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Abstra
tWe study dynami
al moduli stabilization driven by gaugino 
ondensation in supergravity. Inthe presen
e of ba
kground radiation, there exists a region of initial 
onditions leading tosu

essful stabilization. We point out that most of the allowed region 
orresponds to initialHubble rate H 
lose to the s
ale of 
ondensation Λ, whi
h is the natural 
uto� of the e�e
tivetheory. We �rst show that in
luding the 
ondensate dynami
s sets a strong bound on theinitial 
onditions. We then �nd that (
omplete) de
oupling of the 
ondensate happens at Habout two orders of magnitude below Λ. This bound implies that in the usual s
enario withthe 
ondensate integrated out, only the vi
inity of the minimum leads to stabilization. Finally,we dis
uss the e�e
ts of thermal 
orre
tions.
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1 Introdu
tionHigher dimensional supersymmetri
 theories su
h as string theory are good 
andidates to explainthe origin of four-dimensional physi
s at low energies. In general, 
ompa
ti�
ation of the addi-tional dimensions yields a large va
uum degenera
y, parametrized in terms of the so-
alled moduli�elds. In order to reprodu
e our observable universe and its parti
le 
ontent, 
onsistent higher di-mensional theories must o�er some me
hanisms to �x the mass and the va
uum expe
tation value(vev) of the moduli. In type IIB string 
ompa
ti�
ations, nontrivial ba
kground �uxes stabilizemost of the geometri
al moduli [1℄, but leave some other �at dire
tions unlifted. In parti
ular, theoverall volume parametrized by a Kähler modulus σ is not �xed and hen
e requires the in
lusionof nonperturbative e�e
ts [2�4℄.Gaugino 
ondensation [5,6℄ is perhaps the best understood and most su

essful su
h me
hanism
apable of providing masses to moduli. It is a key ingredient in ra
etra
k models [7℄, models withKähler stabilization [8℄, and the Ka
hru-Kallosh-Linde-Trivedi (KKLT) s
enario [9℄. The su

essof these models relies on the assumption that the 
ondensate forms at a high s
ale, indu
ing ane�e
tive s
alar potential for moduli. However, it is known that dynami
al stabilization of moduli isfragile and depends on the parti
ulars of the universe evolution [10℄. If the 
osmologi
al expansionis dominated by some energy sour
e other than the moduli, su
h as radiation or va
uum energy,the initial 
onditions leading to stabilization may be less restri
ted than in a modulus dominateduniverse. This statement has been 
on�rmed in matter and radiation dominated s
enarios [11�13℄in
luding �nite temperature 
orre
tions [14℄.Despite this progress, there is no reason to believe that only moduli dynami
s will be a�e
tedby the evolution of the universe. Indeed, it has been re
ently shown that in a universe undergoingfast expansion, the 
ondensate itself may be destabilized leading to unsu

essful moduli stabiliza-tion [15℄. Thus, also the 
ondensate is altered by the presen
e of additional sour
es of energy.Whether gaugino 
ondensation o

urs depends on the dynami
s of the gaugino pairs, whi
h 
an bedes
ribed in terms of a 
omplex (super)�eld u in the Veneziano�Yankielowi
z (VY) approa
h [5℄.In the present work we take this view seriously and study the 
onsequen
es of the intera
tionbetween the 
ondensate and ba
kground radiation upon moduli stabilization. The main questionswe will be 
on
erned with are:
• when 
an the 
ondensate �eld u be safely integrated out without introdu
ing in
onsisten
iesin the theory?
• for whi
h initial 
onditions does gaugino 
ondensation lead dynami
ally to moduli stabiliza-tion?We shall show that for most 
on�gurations that lead to moduli stabilization, the 
ondensate 
annotbe integrated out and its dynami
s must be 
onsidered. Although, for illustrative purposes, weshall fo
us on the KKLT model, it is straightforward to extend our �ndings to any model of modulistabilization driven by gaugino 
ondensation, where similar results are expe
ted.2 Single �eld dynami
sAs mentioned above, we 
onsider the KKLT model [9℄ for moduli stabilization in the 
ontext oftype IIB string theory. After �xing the 
omplex stru
ture moduli and the dilaton, the e�e
tive lowenergy N = 1 four-dimensional supergravity theory only 
ontains the volume modulus σ, whi
h is2



stabilized by gaugino 
ondensation.1 More spe
i�
ally, an SU(N) gauge theory lo
alized on D7-branes wrapped around the 
ompa
ti�
ation volume has a �eld-dependent 
oupling2 g2 = 1/σr.If this se
tor is asymptoti
ally free, it undergoes gaugino 
ondensation below a dynami
al s
ale
Λ. Using the VY approa
h [5℄, it has been shown [17℄ that the only Kähler and superpotential
onsistent with all symmetries are

