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Abstract

All anomaly candidates and the form of the most general invariant local action are given for old
and new minimal supergravity, including the cases where additional Yang-Mills and chiral matter
multiplets are present. Furthermore nonminimal supergravity is discussed. In this case local su-
persymmetry itself may be anomalous and some of the corresponding anomaly candidates are given
explicitly. The results are obtained by solving the descent equations which contain the consistency
equation satisfied by integrands of anomalies and invariant actions.
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1 Introduction

For a large class of gauge theories one can construct a nilpotent BRS operator s and use it to characterize
invariant actions and anomaly candidates as nontrivially BRS-invariant local functionals of the fields
M, [B], i-e. as solutions W9 of the so-called consistency equation

sWI =0, WI#£sT97! (1.1)

where W9, T971 are local functionals of the fields whose superscript denotes their ghost number.
Invariant actions are solutions W° with ghost number 0, anomaly candidates are solutions W' with
ghost number 1 (in the case g = 1 ([[.1]) contains the consistency conditions which anomalies have to
satisfy and which have been first derived for Yang-Mills theories [J]).

The present paper contains results of an investigation of ([.T) for old minimal supergravity [f],
new minimal supergravity [fjj and nonminimal supergravity [q], [§] where in all cases not only pure
supergravity is considered but its coupling to Yang—Mills multiplets and chiral matter multiplets is
included. I remark that the results for old and new minimal supergravity are complete i.e. in these
cases there are no solutions WY and W* of ([L.1) apart from those given here (modulo trivial solutions
s resp. sI O)H. However it is not the subject of this paper to prove this statement since the proof
can be performed in more generality [H] Instead the present paper spells out the general results of
[ explicitly for the supergravity theories mentioned above. This includes the solution of the so-called

descent equations which follow from ([.1]) and read
0<p<d: swIt™P4dufP=0, swf™=0 (1.2)

where d = dx™0,, is the exterior derivative, wg+4_p denotes a local p—form with ghost number g +4 — p
and w] is the integrand of the solution of ([[.1):

W9 — / WA, (1.3)
In a more compact form ([[.7) reads
509 =0, s5=s+4d (1.4)

where @914 denotes the formal sum of the forms wg+4_p
4
It =Y witir, (1.5)
p=0

The discussion of ([[.3) resp. ([.4) will give insight into the method used to solved ([.I). Namely in
fact the solutions of ([L.4) have been calculated first and then the solutions of ([L.1]) have been obtained
from them via ([[.3). This method takes advantage of the fact that, as one can prove for a large class
of gauge theories [[l0], each solution of ([.4) can be written—up to trivial contributions of the form
50913 —entirely in terms of tensor fields and certain variables which generalize the ordinary connection
forms. This holds in particular for the supergravity theories discussed here where the variables which
generalize the connection forms are given in (B.20) and (B.33) and the set of tensor fields is given in
(B77) where {¥'} in the case of minimal supergravity is given by (B.I) and in the case of nonminimal
supergravity by the fields listed in (B.4(]) and the respective complex conjugated fields:

@It = @It (EA, T, Q, @"). (1.6)

The paper is organized as follows: In section J| the BRS operator for supergravity is given (the BRS
transformations given in this paper agree with those derived in [[L1]]), section [ recalls the basic features

'The results given for nonminimal supergravity are incomplete.



and the field content of old, new and nonminimal supergravity and contains the solutions of ([.1]) and
(L4) for g = 0,1, and in section [ it is verified that 3097 = 0 holds for the expressions given in section
f for @914, Finally a short conclusion is given, followed by three appendices.

The conventions concerning grading, complex conjugation, c—matrices etc. agree with those used
in [1J] and as there I use exclusively the component formalismus, i.e. none of the fields appearing in
this paper denotes a superfield.

2 BRS operator

The BRS operator for supergravity is conveniently constructed by means of the algebra
[Da, D} = —TagDe — Fap'd1, [61,Dal = —914°Dp, [61,6)] = 1,56k (2.1)

which is realized on tensor fields. {D4} consists of the covariant derivatives D, and supersymmetry
transformations Dy, Dy = (Da)*. {67} denotes a real basis of the Liealgebra G of the structure group
which in general is the direct sum of the Lorentz algebra Gy, a further semisimple Liealgebra G, and
abelian part G,. The Lorentz generators are denoted by I, = —lp,, the elements of G; + G, by §;.

{DA} = {Da,pa,ﬁd}, {51} = {5ialab ra > b}: 0i € Gs + gaa lap € Gr.

In (R.1) the structure constants of G are denoted by fr ;% and the gr4® are the entries of the matrices
gr which represent G on the D4. The only nonvanishing gra? occur for §; € {lab,é(w),d(r)} where
dw) and d(,) denote the generators of Weyl transformations and of U(1) transformations called R-
transformations:

[laba Dc] - lecDa - nacDby [laln Da] - _Uabaﬁpﬁa [laba @d] - 6ab6d2§ﬁ'a

[5(7“)7Da] =0, [6(7*)7 Da] = —1Dq, [5(r)72?d] = Z‘ﬁdl (22)
[5(w)yDa] = —Da, [5(w)7pa] = _% Dy, [5(w)de] = —5Das.

NIEg

The gauge fields corresponding to Dy, Dy, Dg, lay and §; are the components e,,%, ¥m®, ¥m®, W,

A" of the vierbein, the gravitino and its complex conjugate, the spin connection and the gauge fields
of G5 + G, respectively. They are used to define the covariant derivatives of a tensor field ® as in [[L3]
by

Dy ® = B, (Om — ¥m®Dy — Anldr) @ & 0, ® = (A, Da + A, 167) @ (2.3)

where 0,, denote the partial derivatives, E,"" are the entries of the inverse vielbein
E,"enl =08, entBEy" =",
and the following notation and summation conventions are used in order to simplify the notation:
{An' = {en, ¥n®, —tn®}h {An"} = {wn®, An'}, (2.4)
A X4 = enXo + U Xe,  Vm®Xa = Un®Xo — U Xa. (2.5)
Requiring [0y, 9,]® = 0 one obtains from (R.3) by means of (.1))
Fa' = 2E,"Ey" (OpnAn)" + 37" Am” A + €1 P Fac’ + %T/)mg¢néFgﬁI)7 (2.6)
T = 2B, Ey" OpnAn™ + €(m“Un)®Tac™ + Ap P A 915 + %ﬂngwnﬁngA) (2.7)

ie. the curvatures F,,’ and the torsions Tj,” are given in terms of the gauge fields, their partial
derivatives and the remaining torsions and curvatures. The equation which determines 7,;° can also
be solved for w,,® and yields in particular:

Tabc =0 & wmab — EanEbr(u)[mn}r — Wnrlm + W[rm}n)a
Wimnjr = €ra(Opmen® + €m  An ™) + € " Un) Tap® + $0m L Tos") (2:8)



where 4,,") denote the gauge fields of Weyl transformations. The BRS operator is constructed by
means of ghost fields associated with diffeomorphisms, supersymmetry and structure group transfor-
mations and denoted by C™, £, €% and C! respectively (C™, C! are anticommuting and £, £ are
commuting ghosts). The BRS transformations read

s® = (C"0, + %Dy + 9Dy + CL67) @, (2.9)
sem® = C"Onen” + (0mC™)en" + Clgnen” — €24, % T, ", (2.10)
5¢ma = Onanwma + (amcm)wna + Dmga + Olglﬁa¢mﬁ - gé-AmBTBga, (2-11)
S.AmI - Cnan-AmI + (amcn)-AnI + DmCI - SQAWBFBQI7 (2'12)
sC™ = CTO,C™ + LT "B, (2.13)
sE% = C"0nE" + Clg1g*¢” + LTy — Ty "B o), (2.14)
sC! = C"0,C" + Lfk, CTCR + LB (Fp," — T B A") (2.15)
where D,,£% and D,,,C' are defined by
Din€® = 0m&™ = An'915°€",  DnC" = 0,07 + A fric CF
and the following summation convention is used (notice the different signs in (R.5) and (R.14))
28Xy = £ Xo + £ X (2.16)
3), R9), 1) and (P.9)-(R-19) can be written in the following compact form
50 = (EDa+Clop) @, (2.17)
3¢t = Clgpe? — 5()1PIEPE TR, (2.18)
5CT = Lfg,/ CICK — L()AgAP F,l (2.19)

where |A| denotes the grading of D4 (Ja| = 0, |a| = |&| = 1), and €4, C are the generalized connection
‘forms’ mentioned in the introduction and defined by

€ =C"," =&+ 0", =8 —C",* CT=0CT+ 04,0 (2.20)
where C™ denotes the sum of the differential dz” and the ghost C™ of diffeomorphisms:
C" = dz" 4 C™. (2.21)
Using (R-17)-(R-19) one may verify that
2=0 o $2=[5,0m]=[0m0.]=0 (2.22)

holds by virtue of the algebra (R.1) and its Bianchi identities which have been discussed in [[[4], [f],
(5] and read

E (HANCUD AT + TapPTrc? + Fap'gic?) =0, (2.23)
ABC
Y () DyFpe! + TapP Fpe') =0 (2.24)
ABC

where E denotes the cyclic sum.

In order to construct a gauge fixed action one introduces in addition an antighost field ¢ and a
‘Lagrange multiplier field’ b for each gauge field and defines s¢ = b, sb = 0 which implies that these



fields contribute only trivially to solutions of ([L.]). This completes the construction of the BRS algebra
for supergravity theories whose field content consists of tensor fields, gauge fields A,“, A" and the
corresponding ghosts, antighosts and b—fields. For supergravity theories containing additional fields one
has to specify their BRS transformations as well. This will be done in subsection B.3 for new minimal
supergravity which contains antisymmetric gauge potentials, corresponding ghosts and a ghost for these
ghosts.

[ stress that the BRS operator is defined and nilpotent on all fields unlike the algebra (P-1) which
is assumed to be realized only on tensor fields but not on the gauge fields or the ghosts.

3 Results

3.1 Old minimal supergravity

Apart from the gauge, ghost, antighost and b fields, the field content of old minimal supergravity with
Yang—Mills and chiral matter multiplets consists of elementary tensor fields
{'} = {M, M, B" X, N5, D', 6%, 6°, X3, X F=, F°) (3.1)

where M ,¢*,F* are complex Lorentz scalar fields (M,¢*,F* denote the complex conjugated fields), B
is a real Lorentz vector field, D are real Lorentz scalar fields and A\’ and x*® are complex spinors. \°
and D' are the gauginos and auxiliary fields of the super Yang-Mills multiplets of Gs + G,, ¢°,x°,F*
denote the elementary component fields of the sth chiral matter multiplet, M and B are the auxiliary
fields of the supergravity multiplet. In the following all formulas are given for the case in which G,
contains d(,) and (). The results for the cases in which Weyl or R-transformations are not contained
in the gauge group are simply obtained by setting to zero the corresponding fields everywhere.

Except for F,! and T,;® which are obtained from (B.6) and (.7) and up to complex conjugation
the torsions and curvatures are given by

Tw' = Taﬁa = Qﬁl = Tgab = gﬁi =0, Fdai = i)\iaaaada
Tada — 27:0"10{0'” Taad - — . M Uaad, Taaﬁ — _Z (5gBa + Bbo-abaﬁ)7
Faﬁab = —Maabaﬁ7 Fao’zab =2 5ab6dacadBda

Fap®d = i (T 0 0 — 20C0a T — 28,0 1 A®) ). (3:2)

0o

wm® is obtained from (B-§). The BRS transformations of the ghosts and gauge fields are obtained
from (R.1()-(R.17), those of the fields (B.1) from (@) using table 1 where S, U, G*, S, U, G' denote
SL(2,C) irreducible tensors constructed of the Fy' and Ty

