arxXiv:0812.4168v1 [hep-ph] 22 Dec 2008

DESY 08-197, SFB/CPP-08-105 ar Xiv: 0812. 4168 [ hep- ph]
NIKHEF 08-032, LTH 815
December 2008

Third-order QCD correctionsto the
charged-current structure function F;

S. MocH, J.A.M. Vermaserehand A. Vogt

aDeutsches Elektronensynchrotron DESY
Platanenallee 6, D—15738 Zeuthen, Germany

PNIKHEF Theory Group
Kruislaan 409, 1098 SJ Amsterdam, The Netherlands

“Department of Mathematical Sciences, University of Livetp
Liverpool L69 3BX, United Kingdom

Abstract

We compute the coefficient function for the charge-averalyédexchange structure functidsy

in deep-inelastic scattering (DIS) to the third order in sl@ss perturbative QCD. Our new three-
loop contribution to this quantity forms, at not too smallues of the Bjorken variablg, the
dominant part of the next-to-next-to-next-to-leadingesrdorrections. It thus facilitates improved
determinations of the strong coupling and of 1/Q? power corrections from scaling violations
measured in neutrino-nucleon DIS. The expansioRsah powers ofas is stable at all values of
X relevant to measurements at high sca®¥s At small x the third-order coefficient function is
dominated by diagrams with the colour structd®Cd,, not present at lower orders. At large
the coefficient function foFs is identical to that of; up to terms vanishing fox — 1.
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1 Introduction

Structure functions in inclusive deep-inelastic leptartieon scattering (DIS) are among the most
important observables probing QCD, the theory of the stiobtgraction. Present data on these
guantities can provide accurate information about thelgaad gluon momentum distributions
in the proton down momentum fractionss 104, see Ref. [1]. These distributions, in turn, are
indispensable ingredients for the analysis of all hard{t8gal¢mass) scattering processes at
proton—(anti-)proton colliders, cf. Refs. [2, 3], such asvATRON and the LHC which will form
the high-energy frontier of particle physics for at least tiext fifteen years. Structure functions
are also very well suited for precision determinations @f $krong coupling constant;, one of
the fundamental parameters of our description of naturdadriramework of perturbative QCD.

Inclusive quantities such as structure functions are theefables best accessible to field-
theoretic calculations to ‘high orders’ (today: two loopgldeyond) in the expansion in powers
of the coupling constant. Indeed, the second-order partmoiss sections (coefficient functions)
for inclusive DIS were completed as early as 1991/2 [4—6]lewtorresponding quantities for jet
shapes ire"e collisions have been presented only very recently [7-9]afgex (with hindsight:

x > 107?) the former quantities are the dominant part of the nexidgt-to-leading order (NNLO)
contributions in renormalization-group improved peratrbn theory. They are not sufficient,
though, for NNLO analyses over the fulrange opened up by HERA and required for the LHC.

The three-loop corrections for inclusive DIS — required tonplete the NNLO framework
and to provide the dominant next-to-next-to-next-to-lagarder (NLO) corrections at large-
enabling a perturbative accuracy of 1% toy determinations — have been the subject of a long-
term research program, which started from sum rules [10aht] proceeded via low integer Mellin
moments [12—-14] to the computation of the exact expresdmmall NNLO splitting functions
[15, 16] and the third-order coefficient functions for theusture functiond andF; [17, 18].

In the present article, we extend the latter results to thetrimportant structure function not
covered by Ref. [18], the vector—axial-vector interferestructure functiofrs in charged-current,
specifically W+ +W™)-exchange DIS measured with high precision in neutrinclean DIS [1].

The remainder of this article is organized as follows: Inti®ec2 we briefly recall the general
formalism for the calculation of the coefficient function f& and discuss some aspects specific to
the present computation. We then write down the coefficienttions forF3W++W7 in Section 3.
The second- and third-order quantities are presented vigpacot and accurate parametrizations.
We also address the behaviour of the third-order coeffi¢ierdtions at large and smad] stressing
the importance of thd@d,y,. contribution not present at lower orders. This and other eigal
effects are then illustrated in Section 4 where we assessizheof the higher-order corrections.
Finally we summarize our results in Section 5 and close wilini@f outlook on possible future
improvements on the present accuracy. Appendix A cont&i@very lengthy exact expression
of our new third-order coefficient function, and Appendix @&aplements the discussion Bf in
Section 3 by providing the subleading lamgéagarithms for the case d#. It turns out that the
guark coefficient functions fdfs and XF, = F> — F_ in charged-current DIS are the same in the
largex limit, specifically thatCs(x) = Cy(x) + 0 (1 —x) holds to (at least) orderZ.



2 Formalism and calculation

We are interested in unpolarized charged-current dedpstie scattering (DIS), i.e., the reaction
| (k) + nucl(p) — I'(K') + X, (2.1)

wherel, I’ and ‘nucl’ denote a charged lepton, its (anti-) neutrinotliis or the opposite order)
and a nucleon with respective momekfk’ and p. X stands for all hadronic states allowed by
guantum number conservation. The inclusive cross seabiotihé procesg (2.1) can be written as
do ~ LW, in terms of leptonic and hadronic tensdrs andW,,. The former tensor is well
documented in the literature for both pure electromagretitelectroweak gauge-boson exchange,
see, e.g., Ref. [1]. Thus there is no need to consider it here.

Our focus is on the (spin-averaged) hadronic teNggrwhich can be expanded to define the
structure function$; 3, viz

1 :
Wn(p,a) = E{/d“ze““(nucI,p\JJ(z)J\,(O)|nucl,p>

oaoP

— w5 L0 + iy K Q7 + 80 DT R QT (22
Hereq denotes the momentum transferred byWioson, withQ? = —g? > 0, andJ, represents
the weak current. The Bjorken variable is definekasQ?/(2p-q) with 0 < x < 1. We do not
consider the functions; | corresponding to the symmetag, andd,, in this article, see Ref. [18].
Instead we address the structure functi@rassociated to the totally antisymmetric tens@ig
which arises from the vectpaxial-vector interference of the two—A currents. Specifically we
are interested here in the charged-averaged quﬁg‘ffﬁy*wf which has been accurately measured
in neutrino-nucleon DIS off (alImost) isoscalar targets(fétall thaﬂZSWtW* is small in this case,
being proportional to a flavour asymmetry in the quark sea).

As in the previous calculations in Refs. [15-20], we derinalgtic expressions for the Mellin
moments of the perturbative contribution to structure fioms, which for the present case are
defined as

FYTYI(N,QY) = /OldxXN-lFSW**W (%Q?). (2:3)

To this end we make use of the optical theorem relating thedmécl tensor in Eq.[(2]2) to the
imaginary part of the forward Compton amplitu@lg of virtual gauge-boson—nucleon scattering.
This amplitude is expressed in terms of a time-ordered mdiitwo local currents to which
standard perturbation theory applies,

Tw(p.Q) = | / d*ze%%(nuct p| T (3}(2)%(0)) nuck p) . (2.4)
In D = 4 — 2¢e dimensions the structure functiég is obtained fronT,, using the projection

1 € HVGB pC( qB

= T ammaet 2pq

(2.5)
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As discussed in detail in the literature, see, e.g., Ref.4Q], the operator-product expansion
(OPE) can be applied to the product of currents in Eql (2 g@ttoer with a dispersion relation. For
the structure function considered here this procedurdyigadlds

N 2
R Q8 = 5 (N ) AN 8). 26)
One thus obtains the odd-moments[(Z3) which uniguely fix all moments, and hence tineptete
x-dependence, by analytic continuation. The nota@gnfor the coefficient function oF " W~
reflects this basis of odd momen#s; nyci(N, pz) in Eq. (2.6) is the nucleon matrix elements of the
combinationOy of local spinN twist-two quark operators corresponding to the total vedesuark
distribution, renormalized at the scalel/Q? corrections have been disregarded in Eql(2.6).

As usual, we perform the renormalization in the modified [@@himal subtraction scheme
[21] in dimensional regularization. Hence also the rendized couplingas in Eq.(2.6) refers to
D =4—2¢ dimensions, i.e., its scale dependence is given by

d as das

ding? 4 = din2 — £% Poas —Pral—oag —Baal .. 2.7)

where B, denote the coefficients of the usual four-dimensidv& beta function of QCD. The
renormalization to the third order requires the coeffigemp tof3> [22, 23], and the consistent
application of the resulting three-loop ¥NO) coefficient functions in data analyses e@y) the
highest contribution to Eq[_(2.7) computed so far [24, 25].

There is one delicate issue entering the operator renarati@n which deserves special atten-
tion. This is the presence gt due to the axial-vector coupling of th&¥-boson. As before in
Refs. [11, 14, 15, 20] we employ the so-called Larin schendeZ@] which, at the present level,
is equivalent to, but computationally more convenient tti@noriginal prescription [27, 28] for
consistently dealing witlys in dimensional regularization. See also the discussionah [8].
Therefore we need to perform a special renormalizatioredas relating vector and axial-vector
currents, in order to restore the axial Ward-identities,

Oy — ZsZp0, . (2.8)

The constanfa for the axial renormalization and the finite renormalizaffg due to this treatment
of y5 in theMS-scheme are known to three loops [11, 26]. The explicitesgions read

1722 4 1, 484 176 16
2 4 s[1
Za = 1ral | 50— 5 Ceni] 4| 5~ 7 CeCR+ 7 CeCany — 5 Cen)
1, 308 3578 32 832 8
+2(- Z5 CACa+ - CeCR+ o Cony — chAnf+81anf>], (2.9)
107 2
Zs = 1+as[—4cF—10scF+s2c:F(—22+212)}+a§[22c:§— 5~ CrCa+ 5 Ceny
7229 331
2 J— —_—
+&(C? (132 483) + CrCa - o +48(3) + = Ceny )|
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+a5[cp(—%’+96z3)+chA(%°’4—160z3)+cFCE( 2;” 563 )
62

356 32

2

+CAn (- 27 13) +CaCeny gy 81 Z?’)
Both these expansions are given in terms of the renormatizepling [2.7), ands is expressed to
exactly the depth im implemented in the present calculation (see below[Eqg. jZdtla comment
on the positive powers afabsent in Ref. [11]).

2anf ] . (2.10)

We are now ready to briefly address the standard part of themedization of the spiN
operator<), entering Eq.[(Z16),
olen — z,Qpare (2.11)

where (as in some equations below) we have suppressed thedie o, and exploited the
fact thatO, does not mix with other operators under renomalization. ddreesponding (non-
singlet) anomalous dimensiopg, governing the scale dependence of the oper&prga

d
dinp2 Y

O = —y, OfF", (2.12)

are connected to these renormalization constants in thdastza way,

W= <d|:u2 v) Z)as“v (2.13)

The reader is referred to Ref. [15] for the relation of theamgion coefficientsl\g') to those of
other non-singlet combinations. In terms of these quastitheMS renormalization factoz, in
Eq. (2.11) is given by the Laurent series

Z, = 1t a ) + & {2—12 {(VSO)—Bo)VSO)}+2—1€v$”]
+2| a { (W~ 280) (W7 o) v
n 6—12 {3V —2Bow” — 2B | + 3—1€v§2)} - (2.14)

Of course, the perturbative calculation of the anomalouosedsion[(2.12) and the coefficient
functionC; cannot proceed via Ed. (2.6) including the non-perturleativcleon stategucl, p).
However, as the OPE represents an operator relation, tbelatbn can be performed using quark
states instead. Hence we apply the Lorentz projettar (@.6)e forward virtuaM/—quark Comp-
ton amplitudez;, analogous to Eq[(2.4) and obtain the perturbative quasti which can be
expanded in powers of the renormalized couphgg: as/(4m) at the scalgi® = Q?,

75(N) = (73 (N) + asy ™ (N) + 7P (N) + 757 (N) + ... ) Ay (2.15)

where theN-independen®, denotes the quark operator matrix element. After perfogntire
operator renormalization according to Eq4s.](2.9) = (2.1 &.14), one thus arrives at explicit
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expressions for the"s('). The anomalous dimensiong) can then be read off from the poles in
g, while the coefficient functio©; is related to the finite terms in During this procedure it is
important know the expansion of tiedimensional coefficient function

5 (ag,N %a5<03 )+ eal (N) + 2l (N) + ) (2.16)

to a sufficient depth (positive powers) énat lower orders. We normalize tiee? contribution to

Eqg. (21I5) includingd,, i.e.,

T30 (N) = 1 (2.17)
implies
cgf’i(N) — 1, ag?;m) — bg?;m) — .. =0. (2.18)

In this normalization also the first-order expression is ghme forF)V W™ and V"W,
Again suppressing thid-dependence it reads

1
T3E1i) = yé%) + céli + sagi + szb(sﬂ +0(e%) . (2.19)

The corresponding second- and third-order results aradpye
) 1 1 1 1 0
7320 = 2—82{ (qu BO) qu} % {V\(/ ! +20(3,)iyélq)}
+ o2 +all vig +e{al b5 vid | (2.20)
and
3 1
‘73(7_) = @{ (qu 2[30> (qu BO) qu}
1 0 1 0 0
t &2 {3\/\(/ 'vie — 2Bovy” — 2Byl + 30(3,i (Vt(qq) - Bo) V&q)}

b o {3l v + 6 vig) + 3l (v~ Bo) iR}

(3)

1
L LAl o

+oaL Ay Vol 5 L) (ved —Bo) véa - (2.21)

Consequently the two- and three-loop coefficient functiarsbe read off from the-independent
parts ofTs(f) and Tg(i) after subtracting the respective contributions due to ¢tkeet-ordere and
&2 quantities in Eq.[{Z.16).

