this quan tit y the

S-matrix is in tro duced, the scattering matrix. The idea of this matrix is that

there is a state of free particles in the far (i.e. in�nite) past and that there

is a small in teraction p oten tial that is slo wly turned on so that particles ma y

in teract. Then time go es to the far (in�nite) future and the in teraction again

`dies out'. Basically , there is an `in' state and an `out' state, whic h are connected

b y the unitary S-matrix that con tains the in teraction

out

h q

1

q

2

� � � j p

A

p

B

i

in

= lim

T !1 (1 � i� )

0

h p

1

� � � p

n

j e

� iH (2 T )

j p

A

p

B

i

0

� h q

1

q

2

� � � j S j p

A

p

B

i (4.31)

where the j � � � i

0

are eigenstates of the free Hamiltonian H

0

, and the i� in the

limit implies the i� -prescription. The S-matrix equals the iden tit y op erator if

particles do not in teract. If particles do in teract there is a non-trivial part in

the S-matrix de�ned to b e giv en b y the T-matrix

S = 1 + iT (4.32)

Both the S-matrix and the T-matrix should re
ect the conserv ation of momen-

tum, whic h can b e extracted b y de�ning the scattering amplitude M

h q

1

q

2

� � � j iT j p

A

p

B

i = (2 � )

4

� ( p

A

+ p

B

�

X

q

f

) � i M ( p

A

; p

B

! q

f

) (4.33)

In general it can b e pro v en that the T-matrix is giv en b y

0

h q

1

q

2

� � � j iT j p

A

p

B

i

0

= (4.34)

lim

T !1 (1 � i� )

�

0

h q

1
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n

j T

n

e

� i

R
T

� T

H ( t
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o

j p
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p

B

i

0

�

conn;amp

where c onn stand for connected and amp stands for amputated. The �rst one

sa ys that w e only lo ok at diagrams that are fully connected, the last one that all

the parts of a diagram that can b e remo v ed b y cutting one propagator m ust b e

amputated and not b e tak en in to accoun t. Therefore the scattering amplitude

is de�ned as

i M =

X

all connected, amputated diagrams (4.35)

With the de�nition of the scattering amplitude all the in teresting ph ysics is

isolated. W e don't ha v e to w orry an ymore ab out (trivial) disconnected diagrams

lik e men tioned in the b eginning of this section. The mo dulus of the scattering

amplitude can b e used to calculate cross-sections. It m ust then b e in tegrated

o v er the complete phase space of the incoming and outgoing momen ta.
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F eynman rules for sup er-Sc hr• odinger theory

No w that w e ha v e in v estigated correlation functions and the S-matrix, w e ha v e

to think ho w to systematically dra w F eynman diagrams in order to calculate

these quan tities. These systematics in v olv e the deduction of a set of rules, so

called F eynman rules, whic h asso ciate comp onen ts of diagrams with mathemat-

ical expressions. These F eynman rules can b e deriv ed from the Lagrangian of

the theory , in b oth p osition and momen tum space. In this thesis w e will only

do the latter.

As w as seen in the b eginning of this section, diagrams in v olv e t w o kinds of

elemen ts: lines and v ertices. The lines are just the propagators of the di�er-

en t particles of the theory , while the v ertices are in teractions b et w een di�eren t

(kinds of ) particles. The propagators are asso ciated with the terms in the La-

grangian with t w o �elds, or a �eld and its conjugate, of the same kind. They

can b e deriv ed as explained in section 4.2.1. The v ertices are arise from all other

terms in the Lagrangian. They represen t in teractions b et w een di�eren t (kinds

of ) �elds of whic h the coupling strength is determined b y the prefactor. Eac h

v ertex is th us asso ciated to a coupling strength. In teractions ma y also con tain

deriv ativ es of �elds. In that case, the v ertex will prescrib e a momen tum v ec-

tor, originating from the F ourier transform of the �eld. The momen tum space

expression corresp onding to the v ertices is giv en b y the prefactor of the F ourier

transform of the in teraction. F urther, the exp onen tials of this F ourier transform

are in tegrated to b ecome a delta function re
ecting momen tum conserv ation.

Finally , this whole expression is m ultiplied b y � i originating from the expansion

of eqn (4.15). Th us w e ha v e in general

v ertex = � i� ( p

1

; � � � p

n

�

X

i

q

i

) � (prefactor of in teraction ) (4.36)

with p

1

; � � � p

n

incoming and q

i

outgoing momen ta. Before applying this con-

cept to the sup er-Sc hr• odinger theory , w e ha v e to think some more ab out the

in teractions that are in v olv ed.

The in teractions of this theory are of a fourth order t yp e, giv en b y

H

I

= � g

2

Z

d x j 	 j

4

(4.37)

where 	 can b e b oth b osonic and fermionic. This p oten tial has t w o dictinct

forms that annihilate the v acuum and whic h th us ha v e the same groundstate

energy . These forms are � 	

y

	

y

		 and 	

y

		

y

	, with the plus for b osons and

the min us for fermions. As none of the p oten tials prev ail o v er the other, b oth

ha v e to b e tak en in to accoun t. One of the t w o can ho w ev er b e rewritten in terms

of the other, whic h in v olv es the (an ti)comm uting of t w o �elds. This will yield

an extra quadratic term

3

g

2

	

y

[	 ; 	

y

g 	 � � 	

y

	 � �N , whic h ma y b e omitted

as it can b e absorb ed in the �elds b y a �eld rede�nition: 	 ! exp [ � i�N t ]	.

Therefore, without loss of generalit y , w e ma y alw a ys use the normal ordered

com bination.

Restricting ourselv es to the fermion four-v ertex w e ha v e to think ev en more

carefully , b ecause there is a p ossible am bigu • �t y in this in teraction on accoun t of

3

[ � � � g denotes that (an ti)comm utator brac k ets are used for b osonic (fermionic) �elds
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the an ticomm uting nature of these particles. T o b egin with, an index has to b e

in tro duced to distinguish b et w een the iden tical �elds

H

f

�

�

j  j

2

�

2

=  

y

�

 

�

 

y

�

 

�

(4.38)

Owing to fermi-statistics w e m ust ha v e � 6= � . F urther, there are t w o p ossible

normal ordered expressions, whic h di�er in the order of the indices and th us,

b ecause of fermi-statistics, ha v e a relativ e sign. Again, there is no ob vious reason

for one t yp e of ordering to prev ail o v er the other, so that a linear com bination

of b oth m ust b e tak en. In agreemen t with the ab o v e discussion w e will tak e the

normal ordered expression. The story do es not end here ho w ev er, b ecause there

are t w o w a ys of ordering the spinor indices [1 ]. Bringing  

y

�

to the left giv es

a sign c hange. Then there are t w o w a ys to order the  's whic h m ust b oth b e

tak en in to accoun t. Therefore w e de�ne the in teraction

H

f

I
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g
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2

Z

d x  

y

�

 

y

�

�

�� ;
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�

(4.39)

With �

�� ;
 �

= � �

� �;
 �

= � �

�� ;� 


. This could b e some general p oten tial

but w e're lo oking for a fourth order in teraction, whic h con tains no explicit x -

dep endence b ecause it should satisfy momen tum conserv ation. Therefore it is

just a p oin t in teraction

�

�� ;
 �

=

1

2

( �

�


�

� �

� �

��

�

� 


) (4.40)

This tensor is in fact a pro jection op erator acting as the iden tit y for an tisym-

metric states and as the zero-op erator for symmetric states

�

�� ;
 �

�


 � ;� �

= �

�� ;� �

(4.41)

Owing to this pro jection prop ert y the in teraction of t w o incoming fermionic par-

ticles, whic h form an an tisymmetric state, will yield a new an tisymmetric state

of t w o outgoing fermions. This is exactly the prop ert y needed for a fermionic

in teraction.

F urther, the an tisymmetric nature of �

�� ;
 �

can b e used to pro v e the fol-

lo wing con traction iden tit y
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Th us, a diagram corresp onding to the lefthand side con traction is iden tical to the

one corresp onding to the righ thand side con traction m ultiplied b y � 1. There-

fore, one only needs to dra w and calculate the diagram corresp onding to one

of these con tractions and add an extra factor of t w o, as the other con traction

yields the exact same con tribution.

Based on the ab o v e, it can b e concluded that there is no am bigu • �t y in the

fermionic in teraction so w e can pro ceed to the description of the F eynman rules

for the sup er-Sc hr• odinger theory:

1. F or eac h b osonic propagator

k

=

i

k

0

� k

2

= 2 m + i�
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2. F or eac h fermionic propagator

k

�

�

=

i�

��

k

0

� k

2

= 2 m + i�

3. F or eac h b osonic v ertex =

ig

2

2

4. F or eac h fermionic v ertex

�

�




�

=

� ig

2

2

�

�� ;
 �

5. F or eac h mixed v ertex

�

�

= ig

2

�

��

6. F or eac h b osonic or fermionic external line a factor of one

7. Imp ose momen tum conserv ation at eac h v ertex

8. In tegrate o v er eac h undetermined lo op

R

d

n

k

(2 � )

n

9. Determine the m ultiplicativ e factor.

The in tegral in rule 8 means

R

dk

0

d

d

k with n = d + 1. T o calculate the m ul-

tiplicativ e factor of rule 9 one ma y also tak e in to accoun t the commen ts made

in the con text of eqn (4.42). Using these rules, eac h diagram can b e con v erted

in to an in tegral.

4.3 F ourth Order In teractions

No w that w e ha v e deriv ed the basic framew ork needed to quan tize the sup er-

Sc hr• odinger theory , let us elab orate on the corrections to the propagators, fourth

order in teractions and v acuum bubbles. Owing to the restrictions of nonrela-

tivistic ph ysics, lik e describ ed in section 4.2.3, this theory can b e exactly renor-

malized. First, w e will discuss all p ossible corrections at a diagrammatic lev el

for the b osonic, fermionic and mixed in teractions. Then in the follo wing sec-

tion, 4.3.1, the corresp onding in tegrals will b e calculated explicitely . Finally , in

section 4.4 w e will treat the renormalization of the theory and its implications.

Bosonic In teraction

The most relev an t diagrams where the b osonic four-v ertex is used, are giv en in

�gure 4.2. Can w e already mak e some qualitativ e predictions on the v alue of

the corresp onding in tegrals? Diagrams (a) and (b) con tain lo ops that in v olv e

a propagator of whic h b oth ends ariv e at the same time at the v ertex, so that

someho w a particle has to b e sen t out in this kind of lo op, then it has to tra v el

some time and then it has to b e absorb ed at the same time as it w as radiated.

Of course this is not p ossible as there are no an ti-particles presen t in this theory .

Diagram (d) is imp ossible for a similar reason: an outgoing particle in one v ertex

has to b e incoming in the other v ertex. So the other v ertex should b e there at

a sligh tly later time. But this other v ertex has to sen t out a particle whic h has

to b e incoming in the �rst v ertex, some time earlier, whic h again is not p ossible

b ecause there are no an ti-particles. Therefore the in tegrals corresp onding to

these diagrams will b e zero. In diagrams (c) and (e) all v ertices are correctly

separated in time, without violation of causalit y . Therefore these diagrams
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don't ha v e to b e zero. They will turn out to b e in�nite, but the in�nit y can b e

extracted using the renormalization pro cedure.

(a) (b) (c) (d)

� � �

1 2

m

(e)

Figure 4.2: Di�er ent r elevant F eynman diagr ams c orr esp onding to the b osonic

fourth or der inter action. In diagr am (a) the time axis go es fr om b elow to ab ove,

in the other diagr ams, it go es fr om the left to the right. The diagr ams r epr esent

(a) a vacuum bubble, (b) the one-lo op c orr e ction to the pr op agator, also c al le d

self-ener gy or se agul l diagr am, (c) and (d) one-lo op c orr e ctions to the four-vertex

and (e) m -lo op c orr e ction to the four-vertex.

The fact that diagrams (a), (b) and (d) are zero re
ects the n um b er-of-particles

conserving nature of nonrelativistic ph ysics, whic h w as men tioned in section

4.2.3. All these diagrams in v olv e the creation of extra particles or transformation

of some particles during some time. So indeed they m ust b e zero. Only diagrams

(c) and (e), where there is alw a ys an equal n um b er of particles and where the

v ertices are nicely separated from eac h other in spacetime, without the need for

an ti-particles, only these diagrams will giv e a con tribution unequal to zero.

Using these �rst in tuitions, it can b e sho wn that the v acuum bubbles and

seagull diagrams m ust b e zero to all (higher) orders. De�ning 1-PI (one particle

irreducible) diagrams, , to b e all diagrams that cannot b e separated b y the

cutting of one propagator line, the self-energy 1-PI diagram is giv en b y

=

X

n

� � �

1 2

n

+ (4.43)

There are no arro ws dra wn in the lo ops b ecause there are t w o di�eren t

com binations p ossible. These com binations corresp ond to the t w o p ossible di-

rections of the arro w in the large (upp er) lo op. The full propagator will b e all

p ossible pro ducts of this 1-PI diagram. The lo op diagram of eqn (4.43) can

b e recognized as the seagull of �gure 4.2b, with n lo ops m u�ed at the place

of the v ertex. These n lo ops can b e regarded as a correction to the coupling

strength of the v ertex, g

2

. A little further w e will in v estigate these corrections

more thoroughly . No w thinking some more ab out these lo op diagrams, it m ust

b e concluded that there is alw a ys a seagull-lik e lo op in there. That is b ecause

an y correction to the free propagator can b e made b y cutting a line, connecting

the cut lines to a four-v ertex and connecting the t w o remaining lines of the new

v ertex to eac h other, whic h is a seagull-lik e lo op. This can b e done iterativ ely

yielding larger and larger diagrams, but there will alw a ys b e this seagull lo op.

But w e sa w that the seagull lo op represen ts an in tegral that is zero, so ev ery
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diagram con taining this lo op will not con tribute. Only the free propagator will

b e nonzero, as it con tains no lo op.

This whole argumen t is exactly the same for the v acuum bubbles, b ecause

these diagrams can b e made out of the self-energy diagram (the free propagator

excluded) b y asso ciating the t w o external lines of eqn (4.43) to eac h other. The

same kind of reasoning as for the self-energy can b e used to sho w that ev ery

v acuum bubble alw a ys con tains t w o seagull lo ops. Therefore all these diagrams

represen t in tegrals that are zero.

This last observ ation enables us to sa y something more ab out the v acuum of

this theory of whic h in section 4.2.4 an expression w as deriv ed. This w as equal

to the exp onen tial of the sum of all p ossible v acuum bubbles. But b ecause all

these diagrams are zero the v acuum of the in teracting theory is the trivial v ac-

uum of the free theory: j 
 i = j 0 i . Again, this con�rms our view of a particle

n um b er conserving theory , as it can not happ en that a few particles p op out of

the v acuum and disapp ear again.

