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Abstract

We obtain the analytic next-next-to-leading perturbative QCD corrections in the leading
twist approximation for the moments N = 2,4, 6,8 of the non-singlet deep inelastic structure
functions F» and Fr. We calculate the three-loop anomalous dimensions of the corresponding
non-singlet operators and the three-loop coefficient functions of the structure function Fj.

1 Introduction

Deep inelastic lepton-nucleon scattering is an important tool for quantitative tests of perturbative
QCD. This subject is now of special interest due to the operation of the HERA accelerator where
the structure functions of electron-proton scattering are measured at high energies. Calculation
of the next-next-to-leading (NNL) QCD approximation for the structure functions F and Fr of
deep inelastic electron-nucleon scattering is of interest for an accurate comparison of perturbative
QCD with experiment. To obtain the NNL approximation for these structure functions one needs
anomalous dimensions of the operators in the 3-loop order and Wilson coefficient functions in
the 2-loop order for F; and in the 3-loop order for Fr. At present, these structure functions
were calculated in the next-to-leading approximation only. The 2-loop anomalous dimensions were
obtained in refs. [1]-[4]. The 2-loop approximation of the anomalous dimensions can be considered
as well established after confirming [4] the validity of the anomalous dimensions of gluon operators
obtained in ref. [3). The 2-loop Wilson coefficient functions were calculated in refs. [5]-[9]. They
can be also considered as well established after finding the agreement between ref. [8] and ref. [9].
Before the present paper the deep inelastic calculations in the NNL order were performed only for
the sum rules [10, 11] and for the lowest moment of Fz [12].

In this paper we present the three-loop a® perturbative QCD corrections to the coefficient
functions of the operator product expansion for the non-singlet moments N = 2,4,6,8 of the
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structure function Fr in the leading twist and massless quark approximation. We also calcnlate
the a? corrections to corresponding anomalous dimensions. We combine this to obtain the NNL
approximation for the non-singlet moments N = 2, 4, 6, 8 of both structure fanctions F and Fr.

2 Preliminaries

We need to calculate the hadronic part of the amplitude of unpolarized deep inelastic electron-
nucleon scattering which is given by the tensor

Welp,q) = fd‘*zeiqz < p,nucleon|J,.(2)J.{0)} nucleon,p >

1 1 ,
= ey Folz, @) + duis_Fr(2,Q%) (1)
Tudv
Cur = (Quu—
I ( = qz )
4z 2

dyw = (=9 — Pubr—5 e — (Putv + 129,.) 2)

where J,, is the electromagnetic quark current, z = L Q? = —¢%, | nucleon,p > is the nucleon

2pq’
state vnth a momentum p (spin averaging is assumed here).

The moments of the structure functions Fj, are expressed? through the parameters of the fol-
lowing operator product expansion of the T-product of electromagnetic currents:

T, = i f 2 T{J,(2)],(0)}
2
= E((guv - qu,, )4 8, C LN(Qzaaa)

Q2
(9o 9112 9” = Gz Qe — Gups Qulsy T Jpvus Gus )CE‘N(_za as)) X

X Gy oo Gpup ) 2)N oL YR singlet contributions + higher twists. (2)

T 1672 4r

for the QCD strong coupling constant. The sum in (2) runs over the standard set of the spin-N,
twist-2 irreducible (i.e. symmetrical and traceless in indices g1, ..., un )} flavor nonsinglet quark
operators:

oofuont PAyimpr  penty o= 1,2, .8 (3)

®For reviews see [13, 14, 15]



where D*i are the covariant derivatives, \” are the generators of the flavor group S§U(ny). Cf N(%;, as)
are the corresponding coeflicient functions.

The non-singlet moments® of the structure functions F, are expressed through the operator
product expansion (2) in the following form:

1 2
N- ep—en a3 Q o a
Mk,N = -[D dz z 2F ? ( ’Qz) = z Ck,N(;'zF'J 0‘.,) (AN,proton(lu‘z) - AN,neutro'n(uz)) (4)
where A% . .on is the spin-averaged nucleon matrix elements of the operator:

< p, nucleon| 08} pueleon, p >= pl¥1 L p*V T A% L teon (B2) (5)

The coefficient functions Cf. w of non-singlet operators can be reduced to coefficient functions Cj
independent of a as will be shown below.

