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Abstract

New kinds of supersymmetry arise in supersymmetric o-models describing the motion
of spinning point-particles in classical backgrounds, for example black-holes, or the
dynamics of monopoles. Their geometric origin is the existence of Killing-Yano tensors.
The relation between these concepts is explained and examples are given.
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1 Spinning particles and supersymmetric c-models

At low energies, when back reaction effects may be neglected, the dynamics of
spinning point-particles in a D-dimensional curved space-time is described by the

3

one-dimensional supersymmetric o-model [[[]-[§] with Lagrangian

1 i Dy
L=- i Lt 1

The position co-ordinates z* are Grassmann-even, whilst the spin co-ordinates ¢®
are Grassmann-odd and transform as a tangent-space Lorentz vector. The stan-
dard supersymmetry variations, under which L transforms into a total derivative,
are

oxt = —iey*, ot = 1te, (2)

where we have used the notation " = e* 1* with e, the inverse vielbein. The
anti-symmetric spin tensor containing the electric and magnetic dipole moments

[ is
Sab — _iwawb. (3)

In a covariant canonical formulation [, [g] the dynamics follows from the Hamil-
tonian

1
H = 3", (4)

Here II,, is the covariant momentum, which can be expressed in terms of the
canonical momentum p,, and the spin-connection w,q as

1

I, = p, — iwuabS“b = gui”. (5)

In this formulation the time evolution of any dynamical quantity F'(x,II, ) can
be computed in terms of a Poisson-Dirac bracket

F = {F H}, (6)
with the non-vanishing elementary Poisson-Dirac brackets given by
{z# 11} = o4, {I,,IL,} = Ru =3S5"Rapuw,
b b : b @)
{wavw } = Ua ) {HH7¢G} = _Zwuab¢ :

Note that R, are the components of the spin-valued Riemann tensor. It follows,
that for general scalar phase-space functions F' and G the brackets read



oG OF OF 0G . o OF OG
{F, G} = 1)/11"_’8—1_1‘u — a—l_IHDMG + Ruya—ma—m 7

with the covariant derivatives defined by

oF or
oI, Mo
Of course, any tensor-valued quantity can be converted into a scalar by decom-
posing its tangent-space components into irreducible representations of the D-
dimensional Lorentz group and saturating the symmetric index sets with 1I, =
et I1,, and the anti-symmetric index sets with ¢%; then F' takes the form

D,F = 0,F + T ML= + wupt

m
2

il

Fla,ILy) = >

m,n>0

YA frabn () T1, T,

ai...am

" (10)

mlin!

In this way the phase-space functions become generalized differential forms on a
graded space.

As a simple application of the algebra ([]) we compute the brackets of the spin
tensor; we verify that it generates a realization of the Lorentz algebra

{Sab,SCd} — nadsbc + nbcsad o nacsbd o nbdsac. (11)

This confirms the interpretation of S® as representing the spin of the particle.

2 Symmetries

In the hamiltonian formulation, symmetry transformations are generated by the
constants of motion through the Poisson-Dirac brackets. In particular, the su-
persymmetry transformations (f]) are obtained from the conserved supercharge

Q=14 =, 10" (12)
by taking the bracket

SF = i{F,Q} e (13)

That @ is conserved and the super-transformations ([3) represent a symmetry is
a consequence of the bracket relations

{Q Q} = —2H, {Q H} = 0. (14)

The second relation, which follows from the first by the Jacobi identity, implies
at the same time the conservation of () and the invariance of H under the trans-
formations ([[3J).