Diagram (e) is the only p ossible higher order correction to the four-v ertex in

this theory that yields nonzero con tributions, b ecause an y diagram con taining

an in teraction lik e that of diagram (d) m ust b e zero for the v ery same reasons

as (d). Other correction to (e) w ould in v olv e seagull lik e lo ops attac hed to

an (in ternal) propagator of this diagram, but as w e ha v e seen, these are zero.

Therefore diagram (e) this is truely the only ( m + 1)-th order correction to the

four-v ertex.

F ermionic In teraction

The diagrams corresp onding to the fermion four-v ertex ha v e the same top olog-

ical structure as those in �gure 4.2. This is re
ected in the equiv alence of the

asso ciated in tegrals. Although the fermion v ertex represen ts a di�eren t factor

the in tegrals will b e the same b ecause the b osons and fermions ha v e the same

propagator. Therefore, lik e in the b osonic case, the propagator receiv es no cor-

rections and the v acuum bubbles will b e zero as will b e the fermionic analog of

�gure 4.2d. Ho w ev er, when dealing with the nonzero diagrams, w e ha v e to b e

cautious due to the factor �

�� ;
 �

.

(a)

�

�




�

(b)

�

�




�

� � �

1 2

m

(c)

�

�




�

Figure 4.3: F our-fermion inter actions. (a) the fermion four-vertex (b) one-lo op

c orr e ction to the four-vertex. (c) m-lo op c orr e ction to the four-vertex.

The con tributions to the fermionic four-v ertex are giv en in �gure 4.3. Let's

explicitly consider the one lo op diagram to see ho w to deal with the factors of

�

�� ;
 �

. The expression for the scattering amplitude is giv en b y
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No w, the �elds m ust b e con tracted b earing in mind that only forw ard con trac-

tions are p ossible

4

and remem b ering that p er t w o con tractions, only one t yp e

can b e tak en in to accoun t whic h m ust then b e m ultiplied b y t w o, according to

the result of eqn (4.42). Let's sa y w e're going to mak e only con tractions lik e the

lefthand side of this equation. This means for example that w e are con tracting
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( x ) with  
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( y ) and  
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( y ). But b ecause this con traction rep-

resen ts t w o t yp es of con tractions, w e ha v e to m ultiply the o v erall expression b y

t w o. This pro cedure has to b e rep eated for b oth �

�� ;
 �

. The con tractions of

the fermions will giv e delta-functions for the corresp onding lab els so that eqn

(4.44) will b ecome
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Here, the �elds are exc hanged for b osonic �elds to indicate that the remaining

expression, after p ealing of the indices, is the same expression as for the second

order correction to the b osonic �elds. Note that the factor of four, whic h arised

due to the �

�� ;
 �

's is again absorb ed in the time-ordered expression. T o obtain

this result the pro jection prop ert y of �

�� ;
 �

, eqn (4.41), w as used. A t this p oin t

the expression is written do wn in the form of the in teraction of equation (4.39).

T o rewrite it in terms of the original expression of eqn (4.38) w e only ha v e to

tak e a w a y the � �

�� ;
 �

. Of course, the remaining expression is indeed the same

as for the b osonic four-v ertex.

This whole pro cedure can b e generalized to order m . The con tractions of the

fermions will pro duce delta functions of the indices so that pro ducts of �

�� ;
 �

will b e obtained. T aking all con tractions lik e the lefthandside of eqn (4.42) and

m ultiplying with 2

m

to accoun t for the other t yp e of con tractions, w e obtain

the follo wing prefactor to the in tegral

4

That is: a 	

y

can only b e con tracted with a 	 if the former is to the righ t of the latter.

See section 4.2.3
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The factor of ( � 1)

m +1

arose b ecause w e had to in terc hange the �rst t w o indices

of all the �

��� ; ���

's and w e had to in terc hange the last to indices, � and 
 , of

the last �




m




m � 1

;� 


. This prefactor has to b e m ultiplied b y the time-ordered

expression of the m -th order correction to the b osonic four-v ertex, just lik e w as

done ab o v e in the case of the one-lo op correction. Again the � �

�� ;
 �

can b e

remo v ed to get an expression corresp onding to the original in teraction of eqn

(4.38), lea ving us with an expression exactly equal to the m -th order correction

for the b osonic four-v ertex. Th us it is concluded that the corrections to the

b osonic and fermionic four-v ertices are exactly the same.

Mixed In teraction

W e conclude the qualitativ e discussion of the diagrams with the treatmen t of

the mixed in teraction. Using the mixed v ertex a few more diagrams can b e

constructed, whic h are again top ologically equiv alen t to the diagrams of �gure

4.2.

(b)

(a)

(c) (d)

b oson fermion

Figure 4.4: This �gur e c ontains di�er ent higher or der diagr ams, wher e only

mixe d vertic es wer e use d. The time axis go es fr om left to right for diagr ams

(a), (c) and (d), while it go es fr om b elow to ab ove for diagr am (b). The dia-

gr ams r epr esent: (a) c orr e ctions to the fermionic and b osonic pr op agators, (b)

a vacuum diagr am and (c) and (d) c orr e ctions to thr e e kinds of four-vertic es.

F or the same reasons as ab o v e, the ma jorit y of the diagrams of �gure 4.4 will

not con tribute to the scattering amplitude; only diagram (c), and generalizations

thereof will b e nonzero. Note that it is not p ossible to ha v e a diagram where

t w o b osons annihilate to form t w o fermions, whic h again annihilate to form a

new b osonic pair. This is again a re
ection of the conserv ation of the n um b er

of (fermionic and b osonic) particles.
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4.3.1 Explicit Calculations

In the ab o v e treatmen t w e in v estigated the di�eren t kind of diagrams of the

in teractions qualitativ ely . Let's no w do some calculations explicitly and con�rm

the outcome of the former considerations. W e will use the F eynman rules of

section 4.2.4 to write do wn the expressions corresp onding to the diagrams. First,

the in tegrals of the v acuum bubbles and seagulls will b e calculated and after that

the corrections to the four-v ertices. It will turn out that the nonzero in tegrals

will in fact b e in�nite, whic h is of course a disaster. Luc kily there are w a ys to

get a �nite theory in spite of these in�nities. This will b e the sub ject of section

4.4.

V acuum bubbles and self-energy diagrams

Up to some constan ts the lo w est order v acuum bubbles corresp onding to the

di�eren t kinds of in teractions (fermionic, mixed, b osonic, see �gures 4.2a and

4.4b) will con tain in tegrals of the t yp e

I
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=
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n
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k

0

� k

2

= 2 m + i�

�

2

The same in tegral b et w een the brac k ets app ears also when calculating the seag-

ull diagrams (�gures 4.2b and 4.4a). It can b e calculated using con tour in tegra-

tion and dimensional regularization. In tegrating o v er k

0

with con tour in tegra-

tion yields
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with n = d + 1. In the last step the in tegral is written do wn more con v enien tly

to b e able to calculate it using dimensional regularization [21 ]. The conceptual

idea of a regulator will b e explained some more in section 4.4, while the mathe-

matical bac kground of dimensional regularization is brie
y treated in app endix

E. Here w e just use the results deriv ed in this app endix. Applying dimensional

regularization b y using eqn (E.8), w e get

lim

� ! 0

� �

d � 2 �

(2 � )

d

Z

d

d

k

1

( k

2

+ �

2

)

�

= lim

� ! 0

� (�

2

)

d= 2 � �

(4 � )

d= 2

�( � �

d

2

)

�( � )

= lim

� ! 0

�

� (�

2

)

d= 2 � �

(4 � )

d= 2

�( � �

d

2

)

�( � + 1)

= 0 (4.47)

with �( � ) the �-function and in the third step �( � ) = �

� 1

�( � + 1). F urther

the �

d � 2 �

is incorp orated to mak e the in tegral dimensionally correct. Th us it is

sho wn that the v acuum bubble and seagull are indeed zero. Because the seagull

t yp e lo op and the corresp onding in tegral app ears in all v acuum bubbles and

corrections to the propagator, all these diagrams are zero, lik e men tioned in the

discussion of section 4.3

Therefore, w e can con�rm that the lo w est order propagator is the actual

propagator of the theory and that the v acuum is indeed trivial.
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Bosonic and fermionic v ertex

There w ere t w o p ossible diagrams that ga v e a one-lo op correction to the b osonic

four-p oin t function. One p ossibilit y is the diagram dra wn in �gure 4.2d, whic h

giv es rise to the follo wing expression
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(4.48)

Here p is the di�erence in momen tum b et w een an incoming and outgoing leg at

one v ertex and the in ternal lines w ere giv en the momen ta k and p + k . Lo oking

more carefuly w e see that b oth p oles are in the lo w er half of the complex plane.

When calculating this in tegral, the con tour can therefore b e closed in the upp er

half yielding zero, whic h is the result that w as predicted.

The other p ossible one-lo op correction w as in diagram (c). This one will not

b e zero as it has a p ole in b oth halfs of the complex plane. The expression is
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B ( k ) =

i

k

0

� k

2

= 2 m + i�

i

( p

0

� k )

0

� ( p

0

� k ))

2

= 2 m + i�

(4.50)

with p

0

= p

1

+ p

2

, the sum of the incoming momen ta. The subscript, B , in

M

B

stands for b osonic. T o calculate the in tegral o v er B ( k ), �rst w e in tegrate

o v er k

0

b y taking the con tour in the lo w er plane with the p ole at k

2

= 2 m � i� .

The incoming momen ta can b e tak en on-shell so that p

0

= ( p

2

1

+ p

2

2

) = 2 m . After

rearranging the terms in the denominator and shifting k ! k + ( p

1

+ p

2

) = 2 w e

get

Z

d

n

k

(2 � )

n

B ( k ) =

Z

d

d

k

(2 � )

d

� im

k

2

� ( p

1

� p

2

)

2

= 4

(4.51)

The resulting in tegral can b e p erformed using dimensional regularization as

describ ed in app endix E. W e can tak e eqn (E.8) with � = 1 and n = d = 2 � � .

Because this is only a spatial in tegral w e don't need to p erform a Wic k rotation

so that the prefactor of ( � 1)

� +1

ma y b e neglected. The result is

Z

d

n

k

(2 � )

n

B ( k ) = � im

�

�

�( �= 2)

4 �

�

� ( p

1

� p

2

)

2

= 16 � �

2

�

� �= 2

(4.52)

Expanding this expression using eqn (E.14) and substitute it in eqn (4.49) w e

get

i M

(1)

B

=

� img

4

8 � �

� �

�

2

�

� 


E

� i� � ln

�

( p

1

� p

2

)

2

16 � �

2

�

+ O ( � )

�

(4.53)

Here, w e ha v e found the disaster as this result clearly div erges when � ! 0. The

factor of i� originates from the negativ e logaritm and is required to b e there in
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order to ha v e a unitary scattering matrix

5

[21 ].
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� k

2

k

2

l

1

� k
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q

1

p

2

q

2

Figure 4.5: The m -lo op c orr e ction to the b osonic four-vertex with momenta

attache d to every line.

The m -lo op con tribution to the four-p oin t function is dra wn in �gure 4.5.

Momen tum conserv ation at ev ery v ertex implies that l

1

= l

2

= � � � = l

m

so that

k

1

� � � k

m

are indep enden t. The other t w o delta functions for the far left and far

righ t v ertices imply momen tum conserv ation for the external momen ta. Because

of the indep endence of all in ternal lo op momen ta w e can view the in tegral of

this diagram as m times the one-lo op in tegral. Owing to the expansion of the

correlation function, see eqn (4.15), there is a factor of 1 = ( m + 1)! attac hed to

this diagram, whic h is cancelled ho w ev er b ecause there are ( m + 1)! w a ys to

mak e this diagram b y in terc hanging the v ertices. T aking these considerations

in to accoun t w e ha v e

i M

( m )

B

= i

g

2

2

�

ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

m

(4.54)

Summing o v er all con tributions to the four-p oin t function, i.e. summing o v er

m , yields a geometrical series

i M

B

= i

g

2

2

1

X

m =0

�

ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

m

= i

g

2

2

�

1 � ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

� 1

(4.55)

This is the exact b osonic four-p oin t function with all p ossible p erturbativ e cor-

rections included. In section 4.3 w e sa w that all fermionic diagrams are the

same as the b osonic ones so they will yield the same result: M

B

= M

F

. Here

the F stands for fermionic.

Mixed v ertex

The mixed in teractions yield the same in tegrals as the ones for the b osons and

fermions. The prefactor is di�eren t though, b ecause it is t wice as large as the

one for the b osonic and fermionic v ertex and b ecause there is no w only one

p ossible w a y of connecting t w o mixed v ertices. Of course the v ertices can b e

in terc hanged in ( n + 1)! w a ys, but again this factor is cancelled b y the prefactor

5

This is calculated explicitly in app endix F.
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of the p erturbation expansion. The m -lo op result for the mixed v ertex, M

mix

,

is th us giv en b y

i M

( m )

mix

= ig

2

�

ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

m

(4.56)

This v ertex can also b e calculated exactly b y summing o v er m , yielding

i M

mix

= ig

2

1

X

m = o

�

ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

m

(4.57)

= ig

2

�

1 � ig

2

Z

d

n

k

(2 � )

n

B ( k )

�

� 1

(4.58)

Therefore the exact mixed four-p oin t function is t wice the b osonic or fermionic

four-p oin t function.

4.4 Renormalization of Coupling Constan ts

During the calculation of the scattering amplitudes w e obtained a series of in-

�nite con tributions. If w e w an t a theory whic h mak es sensible predictions w e

ha v e to get rid of these in�nities someho w. The only w a y to do this is to as-

sume that the original parameter w as itself in�nitely large, but then in suc h

a w a y that if w e add all the in�nite v alued corrections, the resulting coupling

will b e �nite. Subtracting the in�nities of the bare coupling in this w a y is

called renormalization and if a theory can b e rendered �nite doing this it is

said to b e renormalizable. But, if one has to in tro duce more and more new

terms to the Lagrangian in order to absorb the in�nities then the theory is

nonrenormalizable. Relativistic theories are renormalizable b y p o w er coun ting

if the mass dimension of the couplings are zero or p ositiev e. Couplings with

negativ e mass dimension yield nonrenormalizable theories. The sup ersymmet-

ric Sc hr• odingermo del is renormalizable b y p o w er coun ting b ecause

6

[ @

t

] = 2 and

[ r ] = 1 so that

7

[ � ] = [  ] = 1, whic h implies

8

[ g ] = 0. Before in v estigating the

renormalization of our theory , w e will �rst div e a little deep er in some of the

ideas of renormalization. This treatmen t is largely based on [34 ].

