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Custodial symmetry

Custos: guardian.

At lowest order the W and Z boson masses are related by

ρ =
M2

W

M2
Z cos2 θW

= 1 .

This is a consequence of an extra global symmetry of just the Higgs +
EW part of the Lagrangian

LH = −(Dµφ)†Dµφ− V (φ)

with

V (φ) = µ2(φ†φ) + λ(φ†φ)2

Dµ = ∂µ − i gW a
µ

(τa
2

)

− i g ′Bµ
1

2
Ŷ

Let us rewrite this in terms of

Φ = (iτ2φ
∗, φ) =

(
φ0∗ φ+

−φ+∗
φ0

)
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Custodial symmetry, cont’d

The Lagrangian now reads

LH = −1

2

{

Tr
[

(DµΦ)† DµΦ
]

+ µ2Tr
[
Φ†Φ

]
+ λTr

[
Φ†ΦΦ†Φ

]}

,

DµΦ = ∂µΦ − i gW a
µ

1

2
τaΦ + i g ′BµΦτ3

In the form we can better see the custodial symmetry at work. Usual local
SUIW (2) symmetry acts as Φ(x) → U(x)Φ(x). Note global symmetry

Φ(x) → Φ(x)V †, V is unitary

SSB is effected by

Φ0 =
v√
2

(
1 0
0 1

)

leaving the remaining global symmetry

Φ(x) → VΦ(x)V †

This is the custodial symmetry
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Consequences of custodial symmetry

Consider

DµΦ0 = ∂µΦ0
︸ ︷︷ ︸

=0

−i gW a
µ

1

2
τaΦ0 + i g ′BµΦ0τ3

and put g ′ = 0 → cos θW = 1. Then

gW a
µ

1

2
τaΦ0 = − gv√

2

(
W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ

)

Leading to a gauge field mass term

−1

2
Tr
[

(DµΦ)
†
DµΦ

]

= −1

4
g2v2

3∑

a=1

W a
µW a µ ⇒ M2

W

M2
Z cos2 θW

= 1 .

The custodial symmetry requires this. Now let g ′ 6= 0. Then

gW a
µ

1

2
τaΦ0 + g ′BµΦ0τ3 = − gv√

2

(

(W 3
µ − g ′

g
Bµ) W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −(W 3
µ − g ′

g
Bµ)

)

,

W 3
µ − g ′

g
Bµ ≡ 1

cos θW
Zµ
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Consequences of custodial symmetry, cont’d

The combination Zµ/ cos θW acts like W 3
µ before

M2
W = 1

2
g2v2, M2

Z = 1
2 cos2 θW

g2v2

Conversely, if we do not demand that a scalar field implements the SSB,
but only ask that the custodial SU(2) is present, we will find

ρ =
M2

W

M2
Z cos2 θW

= 1 .

ρ = 1 more generally a consequence of custodial symmetry

Effects from fermions will break the custodial symmetry, but in
calculable way

ρ = 1 + ∆ρ(m2
t , ln(mH))
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What is an anomaly?

(Major topic in theoretical physics)

An anomaly occurs when quantum corrections do not respect a symmetry
of the classical Lagrangian. Is that bad?

For a global symmetry, not necessarily.

New types of interactions can appear: π0 → γγ (∼ global
ψ → e iαγ5ψ)

Explains absence of certain meson states

Classical scale invariance of QCD broken by anomaly, good for
meson masses

Can give geometric, topological information

For a local symmetry, most definitely:

loss of unitarity

loss of renormalizability

general mayhem
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Technicalities

How does an anomaly manifest itself in a quantum field theory?

The non-conservation of the corresponding (Noether) current

The non-invariance of the path-integral integration measure

Focus now on chiral anomalies; occur when chiral fermions in the theory

Chirality involves γ5 ≡ γ0γ1γ2γ3, an essentially 4-dimensional
“object”

Loop integrals in Feynman diagrams are often regulated by working
in d dimensions ⇒ incompatibility

Since we have gauge fields coupling to chiral fermions in the SM, we
better pay close attention to this problem.