Application of the renormalization group technique gwes for the coefficient functions the fol-
lowing standard expression:

N 2 (% _ , 1n(a})
Cuun(z185(47)) = Chn(1,,(@7)) x exp _fa.(,e) 99, 5a) |’ (6)
The anomalous dimensions 4y in eq.(6) are defined as

dlogZN

Z N {n) ﬂ+1 (7)

TN(aa) =

and renormalized operators and bare ones are connected as follows:
(Oﬂ-{m,---,#z\r})R = (ZN)—l(Oa.{ul.---.uN})B_ (8)

The three-loop approximation for the 8-function in QCD in the MS-scheme was obtained in (16, 17]:

da’-’ — n+2
Bla) = ' 5 = _Tgﬁ“a’+
. _2_ 38 3 (2857 5033 325 , ) 4
(11 3nf> (102 3nf) S~ 15 T Em) ek (9)

The perturbative expansion in a, for the coefficient functions is
Cen(l,a,) = B") + B Yo, + B{ka? + BOa? + 0(al), (10)

where the Callan-Gross relation gives BE}V = 0 for all N and the standard deep inelastic normal-
ization [18] of the coefficient functions implies Bg I)V =1L

*for the parity conserving process the dispersion techmique gives non-trivial expressions through the parameters
of the operator product expansion only for the even moments



The NNL approximations for the non-singlet moments after renormalization group improvement
are

{9)
v
My n(Q) = a® (B + B{%a, + Bal] x E(ar) x An(s?), (11)
(0)
( +1
Min(@?) = o By + B, + BSa?] x E(a,) x An(4?), (12)

with,

Vg _ 0
E(a,) = 1+M£-B;—Ma’ +

JI0B — 188208 — 908 + AW 8L + (V88 — 21 Ber VB + VR o
285
where for the NNL approximation one should keep only the three leading orders in the product
of the power series for the coefficient functions with the series E(a,). An(u?) absorbs all Q-
independent factors: the y-dependent part of the renormalization group exponent from eq.(6) and
the operator matrix elements A?v,nuclem(pz). We conclude that for the NNL approximation to the

nonsinglet moments M, x we need to calculate the previously unknown 3-loop coefficients Bf’}v for

the coefficient functions Cr n(1,a,) and the 3-loop coefficients 7( ) for the anomalous dimensions
Yov(a,)-

3 The calculation

To obtain the NNL corrections we use the ‘method of projectors’ of ref. [19] which reduces the
calculation of the coeflicient functions and anomalous dimensions of the operators to the calculation
of diagrams of the propagator type only. This method relies heavily on the use of dimensional
regularization [20] and the minimal subtraction scheme {21]. The dimension of the space-time is
D =4 — 2¢. Recent calculations of the three-loop corrections to the coefficient functions by means
of this method can be found in refs.[10, 11, 12].

Let us schematically describe the application of the method of ref.[19] to our case. To calculate
coefficient functions of quark operators one should take matrix elements of the operator expansion
(2) between quark states:

tr (XI < Py quarleuvlquarkap >amputated) = euuTLa(Ps Q) + dusza(Ps ‘1)1 (13)

where quark legs are amputated. Taking a trace with A* projects out a non-singlet operator with
a given number a.

In order to calculate the coefficient function Ci ny of the spin-N operator according to the
‘method of projectors’ [19] one needs to take the following derivative

N

Ten(Q2) = gl..gnt T (P, Olp=0 (14)

ap#-:l _._BP#N
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The essence of the method [19] is the nullification of the momentum p in the diagrams. Hence we
need to calculate the 3-loop diagrams for the forward scattering of a photon off quarks with zero
quark momentum. Typical 3-loop diagrams contributing to the eq.(14) are shown in fig.1.

o

+ 346 other diagrams + 5 other diagrams

p=0 p=0 \‘LL,

fig.1a fig.1b

Figure la depicts the class of diagrams which have a through going fermion line to which both
external photons are connected. The diagrams in figure 1b have the photon vertices located in
different fermion lines. The class of diagrams of fig.1b first appear at the three-loop level and these
are the only diagrams which generate the color factor d*d®*. In total we had to calculate 347 +
6 different diagrams. Diagrams with one or two loop gluon propagator insertions are counted as
single diagrams.

