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Abstract. We investigate the structure of the configuration space of gauge the-
ories and its description in terms of the set of absolute minima of certain Morse
functions on the gauge orbits. The set of absolute minima that is obtained when
the background connection is a pure gauge is shown to be isomorphic to the orbit
space of the pointed gauge group. We also show that the stratum of irreducible or-
bits is geodesically convex, i.e. there are no geometrical obstructions to the classical
motion within the main stratum. An explicit description of the singularities of the
configuration space of SU(2) theories on a topologically simple space-time and on
the lattice is obtained; in the continuum case we find that the singularities are coni-
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cal and that the singular stratum is isomorphic to a Zs-orbifold of the configuration
space of electrodynamics.

£ Heisenberg fellow

1 The space of gauge orbits

For both phenomenological and conceptual reasons, gauge theories play a prominent role in
physics. A basic object of interest is the full configuration space of a gauge theory; in the context
of quantization by path integrals this space is relevant simply because it is the path integration
domain, while in the Hamiltonian formalism one has to deal with wave functionals that are
defined as functionals over the whole configuration space. The most impressing successes of
gauge theories emerged in the context of perturbation theory. In order to analyze with similar
success various nonperturbative aspects of gauge theories, such as the confinement problem, a
detailed understanding of the geometry of the configuration space, including its global features,
will presumably be necessary.

In this note we comment on the configuration space of gauge theories and on its description
in terms the absolute minima of certain Morse functions. More specifically, we consider pure
Yang-Mills theories. Such theories are already interesting in themselves; moreover, for more
complicated theories, such as Yang-Mills coupled to matter without or even with spontaneous
symmetry breaking, the configuration space contains the configuration space of pure Yang-Mills
theory as a subspace, so that a detailed knowledge of the latter is again compulsory. The action
functional of pure Yang-Mills theory is given by

4g? Sym[A] = |F|? = /M dhztr (F, F™) (1.1)

Here g is the coupling constant, A = A,dz" is a connection 1-form which takes values in the Lie
algebra g = Lie(G) of a finite-dimensional compact nonabelian Lie group G (called the structure
group of the theory), and F,, = 0,A, — 0,A, + [A,, A,] (the Yang-Mills field strengths) are
the components of the curvature 2-form F = dA + AA A. In (1) we also introduced a norm
| -] on the space of equivariant p-forms over space-time M with values in g; this norm is defined
as |B|?> = (B, B), where (-, ) is a scalar product on that space which is defined by contracting
group indices with the Killing form of g and integrating over space-time,

(B,C) = /M tr (B A *C). (1.2)

To be able to make the path integral quantization well-defined, we take the space-time
manifold to have euclidean signature. In the present article we take M to be the four-sphere



M = S* which is the conformal one point compactification S* = R* U {oco} of R* This
compactification corresponds to imposing suitable asymptotic conditions at infinity; it has the
additional benefit of giving space-time a finite volume. Also note that the choice M = S* is
familiar from the discussion of instanton effects [1]. In particular, the choice of asymptotic
conditions for the connections A corresponds to the choice of a specific (isomorphism class of)
principal bundle P with fiber G over M. For M = S* and G a simple group, P is labelled by
the instanton number k € Z; in the sequel we consider a fixed principal bundle P, and hence
the instanton number has a fixed value.

In a Hamiltonian formulation, the action ([[.1) leads to first class constraints. These imply
that in order to obtain a consistent system with unique time evolution, we have to describe the
system not on the space A of all connections, but rather to factor out the gauge group G. (By
definition, G is the group of automorphisms of the principal bundle P which get projected to
the identity on M. Equivalently, G can be described by sections of the ‘gauge bundle’ P x5 G
over M, where the fiber G is endowed with the adjoint action of G on itself. In the latter
description, locally any g € G is just a map from space-time to the finite-dimensional structure
group G.) Thus the true configuration space is the space

M:=A/G={0,|Ac A} (1.3)
of gauge orbits
Oy ={BecA|B=AY forsome g € G}. (1.4)
Here for any g € G
Al =gtAg+g'dg (1.5)

is the gauge transform of the connection A. The norm introduced in ([[.]) is invariant under
the action ([.J) of the gauge group, and hence in particular Synm[A] = Sym[AY] so that Syy is
well-defined on M.

While A is an affine space, the space M has a rather complicated structure; in particular for
generic choices of the underlying space-time manifold the topology of M is non-trivial [2]. For
various purposes (such as the construction of a well-defined Feynman-Kac path integral [3]) one
needs on G not only the group structure, but also a topological structure, so that it becomes
an infinite-dimensional Lie group; technically, this can be accomplished by completion with
respect to a suitable Sobolev norm on G [4,5,6,7]. It follows that when considering a non-
compact space-time, in particular all constant gauge transformations except for the unit element
1 (defined by 1(x) = 1 € G for all x € M) have to be excluded. In our approach this is avoided
by compactifying space-time to S*.

When coupling the Yang-Mills theory to chiral fermions, the non-trivial topology of the
orbit space M is the source of the chiral anomaly. Namely, it leads to a gauge dependence
of the phase of the fermion determinant so that the determinant is well-defined only over A
and not over M. In other words, in the case of anomaly free theories the relevant bundle, the



determinant bundle over M, is trivial, while for a theory with a chiral anomaly it is non-trivial
and does not admit global sections like the fermion determinant [8,9].

The rest of this paper is organized as follows. The next three sections deal with various
aspects of gauge fixing. We work with background gauges in which these aspects are particularly
transparent and which in the geometric setting serve as a natural starting point. In section 2
we introduce the Gribov region and recall its description in terms of Morse functionals. If the
background connection is reducible, then some aspects of the gauge fixing have to be treated
with special care; this is described in section 3. In particular, it is explained how M acquires
the structure of a stratified variety. In section 4 we analyze the structure of the fundamental
modular domains, which have the property that they are isomorphic to the orbit space up
to boundary identifications. When the background connection is a pure gauge, then the set
of absolute minima of the Morse functionals is isomorphic to the orbit space of the pointed
gauge group; this is proven in section 5, while in section 6 we show that the main stratum
is geodesically convex. The final section 7 contains a detailed description of the configuration
space of SU(2) Yang-Mills theory on S%; we show that in this case M decomposes in three
strata, and that the strata corresponding to reducible connections form conical singularities
and can be described as an orbifold of the configuration space of electrodynamics; we also point
out the existence of reducible connections in the lattice version of the theory.

