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Chapter 1

Introduction

According to present knowledge, matter is built out of elementary particles. Of the four
kinds of interaction between these elementary particles, the electromagnetic, weak and
strong interactions are described collectively by a quantum gauge theory that is known as
the Standard Model. The remaining interaction, gravity, is described independently by the
theory of General Relativity. While the unification of gravity with the other interactions
is a major current challenge of theoretical physics, gravity is usually negligible in the
description of elementary particles.

Matter is arranged in the form of atoms, which consist of electrons shrouding a nu-
cleus that is composed of protons and neutrons. While the composition of the electron
cloud of an atom is in principle rather well understood in terms of quantum electrody-
namics (QED), i.e. the part of the Standard Model that deals with the electromagnetic
interaction, the structure of the nuclei poses a much more difficult problem. The particles
that make up nuclei and in general all other hadrons, are the quarks and the gluons. These
particles are governed by the part of the Standard Model that describes the strong inter-
action, quantum chromodynamics (QCD), which is a so-called non abelian gauge theory.
As a consequence, the gluons, unlike the photons, can interact with each other directly,
making the theory highly non-linear and difficult to solve. The tool of choice for perform-
ing calculations is perturbation theory. This means that the desired quantity is expanded
as a power series in terms of a small parameter, for which one uses the coupling constant.
While in QED, the coupling constant, the fine structure constant @, ~ 1/137, increases
with energy, in practice it is small enough for the application of such a technique. In QCD
however, the coupling constant decreases with energy—one can also say that it decreases
as smaller distances are considered—and turns out to be too large on the length scale of
hadrons to use perturbation theory. Hence, one cannot calculate the exact composition of
hadrons in terms of quarks and gluons from first principles using analytic techniques.

The structure of hadrons on very small length scales can however be analysed using
perturbation theory, since in this case the coupling constant is small. This may be the
case in high energy scattering. In deep inelastic scattering (DIS) for instance, an electron
and a proton are accelerated to high energy and made to collide, which means that the



electron interacts with the proton predominantly by the exchange of a virtual photon. If
the mass of the virtual photon is Q?, the spatial resolution at which the proton is probed is
roughly given by 1/Q?. If Q7 is large, the results can be well understood in terms of the
photon scattering off a single quark or gluon inside the proton. Hence, the virtual photon
probes the density of quarks and gluons inside the proton. Since before the formulation
of QCD, the constituent particles of hadrons received the name partons, these densities
are known as parton distribution functions. They depend not only on Q2, but also on
the longitudinal momentum fraction x of the proton that is carried by the struck parton.
Since perturbation theory does not allow a direct computation of the parton distribution
functions, they must be taken from experiments. However, it is possible to calculate the
0? dependence of the distribution functions perturbatively in QCD, which leads to the
so-called DGLAP equations. This perturbative QCD picture of high energy scattering
provides a very successful description of experimental results. However, in spite of this
success, there may be a kinematic region at high energy in which this picture breaks down.

The parton distribution functions depend not only on @2, but also on the longitudi-
nal momentum fraction x of the probed parton. If the centre of mass energy, which is
usually denoted with +/s, of the scattering process increases, the momentum fraction of
the probed partons decreases. In DIS, the momentum fraction x that is probed scales like
x ~ Q%/(Q* + 5). Apart from the non-perturbative region, at high energy we can dis-
tinguish two kinematic regions. In the so-called Bjorken limit of fixed x and Q*> — oo,
the proton is described as a collection of free partons, since the strong coupling constant
vanishes—the parton distribution function then depend on x only. At finite values of 02,
the parton picture remains valid, the Q? dependence of the parton distribution function
being described by the DGLAP equations. Another possible limit is the small-x limit, or
high energy limit, in which /s — oo so that x — 0. In this limit, the x dependence of
the gluon distribution function is thought to be described by the so-called BFKL equa-
tion, which predicts that if x becomes very small, the gluon density rises so fast that it
will eventually violate unitarity of the scattering amplitude. Hence, it is expected that by
some mechanism that is not described by the BFKL equation, the fast rise of the gluon
density is tempered, so that the density saturates as x — 0. Physically, one imagines
that the gluons start to overlap, so that their mutual interactions slow down the rise of
the density. This leads to a new picture of a scattering experiment at such small values
of x that high densities are probed. Instead of scattering of a single parton, i.e. a gluon,
due to the very high density of gluons we have to consider scattering off many gluons. In
DIS, the corresponding picture is known as the dipole picture. In this picture, the virtual
photon fluctuates into a quark-antiquark pair, colour dipole, that interacts with the proton
through multiple scattering. The scattering of the dipole off the proton is described by
the so-called dipole scattering amplitude. In this picture, saturation of the gluon density
means saturation of the dipole amplitude.

Scattering of a nucleon off a nucleus can also be described in terms of the dipole
scattering amplitude. In the perturbative picture, a parton from the nucleon scatters off a
parton, i.e. a gluon if small values of x are probed, from the nucleus. If the gluon density
in the nucleus becomes large, one has to take into account scattering off more than one
gluon. At very small values of x, the gluon content of the nucleus can be described as
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Chapter 1. Introduction

a classical colour field that is known as a colour glass condensate. The scattering off a
parton from the nucleon off this colour field turns out to be described by the same dipole
amplitude that is used in DIS.

Since high energy scattering can be described in the dipole picture, gluon saturation
can be formulated in terms of saturation of the dipole scattering amplitude. The linear
BFKL equation, which predicts a too strong growth of the dipole amplitude, is expected
to be supplanted by a non-linear equation, such as the so-called BK equation, of which the
non-linear term can account for saturation. In this thesis, we will investigate theoretical
approaches to saturation of the dipole amplitude, with an emphasis on the BK equation.
In the dipole picture of high energy scattering, we derive an expression for the dipole
scattering amplitude, known as the MV model, in the colour glass condensate formalism.
Turning to the x-evolution of the dipole amplitude, we give a derivation of the BFKL
equation. Further, we show how it leads to a rapid rise of the gluon density, and introduce
the non-linear BK equation as a possible replacement. In the absence of analytic solutions
of the BK equation, we discuss a number of phenomenological models that incorporate
features that arise from small-x evolution. Using numerical solutions of the BK equation,
we investigate to what extent these properties actually arise from BK evolution. We iden-
tify a number of experimental signatures that result from the small-x features of the dipole
models, and use these to study whether saturation may be observed in data from high en-
ergy scattering experiments. We will see that present data is inconclusive. Contrarily, at
the new Large Hadron Collider (LHC) protons and lead nuclei are accelerated to much
higher energies than previously available. We present theoretical analyses showing that
LHC is able to probe values of x that are expected to be small enough for small-x effects
to be resolved, so that LHC offers the first possibility of experimental tests of saturation.






Chapter 2

QCD at high energy

2.1 Definition of QCD

The quantum field theory that describes the strong interaction among quarks is known as
quantum chromodynamics, or QCD. Formally, it is a Yang-Mills theory [1] with the gauge
group SU(3) describing the interactions between colour charged fields, in which each
flavour of quarks transforms according to the fundamental representation of the gauge
group. The lagrangian density of QCD can be written as'

Locp = —%FﬁvFﬁfv + > @y (D = my)ay 2.1
7

where the sum runs over all quark flavours. The covariant derivative is given by D, =
0y — igt“Aj,, where the coupling constant g sets the strength of the interactions between
the quark field ¢ and the gauge field Aj,. The 7-matrices are the generators of the gauge
group in the fundamental representation, since D acts on the quark fields. The #’s are
normalized as follows,

tre'e? = 6% /2 (2.2)
leading to the properties

N? -1
2N

(t1pe = Cpope;  Cr = (2.3)

The field strength tensor of the gauge field Aj, the quanta of which are called gluons,
is defined as

Fi, = 0,A% — 8,A% — g f AL A, (2.4)

oty

'We ignore additional gauge fixing and ghost terms that are introduced in order to quantize the theory [2, 3].
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2.2. The running coupling

where f denotes the structure constants of the Lie algebra of the gauge group, i.e. [t, ] =
if®<t¢. The structure constants themselves define a representation of the group, the ad-
joint representation, which is constructed as follows: (T'%),. = —if®c. Its normalization
is given by

aTeT? = fod P = C46%; Ca=N (2.5)

where for SU(3) Cr =4/3 and C4 = 3.

We see that the non-abelian term in F, which is proportional to the coupling constant
g, will give rise to self couplings of the gauge fields, which means that the gluons them-
selves carry colour charge, like the quarks. A crucial symmetry of the lagrangian density
(2.1), which is one of the properties that ensures the renormalizability of the quantized
theory, is gauge invariance. The theory is invariant under local transformations generated
by the gauge group,

qgx) — Ux)qgx)
A =AY — U@AU () - é(ﬁHU(x)) U~ (x)
Fu=1"F), — U®F,U(x) (2.6)

where the operator U(x) = exp(i1“(x)t?) describes a rotation in the group space, charac-
terized by the parameters 1“(x), where a runs from 1 to the number of generators—i.e.
N? — 1 in the case of SU(N). The transformation is local since A%(x) depends on the
space-time co-ordinate x, i.e. a different transformation can be performed in every point.
On the classical level, the lagrangian density (2.1) gives rise to Euler-Lagrange equations
of motion, usually referred to as the Yang-Mills equations,

[D,,, Ff;V] =J 2.7)

where J denotes the current J; = gy,“q. We will use this equation in chapter 3 to describe
the gluon field of an ultrarelativistic nucleus, which can be treated classically due to its
large gluonic occupation numbers.

2.2 The running coupling

The QCD lagrangian (2.1) describes the interactions among the colour charged quarks and
gluons. We know however that no bare colour charge has ever been seen in nature, instead
only composite states appear that are colour neutral; the hadrons. This phenomenon is
called confinement, expressing the phenomenological fact that colour charge is confined
to spatial regions of roughly the size of hadrons. This is caused by the theory being
strongly coupled at the length scale of the hadrons. Conversely, at very small length
scales, the coupling becomes increasingly weaker, and vanishes at asymptotically small
length scales—or asymptotically large energy scales. This counterpart of confinement is
known as asymptotic freedom [4-6]. In this section we will sketch the scale dependence
of the coupling constant of QCD.

6



Chapter 2. QCD at high energy

Classically, QCD is a scale invariant theory, since there is no fundamental parameter
to set any scale. Hence, confinement and asymptotic freedom could never emerge. How-
ever, subjecting the theory to quantization automatically produces a scale dependence.
Consequently, at small length scales quantum corrections to the classical theory occur,
which become more important as one goes to smaller scales. Asymptotic freedom and to
a certain extent also confinement can be understood in terms of such a quantum effect:
the so-called running of the coupling. Running of the coupling in QCD means that the
coupling is large at low energies and becomes small at high energies. Technically, this
running of the coupling is derived from renormalization.

Renormalization is the way of dealing with ultraviolet divergences that appear in per-
turbation theory due to quantization of the theory defined by the lagrangian density (2.1).
At any given order in perturbation theory, the terms in the expansion can be expressed di-
agrammatically as Feynman diagrams, which represent momentum integrals. These can
yield infinities because there is no restriction on the momenta of virtual particles. Renor-
malization amounts to subtracting the infinities at an arbitrary energy scale, the so-called
renormalization scale, u say, by a redefinition of the parameters of the theory, so that the
theory is rendered finite. Going to higher orders in perturbation theory, more loop dia-
grams appear causing ever more infinities. Even so, for Yang-Mills gauge theories such as
QCD, renormalizability to all orders in the coupling is guaranteed [3, 7, 8]. Of course, as
the renormalization scale y is arbitrary, all observables of the theory must be independent
of p. This requirement leads to the effective coupling that we use in the renormalized
perturbation theory acquiring a dependence on the scale u. The requirement that the the-
ory be independent of y translates into the following differential equation for the effective
coupling a(u),

i Z"; = B(ay). 2.8)
u
This is known as a renormalization group equation. The behaviour of the coupling is
contained in the well known S function, which to one loop order is given by

g _

ﬂﬁu)zzii;(an—llN)::—bah (2.9)
where ny is the number of flavours, and N = 3 is the number of colours. The renormal-
ization group equation (2.8) is readily solved, giving

as(;u())
1+ as(uo)b In e [y

where p is a constant of integration, which has dimensions of energy. In principle, u
and p are arbitrary scales, which have no physical interpretation. Usually though, one
identifies 1 with the energy scale of some scattering process, so that a (i) can be fixed
using experimental data. The theory then has predictive power at other energies, at which
the value of a(u) can be obtained from Eq. (2.10). Further, it is common to introduce the
scale A, or Aqcp, instead of ug. One can write

a,(p) = (2.10)

InA% = Ing? - (2.11)

1
a’s(ﬂO)b ’



2.2. The running coupling

so that the running coupling can be expressed in terms of only a single unknown parame-
ter, which is of course the new scale A,

1

a/s(/,t)z m (212)

Clearly, the coupling becomes smaller as the energy scale increases, asymptotically ap-
proaching zero. This behaviour is illustrated in Fig. 2.1. Thus, the running of @, provides
an explanation of asymptotic freedom. At larger distance scales, at lower energy, the
coupling grows, and the concept of confinement appears on the horizon. At the scale A,
sometimes called the QCD scale, the coupling would diverge, so that A is thought of as
a measure for the energy scale at which perturbation theory can definitely not be used
anymore. Its value, which needs to be extracted from experiment, lies around A = 200
GeV. In fact, there are infinitely many possible definitions of A, corresponding to different
orders in perturbation theory, the choice of factorization scheme and so on. Of course,
we cannot actually use Eq. (2.12) at low energies of the order of A where the coupling
becomes large, i.e. of order 1, since it is a perturbative result.

()

0.2

0 1 Ll 1 Ll

2
10

10
u GeV

Figure 2.1: The scale dependence of «;. Plot taken from the particle data group.

Due to confinement, the structure of hadrons cannot be calculated using perturbation
theory. Instead, the quark and gluon content of hadrons are parameterized by distribution
functions, also known as parton density functions, that are obtained from experiment.
Assuming universality of these functions, one can use them to make predictions for other
experiments. We will introduce the concept of distribution functions in the context of
deep inelastic scattering, which is a process that we will encounter several times in this
thesis.



Chapter 2. QCD at high energy

2.3 Deep inelastic scattering

The cleanest way of probing the structure of hadrons is by using an itself structureless
probe, like a lepton. The interaction between the lepton and the hadron takes place by the
exchange of a virtual photon?, which scatters off a constituent of the hadron. If we define
the momentum that is transferred from the lepton to the hadron by the virtual photon
as @, the structure of the hadron is probed with a spatial resolution of roughly the De
Broglie wavelength of the virtual photon 4 ~ 1/Q. Hence, to resolve the structure of the
hadron, a large momentum transfer is required. If the momentum transfer is large, there
is a large possibility that the original hadron breaks up into some new hadronic final state,
X. The resulting process e +h — e+ X is called deep inelastic scattering (DIS)—inclusive
DIS when this hadronic final state remains undetected, or semi-inclusive or exclusive DIS
when respectively some produced hadrons or all final state particles are detected. We will
from here on assume that the target hadron is a proton.

Figure 2.2: Lowest order description of DIS. The lepton (k) interacts with the proton (p) through
the exchange of a virtual photon (g).

The DIS process is depicted in Fig.2.2. The momentum of the proton is denoted with
p, the lepton momentum with k& while £’ is the lepton momentum after the emission of
the virtual photon, whose momentum is ¢ = k — k’. The cross section of the process can
depend on the following Lorentz invariant kinematic variables,

©©
)
I

-q
M o= P
v = p-gq=M(E'-E)
2 2
w = Lo <2
2y 2M(E - E)
y = P _y_pyg (2.13)
k-p

where M is the mass of the proton, and E and E’ are given in the rest frame of the proton
as k" = E and k’° = E’. The mass of the virtual photon Q? is known as the virtuality of the

2 Also, a weak gauge boson can be exchanged, especially in neutrino-hadron scattering.



2.3. Deep inelastic scattering

photon, which sets the hard scale at which the proton is probed. The invariant xp is known
as the Bjorken variable. It scales at high centre of mass energy s > Q? as xz ~ Q*/s. The
energy transfer from the lepton to the proton is given by v. The fraction of the lepton’s
total energy that this energy transfer v represents is given by y.

2.3.1 DIS in terms of structure functions

The cross section of the lepton scattering off the proton can be separated in a leptonic part
that describes the radiation of the virtual photon by the lepton, and a hadronic part that
describes the interaction of the virtual photon with the proton,

do

— oc L, W, 2.14
dxpdy * fu ( )

Whereas the leptonic tensor L can be calculated perturbatively in QED, the hadronic ten-
sor W cannot, since it comprises the non-perturbative structure of the proton. However,
for scattering off an unpolarized proton its most general Lorentz structure can be param-
eterized as

7 1 1
W (p,q) = (g*” . )Wl(xg, o) + (p*‘ + —q") (p” + —qV) Wa(xp QF), (215
q ZXB 2)CB

where the W;’s are functions that contain the non-perturbative information on the proton
structure. Usually, the so-called structure functions F; and F; are used instead,

W (xp, Q%)
YW (xg, 07). (2.16)

Fi(xp, Q%)
FZ(-XB’ Qz)

In the so-called Bjorken limit, i.e. fixed xp and Q2 — o0, F; and F, become independent
of Q?, and are functions of x only. This is known as Bjorken scaling. In terms of F; and
F, the cross section is expressed as

do 8na’ME
dxpdy  Q*

[(1+ (1 =) xsFy + (1 = y) (F2 - 2x5F 1)) 2.17)

where corrections of higher order in the proton mass M?/Q” have been neglected. The
first term corresponds to the absorption of a transversely polarized photon, while the
second term corresponds to the absorption of a longitudinally polarized photon. For that
reason, the combination of the structure functions that appears in the second term is called
Fy,

4M2)c%3
FL(xB,Q2)=(1+ > )Fz(xB,QZ)—2xBF1(xB,Q2). (2.18)

The structure functions are related to the densities of particles that together make up the
proton—these constituent particles are called partons, as the picture of DIS in terms of

10



Chapter 2. QCD at high energy

the virtual photon scattering off such constituent particles was developed by Feynman in
1969 and given the name parton model [9]. In the parton model, the proton is treated as
a collection of free point-like partons. After the formulation of QCD, the partons were
identified with the quarks and gluons. Since the proton is probed with a resolution that is
given by the photon virtuality 1/Q?, the scale of the strong interactions within the proton
is set by Q%. Hence, the parton model is recovered from QCD in the limit Q> — oo,
or equivalently the zeroth order in @y, in which the proton consists of free quarks due to
asymptotic freedom.