K = −3 ln
(

σ + σ̄ −
uū

3

)

,

W = u3 (σ + 2c ln u ) , (2.1)where the 
hiral super�eld u3 ∝ Tr W aW a admits the 
ondensate λaλa as lowest 
omponent. The
onstant c = 3N/
(

16π2
) is the one-loop beta fun
tion 
oe�
ient.In supergravity, the s
alar potential is given by

V = eK
[

Ki ̄DiWD ̄W − 3 |W |2
]

, (2.2)where Ki ̄ = (Kı̄j)
−1 is the inverse Kähler metri
, and DiW = Wi + KiW is the usual 
ovariantderivative de�ned over the Kähler manifold. In the limit of small u ≪ 1, the dominant 
ontributionto the potential is

VF ≃ eK |DuW |2Kuū, (2.3)whi
h has as extrema W = 0, Wu ≃ 0 and Wuu ≃ 0, or
u = 0 , u = umin = exp

(

−
σ

2c
−

1

3

)

, u = umax = exp

(

−
σ

2c
−

5

6

)

. (2.4)The �rst solution W = u = 0 formally 
orresponds to a supersymmetri
 
hirally invariant va
uum.However, the existen
e of su
h a va
uum is in
onsistent [18, 19℄. Arguably, this minimum 
anbe interpreted as an unstable nonsupersymmetri
 state [20℄, where the VY potential 
annot betrusted. The other two solutions 
orrespond to a minimum and a barrier separating it from theunphysi
al state at the origin. Note that they are 
lose in �eld spa
e. The minimum umin is theVY-solution 
orresponding to gaugino 
ondensation. Thus, we de�ne the 
ondensation s
ale
Λ ≡ umin . (2.5)The mass of the �eld u around the minimum is of order Λ, and therefore the �eld 
an be integratedout at energies below this s
ale. Plugging the result into (2.1), expanding in small uū and addinga 
onstant W0 arising from integrating out the �ux-stabilized moduli, we re
over the familiarKKLT potential
K = −3 ln (σ + σ̄) ,

W = W0 + WNP = W0 + Ae−aσ , (2.6)and identify A = −1/ (ae), a = 3/ (2c). Note that for reasonable gauge groups, the 
onstant a isbigger than one. Also, the in
lusion of W0 in (2.1) does not signi�
antly displa
e the position ofthe extrema (2.4).1Note that a similar s
enario arises in the weakly 
oupled heteroti
 string [16℄, where σ has to be repla
ed bythe dilaton S.2From now on, the subs
ripts r and i denote respe
tively real and imaginary parts of the �elds.3



Having 
lari�ed how gaugino 
ondensation generates an e�e
tive potential for the modulus,we turn our attention to the single �eld KKLT model. As is well known, the s
alar potential (2.2)for σ exhibits a supersymmetri
 minimum
W0 = − Ae−aσmin

{

1 +
a (σmin + σ̄min)

3

}

, (2.7)
Vmin = −

A2a2e−a(σmin+σ̄min)

3 (σmin + σ̄min)
< 0 ,of negative energy. We in
lude a supersymmetry-breaking uplifting term

Vup =
C

Xp
, (2.8)where X = e−K/3 and C may be tuned so as to obtain a Minkowski va
uum. In the KKLTs
enario the uplift is provided by an anti D3-brane in a throat (in the bulk) of the 
ompa
ti�
ationmanifold, whi
h gives p = 2 (p = 3). The minimum (2.7) is then separated from the runawaysolution by a barrier whose height is set by the gravitino mass.2.1 Dynami
al stabilizationThe barrier separating the KKLT minimum from the runaway solution at in�nity is small 
om-pared to any other natural s
ales in the problem. This is true, in parti
ular, for the phenomenolog-i
ally favored 
ase of low-energy supersymmetry breaking. At the same time, the s
alar potentialis exponentially steep. One 
an therefore wonder how likely it is that the modulus will end up inthe right minimum and not roll o� to in�nity. This is known as the overshoot problem, and has�rst been re
ognized in [21℄. Dynami
ally, the higher the energy with whi
h the �eld starts itsdynami
al evolution, the more fri
tion is needed in order to slow it down so that it �nally settlesin the minimum.In [10�14℄, it was shown that the presen
e of a ba
kground �uid 
an help avoiding the over-shoot problem by providing the ne
essary fri
tion. Indeed, there exists a relatively large range ofinitial 
onditions that lead to su

essful stabilization. Clearly, this range grows with the initialba
kground density, see e.g. Fig. 1 and 2 in [14℄. Throughout this paper, we 
onsider the ba
k-ground �uid to be 
omposed of radiation. This allows us to work in a model-independent way. Ifthe expansion of the universe were instead driven by matter or va
uum energy density, the 
on-densate would a
quire a large mass of order H2 with a model dependent 
oe�
ient. Moreover, aswas shown in [15℄, if the ba
kground �eld gives the dominant 
ontribution to SUSY breaking, theindu
ed mass term destabilizes the gaugino minimum at a s
ale H ∼ cΛ, with c ≪ 1, somewhatbelow the 
ondensation s
ale (2.5). In a radiation dominated universe, the Hubble indu
ed massfor the 
ondensate and the volume modulus is small and 
an be negle
ted at tree level [22℄. Forinstan
e, a 
oupling of the form uu∗T µ