Gaﬁi = - abiaabaﬁy So = abﬁaabﬁaa Udl[gﬁ{ = TabW(j-ade’ WOZ,B’\/ = Tab(aaabﬁw)
€ Toappy = €aUssy T 56 (Wapy + 364a58))s  Fuaps' =€apGap +e45Gas" (3.3)
Table 1:
v D,V DV
M| .S, — Al — 20 0
By | 42aa(S5 +4i00)) —Uygs | 3254 (S5 — 4i05)) = Uy
A i€ag D" + Gag’ 0
Di | Daah® 4 EB, g id Dag A — L By \io
¢ Xa 0
X5 65011"—' —2’572@“}5
F —iMXa —2iDaax™ — 4NL0i0 + Baa X




Let me now describe the results of the investigation of ([.]). Up to contributions of the form sI'~*
each real local solution W° of ([L.T]) can be written in the formfj

old_/d rePQ+cc, e=det(ey”) (3.4)

where P is the operator
P = D? — 4ihy0°D — 3M + 160,01y, D? = DaDY, 1.~ = E™hy," (3.5)
and € is an antichiral function of the tensor fields given by
Q=H(M,W,\ )+ (D> - M)G(®), D?=DD, (3.6)

where H depends only on the (undifferentiated) fields M, Waﬁ'y’ %

. ¢ while G depends on all variables
{®"} ={D,, ... Dy, V!, Dy, ... Do, F!, Dy, ... Dy, Tip®: n >0} (3.7)
with {¥!} as in (B.0]). H and G are additionally restricted by

o0rH =61G=0 VY ¢ {(5(7,),(5(1”)},
5(w)H = —3H, 5(w)G = —2G, 5(T,)H = —2H, 5(T)G =0 (3.8)

where the conditions imposed by d(,,) or 4, of course are absent if G does not contain the respective gen-

erator. I remark that W?° g contains only one Fayet-Iliopoulos contribution [I§], namely | d*zea D)
where a is a real constant. This Fayet—Iliopoulos contribution arises from the contribution 3“]\4 to
which gives the supersymmetric version of the Einstein—Hilbert action due to

DM = %(1R+2D"™ + EMM — 3B°B, + 3iD™) — 3iD,B"), R = F,". (3.9)

Of course (B.9) is not Weyl-invariant and thus contributes to W9, only in the case Sw)y € G. Using
table 1 one can check that further Fayet-Iliopoulos contributions indeed do not arise from B4).
Each real solution W' of ([L.1)) is in the case of old minimal supergravity of the form

Wl = W;bel + W}Lonabel + c.c. (310)

where WY and W! . are complex solutions of (1)) collecting the candidates for ‘abelian’ and
‘nonabelian’ anomalies respectively. W;bel is given by

Wl — /d4xez’{cj7>+ga7>g;}szj (3.11)
J
where Z; runs only over the abelian factors of the gauge group, P is the operator (B.H), each ; is of
the form (B.4) with H; and G; restricted by (B.§) and PJ is the operator
Pl = 4iA T 0% D — 324,50 Pihys + 8N, A = E,"A,7. (3.12)

In particular (B.11)) contains the supersymmetric abelian chiral anomalies which arise from contributions

g APl and (ﬂ/T/O.J%/VT/O"m to Q; where g; are purely imaginary constant tensors of G, + G, and a
are complex constants. Notice that if G contains neither §(,) nor () then {2; contains a constant
contribution % which gives rise to the following simple solutions of ([L.]):

/ dze a; (EN — 4ATE0™y + 2090y + c.c. (3.13)
J

2Due to the reality of s each complex solution of (DI) is of the form W9 = WY + ¢W§ where W{ and WY are real
solutions of (DI)



WY i is alinear combination of the independent supersymmetric nonabelian chiral anomalies AT .
which are labeled by 7 (there are as many of them as G5 has independent Casimir operators of third

order):

erzonabel = Z ar :Lonabelv ar = const., (314)
AT / Tr{Cd(AdA + L A%) + (LA + AL)IA + 3LA°
~3d'z e (EATAA + €A ATAT)} (3.15)
where C, A, Ag, A];-{, L denote the matrices
C =C'Ty, A=da™A,'T;, Ao = iN,Tj, AL =iXN.T;, L =da™en,*(€o, AT — Aoyf) (3.16)

defined by means of a suitably chosen matrix representation {T;} of G, satisfying
12, T5) = fi;" T

(in general one of course has to choose different representations {7;} for different values of 7). Notice
that (B.1§) depends on the vielbein only via the 1-forms e* = dz™e,,* due to

d're =~k caped e®eleced

i.e. the integrand of AT can be written completely in terms of the forms A* = da™A,,", dA?, e* and
the fields C?, €2, €9, \i, and S\fx In flat space where one can choose e,,* = ¢2 and identify e® with a
constant differential dz®, (B.1§) agrees completely with the form of globally supersymmetric nonabelian
chiral anomalies derived in [[[7], i.e. the expressions derived in [[[]] are in fact not only globally but
also locally supersymmetric after replacing dx® with e, without adding any gravitino dependent terms
to these expressions. In fact the independence on the gravitino does not only hold for A7 . . but
for the complete solution (B.21)) of the descent equations ([[.4) arising from it as is shown explicitly in
appendix [B.

Notice that the contribution [Tr{Cd(AdA+1A43)} to (B-1§) is the well-known form of a nonabelian
chiral anomaly in the nonsupersymmetric case (see e.g. [[§)) and the remaining terms in (B.15) represent
its supersymmetric completion.