In the Bjorken limit, the longitudinal structure function reduces to F; = F, — 2xpF,
which is known as the Callan-Gross relation, and turns out to vanish to lowest order. In
this limit, only transversely polarized photons can be absorbed by the proton. This has
a natural interpretation in terms of the partons. Since in the Bjorken limit the strong
coupling constant a,(Q%) vanishes, the lepton can only scatter off the (free) quarks that
are contained in the proton, which are spin 1/2 particles. Hence, they cannot absorb a
longitudinally polarized photon due to helicity conservation.

2.3.2 Parton distribution functions

In the parton model approximation, the proton is composed of a number of free con-
stituents that each carry a fraction x of the proton’s total momentum. This so-called
longitudinal momentum fraction x must be a number between 0 and 1. In this picture, the
lepton-proton cross section is simply given by the cross section of the lepton scattering off
one of the constituents times the probability that the proton contains such a constituent,

do'h ! do't
= d ; . 2.19
dxpdy \L‘ * Z 4i(x) dxdy ( )

Here, the sum runs over all partons, which in the parton model approximation are only
the quarks and antiquarks. The probability functions g(x) are known as parton distribution
functions, or pdf’s. To this order, the struck parton is probed at a momentum fraction that
is given by the Bjorken variable, i.e. x = xp—the partonic cross section to this order
contains a factor of 6(x — xp). The structure functions are expressed as

Fa(xp) = 2x5F (xp) = ) €} xpqi(xp), (2.20)
where e; is the electric charge of the parton ¢;. F, vanishes, as we have seen. The
Feynman diagram that corresponds to the parton model description of DIS, the so-called
handbag diagram, is given in Fig. 2.3.

Since quarks (and gluons) are not free particles, but have interactions whose strength
is characterized by «,(Q?), beyond the parton model approximation the pdf’s acquire a
Q? dependence through higher order corrections in a,(Q%). Also, the structure function
F'| is non-zero in higher orders of a;. The first order contribution is given by

1
s d
Fulen Q) = ) xae} = f S lerat 0+ (- xms 0], @21

i B
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2.3. Deep inelastic scattering

p

Figure 2.3: The handbag diagram that corresponds to the squared amplitude of DIS in the parton
model approximation—QCD at Q> — co. The virtual photon interacts with a constituent of the
proton, which is represented by a line emerging from the proton.

where g(y, Q) denotes the gluon density. As mentioned, the distribution functions, and
hence the structure functions?, acquire a dependence on Q7 at higher orders in «;. Con-
sider the first order corrections to the process depicted in Fig. 2.3, which are given in
Fig. 2.4. The gluon radiation in Fig. 2.4 yields collinear singularities, so called since they

==

Figure 2.4: First order «, corrections to the handbag diagram.

arise when a gluon is radiated exactly parallelly with the parent parton, i.e. at zero trans-
verse momentum. Since the probability of gluon emission is proportional to a,dk> /k?,
one encounters singularities of the form o, In 0% /«k*, where k is a lower cut off on k, . The
diagrams in Fig. 2.4 give the following correction to expression (2.20) for the structure
function F»,

Fa(x Q2)=Ze2x fld—y 5(1—x/)+ﬂ1nQ—2P Ca/M| () (2.22)
2(XB, ilesy BlYy 7 ququfIzy .

The function P, describes the emission of the gluon from the quark in the proton. Since
the divergences arise from soft gluon emission, which puts them outside the jurisdiction of
perturbation theory, it seems natural to absorb them into the parton distributions. This is
called factorization. A so-called factorization scale  is introduced* so that the ‘renormal-
ized’ parton distributions depend on In Q%/u?, and the divergences In y?/k? are absorbed
in a ‘bare’ distribution. As an illustration, we can write Eq. (2.22) as

Fa(xp, Q%) = Z e;xpqi(xp, 0°), (2.23)

l

3In fact, the observation of the predicted violation of Bjorken scaling in DIS is seen as one of the most
important experimental corroborations of QCD.

4There is some freedom in the choice of factorization scheme, like in renormalization, since there is an
arbitrariness in the treatment of finite terms.
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Chapter 2. QCD at high energy

where
2 A Q2
q(xp, Q%) = q(x) + 5= In =5 Pyy(x/y)q(y). (2.24)
2w K

If we now introduce a factorization scale x < u?> < Q%, we can obviously write

2
gxap®) = g0 + 25 InE5 Py (o)), (2.25)

We can now remove the singularity from the ‘renormalized’ density g(xz, Q%) by express-
ing it in the following way,

2
q(xp, Q%) = q(xp.u%) + ;’—ﬂ In %qu(x/y)q(xg,uz), (2.26)

where the divergence has been absorbed into g(xz, #%). This expression is equivalent to
Eq. (2.24) to first order in a;. Since F»(xp, 0%, given in Eq. (2.23), is a measurable
quantity it cannot depend on the new scale y, and hence its derivative with respect to In z?
must vanish. This gives rise to a ‘renormalization group’ equation that governs the scale
dependence of the distribution function. Exploiting the fact that g(xz, Q*) depends on Q?
and 2 through In Q?/u? only, we see that because d/0u’q(xp, Q%) = —0/0Q*q(xg, Q%)
these equations describe the Q> dependence of the parton distributions. Also taking into
account the gluon distribution functions leads to the following evolution equations for the
Q? dependence of the quark (g), gluon (g) and antiquark (g) distributions,

dq(x, 0* s (td
o) . & f V1P (x/9)q(. @) + Pyg(x/y)8 (0 9]

y

dlnQ>  2n

dg(x, 0%) (M .
glle% - o fx %[P w0 Q) + 0. QD) + Peg(x/y)s(r @)
8G(x, 0 L (d i

g(liQQZ) - g_,r f ;y[qu(x/y)q(y, Q) + Pye(x/y)3(y, 0% (2.27)

These are the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [10-12].
The P’s are so-called splitting functions that arise from the various correction diagrams—
they describe the various gluon emission and absorption probabilities. Such corrections
turn out to have a rather intuitive interpretation. Suppose that a photon with virtuality Q°
encounters a quark with momentum fraction x. The density of quarks with this momen-
tum fraction x may change due to a quark with momentum fraction y > x radiating off a
gluon, thus bringing its momentum fraction down to x, or a gluon that carries a momen-
tum fraction y > x producing a quark-antiquark pair of which the quark has a momentum
fraction x. If we denote the probability of the first process with P,,(x/y) and the prob-
ability of the second with P,(x/y), we find exactly Eq. (2.27) for the density of quarks
with momentum fraction x. Similarly, the second and third lines of Eq. (2.27) can be
interpreted as the gluon and antiquark densities changing due to gluon emission and pair
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2.3. Deep inelastic scattering

production. Since the pdf’s describe the density of partons that are probed with a spatial
resolution 1/Q, they ‘contain’ all partons that have transverse momenta that are smaller
than Q, but not those with larger transverse momenta, as the latter cannot be resolved.
The gluon distribution g(x, Q%) that is evolved to the scale Q? thus contains all gluons that
have transverse momenta k> < 02, i.e.

0l

-
xg(x, Q%) = f dic g(x,k2), (2.28)

where g(x, k%) is known as the unintegrated gluon distribution. The repeated radiation
of gluons that is contained in the distribution functions is pictured in Fig. 2.5. Diagrams

ki

kl k2

k3

Figure 2.5: Gluon ladder diagrams that are summed into the gluon distribution (left) and the quark
distributions (right) by DGLAP evolution.

featuring such consecutive emissions are called ladder diagrams. The dominant contri-
bution to the ladder diagrams in Fig. 2.5 comes from the region of phase space where
the transverse momenta of the gluons, i.e. the rungs of the ladder, are strongly ordered;
0% > kf > k% , > ... If the transverse momenta are strongly ordered, the diagram
yields the leading terms in an a, In Q* expansion [13]. At large Q7 these are dominant
because every power of @, is accompanied by the same power of the large logarithm of
Q. Instead of considering only terms to some order in the parameter a;, the perturbation
series is restructured in terms of the parameter a; In 02, which is called “resummation”
of the series. Hence, the DGLAP equations are said to resum the perturbation series in
terms of a; In Q2.

There exists also a region of phase space where, instead of the transverse momenta,
the longitudinal momenta of the radiated gluons are strongly ordered, i.e. x| > x; > ....
In this case, the ordering yields the leading terms in a resummation in terms of aIn 1/x.
Where x becomes so small that In 1/x corrections become important with respect to In 02,
we enter the region of what is called small-x evolution.

14



Chapter 2. QCD at high energy

2.4 Small-x evolution

The DGLAP equations describe the evolution with Q? of the parton distribution func-
tions. This evolution also changes the behaviour as a function of x. It turns out that as x
decreases the gluon density rises especially steeply. This is illustrated in Fig. 2.6, which
shows the DGLAP-evolved density of up down and strange quarks as well as the density
of gluons in the proton as a function of x, for an arbitrary choice of O = 2 GeV [14].
Apparently, at small x protons consist mainly of gluons.

CTEQS5 parton distributions at Q = 2 GeV

1

X

Figure 2.6: Parton distributions of the up, down and strange quarks and the gluon according to the
CTEQS parameterization [14] at Q@ = 2 GeV. At small values of x the gluon distribution clearly
dominates.

Ignoring quark contributions, cf. Fig. 2.6, one can approximate the gluon-to-gluon
splitting function Pg, at small values of x by P,, ~ 6/x, which simplifies the DGLAP
equation (2.27) for g(x, Q?),

0 , 02 3
%Q%) = = (6. 0, (2.29)

where we have used (2.12). If the initial distribution xg(x, Q%) is slowly varying, a solution
can be obtained analytically. The small-x behaviour is then given by [13]

xg(x, 0%) ~ xg(x, Q%) exp {2 \/ g Inln (Q—j) In (1)| . (2.30)
5 x

This behaviour is recovered by constructing the solution from the summation of gluonic
ladders with strong ordering in both transverse momentum and longitudinal momentum
fractions. Since it can be shown that this yields the leading logarithms in both Q? and
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2.4. Small-x evolution

x, this solution is known as the double leading logarithmic approximation (DLA) to the
DGLAP equations [15]. In the region where the DLA is applicable, i.e. small x but large
QZ, we see that the gluon distribution rises quickly with x. However, as we will see, at
still smaller values of x with respect to Q?, the gluon distribution rises even faster.

As x becomes smaller and smaller, we enter a region where the DGLAP equations lose
their applicability. The solutions of the DGLAP equations are valid in a region where the
parameter @, In Q* dominates the perturbation series. However, at sufficiently small x
there must be a point where @, In 1/x becomes larget5 than a; In QZ, so that one needs to
consider evolution driven by the radiation of gluons that are strongly ordered in x. This is
achieved by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [17-19], which is the
subject of chapter 4. The BFKL equation can be written in terms of the unintegrated gluon
density as [20],

0¢(x k) _ 3ay sz dfh[fﬁ(x (1) — ¢k D, ¢ k)
0

B A R T N ey

where ¢(x, k%)/k2 = g(x, k), cf. Eq. (2.28). The rise towards small x of the integrated
gluon distribution in the DLA limit can be recovered from the BFKL equation®. In the
pure small-x region the BFKL equation predicts an even steeper rise of the gluon density.
As we will see in section 4.2, the BFKL equation can be solved analytically in this region.
One finds the following small-x behaviour of ¢(x, k2 ) [20],

, (2.31)

¢(x,k7) ~ (1/x)", (2.32)

where A = 0.5.

The rapid growth of the gluon density following from BFKL evolution leads to the-
oretical problems. In the DGLAP and BFKL evolution equations, the gluons are treated
as independent partons. However, if the gluon density rises fast, the gluons will become
so closely packed that they will start interacting. One can estimate the scale at which this
will happen in the following way. Since the gluons are probed at a scale Q?, their effec-
tive transverse size is 1/Q. At the same time, the cross section depends on the number
of gluons xg(x, 0?%), or Axg(x, 0?) if the target hadron is a nucleus instead of a proton,
containing A nucleons. Hence, the transverse area that is occupied by the gluons that
are probed at a scale Q? is given by Axg(x, Q?)/Q”. The gluons will then start ‘feeling’
each other if Axg(x, 0*)/Q? becomes of the order of the hadron’s transverse area, S | say.
For a nuclear target, this transverse area is proportional to A%/3, so that we may write
S, = A?3S,,. Now, as the probability that the gluons interact is proportional to a;, we
can estimate that interactions among the gluons will become important at a scale

2 A
0 (x) ~ as(Qs)A”SM ~ Al (1) , (2.33)

S()J_ X

SA discussion of the energy scale at which this so-called leading logarithmic approximation (in ay In 1/x)
starts to make sense can be found in Ref. [16].

6See section 4.4. The behaviour of xg as a function of x in the DLA limit is recovered from BFKL evolution,
but not the Q> dependence.
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Chapter 2. QCD at high energy

where we have used that according to the BFKL equation xg(x, Q%) ~ x~* at small x. The
scale Q, is known as the saturation scale’, since it is expected that the fast rise of the
gluon density will be slowed by the gluons interacting with each other®.

Saturation of the gluon density is expected not only because the rise of the density
makes the gluons overlap. The fast rise of the gluon distribution also leads to inconsis-
tencies with the unitarity of hadronic scattering amplitudes. Like the cross section of DIS
(2.19), cross sections of hadronic scattering grow with the density of the partons that are
involved in the scattering process. However, from general arguments it follows that in
order for the scattering amplitude to be unitary, the total cross section of a hadronic scat-
tering process cannot grow faster than the logarithm squared of the centre of mass energy
S,

T 1.2
Otot < — In” s/s0, (2.34)
mﬂ
where the pion mass m, denotes the smallest inverse length scale of the strong force, and
so is some unknown scale. The bound (2.34) is known as the Froissart bound® [23, 24]—
it is a general result that includes non-perturbative effects, which can be seen from the
appearance of m,. The rise of the gluon density of Eq. (2.32) is such that it must eventually
lead to a violation of the Froissart bound. This inconsistency is known as the small-x
problem. Hence, it is expected that the gluon density saturates at high energies, or rather,
at such small values of x that Q?(x) > Q7. Fig. 2.7 shows the resulting picture of evolution
in the x-Q plane. The fact that the BFKL equation does not include any mechanism

In 1/ In 1/x
SATURATION _s(x) @ Qs(x)
BFKL
iy &
DGLAP
InA InQ InA InQ

Figure 2.7: Pictorial representation of evolution in x and Q. The resolved partons are represented
by circles whose size scales like 1/Q. At fixed Q, the density increases with 1/x, while the size of
the circles stays the same, leading to saturation when the circles overlap.

that leads to saturation of the gluon density corresponds to the equation being linear in
the density. At high energies, where saturation is expected to occur, it should therefore
be replaced by a non-linear evolution equation, of which the non-linear term accounts
for the saturating effect that becomes sizable at large values of the density. The first
such equation was proposed by Gribov, Levin and Ryskin (GLR) [25, 26], and describes
evolution in Q. It is obtained in the DLA approximation, i.e. it is valid where In1/x

"The x dependence of x of the saturation scale is derived from the BFKL equation in section 4.5.1.
8 An alternative view of saturation as arising from instantons is given in Ref. [21].
91n Ref. [22] it is observed that also data on the DIS cross section respects the Froissart bound.
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2.5. The dipole picture

and In Q7 are both important. If the gluon density is small, it reduces to the usual DGLAP
equation. Presumably the best known example of a non-linear evolution equation in x that
does not assume large Q? is the Balitsky-Kovchegov (BK) equation [27-30], which is the
subject of chapter 5. The BK equation, which in the weak field limit reduces to the BFKL
equation, will play a prominent part in this thesis. As we will see in the next section, the
BK equation is not an evolution equation for the unintegrated gluon density.

2.5 The dipole picture

Close to the saturation region, Q%> < Q?, the gluon density is large and one expects the
linear BFKL equation to be supplanted by a non-linear evolution equation. In this regime
however, the gluon density starts to lose its meaning. Roughly speaking, the parton den-
sity gives the probability of finding a single parton in the target, and consequently, the
cross section is given by a convolution of the parton density with the amplitude of the
scattering of the probe off such a parton. If however the gluon density is so high that the
gluons overlap, scattering off a single gluon becomes unlikely. Instead, one has to con-
sider scattering off multiple gluons, which is not described by the gluon density xg(x, Q%)
anymore. Seen in another way, the (unintegrated) gluon density in a hadronic system is
given in terms of the colour field of the hadron by the correlator of two field potentials
[31],

2(x, k) ~ Tr(A(=ky) - A(ky)). (2.35)

If the field becomes strong enough, one needs to take into account also correlators of more
than two potentials, so that the description in terms of the ordinary gluon distribution loses
its validity.

Hence, at small x, a different description of DIS is needed, that replaces the one based
on the scattering of the virtual photon off a single parton from the target. Such a descrip-
tion is provided by the dipole formalism, which was proposed by Mueller in [32]. The
corresponding physical picture of DIS is rather intuitive. When the virtual photon probes
the hadron at very small x, it probes mainly gluons. Since the photon does not carry
colour charge, it does not scatter off the gluon field directly. Instead, it fluctuates into
a quark-antiquark pair, a colour dipole, that subsequently scatters of the small-x gluon
field of the hadron. The gluons are themselves represented by colour dipoles comprising
a quark and an antiquark, an approximation which becomes exact in the limit of a large
number of colours, N — oo. This picture of DIS is depicted to lowest order in Fig. 2.8.
The virtual photon fluctuating into a quark-antiquark pair is described by the so-called
photon wavefunction ¥, which can be calculated perturbatively in QED. Denoting the
cross section of the dipole scattering off the small-x field of the hadron with o(r, x), the
cross section of the scattering process of Fig. 2.8 can be written as (see also [33])

o1, 0°) = f dz f Pry Wi, O oty x5). (2.36)

for respectively transversely and longitudinally polarized photons. Here, z is the longi-
tudinal momentum fraction of the quark in the dipole, and r; is the size of the dipole in
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Figure 2.8: DIS in the dipole picture at lowest order.

transverse co-ordinate space. The cross section o7 is related to the structure functions

by (see e.g. [34])
2

Anem

where F, = Fr + Fp. The dipole cross section itself is given by

Fri(xg, Q%) = or.L(xg, 0%, (2.37)

o(ry,xp) = oo N(ry, xp), (2.38)

where N(r,, xp) denotes the forward scattering amplitude of the quark-antiquark dipole.
Since the dipole scatters off the gluon field of the target, the dipole scattering amplitude is
related to the gluon density of the target hadron in a region where the gluon density is still
well defined, i.e. for moderate values of r, and large xp. In the case of a nuclear target,
rescattering of the dipole off the nucleons of the target then leads to the following relation
[35-37],

an?
2NS |

N(ri,xg) =1 —exp [— rixga(x. 07 =1 /ri)] : (2.39)
where S | ~ A%/3 is the transverse area of the nucleus ‘seen’ by the dipole, and xg4 ~ Axg
is the nuclear gluon density'? at the scale Q> = 1/r%. As it generalizes the Glauber model
[38] of multiple scattering off a nucleus to QCD, this expression is known as the Glauber-
Mueller formula. When 72 times the density is small (i.e. large Q?), Eq. (2.39) reduces to
(30]

an?

