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Abstract

All anomaly candidates and the form of the most general invariant local action are given for old
and new minimal supergravity, including the cases where additional Yang–Mills and chiral matter
multiplets are present. Furthermore nonminimal supergravity is discussed. In this case local su-
persymmetry itself may be anomalous and some of the corresponding anomaly candidates are given
explicitly. The results are obtained by solving the descent equations which contain the consistency
equation satisfied by integrands of anomalies and invariant actions.
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1 Introduction

For a large class of gauge theories one can construct a nilpotent BRS operator s and use it to characterize
invariant actions and anomaly candidates as nontrivially BRS-invariant local functionals of the fields
[1], [2], i.e. as solutions Wg of the so-called consistency equation

sWg = 0, Wg 6= sΓg−1 (1.1)

where Wg, Γg−1 are local functionals of the fields whose superscript denotes their ghost number.
Invariant actions are solutions W0 with ghost number 0, anomaly candidates are solutions W1 with
ghost number 1 (in the case g = 1 (1.1) contains the consistency conditions which anomalies have to
satisfy and which have been first derived for Yang–Mills theories [3]).

The present paper contains results of an investigation of (1.1) for old minimal supergravity [5],
new minimal supergravity [6] and nonminimal supergravity [7], [8] where in all cases not only pure
supergravity is considered but its coupling to Yang–Mills multiplets and chiral matter multiplets is
included. I remark that the results for old and new minimal supergravity are complete i.e. in these
cases there are no solutions W0 and W1 of (1.1) apart from those given here (modulo trivial solutions
sΓ−1 resp. sΓ0)1. However it is not the subject of this paper to prove this statement since the proof
can be performed in more generality [9]. Instead the present paper spells out the general results of
[9] explicitly for the supergravity theories mentioned above. This includes the solution of the so-called
descent equations which follow from (1.1) and read

0 < p ≤ 4 : s ωg+4−p
p + dωg+5−p

p−1 = 0, s ωg+4
0 = 0 (1.2)

where d = dxm∂m is the exterior derivative, ωg+4−p
p denotes a local p–form with ghost number g + 4 − p

and ωg
4 is the integrand of the solution of (1.1):

Wg =

∫

ωg
4 . (1.3)

In a more compact form (1.2) reads

s̃ ω̃g+4 = 0, s̃ = s+ d (1.4)

where ω̃g+4 denotes the formal sum of the forms ωg+4−p
p

ω̃g+4 =
4

∑

p=0

ωg+4−p
p . (1.5)

The discussion of (1.2) resp. (1.4) will give insight into the method used to solved (1.1). Namely in
fact the solutions of (1.4) have been calculated first and then the solutions of (1.1) have been obtained
from them via (1.3). This method takes advantage of the fact that, as one can prove for a large class
of gauge theories [10], each solution of (1.4) can be written—up to trivial contributions of the form
s̃ω̃g+3—entirely in terms of tensor fields and certain variables which generalize the ordinary connection
forms. This holds in particular for the supergravity theories discussed here where the variables which
generalize the connection forms are given in (2.20) and (3.32) and the set of tensor fields is given in
(3.7) where {Ψl} in the case of minimal supergravity is given by (3.1) and in the case of nonminimal
supergravity by the fields listed in (3.40) and the respective complex conjugated fields:

ω̃g+4 = ω̃g+4(ξ̃A, C̃I , Q̃,Φr). (1.6)

The paper is organized as follows: In section 2 the BRS operator for supergravity is given (the BRS
transformations given in this paper agree with those derived in [11]), section 3 recalls the basic features

1The results given for nonminimal supergravity are incomplete.
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and the field content of old, new and nonminimal supergravity and contains the solutions of (1.1) and
(1.4) for g = 0, 1, and in section 4 it is verified that s̃ω̃g+4 = 0 holds for the expressions given in section
3 for ω̃g+4. Finally a short conclusion is given, followed by three appendices.

The conventions concerning grading, complex conjugation, σ–matrices etc. agree with those used
in [12] and as there I use exclusively the component formalismus, i.e. none of the fields appearing in
this paper denotes a superfield.

2 BRS operator

The BRS operator for supergravity is conveniently constructed by means of the algebra

[DA,DB} = −TAB
CDC − FAB

IδI , [δI ,DA] = −gIA
BDB , [δI , δJ ] = fIJ

KδK (2.1)

which is realized on tensor fields. {DA} consists of the covariant derivatives Da and supersymmetry
transformations Dα, D̄α̇ = (Dα)∗. {δI} denotes a real basis of the Liealgebra G of the structure group
which in general is the direct sum of the Lorentz algebra GL, a further semisimple Liealgebra Gs and
abelian part Ga. The Lorentz generators are denoted by lab = −lba, the elements of Gs + Ga by δi.

{DA} = {Da,Dα, D̄α̇}, {δI} = {δi, lab : a > b}, δi ∈ Gs + Ga, lab ∈ GL.

In (2.1) the structure constants of G are denoted by fIJ
K and the gIA

B are the entries of the matrices
gI which represent G on the DA. The only nonvanishing gIA

B occur for δI ∈ {lab, δ(w), δ(r)} where
δ(w) and δ(r) denote the generators of Weyl transformations and of U(1) transformations called R-
transformations:

[lab,Dc] = ηbcDa − ηacDb, [lab,Dα] = −σab α
βDβ , [lab, D̄α̇] = σ̄ab

β̇
α̇D̄β̇,

[δ(r),Da] = 0, [δ(r),Dα] = −iDα, [δ(r), D̄α̇] = i D̄α̇,

[δ(w),Da] = −Da, [δ(w),Dα] = − 1

2
Dα, [δ(w), D̄α̇] = − 1

2
D̄α̇.

(2.2)

The gauge fields corresponding to Da, Dα, D̄α̇, lab and δi are the components em
a, ψm

α, ψ̄m
α̇, ωm

ab,
Am

i of the vierbein, the gravitino and its complex conjugate, the spin connection and the gauge fields
of Gs + Ga respectively. They are used to define the covariant derivatives of a tensor field Φ as in [13]
by

Da Φ = Ea
m(∂m − ψm

αDα −Am
IδI)Φ ⇔ ∂m Φ = (Am

ADA + Am
IδI)Φ (2.3)

where ∂m denote the partial derivatives, Ea
m are the entries of the inverse vielbein

Ea
mem

b = δb
a, em

aEa
n = δn

m,

and the following notation and summation conventions are used in order to simplify the notation:

{Am
A} = {em

a, ψm
α, −ψ̄m

α̇}, {Am
I} = {ωm

ab, Am
i}, (2.4)

Am
AXA = em

aXa + ψm
αXα, ψm

αXα = ψm
αXα − ψ̄m

α̇Xα̇. (2.5)

Requiring [∂m, ∂n]Φ = 0 one obtains from (2.3) by means of (2.1)

Fab
I = 2Ea

mEb
n(∂[mAn]

I + 1

2
fJK

IAm
JAn

K + e[m
cψn]

αFαc
I + 1

2
ψm

αψn
βFαβ

I), (2.6)

Tab
A = 2Ea

mEb
n(∂[mAn]

A + e[m
cψn]

αTαc
A + A[m

BAn]
IgIB

A + 1

2
ψm

αψn
βTαβ

A) (2.7)

i.e. the curvatures Fab
I and the torsions Tab

A are given in terms of the gauge fields, their partial
derivatives and the remaining torsions and curvatures. The equation which determines Tab

c can also
be solved for ωm

ab and yields in particular:

Tab
c = 0 ⇔ ωm

ab = EanEbr(ω[mn]r − ω[nr]m + ω[rm]n),

ω[mn]r = era(∂[men]
a + e[m

aAn]
(w) + e[m

bψn]
αTαb

a + 1

2
ψm

αψn
βTαβ

a) (2.8)
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where Am
(w) denote the gauge fields of Weyl transformations. The BRS operator is constructed by

means of ghost fields associated with diffeomorphisms, supersymmetry and structure group transfor-
mations and denoted by Cm, ξα, ξ̄α̇ and CI respectively (Cm, CI are anticommuting and ξα, ξ̄α̇ are
commuting ghosts). The BRS transformations read

sΦ = (Cn∂n + ξαDα + ξ̄α̇D̄α̇ + CIδI)Φ, (2.9)

s em
a = Cn∂nem

a + (∂mC
n)en

a + CIgIb
aem

b − ξαAm
BTBα

a, (2.10)

s ψm
α = Cn∂nψm

α + (∂mC
n)ψn

α +Dmξ
α + CIgIβ

αψm
β − ξβAm

BTBβ
α, (2.11)

sAm
I = Cn∂nAm

I + (∂mC
n)An

I +DmC
I − ξαAm

BFBα
I , (2.12)

sCm = Cn∂nC
m + 1

2
ξγξβTβγ

aEa
m, (2.13)

s ξα = Cn∂nξ
α + CIgIβ

αξβ + 1

2
ξγξβ(Tβγ

α − Tβγ
aEa

mψm
α), (2.14)

sCI = Cn∂nC
I + 1

2
fKJ

ICJCK + 1

2
ξγξβ(Fβγ

I − Tβγ
aEa

mAm
I) (2.15)

where Dmξ
α and DmC

I are defined by

Dmξ
α = ∂mξ

α −Am
IgIβ

αξβ, DmC
I = ∂mC

I + Am
JfJK

ICK

and the following summation convention is used (notice the different signs in (2.5) and (2.16))

ξαXα = ξαXα + ξ̄α̇Xα̇. (2.16)

(2.3), (2.6), (2.7) and (2.9)–(2.15) can be written in the following compact form

s̃Φ = (ξ̃ADA + C̃IδI)Φ, (2.17)

s̃ ξ̃A = C̃IgIB
Aξ̃B − 1

2
(−)|B|ξ̃B ξ̃CTCB

A, (2.18)

s̃ C̃I = 1

2
fKJ

IC̃J C̃K − 1

2
(−)|A|ξ̃Aξ̃BFBA

I (2.19)

where |A| denotes the grading of DA (|a| = 0, |α| = |α̇| = 1), and ξ̃A, C̃I are the generalized connection
‘forms’ mentioned in the introduction and defined by

ξ̃a = Ĉnen
a, ξ̃α = ξα + Ĉnψn

α, ξ̃α̇ = ξ̄α̇ − Ĉnψ̄n
α̇ C̃I = CI + ĈnAn

I (2.20)

where Ĉn denotes the sum of the differential dxn and the ghost Cn of diffeomorphisms:

Ĉn = dxn + Cn. (2.21)

Using (2.17)–(2.19) one may verify that

s̃2 = 0 ⇔ s2 = [s, ∂m] = [∂m, ∂n] = 0 (2.22)

holds by virtue of the algebra (2.1) and its Bianchi identities which have been discussed in [14], [8],
[15] and read

∑

ABC

◦ (−)|A| |C|(DATBC
D + TAB

ETEC
D + FAB

IgIC
D) = 0, (2.23)

∑

ABC

◦ (−)|A| |C|(DAFBC
I + TAB

DFDC
I) = 0 (2.24)

where
∑

◦ denotes the cyclic sum.

In order to construct a gauge fixed action one introduces in addition an antighost field ζ and a
‘Lagrange multiplier field’ b for each gauge field and defines sζ = b, sb = 0 which implies that these
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fields contribute only trivially to solutions of (1.1). This completes the construction of the BRS algebra
for supergravity theories whose field content consists of tensor fields, gauge fields Am

A, Am
I and the

corresponding ghosts, antighosts and b–fields. For supergravity theories containing additional fields one
has to specify their BRS transformations as well. This will be done in subsection 3.2 for new minimal
supergravity which contains antisymmetric gauge potentials, corresponding ghosts and a ghost for these
ghosts.

I stress that the BRS operator is defined and nilpotent on all fields unlike the algebra (2.1) which
is assumed to be realized only on tensor fields but not on the gauge fields or the ghosts.

3 Results

3.1 Old minimal supergravity

Apart from the gauge, ghost, antighost and b fields, the field content of old minimal supergravity with
Yang–Mills and chiral matter multiplets consists of elementary tensor fields

{Ψl} = {M,M̄,Ba, λi
α, λ̄

i
α̇,D

i, φs, φ̄s, χs
α, χ̄

s
α̇, F

s, F̄ s} (3.1)

where M ,φs,F s are complex Lorentz scalar fields (M̄ ,φ̄s,F̄ s denote the complex conjugated fields), B
is a real Lorentz vector field, Di are real Lorentz scalar fields and λi and χs are complex spinors. λi

and Di are the gauginos and auxiliary fields of the super Yang–Mills multiplets of Gs + Ga, φ
s,χs,F s

denote the elementary component fields of the sth chiral matter multiplet, M and B are the auxiliary
fields of the supergravity multiplet. In the following all formulas are given for the case in which Ga

contains δ(w) and δ(r). The results for the cases in which Weyl or R-transformations are not contained
in the gauge group are simply obtained by setting to zero the corresponding fields everywhere.

Except for Fab
I and Tab

α which are obtained from (2.6) and (2.7) and up to complex conjugation
the torsions and curvatures are given by

Tab
c = Tαβ

a = Tαβ
γ = Tαa

b = Fαβ
i = 0, Fα̇a

i = iλi ασa αα̇,

Tαα̇
a = 2iσa

αα̇, Tαa
α̇ = − i

8
M̄σa α

α̇, Tαa
β = −i (δβ

αBa +Bbσab α
β),

Fαβ
ab = −M̄σab

αβ, Fαα̇
ab = 2i εabcdσc αα̇Bd,

Fα̇b
cd = i (T cdασb αα̇ − 2σ[c

αα̇T
d]

b
α − 2δb

[cσd]
αα̇λ

(w) α). (3.2)

ωm
ab is obtained from (2.8). The BRS transformations of the ghosts and gauge fields are obtained

from (2.10)–(2.15), those of the fields (3.1) from (2.9) using table 1 where S, U , Gi, S̄, Ū , Ḡi denote
SL(2,C) irreducible tensors constructed of the Fab

i and Tab
α:

Gαβ
i = −Fab

iσab
αβ , Sα = Tab

βσab
βα, U

α̇β̇
γ = Tab

γσ̄ab
α̇β̇
, Wαβγ = Tab(ασ

ab
βγ)

⇔ Tαα̇ ββ̇ γ = εαβUα̇β̇γ + εβ̇α̇(Wαβγ + 2

3
εγ(αSβ)), Fαα̇ ββ̇

i = εαβḠα̇β̇
i + εα̇β̇Gαβ

i. (3.3)

Table 1:

Ψ DαΨ D̄α̇Ψ

M 16

3
(Sα − iλ

(r)
α − 3

2
λ

(w)
α ) 0

B
ββ̇

1

3
εβα(S̄

β̇
+ 4iλ̄

(r)

β̇
) − Ū

αββ̇
1

3
ε
β̇α̇

(Sβ − 4iλ
(r)
β ) − U

α̇β̇β

λi
β iεαβD

i +Gαβ
i 0

Di Dαα̇λ̄
iα̇ + 3i

2
Bαα̇λ̄

iα̇ Dαα̇λ
iα − 3i

2
Bαα̇λ

iα

φ χα 0
χβ εβαF −2iDβα̇φ
F − 1

2
M̄χα −2iDαα̇χ

α − 4λ̄i
α̇δiφ+Bαα̇χ

α

4



Let me now describe the results of the investigation of (1.1). Up to contributions of the form sΓ−1

each real local solution W0 of (1.1) can be written in the form2

W0
old =

∫

d4x eP Ω + c.c., e = det(em
a) (3.4)

where P is the operator

P = D̄2 − 4iψaσ
aD̄ − 3M + 16ψaσ

abψb, D̄2 = D̄α̇D̄
α̇, ψa

α = Ea
mψm

α (3.5)

and Ω is an antichiral function of the tensor fields given by

Ω = H(M̄, W̄ , λ̄, φ̄) + (D2 − M̄)G(Φ), D2 = DαDα (3.6)

where H depends only on the (undifferentiated) fields M̄, W̄α̇β̇γ̇ , λ̄
i
α̇, φ̄ while G depends on all variables