We are now in a position to give the comment announced aboveemiterms in Eq.[(2.10).
These terms do not affect the extracted coefficient funstté)?ﬂ andcg. Without them, however,
the functionsa(sli, bgli and a(321 would exhibit an unphysical behaviour of thérindependent
terms (which should be the same as thosd)r a feature irrelevant here but unwanted for more
general applications such as the determination of time<{ikagmentation) coefficient functions
via a suitable analytic continuation of the DIS resultsR#fs. [29, 30]. In other words, Ed. (2]10)
effectively restores the anticommutativityyf also for those ande? contributions.
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The actual computation of the Feynman diagrams for the imnions to Eq.[(2.15) follows
those of Refs. [15—-18,31] in every respect, so we can be vaxiiere. The graphs have been gen-
erated automatically with the diagram generat@rR@F [32]. All further symbolic manipulations
have been performed indRM [33,34], using the BMMER package [35] for the analytic evaluation
of all nested sums. The calculation relied on a massive asibul of intermediate integrals, and
check of all intermediate and final results were performediXed values ofN against the NNCER
program [36,37] and the findings to Ref. [14]. The three-l&gp terms of the present calculation
have already been used to complete the set of non-singletONSytllitting functions [15].

There are two aspects which deserve special attention icotftext of the present calculation.
The first is the appearance of two functioms g, in the final oddN results for the coefficient
functions (see Refs. [18] for very similar evéhfunctions in the results d¥, andF_) which fall
outside the class of simple harmonic sums [35] sufficientetipus orders,

gn(N) = N" <515—23—5+4&213—4&2,73+8&2,72,1+453,72—451,1+255) . (2.22)

Note that the bracketed combination of harmonic sums vasiak ¥N? for N — oo, hencegn(N)

do not contribute to the leading i\, k=1, ..., 6, behaviour of the coefficient functicnés)_(N).
Thex-space expressions corresponding to Hgs.[2.22) can bd &iuhe end of Appendix A.

The second interesting point is the presence of a new cotaustsre, a contribution propor-
tional to the higher SUY{,) group invariantd®d,.in the three-loop coefficient functimész. This
new colour factor is related to Feynman diagrams of a pdati¢dapology concerning the fermion
flow through the diagram. We distinguish the two cases (ded#flavour classesjl, and flg,
depending on whether botN-bosons are attached to the open fermion line of the initidifanal
state quark{l,) or whether both gauge bosons are coupled to a closed fetaopriflg2). Sample
diagrams for the two cases are displayed in Eig. 1. The impfabe newflg, contributions with
da%d,,,. on the coefficient function will be discussed in the nextisest

+ 348 other diagrams + 11 other diagrams

Figure 1: Typical Feynman diagrams for the contributionthwit (left) and with (rightd2%d,pc
to the charged-current DIS coefficient functiofl up to the third order in the strong coupliag.



3 Resultsand discussion

We are now ready to present the charged-current coeffiaigatibnC; to the third order in the

strong couplingas = as/(4m), i.e., the coefficients:gES) in

F3W++W7 = C3 @ Oval = <6(1 X) + asCS + as CS + agcésl + > ® Qual - (3.1)

Hﬁre Qval represents the total (flavour summed) valence quark disioib of the hadrongya =
5.1 ,(g —q) wheren; is the number of effectively massless flavoursdenotes the Mellin con-
volution which turns into a simple multiplication M-space. All results below will be given in the
MS scheme for the standard chojeé= p? = Q2 of the renormalization and factorization scales.
The complete expressions for the dependence,cand | to the third order can be found, for
example, in Egs. (2.16) — (2.18) of Ref. [38].

As discussed above, our calculation via the optical theartha dispersion relation directly
determines the coefficient functioh (B.1) for all odd-irdegnomentsN in terms of harmonic
sums [35, 39, 40]. From these functions #igpace expressions can be reconstructed algebraically
[20,43] in terms of harmonic polylogarithms [41-43]. As hetcase of in electromagnetic
DIS presented before [17, 18], the exact third-order exgoes are unpleasantly long in both
N-space and-space. We therefore refrain from writing down the formethis article, and defer
the latter to Appendix A.

For the convenience of the reader we first recall the knowunltiseap to the second order. The
first-order contribution to Eq[{(3.1) is identical to that fbeW*—W~ caseC;™ and given by [19]

ey’ (X) = Ce{4D1—3Do—(9+4L2)8(x)) — 2(1+x)(L1— Lo)
—ax Lo +4+2x} (3.2)
with Ce = (n2—1)/(2n¢) = 4/3 andnc = C, = 3in QCD. Here and below we use the abbreviations
x=1-x, Lo=Inx, Li=Inx, o= [x LY, . (3.3)

As usual, the +-distributions are defined via

1 1

[ axaxf00 = [ axax {f00 - () (3.4)

for regular functiond (x). Convolutions with the distributionsy in Eq. (3.3) can be written as
Ink 1—y) X In*1(1—x)

X[D d fl—)—xf f(X) ———. 3.5

ot = [ay™ I () xtoo b o xton I )

Already at two loops the coefficient functions involve polgarithms and Nielsen functions,
hence itis convenient to have at one’s disposal accuraserrizations in terms of the elementary
functions in Eq.[(3.3). After inserting the QCD values of tiwour factorsC andC,, the exact
two-loop coefficient function (A.3) first obtained in Ref§, 0] can be represented by
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O/\
cS)
—

X
N—

12

128/903 — 184/3 D, — 3110520 + 18864100 — 3385725(x;)

—16.40L3 + 784612 — 470611 — 14975— 6932x+0.218xL3
+LoL1(3362Lg—117.8L1) —49.30Lo—94/3L3 — 104/27L3
+ ng {16/9D,—232/27D1 + 6.34888D0+ 46.84645(x, ) 4 0.066L3

—0.663L7 +24.86L1 — 5.738— 5.845x — 10.235x% — 0.190xL3
+4.265L0L1 +20/9Lo(4+Lo) } (3.6)

with an error well below 0.1% at all values &f This expression is slightly less compact, but
considerably more accurate than the (practically sufft¥iprevious parametrization in Ref. [44].
At this order the coefficient functions for thé*+W~— andW*—-Wcases are different. The two-
loop coefficient functiorc(g?)+ for the latter can be evaluated via EQq. (3.6) above and Ef) (.

Ref. [45] for 5C:(32) = 0(321 — cgzl :

The coefficients of the +-distributionsy in Eq. (3.6) and Eq.[(317) below are exact up to a
truncation of the values of the Riema@iunction. Also exact are those coefficientsLdjf= In¥x
andLX = Ink(1—x) given as fractions. Most of the remaining coefficients haserbobtained by
fits to the exact coefficient functions at 10< x < 1—1076. Finally the coefficients 0d(1 — x)
have been adjusted very slightly from their exact valueaguiie lowest integer moments, thus
fine-tuning the convolution with the quark distributiongaximal accuracy (cf. the discussion at
the end of Section 4 of Ref. [16].

We now turn to our new three-loop results. Inserting, as in(BE@) above, the numerical QCD
values of then;-independent SW) colour factors, the third-order contribution (A.4) to Hg.J)
can be approximated by

¢ (x) &  512/2705— 5440/27D4+ 50109903+ 1171540, — 7328450,

+ 444276 Do —9172688(x;) —512/27L3 +8896/27L7 — 13963
+3990L2 4 143631 — 1853— 5709 + X X; (5600— 1432X)

— LoL1(4007+4 1312L¢) — 0.463xL§ — 2933 Lo — 148815 — 496953
— 4036/81L4 — 536/405L3

+ n; {640/8104—6592/81D3+ 2205735+ 29490621 — 729.359D
+2575468(x;) — 640/81L7 +32576/243L3 — 660.7L2 + 959114
+5161—4652x+ X% (6353+3104xX) +31.95x,LF
+ Lol (1496+2701Lp—1191L;) — 1.200xLg + 36691+ 3053213
+48512/729L.3 +304/81L3}

+ n?{64/811m3—464/81D;,+ 7.6750501 + 1.008300¢ — 10326025(x,)
—64/811L34992/811.2 — 49.65L1 +11.32— xx (44.52+ 11.05x)
+51.94x+ 0.0647xL3 — LoL1 (39.99+5.103Lg — 16.30L1) — 16.00Lg
—2848/2431.% —368/243L3}
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+ floans {2.14712 — 245711 +48.79— %, (2424 — 150.7X) — LoL1 (81.70
+9.412L1) +xLo (2181 +8227L3) —477.0Lo— 113413+ 17.26L3
—16/27L3} %, . (3.7)

Here the factorflg, (= 1 for the numerical evaluation) indicates i#%°d, contribution entering
at this order for the first time, cf. Ref. [11]. Also EqQ. (B.Ti)st presented in Ref. [46], deviates by
much less than one part in a thousand from the correspongang expression which we evaluated
using a weight-five extension of theORTRAN package [47] for the harmonic polylogarithms.
Egs. (3.6) and_(317) can be readily transformed to Mellircse complex values & (using, e.g.,
the appendix of Ref. [40] for the moments ofxim?(1 —x) etc) for use withN-space programs,
such as QCD-PcAsus|[48], for the evolution of parton densities and structunections.

The x— 1 andx— 0 end-point behaviour of the higher-order contribution&tp (3.1) is of
special interest, both theoretically and phenomenoldgidd/e first address the largelimit. Here
the leading terms af(sf‘)i(x) are the soft-gluon +-distributionsy with k=0, ..., 2n—1. To order
a2 the corresponding coefficients are identical to those feetbctromagnetic and charged-current
structure functiong, which can be found in Egs. (4.14) — (4.19) of Ref. [@8].

The terms withd(1 — x) (arising from virtual corrections and soft-gluon conttilbus) are the
same for all four charged-current coefficient functiané%i and differ from the corresponding
photon-exchange quantity of Ref. [18] only by the obviouseatze of contributions from thid11
flavour classes (where the photons couple to different gloas) inW-exchange processes. For
the convenience of the reader we here collect the thirdradle— x) terms scattered over the
13 pages of Eq. (A.4):

) _ crc. [ 1909753 143255, 105712,  25184,, 416
O35y — AF [ Toas 81 2t g BTz T3
248, 3512, , 9161 104117
+ 5400203 TZZ HZ?’} + CACF[ 2 " 52 (2
6419, 87632, 4952 6644 1016, 33556,
3t g 3 it~ S eate 1 100 - T
7255 3379 2148
+CE |~ 1, 318l3— ~— {5+ 12405+ 80823
24 6 5
304, 4184 , ,[ 9517 860, 152, 32,
3 ZZ+315Z3] +'Can{ 286 27 %2 81 %8 7%
142883 40862, 18314, 2488 , 8. 56
+CACan{ 286 T 81 %27 a1 (3— 135 32-1-515—31213}
341 5491, 1348,  16472,, 592_ 352
2 oS IrdS . 2 .
+ C¢ nf|i 36 o7 et gl g g s 1213} . (3.8)

1The sign of the term-232Z5 in the first line of Eq. (4.19) has been misprinted in the hbwgrsion of Ref. [18].
The journal version is correct.



Finally we consider the subleading (integrable) laxgegarithms which have attracted re-
newed theoretical interest recently [49-51]. Terms up f81h(1—x) occur in then-th order
coefficient functions. Their coefficients are the same feimth +W~ andW™ —W~cases. Unlike
the +-distributions, however, these contributions difexcept for the highest power in each colour
factor, where the coefficient is minus that of the highesistridhutions) betweelf, andFs. For
the present structure function the two-loop contributiceesd

2
e - —8C2 (3.9)
2 22 4
ey b= 3O 52C — ZCemy (3.10)
) = GG {%’ —8(2} C2[16— 327) +%1CF N . (3.11)
’ 1
The corresponding coefficients for the third-order coedfitifunctions are given by
3
eyl o —8C3 (3.12)
220 40
eyl 4 = g CaC?+84CE - CEn; (3.13)
1
(3) _ 484 9056 _ 20,1 — Cc31110—
CS,:E L% - 27 C CF CACF |i 27 3 Zz CF[ O 96&2]
176 1640 16
57 CaCr e + — —--Cén — 57 CF nf (3.14)
7580 98 12031
cyl L = CiC {7——12] CAC2 [ 5 —372@-240&4
1
1097 2734 16
— CF |: 3 +656Z2+ 1623:| — CACF Ny |:7 - - ZZ:|
2098 112 248
— CEny [ 9 ——12} fCF nf (3.15)
@ 138598 4408 - @ . ,[69833
CS,i L = —-C C|: [ a1 (o —272(3+ ZZ Ch 162
B 12568Z B 1904Z 764Z 1741 1220Z
g ‘2-—3 Gt 2l +C32 5 T3 &
376 45260
+480(3 — —Zz} + CaCr 1 {7—10812— 1613}
9763 2224 112 3520 32
+ CEny [ s1 9 (2— 53} - C¢ [W——Zz} (3.16)

The extraction of some of these coefficients from Eqgs. (An8)@.4) is far from trivial. We there-
fore provide the corresponding results For which we did not include in Ref. [18], in Appendix B
where we also discuss an unexpected (to us) relation betivedargex coefficient functions.
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We now turn to the smabimit of the second- and third-order coefficient functior&q. (3.1).
The leading terms in this case are the ‘double-logarithﬂgé In“xwithk=1, ..., 2n—1 at the
n-th order inas. The two-loop coefficients are

7

ey L= —2CCr + 5CF (3.17)
0

2 103 5

ey L, = — g CaCr +21CF + ZCeny (3.18)

0
122 20
ey L= GG {7—822} + C[21+ 822 + T Ceny . (3.19)

The results for the correspondiig™—W ™~ coefficient function:(g?)+ can be obtained by combining

Egs. [3.1V) -(3:19) with Eq. (2.7) in Ref. [45]. Also that atjon for 60%2) = 0(32)+ - cgz)_ contains

terms up to Ifx, hencecgz)_ andcgzzr already differ in the leading logarithm. On the other hand,

the leading logarithms (but only these) are the same for Wlee-d based two-loop coefficient

functionsc(z?)+ andcgf)+ for F> andFs.