I remark that the abelian chiral anomalies arising from contributions gklj\kj\l to €2 in () (with gx;
purely imaginary) can be written in a similar form as (8.15). Namely by adding a suitable counterterm
sI'% to (B.11]) they become linear combinations of solutions A7, , of ([]) given by

ro= / {CITr(F?) + 24T (FL) — i d'we [ENTr(ATAT) + ENTr(AA)
+2,Tr(ATREA) + 2V O Tr(AEAD)| }, F = dA + 47 (3.17)

where C7, A7 and M denote the ghost, connection 1-form and gaugino of an abelian factor of the gauge

group.
The solutions @* and & of the descent equations ([.4) arising from (§-4) and (B-11]) can be written

in the following remarkably simple form

~ A . P& = ~ "D . P = i
@ga = (DaD* = M)(EQ), @ =Y (DaD* — M)(ECY) (3.18)
where = denotes the product of all 5“ and Dy is an extension of Dy suitably defined on the variables

(2.20):
2= L eapea EUEPEEL, Dy®" = Da®", Daf” = 8T, DaC' = E4F4" (3.19)



Using the explicit expressions (B.9) one obtains in particular

ﬁdéﬁ'ﬁ =4 €46 gﬁv f)dga = _% gaaM, ﬁdéj =—1 fad)\ja. (3.20)
The solution of ([[.4) arising from (B.15)) reads
Oyape = Tr {CF? — S C3F + 5,07 — 32 (€7Aa ATAT + £uATo AN) } (3.21)

with A, and Ag as in (B.16) and

C =0T, F=-L)UeABFp,'T;. (3.22)
The solution of ([[.4) arising from an abelian chiral anomaly (B.17) has a similar form:
oerenin = CITP(F?) =i 2 {EXNTr(ATAT) + EXSITr(AA)
+2NTr(ATA€0AG) + 20 *Tr(AafehT®) . (3.23)

3.2 New minimal supergravity

New minimal supergravity differs from old minimal supergravity with regard to its field content. Namely
M, )\((lr), D) and B® are not elementary fields any more. Instead new minimal supergravity contains
a new set of elementary fields consisting of the components t,,, = —t,m, of a 2-form gauge potential,
corresponding ghosts @,, and a ghost @ for these ghostsf| which have the following reality properties,
ghost numbers and gradings:

tmn = (tmn)*a gh(tmn) - 07 ’tmn‘ = 07
Qm = (Qm)", gh(Qm) =1, |Qm|=1, (3.24)
Q=-Q, gh(Q) =2, Q| =0.

This field content arises from setting to zero the field M and the superfield arising from it in old

minimal supergravity with gauged R-transformations (but without Weyl transformations). This leads
to the identifications

M=0, \)=-iS,, D"=_-1R+3BB,, (3.25)
B = e, €™ (L0 thy + itbnowihy) (3.26)
where e = E,mE"EFE e ~ 1/e and 0, = e,,%0,. (B:28) and (B:26) are required by M =

DoM = D*DyM = 0, cf. table 1 and (B.9). In particular (B.26) which has been given already in the
second ref. [ff] ‘solves’ D,B% = 0 < D*D,M — c.c. = 0 identically in terms of elementary fields which
is a rather involved condition since it reads more explicitly

0 =DuB" = B, (O — 2w (€,9)lhe — m Do + 0 *Dys) B (3.27)

where DB and D, B® are obtained from table 1 using the second identity (B.23):
DdBﬁB = Edﬁsﬁ — Uaﬁﬁ = ’DdBa =
The nilpotent BRS transformations of t,,,, @, and @ read

Stmn = Ckaktmn + (amck) tkn + (anck) tmk - aan + aan

— Loy o Tog®. (3.28)

_Z'(gaqun - Effnﬂ_)m + ¢m0'ng - wnamg)’ (3.29)

5Qm = C"0nQum + (0mC™)Qpn + 0mQ + 20 0" E Ly — 1 E0E, (3.30)

sQ = C"0,Q —2i0™EQ (3.31)

3In order to fix a gauge for tm, and Q.. one introduces additional fields whose role is analogous to that of the fields ¢

and b. As the latter these additional fields contribute only trivially to solutions of (@)



where ¢ = E,"c® (B.20) and (B.29)-(B.31)) can be written in a more compact notation which is
analogous to (B:18) and (R.19) and reads (with ¢4 and C™ as in (£:20), (R:21)):

7:[ = §©7 7:[ = % gagbgcgabchd + igaéadgdy Q = %C«mén tn + énQn + Q. (332)

2

The BRS transformations of the remaining fields can be obtained from their counterparts in old minimal
supergravity using (B.2§) and (B:2d). Therefore one obtains solutions of ([L.1]) for new minimal super-
gravity simply by making the identifications (B.25), (B-26) in the solutions WY, WL = and WL
obtained for old minimal supergravity. However the presence of the fields ¢,,,, @, and @ is responsible
for the fact that this does not give all solutions of ([.I) with g = 0,1 for new minimal supergravity.
Namely there are a few additional solutions which cannot be obtained in this way. I denote these
additional solutions by Wpy in order to point out that W%I are locally supersymmetric versions of
Fayet—Iliopoulos contributions to the action and Wll; ; are anomaly candidates of a similar form. They

are given by

We, = /d4:17 e Z,ai {Di — 2B A" + Ny, + ¢mam5\i} , (3.33)
W,{li‘] = /d4:17 e Z,aij {Ci(Dj + €mnk1Amj8ntkl + )\jdm&m + T,Z)mamj\j)
i,J

— A (€0 N + No™8) —ie™ M AT A (Corthy + troid) |, @y = —aj (334)

where Y and Z; ; run only over abelian factors as in (B-11) and the constants a;, a;; must be chosen real
in order to get real solutions of ([.1). Notice that the supersymmetrized Einstein—Hilbert action W%,
is contained in (B:33) since D) which contributes to (B:33) has to be identified with —%R + %B“Ba
according to (B.29). The form of W9, obtained from (B.33) agrees with that given in the second ref.
[l and in [[5]. Thus we obtain the result that in the case of new minimal supergravity the action
contains a Fayet—Iliopoulos contribution for each abelian factor apart from the one corresponding to
the R-transformations which becomes a contribution [ d*ze(—1R + 2B*B,) to W,

I stress again that apart from W%H the solutions WJ%I do not have counterparts in old minimal
supergravity. This holds in particular for the anomaly candidates (B.34). Notice that they are present
only if the structure group contains at least two abelian factors, i.e. at least one abelian factor in
addition to the R-transformation, since the a;; are antisymmetric.