Among the central objects of our interest are the reducible connections. The presence of
reducible connections implies that the configuration space M of Yang-Mills theories is not
a manifold, but contains singularities; the singular strata of M are formed by the orbits of
reducible connections. While the physical implications of these singularities are still unclear,
it is worth emphasizing that they provide an intriguingly rich structure that certainly deserves
further investigation. In this paper we obtain several new results which allow for a more
detailed description of the singular strata. We are confident that these will ultimately be
helpful in relating the singularities of the configuration space to physical effects.

2 (auge fixing

The non-trivial topological properties of the orbit space M make it difficult to describe M
directly. Accordingly for various purposes it is necessary to resort to the covering space A of
M and identify in A an appropriate region that upon dividing out G projects bijectively on
some open subset of M. As we will see below, one can find subsets of A which are isomorphic to
M modulo certain boundary identifications; any such subset of A will be called a fundamental
modular domain for M.

A necessary requirement for identifying a fundamental region is to ‘fix a gauge’ in A, i.e.
to choose, in a continuous manner, representatives out of the gauge orbits O. The gauge fixing
we are going to use is implemented by means of a background gauge, which is the most natural



gauge condition from a geometric point of view. That is, we choose some arbitrary, but fixed,
connection A € A as the background, and keep only those connections that belong to the affine

subspace B
F'=ry={AcA|Vi(A-A) =0} (2.1)

Here V, denotes the covariant derivative with respect to A, which acts on one-forms B as
V,(B) =dB + [A, B].

The restriction to I' certainly reduces the ‘number’ of degrees of freedom of the system
(which remains infinite, of course). However, as it turns out, the gauge fixing is not complete,
i.e. generically more than one element of a gauge orbit O satisfies the gauge condition (this is
not an artefact specific to background gauges, but in fact happens for any continuous gauge
fixing procedure [2,10]). Thus the subspace I' of A together with the natural projection to
orbits fails to provide a coordinate system of M, i.e. I' cannot yet serve as a fundamental
modular domain. This can be made more precise; namely, gauge copies appear at least outside
a certain convex subset 2 = (21 of I' that can be characterized [11] as the set of all minima of

the functionals -
D=y, G—Reg,  Dulgi= |47 AP (2:2)

for A € A. (The minima of ®, carry information about the topology of the gauge orbit O 4
through A. Accordingly, the functional @, is called a Morse function [12].)  is known as the
Gribov [13] region, and its boundary 02 as the Gribov horizon. One can show that any gauge
orbit O intersects (2 at least once [11,14], and that € is is convex and bounded [11].

To establish some equations that characterize the set {2 more concretely, it is convenient
to look [6] at a local one parameter family g, = e of elements of the gauge group G (thus
w = w(x) takes values in the Lie algebra g of G). For the first variation one finds

% D algl],_y = 2 (A~ A, V) = —2(Vi(A - A),w), (2.3)

(the last expression is, in a first step, to be understood in the sense of weak derivatives). Thus
the first variation of ® 4 is
5q)A * A * A
E:—QVA(A—A):—2VA(A—A). (2.4)
Thus in particular the definition (B.1) of I" guarantees that the points A € I' are characterized
by the property that G|, = 1 € § is a stationary point of @ ,.
Similarly we obtain for the second variation

d2

D Plge]),_, =2 (Vaw, Vyjw) +2 (A — A, Vyw) =2 (Vyw, Vyw) = =2 (w, ViVw),  (2.5)



where again the last equality is to be read in the weak sense. The Hessian of the variation is
thus given by the Faddeev—Popov operator

App = ALY = —vry, . (2.6)
Note that
ViV = ViV, (2.7)

forall A € T', and hence App is symmetric. The determinant of App is the usual Faddeev—Popov
gauge fixing determinant, which is closely related [15] to a natural Riemannian metric on
M. According to () the positivity of the Faddeev-Popov operator App ensures that the
connection A possesses the property that 1 € G is a minimum of ®,.

3 Reducible connections

While the previous statements are valid for any choice of the background A, some of the
properties of I' and 2 do depend on this choice. Namely, we have to distinguish between
irreducible and reducible backgrounds. Here by an irreducible connection A we mean | A
connection for which the stabilizer (or isotropy subgroup)

Si={geg|A=A (3.1)

of the action of the gauge group is trivial, i.e. equal to the center Z(G) of the structure group
G (clearly, the constant gauge transformations corresponding to the elements of Z are in the
stabilizer of any connection). It is a standard result in the theory of principal bundles that the
stabilizer group S of any connection A is isomorphic to the centralizer of the holonomy group
H = H, of A relative to the finite-dimensional structure group G [16, Lemma 4.2.8]. (The
centralizer of a subgroup G of G consists of all elements of G that commute with all elements
in G. It is again a subgroup of G' and contains Z(G) as a subgroup.) For any A € A, the
holonomy group H is a Lie subgroup of the finite-dimensional structure group G [16, p. 132],
and hence any stabilizer Sy is isomorphic to a closed subgroup of G [7].

It is known that the set M of orbits of all connections forms a connected, separable and
metrizable (and hence in particular Hausdorff) topological space, and that this space has the
structure of a stratified variety, i.e. as a set is the disjoint sum of certain strata which are
smooth manifolds; the set of orbits of reducible connections is a closed subset of this variety
which is nowhere dense [7,17,18,19]. It has also been shown that each stratum carries the
structure of a Hilbert manifold, i.e. an infinite-dimensional C'*° manifold modelled on a Hilbert
space, and its pre-image in A is a smooth G-invariant submanifold of A [4,5,7,18].

! In the literature the term ‘irreducible’ is sometimes (see e.g. [10]) only used for connections with maximal
holonomy; such connections have in particular a trivial stabilizer.
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Each stratum of the variety M consists of all orbits of connections that are of the same
‘symmetry type’ in the sense [18] that their stabilizers are conjugate subgroups of G. (In
particular, the stabilizers of all connections belonging to a fixed stratum are all isomorphic
when considered as abstract Lie groups. For the so-called main stratum which consists of the
orbits of irreducible connections, the stabilizer is just the set of constant gauge transformations
with values in Z(G).) Thus the strata of M can be labelled by conjugacy classes of closed
subgroups of the gauge group G that are isomorphic to Lie subgroups of the finite-dimensional
structure group G. The set of such classes, and hence the set of strata of M, is countable [7,18].
(Depending on the topological properties of the space-time M and of G, the number of strata
may be finite; this will be the situation in the case of M = S* and G =SU(2) that will be
treated in section [.) The inclusion relation among conjugacy classes of stabilizers in G induces
a partial ordering of the stabilizers. As the latter are used to label the strata, this carries over
to a partial ordering of strata. One can show [7] that the stratum with stabilizers conjugated
to some given stabilizer S is dense in the union of all strata that have stabilizers containing S.
In particular the main stratum, which has trivial stabilizer, is dense in the configuration space
M, so that the singular strata can be approximated arbitrarily well by irreducible connections.