At the third order inas, the coefficients of Ikix in Eq. (3:1) are given by

bc,
O 420 - Be,czy Bep o 320 e 3.20
Caofs T TEWAF T s T30 T 15T (3.20)
3 - 166 43 89 46 31
cy) P 57 CRCr + 35 CaCE + 752 + 55.CaCe v — T5CEm (3.21)
3 9799, 64 24245 220
5 3 = ~CACr [ 81 _12} T CaCE [ 162 _12}
0
49 710 772 2179 92
-C# [3 —ZZ} CACF t T 81 Cén — 81Can
_ d®dgpc [704 256
3.22
e | Zz} 322
3 38642 226, 212 4216 112
C(3)— 2 _CAZ\CF{ sl g et Zs} + CaCr f[ﬁ——b}
0
13297 2687 62
+ C\C? +4012, + 32823 | — C&ny +3 0
54 27
1085 1373 712 .,
CF |:T——Zz—286z3:| - ﬁCF nf
abc
_ 0T Gane [1056 96(2—£1613] (3.23)
C
3 53650 11260 1696 416 404119
s o _CKCF[ g1 27 2t g G ZZ} B Fz[ 324
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16273

9206, 3416, 5 [5553 2308
>7 (2— 9 (3— 15 Zz}JrCF [—4 ——3 (2
1978 4748, , 26084 3112 304
3 8 z2}+cAanf {T‘?Zﬁ?z%

271 718, 1028 1684 16
2 _ 2 _ =
CF Ny {162+ 27 %2t g 13} Cr i { 8L 3 ZZ]

abg 1024 1 217
- e 1600 1024, 1008, , 21707g].

(3.24)

Nc
InsertingCa = 3, Cg = 4/3, d""bcdem/nC = 5n; /18 and the numerical values of tefunction,

Egs. [3.2D) {(3.24) yield

3
Cg)— I

I

—1.32346- 0.59259; flo;

c¥ . = —498272+3.7530m

314 f

c§ |3 = —496842+66.5460n; — 1.5144M7 + 17.2626n; flog

¢ |i; = —148512+305353n, —11.7202n7 —114125n; flo,
¢ |\s = ~274294+ 367.303n; — 16022907 — 494486n; floy (3.25)

where, as in Eq[{316) abovélg, marks thed®¢d,,. contribution.

The qualitative pattern in EJ. (3 5) is the same as foundhi®three-loop splitting functions
in Egs. (4.16) and (4.18) of Ref. [15] and the non-singlettpheexchange coefficient function
for F> in EqQ. (4.26) of Ref. [18]: The coefficients show a dramatseruntil the fourth term,
thus precluding any meaningful approximation by (up to)ttiree highest contributions (3]20) —
(@:22) at practically relevant valuesxflt is also worthwhile to note that the ned#°d,,. colour
structure actually forms the largest contribution to thstfine of Eq. [[3.6) for physical values of
the number of flavours. Hence it is not possible to obtaingbalbly estimate, even the leading
alIn?~1x terms at higher ordersby any resummation of lower-order structures.

For the correspondingVt —W~ coefficient functioncgf)+ only the six lowest even-integer
moments have been computed so far [52,53]. As observed Hetpw3.19), the leading-log
coefficients are the same for the evdrcoefficient functions foF, andFs to two loops. Assuming
that this relations holds at three loops as well, we can eynptp (3.20) above and Eq. (4.14) in

Ref. [18] to derive the conjecture

5cy)| | = Lca—2c)c2 - 2(ca—20)%C: . (3.26)
L5 3 5
The relation is supported by the fact that, as the even-éntegpments [45] oﬁc(33) = cé’s)+ — cgsl
(with theC; -specificd®d,y,. contribution removed from the latter quantity), also theftioient
([B.28) shows the characteristi¢ri suppression in the limit of a large number of colonggpre-
dicted in Ref. [54]. We expect to be able to verify the abovejecture by a complete calculation

of the coefficient functiormgfl(x) in the not too distant future.
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4 Numerical implications

We start this section by graphically illustrating our newdkorder coefficient function(33z (x) and
its convolution with a schematic but sufficiently charaistiée quark distribution,

xf(x) = x®2(1—x)3. (4.1)

All curves in the corresponding two figures are scaled dowmfthe normalization (3l1) by a
factor 2000~ (4m)3, effectively switching back to the normal-sized expangiarametens.

On the left side of Figl]2 we compare the exaethape given by Eqs[(3.7) and (A.4) to
two approximations indicating the previous uncertaintpd§5]. This band was constrained by
the lowest seven odd-integer momeRnts= 1...13 computed in Ref. [14] and the four leading
+-distributions [56] fixed by the next-to-leading loganiit threshold resummation matched to
the second-order coefficient function of Ref. [6]. We sed th& estimate was indeed reliable,
and sufficiently accurate atz 0.2. Thus a future determination of the fourth-order effeets be
started reliably from fixedN moments combined with the seven leading +-distributiorng fixed
by the next-to-next-to-next-to-leading logarithmic tbineld resummation performed in Ref. [57].
We refer the reader to this article for a discussion of higirder effects at very large valuesf

10 T T T T T T I T T T I T T T T T T 40 T T TTTIT T T TTTTIT T T IIIIIII T T

iy (1-x) c2(x)

In”x -

- (1) ) -

— exact

— 20

Q
1
w
|
I L1 1 1 I 1 1 | I | I T |

10

|
o
LI I\I |..I‘ T I LI I LI I L

! | 10 T “In®x + In*x .
N, =4 (1/2000) ! ]
_5 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 _20 1 11 IIIIII 1 11 IIIIII 1 1 IIIIIII 1 1 I_
0 02 04 06 08 1 10 1073 1072 107t
X X

Figure 2: The third-order coefficient functi«nés)_ (x) for four flavours, multiplied by1—x) /2000
for display purposes. Also shown (left) are the previouseutagnty band [55] and (right) the
corresponding contribution to th&*+W~ structure functior, ns (from Ref. [18] for fl11 = 0)
and the smalk approximations by the leading and next-to-leading logani [3.20) and (3.21).
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The right side of Fid.12 focuses on medium to small values éfhuge lowx rise is found from
x ~ 1073, This is totally different from the behaviour of the correspling electromagnetic and
W +W coefficient function for, also shown in the figure. In fact, this rise can be attributed
entirely to the newd@%d,,. colour structure in Eqs[(3.7) and (3125): If this contribntwere
removed from the coefficient function, then the solid lined(in the archive version) would not
end at 36.4 fox = 104, but at—4.3, in qualitative agreement with the behavioux:é?ﬂs(x).

What physically matters, of course, is not the distributiaka generalized functioru:)gs)_ (X)
itself but the resulting contribution to the structure ftioo (3.1), obtained by the convolutidE(B.S)
and its obvious counterpart for the regular terms with tHen@e quark distribution. This convo-
lution is shown in Fig[B for the typical quark distributidh.q) (the normalization is irrelevant as
we display all results normalized g thus suppressing large but trivial variations over theseimo
wide range inx). For the sake of a direct comparison the same shape is uded.i@ for the
(different) quark distribution enteringp ns.

A comparison between the result fo&s) (X) andc(2 r)]s( X) illustrates the x-shifting’ power of
the convolution integrals: The former coefficient funct((btnr floo = 0) is larger than the latter at
all x < 0.8, yet its convolution result is larger only far< 10-3. Note also that the smak+ise
for Fs, already delayed in Fi@f] 2 by about one order of magnitudetonx < 103 by non-leading
logarithms, is confined tg < 10~* after the convolution.

0.5 —

- 0 f)/f

- N =4, xf=xX°(1-x)° (x1/2000) -

107° 107 107 yw 10 2 107t 1

Figure 3: Convolution of th&V"+W™ charged-current coefficient functloné3 and cg r),s for
n; =4 with a simple shape typical of non-singlet quark distrits of the nucleon. Also shown

(dashed) is the result obtained for the former if #138°dapc part of Eqs.[(317) and (A.4) is left out.
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The normalized convolutio('c(;)_ ® f)/f of Fig. 2, i.e., the coefficient ai2 in Fy¥" W /qq
for xqua = X%°(1—x)3, exceeds three, thus 2.5% of the lowest ordentor 0.2, only atx > 0.75
(where we run out of measurements far from the resonancerregiyway) andk < 1.5-10°8.
Hence the perturbative expansion for this structure foncppears stable at all practically relevant
values ofx, including the very low values > 108 probed atQ? ~ 10* GeV? by the scattering of
ultra-high energy cosmic neutrinos, see, e.g., Ref. [58].

We finally assemble Eqd.(3.2], (B.6) ahd {3.7) to illusttheeperturbative expansion (8.1) of
the structure functioFrsW“W*. In order to easily compare the contributions of the variouters,
we use an order-independent value of the strong coupiig(g,zzu?:Qz) = 0.2, corresponding
to a scaleQ? ~ 30...50 Ge\?. For the same reason we use the same quark distribution at all
orders of Eq.[(3]1), starting with the model shdpel(4.1)aalyeemployed above.

In Figs.[3 andb we show the total results dL® as well as the relative effects of théoop
contributions to the structure function. The higher-or@XLO and N’LO) corrections are small
(1% or less at RLO) except for the soft-gluon rise towarss= 1. Note that with increasing order
this rise becomes steeper, but starts at larger valuedair instance, the relativeoop corrections
exceed 5% ax > 0.46, 0.7, 0.83 for|l =1, 2, 3, respectively. The latter value corresponds to an
invariant massV ~ 3 GeV forQ? = 40 Ge\~.

1.8 T T T I T T T T T T T T T I T I! T 1.8 T T T T T T T T T T T T T I£ T
! L I
. i k k L
. NLO/N“'LO i
1.6 ]
[ — k=3
F ---k=2
1.4
L - k=1
L oo k=4
1.2 _— (D; )
1 f— .
i _ 7
[ ] :\-—" GS = 0.2, N =4 :
0.8 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 0.8 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1
0 02 04 06 08 1 0 02 04 06 08 1
X X

Figure 4: The structure function(3.1) to oraet (N3LO) for a fixed value ofis and the schematic
valence quark distribution (4.1). Next to the cumulatiieetfof the known corrections on the left,
we show on the right the relative corrections due tokteop coefficient functions, including an
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Figure 5: As Fig[#, but for the higher-order corrections F@’P’uw* down to small values of.

An estimate of the larg&-fourth-order coefficient function by the seven +-distribas fixed
the next-to-next-to-next-to-leading logarithmic softtgn (threshold) resummation [57] strongly
suggests that this trend will continue at even higher ord@ssshown in the right part of Fifl 4,
this estimate leads to= 0.9 for a relative four-loop correction exceeding 5%. All iy ghe N°LO
expansion can be considered safe to, at leastD.8 atQ? ~ 40 Ge\? (the safe range, of course,
widens (shrinks) with increasing (decreasifgf) due to the scale dependencengy.

Specific numbers as given in the last two paragraphs depetideoquark distribution. This
is illustrated in Fig[Bb, where the Reggeerounting-rule ansatZ (4.1), cf. Ref. [59], fanya
is modified at largex (left) or smallx (right). Suppressingyq in either region leads to larger
corrections mainly in the same region, hence Eig. 6 focusethe largex region in the former
case, and small values »in the latter. Again we show the results fn¢ = 0.2 and four flavours.

Suppressingva by two powers of(1 — x) at largex leads to a considerable widening of the
region of large soft-gluon corrections, with the NLO, NNL@daN3LO 5% x-values listed above
Fig.[4 all reduced by about 0.1. A reduction of the smajuark distribution by a facta®?, i.e.,

a factor of 10 ak = 10> with respect to Eq[{411) has a rather dramatic effect, éafpeat NLO,
as shown in the right part of Figl 6. However, while the relaflLO correction is as large as 24%
atx = 1072 in this case, the higher-order corrections remain smath wie NLO contribution
exceeding 1% only at< 2-10-°. Hence, even under these conditions, the perturbativensiqa
to N3LO proves sufficient for (more than) all practically relevaituations.
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Figure 6: As the right parts of Figs. 4 anld 5, but for differelmbices of the quark distributiag .

Like the largex rise in the right part of the figure, the smallise on the left appears to move
closer to the end-point as the orderagis increased. Unlike at large though, there is no way
of estimating the fourth-order contributions at values 104, as there was no way predicting
the size of thal’%d,y, three-loop correction from lower-order information. Alieed moments
cannot provide constraints at such valueg,@herefore the present (fortunately satisfactory) status
will remain unlesguntil someone (else) calculates the exact fourth-ordefficznt function.

5 Summary and outlook

We have extended our previous computations [17, 18] of ekéct-order coefficient functions in
inclusive deep-inelastic scattering to the charged-otrs&ructure functiorF3W++W7. Hence the
next-to-next-to-next-to-leading order coefficient funos are now known, in massless perturbative
QCD, for all structure functions for which precision measuents have been performed in fixed-
target DIS andor at HERA, enabling improved analyses of such dateca0.01.