2NS |
In the dipole picture, one considers the x evolution of N instead of the gluon density,

since the gluon density is ‘contained’ in the dipole amplitude N. It was shown [39] that
the dipole amplitude evolves with x according to the following evolution equation,

N(ri,xp) = rixga(x. 0% = 1/r}). (2.40)

O NGy =NE dzr“r%$[1v(2 Y)+ N3y, Y) = NGy, V)] (241)
oY oy 1) = - o ’%oﬂ%u 11 72015 AT » (4

10The density in Eq. (2.39) is to be evaluated at an effective value of x, which is not equal to xp [36].
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2.5. The dipole picture

that is equivalent [40] to the BFKL equation (2.31). Here, we use the notation ¥ =
In 1/x. This equation, known as Mueller’s form of the BFKL equation, will be discussed
in chapter 4. In the rest frame of the target, it emerges from the emission of gluons that
are strongly ordered in their longitudinal momentum fractions by the incoming dipole. If
N is described as the probability of finding one such gluon in the dipole convolved with
the propagator of a gluon through the target, one obtains Mueller’s BFKL equation for N.
The corresponding picture of the scattering process is depicted in Fig. 2.9a.

If one takes into account the possibility that more than one gluon from the probe can
scatter off the target, the dipole amplitude is defined as the convolution of n dipoles with
n propagators, summed over all values of n. One then finds that the dipole amplitude
obeys the non-linear BK evolution equation [30, 41], instead of the BFKL equation. As
the BK equation arises in this way from the scattering of multiple dipoles off the target
instead of the scattering of only a single dipole, it is said to resum so-called fan diagrams,
an example of which is given in Fig. 2.9b. Thus, the BK equation describes the evolution
of the dipole amplitude, instead of the gluon density. In the DLA, where the density is
small enough for Eq. (2.40) to hold, the resummation of fan diagrams reproduces the GLR
equation, which is recovered from the BK equation in this limit [30]. Clearly then, in the
dipole picture, saturation of the gluon density is equivalent to saturation of the dipole
amplitude.

a. b.

Figure 2.9: Single (a) vs. multiple (b) scattering. The scattering of a single gluon from the dipole
leads to linear evolution of the dipole scattering amplitude, described by the BFKL equation. The
multiple scattering fan diagram on the right leads to non-linear evolution of the dipole scattering
amplitude, described by the BK equation. This picture of evolution replaces the picture of Fig. 2.5
at small x.

As an illustration of how non-linear evolution can lead to saturation, we can write
down the BK equation in momentum space, neglecting the dependence on the transverse
momenta and keeping only the dependence on x. The kernel is now a constant, and the
BK equation reduces to

d
SN =x [N - NP, (2.42)
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Figure 2.10: Solutions of the BFKL and BK equations in 0+1 dimensions. Also shown is the square
of the solution of the BK equation, to indicate where the non-linear term becomes important.

where ¥ = In1/x, and N is the Fourier transform of N(r, x) defined in Eq. (5.3). This
resulting toy model is referred to as the O+1 dimensional BK equation [41], where Y is
thought of as the time variable, and k, as space (in this case momentum) variables. In 0+1
dimensions, the BK equation is equivalent to the so-called logistic equation, or Verhulst
model, which is used to describe the growth of a biological population that is limited by
a supply of food [42, 43]. Even though the 0+1 toy model is heavily simplified, it already
exhibits the characteristic saturation property. The BFKL equation corresponds to the
linearized version of (2.42). The solution of Eq. (2.42) can be found straightforwardly. It
is shown in Fig. 2.10, together with the solution of the linearized equation, i.e. the BFKL
equation in 0+1 dimensions. Clearly, the linear equation leads to an exponential rise of
the density with Y, consistent with Eq. (2.32), whereas the non-linear equation leads to
saturation at large values of Y, so that N approaches unity.

2.6 Geometric scaling

2.6.1 DIS at small x

We have seen how the fast rise of the gluon density at small x leads to the expectation
of saturation around a scale Q%(x) ~ x7*. At this so-called saturation scale, the dipole
amplitude N reaches a value that is large enough so that the non-linear terms in N can-
not be neglected anymore, and the BFKL equation breaks down. An expected sign of
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2.6. Geometric scaling

saturation is the property of geometric scaling. Geometric scaling means that the dipole
amplitude is a function of r, Q,(x) instead of a function of r, and x independently. If one
approximates the BK equation up to the scale Q; by the BFKL equation, and imposes a
saturation boundary condition (i.e. N(r, = 1/Q,) = k, where « is a constant such that
N? becomes non-negligible with respect to N), it follows that the dipole amplitude is ge-
ometrically scaling at small values of x [44]. From this analysis, which is presented in
detail in section 4.5, the scaling property of the dipole amplitude is expected to hold to
good approximation in the kinematic region 1 < In(Q?/ Q%) < ln(Qf /A?). The same
expectation follows from an analysis of the BK equation, cf. section 5.3. As can be seen
in chapter 7 numerical solutions of the BK equation indeed show geometric scaling at
asymptotic values of ¥ = In 1/x.

Experimentally, geometric scaling was established in the total cross section of DIS
at small x [34, 45], as measured at HERA. At values of x below 0.01 these data are a
function of the single variable 7 = Q/Q,(x), where Q; ~ x~* turns out to be identifiable
with the saturation scale.
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Figure 2.11: The DIS cross section for x < 0.01 (left) and x > 0.01 (right), as a function of
7= 0?/0?, where 0.045 GeV? < Q* < 450 GeV>. The small-x data show geometric scaling, while
the large-x data do not. Plots taken from [45].

Consequently, the property of geometric scaling is often seen as an indication of sat-
uration. The scale Q; extracted from the DIS data is given by

0,(x) = 1GeV (%)m, (2.43)
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where xo = 3- 107 and A = 0.3. This power-law dependence on x is indeed consistent
with the saturation scale that follows from small x evolution, cf. Eq. (2.32), as we will
see in more detail in section 4.5. The parameterization (2.43) implies that in DIS for
x < 0.01, the saturation scale is larger than Q; > 0.6, which seems sufficiently large to be
in the small coupling regime. The scaling property of the small-x DIS data together with
the violation of geometric scaling in the large-x data is depicted in Fig. 2.6.1.

Not only do the small-x DIS data show geometric scaling, the data are well described
by models that incorporate saturation. Using the dipole formalism, the small x DIS data
from HERA have been successfully described using a phenomenological model for the
dipole amplitude that incorporates saturation, the Golec-Biernat-Wiisthoff (GBW) model
[34]

1
Neew(r.,x) =1 —exp [—Zri Qf(x)] , (2.44)

where Q; is given by Eq. (2.43). We can interpret this expression roughly as the Glauber-
Mueller rescattering formula (2.39) near the saturation scale, where the gluon density
devided by the transverse area is replaced by Q; according to (2.33). The amplitude (2.44)
clearly exhibits saturation, since it approaches unity as », ~ 1/Q becomes large. Even
though the GBW model was able to describe the small-x DIS data, as mentioned, it is
not clear that the property of geometric scaling is indeed caused by saturation. Firstly, the
same data can also be described without saturation, using the partonic DGLAP description
of perturbative QCD (pQCD). A next to leading order (NLO) fit to the F, data is shown
in Fig. 2.13.

Secondly, geometric scaling holds in a much larger region of Q than is expected from
small-x evolution. The data seem to scale for 0.045 GeV? < 0% < 450 GeV? [45], while
theoretically!!, geometric scaling is expected to hold approximately in a region above Q;,
1 < In(Q?/Q?) < In Q?/A?, which would amount to roughly 1 GeV? < Q% < 100 GeV?
for the optimistic estimate Qs ~ 1 GeV [44]. In this thesis, we will adopt the point of
view that geometric scaling may be caused by saturation, and explore the correspond-
ing formalism. To further investigate whether expectations from small-x evolution are
corroborated by experiments, one can study other scattering processes.

2.6.2 Nucleon-nucleus scattering at small x.

Hadronic scattering processes at such high energy that one of the colliding hadrons can be
considered dense can, like DIS at small x, be described in terms of the dipole scattering
amplitude [46, 47]. A description in terms of saturation models requires that the saturation
scale, which grows with the atomic number A and 1/x, is large. This may be the case in
for instance hadron production in the scattering of a proton off a large nucleus, p + A —
h+ X, or in the production of forward hadrons in proton proton scattering, at high energy.
Even though these processes can be described in the dipole formalism, in this case the
underlying picture is less intuitive than in DIS. On the partonic level, a quark or gluon
from the probe—i.e. the dilute particle—scatters off the small-x field of the target—i.e.

1See section 4.5.2.
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2.6. Geometric scaling

the dense particle. The squared amplitude in momentum space of a quark scattering off a
small-x field, N, turns out to be given by minus the Fourier transform of N. If one writes
the analogous object describing the scattering of a gluon off the small-x field as Ny, the
total scattering process can be described as [47, 48]

dN,

m ~fq/p ®NF®D]1/q+fg/p®NA®Dh/g. (2.45)
We can interpret this expression as a quark or gluon from the probe scattering off the
small-x field of the target and consequently fragmenting into hadrons, cf. Fig. 2.12. The
fragmentation process is described by the functions D, and the functions f are the parton
distributions describing the probe. Due to their non-perturbative nature, both need to be
taken from experiment at a given scale. Their evolution to different scales is then given
by the DGLAP equations. We note that since the target is described as a colour field,
instead of as a collection of partons, the kinematics is different from the usual perturbative
description [47]. This is further discussed in appendix B.

A theoretical model for the dipole scattering amplitude in proton-nucleus collisions
is provided by the so-called McLerran-Venugopalan (MV) model [49-51], which is in-
vestigated in chapter 3. In this approach, we distinguish partons of the nucleus that have
respectively large and small longitudinal momenta (with respect to some reference scale).
The small-x partons, i.e. gluons, are then treated as the colour field that is radiated by the
large-x partons—due to the high occupation numbers, this field is treated classically. The
high-x partons are described as a configuration of sources that move in the x* direction.
These configurations, and hence the field that they emit, appear as static to a probe, due
to time dilation. The resulting small-x field, obtained for a single source configuration,
must then be averaged over all configurations of sources. This picture of the nucleus is
known as a colour glass condensate (CGC), where the term ‘colour’ is used because of
the colour charge of the gluons, the term ‘glass’ refers to the system appearing to a probe
as a state of frozen disorder, and the term ‘condensate’ is used because the gluon field has
very high occupation numbers. The MV model now consists in modelling the configu-
rations of sources with a Gaussian distribution, which makes that the source-average of
the scattering amplitude can be computed analytically. The resulting expression for Ny is
formulated in section section 6.2.1, on the basis of a calculation of the quark-CGC scat-
tering amplitude given in chapter 3. In the MV model, there is no evolution in x, i.e. the
saturation scale does not depend on x, but is simply a constant. Beyond the MV model,
the CGC picture of hadronic scattering has been shown to lead to a complicated set of
coupled evolution equations, the IMWLK equations [52-55], which is equivalent to the
BK equation in weak field, or the large-N, limit (see e.g. [56]).

Thus, nucleon-nucleus collisions at high energy can be described in the same terms
as DIS at small x. In the absence of analytical solutions of non-linear evolution equa-
tions, a number of phenomenological models for the dipole scattering amplitude have
been proposed to describe both the small-x DIS data and hadron production in d -Au col-
lisions at RHIC. The models that are most relevant for the work presented in this thesis
are presented in chapter 6.
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Chapter 2. QCD at high energy

Au

Figure 2.12: Proton-nucleus (d -Au) scattering in the dipole picture—note that the pdf’s, the frag-
mentation functions and the dipole amplitude strictly only appear after squaring the diagram.

2.7 Outline of this thesis

In the following four chapters, 3-6, we will introduce the formalism that is used in the
later chapters. The chapters 7-9 are based on published analyses.

e In chapter 3, we introduce the colour glass condensate description of the gluon field
of an ultrarelativistic large nucleus. We will calculate the scattering amplitude of
a quark off the CGC, using the MV model in which an analytical expression is
obtained. The MV model result will be used in chapter 7 as an initial condition
at x = xo for the BK equation, and in chapter 9 to reproduce and extend earlier
results of Ref. [57]. The general formalism will be used throughout this thesis for
the description of nucleon-nucleus collisions, particularly in chapters 8 and 9 for
the description of respectively RHIC d + A data, and the transverse polarization of
A hyperons that are produced in p -A collisions.

e In chapter 4, the BFKL equation is obtained in the dipole picture. We show how
the BFKL equation can be solved in the saddle point approximation. Further, we
will see how the solution leads to a fast rise of the dipole scattering amplitude with
1/x which compromises unitarity. Next, a number of expectations from BFKL evo-
lution are discussed that play a major role in subsequent chapters. First, we study
the dependence of the solution on the initial condition at x = xy, and the behaviour
of the saddle point. Second, we investigate the solution of the BFKL equation in
the presence of saturation. In this way, the x dependence of the saturation scale is
derived. Also, it is shown how this approach leads to the expectation of geometric
scaling. These expectations, which are encoded in a number of phenomenological
dipole models, will be checked numerically in chapter 7. In chapter 8, we will
study to what extent these expectations are confirmed by data on hadron production
in d -Au collisions from RHIC.
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o In chapter 5, the non-linear BK equation is introduced. In this chapter, we discuss

the results that have been obtained with analytic methods to approximate the so-
lutions. We briefly discuss the travelling wave approximation, which leads to the
property of geometric scaling at asymptotically small x. This result is consistent
with the expectation from BFKL evolution in the presence of a saturation boundary
condition.

In chapter 6, we introduce a number of phenomenological dipole models that were
proposed for the description of both DIS and d -Au collisions. We briefly discuss
how they are based on expectations from small-x evolution, i.e. the BFKL and
BK equations. These expectations are parameterized in the so-called anomalous
dimension of the dipole scattering amplitude, which is closely related to the saddle
point of the BFKL equation. The small-x properties of the anomalous dimension
will be tested against numerical solutions of the BK equation and RHIC data.

In chapter 7, we use numerical solutions of the BK equation to investigate whether
the small-x features of the phenomenological dipole models that were introduced
in chapter 6 are actually consistent with the BK equation. In particular, we demon-
strate the effect of BK evolution on the behaviour of the anomalous dimension. This
chapter is largely based on Phys. Rev. D75, 094022 (2007).

In chapter 8, d-Au data from RHIC are investigated to test the small-x features
of phenomenological dipole models against experiment. A new phenomenological
dipole model is proposed in order to study to what extent the data are sensitive to
small-x features of the dipole model, in particular geometric scaling and the de-
pendence of the anomalous dimension on transverse momentum. We show that the
RHIC data are inconclusive, and predict that measurements at the LHC will provide
a first test of the properties of the anomalous dimension. The analysis presented in
this chapter is published in Phys. Rev. D77, 054014 (2008) and arXiv:0810.0113
[hep-ph].

In chapter 9, the transverse polarization of A hyperons that are produced in proton-
nucleus collisions is studied in the context of saturation. We first review the results
of Ref. [57], where it is shown that the polarization in the presence of saturation is
peaked at a value of its transverse momentum that is roughly equal to the saturation
scale. The analysis of Ref. [57] is extended with a discussion of more realistic frag-
mentation functions. These results rely on the MV model for the dipole scattering
amplitude. In the second part of the chapter, which is based on Phys. Lett. B671,
91 (2009), we show that also using more realistic dipole models that incorporate
evolution in x, the peak of the polarization remains a direct probe of the saturation
scale. It is argued how a measurement of this peak can be used to determine the
x dependence of the saturation scale. We predict the polarization of A’s produced
in p-Pb collisions at the LHC, and specify the kinematic range in which a mea-
surement of the peak would provide information on the running of the saturation
scale.



Chapter 2. QCD at high energy

ZEUS+H1

Q16
~ x=6.3E-05 ® ZEUS 96/97
< x=0.000102
+ r 0 H196/97 A H194/97
EN LA x=0.000161
= 14 587 ¥ A NMC, BCDMS, E665
| - /{gﬁ x=0000253 ——  ZEUSNLO QCD Fit
| d —0.0004 (prel. 2001)
- 0 H1 NLO QCD Fit
r .= - x=0.0005
12 -
L o x=0.000832 ci(x)=0.6(i(x)—0.4)
I u/ x=0.0008
I / x=0.0013
10 - ,aw/
L =~ x=0.0021
L Mﬂ, x=0.0032
I M *x=0.005

=2}
T
B u
\

M"L‘ *=0-008
A”E&M xoors
6 JMAM o
7AAMW e

x=0.05

’A:A_ﬁ + . . ; x=0.13
: s, :‘} x=0.18
2 [~ P Ve " - P g x=0.25
e - -
| S x=0,65
oL 5 Cil 5 Cail + Cl ;:‘”
1 10 10 10 10 , 10,
Q" (GeV?)