For practical purposes one is often interested in reducible (i.e., non-irreducible) background
connections. (In section [] below we will describe in some detail the reducible connections in
the case where the structure group is G' =SU(2).) In particular, the background A = ﬁ, where
A stands for the ‘vacuum’, i.e. the configuration

A (z)=0, (3.2)

is reducible, and of course many calculations are simplified by this choice of background. Now
when fixing the gauge around a reducible background, various subtleties have to be taken into
account.

First of all, only if the background connection A is irreducible, then [20] any two connections
A, B (A # B) inT that are sufficiently close to A in the topology induced by the scalar product
(L.2) belong to distinct gauge orbits O 4 # Op. In contrast, for reducible background, I does
not have this property. Further, for irreducible background A, the Gribov region € can be
defined as the subspace of I' on which the Faddeev-Popov operator App is positive,

Q=Qz={AecTlz]|(4 AppA) = 0}; (3.3)

in particular, the Gribov horizon 02 can be characterized by the vanishing of the Faddeev-Popov
determinant det(App). On the contrary, for reducible connections there always exists [16, p.
132] a covariantly constant global section o of the vector bundle P X g (the ‘adjoint bundle’)
over M, where G acts on g = Lie(G) in the adjoint representation, i.e. a global section satisfying
V;0 = 0. To derive the existence of such a section, we have to keep in mind that g is a section
of the bundle P x¢ G, and to note that the gauge transformation ([.5) can also be written in
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the form
A9 =A+g 'Vayg. (3.4)

When considered for the background A, this equation shows that we can describe the elements
of the stabilizer S5 by covariantly constant sections in P x4 G. Now any stabilizer is a finite-
dimensional Lie subgroup of G; in particular, if the stabilizer is non-trivial (so that the dimension
of this Lie subgroup is not zero), we can consider a smooth family {g;(x) | t € (—1,1)} of such
sections that are connected to the unit element 1 of G, i.e. g,_o(x) = 1 for all x € M. By
differentiating this with respect to t, we see that o := %gt(x)h:o is a covariantly constant
section of P X¢ g.
Because of the symmetry (R.7) of the Faddeev-Popov operator, such a section o obeys

i.e. 0 is in the kernel of App, from which it follows that det(App) = 0. Therefore in the case of
reducible backgrounds the Gribov horizon 02 cannot be characterized as the set of all points
of I' where the Faddeev-Popov determinant vanishes. However, it is still possible to describe
2 as the set of minima of the functionals (B.9).

Finally we note that if the background is reducible, then the Morse functionals ® , possess
a systematic degeneracy. Namely, if h is an element of the stabilizer S; of the background A,
then we have

®algh] = [AT — AP = |AT" — A = [(A7 = A" = |(A7 - A)P = @yl (3.6)

Here one uses the fact that the difference of two connections transforms homogeneously, and
that the norm | - | is invariant under the action of the gauge group. Conversely, if for a given
h € G (B.G) holds for all A € A and all g € G, then h is in fact an element of the stabilizer of
A.

4 Fundamental modular domains

In general the subset 2 = ()5 of A contains absolute minima as well as relative minima of the
functionals ® 4. The subset

A=Ai:={AcA|Dy(g) >P,u(1) forall g e G} C Q; (4.1)

of absolute minima of ®, contains at least one representative of any gauge orbit O [6,14] and
for topologically simple space-times is properly contained in € [21].

Using again repeatedly the fact that the difference of two connections transforms homo-
geneously, and that the inner product ([.3) is invariant under gauge transformations, we can



deduce that

B+ (1=8C) — AP = |(§B+ (1 -€)C) — A
(B = C) +(C7 = A)? — |§(B - C) + (C = A)?
E(B—-0),09—A)—26(B—C,C—A)+|09—AP?>—|C—-A* (4.2)
E(B—C—BI+ (09, A)+|CI— A —|C — AJ?
={(|B = AP = |B = AP) + (1 = §) (|C9 = AP — |C = AP’)

for any A, B,C € A and for any £ € R. As a consequence, if both B and C' belong to A 4 so
that both |BY— A|?2 — |B—AJ? and |C9— AJ]?—|C — A|? are positive, then for all £ € [0, 1] the left
hand side of () is positive as well, and hence the connection { B+ (1—¢)C belongs to A 7, too.
This shows that, just as €2z, the subset Az of A is convex. Furthermore, as A ; is contained
in the bounded set 4, it is bounded, too. (However, just as e.g. the infinite-dimensional unit
sphere, A 5 is not compact.)

Now as A is a convex subset of an affine space and hence topologically trivial, the topological
non-triviality of M must stem from the fact that upon projection onto M some points of A
must be identified in a non-trivial manner. A priori such identifications may take place for
boundary points of A as well as in the interior of A. We will now show that the identification
in the interior precisely amounts to dividing out the stabilizer Sj.

For reducible backgrounds the systematic degeneracy (B-f]) of the functionals ¢, implies
that in particular their absolute minima are degenerate. Thus in order to obtain a fundamental
modular domain one must divide out at least the action of the stabilizer of the background
from A. Actually, the latter procedure is already sufficient to obtain a modular domain. To see
this, define A as the subset of A that consists of all connections in A for which the only gauge
copies contained in A are precisely those related by elements of the stabilizer of the background.
Owing to (B.4)) one has the identity

® z.alg] = [A7 = AP =g~ Vyg/, (4.3)

which implies that on the orbit of A the minimum of the Morse functional is zero. Any gauge
transformation g for which ® ; ;[g] has this minimal value is covariantly constant with respect

to A and thus in the stabilizer S; of the background. This shows that~/~\ contains at least
the background A and is thus not empty. In addition, the difference A \ A is contained in the

boundary of A, )
A\ A COA. (4.4)

Namely (compare [12]), let C' be a connection in A\ A. When taking B = A in (I3), the first
term on the right hand side is equal to & |A? — A|? and is thus strictly positive for any £ > 0
and all g € G\ Sz, while the term proportional to 1 — ¢ is non-negative for all £ € [0, 1] since C



corresponds to a minimum of ® ; .. As a consequence, any point on the straight line between

A and C is an absolute minimum and is in fact contained in A. Only for £ = 0, i.e. at the
connection C itself, the minimum has further degeneracies. We conclude that A \ A cannot
have inner points, since otherwise the straight line between C' and A had to contain minima
with larger degeneracy for some £ € (0,1). This proves (f.4).