The solutions of ([[.4) arising from (B.33) and (B.34) are

Gpr = Y {20H 4 NN + 2D}, (3.35)
D = Y ay {C”'éjﬂ + OV +nNC + = éiDj} (3.36)
i

with H as in (B:33) and . .
Nt = %5““5(1556655, nt=—¢ Bﬁﬁﬁﬁﬁaé‘m- (3.37)
3.3 Nonminimal supergravity

The nonminimal supergravity theories discussed in the following are as in [§] parametrized by the real
number n occurring in the torsions

Toa" =206, To, Tog” = (n+1)(61 T+ 04T0), Tos” = (n—1)85 T, (3.38)
and are in addition characterized by the constraints

Too® = 2i0%a,  Ta" =Top® = Fag' = Fap® =0. (3-39)



A detailed discussion of (B.3§) and (B.39) and their implications can be found in [§]. I consider the
case in which G contains neither Weyl nor R-transformations. Apart from the special cases n = 0 and
n= —% which are excluded for simplicity the set of elementary tensor fields is given by

TCY? '-77 Ua? Ga? Aa, Aéﬁ? DZ? ¢s7 XZ[? Fs (3'40)

and the complex conjugated fields where J, v* and G* denote a complex scalar field, a complex and
a real vector field which in [§ are denoted by S, ¢* + id* and b®. A, (denoted as in [§) must not
be confused with one of the gauginos A}, of Gs + G, which appear as in minimal supergravity in the
curvatures Fiq' = iN %0, 4. The field content is completed by the gauge fields, ghosts, antighosts and
the corresponding Lagrange multiplier fields where again due to T, = 0 the spin connection is not an
elementary field but determined by (2.§). The supersymmetry transformations of the fields (B.40) can
be found in [§] or obtained from table 1 (by replacing there all fields and operators by their primed
counterparts, see below). In particular one has

DaTﬁ = %60!5 ['-7 + (n + 1)T7T’y] ’ ﬁdTa = Vads Daj — 0, Zjaj = /_\d. (341)

The BRS transformations of the fields (B.40) are obtained from (R.9), those of the ghosts and gauge
fields by (R-I0)—(R.I9). However it will be useful to rewrite the BRS algebra in terms of redefined
ghosts, gauge fields and supersymmetry transformations marked by primes and defined in terms of the
original (unprimed) ghosts, gauge fields and supersymmetry transformations such that D/, D, and D),
satisfy the algebra
(D)4, Dig} = ~Thp“ D — Fap'or

where the 7% ;¢ and F' 5 satisfy the constraints of minimal supergravity with R-transformations (in
fact such redefinitions have been used also in [§]). This is achieved by

D; =Dq +4n Tﬁlag +1 (371 + 1) TQ(S(T), 25:1 = ’Dd + 4n Tﬁlaﬁ —1 (371 + 1) Td(S(T) (3.42)

where log and ;5 = (lop)* denote the generators of SL(2, C) transformations of undotted and dotted
indices defined by

laﬁ = %Oﬂbaﬁlaby laﬁX = _Ey(aXﬁ)y laﬁX"y =0,

! 5abaﬁlabv la;’aX# = —Eé/(an), ldlg'X'y =0 (3.43)

aB = -3
and d(,y which originally was not contained in G is defined according table 2 where the R-charge of the
lowest component field ¢® of the sth chiral multiplet is denoted by the real number k* (k® is not fixed

by requiring (R.2) unlike the R-charges of the remaining fields).
Table 2:

YT | J JulBIAINID] 6 | x| F
5y ¥ | —iT | =2iT [ 0] 0 [iX [N | 0 | —ik*¢® | —2ik5x® | —3ikSF*

The redefined covariant derivatives read
D) = B, (O — V0 “Dly 4 0, Dl — Ll Ly, — ALLTS)) (3.44)

a

where the sum over i contains the R-transformation and the redefined gauge fields are given by

em’ = em” (3.45)
YL = h® +inTaam®, LY = P — in 6, Ty, (3.46)
AL = Ayt Vi# (), (3.47)
AL = B+ DL (D) — 30— DT T + ithy T — 9T}, (3.48)
Wi = EE" (Wmnlr — @lnrjm T Yhrmin);
Wy = €raOfmen)® — Wpn,or ), + iy, 009, (3.49)



with v, = €,,"v,. One can check that 1" BC and F BI indeed are given by (B.J) where of course now
unprimed fields have to be replaced by primed fields. In particular one finds

M = —4n[J +203n+1)TT], (3.50)
NE o= AL Vi (r), (3.51)
NI = 8! 4 3ni [—i Ao+ (B0 + 1)Tpa T4 + 251 TT, + (30 + 1)2TQTT} (3.52)

where S/, is obtained from (P.7) using primed gauge fields and torsions:
Sl =T P (e, ', AT M’ B') 6% 3.
Now we choose redefined ghosts such that
5 =C"8y + Do 4 E9Dg + CLo; = C' MO, + £ D! + & 4D, + C'16; (3.53)

holds identically in the fields where C"/§; contains d(r) unlike C!6;, i.e. in particular all terms containing
d(y must cancel on the r.h.s. of ([3.53). One easily verifies that this leads to

Clm:Cm, f/azfa, g/d:§d7 C/Z:CZ VZ# (7,)7 (354)
O’ = —i (3n+1)(£T + £T), (3.55)
"% = 0 4 4n(E0T — £5°°T). (3.56)

Notice that €’ ") does not have a part which is linear in the elementary fields as a consequence of the
fact that G does not contain d,). I remark that analogously to (8.53)

Om = A D + Ap1or = A 2Dy + AL Tor, (3.57)

§=¢"Da+ Clop = 4D), + C' oy, (3.58)

Fo=(res, Fa—gaylrga =04 En A (3.59)

hold identically in the fields (all contributions containing §(,) cancel on the r.h.s. of (B:57) and (B.59))

with C" = C™ + da™. §2 = 0 implies that (2:10)—(2-1) hold for the primed ghosts and gauge fields
(with primed torsions and curvatures), including C'(") and A’ (") as one can verify explicitly:

sA ) = 09, A" + (0, CMA LT 4 0,077 4 i(N o€ — EopN ™), (3.60)

sC' = ¢r9,C'\") — 2ica™E A, T, (3.61)

Thus on primed fields the BRS operator has the same form as in minimal supergravity and therefore

one obtains solutions of sWY = (0 for nonminimal supergravity from those obtained for old minimal

supergravity by replacing in the expressions for the latter all operators and fields with primed ones.