Figure 2.13: DIS data on the structure function F,, described with NLO pQCD.
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Chapter 3

The colour glass condensate

In the colour glass condensate picture of high energy scattering off a nucleus, the nucleus
is represented by an effective colour field at small-x, instead of by parton distribution
functions (we refer to e.g. [58—61] for details). In a frame in which the nucleus moves
ultrarelativistically, the nucleus consists of partons which each carry a fraction x of its
total momentum. In the colour glass condensate description, the partons carrying a large
momentum fraction act as sources of the partons, i.e. gluons, that carry a small momentum
fraction. Since at small x the gluon density is high, the occupation number is large. Now,
since the number of particles is proportional to N o« a'a, the commutator describing
quantum effects [a',a] ~ 1 < N can be neglected. Hence, the small-x gluons can be
described as a classical field [49-51]. In electrodynamics, the field that is emitted by an
ultrarelativistic charge is known as the Weizsidcker-Williams field [62—65]. In the nucleus,
the colour field emitted by the high-x sources forms the non-abelian counterpart of the
Weizsicker-Williams field, and is usually simply referred to with the same name. Since
the sources move ultrarelativistically, their distribution, and hence the field that they emit,
appears frozen to a probe, due to time dilation. However, the distribution of the sources
can vary between collisions. Hence, having calculated the classical colour field that arises
from a single configuration of such colour sources, one must subsequently average over
all possible distributions of sources. In this scheme, the expectation value of an observable
Olp], calculated for a particular source distribution p, is given by [49-51]

(0)p = fDPW[p]O[p], (3.1

where w[p] is a suitable weight functional defining the average. Here, we will use the
McLerran-Venugopalan (MV) model [49-51, 66], in which the source configurations have
a Gaussian distribution,

P4z, z0p"(z,21)

wlp] = exp [— fdz‘dzzL ) ,

where u denotes the width of the distribution. This approximation is considered good for
a large number of uncorrelated sources, i.e. for a large nucleus, since corrections to the

(3.2)
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3.1. Scattering off the Weizsdcker-Williams field

Gaussian distribution are inversely proportional to the square of the number of sources
[49]. Since in the colour glass condensate picture the small-x gluons are described as the
field produced by large-x sources, the distribution functional w of the sources depends
on a reference scale x; that defines the notion of small x. Via w, all observables are in
principle x dependent because they are averaged over all source distributions described by
w. The evolution of w, and hence all observables, is described by a renormalization group
equation, known as the Jalilian-Marian-Weigert-Leonidov-Kovner (JIMWLK) equation
[52-55]. The JIMWLK equation is equivalent to the infinite hierarchy of coupled evo-
lution equations for the correlators of Wilson line operators derived in Ref. [27]. In the
Gaussian approximation of Eq. (3.2), x-evolution of w would imply that u depends on x.
However, evolution in x in general does not preserve the Gaussian form' of w [37], so that
the MV model does not incorporate evolution. In particular, in this chapter the saturation
scale will be independent of x. In the mean field approximation, the JIMWLK equations
and the so-called Balitsky hierarchy of Ref. [27] decouple, and the first equation becomes
equivalent to the BK equation. Thus, the BK equation provides a good approximation of
the JIMWLK equations. Hence, we will not focus on the JIMWLK equation, but instead
on the BK equation, which will be discussed in chapter 5.

In order to build up a description of scattering off a colour glass condensate, we will
first derive in section 3.1.1 the form of the Weizsicker-Williams field in electrodynamics,
and calculate the scattering amplitude of an electron propagating through such a back-
ground field in section 3.1.2. Then, in section 3.2.1, we will construct the colour glass
condensate, i.e. the classical colour field of the light-cone sources of a nucleus. Finding
that this field is a non-abelian analogue of the Weizsidcker-Williams field, in section 3.2.2
we will generalize the scattering amplitude found for an electron to the case of a quark
scattering off the colour glass condensate, and obtain the scattering cross section. In sec-
tion 3.2.3 we will sketchily discuss the IMWLK equation that describes the evolution in
x of the weight functional w. We end with a summary of the results that will be most
important for the following chapters.

3.1 Scattering off the Weizsicker-Williams field

3.1.1 The Weizsacker-Williams field

The Weizsidcker-Williams (WW) field is the classical electromagnetic field radiated by a
charged particle moving along the light cone [62-65]. We can derive an expression for
the potential of such a field by Lorentz-boosting the known fields in the rest frame of the
particle to a frame in which the particle moves with velocity v, and subsequently taking
the limit of v — 1 [67].

In its rest frame S, a particle with charge e emits an electromagnetic field that is

ISee e.g. Fig. 7.3 of chapter 7, which shows that the shape of the MV model is not preserved under BK
evolution.
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Chapter 3. The colour glass condensate

described by a static Coulomb potential?

A¥(x)

e 1

(p(x),0);

@(x) = (3.3)

4 x|’
To obtain the potential of a moving charge, we boost to a frame S’ that moves with a
velocity —v in the z = x*-direction, say, with respect to S. In S’, the charge moves with
velocity v in the z-direction. The potential is given by

At = 0
AY = yp(x);
AP = vye(x). (3.4)

Here y = 1/ V1 —v2, and ¢ is expressed in terms of the co-ordinates of S’ as

e 1 e 1
x) = ——=— (3.5)
(4 4 |x| A \/),Z(Zl _ vtl)2 + le.Z
1

- £ . (3.6)

A % \/(Z’ _ Vt,)z +(1- v2)xu2

We see that in terms of v=(1, 0, 0, v), the potential in the frame S’ can be written as
1

ARy = S (3.7)

¥ d \/(Z/ _ vt’)2 + (1 _ v2)x/1_2 ’

Now, in order to formulate the WW potential, we need to take the limit of v — 1. In
order to do so it is convenient to first write down the physical fields,

0A
E = —— -V
ot ¢
B = VXA, (3.8)

and take the limit of the non-zero components using [67]

" 1 —?
im
v=1[(z £ vH)? + (1 —v?)x+2]3/2

= %60 + 2). 3.9)

Hence, the fields become proportional to §(¢ — z). Following this procedure, we find that
in the limit, the particle produces only transverse fields,

ext
limE* = ——6@-2);
vl—I>r11 271'XJ‘2 6(t Z)’
lin} B* = FE
ImB = -E". (3.10)

v—1

2Here we use Heaviside-Lorentz units.
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3.1. Scattering off the Weizsdcker-Williams field

From Eq. (3.8) we can see that these fields are equivalent to a potential of the following
form,

A (x) = Zinn" In(ux)8(z - 2) G.11)

where n#=(1, 0, 0, 1) is the 4-velocity of the charged particle, and u is some constant scale
that is introduced to ensure that the logarithm be dimensionless. Introducing the notation
e/(2r) In(uxt) = A(x*), where A(xt) is exactly the Coulomb-potential of a point charge
in the two-dimensional transverse plane, the WW field can be written as

A (x) = 3" S(x)A(xY). (3.12)

Thus, a charged particle that moves along the light cone is described by an electromag-
netic potential that is localized at x™ = 0 due to Lorentz contraction, and depends on the
transverse co-ordinates through the two-dimensional Coulomb potential A(x*). Hence, it
is sometimes referred to as a “‘shock wave”.

3.1.2 Scattering of electrons off the Weizsicker-Williams field

In the previous section, we derived an expression for the WW field, of an ultrarelativistic
charge that moves in the x* direction. Here, we consider the scattering of an electron
that moves in the x~ direction off this field (i.e. we consider the scattering of two charges
that move along the light cone), following Ref. [68]. Note that this kinematic situation
results in a different convention in terms of light cone vectors (— < + ) than usual in light
front dynamics. Later, we will generalize the resulting scattering amplitude to the case of
QCD, as discussed in the introductory section of this chapter, where it will be applied as
a description of the colour field of an ultrarelativistic nucleus.

The propagation of an electron through the WW field (3.12), can be thought of as a
multiple scattering process off the background field. The propagator in the background
field can then be expressed in terms of the free propagator G as

Gap = 2T 4 2, ‘—J (3.13)

2m)*8(q = p)Go(p) + Go()T (g, PYGo(p),

Il
\

where the “scattering amplitude” T describes the multiple scattering off the background,
which is here represented with a blob. This amplitude 7" consists of a sum of terms that
comprise increasingly many couplings of the fermion to the background field, which are
described by the vertex —2mieA. We can then write the n’th term of T in the following
way [68]
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Tn(CI,P) = P p+kl """" Wq
kl kz kn
= —'"fd4k12AkG +k fd4k”x 3.14
= (ie) | G2 Ad0Gop + k- | G (3.14)

n n—1 n
20h(p+ ) k)Go(p + Y k)Q@r'e*(p+ Y ki—q), (315
i=1 i=1 i=1

where of course the background field is given by the Fourier transform of Eq. (3.12)
At(k) = T 6(kT)A kL), (3.16)

in which A is the transverse Coulomb potential in momentum space. The product of
integrals can be reduced to a single integral of a product of terms; details of the evaluation
of which may be found in [68], and Appendix A.2. We find
—ieY'"v~ 1 )
T4, p) = 200" - ) e L L g1 f dx PR, (3AT)
@2n)r n!
where ¢ denotes the small imaginary term in the free fermion propagator, which we will
ignore from now on. Now that we know how to systematically write all terms in the
expansion of 7', we can construct 7 itself by simply summing all terms,

T(‘I»P) = ZTn(f],P) = ZTn(CbP) - To(%P) (318)
n=1 n=0
= 216(p —q )y~ f d*x P T [U(x,) - 1], (3.19)
where
U(x,) =exp[—ieA(xy)]. (3.20)

Having calculated the interaction part of the propagator, T, the scattering amplitude M
can be defined as [69]

2r6(p~ = q )T (g, p) = M(q. p). (3.21)

so that we can write the scattering amplitude of a charge scattering off the WW field as

Mg, p) =y~ f d?x, PO U(x,) — 1], (3.22)

with U given by Eq. (3.20).
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3.2 Scattering off the colour glass condensate

3.2.1 The classical colour field

Now that we have obtained the electromagnetic field of a charge that moves along the
light cone, and the scattering amplitude of another charge off this field, we turn to (Q)CD.
Here, we want to calculate the classical colour field in the analogous case of a colour
charge that moves along the light cone, following the treatments of Refs. [49, 70].

The classical colour field, which is to describe the small-x gluonic content of the
nucleus, is found by solving the classical Yang-Mills equations (2.7)

[D,, F*™) = I'T" = J. (3.23)

Here, F'V = 01AY — 0" AF — ig[A*, A¥] is the colour field strength tensor and J is the colour
current. Since the sources are highly relativistic we can assume that they move along the
light cone, in the x* direction, say. Hence the current J runs in the same direction,

JH=T (3.24)
From the identity [D,,, [D,, F*']] = 0, it follows that J must be covariantly conserved
[D,,J*]1=[D",J"]=0, (3.25)

from which we can find its x* dependence. We can write the current at a particular point
x; as the product of the colour charge g with the distribution of sources at x;,

JT(xt = x5) = gp(x7, xb), (3.26)

where p = p,T%. As the sources move along the light cone in the x*-direction, we will
assume translational invariance in that direction, i.e. "p = 0. The x* dependence of the
current can then be constructed using the path-ordered exponential

W(x*) = Pexp {igf dx’+A_(x’_)}. (3.27)

We see that W has the property 9-W = igA~W, and hence D"W = D~W' = 0, which
means that we can write

JT(x, x7,xh) = gWxHp(xT, xH W (xh), (3.28)

which satisfies the relation (3.25). Using this expression for the current J, the Yang-Mills
equations can be written as

[D,, F*] = 8" WoW". (3.29)

In order to solve for the fields, it is convenient to use a specific gauge, the light cone gauge
A* = 0. Later, we will transform the results obtained in this gauge to the light cone gauge
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A~ = 0, in order to be able to make a comparison with Eq. (3.12). In the gauge A* = 0,
it turns out to be possible to obtain a solution of the Yang-Mills equations with A~ = 0
[49, 70]. Hence, we will assume that also in the A" = 0 gauge we have A~ = 0, which
will be justified afterward. Since under this assumption W = 1 and F* = 0, Eq. (3.29)
now reads

[D;,F7] = 0 (3.30)
[DL,F“] = —[D{[)*Al]:gp, (3.31)

From the first expression we see that the transverse potential is a pure gauge, for which
the field strength vanishes

At = Lluatur, (332)
8
where U denotes some gauge transformation. We can find U in terms of the source p by

plugging this expression for A* into the second line of Eq. (3.31), however, instead it is
more convenient to perform a gauge transformation generated by U itself® [70],

A= Utaru + Luteru. (3.33)

8
Since as mentioned, we are interested in the potentials A’ in the A~ = 0 gauge, we will
transform to this gauge. In other words, since U denotes an arbitrary gauge transforma-

tion, we choose it so that it transforms the gauge A* = 0 into the desired gauge A~ = 0.
In the new gauge, the potentials A’* and A’* are given by

A/J_

Lotvutu + Lutetu = Lotwtuy = o
8 8 8

At

Lutetu. (3.34)
8

We can now proceed to determine the x* dependence of A’*. The equations of motion for
A’* in this gauge read

(D, F**] = [D}, F""] = -[8;, 0'A™"] = gp’ (3.35)
or in other words,

QIA* = VEA™* = vi[éUT oU| = g0 (3.36)

This is nothing but a two-dimensional Poisson equation dictating how the potential is
related to the source configuration. We can write down a formal solution by writing

o 1
_ - 2 ’— rf - L
U = Pexp [lg j: dx V—zp (x , X )} 3.37)

© €L

3 A gauge transformation generated by UT, to be precise.

35



3.2. Scattering off the colour glass condensate

Now we see that A~ = i/g UT0~U in the old gauge vanishes due to translational invari-
ance, 0-U = 0, justifying our earlier assumption that A~ = 0. We see that U has the

property

out = & gy (3.38)
= Vzp .
L
and hence
i g
—UstUt = -2y, 3.39
p Vip (3.39)

Therefore, Eq. (3.36) is solved by
A = Lustut, (3.40)
8

which gives us the x* dependence of the potential in terms of p.

Since the sources move along the light cone in the x* direction, they must be localized
at x~ = 0. Hence, we can write p(x~, x*) = 6(x7)p(x*+). Moreover, we can see from
Eq. (3.38) that 9*U" is proportional to p, so that the potential itself must be proportional
to 6(x7). We conclude that the classical potential, in the light cone gauge A~ = 0, of an
ultrarelativistic colour charge g moving in the x* direction is given by

A= Lo somyuatut, (3.41)
g

where we have dropped the ’ on the potentials.

Clearly, the potential (3.41) is the non-abelian analogue of the WW potential (3.12),
in which A denotes the x* dependent part of the potential of the electromagnetic charge.
Hence, in the colour glass condensate picture, the nucleus can be represented by a non-
abelian WW field.

3.2.2 Cross-section of a quark-colour glass condensate scattering

Having concluded that the colour glass condensate is described by a classical non-abelian
WW-field, we can generalize the scattering amplitude of a charged particle off a back-
ground WW-field, Eq. (3.22), to the scattering of a quark off the CGC.

The cross section of a quark that scatters off the non-abelian WW-field is given by
[46]

d*q _ 1 -
do = f L em62q*q - )0 s— Q0™ — g IMP. (3.42)
(2n) 2p
To calculate the cross section, we first have to evaluate the amplitude M of a quark
scattering off the field (3.41). Writing the transverse field as (i/g)Ud" U instead of A(x,),
we can express M as

M = u(q)y u(p) f d*x, PO U(x,) - 1] (3.43)
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where U is given by Eq (3.37), and it = u'y°. In order to find the cross section we have to
square the amplitude, sum over the spins of the incoming particles, average over the spins
of the outgoing particles, and perform the average over the source configurations (3.1).
Squaring the amplitude (3.43), we can write IMJ? in terms of the variables r, = x, —y n
andb, =(x, +y,)/2as

MP = alg)yy u(p)u’(p)y Y ulg)

f Lrodb PO U (bl + %) - 1][ut (bl - %) 1] (3.44)

First, we look at the spinor part of | M|?, which using u'(p)y "y° = a(p)y’yTy° = a(p)y~
can be written as

iu(q)yy u(pu’ (p)yy "y ulq) = alqyy u(p)a(p)y u(g).v (3.45)

Since we know that Y ¢n u(p)i(p) = p + m, and we can write y~ py~ = 2p~y~, we can
perform the spin summation,

1 1
EZ[E(Q)Y_H(P)E(P)V_M(Q)] = EZ[ZP’ﬁ(q)y’u(q)]

spins spins

= puw[g+my ]=4p7q, (3.46)

where the factor of 1/2 accounts for averaging over the spins of the outgoing particle.
Next, we have to calculate the average over all colour source configurations of Eq.
(3.44), i.e. we want to know

(v -1][Uion - 1]) = WEDU G0 = UE), = UG+ 1. (347)

where the average is defined by Eq. (3.1). We will assume the Gaussian distribution of
sources (3.2) of the McLerran-Venugopalan (MV) model. As argued before, the MV
model corresponds to the approximation of a large nucleus, and neglects evolution in x.
In Appendix A.1 the calculation of (UU), and (U), using the MV-model is performed,
the result of which, Egs. (A.11) and (A.21), leads to

([Uan) - 1][Ui oo —1]) = e —2e b4, (3.48)
1g
where the functions B; and B, are defined in Eqgs. (A.14) and (A.24) as

dzpl 1

1 d’p, 2
Qn)? pt’

@) pt
Both integrals are to be regularized using a lower cut-off, see appendix A.1. The saturation
scale Q; is defined in terms of the distribution of the colour sources as follows,

B =0; By(x,) = @ [1-ePre]. (3.49)

Qz—g—4t“t” dx p(x™)? 3.50
=3 pu(x"). (3.50)
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3.2. Scattering off the colour glass condensate

which is as mentioned independent of x. In principle we also have to take the average of
all possible colours as well as the spins. However, since #“¢* o 1, the squared amplitude
is diagonal in colour space so that the averaging gives a factor of unity.

Having obtained the scattering amplitude, we can now find an expression for the cross
section using Eq. (3.42). After performing the integration over ¢* using the §-function,
Eq. (3.42) can be written as

do= [ F0da g iy L L e 3.51
o= W(ﬁ)@“])$§||~ (3.51)
Since the quark moves in the x~ direction, we have g~ > 1, so that the argument of the 6-
function is always positive. Using Eqs. (3.44), (3.48), and (3.46), we obtain the following
expression for the cross section of a quark scattering of a colour glass condensate

do : 1 5
dg-d?>q,d*h,  (2m)?

P -q) f e e P S | N G )
Defining transverse momenta with respect to the momentum p of the incoming quark, i.e.
p. = 0, we can write the cross-section in the following way

do 3 1 5
dg-d>q,d*h,  (2m)?

(p™ —q)C(qL)- (3.53)

Here, we have defined

= [ dr.onr (e - 1fvo-1),, asy
which in the MV model is given by
C(q.) = f Aot [P — 267 4 1. (3.55)

If we multiply Eq. (3.53) by ¢~, and extract 1/P~ from the J-function, where P is the
momentum of the proton, say, that harbours the incoming quark, we can write

, do.qA—>hX
YA dqdb  Qny

xX'6(x — x)C(q,), (3.56)

where we have defined the longitudinal momentum fraction of the incoming quark as
p~ /P~ = x, and that of the scattered quark as ¢~ /P~ = x’. We will use this expression
in chapters 6 and 9 to calculate the cross section of respectively p + A — h + X and the
transverse polarization of the A hyperons that are produced in p + A — A + X.

3.2.3 Evolution in x: the JIMWLK equation

In this section, we will briefly sketch how the description of a nucleus as a colour glass
condensate leads to the JIMWLK equations that describe the x evolution of observables
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Chapter 3. The colour glass condensate

through the weight functional w[p]. Since the results of this chapter, obtained in the
Gaussian approximation of the MV model, do not incorporate x evolution, the JIMWLK
equation does not play an important role in this chapter. In the remainder of this thesis,
we will focus on the BFKL and BK equations, which are recovered from the JIMWLK
equations in the mean field limit.