Gauge fields must couple to conserved currents

δ

(∫

AµJµ

)

=

∫

(∂µα)Jµ = −
∫

α∂µJ
µ = 0



Outline Custodial symmetry Anomaly cancellation Higgs mass and fine-tuning What if EW symmetry were not broken?

Technicalities

Consider massless fermion
L = −ψ̄ /∂ψ

Two global symmetries

I : ψ → e iαψ, II : ψ → e iβγ5ψ

Find (Noether) currents by temporarily making α, β → α(x), β(x)

I : J
µ
V = ψ̄γµψ, II : J

µ
A = ψ̄γµγ5ψ

Classically (tree level)

∂µJ
µ
V = 0, ∂µJ

µ
A = 0

After one-loop calculations ∂µJ
V
µ = 0, and can add Aµ(x)Jµ(x) to

Lagrangian → massless QED. One then finds

∂µJ
µ
A =

e2

16π
εµνρσFµνFρσ

The RHS is the (Adler-Bell-Jackiw) chiral anomaly.
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Relevant diagrams for ABJ anomaly

To see what becomes of ∂µJ
µ
A at quantum level, evaluate

∫

DψDψ̄ ∂µJ
µ
A e iS0+ie

�
d4xAµψ̄γ

µψ

'
∫

DψDψ̄ ∂µψ̄γ
µγ5ψ

[

1
2!

(ie

∫

d4xAµψ̄γ
µψ)2

]

e iS0

γµγ5

γρ

γσ

Computing those diagrams gives a non-zero result, if indeed there is 1
axial-vector coupling, and two vector couplings (VVA)

∂µJ
µ
A =

e2

16π
εµνρσFµνFρσ
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Non-abelian case

In the SM we have the couplings

W a
µ(x)ψ̄i [ta]ij (1 + γ5)ψj

i.e. the gauge fields couple to chiral fermions. But do they couple to
conserved currents? Calculate

γµγ5

γρ

γσ

a
b

c

Result

∂µJ
µ
A,a =

g2

16π
εµνρσG b

µνG
c
ρσ [ta, {tb, tc}]
︸ ︷︷ ︸

Dabc

where the ta are the generators on the corners of the graph.

Serious! The right-hand side is non-zero, the Standard Model seems a

sick theory.
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Anomaly cancellation

There is a possible way out. Because there are many fermions, that can
run around in the loop, we must sum over all allowed types.

a
b

c

uL, dL, uR, dR, eL, νL, . . .

Perhaps there will be cancellations? We must examine many cases
however for the three generators

All three SUc(3)

2 SUc (3), 1 SUL(2)

3 SUL(2)

2 SUL(2), 1 UY (1)

3 UY (1)

...

We will examine a few cases.
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Anomaly cancellation, cont’d

1 SU(2) − SU(2) − SU(2)

Dabc = Tr [ta, {tb, tc}] = 1
2
δbc Tr[ta] = 0

2 SU(2) − SU(2) − U(1)

Dabc → 1
2
δbc Tr[Y ] =

∑

LH

y = 1
2
δbc (−1 + 3 · 1

3
) = 0

3 SU(3) − SU(3) − U(1)

Dabc → 1
2
δbc Tr[Y ] =

∑

quarks

y = 1
2
δbc (2 · 1

3
− ( 4

3
− 2

3
) = 0

4 U(1) − U(1) − U(1)

Dabc ∝ Tr[Y 3] =
(
2 · (−1)3 + 3 · 2 · ( 1

3
)3
)
−
(
(−2)3 + 3 · ( 4

3
)3 + 3 · (−2

3
)3
)

= 0

Amazingly, it works! The SM is anomaly free, thanks to the quantum
numbers of the chiral fermions in a family.
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Implications of anomaly cancellation

We’re safe. (To one loop, but also higher [Adler-Bardeen])

Quarks and leptons need to cooperate - a sort of unification

Are there gauge groups for which Dabc is automatically zero? Yes, quite
a few (SO(2n + 1), G2..).