µ , where T is the stress-energy tensor of radiation, vanishesat tree level. One might however worry that this is not ne
essarily the 
ase at one loop. We will
ome ba
k to this point in Se
tion 4 when we 
onsider �nite temperature 
orre
tions.In supergravity, the dynami
s of a set of �elds φi with non-
anoni
al kineti
 terms is des
ribedby the equations of motion
φ̈i + 3Hφ̇i + Γi

j kφ̇
j φ̇k + Ki ̄∂̄V = 0 , (2.9)4
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Figure 1: Example of initial 
ondition leading to stabilization. The left panel shows the evolution of the�eld with time, in this 
ase σr, ini ≃ 40. The dashed green line gives the position of the minimum. On theright �gure is plotted the evolution of Λ (red, dashed line) and H (blue, solid line) with time.where the Christo�el symbols are Γi
j k = Ki l̄ ∂Kj l̄

∂φk . The Hubble radius is subje
t to the Friedmann
onstraint:
3H2 = Lkin + V + ργ , (2.10)where Lkin = Ki ̄φ̇i ˙̄φ̄, and the energy density of the ba
kground radiation satis�es
ρ̇γ + 4Hργ = 0 ⇒ ργ = ργ, ini e−4N , (2.11)where in the last equality, we have used as time variable the number of e-folds N = ln R, with R thes
ale fa
tor (re
all that H = Ṙ/R). Here and in the following we use a subs
ript ini to denote the
orresponding quantity at the initial time N = 0. Without the ba
kground 
omponent, any initial
onditions satisfying V (σini) > V (σmax) will lead to overshoot of the �elds and 
onsequently to aphenomenologi
ally una

eptable runaway solution. However, as mentioned before, if the energydensity in the universe is dominated by radiation, the evolution of the s
alar �elds is damped,and a mu
h larger range of initial 
onditions leads to modulus stabilization. This e�e
t enters theequations of motion (2.9) via a large Hubble rate H ≃

√

ργ/3.The expli
it equations of motion derived from (2.9) for the KKLT model are given in Ap-pendix A. Eqs. (A.5) in the 
ase of the potential (2.6) 
an be solved numeri
ally. With thispurpose, we assume that the �eld has vanishing initial velo
ity Πσ, ini = 0. Following [12, 14℄, weparametrize the initial radiation as
ργ, ini =

Ωγ

1 − Ωγ
V (σr, ini) , (2.12)where we used the fra
tional energy density in radiation Ωγ = ργ,ini/(3H

2). Note that for Ωγ ≥ 1/2radiation initially dominates. An example of modulus stabilization is given in Fig. 1, where wehave taken Ωγ = 0.99. The rest of the parameters is given as in [9, 12℄, i.e A = 1, a = 0.1 and
m3/2 ≃ 1 TeV. The 
onstant W0 and C are dedu
ed from (2.7) and (2.8).2.2 Consisten
y ConditionAs σr rolls down the KKLT potential in the presen
e of the thermal �uid (2.11), the 
orrespondings
ale Λ = umin = exp [− (aσr + 1) /3] evolves as well. Indeed, only when the modulus is settled5
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Figure 2: Set of initial 
onditions {σr, ini, σi, ini} leading to stabilization at the minimum of the KKLTpotential for ργ, ini = 10−4, A = 1, a = 0.1 and m3/2 = 1 TeV. The solid line 
orresponds to the resultof [14℄. The darker region 
an be ex
luded sin
e Hini > Λini.in its minimum does the gauge 
oupling of the hidden se
tor stabilize as well. In order for thepotential to follow e�e
tively from (2.6), we have to ensure that 
ondensation does o

ur even asthe modulus is dynami
ally evolving. In other words, there is a natural 
onsisten
y 
ondition:the Hubble rate H has to be smaller than the 
ondensation s
ale Λ at all times.It 
an be seen from the right plot of Fig. 1 that the s
ale Λ for this spe
i�
 example is indeedhigher than H and remains as su
h with time. A
tually, be
ause the �eld starts with vanishingvelo
ity, it is 
lear that if Hini . Λini, then the same holds at later times.In Fig. 2 we show how the region of su