In section 3.2.1 we have seen that the small-x gluonic content of a nucleus is described
in the colour glass condensate model by the classical colour field (3.41). In principle
however, this description is valid given a reference momentum scale A* that separates the
high-x partons from the small-x ones. The field (3.41) describes the gluons that have a
momentum fraction x < xy = A*/P", where P is the total momentum of the nucleus. The
sources of this field have a momentum fraction that is larger than xo. The scale A*, or
equivalently xy, denotes the definition of what values of x we consider small. If, given a
choice of A*, we want to use the colour glass condensate description for different values of
x, we have to shift xy accordingly. Shifting the value of x( has no consequence for the form
of the fields (3.41)—we do not want to change A so drastically that the model assumptions
are invalidated. However, the distribution w[p] of the colour sources does change as it
includes by definition all partons with a momentum fraction larger than A*/P*. Shifting
the value of xy means that slightly more or less partons are now considered sources, so that
w(p] becomes slightly different. This change of the distribution w[p] with xy, and hence
with x, is described by a renormalization group equation, known as the IMWLK equation
[52-55]. One important consequence of the IMWLK equation is that the saturation scale
(3.50) becomes a function of x, instead of being a constant like in the preceding analysis.
Consequently, the (dipole) scattering amplitude (3.55) will gain an x dependence. In
Ref. [37] it is argued however that the distribution of sources, which was assumed to be
Gaussian in order to calculate the scattering cross section, may change under evolution in
x. Hence, in the Gaussian approximation, i.e. the MV model (3.55), no evolution in x is
taken into account.

To obtain the IMWLK renormalization group equation, we need a Lagrangian density
that gives rise to the equations of motion (3.23) and the current (3.24). Decomposing the
Lagrangian in the kinetic term for the fields, Lyy = —}TF f’u,F " and a term for the sources
Lyw, we can write

1

L= _ZF;;VFZV + Ly. (357)

In appendix A.3 it is shown that Egs. (3.23) and (3.24) are reproduced by the lagrangian
density*

Lw = NLpatr [T9W (=00, 0)]. (3.58)

Armed with this lagrangian, we can define a generating functional for the correlators of
the theory in the usual way, but adding the average over the source distributions. This
causes the observables of the theory to evolve with x through w. Using the rapidity

4An alternative form of the action is derived in Ref. [71].

39



3.3. Summary

Y = In(1/x) rather than x to denote the scale dependence, we can define the generating
functional in the following way,

. fZ)pw » [ DAGA*) expliS yu +iS w]
= Y T 5
[ DASA*) exp[iS yu]

where we have adopted the notation wy[p] instead of w[p] to indicate the ¥ dependence
of w. The RGE that governs the evolution of wy[p] as Y is changed is given by

dwy _ {l & 0
Y U 26p8x )Pl v,) opy(xL)

where y and o are related to respectively the one and two point functions of the sources.
This is the IMWLK equation that describes the x-evolution of the colour glass conden-
sate’

In terms of the correlators of the theory, the JIMWLK equation translates into a tower
of coupled equations, relating the evolution of an n-point function to the evolution of a
higher order correlator and so on. This system of equations is equivalent to the so-called
Balitsky hierarchy of equations [27] that describe the evolution of correlators of increas-
ingly many Wilson line operators. In the mean-field approximation, the JIMWLK and
Balitsky equations decouple, and the lowest order equation that describes the evolution of
the 2-point function reproduces the BK equation, which is discussed in chapter 5.

(3.59)

(wr X r.y))) - (wyo“(x1))|,  (3.60)

3.3 Summary

In the colour glass condensate description of quark-nucleus scattering, the nucleus is rep-
resented by a non-abelian Weizsiacker-Williams field that is emitted by sources that move
ultrarelativistically with respect to the projectile. Observables are obtained by averaging
over all distributions of such sources,

(0)p = fﬂpw[p]O[p]. (3.61)

In the MV model, the weight functional w describing the distribution of sources is taken
to be Gaussian. By generalizing the equivalent result calculated in QED, one obtains
an expression for the scattering cross section of a quark moving in the x~ direction that
scatters off the colour glass condensate (i.e. a nucleus that moves in the x* direction),
d O_qA—)qX
= 0
dg-d?’q,d*h,  (2n)?

where the scattering amplitude is given by a correlator of Wilson line operators along the
quark trajectory

(r™ —=g)C(qL). (3.62)

C(q.) = f d*rie®m (|UGry) - 1][U'0) - 1]>p. (3.63)

5The actual calculation is complicated—since we will be concerned with the BK equation rather than the
JIMWLK equation, it is not repeated here.
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Chapter 3. The colour glass condensate

This amplitude can be calculated analytically in the MV model as

gt d*py 2 -
Clg) = f Pr.et *[exp(—Qi 21 L])
1

, ((dPp. 1

Zexp(Qs f )2 pj) +1

The x dependence of the weight functional w is governed by a renormalization group
equation, known as the JIMWLK equation. In terms of the correlators of the Wilson line
operators, it leads to an infinite tower of coupled evolution equations that turns out to
be equivalent to the Balitsky hierarchy of Ref. [27]. In the mean field approximation,
both hierarchies decouple, and the lowest order equation becomes equivalent to the BK
equation. The Gaussian distribution of sources is not preserved under IMWLK evolution;
hence the MV model does not incorporate evolution in x. In particular, the saturation scale

. (3.64)

Qz—g4t“t” dx pu(x ) 3.65
‘Y_E )C,u(x), ( )

where y denotes the width of the Gaussian distribution, is a constant.
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Chapter 4

BFKL evolution

In this chapter, we give a derivation of the Mueller’s dipole version [39] of the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) equation [17-19], cf. section 2.5. The derivation given
in section 4.1 draws heavily on the treatment in [13]. In section 4.2 we show how the
BFKL equation leads to a rapid rise of the dipole scattering amplitude at small x. The
influence of the initial condition on the solution, which will play a role in the analysis of
chapter 7, is discussed in section 4.3. The solution of the BFKL equation is calculated in
the saddle point approximation, so that the behaviour of the saddle point is crucial to the
form of the solution. The saddle point is discussed in section 4.4. Finally, in section 4.5,
we discuss the BFKL evolution in the presence of a saturation boundary condition. By
thus approximating the evolution of the dipole amplitude near the saturation scale Qy, the
x dependence of Q; can be derived. Also, we show how the saturation boundary condition
leads to approximate geometric scaling in a specific kinematic region above Qj;, the so-
called extended geometric scaling (EGS) region. The expectations that are derived in this
section for the solution of the BFKL equation in the presence of a saturation boundary
condition have been crucial to the formulation of a number of phenomenological dipole
models. Some of these models will be discussed in chapter 6. The expectations derived
here will be tested for compatibility with the BK equation in chapter 7, and with d-Au
data from RHIC in chapter 8. Finally, we summarize the results that are most important
for the analysis of the following chapters.

4.1 BFKL equation in the colour dipole formalism

In the dipole picture of DIS, following [72] we approach the scattering of the quark-
antiquark pair off the target hadron in the rest frame of the hadron, instead of in the hadron
infinite momentum frame of chapter 2. In this frame, we do not study the evolution of
the gluon density in the hadron, but rather, the density of gluons in the quark-antiquark
dipole that scatters off the hadron [72]. This makes the properties of the hadron irrelevant
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4.1. BFKL equation in the colour dipole formalism

to the present treatment'; it will play no role in the following discussion. We will adopt
the large-N, limit, in which the system of gluons can be treated as a collection of dipoles
which scatter off the hadron. The dipole scattering amplitude Ng(r,, x), which describes
the scattering of the quark-antiquark dipole off a hadron, cf. Eq. (2.38), is then given by
the convolution of the probability of finding a gluon, i.e. a dipole, with the propagator of
that dipole through the hadron?® [30, 39, 41]. This is represented schematically in the left
diagram of Fig. 2.9. In this picture, we can construct the evolution of the dipole scattering
amplitude by investigating the dipole content of the original quark-antiquark pair.

Following [13], we will construct the BFKL equation in a rather intuitive way® by
studying the radiation of soft gluons by a quark-antiquark pair that moves along the light
cone. A gluon radiated by either the quark or the antiquark can be thought of as creat-
ing two new colour dipoles. If either of these new dipoles radiates a second gluon, three
dipoles are created, and so on. Under the assumption that the radiated gluons are always
soft with respect to the parent dipole, such a chain of processes can be treated in a sys-
tematic way. Thus, neglecting interference between the dipoles, the gluon content of the
quark-antiquark pair emerges from the subsequent eikonal radiation of ever softer gluons.
First, we have to uncover the systematics of such gluon radiation.

Consider a heavy quark-antiquark pair* moving along the light cone, its momentum
being given by p = (P, 0,0, P). The radiation of a gluon by either the quark or the anti-
quark is represented in Fig. 4.1.

k 1 k 1
ka
p L7
k
ko kO

Figure 4.1: Emission of a gluon by a quark-antiquark dipole.

The emission of the gluon in the first diagram of Fig. 4.1 is described by

_ ki +k)y-e

4.1
(ky + ko)? @

I'Since the evolution is contained in the wave function of the virtual photon, i.e. the quark-antiquark pair, the
way the interaction of the dipoles with the hadron is modelled is not important for the evolution [72].

2If more than a single dipole scatters off the hadron one would obtain a different evolution equation, namely
the BK equation, discussed in chapter 5.

3 A more rigorous derivation can be found in [39, 73].

“4In DIS, the mass of the pair is given by the mass of the virtual photon, Q2, which must be large enough for
perturbation theory to apply.
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Chapter 4. BFKL evolution

where ¢; is the polarization vector of the gluon with momentum k;. Since the quarkonium
moves along the light cone, the plus components of the momenta k; are large so that

Q

(ki +k3)y y'e
(ki +k) 2" —y*y)e . (4.2)

It is understood that the gluon will couple to the quark after squaring the diagram, which
means that by the Dirac equation k;ii(k;) = 0 we have y~u(k;) = 0, so that the term
containing y*y~ must vanish eventually. Since the radiated gluons are assumed to be soft
(i.e. x is small) and strongly ordered in their momentum fractions (k] < k) we can write

kTes ki -
v 2 e (4.3)
ki-ky ki-ko

Writing the wave function of a quarkonium state comprising n gluons with momenta
ko ..o kit as ¢ (ky, ko, ..., kne1), where k; denotes the momentum of the quark, we can
now express the one gluon wave function in terms of the zero gluon wave function,

ki +k)y e

Q

ki - ko -
WD (ki ko) = gt [0tk + ko) 2 = 0 ) 2. (4.4
ki - ko ko - k2
We can simplify this expression by decomposing the k; and ¢; in terms of the light cone
vectors p and n = (1,0,0,-1)/(2P),
ki = .xip+Kin+kiJ_
€ = &gn+eg,. (45)
Using respectively the mass shell and transversality conditions, ki2 =k - =0, we find
ki = k7, /(2x;) and &; = ki, - &, /x;, which allows us to write

X
ki-e = x—lku ‘e, — kel
2
1x 1x
ki -k, = Ex—;kgl + Ex—fkﬁ —kyy ko, (4.6)

Because the gluon is soft, its momentum fraction is small x, < xp, so that Eq. (4.4) at
small x reduces to

9 ke
y (ki ko) = 20 [ (k1 + ko) =y (k1)) 7 (4.7)
21
where we leave the x dependence of ¢/ implicit, /™ (k;) = /" (x;,k; ). This expression
turns out to be more wieldy in co-ordinate space, where the dependence on ¢® factors
out. The Fourier transform with respect to the transverse co-ordinates is defined as,

dzk]J_ dzkzl e_l- ki,

(zﬂ)z (27T)2 'rlL+k2L'r2L)w(1) (kl , k2) s (48)

Yy (r1, 1) =
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4.1. BFKL equation in the colour dipole formalism

in both terms of which the integration over k, gives simply the Fourier transform of the
one gluon wave function, since

Phis dko, PO () LBt i hmter) _ ) Chos ko &1 i,
2n)? (2m)? k2 2n)2 k2

4.9)
and, with a shift of variables,

dzku d’ky,

) ki +k —2J- —i (ko Tay) _
Qe eV T k) ¢

d*ky, by, - € p-ike
w“’)(r) f a 2)§ 2;2 R CR 1)

Hence, denoting r;;, = r;, —r;,, we can perform the k,, -integration, which gives

2 .
d°k, k, - €, ik,r, _ L€LTL

) 4.11
(2m)? ki 27rr ( )
and write Eq. (4.4) in the following way,
0 (i) = Ly e )(’2“ '2&)-% 4.12)
210 Taou

where we have taken ro, = 0. To find the probability that the quarkonium dipole radiates
a gluon, we take the square of this expression and sum over the gluon polarizations and
colours. Remembering that 3’ €,€, = 1,, We obtain

2 2 2
L oL rai. oL "oy

3 (2 LTS D 1S T8 T @.13)
r T r r 2o

pol | \T211 o0l 211 Tou 2007211

It now follows directly from this expression that the one gluon wave function is given by

2
|50 [ = 4Cr O‘S|¢,<°>| o (4.14)
201721

where o, = g%/(4n) and t° = Cp.

We can interpret this result in terms of the probability that a dipole (10) emits a soft
gluon, thus producing two new dipoles (21) and (20). Clearly, this probability is given
by (4Cray/m)riy, /(13,73 ,)- We can use this mechanism to obtain the two gluon wave
function by describing the second gluon as being emitted from either of the two dipoles
(21) and (20), since we have just calculated the probability of such a process. In the
same way we can systematically construct the n-gluon wave function for any number of
gluons that are strongly ordered in x. However, in doing so we neglect the interference
between the emitted gluons, because we only take into account diagrams of the form of
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Chapter 4. BFKL evolution

1|2 1 ]2
2 3
3 2
+ +
0 0
1|2 1 ]2
— +
2 3
2
0 0

Figure 4.2: Planar contributions to the two gluon wave function.

Fig. 4.1, applied to single dipoles. As an illustration, in this scheme the relation between
the two gluon wave function and the one-gluon wave function is depicted in Fig. 4.2. The
diagrams of Fig. 4.2 correspond to a two gluon wave function that is given by

2 2
2)|2 @ nrRf{ "o 1
|u®|” = 4cr—| vV ( e e B (4.15)
4 3017300 3117300

In this expression, we have ignored such diagrams as Fig. (4.3) that correspond to ‘in-

Figure 4.3: Non-planar diagram corresponding to gluon interference.

terference between the gluons’. Technically, we are using the planar approximation, i.e.
we neglect diagrams in which gluon lines cross. This approximation becomes exact in
the large N, limit. Non-planar diagrams are suppressed by powers of 1/N, with respect
to planar diagrams, since they contain fewer colour loops. A closed colour loop leads to
a trace of colour matrices, “t* = Cp = (Nf. — 1)/(2N,) giving roughly a power of N,.
For the two gluon wave function, this implies that the neglected diagrams are suppressed
by a factor of 1/N?, which is on the 10% level for N. = 3. In this approximation, the
probability that a dipole (ij) emits a gluon is thus seen to be given by
.
D (4.16)

U TR
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4.1. BFKL equation in the colour dipole formalism

where we have used Cr = (N> — 1)/(2N,) = N,/2.

On the basis of this mechanism of radiating gluons in the dipole, we can construct
the evolution equation that describes the x evolution of the dipole scattering amplitude.
We recall that in DIS in the dipole picture, the virtual photon fluctuates into a quark-
antiquark pair that subsequently scatters off the hadron. Via the emission of gluons—
that are equivalent to colour dipoles—in the quark-antiquark dipole, the scattering of
the quark-antiquark pair off the hadron can be thought of as the scattering of one of the
dipoles contained in the pair scattering. The total scattering amplitude can then be defined
as the convolution of the probability, P say, of finding a dipole in the original quark-
antiquark pair with the propagator of such a single dipole through the target hadron [30,
72]. Crucially, the propagator that describes the scattering of a ‘constituent’ dipole off
the target does not depend on the dipole’s momentum fraction x [74], so that all the x
dependence is contained in P. To find the x dependence of the amplitude N then, we have
to construct P.

We consider a quark-antiquark dipole of which the the quark is labelled with (1) and
the antiquark with (0). We denote the probability of finding a gluon—i.e. a dipole—in
the pair with P(x, rfo ,»X1), where x; is the longitudinal momentum fraction of the quark
and x the longitudinal momentum fraction of the gluon. Increasing x; by an infinitesimal
amount dx; would lead to slightly more phase space being available for the emission of
a gluon. The radiation of a gluon is equivalent to the splitting of the original dipole into
two new ones. Labelling the gluon that is emitted due to the shift in x; with (2), the two
new dipoles that are created are (21) and (20), replacing the original dipole (10). The
probability that in this way the dipole (10) splits into two new dipoles (21) and (20) is
given by Eq. (4.16). Therefore, the change in the probability of finding a gluon, or dipole,
OP(x, rfo > X1), due to the increase in phase space x; — x; + ¢x; can be written as [13]

6P(x’r%0l’xl) =

a0 (d’ry iy, 2 2 2
2NL7T 7”2 }"2 [P(x7r21L’x1)+P(x,r2OL’x|)_P(x’rl()J_,xl)9:|'
2017211

4.17)

Since P(x, ri, Xx1) must be boost invariant, it can only depend on x/x; instead of on both
momentum fractions independently. Hence, we can write Eq. (4.17) in terms of x, and
forget about the x; dependence, because the same mechanism drives the radiation of ad-
ditional gluons for any value of x; and any number of gluons/dipoles that may have been
already emitted. The result, written in terms of N, is then

iN( 2 ) o _N % erZL r%OJ_ [N( 2 )+N( 2 )_ N( 2 )]
xax LX) = —INe n o r%oﬂgu SRR 015X STIRES B

(4.18)
which is the BFKL equation in the dipole picture [13, 39, 41]. We conclude that in the
kinematic regime where the emitted gluons are strongly ordered in x (Y), and where inter-
actions among the gluons themselves can be neglected, Eq. (4.18) describes the small-x
evolution of the dipole scattering amplitude.
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Chapter 4. BFKL evolution

4.2 Solution of the BFKL equation and the small-x prob-
lem

The evolution described by the BFKL equation leads to a power-like growth of the dipole
scattering amplitude as x becomes very small. To see how this behaviour occurs, we
will solve the BFKL equation in the limit of small x, i.e. in the kinematic region where
In(1/x) > In(1/ ri), using the saddle point approximation.