{Φr} = {Da1
. . .Dan

Ψl, Da1
. . .Dan

Fab
I , Da1

. . .Dan
Tab

α : n ≥ 0} (3.7)

with {Ψl} as in (3.1). H and G are additionally restricted by

δIH = δIG = 0 ∀ δI ∈/ {δ(r), δ(w)},

δ(w)H = −3H, δ(w)G = −2G, δ(r)H = −2iH, δ(r)G = 0 (3.8)

where the conditions imposed by δ(w) or δ(r) of course are absent if G does not contain the respective gen-

erator. I remark that W0
old contains only one Fayet–Iliopoulos contribution [16], namely

∫

d4x e aD(r)

where a is a real constant. This Fayet–Iliopoulos contribution arises from the contribution 3a
64M̄ to Ω

which gives the supersymmetric version of the Einstein–Hilbert action due to

D̄2M̄ = 16

3
(1

2
R+ 2D(r) + 3

8
MM̄ − 3BaBa + 3iD(w) − 3iDaB

a), R = Fab
ba. (3.9)

Of course (3.9) is not Weyl-invariant and thus contributes to W0
old only in the case δ(w) ∈/ G. Using

table 1 one can check that further Fayet–Iliopoulos contributions indeed do not arise from (3.4).
Each real solution W1 of (1.1) is in the case of old minimal supergravity of the form

W1 = W1
abel + W1

nonabel + c.c. (3.10)

where W1
abel and W1

nonabel are complex solutions of (1.1) collecting the candidates for ‘abelian’ and
‘nonabelian’ anomalies respectively. W1

abel is given by

W1
abel =

∫

d4x e
∑

j

′ {

CjP + ξαPj
α

}

Ωj (3.11)

where
∑′

j runs only over the abelian factors of the gauge group, P is the operator (3.5), each Ωj is of
the form (3.6) with Hj and Gj restricted by (3.8) and Pj

α is the operator

Pj
α = 4iAa

jσa
αα̇D̄

α̇ − 32Aa
jσab

α
βψbβ + 8λj

α, Aa
j = Ea

mAm
j . (3.12)

In particular (3.11) contains the supersymmetric abelian chiral anomalies which arise from contributions

gklλ̄
kλ̄l and aW̄α̇β̇γ̇W̄

α̇β̇γ̇ to Ωj where gkl are purely imaginary constant tensors of Ga + Gs and a
are complex constants. Notice that if G contains neither δ(w) nor δ(r) then Ωj contains a constant
contribution

aj

8 which gives rise to the following simple solutions of (1.1):

∫

d4x e
∑

j

′
aj (ξλj − 4Aa

jξσabψb + 2Cjψaσ
abψb) + c.c. (3.13)

2Due to the reality of s each complex solution of (1.1) is of the form Wg = Wg

1
+ iW

g

2
where Wg

1
and Wg

2
are real

solutions of (1.1).
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W1
nonabel is a linear combination of the independent supersymmetric nonabelian chiral anomalies ∆τ

nonabel

which are labeled by τ (there are as many of them as Gs has independent Casimir operators of third
order):

W1
nonabel =

∑

τ

aτ ∆τ
nonabel, aτ = const., (3.14)

∆τ
nonabel =

∫

Tr
{

Cd(AdA+ 1

2
A3) + (LA+AL)dA + 3

2
LA3

−3 d4x e (ξ̄Λ†ΛΛ + ξΛΛ†Λ†)
}

(3.15)

where C, A, Λα, Λ†
α̇, L denote the matrices

C = CiTi, A = dxmAm
iTi, Λα = iλj

αTj , Λ†
α̇ = iλ̄j

α̇Tj , L = dxmem
a(ξσaΛ

† − Λσaξ̄) (3.16)

defined by means of a suitably chosen matrix representation {Ti} of Gs satisfying

[Ti, Tj ] = fij
kTk

(in general one of course has to choose different representations {Ti} for different values of τ). Notice
that (3.15) depends on the vielbein only via the 1–forms ea = dxmem

a due to

d4x e = − 1

24
εabcd e

aebeced

i.e. the integrand of ∆τ can be written completely in terms of the forms Ai = dxmAm
i, dAi, ea and

the fields Ci, ξα, ξ̄α̇, λi
α and λ̄i

α̇. In flat space where one can choose em
a = δa

m and identify ea with a
constant differential dxa, (3.15) agrees completely with the form of globally supersymmetric nonabelian
chiral anomalies derived in [17], i.e. the expressions derived in [17] are in fact not only globally but
also locally supersymmetric after replacing dxa with ea, without adding any gravitino dependent terms
to these expressions. In fact the independence on the gravitino does not only hold for ∆τ

nonabel but
for the complete solution (3.21) of the descent equations (1.4) arising from it as is shown explicitly in
appendix B.

Notice that the contribution
∫

Tr{Cd(AdA+ 1

2
A3)} to (3.15) is the well-known form of a nonabelian

chiral anomaly in the nonsupersymmetric case (see e.g. [18]) and the remaining terms in (3.15) represent
its supersymmetric completion.

I remark that the abelian chiral anomalies arising from contributions gklλ̄
kλ̄l to Ωj in (3.11) (with gkl

purely imaginary) can be written in a similar form as (3.15). Namely by adding a suitable counterterm
sΓ0 to (3.11) they become linear combinations of solutions ∆τ

abel of (1.1) given by

∆τ
abel =

∫

{

CjTr(F 2) + 2AjTr(FL) − i d4x e
[

ξλjTr(Λ†Λ†) + ξ̄λ̄jTr(ΛΛ)

+2λ̄j
α̇Tr(Λ

† α̇ξΛ) + 2λj αTr(Λαξ̄Λ
†)

]}

, F = dA+A2 (3.17)

where Cj, Aj and λj denote the ghost, connection 1–form and gaugino of an abelian factor of the gauge
group.

The solutions ω̃4 and ω̃5 of the descent equations (1.4) arising from (3.4) and (3.11) can be written
in the following remarkably simple form

ω̃4
old = (D̃α̇D̃

α̇ −M)(Ξ Ω), ω̃5
abel =

∑

i

′
(D̃α̇D̃

α̇ −M)(Ξ C̃iΩi) (3.18)

where Ξ denotes the product of all ξ̃a and D̃α̇ is an extension of D̄α̇ suitably defined on the variables
(2.20):

Ξ = − 1

24
εabcd ξ̃

aξ̃bξ̃cξ̃d, D̃α̇Φr = D̄α̇Φr, D̃α̇ξ̃
A = ξ̃BTBα̇

A, D̃α̇C̃
i = ξ̃AFAα̇

i. (3.19)
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Using the explicit expressions (3.2) one obtains in particular

D̃α̇ξ̃β̇β
= 4i ε

β̇α̇
ξ̃β, D̃α̇ξ̃α = − i

8
ξ̃αα̇M, D̃α̇C̃

j = −i ξ̃αα̇λ
j α. (3.20)

The solution of (1.4) arising from (3.15) reads

ω̃5,τ
nonabel = Tr

{

C̃F̃2 − 1

2
C̃3F̃ + 1

10
C̃5 − 3Ξ (ξ̃αΛα Λ†Λ† + ξ̃α̇Λ† α̇ ΛΛ)

}

(3.21)

with Λα and Λ†
α̇ as in (3.16) and

C̃ = C̃iTi, F̃ = − 1

2
(−)|A|ξ̃Aξ̃BFBA

iTi. (3.22)

The solution of (1.4) arising from an abelian chiral anomaly (3.17) has a similar form:

ω̃5,τ
abel,chir = C̃jTr(F̃2) − iΞ

{

ξ̃αλj
αTr(Λ

†Λ†) + ξ̃α̇λ̄
α̇ jTr(ΛΛ)

+2λ̄j
α̇Tr(Λ

† α̇ξ̃αΛα) + 2λj αTr(Λαξ̃α̇Λ† α̇)
}

. (3.23)

3.2 New minimal supergravity

New minimal supergravity differs from old minimal supergravity with regard to its field content. Namely

M , λ
(r)
α , D(r) and Ba are not elementary fields any more. Instead new minimal supergravity contains

a new set of elementary fields consisting of the components tmn = −tnm of a 2–form gauge potential,
corresponding ghosts Qm and a ghost Q for these ghosts3 which have the following reality properties,
ghost numbers and gradings:

tmn = (tmn)∗, gh(tmn) = 0, |tmn| = 0,
Qm = (Qm)∗, gh(Qm) = 1, |Qm| = 1,
Q = −Q∗, gh(Q) = 2, |Q| = 0.