When writing do wn a Lagrangian, the mass parameters and coupling con-

stan ts ha v e no a priori in trinsic ph ysical v alue. F or instance, the mass parameter

in the Lagrangian do es not ha v e to b e the ph ysical mass of the particle under

consideration. Normally , the parameters are c hosen suc h that they coincide with

the ph ysical parameters at lo w est order in p erturbation theory . The inclusion of

quan tum corrections, ho w ev er, alters the v alue of the parameters so that they

are not an ymore directly related to ph ysical quan tities, but only via, in general,

complicated functions. Often the quan tum corrections will con tribute in�nite

factors to the parameters of the theory whic h m ust b e absorb ed consisten tly

in to them so that they b ecome �nite. In order to absorb the in�nities, one has

to mathematically isolate them via a pro cedure called regularization. The idea

6

see section 3.3.2

7

Where w e used that D = 3 + 1.

8

The [ � � � ] is an abbreviation for 'the mass dimension of � � � '.
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is that the in�nities are restricted to some sp ecial v alue for a certain parameter.

F or instance, the notion that some in tegrals are only in�nite in certain dimen-

sions has lead to dimensional regularization. In this t yp e of regularization the

dimension of the in tegral is v aried so that it b ecomes �nite. Then one obtains

an expression in terms of the deviation of the dimension. Then the in�nit y is

reco v ered when the deviation go es to zero. Th us the in�nit y is isolated. In

the previous section this t yp e of regularization w as already used. App endix E

giv es some tec hnicalities of the pro cedure. Note that the limit should alw a ys b e

tak en at the end of all calculations, when all in�nities are absorb ed in to some

new parameters. Only then will it yield a �nite result.

The renormalization of a theory implies that (all) �elds and couplings are

m ultiplied b y some factor that can b e calculated in p erturbation theory . T ak e

for instance the in teraction of the b osonic Sc hr• odinger theory whic h only receiv es

corrections to the coupling constan t, g

2

. This means that w e get a new coupling

g

2

R

= Z

g

g

2

, so that the in teraction of the theory b ecomes L

int

= � Z

g

( g

2

= 2) j � j

4

.

This can b e rewritten in to a Lagrangian that con tains the original coupling. This

Lagrangian reads

L

int

= �

g

2

2

j � j

4

� ( Z

g

� 1)

g

2

2

j � j

4

(4.59)

The second term in this equation is the so called coun terterm Lagrangian. It

should consist of the in�nities that arise when calculating the corrections to

g

2

, but then with an extra min us sign so that these in�nities are cancelled.

Therefore one can use the diagrams to calculate Z

g

.

In stead of renormalizing all �elds and parameters, one could also c ho ose the

correlation functions to b e m ultiplied with some factor. In the end b oth w a ys

will imply the same. Ho w ev er w e will use the latter approac h to in tro duce some

new concepts of renormalization. Let's tak e for example some theory with one

coupling constan t g

0

. One can then de�ne that a t w o-p oin t correlation function,

�

(2)

( p

i

; g

0

) c hanges with a factor of Z ( g

0

; � ), with � some scale represen ting a

con tin uous set of reparametrizations of the theory . Then in general an n -p oin t

correlation function will c hange lik e

�

( n )

R

( p

i

; g ( � ) ; � ) = Z

� n= 2

R

( g

0

; � )�

( n )

( p

i

; g

0

) (4.60)

where the R denotes that the exact form of the correlation function dep ends on

the renormalization. Because the original correlation function do es not dep end

on � , the follo wing partial di�eren tial equation can b e set up, based on eqn

(4.60)

�

�

@

@ �

+ � ( g ; � )

@

@ g

+

n

2


 ( g ; � )

�

�

( n )

R

( p

i

; g ( � ) ; � ) = 0 (4.61)

where g = g ( � ) is the renormalized coupling and where the follo wing functions

are de�ned

� ( g ; � ) = �

@

@ �

g ( � ) (4.62)


 ( g ; � ) = �

@

@ �

ln Z

R

( g

0

; � )
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Eqn (4.61) is the renormalization group equation, whic h is a statemen t that all

reparametrizations that satisfy this equation describ e the same ph ysics. The

b eha viour of this ph ysics at a certain v alue of � is c haracterized b y the � -

and 
 -functions. The �rst one con tains information on the b eha viour of the

couplings, while the second one describ es that of the �elds. The presence of

the 
 -function is a consequence of the fact that there is no unique criterium for

de�ning the normalization of the �elds. Th us when dealing with a measurable,

ph ysical quan tit y this function should b e zero as nothing arbitrary is allo w ed

there. F urther, if w e're dealing with a theory without �eld renormalization, 


should also b e zero.

Because � is a function of the renormalized coupling constan t, eqn (4.62)

is a di�eren tial equation for this coupling. Solving this equation will giv e the

b eha viour of the sp eci�c coupling for di�eren t v alues of � , whic h ma y b e in-

terpreted as a momen tum scale. This is b ecause a c hange in � is the same as

lo oking at higher or lo w er order corrections to the original coupling constan t.

But higher order corrections only b ecome imp ortan t at higher momen tum scales

so the b eha viour of the renormalized coupling is indeed a function of the mo-

men tum scale. Usually this b eha viour is called the running of the coupling

constan t.

The p oin ts where � = 0, �xed p oin ts, separate di�eren t regions of the pa-

rameter space. Starting in one region and c hanging the momen tum scale, will

mo v e the coupling to a �xed p oin t, but the v alue of the coupling cannot lea v e

this region. Suc h a �xed p oin t is called attractiv e. If the coupling mo v es a w a y

from a �xed p oin t it is called repulsiv e. Theories with a m ultiple n um b er of

couplings ha v e in general a m ultiple n um b er of � -functions that corresp ond to

these couplings. These couplings will form a more complicated phase diagram

with a n um b er of �xed p oin ts, b oth attractiv e and repulsiv e.

Let's end the brief in tro duction to renormalization here and pursue to the

application of the ideas that w ere treated.

4.4.1 Renormalization of the Sup er-Sc hr• odinger Mo del

In the ab o v e sections w e already sa w that there are no corrections to the prop-

agator. Therefore there is no �eld or mass renormalization in this theory . Ob-

viously only the coupling g

2

m ust b e renormalized. It is clear from section

4.3.1 that all exact four-p oin t scattering amplitudes in v olv e the same kind of

expression, giv en b y

i M = �

ig

2

2

1

1 + g

2

m�

� �

4 �

�

2

�

� 


E

� i� � ln (( p

1

� p

2

)

2

= 16 � �

2

)

�

(4.63)

where eqn (4.52) w as used for

R

d

n

k

(2 � )

n

B ( k ) and � = 1 for the b osonic and

fermionic four-p oin t functions and � = 2 for the mixed four-p oin t function. It

will pro v e to b e con v enien t to rewrite this expression as

i M = �

i�

�

= 2 m

1

mg

2

�

� �

+

1

4 �

�

2

�
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E

� i� � ln(( p

1

� p

2

)

2

= 16 � �

2

)

�

(4.64)
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No w, the 1 =� term can b e absorb ed in a newly de�ned coupling constan t, g

2

R

,

whic h is then the renormalized coupling constan t. W e de�ne

1

mg

2

R

=

1

mg

2

�

� �

+

1

2 � �

�




E

4 �

(4.65)

This pro cedure is similar to the addition of all p ossible coun terterms to the

Lagrangian, but has the great adv an tage that w e don't ha v e to write ev ery

in�nite term to obtain the correct expression for g

2

R

, whic h w ould b ecome a

v ery messy business. Substituting eqn (4.65) in to eqn (4.64) yields

i M = �

ig

2

R

2

1

1 � g

2

R

m

4 �

( i� + ln(( p

1

� p

2

)

2

= 16 � �

2

))

(4.66)

so that the fully renormalized action b ecomes

S =

Z

d t d

2

x i 

�
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t

 +

1

2 m
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�  + i�

�

@

t

� +
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2
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2
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j  j

2

+ j � j

2

�
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(4.67)

Indeed this action should still exhibit sup ersymmetry b ecause the form of the

in teraction p oten tial is the same and b ecause the sup ertransformations do not

dep end on g

2

R

. This result should also b e re
ected in the prop erties of the S-

matrix. In eqn (4.31) the S-matrix is sho wn to b e prop ortional to the exp onen t

of the Hamiltonian. Therefore w e exp ect that an y quan tit y , and at this p oin t

in particular the sup erc harge, that comm utes with the Hamiltonian should also

comm ute with the S-matrix. This implies that the scattering amplitude of for

example four b osons is in v arian t if w e replace an incoming and outgoing b oson

with a fermion. Diagrammatically this is represen ted b y

Q + Q

�

Q + Q

�

b oson fermion

Figure 4.6: Sup ertr ansformations of four-p oint inter actions. The gr ey cir cles

denote that we ar e de aling with al l the c orr e ctions to the vertex, i.e. with the

r enormalize d c oupling c onstant.

Because the calculated cross-sections for these three kinds of diagrams are in-

deed the same, the scattering matrix is in v arian t under sup ersymmetry so that

it is indeed retained. Note that when applying Q + Q

�

to the b osonic (fermionic)

four-v ertex, there are t w o w a ys in whic h the mixed v ertex can b e formed, whic h

explains the relativ e factor of t w o b et w een these scattering amplitudes.

4.4.2 Running of the Coupling Constan ts

The cross-sections for the four-p oin t functions, lik e the one in eqn (4.54), do

not dep end on the scale of momen tum, � . In spite of that, it app ears that

the resulting scattering amplitude of eqn (4.66) do es dep end on the momen tum

scale, o wing to the presence of the explicit � . Because the scattering amplitude
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is de�ned to b e indep en t of the momen tum scale the renormalized coupling con-

stan t m ust b e a function of � in suc h a w a y that the total scattering amplitude

do es not indep enden t on it. Starting from eqn (4.61) with 
 = 0 this relation is

written as

�

d M

d�

= �

@ M

@ �

+ �

@ g

2

R

@ �

@ M

@ g

2

R

� �

@ M

@ �

+ � ( g

2

R

)

@ M

@ g

2

R

= 0 (4.68)

where the � -function no w expresses the � -dep endence of the coupling, g

2

R

. Using

eqn (4.65) and taking � ! 0 at the end, this function can b e calculated, yielding

� ( g

2

R

) � �

@ g

2

R
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=

m

2 �

g

4

R

(4.69)

The di�eren tial equation for g

2

R

can b e solv ed to giv e the running of the coupling

constan t

g

2

R

( � ) =

g

2

R

( �

0

)

1 � g

2

R

( �

0

)

m

2 �

ln( �=�

0

)

(4.70)

with �

0

another momen tum scale. A plot of this is dra wn in �gure 4.7. F rom

this, one can see that the coupling constan t g

2

R

( � ) is infrared and ultra violet

free. The latter is unimp ortan t though as the theory is exp ected to break do wn

when approac hing relativistic energies. Therefore it is natural to c ho ose the

reference scale �

0

= mc

2

, so that the theory breaks do wn near the singularit y

at

�

s

= e

2 � =mg

2

R

( �

0

)

�

0

(4.71)

Of course when g

2

R

� 1 p erturbation theory will also break do wn as the cou-

plings are not small an ymore. The p erturbativ e regime lies in the momen tum

region 0 < � < e

� 2 � =m

�

s

. Note that the plot describ es t w o phases whic h are

separated b y the singularit y . The lo w energy phase has a p ositiv e coupling con-

stan t describing repulsiv e hardcore in teractions, while the high energy phase,

with negativ e coupling, describ es attractiv e in teractions. The �xed p oin ts are

giv en b y � = 0 and � ! 1 , so it is p ossible to mo v e from one phase to the

other.

9

Finally , one could c hange the sign of the coupling of the theory from the

b eginning on. This will result in a � -function lik e eqn (4.69) but with an extra

sign, so that the plot of �gure 4.7 is re
ected in the x -axis. Then the lo w energy

phase will corresp ond to attractiv e in teractions, while the high energy phase

describ es repulsiv e in teractions.

9

There is no in termediate �xed p oin t that cannot b e passed through.
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�

s

g

2

R

0

�

Figure 4.7: Plot of the r enormalize d c oupling c onstant g

2

R

( � ) , c orr esp onding to

e qn (4.70). F or � = 0 and � ! 1 the r enormalize d c oupling is zer o. The

momentum �

s

r epr esents the singularity of e qn (4.71).

The conformal anomaly

A t last w e ariv e at the p oin t w ere w e lo ok at the consequences of renormalization

to the symmetries of our theory . Ab o v e w e ha v e seen that the coupling of

the renormalized theory dep ends on the momen tum scale. Remem b ering the

deriv ation of the conformal c harges in c hapter 3 this means that scale in v ariance

m ust b e brok en and therefore that the conformal symmetries are brok en. Let's

sho w this more rigorously . Assuming the conformal c harges to b e indep enden t

of momen tum scale it will turn out that they are not time-indep enden t, i.e. not

energy indep enden t, th us rendering the conformal c harges anomalous [21 ].

Starting with the expression for the time deriv ativ e of D , eqn (3.88), but

no w generalized to the full sup ersymmetric in teraction, and taking � + � = 2

and d = 2 � � , w e obtain

dD

dt

= �

g

2

2

Z

d

d
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�

j  j

2

+ j � j

2

�

2

= �H

int

(4.72)

No w, based on this and eqn (3.78) w e can relate the time deriv ativ e of D to the

deriv ativ e of D to g

2

t

dD

dt

=

�

2

g

2

dD

dg

2

(4.73)

De�ning a new momen tum scale in the renormalized theory , the time v ariable

with scaling dimension t w o b ecomes y = �

2

t , where y is no w a dimensionless

time parameter. This parameter is needed b ecause the renormalized conformal

c harges ma y not dep end on dimensionfull v ariables. The conformal c harges are

related, b efore and after renormalization, b y

D = D ( t; g

2

) = D

R

( y ; g

2

R

) (4.74)

Of course they m ust also b e indep enden t of the renormalization scale so that

w e ha v e
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�
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Com bining this result with eqn's (4.74) and (4.73), w e get

t
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(4.76)

Therefore in the � ! 0 limit the time deriv ativ e of D is prop ortional to the

� -function so that b oth conformal c harges will not b e conserv ed an ymore. Ex-

plicitly eqn (3.88) b ecomes

dK

dt

= � t

dD

dt

(4.77)
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2
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2

where the � -function is giv en b y eqn (4.69) and is nonzero. Although w e pre-

supp osed the conformal c harges to b e indep enden t of momen tumscale indeed

it turns out they are not. Th us there is a conformal anomaly prop ortional to

the � -function, in whic h the scale dep endence resides. The scale and sp ecial

conformal symmetries are indeed brok en.

4.5 Conclusions

T o conclude this c hapter, w e ha v e seen that the sup er-Sc hr• odinger theory is

exactly renormalizable, just lik e the non-linear Sc hr• odinger mo del of [21 ]. This

is largely due to the constrain ts p osed up on the theory , that there are no an ti-

particles, i.e. that particles can only go in one timelik e direction. F or this v ery

reason the v acuum of the theory is sho wn to b e trivial while the propagator re-

ceiv es no quan tum corrections whatso ev er so that the �eld and the mass are not

renormalized. The only corrections w ere asso ciated to the coupling constan t g

2

.