Furthermore, the stabilizer of any connection in the interior of Az has to be contained, as
a subgroup of G, in the stabilizer of the background. This holds because the interior of A is
contained in A, and because by definition in A the degeneracy of the Morse functional is trivial,
namely equal to the stabilizer of the background A. Now if ¢ is in the stabilizer of A, then

D [gh] = [A — AP = | A" — AP = @[] (4.5)

for all h € G. Thus if the stabilizer of A is not contained in the stabilizer of A, then there is an
additional degeneracy, and hence A € A\ A C OA. In particular, if A € A and A belong to the
same stratum, then their stabilizers are in fact identical rather than only conjugated subgroups
of G. Given the partial ordering of strata induced by the inclusions of conjugacy classes of the
stabilizers, our result implies that the interior of A contains only elements of strata with equal
or ‘less’ symmetry as the background. Specializing to the case of irreducible background, it
follows that reducible connections are necessarily on the boundary of A.

With the above result it is easy to give locally a more precise description of the pre-images
of the strata of M in A. Suppose we are dealing with a connection A as the background which
has non-trivial stabilizer S;. Let U be a neighbourhood of A that is contained in the interior of
A, and U the intersection of the stratum of A with U. Since all elements A in U have identical
stabilizer, any connection

EA+ (1 -¢)A, ¢€el0,1], (4.6)

has the same stabilizer as well, and is hence contained in U. This shows that U is the intersection
of a linear subspace of I' with U. (This description applies only locally, and in general the same
stratum may also have additional points, with stabilizer conjugate but not identical to Sz, on
the boundary dA. We will see in section [] that this is in fact the case for the U(1) stratum of
a SU(2) gauge theory over S*.)

We are now in a position to specify the true fundamental modular domains: for any back-
ground A, they are given by A;/S;. For the objects that are obtained from these fundamental
modular domains by boundary identification, such that they are isomorphic to the configuration
space M, we will use the notation A:

V]

A= AA - AA|bound.id./SA ’ (47)

which reduces to )
A - A|b0und.id./Z(G) - A‘bound.id. (48)
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in the case of an irreducible background A. After taking into account the boundary identifica-
tions in this manner, A can be shown to be paracompact [22]. As Z(G) leaves all connections
fixed, in the sequel we will no longer mention the presence of Z(G) explicitly. Note that as soon
as the stabilizer of the background is non-trivial, the action we have to divide out is non-trivial
as well, and in fact it possesses at least one fixed point, namely the background itself. When
fixing the gauge around a reducible connection B (e.g. B = fi), this property ensures that B
which is a smooth inner point of Az becomes a singular point of Az/Sp, and in fact a singular
point of A B

Let us for the moment assume now that the background A is irreducible. Then in the
transition to A in fact any irreducible connection on the boundary dA 4 of Az has to be identified
with other irreducible connections that lie on JA 5. This can be seen as follows. Assume that
B € 0Aj is irreducible. Then instead of Az we can alternatively consider the corresponding
subset Ap C A that is obtained by taking B as a background. Now the same argument that
was used in the proof of (f.4) shows that B is a smooth inner point of Ag. In addition, as just
mentioned, upon projection to M inner points do not get identified and hence are projected to
smooth inner points of M. But the only way in which the connection B, now considered again
as a point of JA ; C A4, can project to a smooth inner point of M is that a neighbourhood of
B on the boundary (which can be taken to consist only of irreducible connections because the
reducible connections are nowhere dense) has to be identified with a different neighbourhood
on the boundary of A ;. (The latter neighbourhood has to consist of boundary points, because
inner points do not have non-trivial copies in Aj.) In contrast, if B is reducible, then the
identifications of boundary points have to take place in such a manner that the point remains
singular. Roughly speaking, there are ‘less’ identifications for reducible than for irreducible
connections.

The previous results imply in particular that A does not have any boundary points except
for reducible connections. The latter are, strictly speaking, no boundary points either, because
by the usual definition a boundary of a manifold is another manifold of codimension one that is
patched to the manifold in a specific manner; in the case of singular connections the codimension
is in general infinite, and the patching is much more complicated.

It is worth emphasizing that even if the subset of reducible connections is ‘small’; in the
context of quantum field theory its presence cannot simply be ignored. (For instance, Green
functions are distributions, and hence one has to analyze carefully whether a set of measure
zero can be disregarded.) Unfortunately, only little is known about possible effects on quantum
physics that are due to the presence of singularities in the configuration space. Indeed we
expect that the reducible connections have to be treated with still more care. For instance, it
might be necessary to resolve the singularities, in a consistent manner analogous to the blowing
up of orbifold singularities of finite-dimensional complex [23] or symplectic [24, 25] manifolds.
This would induce an additional source of non-triviality for the topology of M, and thus also
for the anomaly structure if the theory is coupled to chiral fermions. Now in a Hamiltonian
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formulation it can be shown [26] that classical trajectories are always contained in one fixed
stratum of the configuration space, so that when dealing with the classical field theory we can
restrict ourselves to a fixed stratum, which is in itself a smooth infinite-dimensional manifold.
Therefore we expect any influence on the main stratum arising from the singularities of M to
be a genuine quantum effect.

Finally we recall from the introduction that by the choice of a specific (isomorphism class
of) principal bundle P we have fixed the instanton number. Thus when allowing for arbitrary
instanton number £, i.e. considering the Yang-Mills theory with arbitrary asymptotic conditions
at infinity, the fundamental modular domain is in fact the disjoint sum over k € Z of the
modular domains for each value of k. (The collection of the orbit spaces for all k € Z is
sometimes referred to as the extended orbit space [22].)

5 The pointed gauge group

In this section we investigate the relation between the region Aﬁ = of absolute

A"g|bound.id.
minima of the Morse functionals ®3., for the background fi, and another object, namely the
orbit space A /Gy with respect to the so-called pointed gauge group Gy. The latter group plays
an important role for detailed investigations of the Riemannian geometry of the configuration
space [1,4,5,7,17]; it is defined as

Go :==1{9 € G| g(zo) = 1}, (5.1)

with zg € M an arbitrary, but fixed, space-time point. Suppose we have performed all boundary
identifications in Ag, thereby obtaining an infinite-dimensional variety Ag, which in contrast to
Ay is not embedded in an affine space. We claim that

Ay = A /G, (5.2)

i.e. that /A\;; is isomorphic, as a manifold endowed with a G-action, to the space A of all
connections divided by the pointed gauge group. The fact that both objects are in particular
diffeomorphic shows that A{g is not only a variety, but even a smooth infinite-dimensional
manifold.