After the pattern established for the supercharge (), we can now investigate
the full set of symmetries for a given space-time by solving the equation

{J,H} = TI* (DuJ—F R, ﬂ) = 0, (15)
oll,

which give all constants of motion J(x,II,%). This equation is the generaliza-

tion of the usual Killing equation to spinning space [L0]. However, unlike the

usual case, in which the solutions of the Killing equation are single, completely

symmetric tensors, here the solutions consist of linear combinations of symmetric

tensors of different rank:

1
T L) = Y — (), (16)
n>0 "7
subject to the conditions
a oJ M i a v
J(Hl---ﬂanJrl) +w(uf+1 wb ngaM) = _§¢ 7\prab (Bnt1 J,ul...un)u- (17)

A sufficient, though not necessary, condition for a solution of the generalized
Killing equations is superinvariance of a dynamical variable:

(.0} —p-DJ+i-2 (18)
oY
This equation may be considered as a kind of square root of the generalized
Killing equation. The new supersymmetries we present later satisfy this superin-
variance condition. An important exception is however the supercharge @) itself;
according to ([[4) its bracket gives the hamiltonian, which generates proper-time
translations.

The solutions of the generalized Killing equation ([[J) are of two distinct types:
generic ones, which exist for any spinning particle model (), and non-generic
ones, which depend on the specific background space-time considered. To the
first class belong supersymmetry and proper-time translations, generated by the
supercharge and hamiltonian, respectively. In addition there also is a ‘chiral’
symmetry, generated by the conserved charge

Z[g] a a
F* = —7 Ealmadw 1'¢1 d, (]_9)

and a dual supersymmetry generated by

.[4
2

Q* =1 {Q,F*} = — eﬂal Hugal...ad wag'nqpad' (20)

(d—1)



Note that Q* is Grassmann odd in even-dimensional space-times and Grassmann
even in odd-dimensional space-times. In the special case d = 2 dual supersym-
metry is a real supersymmetry, in the sense that the bracket of Q* with itself
closes on the hamiltonian. For all d > 2 this bracket vanishes identically.

3 New supersymmetries

The existence of non-generic symmetries depends by definition on the background
space-time considered. We now ask, what are the necessary conditions for the
existence of new supersymmetries such that

oxt = —ie fl (x)y*, (21)
with f# some vector not equal to the vierbein e* . It is straightforward to estab-
lish that the solution to this problem is the existence of a constant of motion

?

Qr = FLTLA" + g cu VUM, (22)

with the tensorial quantities f* and cq. subject to

D.f,* + Duf" =0,
(23)
Ducabc = _R,uz/abfyc - Ruubcfua - R,uucaf,/b'

These conditions express the contents of the generalized Killing equation ([[3) for
Q5. The existence of new supersymmetries of this kind then implies automati-
cally the existence of new Grassmann-even constants of motion Z, obtained by
taking the brackets of the (); with themselves. Let us consider the case of r new
supersymmetries with generators @);, i = 1,...,r, each of the general form (£2);
then the bracket of two supercharges reads

{Qi, Q;} = —2iZy;, (24)

with Z;; a Grassmann-even quadratic expression in the momenta II,;:

1
Zij = 3 K;‘j” ILII, + I{‘jHu + Gj. (25)

The explicit expressions for co-efficients of the three terms are
v v 1 va va
KZ = Kiju = 3 ( iuafj + ]Hafi )7
I = St (Dol + FD Sl + S me + 3 Ciane) s (26)
Gy = —qubyeyt (R;wab Lofra + 5 Ciac cde)-
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Since @); are conserved, the Jacobi identities for the brackets (B4)) imply the
conservation of the bosonic charges Z;;:
P — {z,.m) =0 (21)
dr
Since this is a linear relation, we may regard the Z;; as the components of a
matrix Z of constants of motion, each of which is a solution of the generalized
Killing equations ([[J). The matrix-valued co-efficients of the various terms in the
momentum expansion of Z then satisfy the linear relations ([[7):

Ky =0,
D(u]l/)ab = Rab)\(uKy))\v (28)

DuGabcd = R)\u[ab I)Ed] .

In these equations parentheses denote symmetrization and the square brackets in
the last expression denote anti-symmetrization over the (latin) indices enclosed.