(3.24)

This field content arises from setting to zero the field M and the superfield arising from it in old
minimal supergravity with gauged R-transformations (but without Weyl transformations). This leads
to the identifications

M ≡ 0, λ(r)
α ≡ −iSα, D(r) ≡ − 1

4
R+ 3

2
BaBa, (3.25)

Ba ≡ em
a εmnkl (1

2
∂ntkl + iψnσkψ̄l) (3.26)

where εmnkl = Ea
mEb

nEc
kEd

lεabcd ∼ 1/e and σm = em
aσa. (3.25) and (3.26) are required by M =

DαM = DαDαM = 0, cf. table 1 and (3.9). In particular (3.26) which has been given already in the
second ref. [6] ‘solves’ DaB

a = 0 ⇔ DαDαM − c.c. = 0 identically in terms of elementary fields which
is a rather involved condition since it reads more explicitly

0 = DaB
a = Ea

m(∂m − 1

2
ωm

bc(e, ψ)lbc − ψm
αDα + ψ̄m

α̇D̄α̇)Ba (3.27)

where D̄α̇B
a and DαB

a are obtained from table 1 using the second identity (3.25):

D̄α̇Bββ̇
= ε

α̇β̇
Sβ − U

α̇β̇β
⇔ D̄α̇B

a = − i
2
εabcdσb αα̇Tcd

α. (3.28)

The nilpotent BRS transformations of tmn, Qm and Q read

s tmn = Ck∂ktmn + (∂mC
k) tkn + (∂nC

k) tmk − ∂mQn + ∂nQm

−i(ξσmψ̄n − ξσnψ̄m + ψmσnξ̄ − ψnσmξ̄), (3.29)

sQm = Cn∂nQm + (∂mC
n)Qn + ∂mQ+ 2i ξσnξ̄ tnm − i ξσmξ̄, (3.30)

sQ = Cm∂mQ− 2i ξσmξ̄ Qm (3.31)
3In order to fix a gauge for tmn and Qm one introduces additional fields whose role is analogous to that of the fields ζ

and b. As the latter these additional fields contribute only trivially to solutions of (1.1).
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where σm = Ea
mσa. (3.26) and (3.29)–(3.31) can be written in a more compact notation which is

analogous to (2.18) and (2.19) and reads (with ξ̃A and Ĉm as in (2.20), (2.21)):

H̃ = s̃ Q̃, H̃ = 1

6
ξ̃aξ̃bξ̃cεabcdB

d + i ξ̃αξ̃αα̇ξ̃
α̇, Q̃ = 1

2
ĈmĈn tmn + ĈnQn +Q. (3.32)

The BRS transformations of the remaining fields can be obtained from their counterparts in old minimal
supergravity using (3.25) and (3.26). Therefore one obtains solutions of (1.1) for new minimal super-
gravity simply by making the identifications (3.25), (3.26) in the solutions W0

old, W
1
abel and W1

nonabel

obtained for old minimal supergravity. However the presence of the fields tmn, Qm and Q is responsible
for the fact that this does not give all solutions of (1.1) with g = 0, 1 for new minimal supergravity.
Namely there are a few additional solutions which cannot be obtained in this way. I denote these
additional solutions by WFI in order to point out that W0

FI are locally supersymmetric versions of
Fayet–Iliopoulos contributions to the action and W1

FI are anomaly candidates of a similar form. They
are given by

W0
FI =

∫

d4x e
∑

i

′
ai

{

Di − 2BaAa
i + λiσmψ̄m + ψmσ

mλ̄i
}

, (3.33)

W1
FI =

∫

d4x e
∑

i,j

′
aij

{

Ci(Dj + εmnklAm
j∂ntkl + λjσmψ̄m + ψmσ

mλ̄j)

−Am
i(ξσmλ̄j + λjσmξ̄) − iεmnklAm

iAn
j(ξσkψ̄l + ψkσlξ̄)

}

, aij = −aji (3.34)

where
∑′

i and
∑′

i,j run only over abelian factors as in (3.11) and the constants ai, aij must be chosen real
in order to get real solutions of (1.1). Notice that the supersymmetrized Einstein–Hilbert action W0

EH

is contained in (3.33) since D(r) which contributes to (3.33) has to be identified with −1
4R + 3

2B
aBa

according to (3.25). The form of W0
EH obtained from (3.33) agrees with that given in the second ref.

[6] and in [15]. Thus we obtain the result that in the case of new minimal supergravity the action
contains a Fayet–Iliopoulos contribution for each abelian factor apart from the one corresponding to
the R-transformations which becomes a contribution

∫

d4xe(−1
4R+ 3

2B
aBa) to W0

EH .
I stress again that apart from W0

EH the solutions Wg
FI do not have counterparts in old minimal

supergravity. This holds in particular for the anomaly candidates (3.34). Notice that they are present
only if the structure group contains at least two abelian factors, i.e. at least one abelian factor in
addition to the R-transformation, since the aij are antisymmetric.

The solutions of (1.4) arising from (3.33) and (3.34) are

ω̃4
FI =

∑

i

′
ai

{

2C̃iH̃ + λ̄iη̄ + ηλi + ΞDi
}

, (3.35)

ω̃5
FI =

∑

i,j

′
aij

{

C̃iC̃jH̃ + C̃iλ̄j η̄ + ηλjC̃i + Ξ C̃iDj
}

(3.36)

with H̃ as in (3.32) and

η̄α̇ = i
6
ξ̃α̇αξ̃

αβ̇
ξ̃β̇β ξ̃β, ηα = − i

6
ξ̃
β̇
ξ̃β̇β ξ̃βα̇ξ̃

α̇α. (3.37)

3.3 Nonminimal supergravity

The nonminimal supergravity theories discussed in the following are as in [8] parametrized by the real
number n occurring in the torsions

Tαa
b = 2n δb

a Tα, Tαβ
γ = (n+ 1)(δγ

α Tβ + δγ
β Tα), Tαα̇

β = (n− 1) δβ
α T̄α̇ (3.38)

and are in addition characterized by the constraints

Tαα̇
a = 2iσa

αα̇, Tab
c = Tαβ

a = Fαβ
i = Fαβ

cd = 0. (3.39)
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A detailed discussion of (3.38) and (3.39) and their implications can be found in [8]. I consider the
case in which G contains neither Weyl nor R-transformations. Apart from the special cases n = 0 and
n = −1

3 which are excluded for simplicity the set of elementary tensor fields is given by

Tα, J , v
a, Ga, λα, λ

i
α, D

i, φs, χs
α, F

s (3.40)

and the complex conjugated fields where J , va and Ga denote a complex scalar field, a complex and
a real vector field which in [8] are denoted by S, ca + ida and ba. λα (denoted as in [8]) must not
be confused with one of the gauginos λi

α of Gs + Ga which appear as in minimal supergravity in the
curvatures Fα̇a

i = iλiασa αα̇. The field content is completed by the gauge fields, ghosts, antighosts and
the corresponding Lagrange multiplier fields where again due to Tab

c = 0 the spin connection is not an
elementary field but determined by (2.8). The supersymmetry transformations of the fields (3.40) can
be found in [8] or obtained from table 1 (by replacing there all fields and operators by their primed
counterparts, see below). In particular one has

DαTβ = 1

2
εαβ [J + (n+ 1)T γTγ ] , D̄α̇Tα = vαα̇, DαJ = 0, D̄α̇J = λ̄α̇. (3.41)

The BRS transformations of the fields (3.40) are obtained from (2.9), those of the ghosts and gauge
fields by (2.10)–(2.15). However it will be useful to rewrite the BRS algebra in terms of redefined
ghosts, gauge fields and supersymmetry transformations marked by primes and defined in terms of the
original (unprimed) ghosts, gauge fields and supersymmetry transformations such that D′

α, D̄′
α̇ and D′

a

satisfy the algebra
[D′

A,D
′
B} = −T ′

AB
CD′

C − F ′
AB

IδI

where the T ′
AB

C and F ′
AB

I satisfy the constraints of minimal supergravity with R-transformations (in
fact such redefinitions have been used also in [8]). This is achieved by

D′
α = Dα + 4nT βlαβ + i (3n + 1)Tαδ(r), D̄′

α̇ = D̄α̇ + 4n T̄ β̇l
α̇β̇

− i (3n + 1) T̄α̇δ(r) (3.42)

where lαβ and l
α̇β̇

= (lαβ)∗ denote the generators of SL(2,C) transformations of undotted and dotted
indices defined by

lαβ = 1

2
σab

αβ lab, lαβXγ = −εγ(αXβ), lαβXγ̇ = 0,

l
α̇β̇

= − 1

2
σ̄ab

α̇β̇
lab, l

α̇β̇
Xγ̇ = −εγ̇(α̇Xβ̇), l

α̇β̇
Xγ = 0 (3.43)

and δ(r) which originally was not contained in G is defined according table 2 where the R-charge of the
lowest component field φs of the sth chiral multiplet is denoted by the real number ks (ks is not fixed
by requiring (2.2) unlike the R-charges of the remaining fields).