For instance one obtains from (B.f) invariant contributions to the action for nonminimal supergravity
given by

/ dzeP Q +ce, Q= HW N, )+ (D — MG (3.62)
where P’ is obtained from (B.5):

P = P, M) =D?—4i),c"D — 3M' + 16¢,0%, (3.63)
= D% — 4ihy0°D + 169,04y, + (13n — 3)TD + 2(3n — 1)(J + 8nTT — 4itheo®T).

I stress that H and G have to satisfy (B.§) where of course the condition imposed by d(w) 1s absent
unlike the condition imposed by d(,y which must hold (otherwise (B.62) is not invariant except for the
case n = —%) Contributions to H are therefore e.g.

HW' N,M', $) = aM’' + bW’dﬁ-ﬁW’dﬁﬁ + g NN+ V(d) + ... (3.64)

10



where a and b are constants, g;; are invariant symmetric tensors of G and the superpotential V' (¢) has
to satisfy

V(@)= D dsy.s, 8- 0%, 6V(P) =0 Yo #du), V()= —2iV(e). (3.65)

r>181...5r

Notice that this requires that a monomial ¢°! ... $*" contributing to V satisfies

i k=2 (3.66)

s=s1

which cannot be fulfilled if one imposes e.g. the chirality condition D4¢® = 0 on each of the chiral
multiplets. Thus one has to admit non zero k* in order to allow for solutions of (B.66). This corresponds
to a relaxed chirality condition imposed on the chiral multiplets:

D.¢°=0 < Dyd®=Bn+1)k"T, " (3.67)

Replacing unprimed fields and operators by primed ones in (B.11)), (B.1§) and (B.I7) one obtains so-
lutions of sW! = 0 for nonminimal supergravity. Of course it is not guaranteed that these solutions
are nontrivial since nonminimal supergravity has an extended field content and thus allows for coun-
terterms which do not exist in minimal supergravity. The nonabelian chiral anomalies stay nontrivial.
Notice that they keep their explicit form (B.1§) because all fields contributing to (B.17) agree with their
primed counterparts. Among the solutions of sWW!' = 0 obtained from (B.11) there are in particular
those arising from [ d*ze (C"P + §QP&T))Q(T). They are special since they do not depend on the
ghosts of the structure group due to (B.5). Most of these solutions turn out to be trivial but there are
also nontrivial ones among them. For instance the following (complex) solutions can be shown to be
nontrivial:

Whisy = [ d'ae{(3n+ D(ET + ENP' + i€ PO HguN X + V() (3.68)
with V as in (B.69), P’ as in (B.63) and
P = 4iAl, 0% 6 D' — 324,00 Pypp s+ 8N D). (3.69)

The solution of ([[.4) arising from (B.6§) is obtained from (B.1§) and reads

By = (D% = M) (2C" g N2+ V(9)}) - (3.70)

susy

4 Verification of §09™ =0

In order to verify that (B.1§), (B:21)), (B:23), (B-39), (B.36) and (B.70) indeed solve (L4) it is more con-

venient to use a decomposition of @914 into parts wp, of definite degree in the £ than the decomposition

C3):

4
G =" @y, =58 W, q, (67,401 0T). (4.1)
P=po
As an example the decomposition of (B.21]) is given in appendix [B. The decomposition (.1 starts at
a degree py which in general is different from zero (unlike the decomposition ([.J) which always starts
at degree 0) and the part @y, solves
0_wWp, =0 (4.2)

where _ is the operator

| . !
_:4' a a~—: ) €Y aad a—~. 4
=i = 2 (4.3)
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(£2) follows from the fact that d_ is the only part of § which decreases the degree in the ga (notice
that this is due to the constraints T,,3% = 0 and Tps" = 2i0%.4). The knowledge of the cohomology
of §_ will be very useful in the following. It has been computed in the first ref. [ (this derivation is
given in appendix [A]) and recently in [[[]. The result is

Cohomology of 0_:
0_f(€H =0 & f(€)=PE) + QWM+ kO +05_g(€h) (4.4)
where k does not depend on the €4, and 9%, 9 and © are given by
9% =80, 0% =%, O =&, (4.5)

Notice that the ©’s anticommute. Therefore the J_-cohomology does not contain nontrivial elements
with larger degree than 2 in the £%. This implies the following two useful lemmas:

Lemma 1: Each §-invariant 4—form in the 5‘” vanishes:
5(2)4 =0 < (2)4 =0. (46)

Proof: w4 = 0 implies 6_wy = 0, cf. ([.2). This implies wy = 6_7 for some 7 according to (E4).
However this requires that 7 has degree 5 in the £* and thus vanishes.

Lemma 2: Each solution of (~) whose decomposition (1)) reads @ = @3 + @4 can be written as
574 where 74 is a 4—form in the £%. 74 is unique and the solution of §_7n4 = w3.

5(@3 —l—tf)4) =0 < dfg: Sy =ws+wy, O0_7N4=Wws3. (4.7)

Proof: (i) Existence of f4: §(w3 + @&4) = 0 implies §_&3 = 0 according to ([.4). By means of ([£.4)
one concludes the existence of 74 such that 0_74 = @w3. Sy = w3 + w4 follows from the fact that
@' = W3 + Wy — 8Ny is a S-invariant 4-form in the €% and thus vanishes according to lemma 1. (ii)
Uniqueness of 7y: Assume that 7y and 7)) are two 4-forms in the €% whose § transformations equal
@3 + @q. Then the difference 7y — 7} is a S-invariant 4—form and thus vanishes according to lemma 1.

I use these lemmas in the following in order to prove that @2, ,, (I)Z’meel and @} solve ([L4). The
S-invariance of Cuffld, @22721, chir and &%, can be proved completely analogously, the 3-invariance of (8.70)

5

is a special case of 5w,

; = 0 after replacing unprimed quantities by their primed counterparts.