4 Killing-Yano tensors

According to eqgs.(R2), a generalized supersymmetry @) exists if and only if we
can find a pair of tensors (f*, cape) satisfying the differential relations (£3). We
now show that if )y is superinvariant:

{Qan} = Oa (29)

then the conditions for the presence of a new supersymmetry in the o-model ()
reduce to the existence of an anti-symmetric tensor f,, such that

fuu;)\ + .f)\u;u = 0. (30)
This equation itself is equivalent to the first eq.(R3), rewritten in terms of

fw/ = fuaeva- (31)

The anti-symmetry of the tensor f,, is a consequence of condition (9). An
anti-symmetric tensor of this type is called a Killing-Yano tensor.

Having a Killing-Yano tensor guarantees the existence of an anti-symmetric 3-
index Lorentz tensor cq. satisfying the second equation (RJ). Indeed, we observe
that the anti-symmetry of f,, in combination with the constraint (BU) implies
that its covariant derivative is completely anti-symmetric:



1

H;w)\ = g (f,ul/;)\ + fu)\;,u + f)xp;y)

(32)
.f 2%

Therefore the field strength of f,, is a pure gradient. Further differentiation of

H,,» and use of the Ricci identity then leads to the result

1
HHVA;H =35 (Rpunofcf)\ + Ru)\nofau + R)\,u:fou) . (33)

2
Comparing with the second Killing equation (BJ) we conclude, that it is solved
by taking

Cabe = _2Habc (34)

for the local Lorentz 3-form corresponding to the field strength tensor. Thus,
given a Killing-Yano tensor f,,, an anti-symmetric 3rd rank tensor of the desired
type always exists.

We conclude, that the existence of a Killing-Yano tensor is both a necessary
and a sufficient condition for the existence of a new supersymmetry of the type
(B2) obeying the superinvariance condition (R9).

5 N-extended supersymmetry

A special case of a new supersymmetry @); satisfying eq.(R9) is that of an addi-
tional conventional supersymmetry, for which the bracket closes on the Hamilto-
nian. Consider the simplest case, in which there is one independent new super-
symmetry, generated by a charge Q:

Since the bosonic constant of motion Z now coincides with H, we have

K* = gh, (36)
whilst the other components of Z vanish. As a result we have

frrs =4 (37)

The anti-commutativity of the two independend supercharges requires the anti-
symmetry of f,, as before. Therefore we can rewrite eq.(B7) in the form

NP = —dl. (38)

Moreover, since the covariant hamiltonian contains no explicit 1*-terms, there is
no 3-term in Q:



Cae =0, = LA = L0 (39)
We conclude, that the existence of a second conventional supersymmetry requires
a complex structure f,, and this restricts the manifolds on which the models are
defined to be of Kahler type. Hence in this case our general conditions reduce to
the well-known standard requirements for N = 2 supersymmetry [[[].
For higher N-extended supersymmetry these arguments are easily generalized.
In particular, it requires the existence of N independend and mutually anti-
commuting complex structures fl,, (i =1,...,N):

122

5 j)\u + ff,\f{\u = —20;;0%. (40)

This is an N-dimensional pseudo-Clifford algebra. For example, for N = 4 it
becomes the quaternion algebra. Therefore theories with N = 4 supersymmetry
can be realized only on target manifolds of hyper-Kahler type. In this way we
reobtain the well-known connection between supersymmetry and the division
algebras.

We can now also understand why an N = 2 supersymmetry is always present
in 2-dimensional target space-time. For D = 2 the invariant anti-symmetric
Lorentz tensor €4, provides a generic Killing-Yano tensor

’Z = €ub€ba, ij)\ = D)\ (6_16;“,) = 0. (41)

Since the e-symbol is covariantly constant, the corresponding 3-index tensor cgp.
vanishes. The supercharge constructed with this special Killing-Yano tensor in
D = 2 is then precisely the dual supercharge Q*.

6 Examples

Except for the application to N-extended supersymmetry, there are also interest-
ing examples of genuine generalized supersymmetries, which do not close on the
Hamiltonian but on charges constructed out of other symmetric Stackel-Killing
tensors. Here we give two examples, one pertaining to black-hole geometry, and
one relevant to the theory of monopoles.