Because the di�eren t kinds of in teractions presen t in the sup er-Sc hr• odinger the-

ory receiv ed the same corrections, it w as seen that sup ersymmetry is main tained

in the quan tization of the theory . The renormalized coupling ho w ev er dep ends

on the momen tum scale whic h is wh y the scale in v ariance, and therefore the

conformal symmetries, are brok en. The breaking w as seen to b e prop ortional

to the � -function, whic h is a measure for the momen tum scale dep endence of

the coupling constan t. The only v alues where � is zero, and th us where the

conformal in v ariance is restored are those where the renormalized coupling is

zero, whic h is of course a free theory .



Chapter 5

The Sup er Jac kiw-Pi mo del

In the previous c hapters w e ha v e treated a nonrelativistic self-in teracting sup er-

symmetric Sc hr• odinger mo del. It w as seen that this mo del p ossesses only one

sup ersymmetry whic h basically is an in ternal symmetry rotating b osons and

fermions in to eac h other without inducing a translation, but generating a phase

transformation.

In the earlier c hapters, and esp escially in c hapter 3, it w as men tioned that

there is another mo del, v ery m uc h alik e the non-linear Sc hr• odinger mo del but

with an extra U (1) gauge in teraction. Not the ordinary in teraction corresp ond-

ing to Maxw ell electro dynamics, but a Chern-Simons gauge �eld in teraction.

The Chern-Simons gauge �eld is quite sp ecial b ecause the corresp onding �eld

strengh t is zero, so that there is no dynamics related to this �eld. In spite of this,

the �eld has a non trivial e�ect on the dynamics of matter systems that couple

to it. In particular, the Chern-Simons �eld giv es rise to top ological excitations,

v ortices, yielding for instance a non trivial groundstate in the theory that w e

will consider. Theories con taining this �eld are relev an t in the description of

sup erconductivit y where v ortices ha v e b een sho wn to exist, but also in the the

description of the Aharono v-Bohm e�ect [5].

There is a h uge literature on Chern-Simons in teractions in all kinds of con-

texts. Ev en in the con text of nonrelativistic ph ysics the literature is quite ex-

tensiv e. Of course the purp ose of this c hapter is not to review all this literature

and elucidate the p eculiarities of theories with this in teraction. Rather, w e will

restrict ourselv es to a sp eci�c theory that will b e called the sup er Jac kiw-Pi

mo del and, most imp ortan t, w e will quan tize, it lik e w as done with the sup er-

Sc hr• odinger mo del, and in v estigate if there are conditions for whic h all the

symmetries of this mo del are retained.

The set up of the c hapter is as follo ws. First the Jac kiw-Pi mo del is in tro-

duced and brie
y discussed. Tw o imp ortan t topics of this discussion in v olv e the

symmetries and the self-dual solutions of the mo del. Next, a relativistic, and af-

ter that a nonrelativistic v ersion of this mo del will b e giv en and deriv ed. Again

some features, including the symmetries of the mo del, will b e treated. Then the

mo del will b e quan tized to �rst order and it will b e sho wn that for the self-dual

solutions the theory exhibits the maximal symmetry . The c hapter ends with

the renormalization of the theory and the treatmen t of the time dep endence of

the conformal c harges.
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5.1 The Jac kiw-Pi Mo del

The Jac kiw-Pi mo del w as �rst in tro duced b y Roman Jac kiw and So-Y oung Pi

[20 ] and is since then studied b y a n um b er of p eople and extended in di�eren t

directions. It w as included in a Kaluza-Klein framew ork [9] and it w as extended

to also describ e spinors in stead of only b osonic quan tities [10 ]. Of course the

sup ersymmetric extension [24 , 23 ] is the one that will b e treated in this c hapter.

The original mo del is giv en b y the non-linear Sc hr• odinger action, eqn (3.1),

coupled to the Chern-Simons gauge �eld b y the minimal coupling prescription

and extended with the gauge �eld Lagrangian. In D = 2 + 1 this reads, [21 ]

S =

Z
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(5.1)

where 	 is a b osonic or fermionic �eld, A

�

is the Chern-Simons gauge �eld

and D

�

= @

�

� ieA

�

is the co v arian t deriv ativ e. In the deriv ation of the L � evy-

Leblond equations in section 3.2 it w as men tioned that one has to b e careful

when eliminating the nondynamical spinor at the in tro duction of gauge �elds.

The correct approac h is the use of the minimal coupling prescription in the

L � evy-Leblond Lagrangian and then eliminating the second spinor comp onen t,

resulting in the co v arian tized v ersion of eqn (3.21) whic h is the desired action

of eqn (5.1).

The Jac kiw-Pi action is in v arian t under lo cal U (1) transformations, with

� ! e

ie! ( x ;t )
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�

! A
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+ @
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! ( x ; t ) (5.2)

The v ariation of the Chern-Simons part pro duces t w o terms with t w o deriv ativ es

whic h are zero b ecause of the � -tensor in fron t of it. The third term ma y

b e partially in tegrated yielding a total deriv ativ e and a term with again t w o

deriv ativ es. The total deriv ativ e is zero under the in tegral of the action.

The equations of motion corresp onding to eqn (5.1) are giv en b y
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where the magnetic �eld, B , the electric �eld, E , the c harge densit y , � , and

the curren t, J , w ere de�ned. The equations with the gauge �eld sho w that it

completely dep ends on the matter �elds so that it has no dynamics of it's o wn.

The curren t and c harge m ust satisfy the con tin uit y equation, eqn (1.36),

whic h then yields the follo wing relation for the electric and magnetic �elds

@

t

B = �

ij

r

i

E

j

(5.4)

Therefore an y particle in this theory is a dy on that carries b oth electric and

magnetic c harge. This v ery equation is also a result of the Bianc hi iden tit y for

the Chern-Simons �eld @

[ �

F

� 
 ]

= 0.

Because of the presence of the magnetic c harge and the di�erence of the �eld

equations of motion, Chern-Simons electro dynamics is fundamen tally di�eren t
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from Maxw ell electro dynamics. This di�erence is also represen ted in the Hamil-

tonian. The Chern-Simons �eld has a zero �eld tensor, F

��

= 0, implying that

there is no dynamics. This means that also the Hamiltonian should not con tain

an y Chern-Simons term. Calculating the Chern-Simons Hamiltonian using eqn

(1.6), with A

1

the generalized co ordinate and �A

2

the conjugate momen tum,

one �nds that it is equal to a constrain t

H

C S

=

�

2

Z

d

2

x A

0

B (5.5)

This is a constrain t b ecause A

0

and B are nondynamical. Therefore A

0

can act

as a Lagrange m ultiplier and as suc h, the Hamiltonian can b e eliminated. If w e

lo ok more closely to the full Jac kiw-Pi action, it turns out that the constrain t

corresp onding to A

0

is in fact the equation of motion for the magnetic �eld.

Although there are no indep enden t dynamics, the Chern-Simons gauge �eld

do es ha v e a non trivial e�ect on the theory in whic h the magnetic �eld, the

constrained quan tit y , pla ys a crucial role. First, w e ha v e
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This can b e used to rewrite the Jac kiw-Pi Hamiltonian in the follo wing fashion
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Cho osing the follo wing t w o conditions yields a non trivial zero-energy solution

to the Jac kiw-Pi mo del

D

�

	 = 0 g

2

= �

e
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(5.8)

The non trivialit y resides in the fact that 	 6= 0 so that, according to eqn (5.3),

there is a magnetic and electric �eld distribution. These distributions turn

up as v ortices of the magnetic �eld, thereb y sho wing the top ological nature of

the Chern-Simons in teractions. Of course the v ortices are static and ha v e zero

energy . The conditions of eqn (5.8) are kno wn as the self-dualit y conditions.

The explicit solutions to these self-dual equations will not b e giv en here, but

the in terested reader is referred to [21 , 18 , 20 ].

A v ery in teresting feature of the Jac kiw-Pi mo del is that it is in v arian t under

the same group as the non-linear Sc hr• odinger mo del, i.e. the Sc hr• odinger group

[21, 23 ]. Therefore one migh t w onder if the conformal symmetries will also

b e anomalous when the theory is quan tized. Another question is if w e also can

extend this theory to a sup ersymmetric theory . The answ er to this last question

will turn out to b e y es as will the answ er to the �rst question b e, except for one

sp eci�c v alue of the coupling constan ts, whic h is the same v alue that allo w ed

for the self-dual solutions of the theory . W e will see the wh y of these answ ers

in due course. First some more commen ts on the Sc hr• odinger symmetries.

The Jac kiw-Pi mo del is in v arian t under the Sc hr• odinger group but the

c harges will di�er sligh tly from the ones of c hapter 3, o wing to the extra Chern-

Simons in teractions. The k ey ingredien t is to co v arian tize all the deriv ativ es in

the c harges according to the minimal coupling pro cedure and indeed one can

c hec k that this will yield the correct symmetries and No ether c harges and the

correct algebra. No w, the Jac kiw-Pi mo del is v alid for b oth b osons and fermions.

Can it b e extended to exhibit sup ersymmetry?



82 The Sup er Jac kiw-Pi mo del

5.2 Sup ersymmetric Theory

There are di�eren t w a ys to construct a sup er Jac kiw-Pi mo del. One could build

for instance a nonrelativistic theory from sup erspace as w as done in [27 ]. W e

will ho w ev er use the approac h of [23 ], b y starting with a relativistic theory

and taking the NR limit to obtain a nonrelativistic theory . The corresp onding

relativistic, o�-shell sup ersymmetric Chern-Simons theory w as deriv ed from a

sup er�eld form ulation in [24]. W e start with the on-shell action that is obtained

b y eliminating the auxiliary �elds
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where, lik e in c hapter 3, the �eld � is b osonic and  is fermionic, f is the

sup erp oten tial as a function of j � j

2

and the primes indicate deriv ativ es. The

sup erscript c at some of the spinors indicate the c harge conjugate of the �eld.

This action is in v arian t under the follo wing sup ertransformations
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where � is a real, Ma jorana, grassmann v ariable. No w, the terms with the c harge

conjugate spinors are fermion n um b er and b oson n um b er violating terms, whic h

w e do not wish to ha v e in a nonrelativistic theory . Therefore the prefactor of

this term is demanded to b e zero, so that the p oten tial m ust b e of the follo wing

form
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with v

2

some constan t that do es not ha v e to b e p ositiv e. One imp ortan t feature

of this c hoice is that there are no w phase symmetries p ossible. F urther, the

spinor parameter � can b ecome a Dirac spinor so that w e are dealing with t w o

sup ersymmetry transformations in stead of one. Applying the p oten tial to the

action of eqn (5.9) yields the relativistic action
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As this theory exhibits sup ersymmetry there is a corresp onding sup erc harge,

whic h is, without the insertion of te p oten tial f ( j � j

2

), giv en b y
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This c harge can b e decomp osed in to t w o c harges whic h are b oth sup ersymme-

tries of the theory . These c harges can b e found b y acting with the pro jection

op erators
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The existence of sup ersymmetry demands that the v acuum is annihilated b y the

sup erc harges. F or Q

�

this will only b e the case when the self-dual equations are

satis�ed. Therefore, ev en though this is still a relativistic theory the self-dual

equations are already of great imp ortance for the symmetries of the theory .

5.2.1 Nonrelativistic Limit

No w that there is a relativistic theory w e can try if it is p ossible to construct

a nonrelativistic one b y taking the NR limit of whic h the pro cedure w as de-

scrib ed in c hapter 3. This pro cedure consists of the rede�nition of the �elds

with the phase factors of eqn's (3.6) and (3.17), the corresp onding rewriting of

the Lagrangian and taking the limit c ! 1 . When taking this limit all terms

of O ( c

� 2

) ha v e to b e dropp ed just lik e the terms that oscillate. Doing this, it

is con v enien t to c ho ose a v alue for v

2

in the p oten tial, eqn (5.11), suc h that the

b osonic �eld acquires a mass term. F or this w e need

v
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F urther, the spinor needs to b e tak en in the Dirac-P auli realization, where the

second spinor comp onen t is no w prop ortional to the c ovariant deriv ativ e of the

�rst one. Doing these steps consisten tly w e end up with
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Unfortunately , this action is not the sum of a b osonic and fermionic Jac kiw-Pi

action, eqn (5.1), with some extra mixing in teraction, so that the p oten tial w ould

b e of the form as the one of the sup er-Sc hr• odinger mo del. In the subsequen t

section, w e will �nd out ho w ev er that the gauge �eld mediates to form this

desired p oten tial, thereb y e�ectiv ely giving what w e searc hed for.

Applying the NR limit to the in�nitesimal relativistic tranformations of eqn

(5.10) yields t w o sets of sup ertransformations under whic h the nonrelativistic

Lagrangian is in v arian t
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where A

�

= A

1

� iA

2

. What w e w an t to kno w no w is whether or not the

NR limit is a consisten t approac h so that the full in teracting, nonrelativistic

theory is in v arian t under the sup ertransformations. The ab o v e t w o of these

transformations w ere also seen in eqn's (3.49) and (3.50), when w e considered

the transformations of the free sup er-Sc hr• odinger mo del, but there they w ere

without the co v arian t deriv ativ e. W e sa w that those t w o sup ertransformations

w ere part of an algebra that also con tained an extra conformal sup erc harge, the

sup erconformal Galilean algebra. When w e in tro duced a non-linear in teraction

in the free sup er-Sc hr• odinger theory it turned out w e could only retain the �rst

sup ertransformation. The question is no w: is it an y b etter with this theory?

The algebra of this theory w as calculated in [23 ] and it turns out that the

sup er Jac kiw-Pi mo del is indeed in v arian t under the full sup erconformal Galilean

algebra. Th us the second sup erc harge and the conformal sup erc harge do induce

symmetry transformations under whic h this theory is in v arian t. Of course, the

deriv ativ es of the c harges need to b e co v arian t deriv ativ es, but the further shap e

of the algebra is the same as that of the algebra of the free Sc hr• odinger mo del,

giv en in c hapter 3.

It m ust b e stressed that an in teracting sup ersymmetric theory w as deriv ed

in this section, using the NR limit, whic h w as not p ossible for the sup er-

Sc hr• odinger theory . There w e had to in tro duce the in teractions b y hand. In

section 5.6 w e will see that in spite of this di�erence the theories are related to

eac h other.

The sup ersymmetric Jac kiw-Pi theory also has self-dual solutions. The cor-

resp onding self-dual equations are the the equations for the electric and mag-

netic �eld and eqn (5.8) for b oth b osonic and fermionic �elds. These equations

are also kno wn as the sup er self-dual equations. Again w e will not go further

in to these matters. The question for us to answ er is whether or not all the

symmetries are retained during quan tization, whic h will b e in v estigated in the

follo wing sections.