To prove (p.2)), we first note that a set of representatives for

G/Go =G (5.3)

is given by the constant gauge transformations, i.e. by the stabilizer of the background A. This
is simply because any gauge transformation g € G can be written as

g =9c (gc_lg> ) (54)
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where g. denotes the constant gauge transformation with value g.(z) = g(xo) € SU(2) inde-
pendent of x. Also, the only constant gauge transformation that is an element of G, is the
unit element 1. We now map any element of Ag (or more precisely, its pre-image in Ag) on
its equivalence class modulo Gy. We have to prove that this map is injective and surjective.
To show that the map is injective, suppose that A, B € /A\jg are mapped on the same element
of A/Gy. Then A and B are in the same equivalence class with respect to Gy, i.e. A = BY
with g an element of Gy. On the other hand, the only gauge copies left in Ag are those related
by constant gauge transformations; therefore g must be the identity, and hence A = B, which
proves injectivity. To show that the map is surjective we start with an arbitrary connection
A e A. Since the orbit of any connection has a representative in Ag (and hence in Ag) we can
find an element B € /A\jg and an element g € G such that B9 = A. Now decompose g as g = g.9,
with g, € Gy and g. a constant gauge transformation. Then

B9 = A% . (5.5)

Now due to g, € S the left hand side of (5 is also in Ag, while the right hand side is in the
same equivalence class modulo Gy as A. Thus for each element of A /G, there exists an element
of Ag that gets mapped to it, which proves surjectivity.

Furthermore, the spaces Ag and A /Gy both carry a group action of the finite-dimensional
structure group G. In the case of A;; this action is defined by applying a constant gauge
transformation g. on A € A{g7 this is well-defined because A% is an element of Ag, too. For
A /Gy the G-action is again defined by use of constant gauge transformations: the orbit Qy
containing A is mapped to the orbit Q4g. of A%, in other words (Qy)% = Qyg.. This is
well-defined because Gy is a normal subgroup: choosing a different representative A9 € Q4
with g € Gy, the fact that Gy is normal in G means that there is a ¢’ € Gy such that gg. = g.¢’,
and hence (A9)% = (A%)9 ¢ Qyo.. The fact that for any A € Ay, A% is mapped under the
isomorphism on Qqg. = (Q4)% shows that both group actions coincide, or, more precisely,
that the isomorphism intertwines the group actions.

Finally, let us note that analogous arguments as given above for the background A show
that a similar relation as (p-3) holds whenever the background is a pure gauge. Namely, if

A=A" =514z, (5.6)
then )
AA‘bound.id. = A/g((]g) ) (57)
with .
6" ={g€ G| (95 " )xo) =1} =7"Go37, (5.8)

1

and the action of the structure group is via the stabilizer S = gGg~"' rather than via the

constant gauge transformations.
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6 (Geodesic convexity

We are now going to discuss the consequences of the convexity of Aj; for the configuration
space. First note that, in contrast to Az, due to the division by &z, the fundamental modular
domain A ;/S; is in general not a subset of an affine space, and hence we do not have the
notion of convexity any more. However, we can show that the main stratum in A ;/S; is still
geodesically conver, i.e. any two non-singular points in A 5/S; can be joined by a geodesic which
only contains non-singular points of A ;/S;. (Of course, the fact that a space is geodesically
convex does not mean at all that it is topologically trivial [1].) This can be seen as follows.

Suppose that Pp, Pc are two non-singular points in A 5/Sz, and let B be a representative
of Pz in As. Then consider B instead of A as the background connection, and let C' be a
representative of Pc in Ap. It follows [10] that any geodesic through Pg in the orbit space, and
hence in particular any geodesic joining Pp with P¢, is given by the projection of a straight line
through B in A. Now since Ap is convex, the straight line connecting B and C' is contained
in Ap, and it projects down to a geodesic in A ;/S;. Furthermore, no reducible connection is
contained in the straight line that connects B with C' so that the corresponding geodesic does
not hit a singularity. This is because, as seen above, for irreducible background B any reducible
connection in Ag lies on the boundary dAg. Note that this is still true if C' is a point on the
boundary of Ap (the straight line from B to C' then meets 0Ap, but only in the single point
C' which by assumption is irreducible). This implies that the result still holds after boundary
identifications are taken into account, i.e. for A i/Si.

It is natural to ask whether strata other than the main stratum are geodesically convex
as well, and one may try to investigate this problem along similar lines as above. Inspection
shows, however, that for non-main strata the situation is generically much more complicated
than above. At a technical level, the main obstacle is that one cannot easily verify whether to
any two points in the stratum one can find representatives in a fundamental modular domain
for which the stabilizers are identical rather than only conjugate subgroups of G.

To conclude, let us comment on the physical meaning of geodesic convexity. When inter-
preting our result in a Hamiltonian picture, it provides information about the obstructions that
the geometry of the configuration space imposes on the classical motion. Notice that in pure
Yang-Mills theory classical trajectories can be characterized by their instanton number which is
a topological quantity, so that requiring the instanton number to have a fixed value amounts to
a kinematical restriction to the motion. There is also a dynamical obstruction stemming from
the fact that classical trajectories are contained in a stratum of fixed stabilizer type. Our result
shows that within the main stratum there is no further obstruction of the latter type. The only
possible further restrictions on the motion must then stem from the fact that the geodesics are
not the classical trajectories, because in the Hamiltonian approach also a potential must be
taken into account [10]. In the case of the Yang-Mills action ([L.1), the relevant potential is
V= é Jed®z tr F;; F7 where integration is over some time slice C.
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7 Singularity structure of the SU(2) configuration space

7.1 Reducible connections

As an application, we now consider in detail the case G =SU(2). As already mentioned in
section 3, the holonomy group H is a Lie subgroup of the structure group G. For G =SU(2),
this requirement leaves the following possibilities. First, the holonomy group H can be SU(2) or
SO(3). Then the centralizer of H is just the center Zs = {£1} of SU(2). Thus the stabilizer is
trivial and hence the connection is irreducible. Secondly, the holonomy group may be H = U(1).
Then the stabilizer is also isomorphic to U(1) as an abstract Lie group, and the analysis is less
trivial than in the previous case. Finally, the holonomy group may be trivial so that the
stabilizer is isomorphic to SU(2); as we will see, this situation is best described as a special
case of the connections with stabilizer isomorphic to U(1).

To enter the discussion of connections with trivial or U(1) holonomy, we recall that we
assume the space-time manifold M to be S*, so that in particular its second cohomology group
vanishes, H*(M,Z) = 0. It can be shown [2] that for G =SU(2) the vanishing of H?(M, Z)
implies that the instanton number of any reducible connection vanishes. Namely, let V = C?
be a two-dimensional complex vector space carrying the defining representation of G = SU(2).
If the connection has only U(1) holonomy, the associated vector bundle £ := P xgy) V splits
into the direct sum of two complex line bundles over M,

E =P xgy@o Vi @ P xgyup) V2. (7.1)

As in our case the second real cohomology of the space-time M is trivial, both line bundles and
hence also £ and P have to be trivial, i.e. P = M x G. In particular, gauge transformations
g € G can be considered as functions from M to the structure group G.