Also the present calculation has been performed in Méllispace, obtaining an analytic for-
mula in terms of harmonic sums [35] for all oddlmoments (as in Refs. [19] and [20] at first and
second order) using the optical theorem and a dispersiatiarlin the Bjorken variablg From
this result, which we will make available but did not writevdoin this article for brevity, we have
reconstructed the equally lengthy exaetependence in terms of harmonic polylogarithms [43]
presented in Eq. (A.3). A compact and accurate parametizes provided by EqL(3]7).
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The singular largecterms, (1 —x);* Ink(1—x) and3(1 —x), are the same foFy" V" and
F2W+iwf. The latter coefficient function, in turn, is identical taatHor F;>™ of Ref. [18] up to
the obvious absence of th;; diagram class which contributes to the coefficienddf — x) at
three-loop in the photon- aritiexchange cases. Even at the largest valugpadctically relevant
at large scale®? and invariant masse&'?, the observable-specific non-leading contributions to
the coefficient functions are non-negligible. We have press in particular for use in theoretical
studies of subleading terms, explicit expressions of tI’ﬁ(—:lln X) contributions to both, andFs3
which turn out to be related via the corresponding term$-faalready presented in Ref. [18].

At smallx the N'LO non-singlet coefficient functions include potentialarde logarithmic
terms up toorl In?-1x. For F;>™ we found that the prefactors of the third-order terms aréasuc
that a smallx rise only occurs at irrelevantly low values »f{18]. The results for the vector—
axial-vector interference quantil?swuwf would be similar, were it not for the@dap. floo
diagram class (absentha due to Furry’s theorem) which occurs at the third order ferftrst time.
These diagrams dominate the smaliimit and lead to a rise of the coefficient functionat 103
before andk < 10~ after the convolution with the valence quark distributidvevertheless, the
corrections remain very small gtvalues accessible to colliders and unproblematic down &ve

the very low values of of interest in DIS of ultra-high energy cosmic neutrino &t~ MVZV.

Progress beyond our present three-loop accurad%g,,“ﬂffr W” would be possible at largeif the
fixed-N results of Ref. [14] could be extended to the fourth ordergdaybining those results with
the substantial constraints from the threshold resumm#&ig] into approximations analogous to
those of Ref. [55]. Given that a first four-loop moment hasrbeemputed already, the splitting
function for quark combinations suchag-u— (d+d) atN = 2 for three flavours [60], this seems
a not entirely unrealistic perspective.

On the other hand, any attempt of reliably inferring the $mdehaviour oﬂ:3W++W7 via a
resummation of lower-order information appears doomeditare by the hierarchy of the small-
coefficients, recall EqL(3.25), and the possible occugafcominant new colour factors such as
dabd,p,c in the present three-loop case, see also Ref. [15]. Henaather forbidding extension
of the present alN computation to the fourth order would be required for pregrat smalix.
Fortunately the size of the three-loop corrections doesalburgently for such a calculation.

FoRM files of our results in botN-space and-space, and ®RTRAN subroutines of the exact
and approximate coefficient functions can be obtained frapteprint servelt t p: // ar Xi v. or g
by downloading the source of this article. Furthermore #i@yavailable from us upon request.
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Appendix A: The exact x-space results

Here we present the exact expressions for the coefficiewtiturs up to the third order in terms
of harmonic polylogarithms |, . m,(X), mj = 0,41 [43]. Functions up to weight (number of
indices) 21— 1 contribute at ordemg. For ‘brevity’ we suppress the argumetand define

Pgg(¥) = 2(1—x) "1 —1-x. (A.1)
All divergences forx — 1 in Eqg. [A.1) and below are to be read-addistributions, see Eqd. (3.4)
and [3.5) above. In this notation the one-loop coefficientfion [3.2) forF3 can be written as
(1) 1 1
L) = Cr(5(5+%) — 5Pag(X)(3+4Ho+4H) —8(1-X)(9+4L2)) . (A2)
The exact two-loop result corresponding to Eq.](3.6) reads

Cézz (x) = C2 (—4pqq(—X)(713 —8H_1{2—2Ho+2Hol2, —8H_1 10+ 10H 100

+4H_101+6Ho 10— 3Ho00—2Ho0,1) + %quq(x) (51+ 1283+ 48(>+ 122Hy + 96Hy»
+54H; +32H1{> — 12Hy 0 — 48Hy 1 — 72Hy 0 — 72Hy 1 +96Hy 10 — 32Hp 00 — 96H0,0.1
—96Hy 10— 112Hy 11 —48H100—96H1 01— 128H1 10— 96H111) +4(3—X){3

—8(1+ 2x 1y x+ 2X2)H71,o +8(1—x)(H1{2 —H100) —2(1+X)(4H_1{2 + 4Hol>
—3H10+8H_1_10—4H_100—5H000—4Ho,01—2Ho 10— 2Ho1,1) +2(1+5x)H1 1

1 1
~ 5(8+799Ho—8(4+5x+ 24Vl + 5(39—17)H1 + (454 49¢+ 16x%)Ho0

+8(3+5%)Ho1 — %(233— 131x) + 16Ho_ 10X+ {%1— 7813+69z2+6z22}6(1—x>)
+ CFCA<—8Z3 +2Pgq(—X) (7¢z3 — 8H_1L2 — 2Hg +2Hol 2, —8H_1 _10+ 10H 100
+4H_101+6Ho_10— 3Ho00— 2Ho01) — %Spqq(x) (3155- 21605 — 1584, + 4302H)
—432Hy{2 +2202H, — 1296H (> + 1980H o+ 1584H 1 + 1296H, 1,0+ 648H 0,0
+792H; o+ 792Hy 1 + 43201 + 864Hy. .0+ 432H; 0.1 — 432H; 10) — 2(3 —5X)H;
+4(1+2x L+ x4+ 23)H 10— 4(1—X)(H1la — H100) — 4(4+ 3+ 2x%)Hg

1
+4(1+X)(H 182 —2Ho1+2H 1 10— H_100) +4(3+2x+2) {2 — 5(29_ 27Ix)Ho
5 5465 140

251, 71,
+ 3g(91+167) — 8Ho7_17ox+{— 75t g ezl t 02 }6(1—X>)
1
+Ceny (51 Daq(X)(247— 14405 + 342Hy -+ 174H, + 180Hy0 + 144H,1 + 72Hy0 + 72Hy 1)
1 1 457 38
+ 51— 120Ho+ (1- B)Hy + 7(5- 1199+ {EJF o+ = z3} (1—x)). (A.3)
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Finally full three-loop coefficient function fd1‘=3W++W7 approximated by Eql(3.7) is given by

dabeg 8 56 1
Cégz ) = — 16 (‘(1— 5X)Hoo0.-10+ 7 (1= 2)Hoo-100 — 5=(1—X)(4376

c 3 3
+3865H, + 684Hy 103+ 1728H, 0+ 2730H, 1 — 720Hy, 1,102+ 432Hy _1,0{2
+318Hy 00— 198H 01 + 198H 10+ 216H 0 10— 54H1010— 720H—1-1-10
+1044H, 1 100+360Hy, 1 101+504H 10 -10—504H 1000 —252H) 1001

2
+72Hy 1,010+ 936H0-1-10—72Ho0101+ 72Ho01,10) + 9 (14x)(168Hy 13
+12Hp 1,02 — 205Hy 1.1 +60Hy 1,1{2+ 18Ho 101 — 18Hp 1.1.0 — 54Ho00,1.0 — 90H0 00,11
—6Ho,01,00 —24Ho 1010+ 24Ho 1000+ 18Hy 1001+ 6Ho 1010 —54H01.1.00)

+ g(l—l— 35X)H0,0’,1Z2 — :—23(3— 56x 1 +3X— 56X2)H,1,,1’0,0 — %)(3 — 27X — 16X2)H0,0’1,1

+ %)(3 — A XA H 1 1 10— %)(3+ 24 3x+2¢)H 1011

4 16
+ 5(3+ Ax~1 — 3x— 4x?)(14H1L3 +5H1 15) — = (B+7x 143+ A H_1 10

28 2
— 3(3—1—8X71—|-3X—|- 8X2)H,1000— 5(3— 29x — 16X2)H0010—|—8(4—|— 3X)H000Z2

8
——(6—7x 1 —6x+ 7% )H1012—§(6 12x — 35x° )H0001—2—7(6+26]x 268¢)Ho00

_ 8
— —(7—|— 11X)Ho707_17071 — §(9 —8xt +9x — 8X2)H_1707_170 — §(11+ 9X)Ho7o7o7o71
14

Wl 00 Ol

4 4
—(9+8x 1+ 9x+8®)H 1001+ 3(9— 8x — 26x*)Ho0l2 + 5(11+ 15)Ho0182

00

(15—4x 1 — 15x+4x2)H1,0,0,0—2(15+8x-1+15x+8x2)H,1,0,1.0

(154 16x~ 1 + 15x+ 16x%)H_ 1012+3(15—3x—8x2)H0,0,,1,0—2(28+15x)z5

(21+ 48t 9x+68x2)H07100—|—%(27+16X’1—|—9x—8x2)H0’112—g(29+5x)zzz3
(274 134 1 4+ 27x+ 134¢3)H_ 100—5(33 16x 1 —15¢—8x*)Hg 1,10

@I-boolm@lm

@lmr:”m

2 2
(33— 4x 1 — 3%+ 4x%)H1 001+ 9(33+ 39+ 28¢*)Ho.1.00 — 5(41+ 36x)Ho.10

2
— —(39+ 16x 1 —Bx+ 168%)Ho 101 — = (39+ 281 — 39— 28¢)H1 100

9
3(45+48x +5x+40¢%)Hg 1Zz+9(51+64x +5Ix+64%)H_1 101

NOO

8
9(51 X — 110¢)Holz — — 99— 150k — 670¢%)L3

5(51+ ZOX)HOZZ +

27(

8 2
- 55 (111~ 134 14 110x— 1343)H 1 10+ g(111+ 1881 4 111x+ 188¢)H_13
4 2
— 55(111+ 69— 268¢)Ho 01 + >5(123+ 2681 — 12— 268¢)H1L»
4 4
+5177+ 1341 4177+ 1343)H_ 1, — 7(186— 69+ 536x)Hol
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_2 (221181 +221x — 18)H 10— 435 (291+ 201x — 364¢)L,°

27
4 8

— 55(297—63%+ 268¢)Ho 10— >5(321+ 1341+ 321x+ 134%)H 103

+ 237(1172— 101K+ 18x%)Z, — 237(1342— 77x+18¢)Hoo — 237(1393— 1019%)Ho 1

1 8 64
— 2—7(4192— 368]X)H0 + é (19H0.0Z3 — 6H0’0.0’0.0) + §H0.0’0.0X2>

2
—|—C|:3 <—quq(—X) (496(25 + 15003 — 140, — 7320 23 + 81&22 —4110H_1¢3

— 280H_1Z2 + 952H_122° + 1225H — 10HoZ3 + 555H 2 + 772HZ2° + 30600H. 1 13
+3960H_1 _1{>+240H_1 o — 18600H_1 o{3 — 3180H_1 0{» — 22000 _1{3

—2220H, 12+ 550Hy 0 + 5720H) 03 — 1070H) {2 + 260Hy 1 — 3080H 123

— 183012 — 30240H.1 1 _1p + 1920H.1 10+ 35760H 1 _1 002+ 22560H.1 0, _10»
— 1580H. 100 — 17880H 10002+ 1240H 101 + 1640H 10125 + 22680H, _1 12>

— 1700H, _1,0 — 23680H, _1 002 — 14000H 0 125+ 1195H,0.0 + 4520H 0,022

— 1220k 01 — 3280Hh 0,102 — 240Hy 1,0 — 2120 1 0{2 — 240Hy 1.1 — 1720k 1102
+2160H1 1 _10—1800H_1 _100—2880H_1 101 —900H_10_10—270H_1000
+3000H-100,1 4+ 1440H 1010+ 1920H.1011 —840H 1 10+ 120H _100

+1800H), 10,1 —280Hyp 1,0 + 1490H 00,0 +390Hy 0,01 — 630Hy 01,0 — 960Hy 01,1
—60Hp 101 +60Hy110—5760H.1 11 _10+25680H 1 _1_100+27360H1_1 101
+5520H.1 _10-10—21800H1 _10,00—31120H.1 1001 —9920H_1 1010
—12480H.1 1011 +5760H109_1_10—18800H10 100 —19680H 10 101
—6560H_100 1,0+ 9480H 10000+ 15720H 10001 + 7000H 10010+ 9040H 10011
+3040H-10,1,00+2160H10101 +1360H 10110+ 1440H 10111 +6000H _1 1 10
—18840H) 1100 —19680H 1 101 —4800H, 1010+ 13920H 1000

+20120H _10,01 +5760H 1010+ 7280H, 1011 — 59200 1,10+ 11200H0 10,0
+11040H 01,01 +3840H 00 10 — 2040H,0,000 — 4200H 00,01 — 2440H0,0,10
—3240Hh,0,0,1,1 —1280Hh 01,00 — 1040H 0101 — 720H 01,10 — 720Hh 01,11

—160Hy 1,010+ 480Hy 1,000+ 720Hy 1001 — 160Hy 10,10 +480Hy 1,100+ 80Ho 11,01
— 80Ho.1110) — 2—]4-Opqq(x) (15015+ 214405 — 343205 + 3548, + 7424 55