5.3 Quan tization

In the previous c hapter a lot of the w ork already has b een done to quan tize

nonrelativistic theories. The F eynman rules for the propagators and v ertices

w ere already deriv ed and it w as seen that only the in teraction v ertices receiv ed

quan tum corrections. T o quan tize the sup er-Jac kiw-Pi mo del w e only need to

consider what the gauge �eld con tributes to these v ertex corrections and if the

new v ertices will receiv e corrections themselv es.

Because w e are dealing with a gauge �eld w e ha v e to b e careful with quan-

tization as the propagator is not de�ned, o wing to the gauge degree of freedom.

One can read ab out ho w to deal with this problem in, for instance, [34, 30 ].

The nature of the Chern-Simons gauge �eld pro vides another reason to b e care-

ful: this is a constrained theory . In c hapter 1 some commen ts w ere made with

regard to constrain ts. In particular, it w as men tioned that o wing to them the

quan tization of theories ma y b e inconsisten t. In the follo wing some more will

b e said ab out this problem.
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5.3.1 First and Second Class Constrain ts

When a theory con tains a constrained quan tit y , �, one can apply this constrain t

at a certain time and b y doing so, it is said that it go es w eakly to zero. This

is indicated lik e � � 0. No w, when a theory is quan tized, the P oisson brac k ets

of the corresp onding algebra are replaced b y quan tum comm utator brac k ets, as

w as men tioned in c hapter 1, and this is where things can go wrong. Let's sa y

there is some c harge, A , of whic h the brac k et with the constrain t is tak en. Then

w e ha v e, using eqn (1.21),

[ A

op

; �

op

] = i �h f A; � g (5.17)

with the quan tum brac k et in the lefthand side. This lefthand side go es w eakly to

zero, but the righ thand side do es not ha v e to b e w eakly zero in general, so there

can b e an inconsistency . Let's lo ok at the case where A = H , the Hamiltonian.

The Hamiltonian can b e de�ned to b e the sum of a basic Hamiltonian and a

n um b er of constrain ts, �

a

. If w e then lo ok at the time ev olution of one of these

constrain ts w e get, using Hamilton's equation of motion eqn (1.9),

d �

a

dt

= f �

a

; H

basic

g + f �

a

; �

b

g � 0 (5.18)

whic h should go w eakly to zero as the constrain ts ma y not describ e an y sort of

dynamics. Th us if �

a

has zero P oisson brac k ets with all the other constrain ts,

ev erything is �ne and there is no inconsistency . This t yp e of constrain t is called

�rst class . But if there is a nonzero P oisson brac k et then some measures ha v e

to b e tak en as there is no w some unph ysical form of dynamics in the system.

This t yp e of constrain t is called se c ond class . P aul Dirac w as the �rst to see

this problem and he �xed it with a new t yp e of brac k ets, whic h are no w called

Dirac brac k ets. Basically this brac k et has an extra term, in v olving an in v ertible

matrix, that subtracts all problematic P oisson brac k ets. One can learn more

ab out this in [4 , 8].

Because the sup er Jac kiw-Pi mo del con tains a constrain t w e need to ask

if this one is �rst or second class. T o do so, it's time dep endence has to b e

in v estigated. First, w e write the Hamiltonian as a unconstrained part to whic h

the constrain t is added, in accordance with eqn (5.5). W e ha v e

H

c

=

Z

d

2

x

1

2 m

�

j D

�

� j

2

+ j D

�

 j

2

�

� A

0

[ �B + e ( j � j

2

+ j  j

2

)] � H

u

� A

0

�

(5.19)

where H

c

is the Hamiltonian with constrain t, H

u

the without constrain t and

� is the constrain t. The Hamiltonian w as tak en in the case that the self-dual

equations apply . No w one can �nd that

d �

dt

= f � ; H

c

g = f � ; H

u

g = 0 (5.20)

Therefore, the constrain t is �rst class, whic h implies that there will b e no in-

consisten ties when the theory is quan tized. This will also b e seen when the

F eynman rules of the theory are deriv ed as will b e done in the follo wing section.
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5.3.2 F eynman Rules

In this section the F eynman rules for the Lagrangian of eqn (5.16) will b e giv en.

The �rst step is to deriv e the gauge �eld propagator after whic h the rules for

the in teraction v ertices will b e giv en.

F ollo wing [21 ], the gauge �eld propagator is giv en b y a 3 � 3 matrix that has

a zero eigen v alue so that it is not in v ertible and the propagator is not de�ned.

This problem can b e solv ed b y adding a gauge-�xing term to the Lagrangian

that has a comp onen t in the direction of the n ull v ector. F or this theory , a

gauge �xing term corresp onding to the Coulom b gauge, r

i

� A

i

= 0, do es the

tric k. The follo wing �xing term is added to the Lagrangian

S

g aug ef ix

=

1

�

Z

dtd

2

x ( r

i

� A

i

)

2

(5.21)

with � some arbitrary parameter that can b e �xed to a con v enien t v alue. Using

this the momen tum space matrix, (�

��

)

� 1

, can b e written do wn, just lik e the

n ull v ector o wing to whic h the original matrix w as not in v ertible. W e ha v e
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The corresp onding propagator, �
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, can no w b e calculated, yielding
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It is extremely con v enien t to c ho ose a singular gauge b y taking � = 0, whic h

is kno wn as the Landau gauge. In this w a y w e can see that there is indeed no

dep endence on the k

0

momen tum whic h means that the in teractions mediated

b y this gauge �eld are instan taneous. This is in agreemen t with the equations

of motion where it w as seen that the Chern-Simons �eld do es not exhibit an y

dynamics itself, but is completely determined b y the matter distribution. As

this gauge �eld do es not allo w for unph ysical gauge b oson p olarizations it is not

needed to in tro duce ghost �elds. These decouple completely from our theory .

The gauge �eld propagator in the Landau gauge has t w o p ossibilities. There

is a photon starting as an A

0

and ending as an A

i

or vice v ersa. Diagrammati-

cally these A

0

A

i

- and A

i

A

0

-propagators are giv en b y

k

i
0

= �

k

0
i

=

i

�

"

ij

k

j

k

2

(5.23)

Before giving all other F eynman rules, w e ha v e to lo ok sp eci�cally at the

in teraction prop ortional to B j  j

2

, whic h will b e called the B -v ertex from no w

on. The magnetic �eld w as de�ned in eqn (5.3), but in can b e written in terms

of an an tisymmetric tensor, B = "

ij

r

i

A

j

. If this in teraction is translated to an

in teraction v ertex it is clear that this v ertex will con tain a photon with a spatial

index. W e ma y use this v ertex to construct a fermion or mixed four-v ertex

b y connecting the photon line to an A

0

-v ertex. Then w e obtain a four-p oin t
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in teraction, either with four fermionic external legs or with t w o fermionic and

t w o b osonic external legs, whic h is th us mediated b y the gauge �eld. Calculating

the expression corresp onding to these diagrams giv es

ie

2 m

"

ij

k

i

� ( � ie ) �

i

�

"

ij

k

j

k

2

= � i

e

2

2 mc�

�

� ig

2

2

(5.24)

where on the lefthand side the �rst factor is the expression for the B j  j

2

-

in teraction, the second factor is the one for the A

0

j  j

2

-in teraction and the

A

0

j � j

2

-in teraction and the third factor is the photon propagator expression.

A con v enien t coupling constan t g

2

w as de�ned to ease comparison with the

Sc hr• odinger mo del results. By de�nition, for this sp eci�c v alue of the coupling

will the theory ha v e sup ersymmetry . If w e think some more ab out what w e ha v e

done here in the con text of the constrain t of the theory , w e can see that w e ha v e

e�ectiv ely applied the constrain t b y this pro cedure. T o b e able to determine

the gauge �eld propagator ho w ev er, it w as crucial not to apply this constrain t

b efore determining the propagator and A

0

-v ertices.

In stead of regarding the F eynman rule for the B -v ertex, w e will no w in tro-

duce the e�ectiv e F eynman rules corresp onding to a j  j

4

- and an extra j  j

2

j � j

2

-

v ertex. The last one giv es in com bination with the mixed v ertex that is already

presen t in the theory , a mixed v ertex equal to the one in c hapter 4, with g

2

de-

�ned as ab o v e. T o build the e�ectiv e four fermion v ertex, w e ha v e to b e careful

ho w ev er, as w e ha v e to rec k on with the an tisymmetry of the external legs. In

c hapter 4 the fermionic v ertex w as related to the quan tit y �

�� ;
 �

in eqn (4.39),

to accoun t for this an tisymmetry . This same quan tit y can b e repro duced for

the e�ectiv e v ertex b y considering the t w o p ossible states of the external legs

and adding them to form the fermion four-v ertex. W e ha v e
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� ig

2

2
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(5.25)

b ecause the diagram to the left is equal to � ig

2

= 2. Therefore, w e ha v e the

same F eynman rules for these four-p oin t in teractions as the ones on page 63

in c hapter 4 for the sup er-Sc hr• odinger theory . Note that this tric k of getting

an an tisymmetric com bination of the external fermion legs, can also b e used

if corrections to the fermion v ertex with in ternal photon lines, are calculated.

Owing to eqn (5.25) w e can m ultiply suc h diagrams b y �

�� ;
 �

to obtain the

correct result.

If w e no w quan tize this theory the question is whether or not the de�nition

of the four fermion v ertex will b e adjusted o wing to corrections to the gauge

b oson propagator, to the B -v ertex or to the A

0

-v ertex. If so, w e ma y not use the

e�ectiv e v ertices, but w e ha v e to dra w ev ery diagram explicitly . F ortunately , as

w e will see, neither of these three will receiv e quan tum corrections so w e ma y

indeed regard these e�ectiv e v ertices as `real'.

Let's no w state the F eynman rules for the sup er Jac kiw-Pi mo del. In addition

to the gauge b oson propagator of eqn (5.23) there is momen tum conserv ation

at eac h v ertex, one has to in tegrate o v er lo op momen ta,

R

d

3

k = (2 � )

3

, one has

to determine m ultiplicativ e factors, if necessary , one has to m ultiply corrections

to the fermionic v ertex with �

�;� ;
 �

and there are the follo wing diagrammatic

rules
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Pr op agators
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These rules will b e used to dra w the one-lo op corrections to all of these v ertices.

It will turn out that only the four v ertices with (b oth) b osonic and fermionic

external lines receiv e corrections that need renormalization, except for sp eci�c

v alues of the couplings.

5.4 F eynman Diagrams: Propagators and Pho-

ton V ertices

The n um b er of p ossible diagrams is greatly restricted b y the constrain ts that

w ere deriv ed in c hapter 4. F or instance, the restriction that particles cannot

tra v el bac k in time, or that the particle n um b er has to b e conserv ed. Because of

the sp eci�c form of the photon propagator, other restrictions are p osed. It is for

instance not p ossible to connect t w o t w o-photon v ertices directly to eac h other

via the photon lines. The photon lines of this v ertex can only b e connected to

a b osonic or fermionic line using an A

0

-v ertex.

In �gure 5.1 the one lo op corrections to the propagators, three-v ertices and

the t w o-photon v ertex are dra wn [21 ]. It will turn out that all these diagrams are

zero. Let's �rst lo ok at the self-energy of the b osonic propagator, diagam (a).

This diagram represen ts t w o p ossibilities corresp onding to whic h v ertex comes
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�rst, the A

0

-v ertex or the A

i

-v ertex. Because the t w o cases will ha v e a relativ e

sign and b ecause w e ha v e to tak e them b oth in to accoun t, the sum of these

t w o m ust b e zero. Ho w ev er, one can c hec k that b oth diagrams m ust b e zero b y

themselv es, b ecause the gauge b oson propagator do es not dep end on k

0

so that

after con tour in tegration one gets an o dd in tegral in k

i

whic h is zero. It can th us

b e concluded that also in the Jac kiw-Pi mo del there is no �eld and mass renor-

malization to �rst order. Because diagrams (f ) and (g) con tain the same t yp e

of lo op lo op, they are zero for the v ery same reason as the self-energy diagram.

(a)

(b)

i

j

(c)

(d)

0

(e)

i

(f )

i

(g)

i

(i)

i

j

(h)

i

j

(j)

i

j

Figure 5.1: V arious one-lo op diagr ams that give c orr e ctions to the pr op agators

and vertic es c ontaining photons. The diagr ams r epr esent (a) self-ener gy for

b osonic pr op agator, (b) and (c) vacuum p olarization diagr ams, wher e (c) r ep-

r esents four di�er ent diagr ams c orr esp onding to the di�er ent options for the

vertic es, (d) c orr e ction to A

0

-vertex, (e)-(g) c orr e ctions to the A

i

-vertex and

(h)-(j) c orr e ctions to the two-photon vertex. A lthough only the diagr ams in-

volving b osons wher e dr awn, the same ones c an b e dr awn when fermions ar e

involve d.

The v acuum p olarization diagram, �gure 5.1b, m ust b e zero for the same reason

as the seagull diagrams in c hapter 4. F urther, w e exp ect diagram (c) to b e zero

b ecause the particle n um b er, for matter particles, is not conserv ed. Indeed this

guess is correct. F or all p ossible com binations of the v ertices, when the in tegral

is written do wn, w e ha v e an amplitude lik e

M �

Z

dk

0

1

k

0

+ ::: + i�

1

k

0

+ ::: + i�

= 0 (5.26)

Because there are no p oles in the upp er plane w e can close the con tour there so

that the in tegral yields zero.

The remaining diagrams are zero for similar reasons. In fact, a general result

can b e deriv ed whic h will enable us to reason that there will b e no correction

to an y of these propagators and v ertices to all orders. The general situation

that w e are dealing with is dra wn in �gure 5.2. There is some propagator that

in teracts with a m ultiple n um b er of photons lab eled b y l

i

and there is, at least,
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one photon lo op. This diagram is a generalization of the situation of diagrams

(d), (e), (h), (i) and (j) of �gure 5.1.

� � � � � �

p q

l

1

l

2

l

n

k

Figure 5.2: The gener al situation of a one photon-lo op diagr am.

The in ternal b oson momen ta in �gure 5.2 are of the form p + k +

P

n

j =0

P

j

i =1

l

i

.

W riting do wn the lo op in tegral w e get a generalization of eqn (5.26)

M �

Z

dk

0

1

k

0

+ ::: + i�
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1

k

0

+ ::: + i�

= 0 (5.27)

whic h is zero for the v ery same reason, that all the p oles are in the lo w er half

of the complex plane so that the con tour can b e closed in the upp er half. This

is a consequence of the fact that the photon propagator do es not dep end on k

0

.

Note that w e migh t ha v e connected one of the external photon lines to a photon

v ertex of the lo op th us forming a t w o-photon v ertex, but this w ould not ha v e

c hanged the result. Th us indeed all the diagrams of �gure 5.1 are zero.