essful initial 
onditions for σ found in [12℄ is modi�edon
e we require that these points are 
onsistent with having the 
ondensate initially formed.A
tually, even if the 
ondensate is initially formed, and thus remains so at later times, it islegitimate to wonder below whi
h s
ale it 
an be safely integrated out. This is why we also showthe bound Hini ≤ 10−1Λini in Fig. 2. Formally, a �eld 
an be integrated out on
e its os
illationsaround its minimum are negligible. Hen
e, for a large range of initial parameters, 
onsisten
yrequires that we integrate the 
ondensate in, and 
onsider the whole system (2.1) together with
W0. In the next se
tion, we let the two �elds evolve and study the region of stabilization, puttingparti
ular emphasis on the way the 
ondensate may be integrated ba
k out.3 Dynami
s of the gaugino-modulus systemIn this se
tion we dis
uss the dynami
s of the Kähler modulus with the gaugino 
ondensateintegrated in. For simpli
ity, in what follows, we 
on
entrate on the real parts of σ and u, andomit subs
ripts. Dynami
s of the imaginary parts shall be treated elsewhere [23℄.The VY e�e
tive potential for gaugino 
ondensate u is given in (2.1), the additional upliftterm in (2.8). As the Hubble s
ale approa
hes the 
ondensation s
ale, the evolution of the full
ondensate-modulus system starts to deviate from the KKLT des
ription, whi
h is only a goodapproximation for small u when (2.3) is valid. This 
an be seen expli
itly from the F-term potential

VF =
1

X2

[

−2W0u
3 + (2c + 3σ + 6c ln u)2u4 +

1

3
(4c + 2σ)u6

] (3.1)with X = e−K/3, as before. The quarti
 term in VF is proportional to |Wu|
2. In the limit that6



u ≪ 1 and W0 small, both the 
ubi
 and the u6 term are subdominant, and we re
over the VYresult that Wu = 0 minimizes the potential. The s
alar potential is a surfa
e; it exhibits a valleyof attra
tion 
orresponding to the dire
tion umin(σ). This valley is mu
h steeper in the 
ondensatedire
tion than along the modulus dire
tion. Along the u dire
tion there is a barrier separatingthe �good� minimum, from the state at u = 0; in the modulus dire
tion there is the usual barrierseparating the �good� KKLT minimum from the runaway solution at in�nity.The equations of motion for σ and u momenta in a spatially �at Friedmann-Robertson-Walkerspa
etime are given by (A.4). As before, we assume an homogeneous ba
kground radiation energydensity, whi
h evolves in an expanding universe a

ording to (2.11).We integrated numeri
ally the equations of motion for the real �elds {σ, u} keeping the phases�xed at their instantaneous minimum. The free parameters in the model are c, W0 (whi
h de-termines the va
uum gravitino mass), and Ωγ . In what follows, we 
hoose c = 1/7 and a)
W0 = 10−6 and b) W0 = 10−8. For these parameters, the minimum with the modulus sta-bilized is at σmin = 1.22 (1.68) and u0 = umin(σmin) = 0.01 (0.002) for W0 = 10−6 (10−8).Demanding a Minkowski va
uum, we obtain the uplifting parameter C ∼ 3 · 10−13 (3 · 10−17) for
W0 = 10−6 (10−8). We used relatively large values of W0, giving rise to high s
ale supersymmetrybreaking, be
ause of numeri
al 
onvenien
e. Nevertheless, we expe
t that our qualitative results
an be straightforwardly extrapolated to lower s
ales.In our study, we take a 
onservative approa
h and assume that whenever u jumps the barrier at
umax and is driven towards the state at the origin, the gauginos do not 
ondense and, 
onsequently,
σ does not get stabilized. Apart from an understanding of the physi
s at the minimum u = 0,dis
ussing the dynami
s of u in this 
ase requires to in
lude quantum e�e
ts, su
h as parti
leprodu
tion of �elds whi
h are light at the spe
ial symmetry point at the origin [24℄. Parti
leprodu
tion damp the motion of u, possibly trapping it in the region |u| < umax and leaving ourresults untou
hed. Another possibility is that the �eld has enough momentum to go through theorigin and boun
e ba
k over the barrier to end up at umin. This 
ould open up an additionalregion of preferable initial 
onditions, whi
h nonetheless will strongly depend on the details of thepotential near the origin.3.1 When 
an the gaugino 
ondensate safely be integrated out?The �rst issue to address is to determine for whi
h initial energy s
ales Hini it is a good approxi-mation to integrate out the gaugino 
ondensate and work in the low energy e�e
tive KKLT theory,and for whi
h initial 
onditions the dynami
s of the full system should be taken into a