+ 15200H + 48140H — 1670403 + 64880H» + 59520Hh,% — 311040H, 1 10>
— 3136,% + 54528H 5% + 263680k, 103+ 130240k, 10> — 13480H o — 35840H0L3
113280k, — 31640Hh 1 + 148480105 — 45120H 10, — 47640H o + 175360H ols
— 84480H 0l — 33480H 1 + 253440H 103 — 51840H 17, + 11220H — 17280H3
+11840H, 10+ 231680k, 102 + 220160k 0102 — 16240H 00 — 35840H 000>
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—86160H)01 —29440H0,1{> — 88800H 10 — 14080H 1, 0{> — 60160H) 1 1
—51200H 1 1{> — 55040H o 1> — 44400H o0 + 57600H o 0{> — 45920H o 1
—46080H 01{> —59520H 10 + 2560H, 1 o{> — 25920H 1, —46080H 11>
+120960H) _1 10— 64640H _100 —69760H _101 —34560H 0 1,0+ 30400000
+91520H0,0,1 +28800H0,1,0 + 61440k 011 — 6720H 1 00 +58560H 10,1
+72000H 1,10+ 77760k 111 — 17280H o 10+ 17280H 0,00 + 90240H 00,1
+76800H 010+ 77760H 01,1+ 2880H, 100 + 86400H 101+ 103680H 110
+86400H 111 — 104960k 1110+ 268800H, 1 100+ 258560k 1 101

+ 84480, 10, 10— 130560H, 1000 — 186880H 1001 — 23040H, 1010

— 23040H,_1011 + 276480kb0 110 — 2304000 100 — 819200 101
—102400H,00.10 — 76800000 -+ 46080H0,001 + 84480H 0010 + 116480H00.11
+44800H 01,00 +124160H,0,1,0,1 + 142080 0,110 +142080H) 0111

+74240H) 1010 — 53760H 10,00 + 128000, 1001 + 139520H 10,10

+ 140800k} 1011 + 75520k 1 100 + 147200k 1101 + 172800 11,10

+138240H 1111 +243200H0 1 10— 48640H 0 100+ 176640H0 101

— 71680H 0,0,—1,0 — 65280H 00,00 + 11520H 00,1 + 131840H 00 1,0

+135680H 0,0,1,1 + 67840H 01,00 + 138240H 01,01 +158720H 0110

+126720H 0111 +120320H 1010 —94720H 1000 + 145920H 1001

+161280H 1010+ 126720H 10,11 +88320H 1100 +138240H 1101

+161280H 1110+ 115200H 1111) + %;(1 —9x)Ho00-10—72(1—3X)H1111

+ 4—;6(1— 2X)Ho,0,-1,00 —8(1— X)(15H,5° — 38H1,03 — 6H11{3+28H10_1{>
—60H 0002 —12H101{2 —56H; 10{2 —12H111{> —8H10_-1-10—12H10-100
—32H10,-1,01—4H100-10+20H1 00,00 +48H10001+4H10010+4H10011
—12H10100—16H110-10+24H11000+36H11001 —28H11100)

+ %(1 +X) (177|‘L1Z22 +1530H.1 _1{3—630H_10{3 — 1860H.1 1 _1{»
+1440H1 100> +1140H 19 _1{> —840H_100(>+60H_101{> —360H_1 1 _1_10
+1500H.1 1 _100+1680H1 _1 101 +360H_1 _10-10—720H_1_1000
—1140H.1 1001 —120H_1 _1010—120H_1 1011 +360H_10_-1_10
—900H_10,-1,00—960H_10 101 —300H_100,—1,0+300H_100,0,0 + 660H_100,0,1
+60H_100,10+60H_100,11—120H 10100+ 360H 01,11+ 250H 1010

64
+180Hy 1011 +210Hy 1101 +240H1110+180H1111) — 3 (2—9%)H1010

+16(3—11x)Ho 11> — 64(4+X)Ho 10,10 —8(5—3%)Hp 1,001 —8(5—27X)Ho 1,000
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16 32
—3(5 1Ix)Hoo,-1{2+ — 3 (5+x)Ho, 1010+ 645+ 2X)Ho_1-1-10

88 32
— 4(5+ 57X)Ho7o7oZ2 + 24{7 — 17X)Ho 1, 0lo— E (7 — 13)()(2(3 — ? (7 + 5X)Ho 0,-1,01

32 64 64
3 (9+ 16X)H001Z2+ 3 (10+ 11)()H00110— 3(104-30)(4- 9X )Hoo 10

40

3

8 _ 16 32
— 5(19— 22X - 75X+ 22X2)H1707o71 — 3(19— 47X)H1717o71 — 3(19— X)Ho7o7_17_170

16 32
(ll X)H01100+ 3 (l4—|—7X_1—44X—7X2)H1’0Z2—3(17—1—79X)H0,,1’,1,0’1

8
+ 6(19—1— 3X)H1’1,1 + 12(19—1— 55X)H0,1’1.1 — § (23— 97X)H1,1’1,0 — 4(23— 45X)H0,0’0.0’0
8
-
+16(27+4X)Ho,—1,000 + =

25— 24x7 1 — X+ 24x%)H1 000 — 32(25+ 2x 1+ 25x+ 23®)H 1011

16
(294 41x)Hop010+ =

3 (31 361x)Ho0(3

3

4 16 32
— 5(31— 149()H1707171 + 3(314- 33>()Hoo 1,00+ 3(324- 85X)Ho —1, _1(y
16

16 16
3 (37+ 33>()H00101 + — 3 (43+ 83>()Ho 1001+ & 3 (44+ 116+ 11x2 )Ho]_oo

8 4 8
- é(50— 24x 1 + 25K+ 12)H 105 + :—3(47+ 171X)Ho0001 + :—3(61+ 85¢)Ho 0011

32 16
— 8(43+87x)Ho 103 — — (55+6x 1 +55x+6x*)H_1010 — =3 (67+101)Ho 10>

3
32 16
+§(64+78X’1—|—73X+78X JH-1 101+ 3(81 121+ 4% —12A)H 1,110

8 16 16
— 5(95— 48t — 33X+ 48)(2)H1,0’,1,0 + 3(68—1— 59X)H0,1’0 — 3(954- 91X)H0’,1,,1’0.0

8 8
— 5113~ 24x 1 4 59— 24x%)H 10 10+ 3

+ 2(119+ 12x 1 —13%— 12@)H1 100 + 2(122— 65x)H101 — % (103+ 125

8 4
— §(145— 481 —95x— 24x*)Hg 1 10+ §(153+ 116¢ 1 — 281x — 116¢)H1 L3

1154 216¢ 1 + 20X+ 216¢)H 1100

8 8
5(165+ 48x 4 253%+ 216¢%)Ho 100 — 3
1i5(129 151X)Hol2% + 2(199+ 4950H0p 110 — 1i5(203— 720¢— 148¢)1,°

(175+ 324 1+ 24K+ 324¢C)H_1 10>

8
— §(227+ 44571 — 26K — 44 H1 100 — 5(261- 4881 4+ 231x— 488¢)H 1 10

8 2
(2044 463+ 24x*)Ho.0.1.0 + 3 (2534 597+ 24x*)Ho 0,11 + 3 (1014 29%)H1.10

(267+ 4881 +276x+ 488¢)H_ 100—%6(2754—108(_ +284x+ 108¢)H_ 1,001

(294+ 264x 4+ 35K+ 264)(2) 13+ 290(394— 427)H1 + g(245—|— 613()H0’1,0’1

(455+ 48« 1+ 111x+312¢)Ho_101— 3(471— 488¢ T — 15%+ 488¢)H; 2,

OOI-bCAJIOJOOIOJ(OIOJ(DIOO

531+ 4881 4+ 541x + 488¢)H 1Zz+§ 541+ 2521 1+ 555+ 252¢3)H_1 00>
3 1
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(5994192 + 641x+ 192¢)H 1000 — :—;(669 162K+ 976¢)Ho 10
(755+ 1383+ 480¢)Ho 0,00 + g(7es+ 1441 4 317+ 648¢)Hq 102
(817—763¢)H1 00 + 2(8514— 615)Ho11 — 8(927+ 488¢ 1+ 927+ 488¢)H 101
2(1975+ 2847+ 776¢)Ho 001

3
2
(2035+ 2271x+ 1288¢)Hola — 5(2295+ 2847+ 1064¢) Hool2

(1045+ 4621 4877+ 186¢)H_1 0+

1 1
(2823+ 1305+ 3904¢)Ho 0 + (4143~ 53050H10 — 5 (6705+ 3537+ 9760¢ )2

1
(7533+ 696% +3904¢ ) Hoo. — 5(10209+ 6969+ 7808¢)Hol2 — 1281010

1 1
(7129~ 741Hy1 + 7 8(11171— 2935%+ 1488¢)Hoo + 75(12137- 30523)Hos

CDII—‘LOII—‘LOII—‘QJIN(OI-&QJII—‘(DIN(DI-&

1 1
~ 75(20497- 30523+ 1488¢){; + 15 (28579+ 72630 Ho + 7, (481783~ 46376%)

18 8(
7255 950

4
+16(17Hy1¢3+4Ho—1011) + —gl(x) + —gz(X) + {—7 +124Qs — —Zs

304, , 1129 2148 4184
2 "foa)

—713 ——Zz+808Z213— = 0 Zz

8
+C2n (ﬂs Paq(—X) (27003 + 8305 + 1026z22 — 1440H_13 — 3000H_1Z, — 1305H,

+990Hyl3 + 345Hy{» + 1800H_1 _1Z5 + 1660H_1 9 — 1260H_1 o{» — 2340H 10>

— 1910H0 -+ 450H,0%2 — 3600H.1 _1 0+ 4800H. 100+ 1200H. 101 + 3000H, 1
—1245H 00 —600Hy 01 +3600H1 _1 10— 6120H_1 _100—3960H-10_10
+6120H_10,0,0+360H_1001 —720H_1011 —3960H _1 _10+6120H _100

+360Hy, 10,1 +4500H 10 — 2070Hh 000 — 360Hy 00,1 +360Hy01.1)

- %mpqq(x) (30045 5800805 + 9228, — 8956d,> + 287700k + 420480k
+505680H)» + 14940H + 187200H {3+ 253440H{» — 138240H, 1> + 64920H,o
+ 262080k 0> — 145400H 1 + 92160H 1{> — 306680H o + 43200H o> — 245880H 1
+57600H 10, + 224640k, 10 — 196080H0,0 — 489360h,01 — 333120H, 1 0
—371520R 1 1 — 301200H g0 — 368640H 1 — 387360H 1 0 — 302400H 1 1

+ 276480k, 100+ 138240k,_101 + 276480k 0,10 — 129600k 00,0 — 267840k 001
— 279360010 — 290880k 011 — 204480k, 100 — 218880k.1.01 — 293760k 110

— 236160kb1.11 + 138240H 10 — 152640H 000 — 100800H 001 — 264960H 0,10

—195840H 1,1 — 262080H 100 — 172800H 101 — 236160H 110 — 1728OOH717171)
8 8 16
+ é (l — 3%+ 14X2)H0.1,0 + é (l — 7X)H0’1.0’0 — ? (1 — X) (3le3 + 7Hl,012 + 5H1’1Z2

—4Hop 101 —4H10-10—6H1000—5H1001+H1010—H1101+H1110)
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4
+3 (14x)(48H_13—48H_1 _1{2+24H_1 {2+ 69Hy 0{2 —96H_1_1_10
+144H 1 _100+96H_10_10—72H_1000+96Hy 1 10— 91Hg000 — 69Hy 001

32
—42Hp010—42Ho011—18Hp101—18Hp110—18Hp111) — 3 (14+7x)Ho.—1.00

8 64 1
- 51420+ 14¢)H1 01 + = (2= X1+ 2x—x®)H 1 10+ §(591- 1183)H1

4 8 8
— 33 13Hols + (5 11K Ho 11 — 5 (7+4x " — 29— 18¢)Hil2

64 64
+§(8+3x +8x+3)H 101+ 9(8+9x L 18x+9%)H 100

32 16
-5 10+ X L+ 10X+ 9PV H 18+ — 5 (15+ 241 — 11x+12%)Ho 10

8 4 16 2
- 5(5 —11X)Ho (2 — —5(23+ 63)2% — 3 (37+ 43+ 12)Ho 00 + :—,)(59— 11X)H100

8
(75 106()H1 + =(103— 13X+ 842 )Hl,l.O — 5(108+ 221X+ 66X2)H0’0.1

9(

16
(138+ 221X+ 906 )Holz + 5

1 64
(129— 325¢+ 132¢) {3 — 5(341+561%)Ho1 + — (2Ho 122 — 3Hoo -10)X

;(625 328%)Hy1o + 21 (2869+ 5617+ 22568)0z + 5 ! (4105 291%)Ho

158+ 141x 1+ 158+ 142C)H_1 0

LOI-bLOIOJ(OIOO

1 32
— ﬁ(16627+ 1342%+ 6768(2)Ho o+ E(BZQOS— 2097X) + 3 —(2=5)H111

{ 341 592 1348 5491 352 1647 } >
2 l X)

35 g Bt 3 lem 7 a5 llsm 5

+Cen? (— g Paa(X) (435786403 — 7236 + 11610k — 3888H» + 4230H;
—1296H, +10980H o + 7236H 1 + 3132H, o + 3132H, 1 + 4968H00 + 3888H) 0.1
+2592Hy1 0+ 2592Hy 1.1+ 1296H 00 + 1296H, 0.1 + 1296H 10+ 1296H,1 1)