The first example is provided by the D=4 Kerr-Newman black holes. These
are solutions of the combined Einstein-Maxwell equations; the line-element reads

.2
ds?* = —% (dt — asin® 9d¢)2 + 8122 0 ((7“2 +a*)dg — adt)2
2 (42)
+ % dr? + pde>.



We have used the abbreviations

p* = 1r* + a® cos’0, A=7r*4a> —2Mr +¢e* > 0. (43)

In case of non-vanishing charge e the corresponding electro-magnetic field is de-
scribed by the Maxwell 2-form
F = % (r2 — a? cos? 9) dr A (dt — asin® 9d¢)
(44)
ear cos 0 sin
o
For this geometry one can find a Killing-Yano tensor f,* [[3, [3] with components

do A (( + a?)dg — adt)

p

fuo dz# = A cos B dr,
A
ful dz# = —g cos ¢ (dt — asin29d¢),
(45)
) _oorsind 4, 5,
fldet = — ” ((r* + a*)de — adt)
frdo = —Lap.
a

The corresponding components of the Lorentz 3-form ¢4, obtained from the field
strength are:

2sin 6§
Co12 = )
p
2VA (46)
Cl23 = — )
ap
o1z = cCo23 = 0.

The bosonic constant of motion Z then contains the symmetric Stackel-Killing

tensor [[[4]

o Acos?0 . 5,2 r2sin?f L A2
T K ata = p (t — asin® ng) + T ((7’2 +a?)¢p — at)

(47)

2 a2 2
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which is the square of the Killing-Yano tensor.

Our second example concerns the dynamics of magnetic monopoles. As shown in
[L3, Lq] the effective action for the scattering of slowly-moving monopoles is given
by the self-dual Taub-NUT solution of the D=4 Euclidean Einstein equations
(with negative mass). The relevant Lagrangian for large distancesf] reads

L=n (%)2, (48)

where the line element in spherical co-ordinates is given by

ds* = (1 — 2) [dr2 + 72 (d92 + sin? 9d¢2)} + [dip + cos 0de])* . (49)

1

" (1=3)
The supersymmetric extension of this Lagrangian was investigated in [[7, [].

The metric ([9) admits four Killing vectors, which transform as a scalar and a
vector under rotations; they represent the relative charge ¢ and the total angular
momentum J (which includes a contribution from the relative electric charge).

As observed in [[[9], the Taub-NUT geometry also possesses four Killing-Yano
tensors. Three of these are rather special: they are covariantly constant, mutually
anti-commuting and square to minus unity:

fify + fifi = =204, Dufix = 0. (50)
Thus they are complex structures realizing the quaternion algebra. Indeed, the
Taub-NUT manifold defined by (f9) is hyper-Kéhler and as a consequence the
corresponding supersymmetric o-model has an N = 4 supersymmetry. We also
observe, that these three complex structures transform as a vector under rotations
generated by J.
Since the Killing-Yano tensors f; are covariantly constant, their field strengths
vanish and so do the corresponding 3-index tensors ¢; 4. Therefore we find three
vector-like supercharges of the form

Qi = flIlv" (51)
Denoting the original supersymmetry by )y, the complete set of brackets of the
Qa, A=0,...,3 realizes the N = 4 supersymmetry algebra:

{Qa,Qp} = —2idap H. (52)

There are no fermionic components on the right-hand side. This is consistent
because of the properties (B(]), which imply by the Ricci identity and the self-
duality of the Taub-NUT geometry that

2In dimensionless reduced co-ordinates: r > 2.



e Regu fla £y = 0. (53)
Eqs.(B0,53) are sufficient to show the vanishing of the components I ; and Gap
on the right-hand side of the bracket (p3)

In addition to the vector-like Killing-Yano tensors there also is a scalar one,
called Y,,, which has a non-vanishing field strength and, consequently, 3-index
tensor cqe. The supercharge )y constructed out of Y is a scalar under rotations
generated by the total angular momentum. It now turns out [I9] that the only
bosonic constants of motion which contain new dynamical information are those
obtained from the brackets

The Stackel-Killing tensors K" appearing on the right-hand side are those found
in [P(], forming a Runge-Lenz-like vector K. We note in passing, that although
the Z; have a non-trivial contribution from spin [BI], the scalar part G; still
vanishes due to the identity (p3) and the vanishing of ¢; 4.