4.1 Proof of 505, =0
I first note that the decomposition ([E) of &2, reads
Dot = G + O3 + D1, G = —4iY 949409 (4.8)
J

where @y has been evaluated by means of ([C.7). Furthermore one easily verifies by means of (B.20)
that @2, , does not depend on £%:

d}gbel = ajgbel (gaa éaa éia (I)r) (49)
Using (R.17)—(R-19) one can check that
on @, &4 and abelian C:  § = 4Dy 4+ C1o;,  6;6% = grpieP (4.10)

with Dg given by (B20) and D, and D,, defined by

ﬁaq)r = Daq)ra ﬁaéib = 07 ,l?aéig = %ngabg + gﬁTaﬁgy ,l?aéi = %ngabi + gaFaaia

~ ~ ~ 4.11
Do®" =Do®", Dy&* =0, Dy =0, D,C" = 0. ( )

12



An important property of the operators Dy is that they can be used to construct a ‘chiral projector’
(DgD¥ — M) for functions which do not carry dotted spinor indices and do not depend on o

i f(€9,6%,01,07) =0 = Dy(DyD° — M)f(€,6%,C,0") =0 (4.12)

where ;5 = (lap)” generates the SL(2,C) transformations of dotted spinor indices, cf. B43). E12)

follows from the fact that the Dy Satisfy on the variables ®", £%, £€* and C" the same algebra as Dy
on the ®”, namely {Ds, Dﬁ} = —Ml,; as one easﬂy checks by means of (B.20). Using 6,5, ; = 0 one

concludes by means of (fl.10) and () that 505, is given by

X =300 = (€"Da + £*Da) Dpper- (4.13)

Now I prove that each term occurring in the decomposition 7)) of X vanishes. {]), (E1T) and ({EI3)
imply that this decomposition reads X = X5 + X3 + X4. First one verifies

X2 = gaﬁad)g =4 lgd@dzléj éaDan - O (414)
J

which holds due to D,£2; = 0 and implies X = Xg + X4 Since X is $-invariant by construction one
concludes by means of lemma 2 that there is a 4—form 74 such that §_7ny = X5. On the other hand one
easily verifies that X does not depend on §°‘ since this holds already for wabel, cf. (@) and since none
of the D, transformations (E17) depends on 50‘ This however contradicts d_14 = X3 unless X3 =0
since d_14 of course depends both on fa and §°‘ unless it vanishes. One concludes X = X, = 0 by
means of lemma 1 which proves @2, ., = 0.

4.2 Proof of 5 swnonabel 0

In order to prove that (B.15) solves ([.4) I show that

5G="Tr(F%), Tr(CF? —LC3F + & CP), (4.15)
§p="Tr(F%), p=3ETr("Ay ATAT + E5ATY AA) (4.16)

which implies 3 WZ S aber = 0 due to wn S abel = @ — P- ((.11) is easily verified by means of
§C=-C*+F, 5F=FC-CF (4.17)

which follows immediately from (R.19) and 52 = 0. (f.16) is verified using
F =19 F T, — 9%A, — 9aATE (4.18)

which is obtained by inserting the explicit expressions for Fag® given in (B.2) into (B.2Y). Using
99897 =09%9997=0 one easily verifies that the decomposition ([J)) of Tr(F3) reads

Tr(F%) =g + @1, 03 = § {0°0adalr(AT* AN) + 9409 Tr(Aq ATAT) }. (4.19)
(Notice that F does not contain a part of degree 0 in the £ due to the contraints Fggi = 0). Due to

5Tr(F3) = 0 one concludes by means of lemma 2 that in order to prove ([EI6) one only has to verify
§_p = w3 which holds due to ([C.5).
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4.3 Proof of 501, =0
In order to calculate §&%; one uses
$CF— I = LE@ R — o — i\
= 5(C'H)=F'H =iFO + (4 form in £%)

which holds for abelian C7 due to (B.19) and (B:33). Using in addition (C-4) one easily checks that the
decomposition (1) of §@%; is given by
Vi—sob =3 a; (W +Y9) + s,

J

Y] + V] = 20770 — 2M00 — 2006 + E2(Do V)it — 1f/€4(Da X)) — § 9 Eaad* D

By means of the explicit form for F7 given above and the D,, transformations of M given in table 1 one
verifies }}23 + Y?f = 0 which implies Y = Y;. By means of lemma 1 one finally concludes ¥ = §ok;=0.

5 Conclusion

The result of the investigation of ([[.]) for ¢ = 0 contains the statement that in the case of old minimal
supergravity the action contains at the most one Fayet—Iliopoulos contribution, namely the one which
corresponds to the R-transformations, while in the case of new minimal supergravity the action contains
a Fayet—Iliopoulos contribution for each abelian factor of the gauge group apart from the one which
corresponds to the R-transformations.

Among the solutions of ([.1]) with g = 1 there are in the case of new minimal supergravity up-to-now
unknown anomaly candidates (B.34) which do not have counterparts in old minimal supergravity and
are present if the gauge group contains at least two abelian factors. Furthermore the result contains
the statement that local supersymmetry itself is not anomalous in the cases of old and new minimal
supergravity since there are no solutions of ([[.1]) for g = 1 in these cases which depend only on the
supersymmetry ghosts and the “classical fields” but not on the ghosts CT of the structure group. I
remark that this result follows from the QDS structure [[Z], [f] of the theories discussed in subsections
B.1] and B.3 and may become invalid for instance if one drops the assumption that all matter multiplets
are chiral multiplets and allows for matter multiplets which do not have QDS structure.

Of course not only the matter multiplets must have QDS structure in order to guarantee that super-
symmetry itself is not anomalous but this must hold also for the supersymmetry multiplets containing
the torsions TABC and the curvatures Fag!. Examples for supergravity theories where these multi-
plets do not have QDS-structure are the nonminimal theories discussed in subsection B.3. They indeed
allow for solutions of ([[.]) which do not depend on the C and which therefore provide candidates for
anomalies of local supersymmetry. Some of these solutions have been given explicitly in (B.6§). They
seem to have close relationships to candidates for anomalies of R-transformations present in minimal
supergravity as their construction given in subsection B.3 suggests.