+ g(l— 3x) (1002 — 19H; — 10Hy 1 — 6Hy o — 6Hy 1) — 2i7(17— 59X)Hoo — 2%(171— 577)

9517 152 60

2 32, 5
_ﬁ(197 803()H0-|—{ E_—Z?) Z _2_7Z2 }6(1—)())

1
+CZC, ( Z05Paa( ) (1976405 — 98550 ; — 9226 > — 33804@ L3 + 3310Z,°

— 47610H.1L3 + 97080H.1Z + 35856H. 15> + 139905k — 99990H 5 — 17655H>
+38124Hp7,° + 1608120H 1,103+ 27720H 11, — 78680H.1,0 — 860760H 103
—33660H 100, — 1088640H 123 + 43020 1> + 137620k 0 + 232200H 03

— 133470k 002 + 52920H 1 — 182520H 103 — 107730k 1{» — 1594080H 1 1 10>
+244800H 110+ 1864080H 11002+ 1134000H 101 — 276180H 10,
—854280H 10002 + 25320H 101 + 113400H 101> + 1143720 110>
—208860H,_10— 1185840H 100> — 654480H 0102 + 14338500 + 1911600002
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—28860H 01 — 183600H) 01> — 6480H 10 — 126360 10> — 6480Hy 1 1
—98280H1,1{, — 100080H.1 1 1,9+ 220680H.1 100 — 77760H 1 101

+149940H 110 —273330H 1000+ 65160H 1001 +38880H 1010+ 83520H 1011
+151560H, _1 1,0 — 272520k 100 + 32760, 1,01 — 183960H0 10

+ 173970} .00 + 84690H001 — 17010H 0 10 — 41760Hh 01,1 + 6480H 100
—1620Hy 101+ 1620110 — 155520H 1 11 _10-+1134000H; 1 100
+1516320H 1 1 101 +123120H1 1010 —916920H 1 1000 — 1643760H1 1001
—509760H 110,10 —682560H 1 1011 +142560H 10110 — 792720H.10_10,0
—1062720H 101,01 — 194400H 100 1,0 + 381240H 10,000 + 735480H.100,0.1
+294840H 100,10 +416880H 10011 + 142560H 101,00 + 79920H.101,01

+15120H 10110+ 38880H 10111 + 162000k 1 1 10— 795960 1100

— 1062720k 11,01 — 120960k, 1010+ 568080, 10,00+ 1011960H, 10,01
4280800k, 10,10 +369360H 1011 — 142560k0_ 110+ 453600H 0100
+583200H0,_ 1,01 + 125280H 00,10 — 81000H0,0,00 — 178200H 0,001
—91800H0,0.10 — 130680 0.0.1.1 — 56160H0100 — 36720H0.1.01 — 10800 0.1.1.0
—19440H 01,11 —12960H) 1.0—1,0 + 30240H) 10,00 + 49680Hh 1001 — 12960H 10,10
+30240Hh,1,1.00 +6480H 1101 —6480H 1110) + W]éopqq
+ 2680083 + 105036@, — 134784@,{3 — 1746432 % + 5132100k — 16257603
+4330560H, + 271296H,° + 1001340H — 4821120H 012+ 25920H 100

+ 1565568HC,” + 6048000k 173+ 2967840k 10>+ 1045320k} o + 2056320H 03
— 188640k 0{> — 1679800H 1 + 7568640H 13+ 1260000k 1, — 3855640H o

+ 9849600H o3+ 501120H o> — 3033000H ; 4+ 10108800H 13+ 1229760H 1>
—7724160H 1 1{2+1853280H, 10 +4371840H 102+ 2695680H 0 10>

— 85152000+ 1192320H 00{> — 5074800k 0.1 + 1762560k 01, — 4427520k 1 o
+1866240H 1 0L, — 4648320H 1 1 + 1503360H 1 12, + 1838880H3 + 2321280H,
+4008960H 02 — 4279680H o1 + 1520640H 012, — 5107680H 1 o + 1831680H 1 0>
—3741120H 11 + 1313280H 1,1{>+ 3499200H 110 — 3673200H 0,0

— 1218240k 101 +1382400H,0,_ 10— 99360h000 — 591840k001 — 2904480H 010
—2888640H) 01,1 — 2897280H) 100 — 2472480H 101 — 3114720k 110 — 2597760k 111
+1391040H 010 — 2158560H 00,0 — 1005120H 001 — 2914560H 01,0

—3841920H 100 — 2030400H 101 — 2364480H 110 — 1900800H 111 — 2257920H 011
— 2937600k 11,10+ 6462720H 1100+ 6255360H,_1 101+ 2246400 _10_10
— 2453760k 1000 — 3144960H 1001 + 241920k 1010+ 380160H 1011

(X)(2292435+ 4812485
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+7050240H 0 1 10— 35251200 100 + 8294400 101 — 1589760H 0010
—1296000H 0,0,0,0 — 9849600001 — 535680H,0,0,1,0 — 535680 0,0.1,1

— 1866240H0.10,0 — 622080H,0,1.01 — 1382400110 — 311040H 0111
+3628800H 10,—1,0 —4320000H 10,00 +915840H 1 00,1 — 120960H 10,10
—328320R1,0,1,1 — 2488320H 1,100 — 207360H,1,1,0,1 + 535680 1,110
+6186240H_1_10-+1900800H 0 100+ 7914240H 0 101 +691200H 0010
—4337280H 0,000 — 2108160H 0,0,0,1 +241920H 00,10 +414720H 0011
—2661120H 01,00 —380160H 01,1 +103680H 01,10 —311040H 0111
+5080320H,109,—1,0 —6272640H 10,00 + 1693440H 1 00,1 + 103680H 10,10
—241920H 10,11 —2937600H 1100 —69120H 1101 +622080H 1110)
—4(1+8x 1 —26x— 4x®)Ho 1 Lo — 2(1 + 40t — 2x— 40¢)H1 001 — 4(1— 3X)H101.0
- 3—?2)0(1 — 2X)Ho0,-100 + 4(1— X)(7TH1Lo" — 94Hy o{3 — 22Hy 1{3 + 92Hy 0102
—108H00l2 —12H101{> — 72H11002 — 12H111{> —8H10-1_-10—44H10_100
—96H1 0101 —20H100,-1,0+ 36H1,00,00 +80H100,01 +4H100,10+4H10011
—12H10100—48H110-10+40H11000+36H11001—28H11100)

- lis(l +X)(153H.12»° 4+ 2970H 1103 — 1350H 103 — 3780H 11 1>
+2640H_110(2+2100H 19 _1{> —1680H 1002 +60H_101(2+195Hy 111
—360H_1 _11-10+2460H 1 _1_100+3600H 1 1 101+360H 1 _10-10
—960H_1 _1000—2100H.1 1001 —120H_1 _1010—120H 1 1011 +360H 10110
—1380H.10,-1,00—1920H 10 10,1 —540H 100,10+ 540H_100,00 + 1260H 100,01
+60H_10010+60H-10011—240H 101,00+40Hy1010—60Hy1011+60Hy1110)

8 32 16 32
+ §(1+ 2X)H1717o71 + 3(14- 19)()H0717o7_170 + 3 (2 — 23>()Ho707_1Z2 -3 (2+ X)Ho7_17o717o

8 4 ) 4
+ 5(3—1- 11x)(Ho,0.1,01 —Ho,0,1.1.0) — 5(5—1- Ax 1 — 9x— 4x®)H1 000 + 5(19— 35%)H1110

16 32 8
— —(5—42X)Hp00-10+ 3 (5—13x)Ho 1000+ :—,)(5+ 3X)(6H0,0,0,1,0 + Ho,0,1.00)

3
16 8 32
+3 (7—26x)Ho 1001 — 3 (7+5%)(5Ho,0,1{2 —6Ho00.1,1) + 3 (7+8x)Ho 0,101
4 32 64
— 5(21— 31X)H1’0,1’1 — 24(9—1— 4X)H0’0,0Z2 + 3(11—1— 85X)H0,,1’,1,0’1 — 3(11— 6X)H0’013

32 4
— 16(14+ 57X)H07_17_1Z2 + 3(16— 7X)Ho7o7_17_170 — §(121—|— 362X+ 24X2)H07o7170

16 16 16
+ 3 (8423x)Ho,1.1.00 — 5(25—1- 86x)Ho,—1001+ 3 (31—x)Ho,—1,0,-10

32 8
— 437+ 4x 1 23— ) H 10 + 3(37— 10x)0203 — 5(43— 89x)Ho1.002

32 4 16
+ E(43+ 45X)H0Z22 + §(59—|— 8ox 1 — 13— 80)(2)H1,1’0.0 + 3(62—1— 79X)H0,,1’,1,0’0
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8 8 4
+ é (71—|— 36X)H0’0.0’0.1 + é (79—|— 209()H0.71’0Z2 + :—3 (121— 24X_1 + 79X — 24X2)H,1’0.,1’0

8 8
3(80 137)()H111—§(95—|—13X)H0 1000—1—3(107 144)(7 53X—|—l44>(2)H1.0’,1.0

8 8
+5(107+ 14%+ 84x*)Ho 0,10 — 5(109- 12X+ 73X —12¢)H 1110

16 4
+5 127+ 6x 14+ 127+ 6x°)H 1010 — 5(140+ 1641 — 95x— 164¢)H1L3

4
— 4(165+ 136¢ 1 4+ 187+ 136¢)H_1 100 — 5(193+ 617+ 24¢%)Ho011

16 16
3(175+6x’1+175<+6x H- 1011—3(200+174>< + 20K+ 174V H_1 101

4 4 32
— 5(197+15¢+ 80x%*)Ho.1.00 — 5 (237408~ 154¢)H1 01 — 5 (20+X)Ho 1110

— 2(211—1— 311X)H0’1.0’1 + g(379—|— 94X_1 + 406X+ 94X2)H,1.0’0 — g(227—|— 77X)H0’1Z3

— 3(273— 216¢+154¢)Ho 10 + g(

— 4(429+ 1641 + 433+ 1644)H_1 0{» — (455— 661X)H100 + 2(269+ 201X)Z5

2 2
+5(465- 622 1 — 1581x — 302¢)H1{» + o(549- 1056¢ 1 — 3917+ 1244¢)Ho _10

217—48x* —155¢— 24¢%)Ho 110

2 2
— 5(563- 144t — 581x+ 144¢%)H1 000 + §(1743+ 5148~ 188¢)Ho00

8 4
+5(647+ 204x 4 656¢+ 204¢)H 1001 + 5(689+ 48x 1 4-28% -+ 408¢)Ho 1,00
4

(691+ 7081 + 763+ 708A)H_1 _1{o — g(898+ 5521 + 961x+ 552¢)H_123
=(929— 1415+ 924 )Hy 10 + 9(957 6221 + 867 —622¢)H 1 19

2
(1187+ 2881 4 1205+ 288¢)H 1000 — 5(1785+ 223+ 1296¢)Ho,0,0,0

(1313+ 146K+ 656¢)Ho.001 + = (13514 48X + 75x+ 696¢)Hg _1 01

OOINOOIN(O N Wl

3(
4 2
(1617+ 192+ 796¢) L2 ~ 5(1270-6330Ho11 — 5(21-71X)Ho110

(1741+ 146K+ 992 )Hg 02 — §(582+ 145+ 80x%)Ho0.1 — 1—36 (20— x)Ho 1182

01|'\’

(2281+ 55%+ 14322 )Holz — g

2
(2503+622¢ " + 2503+ 622¢)H_101 + 5 (2877+ 580+ 1564 Hol2

(2485+ 144x 1 4 305+ 1416¢)Ho 102

(OIN(OI-b(AJIN(DINI—‘

2
(3219+ 1714+ 5882¢)L3 — 5(4049+ 1866¢ 1 + 413K+ 1866¢)H 1,

2
9253+ 3882 1 + 997K+ 4926¢)H 19+~
27 162

1 1 4
— 75(29169-34843(Hy 1 + (40879~ 10810K — 19704¢ )5 + 5(167+ 513)Ho 103

28121+ 23500 + 5911%2)Ho o

1 1
— = (49721 8198%)H1 0 — —

1
50101—-5295%)H, — —(77891— 10810X)H
54( 18( JH1 54( JHo 1
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~ 2 (80219~ 7801%)Ho — %2(144975& 122560%) — 8(4Ho _1.01.1 — 21Ho0000)

81

4 4 9161 4952 1016, , 104189
—ggl(x)—égz(X)Jr{E—T15—21413+713 +—2 (2
6644, , 87632, , 33556, 4

A )

1
+C-C2 (-mpqq(—x) (31865 — 51300 3 — 44240, — 70200 273 + 5535 52

+31680H.1{3+ 52320H_1{> + 5076|‘L1Z22 +53415H) — 498603 — 163201

+ 8640H;)Z22 +390960H.1 _1{3 —39600H_1 _1{> —42580H 19 — 179280H.10(3
+26100H 102, — 247320k 105 + 51480H, 17, + 61385H 0+ 38880H0ls

— 5229007 + 22950H 1 — 49680H 1{5 — 29160H 17> — 388800H 11 10>
+96480H 110+ 449280H 1_100s + 262440H 1010, — 116760H 109

— 185760H 10,02 — 4080H 101 + 34560H. 1012 + 265680h_1 1, — 81480, 10
— 273240k _1 00, — 138240H,0_1 05+ 55560H00 + 345600002 + 2040H 01
475200122 — 34560k 1002 — 259201102 — 79200H 1 1 10+ 134640H1 100
+87120H 1010 — 133020H 1000 — 7920H 1001 + 15840H 1011 + 87120H_1 10
—137880h), 100 — 7920H) 101 — 882000 1,0+ 66870k 0,00 + 37080k 001
7920011 +3240H 100+ 220320H 1 1 100+ 388800H 1 1 101