ount. Toanswer this question we determined the range of initial 
onditions for σini leading to modulusstabilization in the e�e
tive KKLT model, with u integrated out. We 
ompared the results withthe range of σini leading to stabilization in the full system, where both u and σ are kept as dy-nami
al �elds, starting with u initially lying in the valley of attra
tion, i.e. uini = umin(σini). Wenumeri
ally determined this uini, as the analyti
 approximation (2.4) breaks down for small σini(whi
h 
orresponds to large u). In both 
ases we started with zero momenta for all �elds.The spa
e of initial 
onditions {σini, Ωγ} for whi
h the system evolves to the overall minimumis plotted in Fig. 3; for all other initial 
onditions, u and/or σ overshoot. The thin/red 
urvegives the stabilization region for the KKLT potential with u integrated out. The results agreewith previous �ndings [12℄: provided that the initial energy density is dominated by radiation,there is a large range of initial σini leading to stabilization. Starting with initial values σini to theleft of the 
urve, the modulus pi
ks up too mu
h momentum and overshoots; starting with initial7
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Figure 3: The regions bounded by the 
urves 
orrespond to initial 
onditions leading to modulus stabi-lization in the KKLT model with c = 1/7 and a) W0 = 10−6 and b) W0 = 10−8 as a fun
tion of the initialabundan
e Ωγ . The thin/red 
urve is obtained in absen
e of u and the thi
k/blue 
urve is for u integratedin and initially at its minimum umin. Bla
k dotted lines 
orrespond to (H/Λ)ini = 1, 10−2, 10−3.values σini to the right of the 
urve, the modulus is too 
lose to the minimum and there is notenough time to damp the �eld, with overshoot as result. Finally, we note that there is anothersmall stabilization region for σini 
lose to the minimum σmin (that is not displayed in the plot),for whi
h the initial potential energy is less than the height of the barrier Vini < Vmax.The equivalent 
urve for the full system is the thi
k/blue line. As expe
ted, there are largedis
repan
ies for small σini, and thus large umin(σini), whereas for larger σini both systems give thesame results. In terms of n = (H/Λ)ini, the deviations are negligible when this ratio drops below
n = 10−2, and be
ome large around n = 10−1 � Fig. 3 shows the lines for n = 1, 10−2, 10−3.This is almost independent of W0, i.e. of the va
uum gravitino mass; the reason is that for su
hinitial 
onditions the 
ubi
 term in the potential (3.1) is negligible, and all W0 dependen
e dropsout. This allows to restate the results in terms of Vini as well: for Vini . 10−7 the KKLT and fullpotential behave very similarly, whereas for Vini & 10−5 they deviate signi�
antly.We note that the smaller W0 is, the longer it takes for the �elds to roll down to their minima,and the longer they are exposed to damping; this explains why less initial radiation Ωγ is neededfor stabilization. Hen
e, for a TeV gravitino mass, W0 ∼ 10−14 and c = 1/10, it is natural toexpe
t the same behavior as in Fig. 3, with an even larger a

essible range of Ωγ . In that 
ase,one 
an further show that stabilization o

urs at the uni�
ation-
ompatible point g2 = 1/2.As already stressed, the main reason for the breakdown of the KKLT approximation at largeinitial energy densities is due to the way the 
ondensate is integrated out. Formally, the �eld ushould be integrated out at the level of the s
alar potential. In the KKLT approa
h, however,this is not the 
ase: the �eld u is sent to zero in the Kähler potential, and repla
ed by its vev inthe superpotential. The di�eren
e between the two approa
hes is easy to understand by studyingthe stru
ture of the s
alar potential (2.2); it gives rise to extra terms when the �rst approa
his followed. The way heavy �elds 
an be integrated out 
onsistently in supergravity has beenthe 
enter of renewed attention in the past months [25�27℄. In this paper, we are dealing withintermediate energy ranges for whi
h the extra terms in the s
alar potential are not negligible.They have an impa
t on the dynami
s of the system. Therefore, for small σini, the solution8
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Figure 4: Initial 
onditions {σini, uini − umin(σini)} leading to modulus stabilization for W0 = 10−6. Thebla
k dashed lines 
orrespond respe
tively to Vini = 10−1, 10−2, . . . , 10−8 from left to right.for umin (2.4) is no longer a good approximation, and thus higher order terms in u (the u6-term in eq. (3.1)) have to be taken into a

ount. Numeri
ally, we �nd that the exa
t and theanalyti
al solutions start to deviate more and more as we in
rease Vini. Noti
e that for σini < 0.2(or Vini & 10−3), the nontrivial minimum of VF (σ = σini, u) along the u dire
tion disappearsaltogether, implying that gaugino 
ondensation 
annot o