Table 2:

Ψ T J v B λ λj Dj φs χs F s

δ(r)Ψ −iT −2iJ 0 0 iλ iλj 0 −iksφs −2iksχs −3iksF s

The redefined covariant derivatives read

D′
a = Ea

m(∂m − ψ′
m

αD′
α + ψ̄′

m
α̇D̄′

α̇ − 1

2
ω′

m
ablab −A′

m
iδi) (3.44)

where the sum over i contains the R-transformation and the redefined gauge fields are given by

e′m
a = em

a, (3.45)

ψ′
m

α = ψm
α + in T̄α̇σ̄m

α̇α, ψ̄′
m

α̇ = ψ̄m
α̇ − in σ̄m

α̇αTα, (3.46)

A′
m

i = Am
i ∀ i 6= (r), (3.47)

A′
m

(r) = (3n+ 1){1

2
(v + v̄)m − 1

2
(n− 1)TσmT̄ + iψ̄mT̄ − iψmT}, (3.48)

ω′
m

ab = EanEbr(ω′
[mn]r − ω′

[nr]m + ω′
[rm]n),

ω′
[mn]r = era∂[men]

a − iψ′
mσrψ̄

′
n + iψ′

nσrψ̄
′
m (3.49)
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with vm = em
ava. One can check that T ′

AB
C and F ′

AB
I indeed are given by (3.2) where of course now

unprimed fields have to be replaced by primed fields. In particular one finds

M ′ = −4n
[

J̄ + 2(3n + 1)T̄ T̄
]

, (3.50)

λ′ iα = λi
α ∀ i 6= (r), (3.51)

λ′ (r)α = −i S′
α + 3ni

[

− 1

4
λα + (3n + 1)v̄αα̇T̄

α̇ + 3n+1

2
J̄ Tα + (3n + 1)2TαT̄ T̄

]

(3.52)

where S′
α is obtained from (2.7) using primed gauge fields and torsions:

S′
α = T ′

ab
β(e, ψ′, ω′, A′(r),M ′, B′)σab

βα.

Now we choose redefined ghosts such that

s = Cm∂m + ξαDα + ξ̄α̇D̄α̇ + CIδI = C ′ m∂m + ξ′ αD′
α + ξ̄′ α̇D̄′

α̇ + C ′ IδI (3.53)

holds identically in the fields where C ′IδI contains δ(r) unlike CIδI , i.e. in particular all terms containing
δ(r) must cancel on the r.h.s. of (3.53). One easily verifies that this leads to

C ′ m = Cm, ξ′ α = ξα, ξ̄′ α̇ = ξ̄α̇, C ′ i = Ci ∀ i 6= (r), (3.54)

C ′ (r) = −i (3n + 1)(ξT + ξ̄T̄ ), (3.55)

C ′ ab = Cab + 4n(ξσabT − ξ̄σ̄abT̄ ). (3.56)

Notice that C ′ (r) does not have a part which is linear in the elementary fields as a consequence of the
fact that G does not contain δ(r). I remark that analogously to (3.53)

∂m = Am
ADA + Am

IδI = A′
m

AD′
A + A′

m
IδI , (3.57)

s̃ = ξ̃ADA + C̃IδI = ξ̃′ AD′
A + C̃ ′ IδI , (3.58)

ξ̃′ a = Ĉnen
a, ξ̃′ α = ξ′ α + Ĉnψ′

n
α, C̃ ′ I = C ′ I + ĈnA′

n
I (3.59)

hold identically in the fields (all contributions containing δ(r) cancel on the r.h.s. of (3.57) and (3.58))

with Ĉn = Cn + dxn. s̃2 = 0 implies that (2.10)–(2.15) hold for the primed ghosts and gauge fields
(with primed torsions and curvatures), including C ′(r) and A′

m
(r) as one can verify explicitly:

sA′
m

(r) = Cn∂nA
′
m

(r) + (∂mC
n)A′

n
(r) + ∂mC

′(r) + i(λ′(r)σmξ̄ − ξσmλ̄
′(r)), (3.60)

sC ′(r) = Cn∂nC
′(r) − 2iξσmξ̄ A′

m
(r). (3.61)

Thus on primed fields the BRS operator has the same form as in minimal supergravity and therefore
one obtains solutions of sWg = 0 for nonminimal supergravity from those obtained for old minimal
supergravity by replacing in the expressions for the latter all operators and fields with primed ones.
For instance one obtains from (3.5) invariant contributions to the action for nonminimal supergravity
given by

∫

d4x eP ′ Ω′ + c.c., Ω′ = H(W̄ ′, λ̄′, M̄ ′, φ̄) + (D′2 − M̄ ′)G(Φ′) (3.62)

where P ′ is obtained from (3.5):

P ′ = P(D̄′, ψ′,M ′) = D̄′2 − 4iψ′
aσ

aD̄′ − 3M ′ + 16ψ′
aσ

abψ′
b (3.63)

= D̄2 − 4iψaσ
aD̄ + 16ψaσ

abψb + (13n − 3)T̄ D̄ + 2(3n − 1)(J̄ + 8nT̄ T̄ − 4iψaσ
aT̄ ).

I stress that H and G have to satisfy (3.8) where of course the condition imposed by δ(w) is absent
unlike the condition imposed by δ(r) which must hold (otherwise (3.62) is not invariant except for the

case n = −1
3). Contributions to H are therefore e.g.

H(W̄ ′, λ̄′, M̄ ′, φ̄) = aM̄ ′ + b W̄ ′
α̇β̇γ̇

W̄ ′α̇β̇γ̇ + gij λ̄
′iλ̄′j + V (φ̄) + . . . (3.64)

10



where a and b are constants, gij are invariant symmetric tensors of G and the superpotential V (φ̄) has
to satisfy

V (φ̄) =
∑

r≥1

∑

s1...sr

ds1...sr
φ̄s1 . . . φ̄sr , δIV (φ̄) = 0 ∀ δI 6= δ(r), δ(r)V (φ̄) = −2iV (φ̄). (3.65)

Notice that this requires that a monomial φ̄s1 . . . φ̄sr contributing to V satisfies

sr
∑

s=s1

ks = −2 (3.66)

which cannot be fulfilled if one imposes e.g. the chirality condition D̄α̇φ
s = 0 on each of the chiral

multiplets. Thus one has to admit non zero ks in order to allow for solutions of (3.66). This corresponds
to a relaxed chirality condition imposed on the chiral multiplets:

D̄′
α̇ φ

s = 0 ⇔ D̄α̇ φ
s = (3n+ 1) ks T̄α̇ φ

s. (3.67)

Replacing unprimed fields and operators by primed ones in (3.11), (3.15) and (3.17) one obtains so-
lutions of sW1 = 0 for nonminimal supergravity. Of course it is not guaranteed that these solutions
are nontrivial since nonminimal supergravity has an extended field content and thus allows for coun-
terterms which do not exist in minimal supergravity. The nonabelian chiral anomalies stay nontrivial.
Notice that they keep their explicit form (3.15) because all fields contributing to (3.15) agree with their
primed counterparts. Among the solutions of sW1 = 0 obtained from (3.11) there are in particular

those arising from
∫

d4xe (C(r)P + ξαP
(r)
α )Ω(r). They are special since they do not depend on the

ghosts of the structure group due to (3.55). Most of these solutions turn out to be trivial but there are
also nontrivial ones among them. For instance the following (complex) solutions can be shown to be
nontrivial:

W1
susy =

∫

d4x e {(3n + 1)(ξT + ξ̄T̄ )P ′ + iξαP ′(r)
α }{gjkλ̄

jλ̄k + V (φ̄)} (3.68)

with V as in (3.65), P ′ as in (3.63) and

P ′(r)
α = 4iA′

a
(r)σa

αα̇D̄
′α̇ − 32A′

a
(r)σab

α
βψ′

bβ + 8λ′(r)α . (3.69)

The solution of (1.4) arising from (3.68) is obtained from (3.18) and reads

ω̃5
susy = (D̃′2 −M ′)

(

Ξ C̃ ′(r){gjkλ̄
jλ̄k + V (φ̄)}

)

. (3.70)

4 Verification of s̃ ω̃g+4
= 0

In order to verify that (3.18), (3.21), (3.23), (3.35), (3.36) and (3.70) indeed solve (1.4) it is more con-
venient to use a decomposition of ω̃g+4 into parts ω̂p of definite degree in the ξ̃a than the decomposition
(1.5):

ω̃g+4 =
4

∑

p=p0

ω̂p, ω̂p = 1

p!
ξ̃a1 . . . ξ̃apωa1...ap

(ξ̃α, ξ̃α̇, C̃I ,Φr). (4.1)

As an example the decomposition of (3.21) is given in appendix B. The decomposition (4.1) starts at
a degree p0 which in general is different from zero (unlike the decomposition (1.5) which always starts
at degree 0) and the part ω̂p0

solves
δ−ω̂p0

= 0 (4.2)

where δ− is the operator

δ− = 4i ξ̃αξ̃α̇ ∂

∂ξ̃α̇α
= 2i ξ̃ασa

αα̇ξ̃
α̇ ∂

∂ξ̃a
. (4.3)
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(4.2) follows from the fact that δ− is the only part of s̃ which decreases the degree in the ξ̃a (notice
that this is due to the constraints Tαβ

a = 0 and Tαα̇
a = 2iσa

αα̇). The knowledge of the cohomology
of δ− will be very useful in the following. It has been computed in the first ref. [9] (this derivation is
given in appendix A) and recently in [19]. The result is

Cohomology of δ−:

δ−f(ξ̃A) = 0 ⇔ f(ξ̃A) = P (ϑ̄α̇, ξ̃α) +Q(ϑα, ξ̃α̇) + kΘ + δ−g(ξ̃
A) (4.4)

where k does not depend on the ξ̃A, and ϑα, ϑ̄α̇ and Θ are given by

ϑα = ξ̃α̇ξ̃
α̇α, ϑ̄α̇ = ξ̃α̇αξ̃α, Θ = ξ̃α̇ξ̃

α̇αξ̃α. (4.5)

Notice that the ϑ’s anticommute. Therefore the δ−-cohomology does not contain nontrivial elements
with larger degree than 2 in the ξ̃a. This implies the following two useful lemmas:

Lemma 1: Each s̃-invariant 4–form in the ξ̃a vanishes:

s̃ ω̂4 = 0 ⇔ ω̂4 = 0. (4.6)

Proof: s̃ω̂4 = 0 implies δ−ω̂4 = 0, cf. (4.2). This implies ω̂4 = δ̃−η̂ for some η̂ according to (4.4).
However this requires that η̂ has degree 5 in the ξ̃a and thus vanishes.

Lemma 2: Each solution of (1.4) whose decomposition (4.1) reads ω̃ = ω̂3 + ω̂4 can be written as
s̃η̂4 where η̂4 is a 4–form in the ξ̃a. η̂4 is unique and the solution of δ̂−η̂4 = ω̂3.

s̃ (ω̂3 + ω̂4) = 0 ⇔ ∃ η̂4 : s̃ η̂4 = ω̂3 + ω̂4, δ− η̂4 = ω̂3. (4.7)

Proof: (i) Existence of η̂4: s̃(ω̂3 + ω̂4) = 0 implies δ−ω̂3 = 0 according to (4.2). By means of (4.4)
one concludes the existence of η̂4 such that δ−η̂4 = ω̂3. s̃η̂4 = ω̂3 + ω̂4 follows from the fact that
ω̃′ := ω̂3 + ω̂4 − s̃η̂4 is a s̃-invariant 4–form in the ξ̃a and thus vanishes according to lemma 1. (ii)
Uniqueness of η̂4: Assume that η̂4 and η̂′4 are two 4–forms in the ξ̃a whose s̃ transformations equal
ω̂3 + ω̂4. Then the difference η̂4 − η̂′4 is a s̃-invariant 4–form and thus vanishes according to lemma 1.

I use these lemmas in the following in order to prove that ω̃5
abel, ω̃

5,τ
nonabel and ω̃4

FI solve (1.4). The

s̃-invariance of ω̃4
old, ω̃

5,τ
abel,chir and ω̃5

FI can be proved completely analogously, the s̃-invariance of (3.70)

is a special case of s̃ω̃5
abel = 0 after replacing unprimed quantities by their primed counterparts.

4.1 Proof of s̃ ω̃
5
abel = 0

I first note that the decomposition (4.1) of ω̃5
abel reads

ω̃5
abel = ω̂2 + ω̂3 + ω̂4, ω̂2 = −4i

∑

j

′
ϑ̄α̇ϑ̄

α̇C̃j Ωj (4.8)

where ω̂2 has been evaluated by means of (C.7). Furthermore one easily verifies by means of (3.20)
that ω̃5

abel does not depend on ξ̃α̇:

ω̃5
abel = ω̃5

abel(ξ̃
a, ξ̃α, C̃i,Φr). (4.9)

Using (2.17)–(2.19) one can check that

on Φr, ξ̃A and abelian C̃i: s̃ = ξ̃AD̃A + C̃IδI , δI ξ̃
A = gIB

Aξ̃B (4.10)

with D̃α̇ given by (3.20) and D̃a and D̃α defined by

D̃aΦ
r = DaΦ

r, D̃aξ̃
b = 0, D̃aξ̃

α = 1

2
ξ̃bTab

α + ξ̃βTaβ
α, D̃aC̃

i = 1

2
ξ̃bFab

i + ξ̃αFaα
i,

D̃αΦr = DαΦr, D̃αξ̃
a = 0, D̃αξ̃

α = 0, D̃αC̃
i = 0.

(4.11)
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An important property of the operators D̃α̇ is that they can be used to construct a ‘chiral projector’
(D̃α̇D̃

α̇ −M) for functions which do not carry dotted spinor indices and do not depend on ξ̃α̇:

l
α̇β̇
f(ξ̃a, ξ̃α, C̃i,Φr) = 0 ⇒ D̃α̇(D̃

β̇
D̃β̇ −M)f(ξ̃a, ξ̃α, C̃i,Φr) = 0 (4.12)

where l
α̇β̇

= (lαβ)∗ generates the SL(2,C) transformations of dotted spinor indices, cf. (3.43). (4.12)

follows from the fact that the D̃α̇ satisfy on the variables Φr, ξ̃a, ξ̃α and C̃i the same algebra as D̄α̇

on the Φr, namely {D̃α̇, D̃β̇} = −Mlα̇β̇ as one easily checks by means of (3.20). Using δI ω̃
5
abel = 0 one

concludes by means of (4.10) and (4.12) that s̃ω̃5
abel is given by

X̃ := s̃ ω̃5
abel = (ξ̃aD̃a + ξ̃αD̃α) ω̃5

abel. (4.13)

Now I prove that each term occurring in the decomposition (4.1) of X̃ vanishes. (4.8), (4.11) and (4.13)
imply that this decomposition reads X̃ = X̂2 + X̂3 + X̂4. First one verifies

X̂2 = ξ̃αD̃αω̂2 = 4i ϑ̄α̇ϑ̄
α̇
∑

j

′
C̃j ξ̃αDαΩj = 0 (4.14)

which holds due to DαΩj = 0 and implies X̃ = X̂3 + X̂4. Since X̃ is s̃-invariant by construction one
concludes by means of lemma 2 that there is a 4–form η̂4 such that δ−η̂4 = X̂3. On the other hand one
easily verifies that X̃ does not depend on ξ̃α̇ since this holds already for ω̃5

abel, cf. (4.9), and since none
of the D̃A transformations (4.11) depends on ξ̃α̇. This however contradicts δ−η̂4 = X̂3 unless X̂3 = 0
since δ−η̂4 of course depends both on ξ̃α and ξ̃α̇ unless it vanishes. One concludes X̃ = X̂4 = 0 by
means of lemma 1 which proves s̃ω̃5

abel = 0.