It must also be noted that the space of maps from S to SU(2) is topologically non-trivial,
m4(SU(2)) = Zs. As a consequence, for structure group SU(2) the gauge group G is not
connected. However, there are no fixed points with respect to the non-identity component of
G. This holds because any stabilizer is isomorphic to a Lie subgroup of SU(2), and all these
subgroups are connected.

7.2 The U(1) stratum

Assume now that A € A is a connection with nontrivial stabilizer, i.e. that the stabilizer
Sa contains at least a U(1) subgroup of G. This U(1) subgroup of G in general does not
consist of constant gauge transformations. However, we are only interested in gauge orbits,
and the stabilizers of different points on an orbit are related via conjugation by gauge group
elements. We will now show that we can always find a representative of the orbit for which the
stabilizer U(1) does consist of constant gauge transformations. We first notice that because of
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the direct product structure P = M x G, we can write down all quantities of interest in terms
of functions over space-time. In particular, we can write a covariantly constant section ¢ in
the adjoint bundle P Xg o) su(2) = M x su(2) = S* x su(2) as o(x) = S8 04(x)7?, where
{7% | a = 1,2,3} is a basis of the Lie algebra su(2). The fact that ¢ is covariantly constant
implies that the ‘length squared’ tr(o(z)'o(z)) of o(x) is in fact independent of z € S*.
Further, G acts transitively on elements 7 of the same length; this suggests to relate o to some
fixed arbitrary element 7 of su(2) that has the same length as 0. Thus we set

o(x) =g(z) 79 (2). (7.2)

Now G does not act freely on elements of equal length; rather, the stabilizer of 7 is the subgroup
H that is spanned by all elements of the form €7@ for some function ¢. As a consequence,
for any x € M the equation ([J) does not determine uniquely an element of G, but rather
specifies one coset of H in G. This coset is isomorphic to the circle S, and hence we are dealing
with a bundle over S* with fiber S*. Now any 1-sphere bundle over S* is a Cartesian product
S* x S [27, section 26.5]. This implies that we can find a global section g(z) in this bundle,
which can be interpreted as an element of G. Thus ([.J) provides us with a well-defined gauge
transformation g € G. (Note that this is in contrast to the situation in two dimensions [19],
where there is a different bundle corresponding to each integer [27, section 26.2].)

Applying the gauge transformation g(x) that is determined in this manner by the section
o, the fact that o is covariantly constant, V,o = 0, yields

1

0=V,109 =V, .7=[A7",7]. (7.3)
This implies that we can always find one gauge equivalent representative for a reducible con-
nection that is of the form

Ay () = A/(j) (x) :=ira,(x). (7.4)

The field strength corresponding to this connection is F),, (z) =it f,,(z), where f,, := 0,a, —
Oya,. In ([4), the quantities a, are arbitrary (sufficiently smooth) real-valued functions a,(x)
on S%; in the sequel we assume that a fixed choice for these functions has been made. It is
easy to verify that the gauge configuration ([(4) is invariant at least under the U(1)-subgroup
of constant gauge transformations {¢!” | § € [0,27)} CSU(2) that is generated by 7. As
promised, the stabilizer U(1) of the representative ([4) of the gauge orbit consists of constant
gauge transformations. The fact that we can always find such a representative means that
the orbits of connections with stabilizer isomorphic to U(1) form one single stratum of the
configuration space M.

Let us consider the configurations (7.4) more carefully and investigate at which point(s) the
background gauge condition V(A9 — A) = 0 is satisfied. We have Af = g A g+ 97109 =
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ig'rga, + 90,9, and hence

0" AL =10"(g™'g) au +ig rg 0 a, + 0" (97 Dug)

(7.5)

=ig~'rgo"a, +1(—g '0ug 9 g+ g7 7049) ay — g7 O g g D9 + 9710, 0 g.

In the following we take the background to be the reducible connection A = A. (The results will
be independent of the choice of background, but explicit calculations are much more involved
for any other background.) Thus the background gauge requirement is 9*A¢ = 0; with ([F),
this reads ir 0"a, =1(0,99~'7 — 70,997 ) a, + Ot gg 0,99t — D, 0"g g, Le.

it "a, =1[0,9 97", 7], — 0" (0997 . (7.6)

To determine the general solution to this second order differential equation for g would be a
difficult task. However, we can find a particular solution by simply recalling the analogous
problem in electrodynamics; thus we make the ansatz that g is of the special form

9(x) = exp(iTy(x)) (7.7)
(thus in particular g is connected to the identity). Then 9,9 ¢~ =it 9,7, so that
Ad =it (a, + 0,7) - (7.8)
Also, ([-§) becomes 7 0"a, = —7 0"0,y; we thus end up with the differential equation
Oy = —d'a, (7.9)

for the function ~. The general solution of ([9) is v(z) = [y, d*y H(z,y) O*a,(y) + ¢, where H
denotes the Green function of the Laplacian 9% on M, i.e. 9?H(x,y) = —§(x — y) with ¢ the
delta function on M; for S*, it reads H(z,y) = 3 |v —y|7%/Vol(S?). The constant contribution
c to y(z) is the general solution of the homogeneous equation 9%y = 0, as follows from the fact
that our space-time manifold is compact and without boundary.

For completeness we note that in fact g as defined by ([.7) and ([.9) is an element of
the relevant Sobolev gauge group G* with norm 9, = SF o [y diztr ((D'g)*(D'g)). Here D!
is a shorthand for some multiple derivative of order [ (also, we assume that & > dim(M)/2
so that we can use the Sobolev inequality, compare [5]). Standard regularity results for the
Poisson equation ([.9) immediately give estimates on a suitable Sobolev norm of ~. This
can in turn be used to get similar estimates for the norm of g. (For instance, for [ = 0 we
have to integrate tr(g*g) = trll = 2 over the compact space-time M, which gives a finite
result. Furthermore, since any derivative of g can be written as a linear combination of unitary
matrices with coefficients being polynomials in the derivatives of v, we can control the norms
of the derivatives of g, too.)
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Thus we have shown that on any gauge orbit of reducible connections we can identify a
connection which both lies in the gauge slice I" and is of the specific form ([7.4). Of course, not
all of these connections will also belong to the fundamental modular domain Ag/SU(2) which
is only a subset of the solutions to the gauge condition. To decide which of the above solutions

belongs in fact to the mo%ular domain, we would have to look for the absolute minima of the
functionals (23) for A = A, i.e. of ®,[g] = |A9|%. For A = A ([4) and g = €™ ([[77]), one has

® ,[goin] = tr(7 / diz {(a, + 9,7)(a" + 8"y)} . (7.10)

Upon partial integration and use of the differential equation ([.9) we can rewrite ([7.1() as
D 4 [Gmin] = P4[1] — tr(7?) [, d*x 8,y O, or equivalently as

® \[goin] = ® 4[1] + tr(r / / diz dly 9a,(z) H(z,y) & a,(y) , (7.11)

i.e. in the form of a self-energy. Obviously, for generic functions a, there is no simple way
to tell whether this value is the absolute minimum of ®, or not. Hence in spite of the fact
that we can identify on each singular gauge orbit a connection that belongs to the gauge slice,
it would be very difficult to determine the U(1) stratum of the configuration space via the
analysis presented above. Fortunately we can bypass this problem by employing the relation
with electrodynamics in a different manner; this will be described in subsection [].4. However,
before coming to that, in the next subsection we will deal with a particularly simple situation
where the above analysis can indeed be applied.