A Cohomology of §_

In order to prove ([4) we first determine those §_-invariant functions which do not depend on {f‘l
(notice that they are nontrivial since each nonvanishing function of the form §_Y" depends both on §*
and £%). The result is:

S_f(€* =0 & f=QU"&. (A1)
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In order to prove (A.1) we choose a basis for the functions f (€4 £%) consisting of the following mutually
distinct subsets f;n, i =1,...,10,n =0,1,...:

frm={€0 ... &%,

fom = {0 €8P} fy = {€0 . £ €€,

fam ={€0 . E0mE0 58P, o = {€0 .. £ P80,

fom = {0 €8P 0G 800, frn = {€0 . £5nE 8098 Y,

fon = {80 £8P0, fou = {80 ... E2EEME Y,

from = {€% . €€ 5}
where each f;, denotes a complete irreducible SL(2,C) multiplet, e.g. fi1 = {51 52} Since §_
commutes with the SL(2,C) generators and changes the degree in the €4 regp. €% by 1 resp. —1,
one can investigate without loss of generality each subspace f;, separately in order to determine the
§_-invariant functions f(£9%,£%). One easily verifies that only the functions contained in fins fan

and f7,, are §_-invariant and that they are those which are of the form Q(9%,£%). This proves (A.1)).
Analogously one can show that the d_-invariant functions which do not depend on €% are of the form

P(0%,6%).

Now we investigate those functions f(£4) which vanish for £* = 0 and for £€% = 0:

F=3 aga(E) (ENIE) (E)(ED,  anost = agroo = 0. (A.2)

q,7,8,t
Without loss of generality one can assume that f (£A) has definite ghost number and thus can be written
as a polynomial in & ‘! with coefficients which depend on 5‘2 50‘0‘ and §°‘
FEN =D (€ fulé® €5, E9), (A.3)
n=0

d_ is decomposed into

_=£%D,, Dy =4i% PR (A.4)
0_f = 0 implies in particular .
Difz=0. (A.5)

In order to solve (@) we define an operator r whose anticommutator with D; is the counting operator
N for the variables €% and €%, & = 1,2:

a1 O 0 s O

al cal
igdd_—_ = {r D 4+ £ — = N. A6
7S PYS {r.D1} =¢ 3 gal ¢ P (A.6)
Due to (A.d) f does not contain a zero mode of /. Therefore one concludes by means of standard

arguments (for instance by means of the Basic lemma [R0]) that fr is a trivial solution of (A.H) (notice
that (D1)2 = O):

fﬁ: Dlgﬁ(é?)édavgd)' (A7)
This implies due to 1Dy = 6_ — £2Dy:
n—1
A0 f=0-g+f, f =D (€)%, (A-8)
n=0
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where

g = (51)5—1%7 f%—l :fﬁ—l_g2-b2.gﬁ7 n<n—1: f’r/L:fn
Notice that f’ is a polynomial which has lower degree in £! than f and differs from f only by a trivial
contribution. Therefore one can iterate the argument leading to (A.§) and conclude that a §_-invariant

polynomial of §1 is trivial up to a part F which does not depend on ¢l at all. F is written as a
polynomial in ¢2 with coefficients F(£4%, &%) (Fy vanishes due to (A.2)):

f=0-h+ F F=3 (&) F(¢). (A.9)
r>1
0_ f = 0 requires
O_F,(£9° %) =0 Vr (A.10)

since §_-invariant functions of different degree in the £ have to be separately invariant (thus in fact
one can assume without loss of generality that the sum ), in ([A.9) contains only one nonvanishing
contribution). By means of (A.1) one concludes from ([A.1()

Fr (£, €%) = Qr(9°,6%). (A.11)

Thus F is a linear combination of §_-invariant monomials (€2)7(£1)%(€2)!(91)? (92)* where v,w € {0,1}
since the ¥* anticommute. By means of the identities

260 = —40.67, 80 = 8% = 15 (8487, (A12)
(€2)%0" = (€2)%64 s = —1 0-(£2€%€™ — 516248 (A.13)
one concludes that these monomials are d_-trivial except for those which satisfy s =t = w = 0 and

r < 2. In fact F contains only one monomial with these properties since (A.J) excludes the values
r =0 and v = 0 in the case s =t = w = 0 and one concludes

F=>(8)Q,0" %) =6_Y — 2k 09" (A.14)

r>1
The proof of ([4) is completed by means of the identity
52,[91 — %(52191 _ 51192) + %(52191 + 51192) — _% o — % 5_(52@5@1)‘ (A15)

B Decomposition of wnombel

It is has been mentioned already that (B.21]) does not depend on the gravitino. This remarkable fact
holds since the gravitino depending contributions to fa §°‘ and F’ cancel in F. Namely evaluating
F explicitly by means of (2:20) and (2.4) one obtains

F=dA+A*+ L, d=C"d,, A=C"A,'T;, L=C"¢o,AM—A0yé) (B.1)
with C™ as in (£:21]). Using (B and C' = C 4 A one easily determines the decomposition ([E1]) of
(B-21):

Gy Z
nonabel Wp)

g = Tr{C’d(AdA +LA%) 4 (LA+ AL)dA + 3LA% — 32 (eAATAT + EAT AN},
Wy = Tr{-1(C*A+ CAC + AC*)dA — 1 C*A® + (LC + CL)dA
1(CA? — ACA + A*0)L + AL},
Gy = L Tr{—C3dA + ACAC? — (C?A + CAC + AC?)L + 2C 1%},
w1 =3 Tr(C*A — C3L),
@0 = 15 Tr(C®).
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C Useful identities

2 = — 4 Cabea EUEPEE = — 5 EPE, €90 5 (C.1)
0 =6 E0, DY =80, 0 =286 (C.2)
0Nt = — 107800, it = L E8E 0P (C.3)
0_E=—L0°6sl%, 0t =200 = —9705E, ot =20% 0 = 0,07 (C.4)
0_(2EY) = 29%09,0%, §_(2E%) = L9a0%09” (C.5)
DsZ = —2i7le = —§ abed €0 ai€ €€" = —§ Cabea §°0"aa€ €67 — 229 "0 s (C.6)
DyDAE = —4i 0409% — 2ME (C.7)

= 8il"E" o apé + 1618 E Eaaptbe + B (169a0" by — 2M) (C.8)
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