4.2 Proof of s̃ ω̃
5,τ
nonabel = 0

In order to prove that (3.15) solves (1.4) I show that

s̃ q̃ = Tr(F̃3), q̃ = Tr(C̃F̃2 − 1

2
C̃3F̃ + 1

10
C̃5), (4.15)

s̃ p̃ = Tr(F̃3), p̃ = 3ΞTr(ξ̃αΛα Λ†Λ† + ξ̃α̇Λ† α̇ ΛΛ) (4.16)

which implies s̃ ω̃5,τ
nonabel = 0 due to ω̃5,τ

nonabel = q̃ − p̃. (4.15) is easily verified by means of

s̃ C̃ = −C̃2 + F̃ , s̃ F̃ = F̃C̃ − C̃F̃ (4.17)

which follows immediately from (2.19) and s̃2 = 0. (4.16) is verified using

F̃ = 1

2
ξ̃aξ̃bFab

iTi − ϑαΛα − ϑ̄α̇Λ† α̇ (4.18)

which is obtained by inserting the explicit expressions for FAB
i given in (3.2) into (3.22). Using

ϑαϑβϑγ=ϑ̄α̇ϑ̄β̇ϑ̄γ̇=0 one easily verifies that the decomposition (4.1) of Tr(F̃3) reads

Tr(F̃3) = ω̂3 + ω̂4, ω̂3 = 3

2

{

ϑαϑαϑ̄α̇Tr(Λ
† α̇ ΛΛ) + ϑ̄α̇ϑ̄

α̇ϑαTr(Λα Λ†Λ†)
}

. (4.19)

(Notice that F̃ does not contain a part of degree 0 in the ξ̃a due to the contraints Fαβ
i = 0). Due to

s̃ T r(F̃3) = 0 one concludes by means of lemma 2 that in order to prove (4.16) one only has to verify
δ−p̃ = ω̂3 which holds due to (C.5).
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4.3 Proof of s̃ ω̃
4
FI = 0

In order to calculate s̃ ω̃4
FI one uses

s C̃j = F̃ j = 1

2
ξ̃aξ̃bFab

j − iϑαλj
α − iϑ̄α̇λ̄

j α̇

⇒ s̃ (C̃jH̃) = F̃ jH̃ = iF̃ jΘ + (4–form in ξ̃a)

which holds for abelian C̃j due to (2.19) and (3.32). Using in addition (C.4) one easily checks that the
decomposition (4.1) of s̃ ω̃4

FI is given by

Ỹ := s̃ ω̃4
FI =

∑

j

′
aj (Ŷ j

2 + Ŷ j
3 ) + Ŷ4,

Ŷ j
2 + Ŷ j

3 = 2iF̃ jΘ − 2λ̄j ϑ̄Θ − 2ϑλjΘ + ξ̃α(Dαλ̄
j

β̇
)η̄β̇ − ηβ ξ̃α(Dαλ̄

j
β) − 1

3
ϑαξ̃αα̇ϑ̄

α̇Dj.

By means of the explicit form for F̃ j given above and the Dα transformations of λj given in table 1 one

verifies Ŷ j
2 + Ŷ j

3 = 0 which implies Ỹ = Ŷ4. By means of lemma 1 one finally concludes Ỹ = s̃ ω̃4
FI = 0.

5 Conclusion

The result of the investigation of (1.1) for g = 0 contains the statement that in the case of old minimal
supergravity the action contains at the most one Fayet–Iliopoulos contribution, namely the one which
corresponds to the R-transformations, while in the case of new minimal supergravity the action contains
a Fayet–Iliopoulos contribution for each abelian factor of the gauge group apart from the one which
corresponds to the R-transformations.

Among the solutions of (1.1) with g = 1 there are in the case of new minimal supergravity up-to-now
unknown anomaly candidates (3.34) which do not have counterparts in old minimal supergravity and
are present if the gauge group contains at least two abelian factors. Furthermore the result contains
the statement that local supersymmetry itself is not anomalous in the cases of old and new minimal
supergravity since there are no solutions of (1.1) for g = 1 in these cases which depend only on the
supersymmetry ghosts and the “classical fields” but not on the ghosts CI of the structure group. I
remark that this result follows from the QDS structure [12], [9] of the theories discussed in subsections
3.1 and 3.2 and may become invalid for instance if one drops the assumption that all matter multiplets
are chiral multiplets and allows for matter multiplets which do not have QDS structure.

Of course not only the matter multiplets must have QDS structure in order to guarantee that super-
symmetry itself is not anomalous but this must hold also for the supersymmetry multiplets containing
the torsions TAB

C and the curvatures FAB
I . Examples for supergravity theories where these multi-

plets do not have QDS-structure are the nonminimal theories discussed in subsection 3.3. They indeed
allow for solutions of (1.1) which do not depend on the CI and which therefore provide candidates for
anomalies of local supersymmetry. Some of these solutions have been given explicitly in (3.68). They
seem to have close relationships to candidates for anomalies of R-transformations present in minimal
supergravity as their construction given in subsection 3.3 suggests.

A Cohomology of δ−

In order to prove (4.4) we first determine those δ−-invariant functions which do not depend on ξ̃α

(notice that they are nontrivial since each nonvanishing function of the form δ−Y depends both on ξ̃α

and ξ̃α̇). The result is:
δ−f(ξ̃α̇α, ξ̃α̇) = 0 ⇔ f = Q(ϑα, ξ̃α̇). (A.1)
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In order to prove (A.1) we choose a basis for the functions f(ξ̃α̇α, ξ̃α̇) consisting of the following mutually
distinct subsets fi,n, i = 1, . . . , 10, n = 0, 1, . . .:

f1,n = {ξ̃α̇1 . . . ξ̃α̇n},

f2,n = {ξ̃(α̇1 . . . ξ̃α̇n ξ̃β̇)β}, f3,n = {ξ̃α̇1 . . . ξ̃α̇n ξ̃β̇ ξ̃
β̇β},

f4,n = {ξ̃α̇1 . . . ξ̃α̇n ξ̃α
β̇
ξ̃β̇β}, f5,n = {ξ̃(α̇1 . . . ξ̃α̇n ξ̃β̇

αξ̃
γ̇)α},

f6,n = {ξ̃(α̇1 . . . ξ̃α̇n ξ̃β̇)
αξ̃γ̇ ξ̃

γ̇α}, f7,n = {ξ̃α̇1 . . . ξ̃α̇n ξ̃γ̇ ξ̃
γ̇αξ̃

β̇
ξ̃α

β̇},

f8,n = {ξ̃(α̇1 . . . ξ̃α̇n ξ̃β̇)γ ξ̃γγ̇ ξ̃
γ̇α}, f9,n = {ξ̃α̇1 . . . ξ̃α̇n ξ̃

β̇
ξ̃β̇γ ξ̃γγ̇ ξ̃

γ̇α},

f10,n = {ξ̃α̇1 . . . ξ̃α̇n ξ̃β̇β ξ̃γ̇γ ξ̃βγ̇ ξ̃γβ̇
}

where each fi,n denotes a complete irreducible SL(2,C) multiplet, e.g. f1,1 = {ξ̃1̇, ξ̃2̇}. Since δ−
commutes with the SL(2,C) generators and changes the degree in the ξ̃α̇α resp. ξ̃α̇ by 1 resp. −1,
one can investigate without loss of generality each subspace fi,n separately in order to determine the
δ−-invariant functions f(ξ̃α̇α, ξ̃α̇). One easily verifies that only the functions contained in f1,n, f3,n

and f7,n are δ−-invariant and that they are those which are of the form Q(ϑα, ξ̃α̇). This proves (A.1).
Analogously one can show that the δ−-invariant functions which do not depend on ξ̃α̇ are of the form
P (ϑ̄α̇, ξ̃α).