7.3 The stratum with SU(2) stabilizer

Namely, let us consider the case where the holonomy group is H = {1}; then the stabilizer is
isomorphic to SU(2). Thus in particular the stabilizer contains a U(1) subgroup, and therefore
we can use the result of the previous subsection to conclude that the gauge slice contains
representatives of the form (.4). In addition, however, the fact that the holonomy vanishes
implies that the field strength i7 f,,, for such connections vanishes, i.e. that the connection is a
pure gauge. In this case we may integrate ([.9) to

a, + 0,7 = ¢, = const ; (7.12)

conversely, this solution exists only if f,,(z) = 0. Inserting the result (7.I9) into the formula
for the gauge transform of A yields

Af =71 (a, +0uy) =Ty (7.13)

This means that, while any constant gauge transformation out of the subgroup corresponding
to 7 leaves A invariant, there is an analogous non-constant gauge transformation such that A9 is
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a constant multiple of 7. Further, the derivation of the result does not determine the constants
¢,; thus any choice of constant A, = ¢,7 satisfies the gauge condition ([(.J). In particular,
¢, = 0 yields a solution, i.e. A,(x) = 0 belongs to the orbit of Aff). Thus any configuration of

the type ([7-4) with vanishing field strength is in fact gauge equivalent to the configuration A
We also note that any value of the constants ¢, leads to a connection on the orbit of A that
lies in the region I'. In contrast, there is only one point on this orbit which is also contained
in A, namely just the connection A itself. Namely, combining ([12) and ([[I7), we see that
we have to set all constants ¢, equal to zero, i.e. (AM)9 = A, in order for [(A™)9]2 to be an
absolute minimum. (Clearly, this absolute minimum is at zero, which is just a special case of
the analogous statement for the functional ({.3).) It is also clear from the general arguments
of section 4 that the gauge transformations which preserve the absolute minimum are precisely
the constant ones.)

In short, we have shown that the only connections with maximal stabilizer in a SU(2)
Yang-Mills theory on the space-time S* are the pure gauges, and that after fixing the gauge
around the configuration %i, the only such connection contained in /v\g is A itself.

We can also give explicitly the specific non-constant gauge transformations that combine
with the U(1) to form a SU(2) which leaves the original connection invariant. Namely, the
stabilizer is simply the conjugate of the stabilizer of A by '@ € G, with ~(z) a solution of
([(12) with ¢, = 0; its elements are of the form @) g =77 where ¢ is an arbitrary constant
gauge transformation.

7.4 The reducible strata as a Zs-orbifold

We now describe the set of all orbits with non-trivial stabilizer from another point of view. Our
starting observation is that the equations ([(4) and ([.§) suggest that this set is related to the
configuration space of a U(1) gauge theory, i.e. of electrodynamics. Indeed, we can construct
a map from the orbits of vector potentials a, of a U(1) gauge theory on the orbits of reducible
connections of the SU(2) theory by mapping the orbit containing a, on the orbit containing
ia, 7. This is well-defined because ([-§) ensures that if a, and b, are on the same orbit, i.e.
b, = a, + 0,7, then also the images of a,, and b, are related by a gauge transformation, namely
by (D).

In a second step we analyze which orbits of the U(1) theory are mapped on the same orbit
of the SU(2) theory. Thus assume that A, = ira, is related to B, = irb, by some element
g in the gauge group of the SU(2) theory (that is not necessarily of the form ([.7)). Then in
particular the associated field strength tensors are related by

Fii(x) = irfii (@) = g7 (@) F{g) (2)g(z) = ig~ (x)rg (@) fly) () - (7.14)

Without loss of generality let us choose 7 €su(2) to be the Pauli matrix 7%; then for any
fixed z € M we have to look for all elements g of SU(2) for which g~'r3¢ is proportional to
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73. For this it is necessary that either g is an element of the U(1) group generated by 73, i.e.
g = exp(ifT3), or that g is of the form

i0 _
g= ( _g_ig eO ) — ir2e7° (7.15)

Thus ¢g must be an element of the following subgroup H of SU(2): topologically, H is the
disjoint union of two circles and hence not connected. Algebraically, H contains a normal U(1)
subgroup spanned by all elements of the form exp(i673); the two cosets relative to that subgroup
have representatives 1 and i7? and form thus a Z, subgroup; hence H is a semi-direct product

H = ZoxU(1). (7.16)

If a gauge transformation g € G connects gauge potentials of the form ([(4)), then for any
x € M it must lie in H, i.e. g(x) is of the form described above, with the real number 6 replaced
by some real function y(z). Now our space-time M = S* is connected, and the elements of
the gauge G correspond to continuous mappings from M to SU(2). Therefore the value of g(x)
lies in one and the same component of H for all space-time points. If it is in the component
connected to the identity, then the gauge transformed connection is as already obtained in
equation ([.§). In the other case, i.e. for g of the form (7.15) with 6 replaced by v(z), we get
instead
Ad = —ir(a, + ) - (7.17)

This implies that the orbits of the U(1) gauge theory that correspond to the functions a, and
—a,, are mapped on one and the same orbit of the SU(2) theory. We conclude that the set of
orbits of trivial or U(1) holonomy is a Zs-orbifold of the configuration space of electrodynamics.
The only singular point of this orbifold is given by the single orbit with trivial holonomy which
corresponds to a, = 0, i.e. by the vacuum A. This illustrates nicely that the vacuum — due
to its enlarged SU(2) symmetry, represented by the constant gauge transformations — is ‘more
singular’ than ordinary connections with U(1) holonomy.