ur. This explains the 
uto� in thestabilization region in both plots. For σini < 0.2, any uini leads to overshoot.3.2 Initial 
onditions leading to modulus stabilizationWe now determine the stabilization region in {σini, uini} spa
e, 
onsidering initial 
onditions withboth the modulus and the 
ondensate displa
ed from the instantaneous minimum. On
e againthe �elds start their evolution at rest.The results for W0 = 10−6 and Ωγ = 0.95 are shown in Fig. 4. The initial 
onditions {σini, δu ≡
uini − umin(σini)} leading to stabilization lie in the shaded/green area. A large range of modulusinitial values leads to stabilization 0.2 . σini . 0.6, whereas only a small displa
ement in δu isallowed. The reason for this is simple: the potential is mu
h steeper in the 
ondensate dire
tion,even a 
omparatively small displa
ement |δu| . 2 × 10−2 implies a large in
rease in Vini, and
onsequently leads to overshoot.To address the likelihood of initial 
onditions leading to stabilization, it is therefore useful to
onsider not the initial �eld displa
ement, but rather the 
orresponding 
hange in energy Vini.Given an initial energy Vini, and random initial 
onditions for both the modulus and 
ondensate(but su
h that Vini remains �xed), how large is the stabilization region in the spa
e of initial 
on-ditions? In Fig. 4 are plotted the equipotential lines 
orresponding to Vini = 10−1, 10−2, . . . , 10−8.The lines are approximately orthogonal to δu = 0 for small σini. Considering all initial 
ondi-tions along one su
h line to be equally likely, the stabilization region is very small. Most initial
onditions lead to overshoot. This is quite a di�erent result than the 
on
lusion one (naively)draws from the one-dimensional system with the 
ondensate integrated out. Con�ning to initial
onditions to the left of the maximum, a good proportion of initial 
onditions leads to stabilization.The solid/orange line at δu = 0 in Fig. 4 
orresponds to a similar study in the e�e
tive KKLT9



model, without the dynami
s of u. The points along that line at the left of the shaded/green areaare initial 
onditions that appear to lead to stabilization from the one-dimensional standpoint.On
e the dynami
s of the 
ondensate are 
onsidered, it is 
lear that those points are in
onsistent.4 Finite temperature 
orre
tionsIn this se
tion we study the e�e
t of thermal 
orre
tions on the evolution of the modulus-
ondensate system. These 
orre
tions arise be
ause the gauge kineti
 term W aW a of the thermalse
tor a
quires an expe
tation value at one loop [28,29℄, and be
ause the parti
les in the thermalbath may have a �eld dependent gauge or Yukawa 
oupling. As an example, let us 
onsider thatthe ba
kground thermal �uid ργ originates from an SU(Nc) gauge se
tor with Nf matter multiplets(in the fundamental representation) and a modulus-dependent gauge 
oupling, g2 = 1/σ. Eventhough the (real) modulus σ does not thermalize, its potential re
eives 
orre
tions through thegauge 
oupling of the thermal bath. Hen
e, at a 
onstant temperature T , the e�e
tive potentialenergy of the modulus is
V (σ) + F (g, T ) , (4.1)where V (σ) is the zero-temperature potential (3.1) and the indu
ed free energy is given by3
F (g, T ) =

(

a0 + a2g
2
)

T 4 , (4.2)where a0 = −π2

24

(

N2
c + 2NcNf − 1

) and a2 = 1
64

(

N2
c − 1

)

(Nc + 3Nf ). Note that for a su�
ientlyhigh temperature Tcrit, the minimum of the potential gets lifted and, if the modulus is already inits minimum, it gets destabilized [31, 32℄.Similarly, sin
e the tra
e of the stress-energy tensor no longer vanishes, a mass term for the
ondensate may be generated4 via a 
oupling uu∗ 〈T µ
µ〉 T

. It is however easy to show that the
orresponding destabilization temperature is (mu
h) higher than the one a�e
ting the modulus,
Tcrit. We have 
on�rmed numeri
ally that su
h a mass term 
an be negle
ted.The existen
e of a thermal bath a�e
ts the moduli dynami
s. First, the solution of Friedmann'sequations for the radiation density be
omes

ργ = ρinit
γ e−4N

(

1 + rg2 (σinit)

1 + rg2 (σ)

)1/3

, (4.3)where r denotes the ratio5 a2/a0 and N = ln R as before. Sin
e ργ enters the Hubble rate H,eq. (4.3) implies that temperature 
orre
tions introdu
e an additional sour
e of fri
tion whi
hde
reases as the universe expands. As a result, the equations of motion (2.9) are modi�ed asfollows
∂̄V → ∂̄(V + F ) = ∂̄V −