After nullification of the quark momentum p the only contribution which survives in the operator
expansion (2) is the tree matrix element A% ..., of the corresponding spin-N operator QeAm-un}
since all massless vacuum diagrams are zero in dimensional regularization. This means that one
only has to calculate the matrix elements of operators at the tree level. It is interesting to note that,
after nullification of the momentum p, the diagrams that contribute to Tk n(Q?) (see Fig.1) contain
infrared divergences. These divergences should be canceled by the ultraviolet renormalization
constants Zn of the operators. We conclude that calculation of the diagrams in Fig.l gives us
simultaneously the necessary 3-loop coefficient functions and the 3-loop renormalization constants
of the operators. This is a feature of the method that we use [19].

Finally we obtain the equation:

2
Ten(@?) = ck.N(f—,,a,)(zn)-lA?v.tm(nz) (15)

The ultraviolet renormalizations at the 3-loop level of the diagrams contributing to the Lh.s. of the
eq.(15) can be done in the standard way by a substitution of the bare coupling constant in terms
of a renormalized one (a,)p = a, — a2fy/e + O(al).

The diagrams of fig.la receive a SU(ny) flavor factor tr(éf)\“), where @ is the quark charge
matrix and A® are the (diagonal) generators of 5U(ns). The diagrams of fig.1b receive a flavor
factor tr(Q ;)tr(Q;A%). If the ratio of these flavor factors would depend on the number a of a
generator A%, it would be impossible to factorize the a-independent coefficient functions Cy n. But

it can be proven, fortunately, that this ratio is a-independent: *’ff(gfﬁ‘;’ ;a) =3 Z;f_l q¢ where gy
(s a -



is an electromagnetic quark charge. This means that factorization is possible:

Z:a CIC:,N A?V,nuclem =

Cn(fig.la) + ﬁﬂﬁfﬂcm(ﬁg-lb)] X [(Zatr(@5" 3) A%, pucicon

tr(ds X#)
= Ck,N(%;aaa) x An(p?), (16)

where the non-singlet C x is independent of a.

The analytic calculation of the diagrams has been done with the symbolic manipulation program
FORM [22] by means of the package MINCER [23]). This package implements the algorithms of
[24]. MINCER. was thoroughly optimized specially for these calculations and the optimized version
will be published elsewhere. For the lower moments the diagrams were run with a gauge parameter
£ in the gluon propagator: (g, — ¢ %31)/ g®. For the higher moments (»=6,8) this turned out to
be impossible because this exceeds our present computer resources. The cancellation of £ in the
coeflicient functions and renormalization constants of the {gauge invariant) operators is a strong
check of the caleulations.

We have done the calculations for the moments My nx from the second till the 8t" moments
only: N = 2,4,6,8. This is because the computer time increases drastically with the number of
the moment and each moment takes about five times as much time as the moment one lower. The
calculation of the 8** non-singlet moment took the equivalent of more than 600 CPU hours on a
SGI Challenge workstation with a 100 MHZ MIPS 4400 chip.

All following results are presented in the standard modification of the minimal subtraction
scheme, the M S-scheme [18].

Our results for Cp x read

4
Crs(l,a) = +a, [CF—

3

ol [OFOu(Sg5 - 560+ Comy(—30) + CH- T + 5.0
o S
A CrCY (e ~ S0 +22465)
-i-afCFni(%]
+G3012?CA(—413:6 7345504& - 52348C5)
+afo—m;(% - %:;”S“C:a)
+afC}(_2f§:28 _ 395524 fot 35334 )
+af3(§ Qf)dab;dabc(% - %g?, +32¢5)

F=1 ¢



= a, (L.TT77T7778) + o? (56.75530152 — 4.543209877ny) +

i
+al (2544.598081 — 421.6908887ns + 11.89574760n} — 23.21009479 > qf)
f=1

4
Crafl,a,) = +a, [CFB']

4763 48 64
2 IOV = _ = 20
+a, [CFCA( 295 5 C3)+C’an( 25)+CF(

14259893 55904

19967 96 ¢ )]
1125 5 7

+a3CprCang{— 94500 + ou5 (3)
171354151 1889656

+6CrCi(—gm00 ~ aqas 2 3%
82688

3 2
0,073 (Jo135) -
263016326 1070306

+a,CECA(~5m7s T 17 ¢ T
958828431 33344

+a;Cns 2835000~ 315 %)

582157141 57356
-1
3780000 15 2 92(s)