To be able to find the x-behaviour of the dipole amplitude, we follow Ref. [13] by first
performing the angular integration in Eq. (4.18)

d2 00 21 d@
f L f rardra, f —— . 4.19)
5, 0 0 r2L+ru—2rurucos9

Defining z = exp(if), the angular integral can be written as a contour integral over the unit
circle, here denoted C,

fﬂ do ~ lf dz 420)
0 I +rfJ_—2r2J_rucosé? i C(ri+rfl)z—ruru_zz—rhru

21

The integrand is now simply a polynomial of degree two in z. Denoting its roots with &
and S, the integral along C gives

dz dz [ 1 1 }
- " = — =2nmi +—, (4.21)
j;(z—a)(z—ﬁ) c f(@ f@  fB)
provided that both roots are enclosed by the contour C, the unit circle. In fact, one of

the roots always lies outside of the unit circle, and therefore does not contribute to the
integral, whereas the other always lies within the unit circle. Hence, the integral yields

d2 00 drz
f zru _ ﬂf . 20L2 4.22)
e 0 |’"20L ~Tow

. . . . . 2 2 2 2
The radial integration now splits into two parts, 0 < r5,, < ri,, and ri,, < ry,, < oo.

Note that the first and second terms in Eq. (4.18) equate to the same integral after a shift of
the integration variable. We can unify the two parts of the integral by substituting r%o L=
urfo , in the region 0 < ”%0 L < "%0 , and r%o L= "%o , /u in the region ”%0 L < r%o , < oo. Eq.
(4.18) then reads

1
2N = -a, f du_ [N@r . 0/u+ NG2 Ju.x) - 2NGEL )], 423)
ox o l—u

where we have written rfo L= 72, and introduced the notation &, = N.a,/n. The pole
of 1/(1 —u) at u = 1 is regularized by the terms between brackets. This equation can be
further simplified by a transformation to Mellin space

NGy, %) = fo Can (P02 N2, (4.24)
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4.2. Solution of the BFKL equation and the small-x problem

where Qy is an arbitrary momentum scale that we introduce to make the dimension of
N(y, x) independent of y. Defining a function y

= [ A ] s —u -y, @25)
where y is the digamma function,
Y(z) = diz InT'(z), (4.26)
in Mellin space Eq. (4.23) the takes the following very simple form
X(%N (v, X) = =asx(Y)N(y, x). (4.27)
The function y(y) is depicted in Fig. 4.4. We see that in Mellin space the BFKL equation
X)
20t
15F
10t
5
00 02 04 06 08 1o 7

Figure 4.4: The BFKL kernel x(y).

can be solved straightforwardly, giving

X0 )Fw((y)
X

N(y.x) = Ny, xo>( : 4.28)

where x( is a constant of integration. The solution of the original equation is found by
taking the inverse transformation

dy 4
NG, x) = fM %(riQ(z)) N(y, %), (4.29)

where the contour M runs parallelly to the imaginary axis, crossing the real axis between
0 and 1/2, and is closed to the right. This transformation yields the following expression
for the dipole amplitude in transverse co-ordinate space

d X
f =Y N(y, xo) exp [y In(r2 Q2) + @sx(y) In f
M

N 2rti

d
| sENo s exs|Fonr]. (4.30)
M &7

50



Chapter 4. BFKL evolution

Such a contour integral in general picks up contributions from the poles of the integrand.
Here, contributions from the initial condition, which in principle could have poles inside
the contour, are ignored, which is usually done when solving the BFKL equation. The
role of the initial condition will be discussed in section 4.3.

When x becomes so small that the term containing In(xp/x) is dominant, we can solve
the integral in the saddle point approximation’. The integrand is then so strongly peaked
that this peak, located at the saddle point, completely determines the integral. Expanding
the argument of the exponential, which we denote F, to second order around the saddle
point yy,, i.e. the point where F’(y,,) = 0, we can solve the remaining contour integral
exactly,

1

d 1’
N7, x) = N(yg,xpe" " f Y exp| 5 F vy = ¥sp)’
m 2mi 2

N(yp, x0)(rs Q5) ( x )('w(%p)

431
V2ragx” (vsp) In(xo/ x) -

X

Apparently, in the limit of small-x, the gluon density grows as (1/x)*, where A = @&y (ysp).
The value of A is determined by the saddle point y,,, which is in turn found by solving

’ - ’ 'x
F'(ysp) = In(2 Q2) + @' (75p) In ;“ = 0. (4.32)

In the approximation where In(xy/x) dominates the integral, the saddle point corresponds
to the minimum of the function y, which is given by y’(1/2) = 0. This is the well known
BFKL saddle point, y,, = 1/2. Thus, as x becomes smaller and smaller, the dipole
amplitude increases like (1/x)*¥(1/? = (1/x)*"2% where 4 In2a, ~ 0.5 for @, = 0.2.

As argued in chapter 2, such a power-like rise of the dipole amplitude must violate
unitarity. Hence, it is expected that saturation of the amplitude (or the gluon density)
occurs at momenta near the saturation scale Q(x), cf. Eq. (2.33). The BFKL equation
must then be replaced with a non-linear evolution equation. An example of such a non-
linear equation that will play a prominent role in this thesis is the BK equation [27, 30],
which reduces to the BFKL equation for 7> < 1/Q2. It will be discussed in chapter 5.

4.3 The small-72 limit and the initial condition

In the standard treatment of the BFKL equation presented in the previous section, any
possible effect of the initial condition is ignored. The reason for this is that the initial
condition is assumed to be slowly varying, so that the integral can be performed in the
saddle point approximation. However, in some cases the initial condition still gives a
non-negligible contribution to the small-72 limit of the solution. The reason for this is
as follows. The solution of the BFKL equation is formulated as a contour integral, see

5The same can be done when the term containing lnrng is dominant. The saddle point will be discussed
in different kinematic regimes in section 4.4.
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4.3. The small-r? limit and the initial condition

Eq. (4.30), (the contour is closed at +00),

NGT.x) = f & Ny, exp [y ) + e in 2, (4.33)
M 2mi x
which picks up contributions, the residues of the integrand, from all simple poles that lie
inside the contour. Apart from these contributions, the integral can be approximated by
the saddle point method, which if we only take into account the contribution from the
saddle point vy, itself simply gives

X
N2, %) ~ exp |y In(2 Q2) + @sx(ysp) In ;‘) , (4.34)

where the saddle point y;, is determined by Eq. (4.32). However, the initial condition,
or more precisely its Mellin transform N(y, x(), may have a simple pole enclosed by the
contour and therefore contribute to the integral as well. In fact, as discussed in appendix
C.2, the dipole amplitude at small 2, equivalently, at large transverse momentum, should
be proportional to a power of 72 in order to be consistent with the known perturbative
results. Any physical initial condition will therefore be proportional to riyo when 7,
approaches zero, where we expect yo = 1 but keep it explicitly for generality. This small-
r, behaviour makes that the Mellin transform has a simple pole at y, [75]. We can readily
convince ourselves of this by considering the Mellin transform of the following example

2 2
2N _ (rJ_QO)'}’O r, < 1
No(ry) = { 1 ro (4.35)
which can be straightforwardly calculated from Eq. (4.24), and is given by
I -1 1 [ I B 1
No(y) = —f dar? (#? P 4 —f dar? (¥ = —[ +—|, (4.306)
05 Jo ( ) ;i < ) QX lyvo-vr v

We see that the simple pole at y results from the small-r> limit of Ny, which will show
up for any initial condition that has a similar behaviour in this limit. The occurrence of
the pole at yp means that there is an additional contribution to the integral (4.33), equal to
the residue at yq

X
NG2 . x) ~ exp|yo In(2 Q) + G (7o) In ;"] . 4.37)

Hence, instead of only by the saddle point contribution, the solution of the BFKL equation
is given by the sum of the saddle point contribution and the residue of the integrand at
¥o. This manifests itself particularly in the limit 7> — 0 and fixed x, where one of the
two contributions dominates the other, depending on which of 'y, and vy is the smallest.
In the limit, when x is kept fixed, the solution is given by exp(—y In 1/72), where v is the
smallest of y, and g, because the other contribution will fall off faster.

From Eq. (4.32) and Fig. 4.4 we see that the limit 2 — 0 and fixed x, the saddle point
¥sp approaches 1, since y(y) goes to infinity if y approaches 1. This will be discussed in
more detail in the next section BFKL evolution thus preserves the small-r> behaviour of
the initial condition, namely riy", if yo < 1, and replaces it with ri otherwise.
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Chapter 4. BFKL evolution

4.4 Behaviour of the saddle point

The saddle point of the BFKL equation plays a role in the construction of the phenomeno-
logical dipole models for d -Au collisions that are discussed in chapter 6. Therefore, in
this section, which is based on the analysis of Ref. [44], we will inspect the behaviour of
the saddle point in more detail.

In solving the BFKL equation in section 4.2, we used the saddle point approximation
under the assumption that x — 0 while r, remains finite, so that the saddle point becomes
equal to 1/2. More generally however, one can distinguish three kinematic regimes in
which the saddle point either approaches 0, 1/2, or 1. Here, we will briefly discuss these
cases, and refer to Ref. [44] for more details.

The solution of the BFKL equation can be written as a contour integral in the complex
plane, given in Eq. (4.30). In the saddle point approximation, the solution is written as,
cf. Eq. 4.31,

N(y.vp7 YO) exXp [F(Y.vp9 ry, Y)]
2nF" (yp, 71, Y)

N2, x) = (4.38)

where we denote Y = In xo/x, and ;, is the saddle point of the integrand, which is defined
as the point at which the derivative of the function F with respect to y vanishes,

oF

— . (4.39)
o Y=Ysp
We recall that F is defined as
F(y,ri,Y) =yInri 05 + ax ()Y, (4.40)
where Q is an arbitrary scale, so that the saddle point is determined by
, In1/(r2Q?)
X 0sp) = ——=—=. (4.41)

asY
Fig 4.5 shows the resulting saddle point as a function of r, for different values of Y.

Inspecting Fig. 4.4, we can distinguish three limits in which Eq. (4.41) makes the
saddle point approach an asymptotic value:

L. If 1/(@,Y)Inr? Q} — oo, the saddle point approaches y,, — 0. This is the case
whenr, > Y.

2. If 1/(@Y)1In l/ri Q(z) — 0, the saddle point approaches y,, — 1/2. This is the case
when at fixed r,, ¥ — oo, i.e. x — 0. This is the usual BFKL saddle point in the
limit of small x that we encountered in section 4.2.

3. If 1/(@ayY)In 1/r3 Q(Z) — oo, the saddle point approaches y,, — 1. This is the case
when at fixed Y, r, — 0, or, in momentum space, when k; — co. This corresponds
to the double logarithmic approximation (DLA), which is appropriate when both Y
and Q? ~ 1/r2 are large.
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Ysp
0.9t

0.8t

i 3 10 i5 1/(rLQo)

Figure 4.5: The saddle point following from Eq. (4.41) as a function of 1/(r, Qp) (with @, = 0.2),
for Y = 1,5, 10,20, 30,40 (from the top down).

To obtain the saddle point in these limits, one can for 0 <y < 1, use the approximation

11
XO) % ok g 42 -4, (4.42)

which results in the following expressions:

1. If y;, — 0, we can neglect the contribution from 1/(1 —y) in Eq. (4.42), so that we

find the saddle point
/ asY
s N 4| ————. 4.43
7 4 ln(rf_ Q%) ( )

2. If we expand Eq. (4.42) around y = 1/2, we find the saddle point

110109

o 444
Yyt Ay (4.44)

Additionally, we can make an estimate of the upper limit on the kinematic region
where the saddle point is close to 1/2. Defining, like in Ref. [44], this region as
Ysp < 3/4, which is the middle point between region 2. and 3., from Eq. (4.44) it
follows that the corresponding kinematic region is bounded by

1
In —— < 8a,Y. (4.45)

ri Q(Z)

3. If vy, — 1, we can neglect the contribution from 1/y in Eq. (4.42), so that we find
the DLA saddle point

aY
~1- /— 4.46
YDLA Inl/ (ri QS) ( )
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Chapter 4. BFKL evolution
We note that in case 3, Eq. (4.38) yields the following solution of the BFKL equation,

N(ysp, Y 1
N2, Y) ~ @'sp: Yo) rng exp| 4|@ Y In 5—
\2ma Y x" (ypLa) r9

We can compare this expression with the DLA solution of the DGLAP equation, cf. the
discussion leading to Eq. (2.30),

. (4.47)

xg(x, 0%) ~ xg(x, Q%) exp {2 \/ g Inln (g—z) In (1)‘ . (4.48)

0 X

Bearing in mind relation (2.40), i.e. Np(r,, x) ~ rixg(x, 0% = l/ri), we see that both
solutions show the same behaviour as a function of x, but differ® in their dependence on
0.

As mentioned, the saddle point of the BFKL equation plays a role in the construction
of phenomenological dipole models that are discussed in chapter 6. In that context, es-
pecially the value of the saddle point in the presence of a so-called saturation boundary
condition, discussed in the next section, is of importance.

4.5 The BFKL equation with a saturation boundary con-
dition

We have seen that the BFKL equation leads to an unreasonable growth of the dipole
scattering amplitude at very small x, necessitating some other description that leads to
saturation in order to preserve unitarity. One such description is provided by the BK
equation, which is a non-linear evolution equation that reduces to the BFKL equation
when the amplitude is small enough for the non-linearity to be negligible. Given this
property, one can try to approximate the solution of the BK equation outside the saturation
region r, < 1/Q(x) by a solution of the BFKL equation, in the presence of a saturation
boundary condition [44].

4.5.1 The saturation scale

Conceptually, we may expect saturation effects to show up when the transverse size r, of
the gluons in the incoming dipole becomes so large with respect to the density that the
gluons start to overlap in phase space and interactions among them become important.
Since more and more gluons are emitted as x becomes smaller, saturation effects will not
set in at a fixed scale, but rather at an x dependent scale r, = 1/Q(x). The saturation
momentum scale Q(x) will then increase as x becomes smaller. At small r,, or more
precisely r, < 1/Qy, the transverse size of the gluons is relatively small and the gluons

In Ref. [44] however, it is claimed that both solutions are identical. Rather, as stated in Ref. [13], the BFKL
result is to be seen as a fixed coupling version in co-ordinate space of the DLA solution.
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4.5. The BFKL equation with a saturation boundary condition

hardly feel each other. Hence, the dipole amplitude is small. When r, increases, the
dipole amplitude becomes larger until at r;, = 1/Q; it reaches a value that is so large that
N? is not negligible anymore with respect to N itself and the gluons start interacting. This
defines the saturation scale. The exact value that we choose for the dipole amplitude at
the saturation scale is not important as it only influences the normalization, and not the x
dependence of the saturation scale.

For illustrational purposes, we can simply take the value 1, and define the saturation
scale thus

N2 =1/Q%x) =1, (4.49)

This is the saturation boundary condition that we will impose on the solution of the BFKL
equation. From the saddle point approximation to this solution (cf. (4.30)) we know that
we can write N(r2, x) roughly as

X
N(2, %) = exp | ysp In(2 Q2) + @sx(ysp) In ;0 , (4.50)

where we ignore the initial condition N(y,), Xo) since if slowly varying, it plays a role
only in the limit of small r, as discussed in section 4.3. The saddle point is found by
solving Eq. (4.32).

1

_ X0
asx (Ysp)In — =1n . 4.51
X (Ysp) In— 20, (4.51)
The saturation boundary condition (4.49) gives the further constraint
i X0 0;
X (Ysp)In — =y, In =, 4.52
ax(Ysp)In == = yp In 0 (4.52)

which dictates the value of the saddle point at the saturation scale, for which will use the
common notation vy,

=x(s)- (4.53)

Numerically, this implies y, = 0.6275..., which is slightly different from the pure BFKL
saddle point y,, = 1/2. Given the value of y,, we can from the same equations find the x
dependence of the saturation scale

agy'(yvs)
02(x) = G} expl@uy’ () Incio/ )] = 0F (2 o @.54)

Thus, assuming that the BFKL equation describes the evolution up to the saturation
scale Q; to good approximation, BFKL evolution’ implies that Q2 grows as x* as x be-
comes smaller, where numerically 4 = 0.9 for @, = 0.2.

7BFKL evolution with running coupling leads in this approach to a slower rise of the saturation scale; Q; ~
exp(c VY), where Y = In 1/x [76].
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Chapter 4. BFKL evolution

4.5.2 Geometric scaling window

From Eq. (4.30) we know that the solution of the BFKL equation is written as a contour
integral. If we approximate this integral by the saddle point contribution only, i.e. we
ignore the initial condition, the dipole amplitude can be written as

N7.x) = exp |y, In( Q) + aw(r)n =2 | = exp[FO D] (459)
which due to the saturation boundary condition equals 1 at the point r, = 1/Q,. We
can now construct the solution for values of 1/r, > Q; by expanding the integrand F
around In72 = In1/Q?, or in terms of the variable ¢ = In1/r% Qg, expanding F around
&=1In Q% / Qé = &,. This way, & increases as 1/r, becomes larger than Q.

In the region & > &, but & — &, < & (i.e. 0 < £ —&; < &) we can make a Taylor series
expansion in powers of & — &,

F(y5,6) = F(ys.é5) + %F(ys,f)lf:&(f —&)+ %:—;Fm, O =607 (450
where the coefficients are derived from F straightforwardly,
EF(%,S) =~Ys (4.57)
23
" A by _ oy o) _ 1
Flys &) = 2% = = (4.58)

o8 9 '(y) 0 dXx'(yy)
Here, for convenience we again use the notation ¥ = In xy/x. Note that the saddle point

is defined by
1

—In—— 4.59
oy " (4.59)

X,(’)/s) =

while at the saturation scale F' = 0. Plugging these coefficients into Eq. (4.56), we find
that F can be written around &; as

In? (1 /r Q?)
2a,Yx" (yy)
The amplitude itself in the presence of a saturation boundary condition is now written as
-n*(1/72 @?)
2a,Yx" (s)

F(ys,r?) =y, In(r} 0?) - (4.60)

4.61)

NG Y = (R oY) exp{

We see that the leading order term in Eq. (4.60) is a function of r, Q only, instead of
a function of r, and Y = Inxy/x independently. This property is known as geomet-
ric scaling®. Only in higher orders in the expansion this scaling property is violated.

8See section 2.5.
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4.6. Summary

Moreover, xy”(ys;) =~ 48.5 so that the parameter of the scaling violating correction is
1/Qa” (ys)) = 0.05 for @y = 0.2. Hence scaling violations are still suppressed if &
moves away from &;. This means that geometric scaling is predicted if & is close to &,
and expected to hold to good approximation in the region where the expansion (4.56) is
valid. From this analysis, the amplitude is expected to retain geometric scaling in the
region 0 < € — &; < &, which means

1 <Inl/r}Q <InQ?%/Q;. (4.62)

As noted in Ref. [44], (almost) this entire region is situated within the kinematic region
(4.45) where’ the saddle point lies between 1/2 and roughly 3/4, so that the extent of
the scaling window is consistent with the value of y, = 0.628. The region (4.62) is
sometimes referred to as the extended geometric scaling (EGS) region. Its upper limit is
often denoted as Qg = 0%/ Q.