~12960H.1 1010 164160H 1 1000 —401760H 1 1001 — 120960H 1 1010
—172800H.1 1011 —6480H.109_1_10—142560H 10 100 —265680H.10 101
—8640H_100 1,0+ 62640H.1 00,00 + 155520H 10001 +52920H 100,10
+86400H.10,0,1,1 +30240H.1010,0+ 10800H.1 0101 —10800H.1011,0
—143640H) _1 100 —265680H) 1 101 +4320H) 1010+ 96120H _1000
+234360H) _10,0,1 +62640H 1010+ 86400H _101,1+8640H 0110

+ 756000, 1,00 + 1425600101 +10800H 00,10 — 12960H 00,00
—32400Hh,0,0,0,1 —12960H) 0010 — 21600H 00,11 — 10800k 0,100 —4320Hh 0101
+4320H01,1,0 —4320H 1010 +8640H,1000 +15120Hh 1001 —4320H10,10
+8640Hh 1100+ 2160H 1101 — 2160Hh1110) — %anpqq(x) (2996875 651240
7975805 — 3438810, — 252720 {3 — 2041752 + 5966955k — 1296000H

— 1808460H, + 252720H,2 + 2281005H — 324000H 5 — 1694520H,
+1183896H,° + 1399680H, 13+ 680400k, 172 + 4599450H o + 699840k 03
— 1607040k o> + 3055590k 1 + 2099520k} 175 — 1125900k 17, + 1062450H o
+3285360H 003 — 1474200H o> + 1255230H 1 + 2799360H 175 — 891000H 1>
—1982880H, 1, 1{2+952560H, 10+ 699840H _10{2> — 155520H0,1(>
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+ 2502900k 0 — 777600002 + 1551420k 0.1 — 77760H,012 + 1070820H 1.0
—213840H 1,02 + 784080 1 1 + 38880Hh,1,1{2 — 2293920H o 1> + 887760H 0,0
+252720H 0002+ 826200H o1 — 97200H 0172 — 42120H 1 o — 349920H 1 o2
+392040H 1 1 + 77760H 112> + 1049760H 1 _1 0+ 505440k, 100 — 155520H 101
+1040040H 6 _1 0 + 1203660k 00,0 + 1333260H 00,1 + 306180H,01 0 + 362880H 011
+220320k10.0 + 341820k 1 0.1 — 312660k 1 1.0+ 913680H 010+ 541080H 0.0
+1146960H 0,01 — 291600H 010 + 320760H 0.1 1 — 463320H 1 0,0 + 178200H 101

— 498960H 11 — 855360 1,1 10+ 1594080H 1 100+ 1555200H _1 101
+622080H), 10,10 — 388800 10,00 — 349920H 10,01 + 311040H, 10,10
+388800H),_10.11+ 186624001 10— 2332800100 + 10886400 101
—116640R0,0,—1,0 — 233280H,0,0,0,0 + 116640k 00,01 + 116640 0010
+194400H)00,1,1 —427680R 01,00+ 1477440H 1010 — 1263600H, 1 00,0
+913680H) 10,01 — 58320k 10,10 + 19440k 1011 —1088640H 1100 — 38880k 1101
+19440H 1110+ 1632960H 0 1 10+ 1438560H ¢ 100 +3110400H 0 _101
+933120H 90,10 — 1127520H 00,00 + 291600H 0,001 +505440H 00 1.0

+777600H 0,011 — 1049760H 01 0,0 + 38880H 0,101 — 38880H 01,10
+1944000H 109 —1,0 —2021760H 10,00 + 1205280H 1001 — 116640H 1010

+77760H 1011 — 1555200H 1100 — 77760H 1101) — 16(1+ 9X)Ho —1002

+ %6 (1—2X)Hoo, 1,00+ g (1—X)(12H1 8% + 84Hy o3+ 24H; 103 — 96H1 0102

+72H1 0002+ 24H1 1002 — TH1110+20Hy 1 -1 -10—14Ho —10-10—2Ho 1010
—26H0,-1,-1,0 +2Ho,0,1,01 —2Ho,0,1,1,0 + 48H1,0,-1,00 + 96H10, 101 +24H100 10
—24H10000—48H10001+48H110-10—24H11000) — liS(l +X)(12H122°
—720H-1 -1{3+360H10{3+960H_1 1 —1{2 — 600H-1 _10{2 —480H-10 -1(>
+420H_100{2 —50Hp 11{2+ 720H 1010+ 1000H 1011+ 10H1010—480H 1 1100
—960H_1 1 _101+120H_1 _1000+480H_1_1001+240H_10_100+480H_10-101
+120H_100,—10 —120H_10,0,00 —300H_10,0,0,1 +60H-101,00 +45H00,0,1,0

16
+75H0,001,1 +5H0,0,1,00 — 75H0.1,001 — 5Ho,1.0,1,0 + 105Hy 1.1.00) + 3 (14 7x)Ho.1,00,0

8 16 2 4
— §(2+ 5X)H_17o7_17o 3 1+ 13>()Ho717o7_17o — :—3(14- 33>()Ho71Z2 + §(1+ 35X)Ho7o7_1Z2
— 8(6 — 5X)H0,,1’,1,0 + 4(41— ex 1 39+ 8X2)H1,0’0.0

4 8 8
— §(2—|— 3X)H1’0,1’1 + 5(1— 5X)H0,0’0.,1’0 — 5(3 — 24X71 —b5x+ 24X2)H1’0,,1’0

4 4
+5(4- 27— 14+ 27¢) Hyolo — 5

3
16 8 4
t3 (54+43x)Ho, 1102 — §(5+ 91x)Ho,—1,-1,01 + 8(4+ 3X)Ho,0002 + 5(5— 11x)H1 14>

(5—51x 1 — 14x+51%%)H1 001
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8 8 32
(74 5x)Ho - 1000—5(7+11X)H00 101—5(5+17X)H010Z2+ (5+ 2x)Ho1(3

3
(7+8%X)Hop - 1001-1-3(9 4X)H1101—§(11+9X)H00001+2(11—1—15X)Ho.o,112
(144 15¢)H_1 _1, 10-1-634(17—1—13(_1—|—17X—|-12X2)H,1.,1’0.1—|—g(17—|—l80()H0’0.1’1
:(21— 1315+ 128¢)Hol2 — 3 (4363 5244+ 2742¢)Ho o
(294 67)Ho, 1. 1oo+9(30+264x +572%— 674)Ho,_10+ 2(7+ 73)Hoo010

(19+ 125¢Hp _1{3+

wlhwlhwlmwlhwlm

— 16(31+8x 1+ 31x+ 8x*)H_ 1001+3(25 51x ! — 29+ 51x*)H1 100

4 4
~(34+ 7561 —20x— 75®)H1L3 — - (56— 197 4 65x— 19B¢)H_100

3l 9
2 ) 8 2 8
+5(39+ 1815~ 262¢)Hoo1 + 5(34— 3T)H100 + 5(37+63)Ho101 — 5(49+ 15005
8 4
4(49+ 8x 1447+ 8x? JH_ 1,0,00 — 1—5(51+ ZOX)HOZZ — 5(674- 27X—|—48X )Hoo 10
4 4
— 8—1(76— 1248%) — 5(77+ 38x+198¢)H1 01 + 5(77+41x+ 198¢)H110

8
——(83—|—5X)Z2Z3—|— (84 16x+ 51x )Holoo—§(l31—|—9X—|—48X2)H0,100

B w

2 (1374 48@)Ho 000+ 2(148+ 1450Ho 11 + = (190+96¢ 1 + 17K+ 96@)H 1 100

T3 9 3
8 2
- é(224— OX+96¢)Ho 101+ 5 (237+271x-+ 396¢)Ho 10+ 9(2533 19150H

—5(258+192<’ + 257+ 1923)H_1 105+ = (302+ 1441 4 301x + 144)H 13

3(
+ ;7(3097+ 131% 1+ 315+ 1375)H 10— :—;(348— 67x 1 +31&—67)H_1 10
— g (7884 67x 1 + 788+ 67)H_101 + g (373+ 120¢ 1 + 372+ 120¢)H_1 0>

4 (4084 482+ 197%2)Ho 00 + g (430— 3x+192¢)Ho 102+ ?13(977— 1223)H1 0

2 2
(449+ 401X + 186¢%)Hg ol + §<315+ 401X+ 90x%)Ho 001 — é(31+ 63x)Ho.1.1.0

1
(7214 2035+ 1523¢) 3 — — 15 (1095- 619+ 1296¢)2,° + Tz(:20601— 5183%)Ho

2
5(502+ 67x  — 242+ 329¢)H 1L,

(367+ 5x+219¢)Hols + - (3459 2365+5484¢) {2 + - (8929+ 2365)Ho 1

8 1 1 1909753
+ §(40039— 2382X)H1 + 5(19Ho,053 —6Ho,0000) + égl(X) + égz(x) - {_W

416 105739 248 14328 25184 3512
——Zs 13——13 - %2%-5401213 135 €3 Zz } (1—X)>

(1228+201x ! +1258<+201><2) 10+

|
Hool.l>cc:o|l\)c::o|l\)oolr\.)co

4
+CrCay (— 2g5Paa(—X) (2700 48300, + 1026]5% — 1440H_1{5 — 3000H_1Z,
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— 1305H) + 990Hy{3 + 345H,{2 + 1800H_1 12 + 1660H_1 0 — 1260H_1 0>
—2340H, 12 — 1910H 0 + 450H 02 — 3600H 1 10+ 4800H 100 + 1200H 101
+3000H,, 10— 1245H,00 — 600Hy 01 + 3600H.1 _1 10— 6120H.1 100
—3960H.10_10+6120H 1000 +360H 1001~ 720H 1011 — 3960 _1 10
+6120H, 100+ 360Hy 101 +4500H 0 10— 2070H 000 — 360H0,0.1 +360H01.1)
+ %%pqq(x) (402265+ 66690 3 — 52101, + 2721, + 895905h + 1198803
—210870HZ2 + 338895H + 12960H {3 — 168480H, — 77760H, 12+ 731250H 0
— 74520H,0(2 +-491130H 1 — 103680h,1{> + 193320H o — 139320H o> + 209520H ;
— 81000H 15 + 126360 1,0+ 318060H) 0 o + 220050k 0.1 + 174150H 1 0
+142560H, 1.1 + 119880H o+ 103680H ¢ 1 + 38880H 10 + 71280H 11

+ 155520k 1,00+ 77760, 101+ 155520k 010 + 74520H000 + 71280001
+29160H0.1.0 + 35640 01,1 + 22680 100 +32400H 1 0.1 — 32400 110
+77760H 010+ 51840H 000 + 106920H 01 — 29160H 010 +29160H 01 1

8
3 (1—x)(5H11{2 —5H100 —4Ho 101

8 _
—4H10 10— 6H1000+H1010—H1101+H1110) — 3 (5+2x 1 —Bx—2x®)H1 001

—42120H 100+ 16200H 101 —45360H 110) +

8
-3 (14+x)(12H_1{3—12H 1 _1{o+6H_10lo —7Ho11—24H_1 110+ 36H_1_100

8 16
+24H_10-10—18H_1000+ 24Ho7_17_170) 1+ 4x+8x° )Zz +—=(1+ 7X)Ho7_1707o

15( 3

12(2 Xt 2x—x)H g 10+2(3—2x* —3x+2x2)H113—g(3—35x+72x2)H010
+§(4—5x)H071Z2+8(4+3x+2x JHolz+ 2(5447 13721x)—§6(1 X+x*)Ho 1,00
g(7+2x‘1—7x—2x JH10lo — %2(8+3x‘1+8x+ 3x )H—17o71+g(20—77X)H11
—%2(8+9x 48X+ 9x2 JH_ 100+196(10+9x*1+10x+9x) 1Z2+9(37 61x)H1 0

4

2 2
— (11— 121 + 20+ 48P )H1 Lo + = 5(169- 113<+96x2)13+ (667 671x)Hos

LOI-b@

8 16
(35— 4x+36¢) (H101 — H110) + 5 (81+52¢+36¢)Hooo+ o (X " —x*)H1100

| ©

8
27(158+ 141 1 4 158+ 1414 H 10— 5

2 1
207+ 14K+ 120¢)Ho01 — = (267+ 14K+ 168 )Hol s + — (7651— 2357 %)Ho
919 81

(15+ 24x 1 — 11x+ 12¢)Hq 1.0

(OII\J

2 2 1
— 55(1299—671x+564¢ )22 + (1685~ 1215+ 564¢)Hoo + o7 (1855 4693 Hy

8 8
— §(X+ 2%%)(Ho0l2 — Ho001) — 5(8Ho 18> —12Hy0 10+ Ho010—Ho101+Ho110)X

142883 8 18314 4086 2488
+{ 486 +315_ 81 {3+ %2-—52&3 EZZ} (1—X)>. (A.4)
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Eq. (A.4) includes, with the colour fact@ (C, —2C¢ )2, the sum of the inverse Mellin transforms
of the functiongy, (N) andg,(N) in Egs. [2.2R). These functions are given by

91(X) = —2(1— (1—x)"1)(4H 122 —2H 100—4H_ 101+ Ho00+2H001 — 3Hol2 — 323)
+2((1-x2-(1-%1 <4Ho,—152 —2Ho 1,00 —4Ho,—1,01+2Ho,00,1 — 3Ho 02