21 gebedabc 19350 428
+a23(> " a5) - (- Pa0 Efs + 32(s)
f=1 c

+a3CH(

= a,(1.066666667) + a? (47.99398933 — 3.413333333ny) +

ny
+ad (2523.739021 — 383.0520013n + 10.88895473n% — 15.17660866 qf)
F=1

4
Cre(l,a) = +a, [CF;]

172106 48
11025 7C3) + Crns(—

927531079 88916
3 _

+a,CrCans(—=goreren T 175 &)
3186722330 4977821 . 1040

( 6174000 11025 G+
986872)

138915
4333877446411 2071508

3.2
0, CrCal-—grsi6d5000 T 2205

66480992539 31312
32 _
+2,Crni (5164500~ 315 )

1486)+ 1 257318
735 Fl™ 95725

+a? [C’FCA( + %Cs)]

+afCFC'i

(s)

+afCFn§(

(s — 480(s)
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0265366481 _ 536548 2560,
2268945000 2205 T 7%

e dobedede 5869993 472 160
3
+433 - Sl 4
% (,{E a1 Tt ( 378000 63 G 7 %)

+a3CH(—

= a,(0.7619047619) + a? (40.99619760 — 2.695691610m) +

ny
+a? (2368.193774 — 340.0691070n; + 9.472190428n% — 11.11683760 ) _ g,)
=1

4
CL,B(]-,G:) = +a, [CF§:|

14741720 16
1190700 ~ 38 HOrms(- .
23153083641520 18459136

2

C _
0, CrCans(—oaiamaza000 + 363825 0
7653142193467 9508318 . 2240

18003384000 10845 G+ 9 )
s 5,1435876
+a,Crni(Sig63s)

7667007621800089 2476882549 2720

302 _ —
9 CrCa(— s T3s0000 T 2183950 T 3
1164644404289 | 914992

3

198037224000 10395
86167166469418457 111668693 7360

499053804480000 218295 Cat 9 &)

oI debedebe 35555777437 85378 160

3
3 _ — -
Ta, (fz::lm g (= 3000564000 ~ 13 T o

14234

) 21694349 32
8505

3572100 ?C"’)]

+a? [CFCA( + CE(-

+aiCrC(

{s)

+adCEng(

+aiCH(-

(s) (17)

= 0,(0.5925925926) + a? (35.87664404 — 2.231471683n,) +

Tt
+ad (2215.210878 — 305.4730331n; + 8.337149534n} — B.741107731 ) _ qf)
=1

Here Cr = g— and Cy = 3 are the Casimir operators of the fundamental and adjoint representation
of the color group §U(3), for the symmetric structure constants of SU(3) we have d°¥de®c = %Q
and for the trace normalization of the fundamental representation Tr = 1 is substituted, ny is the
number of active quark flavors, { is the Riemann zeta-function. These results for the non-singlet
coefficient functions C'r & agree at 2-loop level with the previous results [5, 6. The 3-loop result

for C 2 also agrees with a previous calculation [12].



Our results for yn read

v2(a,) = +a, [CFE]

+a? [chA(”“)anf( 37+ CH-37)
+a3CFCAnf(_§2% - —Cz)
+a§chA(zgi§°+ —Ca)
+‘1§0an(“%)
Fa3CROA(— o — 6405)
+a2Cing(— 3244132 6—4C3)

+a2C%(~ Zig &C.")!

= a,(3.555555556) 4 a2(48.32921811 — 3.160493827n )+
+a%(859.4478377 — 133.4381617ny — 1.229080933n%)

74(a;) = +a, [CFE]
+a? [CFCA(IQ;ET) + CF'”'J‘(“12372—0701_) + %(_%8:0_%)
+GT:’CFCAnf(—%[:32050_80l = C3)
+afCF Ci (139670260603073 + 1‘:29 (a)
+afCFn§(—gz—§;%)
oy B _tn
+alChny (- B
+a§0§~(— 714245693 2878 ¢)

48600000 75

= a,(6.97777T7778) + a>(86.28665021 — 6.553580247n )+
+a3(1515.562364 — 244.7285919n; — 2.108515775n%)



709
To(a) = +a, [cp ]

105

157415 428119, 3173311]
ta; [CFCA( 5392 ) T CFa(=geim) + Cr(=Siaman)
13978373 5672
3 — —
+a.CrCans(~-~5ee000- ~ 105 )

115237918583 69862

666792000 T 3675 Gs)
80347571

+GECFC'E1(

+e,Crni(~ Tera500)

aSCEC 314186565848261030609 619282652 .
i SRS
e N

= a,(9.003174603) + a2(108.0184697 — 8.629256740n,)+
+4(1891.827779 — 307.4236890n4 — 2.570638992n3)