4.6 Summary

In this chapter we have given a derivation of the BFKL equation in the dipole picture.
We have seen that in the limit of x — 0, the solution exhibits a power-like rise with 1/x,
i.e. N(r.,x) ~ (1/x)*, where A ~ 0.5. This leads to the conclusion that at very small x,
the BFKL equation is to be replaced with a non-linear evolution equation, like e.g. the
non-linear BK equation, which is discussed in the next chapter.

Further, we showed that in the small-r, limit the solution of the BFKL equation falls
off like N(r,,x) ~ riy, where vy is equal to 1 or yy, if yo < 1. Here, yy is the power of
the small-r, limit of the initial condition, i.e. Ng = N(r_, xg) ~ riyo. This property of the
solution will be recovered from the BK equation in chapter 7.

Finally, the solution of the BFKL equation the presence of a saturation has been
discussed. It follows that (for fixed coupling) the saturation scale increases power-like
with 1/x; Qf(x) ~ (1/x)%, where 1 ~ 0.9. We showed that the saddle point takes
the value y,. Also, we derived the solution of the BFKL equation in the presence of
the saturation boundary condition, given by Eq. (4.61). In the so-called EGS region,
1 < Inl/riQ? < InQ?/Q}, this solution exhibits approximate geometric scaling. As
explained in chapter 6, these expectations for the properties of the dipole amplitude play
an important role in phenomenological models for the dipole amplitude.

9The upper limit on the scaling window is equal to In Q?/ Qé =a, Yy (vs).
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Chapter 5

BK evolution

In this chapter, we discuss the non-linear BK equation for the x evolution of the dipole
scattering amplitude. We briefly sketch how it is derived in Refs. [30, 72], and show some
numerical results to illustrate that it leads to saturation and geometric scaling. Further, we
discuss a number of analytical expectations for the solution of the BK equation that follow
from the so-called travelling wave approximation. We end by summarizing the results that
play a role in the analyses of the following chapters.

5.1 Introduction

In section 4.2 the leading order BFKL equation was constructed in the dipole picture
of deep inelastic scattering. In the hadron rest frame, the evolution is contained in the
density of gluons (which in the large-N, limit are equivalent to dipoles themselves) in the
quark-antiquark pair that scatters off the hadron, instead of in the gluon density in the
hadron [72]. It was shown how this leads to a non-physically strong rise of the dipole
amplitude N at small x. The dipole amplitude was defined as the convolution of the
gluon (dipole) density inside the pair, with the propagator (through the target hadron)
of such a dipole [39, 41]. The BFKL equation turns out to predict a rise of the dipole
scattering amplitude at very small x that violates unitarity. To solve this problem, a non-
linear evolution equation featuring a damping term would be required, to saturate the rise
when the amplitude becomes large. Such an equation can be obtained by taking into
account not only the scattering of a single gluon (dipole), from the quark-antiquark pair
off the hadron, but including the scattering of any number of gluons (dipoles) in the dipole
amplitude [30, 72]. The corresponding picture is represented schematically in Fig. 5.1.
The dipole amplitude is then expressed as the convolution of the probability of finding i
dipoles, P;, with a propagator, f, that describes the scattering of a single dipole off the
nucleus, for each dipole [30, 41, 72]. Schematically, this can be expressed as

N x)~ ) Piof-f, 5.1
i=1
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’Y*

A A A A

Figure 5.1: Fan diagram corresponding to multiple scattering of gluons (dipoles) off the hadron.
Plot taken from [30].

where the number of propagators is equal to i. Differentiation with respectto ¥ = In1/x
then yields a non-linear evolution equation for N, instead of the linear BFKL equation that
would be obtained if only the first term of the sum is taken into account [30, 41]. This
non-linear evolution equation, which is known as the Balitsky-Kovchegov (BK) equation,
can therefore be thought of as a non-linear generalization of the BFKL equation.

5.2 The BK equation

The BK equation for the dipole scattering amplitude N(x, ) in co-ordinate space reads
[27, 30]

2
0 d*r r
2 — 21 10L
Vo =a | —=5—5—
007211

X |NG3, .. Y) + N3y, ¥) = Ny, ¥Y) = NGy L YINGS, . D] (5.2)
where @y = agN./m and Y = In1/x. For small values of N, the non-linear term can be

neglected, so that the BFKL equation (4.18) is recovered. The BK equation can be much
simplified by introducing the following transformation of the dipole amplitude N(r2, Y),

ﬁeik,« N(r9 Y)

N(k,Y) = 2

: (5.3)

where we omit the subscript L on the transverse vectors. In terms of N, the BK equation
can be very compactly written as

YN = @y (-0 )N —a, N2, (5.4)
where L = In(k?/ kg), for some arbitrary scale &y, and y is the BFKL kernel (4.25)
X)) =2¢(1) = ¢(y) —y(1 = ). (5.5)
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T T T

100

r Qs(x)

Figure 5.2: The dipole scattering amplitude N(r, x) resulting from the numerical result N'(k, x) as
a function of rQ,(x) for various rapidities y. The solution is evolved from the MV model (6.23) at
y=In(xo/x) =Y -Y, =0.

The BK equation has not been solved analytically, although in some specific cases analyt-
ical results have been obtained [72, 75, 77-81]. Numerical solutions however have been
obtained for all momenta [82-89], cf. [41]. We will discuss some analytical properties
of the solution of the BK equation at large rapidities, obtained in the so-called travelling
wave approximation, in section 5.3.

In order to investigate the relation between these analytical results at very large rapid-
ity and the actual solution at finite rapidity, we will make a comparison with numerical
solutions of the BK equation in chapter 7. We will use the results of [89], employing
the publicly available code [90] to generate numerical solutions of the BK equation, by
evolving some starting distribution'.

As an illustration, Fig. 5.2 shows the solution of the BK equation generated by the
code [90] for various values of the rapidity. While the properties of the solutions will
be discussed in detail in chapter 7, we want to mention here the important property of
geometric scaling. At asymptotically large values of ¥ = In 1/x, the dipole amplitude
N(r, x) that is plotted in Fig. 5.2 becomes a function of rQ(x) only, which is known as
geometric scaling. In the figure, this means that the solutions approach a limiting curve,
labelled y = oo.

"Mostly, for this purpose we will use the MV model, discussed in section 6.2.1.
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5.3 Travelling waves

In the so-called travelling wave approach, the BK equation is approximated by expanding
the kernel y(y) around a characteristic value of y. By doing so, it can be shown that the
approximated BK equation belongs to the universality class of the Fisher-Kolmogorov-
Petrovsky-Piscounov (FKPP) equation [78]. It is known that under certain circumstances
equations of this class admit so-called travelling wave solutions [91]. In the case of the
BK equation, this means that for asymptotically large rapidities, it admits geometrically
scaling solutions, N(k,Y) — N(k/Q(Y)). In this section we will briefly review some
results of Refs. [75, 78], focussing only on those results that are relevant to our purposes.

5.3.1 The travelling wave approximation

In section 4.2 we have seen that the solution of the BFKL equation can be written as

d
NarkL = f 2—;;N0 exp[—yL + Gy (Y] (5.6)

where, ignoring for the moment possible contributions from the initial condition, the in-
tegral is dominated by the saddle point y,, of the exponential. A useful observation is
that Eq. (5.6) is a superposition of waves that are eigenfunctions of the operator d; with
eigenvalue —y. Since the dominant contribution to the integral comes from y = vy, in
first approximation Ngpky is an eigenfunction of d;, with eigenvalue —y;),,

O NBFKL ® —¥sp NBFKL- (5.7

Knowing that the BK equation reduces to the BFKL equation in the dilute region, we
can expect that there the solution of the full equation will have the same property. In
Ref. [75, 78] the BK equation is then approximated by expanding y(—d,) around the
BFKL saddle point y,,. One writes

1
X(_aL) ~ X(’Ysp) + +)(/(7sp)(_aL - 7.fp) + EXU('YSp)(_aL - 'y.yp)z- (58)

We note that it is not clear that this is a good approximation in the non-linear regime,
but that the authors of Ref. [78] expect it to remain valid for the full non-linear equation.
If the kernel is expanded around the BFKL saddle pointz, cf. section 4.4, y,, = 1/2,
the term y’ vanishes. With a change of variables (k,Y) — (x,1) [78], where ¥ = 1 —

(1/2) 1+ 8x(1/2)/x"(1/2),

x = (1—7)(L+—d"‘X”2(1/2)Y);
@,D
= (1 -%)%Y, 5.9
r= St (5.9)

21f the solution is of the form (5.7), this requires roughly L < 8a,Y, cf. Eq. (4.45).
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the BK equation reduces to the Fisher-Kolmogorov-Petrovsky-Piscounov (FKPP) equa-
tion [92, 93]
Au(t, x) = 8*u(t, x) — u(t, x)(1 — u(t, x)). (5.10)

Here u = 2N/(D(1 — %%)). The evolution in the time variable ¢ corresponds to evolution
in rapidity Y. This equation was originally proposed to describe the advance of genes
through a population [92]. At large times ¢, the equation admits so-called travelling wave
solutions [91],

u(t, x) N u(x — ct), (5.11)

i.e. solutions whose shape remains the same in time ¢, but travels in x space with phase
velocity ¢. A condition for travelling wave solutions to occur is that the initial condition
u(ty, x) decreases from 1 at x = —oo to 0 at x = +oo, where it should approach 0 expo-
nentially; u(fg, x) ~ exp(—=fx). In terms of N, this condition implies that at large k, the
amplitude should fall of like N(k,Y = 0) ~ k=27, for some (positive) value of v,, where
vo = (I — ¥)B. For all cases that we will consider, this condition is satisfied, cf. sections
5.3.3 and C.3. Hence, for large ¢, the solution in terms of x and ¢, defined in Eq. (5.9),
can indeed be written as u(x — m(t)), where m(t) = 2t — (3/2)Int [78]. Consequently, at
asymptotically large ¢, one obtains

u(t, x) =3 u(x - 21), (5.12)

or, in the original variables,
N5 Nw (R1QX(Y)), where  Q2(Y) = Bexplaw” (2)(L-7)Y].  (5.13)

Here, k(z) absorbs all constants of order 1. Thus, the approximation (5.8) leads to the
expectation of geometric scaling at large Y. Since y”(1/2)(1/2 — ¥) = 4.8, the running of
the saturation scale is consistent with the prediction from BFKL evolution in the presence
of saturation® (4.54).

In Ref. [75], an explicit solution of the BK equation is constructed using approxima-
tion (5.8) to expand the BFKL kernel around the saddle point in the presence of saturation,
vs ~ 0.628, cf. Eq. (4.53). This reduces the BK equation to the following partial differen-
tial equation,

1
IyN = Sax" (r) @1 +ys)'N = & (r)OLN = aN?, (5.14)

which belongs to the universality class of the FKPP equation (5.10) that consists of equa-
tions of the form
Ou(t, x) = Dy u(t, x) + f(u(t, x)) (5.15)

where D, is some differential operator, and f is a non-linear term. The evolution in the
time variable ¢ again corresponds to evolution in rapidity Y. Like the FKPP equation

3We note that in that case, the saddle point is given by y, ~ 0.628 instead of 1/2.
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5.3. Travelling waves

itself, all equations belonging to this universality class admit travelling wave solutions at
asymptotically large times, under the discussed criterion for the initial condition.

The solution to the linear part of Eq. (5.14), i.e. not too close to the saturation region,
is derived in [75], and reads

2 k2 o\ 1 o K
N1w (ditute) & X (7s) ln(Q%(Y))(Q%(Y)) exp (— 2y (Y In (Q?(Y) ))

(5.16)

where Q4(Y), is given by

_ x(ys) 3 ] (5.17)

Q?(Y) = Qé exp [ax Y- —1InY
Vs 2y

Here, Qp again absorbs all constants. Eq. (5.16) is qualitatively similar to the expectation
that follows from BFKL evolution in the presence of saturation, cf. Eq. (4.61). In the limit
of Y — oo, we see that this travelling wave solution indeed becomes exactly geometrically
scaling,

e, [k
NTW (dilute) ~ (kz/Q?) ’ ln(@), (5.18)
where the saturation scale reduces to Q> ~ expldsx(y,)/ysY], which, as x(y,)/ys =
X' (v5), is identical to the BFKL result (4.54).

5.3.2 Travelling wave at subasymptotic rapidity

As pointed out in Ref. [80], the travelling wave results are of limited phenomenological
importance due to the fact that they are asymptotic solutions, and hence require very high
rapidities in order to arise. Also, analytical expressions for the dipole amplitude, like
Eq. (5.16), are known only for relatively large values of k, so that analytical predictions
can only be made for the tail of the amplitude, which is essentially determined by the
linear regime [80].

In order to derive a solution that has a broader range of applicability, in Ref. [80] a
travelling wave solution has been derived by truncating the kernel of the BK equation,
where the non-linear term is kept*. The BK equation is approximated by writing

OyN = axpy,(~ON — aN? (5.19)

where the truncated kernel is defined as

S &)
Ko (00 = DI AD Ay = ) (DT g, (5.20)
i=0 e

p=0

4We recall that Eq. (5.16) is a solution of the linearized version of Eq. (5.14).
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Chapter 5. BK evolution

In Ref. [80], the solution of the approximate equation is derived taking into account the
first two terms of this expansion, i.e. P = 2. One finds

c\2
4o A (02" (14 ()"
N(k’ Y) = 2 2 Alc - _2 2 2 Alc ln 2 2 Alc
1+ (k*/07) <1+ (k/07) 4(k*/Q3)

+0(1/c%), (5.21)

where A = VAg/A; and ¢ = 2. The saturation scale is defined as Q2(Y) = k3 exp(@,v(c)Y),
where v(c) = A; + ¢ VAoAs.

There are however several problems which make this solution impossible to use for
our purposes. In this thesis, we investigate phenomenological dipole models that are of
the form

N(,Y)=1—-exp [—% ( Qg)’] , (5.22)

where following [48, 94] ¥ is often taken to be a function of k and Y, with y(k = Q;) = ;.
The value of N(k = Q,) is then fixed® by Eq. (5.3). The commonly used value y(k =
Qs) = ysleads to N(k = Qy) = 0.19, while Eq. (5.21) equals Ay/2 at k = Q;, which using
P =2, as was done in Ref. [80] equals approximately 4.5. This would require a value of
v(k = Q;) = 0.025, which is completely inconsistent with the analyses of chapters 7 and
8, which show that y(k = Q;) of around 0.6 is to be used in expression (5.22) in order
to be compatible with RHIC data. We also note that in a non-linear equation, like the
BK equation, the normalization of the solution must be fixed. Further, as already pointed
out in Ref. [80], the series expansion for the coefficients A, actually diverges fast as P
increases. Hence, the value N(k = Q) = Ap/2 is unstable with respect to the expansion
(5.20), and even diverges. Also already mentioned in Ref. [80] is that Eq. (5.21) saturates
at small k to a constant, equal to Ag, and thus does not reproduce the proper small-k
behaviour of N ~ In 1/k. Hence, like the earlier result (5.16), we cannot use Eq. (5.21)
in the saturation region k < Qj, or around the saturation scale. Instead, we will focus on
phenomenological models for the dipole amplitude in chapter 6, which incorporate some
general features that are derived using the travelling wave approach.

5.3.3 The role of the initial condition

From section 4.5 we know that the poles of the initial condition can contribute to the inte-
gral (5.6). As explained in that section, an initial condition N(Y), k) with the asymptotic
behaviour N(Yy, k — o0) ~ k27 will have a pole in Mellin space at ¥ = y,. This pole
gives rise to a contribution to Eq. (5.6) that vanishes like exp(—yoL) as k — oo, while the
travelling wave (5.18), in the large-Y limit, is proportional to exp(—y,L). Consequently,
when yy < y; = 0.628 the solution is dominated by the initial condition at large k, whereas
in the case of yy > y, the solution is dominated by the travelling wave (5.18).

This may seem at odds with the result of section 4.5, where we argued that in the
case where y( > vy, the solution vanishes at large k as k=2»_ where the saddle point Vsp

SThis is made explicit in Eq. (7.14).
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approaches 1 as k — oo, not y,. The reason for this is that the travelling wave solution
only holds in the limit of large Y. As we will show in chapter 7, the limits k/Q(Y) — oo
and Y — oo (keeping k/Q,(Y) fixed) do not commute. If Y is kept fixed at some finite
value and k/Q; goes to oo, one finds N ~ k2. However, first taking the limit of ¥ — oo
(keeping k/Q,(Y) fixed) and afterwards increasing k/Q;, one finds N ~ k=2 even when
k/Q, becomes larger and larger®.

5.4 Summary

In the dilute region, where the BK equation is well approximated by the BFKL equa-
tion, one can expand the kernel y(—d.) around the BFKL saddle point. It is generally
assumed that this approximation holds for the full BK equation. This so-called travel-
ling wave approximation brings the BK equation into the universality class of the FKPP
equation. At asymptotically large rapidities, equations in this universality class allow
travelling wave solutions, which translates into geometric scaling of the dipole ampli-
tude, i.e. N(k,x) = N(k/Qy(x)). The saturation scale then depends on ¥ = In 1/x like
Q% ~ explayx(ys)/ysY]. This is consistent with the expectation from the BFKL equation
in the presence of a saturation boundary condition.

As mentioned, according to Ref. [78], the expansion of the kernel around the saddle
point is expected to remain valid for the full BK equation, which would imply that geo-
metric scaling is expected for asymptotic rapidities and all values of k. In chapter 7, we
will find that this is indeed the case for the numerical solutions that we consider. In the
dilute region, analytic forms of the solution of the travelling wave solution are known,
which are of the form

—, k2
N1w (dilute) ~ (kz/Q%) ’ 111(@), (5.23)

In particular, as this expression is valid at asymptotic ¥ and k/Q; < 1, it leads to the
expectation that in the limit of ¥ — oo, the large k/Q-behaviour of the amplitude is
given by N' ~ k=2, Since in the limit of k/Q; — oo and fixed Y, the amplitude is
expected to fall off like N ~ k=2, the two limits do not commute. These properties of the
solution will be investigated numerically in chapter 7.

%To be precise, in chapter 7 AV in the limit of k/Q; — oo is calculated numerically up to very large but of
course not infinite values, and seems consistent with N ~ (k%/ Qf)y‘.
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Chapter 6

Models for the dipole amplitude

In this chapter, we will present a number of models for the dipole cross section, aimed
at describing DIS and nucleon-nucleus collisions. In this thesis, we will focus on the
DHJ model that was proposed to describe d -Au collisions at RHIC, which incorporates
expectations from small-x evolution.