The ab o v e deriv ation could also b e adjusted to con tain m ultiple photon lo ops

b y connected some of the external lines to eac h other, but this w ould still yield

a zero v alued in tegral. F urther, these diagrams and their resulting expressions

are also v alid in the case that the lines are fermionic b ecause the F eynman rules

for b osons and fermion are the same.

So what are the implications for the higher order corrections to the propa-

gators and v ertices that w e ha v e treated? An y correction to these v ertices and

propagators will alw a ys in v olv e lo ops of the t yp es w e already encoun tered and

whic h w ere seen to b e zero. Therefore, all these v ertices and propagators will

not receiv e p erturbativ e quan tum corrections to an y order. This result justi�es

the earlier adoption of an e�ectiv e fermion four-v ertex. Because the v ertices

and the photon propagator receiv e no correction up on quan tization, also the

e�ectiv e fermion and mixed four-v ertices remain the same during the pro ces.

5.5 F eynman Diagrams: Matter V ertices

In the previous section w as deriv ed that none of the three-v ertices, the propaga-

tors and the t w o-photon v ertex receiv e an y quan tum correction, whic h implies

that there is no �eld renormalization, no mass renormalization and no cou-

pling constan t renormalization! The last one is quite imp ortan t b ecause in

the deriv ation of the sup er Jac kiw-Pi mo del, the matter v ertices w ere prop or-

tional to the mass and coupling constan t. The implication is therefore that

the couplings, that w e de�ned to b e prop ortional to g

2

, will not need to b e

renormalized. But b ecause w e kno w that the four-v ertices do receiv e correc-

tions, whic h w as calculated in c hapter 4, it m ust b e that the new in teractions,



5.5 F eynman Diagrams: Matter V ertices 91

that in v olv e photons, generate corrections that exactly cancel the div ergences

of the c hapter 4 diagrams. Ev en stronger: they m ust do this to all orders in

p erturbation theory for the mo del to b e consisten t. Because there are quite a

lot of diagrams this will not b e calculated to all orders, but only to �rst order.
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Figure 5.3: The tr e e-level and one-lo op c orr e ctions to the b osonic four-vertex

in the upp er line and the mixe d vertex in the lower two lines. The c orr e ctions

to the fermion four-vertex ar e of the same form and expr ession as the ones for

the b osonic vertex. Ther e ar e two (four) di�er ent tr e e-level c ontributions to the

b osonic and fermionic (mixe d) vertex owing to the momentum dep endenc e of

the A

i

-vertex. F urther, ther e ar e two di�er ent kinds of triangle diagr ams, in

the thir d and fourth c olumn. The di�er enc e b etwe en these c olumns r esides in

the fact that b oth have a b osonic/fermionic pr op agator that dep end on di�er ent

momenta. The photon indic es ar e not written down as they ar e unambiguous.

The b ox diagr ams of the c olumn to the right r epr esent four di�er ent diagr ams

e ach b e c ause ther e ar e four p ossibilities to c onne ct the photon pr op agators. They

ar e di�er ent owing to the momentum dep endenc e of the A

i

-vertex.

The tree-lev el and one-lo op corrections to the matter v ertices are giv en in �gure

5.3. Because the b osonic and fermionic propagators and v ertices ha v e the same

expression, all equal diagrams also ha v e the same expression. It is imp ortan t to

note ho w ev er, that for eac h b osonic and fermionic diagram there are t w o mixed

diagrams as can b e seen in �gure 5.3. Note further that the diagrams with

only fermionic external legs ha v e to b e m ultiplied b y �

�� ;
 �

in order to get the

correct an tisymmetry prop erties lik e w as deriv ed in eqn (5.25).

The deriv ation of the expressions corresp onding to the diagrams of �gure 5.3

are straigh tforw ard and w ere already done in [5 , 21 ]. Here the results of these

calculations will b e sho wn with the parameters adjusted to the con v en tions of

this thesis. In stating the results w e will only mak e reference to the diagrams

(a) - (e) but the same results apply for the other t yp es, mixed and fermionic,

diagrams.

The tree-lev el amplitudes of diagrams (a) and (b) together yield, in the
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cen ter-of-mass frame, the expression

i M

( tr ee )

=

� e

2

2 m�

cot � (5.28)

where � is the scattering angle b et w een the t w o particles. The triangle diagrams

(c) and (d) are the ones that are in�nite. They can b e calculated in the same

fashion as the lo op diagrams of c hapter 4. First calculate the time in tegral using

con tour in tegration and then calculate the space in tegrals using dimensional

regularization. T o do so, one has to use F eynman's tric k to rewrite the in tegral

in a more con v enien t form. F or diagram (c) this leads to the expression
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with � a momen tum scale that w as in tro duced to accoun t for the dimensional

shift of the in tegral. The expression for the other triangle is the same but with

p

2

! p

1

and q

2

! q

1

. Finally , the b o x diagram, (e), turns out to b e �nite

i M
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box

=

ie

4

8 � m�

2

(ln j 2 sin � j � i� ) (5.30)

with � as ab o v e. T aking these results and taking the expressions for the b osonic

v ertex and the one-lo op b osonic scattering amplitude of eqn (4.53), w e obtain

the follo wing total scattering amplitude to �rst order
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= i
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whic h is of course in�nite when � ! 0. Note here that the in�nit y and the

factor of i� come from di�eren t diagrams. The in�nit y comes from the triangle

diagram whereas the i� comes from the b o x diagram, but they ha v e te same

prefactor, whic h is crucial for the unitarit y of the scattering matrix.

If the de�nition of g

2

, eqn (5.24), is inserted in this expression w e readily

see that the prefactor of the in�nite term is zero so that w e ha v e a �nite theory .

This is indeed what w e needed and what w as an ticipated o wing to the fact that

there w as seen to b e no �eld, c harge, and mass renormalization. Remem b ering

the in tro duction of the Jac kiw-Pi mo del in section 5.1 it is also clear that this

same v alue for the coupling constan t, g

2

, is the one that allo ws for the non trivial,

self-dual solutions to the mo del, for whic h the conditions w ere giv en in eqn (5.8).

No w, the diagrams w ere calculated for the corrections to the b osonic v ertex,

but the results are the same for corrections to the mixed v ertex and the (e�ec-

tiv e) fermionic v ertex. The only di�erence is that (the corrections to) the mixed

v ertex ha v e an o v erall factor of t w o relativ e to the expressions of the corrected

b osonic and fermionic v ertices. Therefore w e can conclude that neither of the

t w o other v ertices receiv e an y correction as the p erturbativ e corrections and the
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de�nition of g

2

mak e sure that the in�nit y is cancelled, just lik e in the b osonic

case.

In this section w as v eri�ed that the sup er Jac kiw-Pi mo del do es not need to

b e renormalized to �rst order and therefore that all symmetries of the mo del are

retained during the pro ces of quan tization, whic h will b e studied in the follo wing

section. F urther, it turned out that the classical sup er self-dual equations w ere

retained so that also the quan tum theory con tains the v ortices that w ere there

in the classical mo del.

5.6 Renormalization and Conformal Charges

The v alue of the coupling constan ts, g

2

, in terms of the electric c harge, e , w as

seen to secure the pro cess of quan tization to yield no in�nities. W e ma y c ho ose

ho w ev er to mak e g

2

indep enden t of the electric c harge and see what happ ens to

the theory . In this section this will b e done based on [21 ]. First, the theory will

b e renormalized, then the running of the coupling constan t will b e calculated

and after that the time dep endence of the conformal c harges will b e calculated,

lik e w as done in c hapter 4 for the sup er-Sc hr• odinger mo del.

T o get rid of the in�nit y in the expression of the scattering amplitude, eqn

(5.31), the follo wing renormalized coupling constan t is in tro duced
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whic h will yield a �nite expression for the scattering amplitude to �rst order.

This renormalized coupling can b e used to deriv e the � -function in accordance

with the description in section 4.4. This yields
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Note the similarit y with the � -fun tion of the sup er-Sc hr• odinger theory , eqn

(4.69). The e�ect of in tro ducing the Chern-Simons gauge �eld is the addition

of the term prop ortional to e

4

. It is exactly this term that allo ws for non trivial

p oin ts where the � -function is zero. One can see easily that this is also the p oin t

where the theory has self-dual solutions. Indeed, in that case it can b e seen that

the renormalized coupling of eqn (5.32) equals the original coupling constan t g

2

so that there is no renormalization at all and the theory of the previous section

is reco v ered.

The � -function con tains the information that describ es the running of the

coupling constan t. This information can b e extracted b y solving the di�eren tial

equation for g

2

R

. F or eqn (5.33) the solution is giv en b y
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with �

0

an arbitrary reference scale and � � e

2

=m� . There are no w t w o di�eren t

cases for this theory . One can ha v e g

2

R

> � or one can ha v e g

2

R

< � . In b oth

cases w e ha v e g

2

R

(0) = � and g

2

R

( 1 ) = � � . F or the second case there are alw a ys

v alues for � where the theory is in the p erturbativ e regime whic h is not true for
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the �rst case. F urther, the v alue of � pla ys an imp ortan t role in these matters.

If � < 1 then the �rst case will nev er b e in the p erturbativ e regime while the

second case will alw a ys b e there. Finally , there is a singularit y in the running

of the coupling. If g

2

R

> � then the coupling g

2

R

will approac h the v ertical line

crossing the singular p oin t asymptotically , but if g

2

R

< � the coupling is zero at

that p oin t. All these considerations are visualized in the plot of �gure 5.4.
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Figure 5.4: Plots of the running of the c oupling c onstant g

2

R

( � ) , given by e qn

(5.34). Ther e ar e two plots c orr esp onding to two di�er ent values of j g

2

R

( �

0

) j with

r esp e ct to � . Note that by taking � ! 0 the plot of �gur e 4.7 is r e c over e d, which

gives the running of the c oupling c onstant for the sup er-Schr• odinger the ory.

The nonzero � -function implies of course that the conformal symmetries are

brok en. W e can th us calculate the time deriv ativ e of the conformal c harges for

this sup er Jac kiw-Pi mo del to see ho w this exactly happ ens. Using the b eta

function of eqn (5.33) and applying this to eqn (4.77) yields
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where the e�ectiv e fermion four-v ertex w as used. Indeed the conformal sym-

metries are retained when the self-dual conditions are satis�ed. Note that the

(results of the) sup er-Sc hr• odinger theory are reco v ered if w e tak e e ! 0, whic h is

directly related to the fact that the � -functions b ecome equal in that case. F rom

the p ersp ectiv e of the Lagrangian of the theory , this is not ob vious, esp ecially

when considering the relativistic Lagrangian that w as treated in the b eginning of

section 5.2. T aking e ! 0 there w ould only yield a free theory . The correct w a y

to get the sup er-Sc hr• odinger Lagrangian from the sup er Jac kiw-Pi Lagrangian

is b y taking g

2

to b e indep enden t of the electric c harge and applying the con-

strain t

1

in eqn (5.12), b efore taking e ! 0. Of course this is rather strange as

1

Remem b ering the discussion ab out the e�ectiv e fermion v ertex, an extra sign has to b e

added to four fermion term to get the righ t p oten tial.
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the constrain t is only non trivial for e nonzero, but w e ma y forget this for the

momen t. The b ottom line is that the t w o theories that w ere treated in this

thesis can b e related via this pro cedure.

5.7 Conclusions

In this c hapter a mo del similar the sup er-Sc hr• odinger mo del w as studied, called

sup er Jac kiw-Pi theory . This theory is basically the non-linear Sc hr• odinger

mo del extended with Chern-Simons gauge in teractions. It w as in v estigated in a

similar w a y as the Sc hr• odinger theory although the aim w as to quan tize it. The

full in teracting Lagrangian w as obtained b y taking the NR limit of a relativistic

theory , whic h w as not p ossible for the non-linear sup er-Sc hr• odingermo del. Lik e-

wise, the sup ertransformations w ere obtained. The equations of motion w ere

deriv ed and it w as seen that this mo del has non trivial groundstate solutions.

These solutions w ere asso ciated to the (sup er) self-dual equations of the theory .

F urther, the theory w as seen to b e in v arian t under the full, co v arian tized, su-

p erconformal symmetry group that w as giv en for the free Sc hr• odinger theory in

c hapter 3.

The quan tization of the theory allo w ed for the in tro duction of an e�ectiv e

four-fermion in teraction whic h w as not presen t in the Lagrangian of the theory .

It w as argued that none of the propagators and none of the v ertices that in v olv e

photons, receiv e an y correction to all orders. Using this it w as argued that also

the matter four-v ertices, the ones with b osons and/or fermions as external legs,

will receiv e no correction to all orders b ecause all couplings are related to eac h

other. It w as sho wn to �rst order that this is indeed the case.

Finally , the matter v ertex couplings w ere assumed to b e indep enden t of the

electric c harge and the theory w as renormalized. There it w as sho wn that the

theory only retains its conformal symmetries and sup ersymmetry for lo w and

high momen tum scale, whic h is where the coupling constan ts satisfy the self-

dual conditions. Using these results the sup er Jac kiw-Pi mo del w as related to

sup er-Sc hr• odinger theory b y taking e ! 0.
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Conclusion

In the in tro duction of this thesis, the question w as ask ed what will happ en to

the anomalous conformal symmetries of the non-linear Sc h• odinger mo del and

the Jac kiw-Pi mo del, if they are extended with sup ersymmetry . W e started

with in v estigating whether or not there is a sup ersymmetric Sc hr• odinger theory

and it turned out it indeed exists. It w as sho wn that it can b e constructed

from a relativistic theory con taining b oth massiv e Klein-Gordon and Dirac La-

grangians, b y taking the nonrelativistic limit. Because this relativistic theory

w as sup ersymmetric, the same limit could b e applied to the sup ertransforma-

tions, whic h yielded t w o nonrelativistic sup ertransformations. This free theory

w as in v arian t under the full sup erconformal Galilei group. Ho w ev er, o wing to

the inclusion of a fourth order in teraction, only one sup ertransformation w as

retained. The quan tization of this theory yielded a nonzero � -function. In fact,

it w as the exact same one as the one for the original theory , without sup ersym-

metry . Because the time deriv ativ es of the conformal c harges w ere deriv ed to

b e prop ortional to this � -function, they w ere indeed anomalous. Th us, the lo op

con tribution of the b osonic lo ops w as not cancelled b y a similar ones for the

fermionic lo op. The fact that this w as not p ossible is o wing the p eculiarit y of

nonrelativistic ph ysics, that particle n um b er has to b e conserv ed, so that it is

not p ossible to ha v e virtual particle pairs. This sp eci�c feature and the form of

the Galilean algebra, where a cen tral c harges app ears non trivially , sho ws that

nonrelativistic sup ersymmetric theories exhibit fundamen tally di�eren t features

than relativistic ones.

The researc h of the sup er Jac kiw-Pi mo del yielded the same t yp e of conclu-

sion. Just lik e the case w as for the non-sup ersymmetric theory , it w as seen that

also with sup ersymmetry included, the conformal symmetries w ere anomalous

except for sp eci�c v alues of the gauge �eld and fourth order coupling constan ts.