9883
78(‘15) = +a, [CF1260]
25870049 36241943 27040578211
2 itehadiched il 2 ST EEYSIVS~~
T, |CrCa(Tegas ) T Cre (= Fraggan) T CF( 2000752000 )
1578915745223 19766
3 — ———
+a,CrCans(-—o0Tar36000 ~ 315 %)
8101059985033 2510407
3 2
+9.CrCa(= 1150502000 T 132300 %Y
38920977797
30 2 bt
+0. 0 (15003382000
3662576699059 2510407
3 2 _ _
+2,CrC A~ 15031056000 2100 %)
+a3Cim(_ SL6TE200372043 10765 )
P~ 650315820000 T 315 O

109308710097437993 . 2510407 _ )
6351593875200000 66150 2

= ¢,(10.45820106) + a2(123.7764525 — 10.14583662n4)+
+a$(2164.091836 — 352.3116596n; — 2.882493484n2)

+a3CE (-

(18)

These results for the non-singlet operator anomalous dimensions vy, N=2,4,6,8, agree at the 2-
loop level with the known results [1, 2]. The 3-loop result for y; agrees with the previous calculation
(12]. Recently, the leading n-terms were calculated for the non-singlet anomalous dimensions in
all orders of a, using the large ny expansion [25]. Our a®r? terms agree with these results.
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The NNL approximation for moments Mz n, N=2,4,6,8 follows from eq.(11) after substitution

of the 3-loop anomalous dimension and the 3-loop coefficient functions Cr n from this article. We
present here only the result for My ».

(0}
(jga'--t-l) a, 2
Mr2=a, [1.777777778 + 55(7167.755453 — 1421.157926n¢ + 95.60409380n%

0

a;

—2.019204390n3) + 38743144.32 — 15713015.60n; + 2567100.512n2
ST ! d

~217290.0177n% + 10075.25730n% — 242.3130145n + 2.349777304n5

ny
+H(S 45)(—339818.9980 + 82380.36316n, — 7489.123925n]
=1

+302.5908656n% — 4.584710084n}))] x Ap(i?)

For five active quark flavors the result is:

101

Mg 2(ng = 5) = a® [1.777777778 + 37.42345665a, + 794.2860056a§] x As(p?)

This result differs from the analogous result presented in [12] which contained some errors
although the 3-loop 7, and Cf ; were presented correctly in [12].

The NNL approximation for moments M, n, N=2,4,6,8 follows from eq.(11) after substitution
of the 3-loop anoralous dimensions from this article and the 2-loop coefficient functions C x from

[9].
0

2
My s = 0. [1 + %(222.7325103 _ 28.46630231n; + 2.304526749n2) + 55(452305.9955
0 0

—212450.5282n4 + 33271.64596n% — 2284.081821n% + 72.76562050n} — .8714118778n§:)] x Az(1?)

()

Yy 2
Mys = a,ﬂc' [1 + ;%(971.4864856— 130.2064088n¢ + 7.06534979571?«) + ’%(2553881.856
) 0

092494 50087+ + 128160.1658n2 — 8412.746331n° + 263.9279697n% — 3.043264543n3)| x Ag(s’
! f f f f

Mye = a,” [1 + ;—’2(1622.262427 — 216.8191461ns + 10.72026875n%) + %;
1] 0

_1742735.2T4ny + 232658.0476n% — 14938.50804n% + 460.4265103n} — 5.152606643@] x As(1”)

2
2 (5158334.044
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{0}
/T 2
My =a |1+ ;—;(2173.921666- 289.4230724n + 13.66606627n3) + %(7361494.037
0 0

—2572181.269n; + 335782.1971n} — 21240.70209n3 + 645.4970657n% — 7.06428695011;)] x Ag(u?)

To see more clearly how the coefficients depend on the number IV we present also results for
My for ng = 5:

32
Maa(ny = 5) = af [1 + 23480504640, — 6.052509330a7] x As(u?)

314

My a(ns = 5) = ai® [1+ 8.457076895a, + 73.5970207807] X Aq(?)

2838

M;g(ns = 5) = a2'®® [1 + 13.71561575a, + 192.6174600a3] x Ag(u?)

2883

Mzs(ns = 5) = a™*® [1 +18.17792372a, + 324.5935524a3] x As(p?)
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