1

3

rργ

1 + rg2
∂̄g

2 , (4.4)3Formally, eq. (4.2) is valid only in the weak 
oupling regime. If g ∼ O(1), additional 
orre
tions be
omeimportant. However, expli
it 
omputations have shown that the g2 term 
ontains already the 
orre
t qualitativebehavior [30℄.4We thank Oleg Lebedev for drawing our attention to this issue.5Our de�nition of r di�ers by a fa
tor 4π 
ompared to [14℄. This originates from the di�erent dependen
e ofthe gauge 
oupling on σ. 10
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Figure 5: Region of initial 
onditions leading to σ stabilization in the KKLT model. The dashed linesurrounds all admissible initial values in the absen
e of thermal 
orre
tions. The light-shaded (dark-shaded) region 
orresponds to the allowed parameters in presen
e of thermal 
orre
tions, with r = −0.04(r = −3/4π2). The 
hosen parameters are c = 1/7, W0 = 10−6, Ωγ = 0.99.where we have used the relation between the energy density and the temperature of the thermal�uid ργ = −pγ +Tdpγ/dT = −3a0(1+ rg2)T 4 with the pressure given by pγ = −F (g, T ). Thisnew 
ontribution to the equations of motion renders manifest the e�e
t of the e�e
tive poten-tial (4.1). Note that irrespe
tive of whether the initial temperature is larger than the temperatureat whi
h the minimum of the potential gets lifted, Tini > Tcrit, the modulus 
an still be stabilized.If the fri
tion is large enough, the minimum emerges before the modulus has had time to approa
hit. Some of the initial 
onditions that lead to stabilization at zero temperature are however erased.Thus, the region of admissible 
onditions redu
es under the in�uen
e of the thermal bath.We note that it is possible that a subset of the thermal degrees of freedom do not have amodulus dependent gauge or Yukawa 
oupling, and only intera
t gravitationally with the modulusse
tor. If this subset is large, the parameter |r| 
an be made arbitrarily small, and the results ofthe previous se
tion apply.4.1 Initial 
onditions leading to modulus stabilizationAs before, we 
onsider the KKLT model with the 
ondensate �eld u integrated in and the pa-rameters c = 1/7 and W0 = 10−6. In addition, we take the initial radiation abundan
e to be
Ωγ = 0.99 and 
onsider two di�erent 
on�gurations with r = −3/4π2 and r = −0.04 to illustratethe dependen
e on thermal 
orre
tions. The �rst 
ase 
orresponds to an SU(2) pure Yang-Millsthermal se
tor and is thus the minimal |r| a
hievable when the 
ontribution (4.2) is the only
omponent in radiation. Fig. 5 shows the set of admissible initial 
onditions {σini, δu} that leadto stabilization. The region surrounded by the dashed line 
orresponds to the result obtained inthe previous se
tion for zero temperature (
f. Fig. 4). Inside this region, we �nd those admissibleinitial 
onditions for r = −0.04 (light shaded) and r = −3/4π2 ≈ −0.076 (dark shaded).A few 
omments are in order. The region of stabilization 
learly redu
es when |r| in
reases.For the SM gauge group SU(3)×SU(2), one �nds r ∼ −0.1, whi
h leads to a 
onsiderable redu
tionof the allowed region. This implies that only for an even more �ne-tuned value Ωγ ∼ 1 does stabi-lization o

ur in a more realisti
 s
enario. Also, the smallest value that the modulus 
an initially11
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Figure 6: The regions en
losed by the 
urves 
orrespond to initial 
onditions leading to modulus stabiliza-tion in the KKLT model with c = 1/7 and a) W0 = 10−6 and b) W0 = 10−8 as a fun
tion of the initialabundan
e Ωγ . The thin/red 
urves are obtained in absen
e of the �eld u for r = 0 (solid) and r = −3/4π2(dashed). The thi
k/blue 
urves are obtained for u integrated in and initially at its minimum umin for
r = 0 (solid) and r = −3/4π2 (dashed). Bla
k dotted lines 
orrespond to (H/Λ)ini = 1, 10−2, 10−3.take depends on the thermal ba
kground. This happens be
ause the higher the potential energyof the modulus Vini is, the faster it rolls down to the position of the minimum. If the temperatureis not su�
iently low, the modulus �nds no minimum and 
onsequently runs away. Similarly, if
σ starts too 
lose to the lo
al maximum of the modulus potential, at higher temperatures themodulus does not feel the attra
tion of the minimum and es
apes.We explore also how the stabilization of the modulus depends on the initial radiation abun-dan
e Ωγ . In Fig. 6, we present our results in
luding the 
ondensate dynami
s (blue/thi
k 
urves).In the left (right) panel we have set W0 = 10−6 (10−8). The area over the solid (blue/thi
k) 
urve isthe set of stabilization-
ompatible initial 
onditions at zero temperature. The area over the dashed(blue/thi
k) 
urve des
ribes stabilization when thermal e�e
ts are in
luded, with r = −3/4π2.As expe
ted, for low initial radiation abundan
e, the modulus runs away before the temperaturede
reases below Tcrit and, therefore, stabilization is not possible. This sets a bound on the initialvalue of Ωγ , whi
h in our examples is Ωγ,min ≈ 0.98 (0.92) for W0 = 10−6 (10−8) with r = −3/4π2.We 
ontrast these �ndings with those results obtained in the traditional way, i.e. in absen
e ofthe dynami
al 
ondensate �eld u (red/thin 
urves). Note that the thin and the thi
k 
urves only
oin
ide in a narrow region 
lose to the stabilization point of σ (σmin ≈ 1.22 for W0 = 10−6 and
σmin ≈ 1.68 for W0 = 10−8). This implies that, integrating out the 
ondensate is only valid forthese points, that is, for initial 
onditions su
h that the Hubble rate Hini is between two and threeorders of magnitude lower than the 
ondensation s
ale Λini at the beginning of modulus evolutionThis observation is rather model independent and has to be taken into a