Ho w ev er, the sup er Jac kiw-Pi mo del w as deriv ed from a relativistic theory and

the sup ersymmetry of the latter one w as sp eci�cally related to a certain set of

coupling constan ts. Therefore, the nonrelativistic limit of this theory pro vided

the exact v alue for the couplings where sup ersymmetry w as main tained. But

these v alues w ere the same v alues where the non trivial top ological solutions,

v ortices, app eared and where the conformal symmetries w ere not anomalous.

Only when the gauge �eld couplings where discoupled b y hand from the fourth

order couplings, did w e retreiv e situations where the conformal symmetries w ere

anomalous.
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App endix A

Notations and Con v en tions

in Sup ersymmetry

F or the description of sup ersymmetry it is crucial to ha v e a go o d descriptiv e

apparatus for fermions. Of course b ecause the theory con tains fermions but

ev en more b ecause there are fermionic c harges. There are no general agreemen ts

ho w ev er on these matters b ecause there are a n um b er of con v en tions in v olv ed

whic h ha v e an in trinsic arbitrary nature.

The most descriptions of sup ersymmetry are based on the c hiral or W eyl

represen tation, whic h mak es use of the follo wing represen tation of 
 -matrices
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are the P auli matrices. Ow-

ing to this represen tation the four comp onen t spinor, 	 is split in to t w o t w o-
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where  and � are W eyl spinors. The con v en tions are suc h that the dotted

spinors are righ thanded, while the undotted ones are lefthanded. They are

related to eac h other b y hermitian conjugation
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so that one ma y describ e fermionic degrees of freedom equally w el with dotted

and undotted spinors.

The bar on the W eyl spinors do es not indicate conjugation lik e the bar on
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	, but it indicates the transformation represen tation of the spinor. If  
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Therefore b y just forming pro ducts of spinors and other ob jects, where all indices

are con tracted, w e can form Loren tz in v arian t quan tities. The parameters of the

transformation a and b are resp ectiv ely an in�nitesimal rotation and b o ost.

The in�nitesimal Loren tz transformations can b e used to construct raising

and lo w ering op erators of the W eyl spinors. They are giv en b y [30 ]

 ! (1 � i a � � = 2 � b � � = 2)  

� ! (1 � i a � � = 2 + b � � = 2) � (A.5)
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Therefore w e can use the totally an tisymmetric tensor �
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as a raising and

lo w ering op erator. The de�ning condition is �
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= 1. The basic relations
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No w it is p ossible to write the bilinears in terms of W eyl spinors, whic h

will b e done here for t w o cases. Here the con v en tion is de�ned that con tracted

indices are not written do wn.
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T o obtain the second result some tec hniques w ere used that will b e clari�ed in

the follo wing paragraphs. F rom this expression, eqn (A.8), it is clear that the

� -matrices carry b oth a dotted and an undotted index. In particular w e ha v e
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Because of the sp eci�c place of the dotted and undotted indices for b oth matrices

they can b e related to eac h other using the raising and lo w ering op erators
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F urther they satisfy , as a consequence of the an ticomm utation relation for 
 -
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One can deriv e a n um b er of relations with resp ect to the con tracted spinor

pro ducts. Tw o imp ortan t ingredien ts to do this is the use of the raising and

lo w ering op erator and the fact that in terc hanging t w o spinors yields an extra

sign. F or instance w e can deriv e
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where in the second line m ultiple of the ab o v e inden tities and con v en tions w ere

used. This second one is also the relation that w as refered to after eqn (A.8).

In the same w a y one can deduce all kinds of relations and rearrangemen ts. A

particular imortan t one, called a Fierz rearrangemen t iden tit y , is giv en b y

�

�

( � � ) + �

�

( � � ) + �

�

( �� ) = 0 (A.14)

As it is an iden tit y one can c hec k this b y explicitly writing do wn all terms.
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App endix B

Grassmann V ariables

In section 1.2.1 of c hapter 1 the concept of an ticomm uting or grassmann v ari-

ables w as already somewhat in tro duced. Here it will b e done more thoroughly .

These v ariables enable the in tro duction of a formalism that naturally treats su-

p ersymmetry as a spacetime transformation. This is the sup erspace formalism

whic h will b e treated v ery brie
y in the b eginning of app endix C.

The grassmann n um b er basically is an an ticomm uting n um b er. Because

one ordinarily w orks with t w o-comp onen t spinors grassmann v ariables can b e

conjoined to form grassmann spinors
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where eac h en try is an an ticomm uting n um b er so that w e ha v e the t w o relations
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Adding another � will yield zero b ecause there are only t w o comp onen ts. This

nice feature implies that an y function of the grassmann v ariables has a termi-

nating T a ylor expansion

� ( x; � ) = c ( x ) + �

�

 

�

( x ) + � � f ( x ) (B.3)

where in the second term the indices w ere written explicitly to indicate that

 

�

( x ) is a spinor. The �eld � is a b osonic �eld, as are c ( x ) and f ( x ).

Because of the terminating T a ylor expansion there are also some p eculiar

rules with rep ect to in tegration. T aking a one-grassmann-v ariable function

f ( � ) = a + b� , it is required, if one w an ts to do sensible things, that the in-

tegral is in v arian t under the translation � ! � + � [30 ]. Therefore w e m ust

ha v e

Z

d� a + b� =

Z

d� ( a + b� ) + b� (B.4)

where the constan t term a w as c hanged b y the transformation. This is only true

if w e de�ne
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Z
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Z
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d� = 0 (B.5)

Note that a sign con v en tion is adopted in this de�nition. Of course one can

in tegrate o v er an arbitrary n um b er of grassmann spinors. In the four comp onen t

case w e de�ne
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Owing to the de�nitions of eqn (B.5), the in tegrals w ork e�ectiv ely as deriv a-

tiv es, so in tegrating is di�eren tiating. In c hapter 1 w as already something men-

tioned ab out deriv ativ es of an ticomm uting n um b ers but here w e will sa y some

more. The main issue is that one has to b e carefull with the p osition of the in-

dices as there are di�erences in signs attac hed to this. First de�ne the follo wing

deriv ativ es

@

�

=

@

@ �

�

@

�

= �

��

@

�

�

@

_�

=

@

@

�

�

_�

�

@

_�

= �

_�

_

�

�

@

_

�

(B.8)

Using these the follo wing relations can b e deriv ed

@

�

�

�

= �

�

�

@

�

�

�

= � �

�

�

@

�

�

�

= �

��

@

�

�

�

= � �

��

(B.9)

whic h also apply to the dotted spinors.

Let's close this app endix with a few more usefull relations. First,

�

�

�

�

= �

1

2

�

��

( � � )

�

�

_�

�

�

_

�

=

1

2

�

_�

_

�

(

�

�

�

� ) (B.10)

where the sign di�erence originates from the di�erence of the p ositions of the

indices b et w een dotted and undotted grasmann spinors, whic h can b e seen for

instance in eqn (A.8). Another relation concerns the di�eren tiation of a squared

grassmann spinor.

@

�

( � � ) = 2 �

�

�

@

_�

(

�

�

�

� ) = � 2

�

�

_�

(B.11)

with the same for the raised indices. Finally , w e ha v e the follo wing, where a

dumm y �eld f is used,

�

@

�

; �

�

	

f = [ @

�

�

�

] f � �

�

@

�

f + �

�

@

�

f = �

�

�

f (B.12)



App endix C

Galilean Sup ersymmetry

A thorough deriv ation of the di�eren t symmetries of the Sc hr• odinger Lagrangian

w as giv en in c hapter 3. In this app endix it will b e sho wn that the Galilean trans-

formation of the Sc hr• odinger �eld in sup erspace naturally yields a sup erc harge

that acts as the squarero ot of a phase transformation. W e start with relativis-

tic co ordinate transformations in sup erspace whic h will b e used in com bination

with the NR limit of c hapter 3 to calculate the NR transformation. The ideas of

this app endix are based on [3]. The grassmann n um b er con v en tions of app endix

B are used.

Sup erspace is an extension of orinary Mink o wski spacetime with four an ti-

comm uting co ordinates �

�

and

�

�

_�

, with �; _� = 1 ; 2. The �elds living in this

space, called sup er�elds, can b e expanded in terms of the grassmann spinors,

lik e w as deriv ed in app endix B. The co e�cien t functions of the resp ectiv e terms

can then b e asso ciated to the b osonic, fermionic and auxiliary �elds. Because

of the Coleman-Mandula result one cannot consider sup ersymmetry transfor-

mations as merely translations in sup erspace as these w ould comm ute and th us

w ould b e an extra trivial spacetime symmetry . In stead they also, lik e w as

deriv ed in section 2.2, generate an ordinary spacetime translation.

T o deriv e these co ordinate transformations the No ether c harges of the theory

m ust b e found, whic h can then b e used to generate the in�nitesimal transfor-

mations, eqn (1.38), as is re
ected in

�

�

� = � i

�

� Q +

�

�

�

Q; �

�

(C.1)

The c harges can b e calculated using the No ether Theorem to calculate the

No ether curren t as w as describ ed in c hapter 1. But for no w w e are not in-

terested in the op erator form, but in the di�eren tial form of the sup erc harges.

Let's in v estigate somewhat the relativistic sup ersymmetric theory of c hapter 2.

There the comm utator of t w o sup ertransformations w as deriv ed, whic h can b e

generalized to, using eqn (2.14),

�

� Q +

�

�

�

Q; � Q + ��

�

Q

�

= � 2 i (

�

� �

�

� � �� �

�

� ) @

�

(C.2)

This relation is satis�ed in sup erspace b y the follo wing sup erc harges, in di�er-

en tial form,

Q

�

= i@

�

� ( �

�

)

� _�

�

�

_�

@

�

�

Q

_�

= � i

�

@

_�

+ �

�

( �

�

)

� _�

@

�

(C.3)
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No w these sup erc harges can b e used to calculate the v ariation of the spacetime

and grassmann co ordinates o wing to a sup ertransformation. T aking � ! x

�

; � ;

�

�

in eqn (C.1), the co ordinate transformations under sup ersymmetry are, for X =

( x

�

; �

�

;

�

�

_�

)

X ! X

0

= ( x

�

+ i� �

�

�

� � i� �

�

�

� ; � + � ;

�

� +

�

� ) (C.4)

So in a relativistic theory these are the co ordinate transformations in sup erspace,

corresp onding to sup ersymmetric transformations. T o go to a nonrelativistic

theory , w e will use again the NR limit of c hapter 3, but no w the emphasis will

b e on the co ordinate transformation.

The nonrelativistic limit w as roughly de�ned b y some phase transformation

of the Klein-Gordon and Dirac �elds and taking the limit c ! 1 , where the

phase transformation w as giv en b y

� ( x ) = exp ( � imx

0

= �h )

~

� ( x ) (C.5)

with m the mass of the �eld. The �eld

~

� ( x ) will b ecome the Sc hr• odinger �eld

when taking c ! 1 and applying a Loren tz transformation, x

0 �

= �

�

�

x

�

, will

yield the transformation rule for

~

�

~

�

0

( x

0

) = exp[( i= �h ) mc (�)

0

�

x

�

� x

0

]

~

� ( x ) (C.6)

In the limit c ! 1 the exp onen tial is the phase for Galilean transformations,

giv en in eqn (3.29), section 3.3.1. But the question is no w what happ ens when

sup ertransformations are included. W e are no w not in terested in what happ ens

to the sup er�eld as it transforms in to itself, but w e are in terested in the e�ect

of the tranformation on the phase of the �eld.

The starting p oin t is the co ordinate transformation of the relativistic sup er-

symmetry of eqn (C.4), but no w for a ma jorana spinor ( �

2

=

�

�

1

). Incorp orating

a Loren tz transformation, �

�

�

, these co ordinate transformations b ecome

x

0 �

= (� x )

�

+ a

�

+

i

c

�

� 


�

S (�) �

�

�

= S (�)

�

�

�

�

+ �

�

(C.7)

and of course the standard Loren tz transformations for the ordinary spacetime

co ordinates. The matrix S (�) is the spinor represen tation of the Loren tz group,

the n um b er c is the sp eed of ligh t, and the factor 1 =c is the only p ossible pref-

actor that yields a non trivial result when taking the NR limit. Applying this

co ordinate transformation to the �eld

~

� , instead of just the Loren tz transfor-

mations, eqn (C.6) is generalized to

~

�

0

( x

0

) = exp[( i= �h ) mc (�)

0

�

x

�

+

i

c

�

� 


0

S (�) � � x

0

]

~

� ( x ) (C.8)

So here w e ha v e the action of the tranformations on the phase of the �eld.

T aking the NR limit of the co ordinate transformations, eqn (C.7), and of this

phase yields the Galilean transformations, that w ere giv en in section 3.3.1, and

the grassmann n um b er translations. The exp onen tial will b ecome the phase of

the Galilei transformations, as in eqn (3.29), but with an extra term dep ending

on the grassmann n um b ers. One gets, considering only translations,
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~

�

0

( x

0

) = exp[( � im= �h )( v

2

t= 2 + v � x � i (

�

� ( � �

0

) � + � ( �

0

)

�

� ))]

~

� ( x ) (C.9)

The � -dep enden t part of this phase is generated b y the sup erc harges whic h, in

di�eren tial form, are giv en b y

Q

�

= @

�

+ i

m

�h

( �

0

�

� )

�

Z

�

Q

_�

=

�

@

_�

+ i

m

�h

( � �

0

� ) Z (C.10)

with Z = ( i= �h ) � @ =@ � the generator of phase transformations and � the phase.

This phase transformation is indep enden t of spacetime so it should comm ute

with all spacetime transformations, implying that Z is a cen tral c harge.

The algebra generated b y these transformations is the extended Galilei al-

gebra plus the algebra of the sup erc harges. The last one is giv en b y

n

Q

�

;

�

Q

_

�

o

= i

2 m

�h

( �

0

)

�

_

�

Z (C.11)

and additional relations that imply that Q

�

rotates as a spinor.

Th us it is seen indeed that the sup erc harge acts as the squarero ot of the cen-

tral c harge. Therefore from the p oin t of view of transformations in sup erspace it

is also natural that the sup erc harges do not generate spacetime translations but

only phase rotations, whic h of course implies the structure of the in�nitesimal

transformations.
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App endix D

L � evy-Leblond Equations in

Arbitrary Dimensions

In the deriv ation of the L � evy-Leblond equations in c hapter 3 the an ticomm u-

tation relation (3.11) w as asso ciated with the cli�ord algebra for D = 3 + 1

resulting in a three dimensional v ector B . The algebra ho w ev er can b e easily

generalized to arbitrary dimension, D = d + 1.