Now we investigate those functions f(ξ̃A) which vanish for ξ̃α = 0 and for ξ̃α̇ = 0:

f =
∑

q,r,s,t

aqrst(ξ̃
α̇α) (ξ̃1)q(ξ̃2)r(ξ̃1̇)s(ξ̃2̇)t, a00st = aqr00 = 0. (A.2)

Without loss of generality one can assume that f(ξ̃A) has definite ghost number and thus can be written
as a polynomial in ξ̃1 with coefficients which depend on ξ̃2, ξ̃α̇α and ξ̃α̇:

f(ξ̃A) =
n

∑

n=0

(ξ̃1)nfn(ξ̃2, ξ̃α̇α, ξ̃α̇). (A.3)

δ− is decomposed into

δ− = ξ̃αD̃α, D̃α = 4i ξ̃α̇ ∂

∂ξ̃α̇α
. (A.4)

δ−f = 0 implies in particular
D̃1fn = 0. (A.5)

In order to solve (A.5) we define an operator r whose anticommutator with D̃1 is the counting operator
N for the variables ξ̃α̇1 and ξ̃α̇, α̇ = 1̇, 2̇:

r = − i
4
ξ̃α̇1 ∂

∂ξ̃α̇
⇒ {r, D̃1} = ξ̃α̇1 ∂

∂ξ̃α̇1
+ ξ̃α̇ ∂

∂ξ̃α̇
=: N . (A.6)

Due to (A.2) f does not contain a zero mode of N . Therefore one concludes by means of standard
arguments (for instance by means of the Basic lemma [20]) that fn is a trivial solution of (A.5) (notice
that (D̃1)

2 = 0):
fn = D̃1gn(ξ̃2, ξ̃α̇α, ξ̃α̇). (A.7)

This implies due to ξ̃1D̃1 = δ− − ξ̃2D̃2:

n 6= 0 : f = δ−g + f ′, f ′ =
n−1
∑

n=0

(ξ̃1)nf ′n(ξ̃2, ξ̃α̇α, ξ̃α̇) (A.8)
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where

g = (ξ̃1)n−1gn, f ′n−1 = fn−1 − ξ̃2D̃2gn, n < n− 1 : f ′n = fn.

Notice that f ′ is a polynomial which has lower degree in ξ̃1 than f and differs from f only by a trivial
contribution. Therefore one can iterate the argument leading to (A.8) and conclude that a δ−-invariant
polynomial of ξ̃1 is trivial up to a part F which does not depend on ξ̃1 at all. F is written as a
polynomial in ξ̃2 with coefficients Fr(ξ̃

α̇α, ξ̃α̇) (F0 vanishes due to (A.2)):

f = δ−h+ F, F =
∑

r≥1

(ξ̃2)rFr(ξ̃
α̇α, ξ̃α̇). (A.9)

δ−f = 0 requires
δ−Fr(ξ̃

α̇α, ξ̃α̇) = 0 ∀r (A.10)

since δ−-invariant functions of different degree in the ξ̃α have to be separately invariant (thus in fact
one can assume without loss of generality that the sum

∑

r in (A.9) contains only one nonvanishing
contribution). By means of (A.1) one concludes from (A.10)

Fr(ξ̃
α̇α, ξ̃α̇) = Qr(ϑ

α, ξ̃α̇). (A.11)

Thus F is a linear combination of δ−-invariant monomials (ξ̃2)r(ξ̃1̇)s(ξ̃2̇)t(ϑ1)v(ϑ2)w where v,w ∈ {0, 1}
since the ϑα anticommute. By means of the identities

ξ̃2ξ̃α̇ = − i
4
δ−ξ̃

α̇2, ξ̃2ϑ2 = ξ̃2ξ̃α̇2ξ̃α̇ = − i
8
δ−(ξ̃2α̇ξ̃

α̇2), (A.12)

(ξ̃2)2ϑ1 = (ξ̃2)2ξ̃α̇1ξ̃α̇ = − i
4
δ−(ξ̃2ξ̃2α̇ξ̃

α̇1 − 1

2
ξ̃1ξ̃2α̇ξ̃

α̇2) (A.13)

one concludes that these monomials are δ−-trivial except for those which satisfy s = t = w = 0 and
r < 2. In fact F contains only one monomial with these properties since (A.2) excludes the values
r = 0 and v = 0 in the case s = t = w = 0 and one concludes

F =
∑

r≥1

(ξ̃2)rQr(ϑ
α, ξ̃α̇) = δ−Y − 2k ξ̃2ϑ1. (A.14)

The proof of (4.4) is completed by means of the identity

ξ̃2ϑ1 = 1

2
(ξ̃2ϑ1 − ξ̃1ϑ2) + 1

2
(ξ̃2ϑ1 + ξ̃1ϑ2) = − 1

2
Θ − i

8
δ−(ξ̃2α̇ξ̃

α̇1). (A.15)

B Decomposition of ω̃
5,τ
nonabel

It is has been mentioned already that (3.21) does not depend on the gravitino. This remarkable fact
holds since the gravitino depending contributions to ξ̃α, ξ̃α̇ and Fab

i cancel in F̃ . Namely evaluating
F̃ explicitly by means of (2.20) and (2.6) one obtains

F̃ = d̂Â+ Â2 + L̂, d̂ = Ĉn∂n, Â = ĈnAn
iTi, L̂ = Ĉn(ξσnΛ† − Λσnξ̄) (B.1)

with Ĉn as in (2.21). Using (B.1) and C̃ = C + Â one easily determines the decomposition (4.1) of
(3.21):

ω̃5,τ
nonabel =

4
∑

p=0

ω̂p,

ω̂4 = Tr{Cd̂(Âd̂Â+ 1

2
Â3) + (L̂Â+ ÂL̂)d̂Â+ 3

2
L̂Â3 − 3Ξ (ξΛΛ†Λ† + ξ̄Λ† ΛΛ)},

ω̂3 = Tr{− 1

2
(C2Â+ CÂC + ÂC2)d̂Â− 1

2
C2Â3 + (L̂C + CL̂)d̂Â

+ 1

2
(CÂ2 − ÂCÂ+ Â2C)L̂+ ÂL̂2},

ω̂2 = 1

2
Tr{−C3d̂Â+ ÂCÂC2 − (C2Â+ CÂC + ÂC2)L̂+ 2CL̂2},

ω̂1 = 1

2
Tr(C4Â− C3L̂),

ω̂0 = 1

10
Tr(C5).
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C Useful identities

Ξ = − 1

24
εabcd ξ̃

aξ̃bξ̃cξ̃d = − i
48
ξ̃β̇αξ̃αα̇ξ̃

α̇β ξ̃
ββ̇

(C.1)

ϑα = ξ̃α̇ξ̃
α̇α, ϑ̄α̇ = ξ̃α̇αξ̃α, Θ = ξ̃α̇ξ̃

α̇αξ̃α (C.2)

ηα = − i
6
ϑβ ξ̃βα̇ξ̃

α̇α, η̄α̇ = i
6
ξ̃α̇αξ̃

αβ̇
ϑ̄β̇ (C.3)

δ−Ξ = − 1

3
ϑαξ̃αα̇ϑ̄

α̇, δ−η
α = 2ϑα Θ = −ϑβϑβ ξ̃

α, δ−η̄
α̇ = 2 ϑ̄α̇ Θ = ϑ̄

β̇
ϑ̄β̇ ξ̃α̇ (C.4)

δ−(Ξ ξ̃α̇) = 1

2
ϑαϑαϑ̄

α̇, δ−(Ξ ξ̃α) = 1

2
ϑ̄α̇ϑ̄

α̇ϑα (C.5)

D̃α̇Ξ = −2i η̄α̇ = − i
3
εabcd ξ̃

ασa
αα̇ξ̃

bξ̃cξ̃d = − i
3
εabcd ξ

ασa
αα̇ξ̃

bξ̃cξ̃d − 2iΞψa
ασa

αα̇ (C.6)

D̃α̇D̃
α̇Ξ = −4i ϑ̄α̇ϑ̄

α̇ − 2MΞ (C.7)

= 8iξ̃aξ̃bξσabξ + 16iξ̃aξ̃bξ̃cξσabψc + Ξ (16ψaσ
abψb − 2M) (C.8)
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