ount in general whendealing with moduli stabilization driven by gaugino 
ondensate in an evolving universe.5 Con
lusionsWe have studied the 
osmologi
al evolution of a modulus 
oupled to a gaugino 
ondensate and its
onsequen
es for moduli stabilization. Using the KKLT model as an illustrative example, we have12



shown that, in presen
e of ba
kground radiation, most of the region yielding modulus stabilization
orresponds to points in parameter spa
e for whi
h the Hubble parameter Hini is 
lose to the s
aleat whi
h the gauginos 
ondense Λini. On
e the dynami
s of the gaugino pairs is in
luded, we haveshown that:
• a dire
t integration out of 
ondensate in the superpotential and the Kähler potential fails todes
ribe moduli dynami
s unless Hini is about two orders of magnitude smaller than Λini,
• the dynami
s of the 
ondensate sets a stronger bound on the initial 
onditions leading tostabilization.The former point implies that if one is to 
onsider that the 
ondensate has been integratedout before the modulus starts its evolution, then only the vi
inity of the minimum leads tostabilization.We have also dis
ussed the role of thermal 
orre
tions and shown that they do not a�e
t the
on
lusions above. Thermal e�e
ts impa
t on the initial fri
tion needed to damp the modulusand stabilize it, 
onstraining further the range of initial 
onditions that lead to stabilization.To 
on
lude, we point out that our observations are model independent and have to be takeninto a

ount in general when dealing with moduli stabilization driven by gaugino 
ondensate in anevolving universe. Also, our results are expe
ted to hold independently of the 
hoi
e of parameters.In parti
ular, they should be valid in settings with a realisti
 supersymmetry breaking s
ale.A
knowledgmentsWe are grateful to Emilian Dudas and Oleg Lebedev for valuable dis
ussions.A Equations of motionThe equations of motion (2.9)

φ̈i + 3Hφ̇i + Γi
j kφ̇

j φ̇k + Ki ̄∂̄V = 0 , (A.1)
an be separated into real and imaginary parts (resp. denoted φr and φi) and read
φ̈k

r + 3Hφ̇k
r + Γk

l m

(

φ̇l
rφ̇

m
r − φ̇l

iφ̇
m
i

)

+
1

2
Kk l̄ ∂V

∂φl
r

= 0 ,

φ̈k
i + 3Hφ̇k

i + Γk
l m

(

φ̇l
iφ̇

m
r + φ̇l

rφ̇
m
i

)

+
1

2
Kk l̄ ∂V

∂φl
i

= 0 . (A.2)Applied to the KKLT system (2.6), we have
σ̈r + 3Hσ̇r −

1

σr

(

σ̇r
2 − σ̇i

2
)

+
2σ2

r

3

∂V

∂σr
= 0 ,

σ̈i + 3Hσ̇i −
2

σr
σ̇rσ̇i +

2σ2
r

3

∂V

∂σi
= 0 . (A.3)In se
tion 3, we aim at 
omparing the region of stabilization with the results obtained in [12℄.However, from then on, we 
on
entrate on the real parts of σ and u. Dynami
s of the imaginaryparts shall be treated elsewhere. 13



For the exa
t system (2.1), the �rst equation in (A.2) be
omes
σ̈r + 3Hσ̇r −

2

2σr − u2
r/3

(

σ̇r
2 −

ur

3
u̇rσ̇r

)

+
2σr − u2

r/3

6
(2σr∂σrV + ur∂urV ) = 0 ,

ür + 3Hu̇r −
2

2σr − u2
r/3

(ur

3
u̇r

2 − u̇rσ̇r

)

+
2σr − u2

r/3

6
(ur∂σrV + 3∂urV ) = 0 . (A.4)In general, it proves mu
h easier to re-express eqs. (2.9) in terms of the 
anoni
al momentaasso
iated to the �elds Πi = ∂Lkin/∂φ̇i

φ ′ i =
1

H
φ̇i (Πi) , (A.5)

Π ′

i = − 3Πi +
1

H

∂

∂φi

(

Lkin − V (φi)
)

,where prime denotes derivative with respe
t to N (i.e ẋ = Hx′). These equations 
an then beintegrated numeri
ally in order to obtain the solutions φi(N).Referen
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