First some general facts ab out 
 -matrices, based on [34 , 32 ]. F or a giv en

dimension D these matrices satisfy the Cli�ord algebra




�




�

+ 


�




�

= 2 �

��

�; � = 0 ; 1 � � � D � 1 (D.1)

where �

��

= diag (1 ; � � � ; 1 ; � 1 ; � � � ; � 1) is the metric. There are t timelik e and

s spacelik e dimensions so that D = s + t , where the timelik e dimensions are

asso ciated to the n um b er one in the metric. The 


�

are 2

[

D

2

]

� 2

[

D

2

]

traceless

matrices, whic h implies that w e ha v e 2

[

D

2

]

comp onen t spinors.

One can de�ne a basis for the matrix-space b y taking symmetric pro ducts

of 
 -matrices. W e obtain the basis

�

A

= I ; 


�

; 


��

; � � � ; (D.2)

with




�

1

��� �

n

=

1

n !

X

p erm

( � )

P




�

1




�

2

� � � 


�

n

(D.3)

Selecting n di�eren t indices b et w een 1 and D and summing o v er n giv es the

n um b er of linear indep enden t 
 -matrices

D

X

n =0

�

D

n

�

= 2

D

(D.4)

In ev en dimensions an extra 
 -matrix can b e de�ned, normally denoted as




d +1

, whic h is the pro duct of all other 
 -matrices so that it an ticomm utes with

all the other ones. In unev en dimensions this extra matrix is used to represen t

the extra dimension.
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One can giv e a represen tation of 
 -matrices in terms of the P auli matrices,

c haracterized b y �

i

�

j

= i�

k

ij

�

k

and �

2

i

= 1. Considering D timelik e dimensions,

w e ha v e




1

= �

1


 1 
 1 
 � � �




2

= �

2


 1 
 1 
 � � �




3

= �

3


 �

1


 1 
 � � � (D.5)




4

= �

3


 �

2


 1 
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5

= �

3


 �

3


 �

1


 � � �

� � � = � � �

whic h is a represen tation for ev en dimensions. In case of o dd dimensions the last

�

1

is not necessary . The 
 -matrices for spacelik e dimensions can b e obtained

b y m ultiplying with a factor of i , so that 


�




�

= � 1.

No w let's apply these ideas to the deriv ation of the L � evy-Leblond equations.

In c hapter 3 the Sc hr• odinger equation w as decomp osed, in eqn (3.8), in t w o

linear parts, giv en b y

� 	 �

�

A i@

t

+ B � i r + C

�

	 = 0 (D.6)

and another, iden tical part with primes on it. No w, A and C are t w o matrices

while B is a D � 1 dimensional v ector of matrices. These matrices w ere expressed

in terms of a cli�ord algebra

B

0

�

B

�

+ B

0

�

B

�

= � 2 �

��

( �; � = 1 to 5) (D.7)

Where w as found that

1

B

i

=

�

�

i

0

0 � �

i

�

( i = 1 ; 2 ; 3)

B

4

=

�

0 1

1 0

�

B

5

=

�

0 � i

i 0

�

(D.8)

B

�

= � B

0

�

Comparing this with eqn (D.5) w e readily see that B

4

and B

5

coincide with




1

and 


2

resp ectiv ely , while B coincides with the remaining 


i

. In the follo wing

step of the deriv ation, the Sc hr• odinger spinor w as split in t w o t w o-comp onen t

spinors with whic h the �nal form of the L � evy-Leblond equations w as deriv ed.

In arbitrary dimension this go es m uc h alik e. The splitted spinors are no w t w o

2

[

D

2

]

� 1

comp onen t spinors. But if w e split B in t w o parts w e can see that b oth

parts form a represen tation of the Cli�ord algebra in D � 1 dimensions that

only di�er in sign. Therefore w e end up with the same L � evy-Leblond equations

i@

t

�

1

� i
 � r �

2

= 0 ; i
 � r �

1

� 2 m�

2

= 0 (D.9)

where the 


i

no w satisfy the Cli�ord algebra in D � 1 dimensions. Note that

there are some di�erences in sign but these are related to con v en tions. The

resulting Sc hr• odinger equation of motion is the same as in c hapter 3.

1

A min us sign w as added to the B for b etter comparison, but this is allo w ed as they still

satisfy eqn (D.7) so there is no problem here.



App endix E

Dimensional Regularization

The tec hnique of dimensional regularization w as �rst in v en ted b y V eltman and

t'Ho oft in the con text of the renormalization of gauge �elds [17 ]. No w ada ys it

is one of the most used tec hnique for renormalizing theories, whic h is partly

o wing to the fact that most symmetries are retained during the regularization

pro cedure as they don't dep end on the dimension of the Lagrangian.

The main idea b ehind dimensional regularization is that the in�nite in tegrals

are only in�nite in certain dimensions. T ak e for instance a t ypical in tegral

encoun tered in p erturbation theory (with for simplicit y a euclidean metric)

I =

Z

d

n

l

(2 � )

n

1

( l

2

+ m

2

)

2

(E.1)

F or n = 4 and large q , this in tegral will div erge logarithmically , but it will

con v erge when n = 3. The in�nit y asso ciated to I is in fact due to a p ole

at n = 4. No w one can in tro duce a regulator that regulates the dimension in

whic h the in tegral is p erformed, whic h is of course wh y it is called Dimensional

Regularization. Normally this go es b y taking the dimension where it should b e

p erformed min us a factor � , whic h do es not ha v e to b e an in teger n um b er b y the

w a y . F or instance, in the ab o v e example one w ould tak e n = 4 � � dimensions.

Letting � ! 0 w ould reco v er the in�nit y , but this should only b e done at the

v ery end of all calculations, when the in�nite con tributions are absorb ed in some

parameter. Of course this app endix do es do et deal with the renormalization of

theories, so it is not treated here. Chapter 4.4 do es deal with renormalization.

Let's state these ideas of dimensional regularization more mathematically .

W e consider a general in tegral in a n -dimensional Mink o wski spacetime, with

metric �

��

= diag(1 ; � 1 � � � � 1),

I ( n; � ) =

Z

d

n

q

i (2 � )

n

1

( q

2

� m

2

+ i� )

�

(E.2)

where the i� -prescription is no w incorp orated (whic h should not b e confused

with the other � that w as used for the regularization). T o calculate I ( n; � ) it

is extremely con v enien t to p erform a Wic k rotation, i.e. a rotation of q

0

to

the imaginary axis. After this rotation the metric will b e euclidean whic h will

ease the calculation of the in tegral b ecause w e don't ha v e to deal with the p oles

an ymore. The question is of course if w e ma y do this unpunished and the answ er

is y es. T o b egin with, observ e that the in tegrand has t w o p oles in the complex
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plane. One in the lo w er righ t and one in the upp er left sector, corresp onding to

q

0

= � (

p

q

2

+ m

2

� i� ) for � << 1. But this implies that w e are free to rotate

the in tegration o v er q

0

an ticlo c kwise to the imaginary axis as there are no p oles

enclosed b y the corresp onding con tour and b ecause the circular parts of the

in tegral v anish at in�nit y . Therefore, q

0

and it's Wic k rotated coun terpart are

related b y

I

dq

0

=

Z

+ 1

�1

dq

0

+

Z

� i 1

+ i 1

dq

0

=

Z

+ 1

�1

dq

0

� i

Z

1

�1

d ( q

0

)

E

= 0 (E.3)

where w as de�ned q

0

� � i ( q

0

)

E

. Inserting this in I ( n; � ) yields

I ( n; � ) = ( � 1)

� +1

Z

d

n

q

E

(2 � )

n

1

( q

2

E

+ m

2

)

�

(E.4)

where q

E

is the euclidean momen tum in n dimensions and the i� w as dropp ed for

con v enience. No w w e're dealing with a spherical in tegral in n dimensions, whic h

can b e divided in to an angular part and a radial part. But as the in tegrand is

indep endend of the angles this angular part, corresp onding to the unit sphere

in n dimensions, can b e calculated separately . There is a nice tric k to do this

[30 ]
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1
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�( n= 2) (E.5)

In the third step w as used that r

2

=

P

n

i =1

x

2

i

and in the �nal step the de�nition

of the �-function w as used. The radial part of I ( n; � ) can b e con v enien tly

rewritten in terms of q

2

E

[30 ]
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(E.6)

where in the �nal step w e substituted x = m

2

= ( q

2

E

+ m

2

). No w using the

de�nition of the Beta function

Z

1

0

dx x

� � 1

(1 � x )

� � 1

=

�( � )�( � )

�( � + � )

(E.7)

and m ultiplying with the angular part of eqn (E.5), w e end up with an expression

for the total in tegral

I ( n; � ) =

( � 1)

� +1

�

n � 2 �

(4 � )

n= 2
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n

2
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2

m

2

�

� �

n

2

(E.8)

where an arbitrary reference mass � w as in tro duced. The function �( x ) has

p oles at x = 0 ; � 1 ; � 2 � � � , so indeed for � = 2 and n = 4 (lik e in the example
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ab o v e) the in tegral div erges. The in tegral is �nite ho w ev er for 2 � > n , but this

�nite region can b e extended b y analytical con tin uation [34 ]. In order to do so

one needs to p erform partial in tegration on the in tegral

n

Z

d
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(E.9)

Then taking q

2

= ( q

2

+ m

2

) � m

2

and rearranging yields
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(E.10)

The left hand side is �nite for 2 � > n but the righ thand side is �nite for

2 � + 2 > n . If w e �rst analytically con tin uate eqn (E.4) and then p erform

dimensional regularization, using eqn (E.8), w e end up with

I ( n; � ) =

( � 1)

� +1

�

2 � +2 � n

(4 � )

n= 2

�m

2
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(E.11)

Of course this pro cedure will not w ork for 2 � = n , although the in�nit y is

extracted in this w a y if one regulates with 2 � = n + � .

The in�nit y can b e extracted in y et another w a y . T aking n = 2 � � � w e get

a term �( �= 2) in eqn (E.8), whic h can b e expanded for � ! 0 [30 ]

�( �= 2) =

2

�

� 


E

+ O ( � ) (E.12)

with 


E

= 0 : 5772 the Euler-Masc heroni constan t. The �rst term of the

righ thand side con tains the in�nit y while the remaining terms are �nite. There-

fore, using dimensional regularization w e ha v e succesfully isolated the in�nities

corresp onding to in tegrals of the t yp e I ( n; � ).

Let's conclude with an imp ortan t relation. Dimensional regularization will

often in v olv e terms of the t yp e

�

m

2

4 � �

2

�

� �= 2

= exp

�

�

�

2

ln

m

2

4 � �

2

�

= 1 �

�

2

ln

�

m

2

4 � �

2

�

+ O ( � ) (E.13)

Multiplying this with eqn (E.12) yields

�

m

2

4 � �

2

�

� �= 2

�( �= 2) =

2

�

� 


E

� ln

�

m

2

4 � �

2

�

+ O ( � ) (E.14)
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App endix F

Unitarit y of the Scattering

Matrix

The unitarit y of the S-matrix enables us to deriv e a relation for the scattering

amplitudes also kno wn as the optical theorem [30 ]. First, the unitarit y requires

S

y

S = 1, and b ecause S = 1 + iT w e get

T

y

T = i ( T

y

� T ) (F.1)

No w w e can use eqn (4.33), i.e.

h q

1

q

2

� � � j iT j p

1

p

2

i = (2 � )

4

� ( p

1

+ p

2

�

X

q

f

) � i M ( p

1

; p

2

! q

f

) (F.2)

to rede�ne eqn (F.1) in terms of scattering matrices.

i M ( p

i

; q

j

) � i M

�

( q

j

; p

i

) =

Z

Y

m

d

n

k

m

M

�

( k

m

; p

i

) M ( k

m

; q

j

) � ( p

i

� k

m

) (F.3)

where p

i

is the incoming, q

j

the outgoing and k

m

the in termediate momen tum.

The in tegrals o v er k originate from the insertion of a complete set of in termediate

states. The summation o v er indices i; j; m is understo o d. Both sides should also

b e m ultiplied b y an o v erall delta function. The delta function on the righ thand

side of eqn (F.3) w as obtained b y eliminating the q

j

with one of the delta

functions of the pro duct T

y

T .

In c hapter 4.3.1 it is men tioned that the scattering amplitude for t w o particle

scattering (for the non-linear Sc hr• odingermo del) needs the presence of a factor

i� in order to secure the unitarit y of the scattering matrix. Based on [21] it will

b e sho wn that this is indeed the case. The exact amplitude for this scattering

w as giv en b y eqn (4.66)

i M ( p

i

; q

j

) = �

ig

2

R

2

1

1 � g

2

R

m

4 �

( i� + ln(( p

1

� p

2

)

2

= 16 � �

2

))

(F.4)

� i M ( p

1

� p

2

) (F.5)
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where p

i

are the incoming and q

j

the outgoing momen ta and summation o v er i

and j is understo o d.

Applying the optical theorem to eqn (F.4) w e ha v e the follo wing expression

for the scattering matrix

S ( p

i

; q

j

) = I ( p

i

; q

j

) +

2

2 �

� i M ( p

1

� p

2

) (F.6)

The factor of (2 � )

� 1

app ears b ecause the o v erall delta function asso ciated to

the trivial part has one more factor of 2 � then the one asso ciated with the

scattering amplitude, and the factor of t w o re
ects that the trivial part has t w o

times less p ossible con tractions then the non trivial part. No w the lefthand side

of eqn (F.3) is calculated to b e

( � )

� 1

[ i M ( p

1

� p

2

) � i M

�

( p

1

� p

2

)] = ( � )

� 1

m jM ( p

1

� p

2

) j

2

(F.7)

This expression is only nonzero b ecause of the i� in the denominator. T o cal-

culate the righ thand side of eqn (F.3) w e m ust �rst realize that in our theory

the delta function is, for t w o incoming and t w o outgoing �elds, of the form

� ( p

1

+ p

2

� k

1

� k

2

) = � ( p

1

+ p

2

� k

1

� k

2

) � (( p

2

1

+ p

2

2

� k

2

1

� k

2

2

) = 2 m ) (F.8)

whic h can b e seen when the Sc hr• odinger �elds, eqn (4.8), are plugged in to a

correlation function after whic h one in tegrates (separately) o v er time and space.

This sp eci�c form implies b y the w a y that energy and momen tum are separately

conserv ed.

F urther it m ust b e realized that the scattering amplitude only dep ends on

the spatial momen tum v ectors, p

i

, so w e only need to in tegrate o v er the spatial

v ectors to calculate the in tegral of eqn (F.3). F or t w o particle scattering w e no w

ha v e
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(F.9)

In the second step the in tegration v ariable w as shifted from k

1

! k

1

+ ( p

1

+

p

2

) = 2 and in the third step the angular in tegral w as calculated, whic h is allo w ed

b ecause the amplitudes only dep end there on k

2

1

. W e can conclude that the

optical theorem is indeed satis�ed, o wing to the factor of i� in the denominator.
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