Here’s an intriguing one: SO(10), specifically the 16× 16 spinor
representation. If the SM gauge group where nothing but a remnant of
an SO(10) GUT group, anomaly cancellation would be simply a
consequence of group theory, not of (anthropic?) miracles.
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Decoupling

Degrees of freedom should correspond to relevant length scales

Do not need QM to describe soccer ball

Top quark was not noticeable in early low energy experiments

Heavy particles should not be visible, decouple, from processes at lower
energies. Consider toy scalar field theory

L = − 1
2
(∂µφ)2 − 1

2
(∂µΦ)2 − 1

2
m2φ2 − 1

2
M2Φ2 − 1

6
φ3 − 1

2
g2φΦ2

Light field φ, mass m

Heavy field Φ, mass M
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Decoupling, cont’d

Tree graphs with H external Φ lines ∝ M−2H

Loop graphs: 4-point function

Γ4 = i(2π)6
g4

2

384π3M2

3-point function

Γ3 = i(2π)n

(

µεg3
2

128π3

1

ε
− µεg3

2

128π3

[

γE + ln

(
M2

4πµ2

)]
)

.
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Decoupling, cont’d

2-point function

Γ2 = i(2π)n

(

− g2

128π3

1

ε

(

M2 +
1

6
p2

)

+
g2

2

128π3

[

M2

(

γE − 1 + ln

(
M2

4πµ2

))

+
p2

6

(

γE + ln

(
M2

4πµ2

))]
)

.
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MS renormalization

The following MS renormalizations cancel the divergences

− 1
2
(∂φ)2 = − 1

2
Zφ(∂φR)2 , Zφ = 1 − 1

ε

g2
2

768π3

− 1
2
m2φ2 = − 1

2
m2

Rφ
2
R , m2

Rφ
2
R = m2φ2 − 1

ε

g2
2 M2

128π3
φ2

g1φ
2 = µεZ1g1,Rφ

3
R , Z1g1,R = g1,R − 1

ε

g3
2

128π3

The quantities with subscript are finite. Now drop label R , and arrive at
effective lagrangian

L = − 1
2
(∂µφ)2

{

1− g2
2

768π3
[γE +L]

}

− 1
2
φ2
{

m2 − g2
2M2

128π3
[γE − 1 + L]

}

− 1
6
φ3
{

g1 −
g3

2

128π3
[γE + L]

}

where L = ln(M2/4πµ2). Effect of heavy particles only in coefficients.
But notice fine-tuning of mass!
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Fine tuning

We saw that somehow m must be very close M such

m2 − g2
2M2

128π3
[γE − 1 + L]

is small compared to M2. Not impossible, just unnatural.

If φ is the Higgs boson, M is the scale of new physics, (e.g. GUT scale
1019 GeV), the fine tuning is very severe. Solutions:

SUSY

Extra dimensions (GUT scale is Near!)

Little Higgs (elegant postponement of problem)
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What if EW symmetry were not broken as in

SM?

Chiral symmetry breaking by QCD would break SUL(2)!!

W and Z would get mass, just only 30 MeV

Quarks and leptons massless

Mesons and baryons would form.

Protons heavier than neutrons! Rapid beta decay

No atoms, chemistry, us...

Outreach advice

When the Higgs is found, don’t say it is just a particle. It is (the first
step) towards a radically new view of our Universe.
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Summary

As regards the physics

Reviewed structure of Standard Model

Local and global symmetry determine structure

Quantum aspects further restrict its structure

Good(?) reasons to expect more

As regards these lectures

Keep reviewing, keep discussing

More in the fall..