From the results derived above we learn that Ag/SU(2) (and the fundamental modular
domain A ;/S; in general) is not a very convenient tool for the global description of reducible
connections. Namely, we can show that it is not possible to find for all reducible connections
a representative that is both of the form ([/4) and contained in Ag. This is essentially a
consequence of the fact that there is no Gribov effect in abelian gauge theories. Let A be
of the form ([4), i.e. A, = ira,. Then the only gauge copies of A of the form ([4) are
Af = Fir(a, + 9,7y). Now if A is contained in Ag, we have 9,a" = 0; if A9 is in Ag as well, it
follows that + has to be harmonic, 9>y = 0. As all harmonic functions on S* are constant, we
see that the only elements on the orbit of A that are contained in Ag and are of the form ([/.4)
are £A. Therefore the fact that Ag is bounded shows that, for any choice of the functions a,,
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the connection kA with x large enough is not contained in Ag and that the gauge orbit through
kA does not contain a representative of the form ([-4) in Ag.

From our results it also follows that the singularities of the configuration space are conical.
More precisely, M has a ‘cone over cones’ structure. (A cone over a base space B is by definition
a space which is diffeomorphic to the direct product [0, 1] x B, where for t = 0 all points of B
are identified. If the base B is endowed with a metric d{2, then the cone has a metric of the
form ds? = dt? 4 t2dQ). Namely, the set of reducible connections forms the first cone; its tip is
the ‘vacuum’ A and its base space By can be described as the real projective space By = RP™
that is obtained by the Z, identification of antipodal points on the infinite-dimensional unit
sphere

S = {a,| /d4x aua’ =1} (7.18)

To describe the geometric situation around a connection A with U(1) stabilizer we use
A as the background and introduce a neighbourhood U as we have done in section 4 for
general G. The intersection U of U with some linear subspace of ' contains locally all other
connections with U(1) stabilizer. Without loss of generality we can assume that U is a direct
sum U = U @ UL, where Ut is contained in the orthogonal complement of U. To get the
true configuration space we now have to divide out the residual part of the gauge group, i.e.
U(l) =2 S; C G. This group acts on U in the following way: it leaves U pointwise fixed and
freely maps UL on U+. To make this more explicit, decompose any A € U as A = A + AL
where A € U transforms as a connection and AL € UL transforms homogeneously under G.
Then a gauge transformation ¢ € G maps A to A = A 4+ g~ 'Atg, where on the last part
the action of G is homogeneous and free. This shows that around every point of U again the
structure of M is that of a cone whose tip now lies in U. The base space of this cone is

B=[S*NU*|/Sa, (7.19)

where S52° is a sphere of some radius r in the infinite-dimensional space I'. B is a smooth
manifold sincg the action of Sy on U™ is free. Since any point of U is itself é)art of the cone
whose tip is A, we have indeed identified a ‘cone over cones’ structure of M.

7.5 Reducible connections on the lattice

Analogous considerations as for the configuration space of continuum gauge theories apply when
the theory is considered on an arbitrary lattice. In particular, reducible connections also arise
in lattice gauge theories. B As it turns out, most of the results of the continuum theory can be

2 In a Hamiltonian formulation, for any Yang-Mills theory a similar ‘cones over cones’ structure is present
[26,28] in the subset of the phase space that consists of solutions to the constraint equations. It will be interesting
to explore the relation between this cone structure and the singularity structure of M.

3 Various other aspects of the configuration space of lattice theories have been treated in the literature. See,
for instance, [29,12,30, 31].
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related rather directly to the lattice. For example, the analogue of the configuration () on
an arbitrary lattice reads

Usy = exp(it fuy) (7.20)

where U, ,, denotes the element of SU(2) that is attached to the link joining the vertices x and
y, T is an arbitrary element of the Lie algebra su(2), and where f is an arbitrary real-valued
function on the set of links of the lattice. In the lattice formulation an element of the gauge
group can be described by a map from the vertices x into the structure group G. The group
variables attached to the links then transform according to

Usy = 95" Usy Gy- (7.21)

One can easily check that any configuration of the form ([(.20) is invariant under the U(1)
generated by the constant gauge transformations g, = €" = const . But we can also show the
converse: given any configuration U, , with non-trivial stabilizer of an SU(2) gauge theory on
the lattice, it is gauge equivalent to some configuration of the form ([.20). Namely, first, the
fact that ¢ is in the stabilizer means that

g;lUx,y Gy =Usy. (7.22)

We can extend this formula by iterating it in such a manner that it applies to any two vertices
x and y, with U, , = Uggffy) the transporter for an arbitrary but fixed path P,, joining the
vertices. We then fix some reference point xq, which, due to the fact that ¢ is non-trivial, we
can choose such that g,, # 1. Then

9o = U, 2092,Us s (7.23)

Z,T0 Z,Z0o

for any lattice point x and any path joining = with zy; in particular, while U, ,, depends on
the path chosen, the combination on the right hand side does not. As g describes a gauge
transformation and hence transforms in the adjoint representation, ([.23) is just the discrete
version of the statement that ¢ is covariantly constant. Define now the map ¢ on the set of
vertices by o, := U, 5,, and denote by U the configuration

-1
Um7y T O’ZE Ux’yo-

Y- (7.24)
By definition, U is gauge equivalent to U, and g, = 022,05 . In addition, for any z and y we
have

-1 _ _~1 —177—-1 _ 1 -1 _ 1 _
Um,ygroUm,y =0y Um,yaygwoo-y Um,yam =0y Uw,ygyUm,yam =0y 9204 = Gao - (725)

Thus all link variables (jx,y commute with the non-trivial element g, of SU(2). This shows
that they have to be contained in the U(1) subgroup generated by g¢.,, and hence for any
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configuration with non-trivial stabilizer there is a gauge equivalent representative of the form
(r20).

In contrast to the situation in the continuum theory, in a lattice gauge theory reducible
connections do not seem to cause any problems as long as one works at fixed finite lattice
spacing a; whether a link variable is part of a reducible (as in the above example) or an
irreducible configuration seems to be irrelevant. A crucial difference to the continuum theory
is that in the lattice theory one is not forced to fix a gauge. The partition function is just
the sum over all configurations of link variables. More precisely, the integration measure is
a product of Haar measures of the finite-dimensional structure group G at each lattice link.
With respect to this measure, reducible connections are a set of measure zero. However, the
interest in the lattice theory comes mostly from the desire to consider it as a regularization
of the continuum theory, and for making contact to observational data one has ultimately to
perform the continuum limit ¢ — 0. This limit is far from being trivial, and hence it is not at
all clear what the influence of reducible connections might possibly be. The lattice approach
suggests that the measure is concentrated at the reducible connections (which, nonetheless, are
of measure zero) in the sense that any reducible connection is included in the partition function
with a multiplicity corresponding to its stabilizer. In our opinion this is an additional hint that
these connections should be ‘blown up’ in the true configuration space.
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