7 Conclusion

From the examples given it is clear, that the concepts of Killing-Yano tensors
and the generalized supersymmetries play an important role in clarifying the
motion of fermions in the presence of black holes and monopoles. In this paper
we have concentrated on the pseudo-classical aspects, but they have their direct
translation in the quantum theory, where the supercharges are represented by
Dirac operators

- a 1 C
Qf — —iy <f‘leM - gcabcab ) (55)

The corresponding Laplacians which are appropriate extensions of

Ok = D,K"D,, (56)

represent the constants of motion Z. Some of these operators and their quantum
mechanical interpretations have been studied in the literature [[4, [3, [, I3, L4].
The pseudo-classical treatment here provides an alternative road to quantiza-
tion through the path-integral formulation. In both cases, the correspondence
principle leads to equivalent algebraic structures.

Acknowledgement

The research described in this paper is supported in part by the Human Capital
and Mobility Program through the network on Constrained Dynamical Systems.

10



References

[1] F.A. Berezin and M.S. Marinov, Ann. Phys. (N.Y.) 104 (1977), 336
[2] R. Casalbuoni, Phys. Lett. B62 (1976), 49

[3] A. Barducci, R. Casalbuoni and L. Lusanna, Nuov. Cim. 35A (1976), 377;
Nucl. Phys. B124 (1977), 93; id. 521

[4] L. Brink, S. Deser, B. Zumino, P. Di Vecchia and P. Howe, Phys. Lett. B64
(1976), 43

[5] L. Brink, P. Di Vecchia and P. Howe, Nucl. Phys. B118 (1977), 76

[6] J.W. van Holten, in: Proc. Sem. Math. Structures in Field Theories, 1986-
87, CWI syllabus Vol. 26 (1990), 109

[7] J.W. van Holten, Nucl. Phys. B356 (1991), 3; Physica A182 (1992), 279

[8] G.W. Gibbons, R.H. Rietdijk and J.W. van Holten, Nucl. Phys. B404 (1993),
42

[9] J.W. van Holten, in: Constraint Theory and Quantization Methods, eds. F.
Colomo, L. Lusanna and G. Marmo (World Scientific, 1993)

[10] R.H. Rietdijk and J.W. van Holten, Class. Quantum Grav. 7 (1990), 247; J.
Geom. and Physics 11 (1993), 559

[11] L. Alvarez-Gaumé and D.Z. Freedman, Commun. Math. Phys. 91 (1983), 87
[12] R. Penrose, Ann. N.Y. Ac. Sci. 224 (1973), 125

[13] R. Floyd, The Dynamics of Kerr Fields, Ph.D. Thesis (London, 1973)

[14] B. Carter, Phys. Rev. D16 (1977), 3395; Phys. Rev. 174 (1968), 1559

[15] N.S. Manton, Phys. Lett. B110 (1982), 54

[16] G.W. Gibbons and N.S. Manton, Nucl. Phys. B274 (1986), 183

[17] M. Visinescu, Class. Quantum Gravity 11 (1994), 1867

[18] D. Baleanu, preprint IFA-IGSS-400-1994

[19] G.W. Gibbons and P.J. Ruback, Phys. Lett. B188 (1987), 226; Comm. Math.
Phys. 115 (1988), 267

[20] W. Dietz and R. Rudiger, Proc. R. Soc. A378 (1981), 361
[21] M. Visinescu, preprint IFA-FT-397-1994

11