In chapter 5 we encountered the nonlinear BK evolution equation for the dipole scat-
tering amplitude. This equation describes saturation of the amplitude and leads to the
prediction of geometric scaling at asymptotically small x. Unfortunately, the BK equa-
tion has not been solved analytically, so that in order to test it against experimental data
one needs to resort to either numerical or approximate solutions, or phenomenological
models. Numerical solutions have been constructed and will be touched upon in chapter
7, while the approximate solutions mentioned in section 5.3.2 are of little phenomenologi-
cal use as explained there. Here, we will introduce a number of phenomenological models
that have been devised in order to describe DIS and hadron collisions, in particular proton
(or deuteron)-nucleus scattering, at small x. More precisely, we give a brief description
of the GBW and IIM models that were proposed to describe DIS data, and the KKT and
in particular the DHJ model that were constructed for the description of hadron-nucleus
scattering (d -Au at RHIC). More models for DIS and RHIC can be found in respectively
Ref. [95, 96] and Ref. [97]. The DHJ model plays an important role in this thesis, as it
embodies the most important small-x features of the IIM and KKT models. In chapter
7 the compatibility of the DHJ model with the BK equation is tested using a numerical
solution of the latter, while in chapter 8 the DHJ model is used to analyse the small-x
properties of the deuteron-gold data from RHIC. The conclusions will apply to the IIM
and KKT models as well. We will also formulate a model for the dipole amplitude that
can be extracted from the MV model for a saturated nucleus in the colour glass condensate
approach of chapter 3. This model, which was historically the first saturation model for
the forward dipole amplitude, is however of limited phenomenological importance since
it does not incorporate evolution in x, and does therefore not allow a study of geometric
scaling. In this thesis, it will be used to reproduce and extend the results on A polarization
of Ref. [57] as an introduction of chapter 9. It will also be used as an initial condition for
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6.1. Dipole models for deep inelastic scattering

the numerical solution of the BK equation in chapter 7.

6.1 Dipole models for deep inelastic scattering

Here, we will present a number of models for the dipole amplitude that were proposed
to describe the small-x DIS data. To see how these models have originated, we give a
brief introduction to the concept of geometric scaling in experiment, which is incorpo-
rated in the Golec-Biernat-Wiisthoff (GBW) dipole model, and proceed to illustrate how
theoretical expectations from small-x evolution spawned modifications of it.

6.1.1 Geometric scaling

As we have seen in chapter 2, the total cross section the deep inelastic scattering can
be expressed as a function of the momentum transfer Q and the Bjorken variable xp.
As xp becomes smaller than 0.01, the total cross section shows the so-called property
of geometric scaling, which means that the cross section becomes a function of a single
scaling variable, O/ Q?(x3), instead of remaining a function of Q? and xp independently.
More specifically, geometric scaling was found in the data for xz3 < 0.01 and all Q?
[34, 45, 98]. Fig. 2.6.1, taken from Ref. [45], shows these small-x data as a function of
7 = 0%/ Q*(xp), where the function Q,(x) is given by Eq. (6.5).

In the dipole picture, the scaling property of the data is a consequence of scaling of the
dipole scattering amplitude, which gives the scattering of the virtual photon—described
as a colour dipole—off the proton. The dipole amplitude must be a function of 72 Q?(x)
in order for the cross section to depend on Q?/ Q?(x). The cross section is written as
Ot = O + 01, Where

1
o135, 0) = 7o f dr, f dz |wriGro, OF Noww.  6.1)
0

Here N(r,, x) denotes the dipole scattering amplitude, and 7 is the photon wavefunc-
tion for transversely and longitudinally polarized photons—the probability that the pho-
ton fluctuates into a quark—antiquark pair (the colour dipole) of which the quark carries
a momentum fraction z. Ignoring the quark masses, ¢ is given in first order in @em by
[34]

6 em
prer @ = TF Y G| a-)eKen)]
f
prer F = 53 4072201 - 22K en)]. 6.2)

f

where €2 = z(1 — z)0?, and K; denote modified Bessel function of the second kind'.
Crucially, both 71, and hence their sum, depend only on r, Q, and have an overall factor

I"The functions K; are also referred to (e.g. in Ref [34]) as MacDonald functions.
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Chapter 6. Models for the dipole amplitude

of Q°. If now the dipole amplitude depends only on r, Q;, we see that the total cross
section can be schematically written as

11 (xp, ) o f duf ()N (u%x"”) , 63)

where u = r, Q. Clearly, if the dipole amplitude is a function of r, Q,, the cross sec-
tion depends on Q/Q, only. Hence, geometric scaling in the dipole formalism means
N(r.,x) = N(r.Qg(x)). A successful description of the small-x DIS data using a geo-
metric scaling model for the dipole cross section was performed by Golec-Biernat and
Wiisthoff [34].

6.1.2 The GBW model

In Ref. [34] it was shown that the HERA data at low x could be well described by a dipole
scattering amplitude of the following form,

Nopw(rL, x) = 1 —exp Hri Q%(x)} , (6.4)

which we will refer to as the Golec-Biernat-Wiisthoff (GBW) model. We can interpret this
expression roughly as the Glauber-Mueller rescattering formula (2.39) near the saturation
scale, where the gluon density devided by the transverse area is replaced by Q; according
to (2.33). We note that while Eq. (2.39) was obtained for scattering off a nucleus, the
GBW model is used for DIS off the proton (A = 1). The parameter o in Eq. (6.1) was
fitted to oy ~ 23 mb, and the saturation scale Q; is given by

0,(x) = 1 GeV (%)m, 6.5)

where xy = 3-107* and the best fit was found for A = 0.3. The function Q,(x) is identified
with the saturation scale that marks the onset of saturation of the target gluon density,
or equivalently, it marks the region where nonlinear evolution becomes important. In
sections 4.5 and 5.3 we saw that the small-x evolution equations, the BFKL and BK equa-
tions, predict that at leading order Q; should have a power law dependence on x, which
is consistent with Eq. (6.5) and hence with the DIS data®. The dipole amplitude (6.4) ap-
proaches unity as r, becomes large, and hence incorporates saturation. Also, it displays
geometric scaling; it is a function of the single parameter r, Q(x). Even though the model
independent analysis performed in [45] shows that the low-x data display geometric scal-
ing for all QZ, the GBW model was found to be inconsistent with newer, more accurate
data [99] at large 0?. In Ref. [99] a modification of the GBW model was proposed which
includes DGLAP evolution, as required to fit the 0% > 20 GeV? data. Alternatively, in

2We note that at LO and for fixed coupling, small-x evolution would lead to a value of 2 ~ 0.9. However, if
running of the coupling is included in the analysis one obtains Q(x) ~ exp(d VIn 1/x), cf. section 7.2.3, which
is numerically consistent with Eq. (6.5) in the region where the data is taken [98].
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6.1. Dipole models for deep inelastic scattering

Ref. [100] the dipole scattering amplitude from the GBW model was replaced by a numer-
ical solution to the leading order BK equation with running coupling and with the addition
of a correction that satisfies DGLAP evolution in order to also describe the short distance
behaviour of N correctly. As emphasized in Ref. [101], the solution of the BK equation
(with running coupling) by itself only provides a satisfactory fit for relatively low Q?, up
to a few GeV?2. However, in Ref. [101] a different model is constructed, referred to as the
Iancu-Itakura-Munier (IIM) model, which leads to a satisfactory fit to DIS data without
the need to include DGLAP evolution at larger Q*. We note that the fact that the small-x
DIS data can be described using these different approaches suggests that these data do not
span a sufficiently large region in Q% and x to discriminate between the different types of
evolution.

Even though the GBW model is a phenomenological model, and as such not a the-
oretical prediction of small-x physics, the property of geometric scaling is a prediction
of small-x evolution (at asymptotically small x). In sections 4.5 and 5.3 we have seen
that geometric scaling is expected to hold approximately in the extended geometric scal-
ing (EGS) region 1 < In(Q?/ Q%) < ln(Q%/Az), where A is the QCD scale. This region
grows when x becomes smaller, and eventually, at asymptotic values of ¥ = In 1/x, small-
x evolution predicts scaling in the entire kinematic region. The IIM model proposed in
Ref. [101] is a modification of the GBW model, constructed to describe the DIS data in
the EGS region. We will discuss this model in the next section.

Here we must mention that although geometric scaling springs naturally from small-x
evolution, its experimental observation does not necessarily prove the presence of such
evolution. In Ref. [102] the impact of DGLAP evolution on a geometric scaling solution
has been numerically studied. An initial condition was constructed so that at Q> = Q?(x),
with Q,(x) as in Eq. (6.5), the dipole cross section at leading order is a constant, which
makes it geometrically scaling. It was found that under DGLAP evolution to higher val-
ues of Q% geometric scaling is not violated for 1 > 4N.a,/n in the fixed coupling case
and only mildly violated for all values of A in the running coupling case. In the latter case
geometric scaling holds to very good approximation in the region In Q?/Q? < In Q?/A?,
which is exactly compatible with the EGS region predicted from small-x evolution. One
can conclude that geometric scaling can be preserved to a large extent by DGLAP evolu-
tion. Moreover, in Ref. [103] the double asymptotic scaling (DAS) approximation® to the
LO DGLAP equation [15, 104] was used to demonstrate that DGLAP evolution can lead
to a geometrically scaling solution, even without imposing a scaling boundary condition.
It was estimated that DGLAP evolution may lead to geometric scaling in the kinematic re-
gion Q% > 10 GeV? and x <0.1, where the DAS approximation is “quite accurate”. Hence
the observation of scaling does not per se prove the breakdown of DGLAP evolution.

In fact, the small-x DIS data can be described without problems in the usual per-
turbative framework, in which the parton distribution functions evolve according to the
DGLAP equations cf. Fig. 2.13. A description of the data including non-linear corrections
to the DGLAP equations can be found in [105].

3Note that the name DAS implies scaling in the variables \/ln(l/x) Inln Q2 and \/ln(l/x) /Inln Q2, not
geometric scaling.
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6.1.3 The IIM model

From the analysis of section 4.5, cf. Eq. (4.61), it is expected that the dipole amplitude
exhibits the following behaviour in the EGS region,

In*(1/r2 03

- , (6.6)
2a,Yx" (vs)

N(r.,Y) = (riQf)% exp |-

where a; = N.ag/m, Y =1In1/x, and y is the BFKL kernel. The number y, = 0.628 is the
BFKL saddle point in the presence of a saturation boundary condition, and is obtained by
solving the equation y’(y) = x(y)/y. Roughly the same behaviour of the dipole amplitude
is expected from a travelling wave approximation of the BK equation, which can be seen
by inspecting Eq. (5.16). We can rewrite expression (6.6) in the following way,

rY
NG ¥) = (R ©6.7)
where we have defined the exponent y as
¥ Y)—y+cln( ! ) 6.8)
Lo - N e 5 5 k .
Yo\ of

with 1/c = 2a " (vs).
In the GBW model the dipole amplitude is given instead by Eq. (6.4). In the EGS
region, where r, Q; < 1, it can be approximately written as

Nepw(r., Y) ~ r2 QX(Y), (6.9)

In order to incorporate the behaviour given by Eq. (6.8), in Ref. [101] the term 2 Q2 in Eq.
(6.4) is replaced with (> Q?)~Y) As this behaviour is only expected for r, Qs < 1, in
Ref. [101], in the saturation region r, Q; > 1 an extrapolation to N = 1 is used, resulting
in the following form of the dipole amplitude in the IIM model,

s+ In2 s
V2 Q% Ystar /110
N()

Niv(rp,Y) = > forr, Qs <2,
Niu(rs,Y) = 1-exp|-aln’(br Q)] forr, Oy > 2. (6.10)

Note that the saturation scale, parameterized like in the GBW model as Q? ~ (x0/x)*, has
been rescaled by a factor of 2 so that N(r, = 2/Qs,Y) = Np. The value of A that provides
the best fit was found to be 4 = 0.25 — 0.29. The coefficients a and b are determined
from the demand that the amplitude and its derivative with respect to r, be continuous at
r. = 2/Q. The parameter « is set to k = 2/c = 9.9, in accordance* with Eq. (6.8). The

4Note the difference of a factor of 7 w.r.t Eq. (6.8), namely 2/(rc) ~ 9.9, since IIM use the BFKL solution
without the saturation boundary condition, i.e. Eq. (3.43) of [44] instead of Eq. (3.36). However, in that case
one should strictly speaking also use y; = 0.5, since that is the value of the BFKL saddle point in the absence
of saturation.
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6.2. Dipole models for nucleon-nucleus scattering

IIM model was specifically proposed to describe the small-x DIS data in the kinematic
range “where one expects high density effects, namely x < 0.01 and Q%> < 50 GeV?”,
so as to test the expectations from BFKL evolution in the EGS region. Indeed, the [IM
model was found to offer a better fit to the (newer) small-x DIS data in this region than
the GBW model [101].

6.2 Dipole models for nucleon-nucleus scattering

We have seen how the DIS cross section at small x can be expressed in terms of the dipole
amplitude. The scattering of nucleons off a nucleus can be described in terms of a parton
from the nucleon scattering off the small-x field of the nucleus, which gives rise to (minus)
the Fourier transform of the dipole amplitude on the level of the cross section. Thus, also
nucleon-nucleus scattering at small x can be described in terms of the dipole amplitude.
In section 3.2.2, we presented a calculation [68] of the cross section of a quark (e.g.
inside a proton) moving in the x~ direction that scatters off a nucleus that moves in the
x* direction, where the nucleus is described as a colour glass condensate. In terms of the
scattered quark’s momentum g, it is given in the eikonal approximation by Eq. (3.56),

, do_qA—)hX
YA dq b Qny

X'6(x — x)C(q.), (6.11)

where x is the longitudinal momentum fraction of the incoming quark (with respect to the
momentum of its parent proton), and x is the longitudinal momentum fraction of the scat-
tered quark. The function C(q, ), which will be further discussed in section 6.2.1, gives
the squared amplitude of the partonic scattering process, and is expressed in Eq. (3.55) as
the correlator of two Wilson line operators along the light-cone, describing the quark and
its conjugate that arises from squaring the amplitude,

Clq,) = fdzrle"h"i ([uen -1][uio) -1]) (6.12)

,:
Here, (), denotes the average over all configurations of colour sources of the nucleus.
The correlator C(q,) is closely related to the dipole amplitude N in DIS. By the optical

theorem, N is given by the imaginary part of the forward scattering amplitude, which
yields (see e.g. [33, 56]),

N(ri,x)=1- (U(n)UT(O))p. (6.13)
As we will see shortly, in section 6.2.1, the correlators of a single Wilson line operator
are constant, and hence can be ignored in the Fourier transform in Eq. (6.12). Therefore,
C(q. # 0) is equal to the Fourier transform of (U(r,)U T(O))p so that, up to terms that
are proportional to a d-function, we have the following relation between the scattering
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amplitude C(q, ) and the dipole amplitude5 N(r., x),

C(qy) = - f d*r @ N(ry, x). (6.14)

This leads us to the following definition of the Fourier transform of the dipole amplitude,
which enters the description of the cross section of p -A collisions,

Nr(qu, ) = - f P TN, ), 6.15)

which makes sure that Nr(q, x), and hence the cross section, is positive definite. Hence-
forth, will use the notation N for the dipole amplitude in co-ordinate space, which is
used in the description of DIS, and the notation Ny for its Fourier transform defined in
Eq. (6.15), which enters the description of p-A scattering.

The single inclusive cross section of hadron production in the total scattering process
p+A — h+ X can be obtained by convolving the partonic cross section (6.11) with
the parton distribution functions (f;;,) of the proton and the appropriate fragmentation
functions (Dy,,) [46], yielding

dO.pA—>hX o-qA—>hX
d)CFd2 J_dzb f f fq/p(x Q2 Id2 deDh/q(Z’ Qz)’ (616)

where a summation over quark flavours is understood. Here, xf is the longitudinal mo-
mentum fraction of the produced hadron, whose momentum p is defined with respect to
the fragmenting quark as p = zq. Hence, we have ¢, = p, /z and xp = xz, cf. appendix
B, so that we can write

dO.pA—>hX 1 dZ

e O el 2l Qz)—am/z)Dh/q(z, 0%

1 1
e f ) dx%fq/poc, OHC(xpL/xXF)Dpyg(xr/x, Q). (6.17)

In this expression, contributions from gluons scattering off the nucleus are ignored. Tak-
ing into account also these contributions, one finds® [47]

dNj, KO XF
dndp, @y d x| [ﬁj/p(xl’Q )NF( pJ.»XZ) Dh/q( o .0 )
+ forp(x1, Q) Na (;C—;PL, xz) Dyyg (i—lf, Qz)} , (6.18)

where Ny is the dipole amplitude in momentum space, defined in Eq. (6.15), which in the
MYV model is written as C, and N, is the corresponding expression that applies to gluons.

SMore precisely, C(g,) is the Fourier transform of —N(r,,x,b,). However, we will not consider impact
parameter dependence of the dipole amplitude in this thesis, cf. the discussion in section 6.2.3.

SNote that Eq. (6.18) is an expression for the (minimum bias) invariant yield, dN,=do/ d?b, since we do not
consider the impact parameter dependence of N.
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6.2. Dipole models for nucleon-nucleus scattering

We emphasize again that our notation is such that Np4 are amplitudes in momentum
space, which are related to the corresponding amplitude in co-ordinate space N (as used
in DIS) by Eq. (6.15).

Eq. (6.18) is written in terms of the rapidity y, of the produced hadrons. Ignoring
the masses, it is related to the longitudinal momentum fraction by xz = p, exp(ys)/ V/s.
The momentum fraction of the target gluons is given by x, = x;exp(—2y;,). Details
on the kinematics of the scattering process can be found in appendix B. The parton
distribution functions and fragmentation functions are evaluated at the scale Q> = p?,
and evolve according to the DGLAP equations. In Ref. [47] it is shown that this accounts
for LO radiative corrections. Finally, there is an overall K-factor that effectively accounts
for resummed NLO corrections. As it is expected [48] that these corrections are more
important at small y;,, the K-factor is allowed to be y, dependent. NLO pQCD analyses
show that at RHIC energies such K-factors are indeed relatively constant with p, [106—
108].

Eq. (6.18) is represented schematically in Fig. 2.12. By means of Eq. (6.18), hadron
production in proton-nucleus collisions at very high energies can be described in terms of
the same dipole scattering amplitude as the small-x DIS data’.

A number of models have been constructed to describe the p, distribution of produced
hadrons in d -Au collisions at the relativistic heavy ion