2 _
—3Hol3+Ho,000— 5(%) +2(1— (1+x) "1 (2Ho —1.0 — Ho0.0 + Hol2 + 2C3)

21
— (14X 2=(1+xD <4Ho,o,71,o +2Ho,02 +4Ho{z —2Ho 0,00 + €Z22> , (A.5)

%) = —2(2(1—x)°=3(1-) "+ (1-x 1 <4Ho,—112 +Ho,000—2Ho, 1,00

—4Ho,—1,0.1+ 2Ho,00,1 — 3Ho,0{2 — 3Ho{3 — glzz) —20(1—-(1-x7h

—4((1-x) 2= (1—x) 1) (4H_1{o— 2H_100—4H_101 + 2Ho0.1 + Ho,00 — 3Ho{2 — 3(3)

+ (214X =31 +x) 2+ (1+x) 7Y (4Ho,o,71,o — 2Ho,0,0,0 + 2Ho,0{2 +4Hol3 + 2—51122)

+4((14+X) 72— (1+x) 1) (2Ho, 1,0 — Ho00 + Hol2 + 223)

—2(1— (14X 1) (2H-10+2Ho1—{2) + ({2~ L3)3(1—x) . (A.6)
Note that the 1(1—x) terms in Egs.[(AJ5) and(Al6) do not imply the presence of stributions,
but largex cancellations between the harmonic polylogarithms in thumd brackets. These can-
cellations become numerically problematic for-X < 1, a region unavoidable in moment and

Mellin convolution integrals, even with the high-accuraoyle of Ref. [47]. In this region one can
instead use

(1 +9)(X) = ((2—C3)8(1—X) — (l—x){ln(l—x)+Z_22_z3_§}

- % (1=%2 + o[(1—x%)7] . (A7)

Appendix B: Subleading large-x contributionsto F; s

In this final appendix we consider the subleading (integralargex logarithms Iﬁ‘(l— x) for
the quark contributions té, and their relation to the coefficients fég given in Eqgs.[(3.9) —
(3.18) above. The corresponding three-loop resultsFfofwhere these terms are the leading
contributions) have been given in Eq. (4.31) - (4.34) of RE8)]. At two loops we have

2

ch - —8C2 (B.1)
2 22 4

cy b= 3G 60CZ — = Ce 1y (B.2)
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916 148
ngt)] Ly = _CACF [T _24ZZ:| + ZCCE + ?CF n; . (B3)

The corresponding contributions to the third-order coigffitfunction are given by

co BT 8C2 (B.4)
co . %’ CAC2 + 92C3 — %O C2n, (B.5)
Y BT %‘CAZCF — C,C2 [%9776— 64{2} — C3[38— 327y
12—7760ACF ne + %;Q’Zcénf — ;—(;CF n? (B.6)
co - C2Ce {%3— %66 12—3213} + CAC2 {%1— 2927, — 160{3]
~-C8 {%99 + 688{2+4823} — C\Ce 1y l%‘ - 6—34 zz}
- Cc2n, {%06 - zz] + 207 (B.7)
0(2?31 L —CRCr [@6— 8240, — %9613 + 3—24521 + CaCE {%9
18720579205~ T 122} LG [%7 + 2%,
—27253-1—488122] + CaCr ¢ [615180— 1299212 - 32413]
- oy | g+ 2080 - 200 - cen? |52 1) ©.8)

A comparison of the larggdimit of the complete charged-current quark coefficientdiions
Ci1,2,3 L, defined analogous to Eq. (B.1) above, now reveals that

Cl(x7us) = C2<X7GS)_CL(X7GS) = C3(X7GS) + O(l—X) (Bg)

to the third order inas. l.e., not only are the above log-enhanced term€pandC3 related,
but also the constants far— 1, leaving the difference vanish agNl? in moment space. To the
best of our knowledge, Ed. (B.9) has not been noted so fareitibrature even on the level of
the two-loop coefficient functions of Refs. [4—6]. In thisntext it appears worthwhile to recall
that the non-singlet coefficient function for the polariztdicture functiorg, [no relation to the
quantity in Eq. [A.5)] is identical t€3 up to thed d,y,. term irrelevant at large, and that an
analogous IN? suppression of the helicity flip for— 1 is present in polarized splitting functions,
see Ref. [61] and references therein.

34



References

[1] C. Amsleret al.[Particle Data Group], Phys. Lett. B667 (2008) 1

[2] J.M. Campbell, J.W. Huston and W.J. Stirling, Rept. Pilgys. 70 (2007) 89, arXiv:hep-ph/0611148
[3] S. Moch, J. Phys. G35 (2008) 073001, arXiv:0803.045p{hhk]

[4] W.L.van Neerven and E.B. Zijlstra, Phys. Lett. B272 (19927

[5] E.B. Zijlstra and W.L. van Neerven, Phys. Lett. B273 (19876

[6] E.B. Zijlstra and W.L. van Neerven, Phys. Lett. B297 (29977

[7] A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover andH8inrich, Phys. Rev. Lett. 99 (2007) 132002,
arXiv:0707.1285 [hep-ph]

[8] A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover andHginrich, JHEP 0712 (2007) 094, arXiv:
0711.4711 [hep-ph]

[9] S. Weinzierl, Phys. Rev. Lett. 101 (2008) 162001, arB807.3241 [hep-ph]
[10] S.A. Larin, F.V. Tkachev and J.A.M. Vermaseren, Physv.R ett. 66 (1991) 862
[11] S.A. Larinand J.A.M. Vermaseren, Phys. Lett. B259 (I)g®45
[12] S.A. Larin, T. van Ritbergen and J.A.M. Vermaseren, NBbys. B427 (1994) 41
[13] S. Larin, P. Nogueira, T. van Ritbergen, J. Vermasexart|. Phys. B492 (1997) 338, hep-ph/9605317
[14] A. Retey and J.A.M. Vermaseren, Nucl. Phys. B604 (2Q&M1), hep-ph/0007294
[15] S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. BE3804) 101, hep-ph/04031/92
[16] A.Vogt, S. Moch and J.A.M. Vermaseren, Nucl. Phys. B62204) 129, hep-ph/0404111
[17] S. Moch, J.A.M. Vermaseren and A. Vogt, Phys. Lett. B62@05) 123| hep-ph/0411112
[18] J.A.M. Vermaseren, A. Vogt and S. Moch, Nucl. Phys. B{2d05) 3! hep-ph/0504242
[19] W.A. Bardeen, A.J. Buras, D.W. Duke, and T. Muta, Physv.HFD18 (1978) 3998
[20] S. Moch and J.A.M. Vermaseren, Nucl. Phys. B573 (20@3),8ep-ph/9912355
[21] G.'tHooft, Nucl. Phys. B61 (1973) 455
[22] O.V. Tarasov, A.A. Vladimirov and A.Y. Zharkov, Physett. 93B (1980) 429
[23] S.A. Larin and J.A.M. Vermaseren, Phys. Lett. B303 (3)9834, hep-ph/9302208
[24] T.van Ritbergen, J.A.M. Vermaseren and S.A. Larin, ®tett. B400 (1997) 379, hep-ph/9701390
[25] M. Czakon, Nucl. Phys. B710 (2005) 485, hep-ph/0411261
[26] S.A. Larin, Phys. Lett. B303 (1993) 113, hep-ph/930224
[27] G. 'tHooftand M.J.G. Veltman, Nucl. Phys. B44 (1972918
[28] P. Breitenlohner and D. Maison, Commun. Math. Phys.1577) 11
[29] A. Mitov, S. Moch and A. Vogt, Phys. Lett. B638 (2006) 6fep-ph/0604053
[30] S. Moch and A. Vogt, Phys. Lett. B659 (2008) 290, arX®09.3899 [hep-ph]

35


http://arXiv.org/abs/hep-ph/0611148
http://arXiv.org/abs/0803.0457
http://arXiv.org/abs/0707.1285
http://arXiv.org/abs/0807.3241
http://arXiv.org/abs/hep-ph/9605317
http://arXiv.org/abs/hep-ph/0007294
http://arXiv.org/abs/hep-ph/0403192
http://arXiv.org/abs/hep-ph/0404111
http://arXiv.org/abs/hep-ph/0411112
http://arXiv.org/abs/hep-ph/0504242
http://arXiv.org/abs/hep-ph/9912355
http://arXiv.org/abs/hep-ph/9302208
http://arXiv.org/abs/hep-ph/9701390
http://arXiv.org/abs/hep-ph/0411261
http://arXiv.org/abs/hep-ph/9302240
http://arXiv.org/abs/hep-ph/0604053
http://arXiv.org/abs/0709.3899

[31] S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B62602) 181, hep-ph/02091/00

[32] P. Nogueira, J. Comput. Phys. 105 (1993) 279

[33] J.A.M. Vermaseren, math-ph/0010025

[34] J.A.M. Vermaseren, Nucl. Phys. Proc. Suppl. 116 (223, hep-ph/0211297

[35] J.A.M. Vermaseren, Int. J. Mod. Phys. A14 (1999) 203Rph/98062€0

[36] S.G. Gorishnii, S.A. Larin, L.R. Surguladze, F.V. Tkaw, Comput. Phys. Commun. 55 (1989) 381
[37] S.A. Larin, F.V. Tkachev and J.A.M. Vermaseren, NIKHEF91-18

[38] W.L.van Neerven and A. Vogt, Nucl. Phys. B588 (2000) 34&p-ph/0006154

[39] A. Gonzalez-Arroyo, C. Lopez and F.J. Yndurain, NudlyB. B153 (1979) 161

[40] J. Blumlein and S. Kurth, Phys. Rev. D60 (1999) 0140Ep-ph/9810241

[41] A.B. Goncharov, Math. Res. Lett. 5(1998) 497 (onlin&tp://www.math.uiuc.edu/K-theory/0297)
[42] J.M. Borwein et al., Trans. Am. Math. Soc. 353 (2001) 9®ath.CA/9910045

[43] E. Remiddi and J.A.M. Vermaseren, Int. J. Mod. Phys. A2300) 725, hep-ph/9905237

[44] W.L. van Neerven and A. Vogt, Nucl. Phys. B568 (2000) 26&p-ph/9907472

[45] S. Moch, M. Rogal and A. Vogt, Nucl. Phys. B790 (2008) 34iXiv:0708.3731 [hep-ph]

[46] A.Vogt, S. Moch and J. Vermaseren, Nucl. Phys. B (Prap.) 160 (2006) 44, hep-ph/0608307

[47] T.Gehrmann and E. Remiddi, Comput. Phys. Commun. 1@8Q1P296, hep-ph/0107173; T. Gehrmann, private
communication

[48] A. Vogt, Comput. Phys. Commun. 170 (2005) 65, hep-pa82414

[49] G. Grunberd, arXiv:0710.5693 [hep-ph]; G. Grunberd & Ravindran, private communication
[50] E. Laenen, L. Magnea and G. Stavenga, Phys. Lett. B6BA3R173, arXiv:0807.4412 [hep-ph]
[51] E. Laenen, G. Stavenga and C.D. White, arXiv:0811.766&p-ph]

[52] S. Moch and M. Rogal, Nucl. Phys. B782 (2007) 51, arxXi08.1740 [hep-ph]

[53] M. Rogal, PoS RbcoRr2007 (2007) 033, arXiv:0711.0521 [hep-ph]

[54] D.J. Broadhurst, A.L. Kataev and C.J. Maxwell, Phystt1 B590 (2004) 7€, hep-ph/0403037
[55] W.L.van Neerven and A. Vogt, Nucl. Phys. B603 (2001)d&p-ph/0103123

[56] A.\Vogt, Phys. Lett. B471 (1999) 97, hep-ph/9910545

[57] S. Moch, J.A.M. Vermaseren and A. Vogt, Nucl. Phys. B{2805) 317, hep-ph/0506288

[58] C.Quigy, FERMILAB-CONF-07-417-T, arXiv:0802.0018dp-ph]

[59] E. Reya, Phys. Rept. 69 (1981) 195

[60] P.A. Baikov and K.G. Chetyrkin, Nucl. Phys. B (Proc. $ujp160 (2006) 76

[61] A. Vogt, S. Moch, M. Rogal and J.A.M. Vermaseren, NuchyB. B (Proc. Suppl.) 183 (2008) 155,
arXiv:0807.1238 [hep-ph]

36


http://arXiv.org/abs/hep-ph/0209100
http://arXiv.org/abs/math-ph/0010025
http://arXiv.org/abs/hep-ph/0211297
http://arXiv.org/abs/hep-ph/9806280
http://arXiv.org/abs/hep-ph/0006154
http://arXiv.org/abs/hep-ph/9810241
http://www.math.uiuc.edu/K-theory/0297
http://arXiv.org/abs/math/9910045
http://arXiv.org/abs/hep-ph/9905237
http://arXiv.org/abs/hep-ph/9907472
http://arXiv.org/abs/0708.3731
http://arXiv.org/abs/hep-ph/0608307
http://arXiv.org/abs/hep-ph/0107173
http://arXiv.org/abs/hep-ph/0408244
http://arXiv.org/abs/0710.5693
http://arXiv.org/abs/0807.4412
http://arXiv.org/abs/0811.2067
http://arXiv.org/abs/0704.1740
http://arXiv.org/abs/0711.0521
http://arXiv.org/abs/hep-ph/0403037
http://arXiv.org/abs/hep-ph/0103123
http://arXiv.org/abs/hep-ph/9910545
http://arXiv.org/abs/hep-ph/0506288
http://arXiv.org/abs/0802.0013
http://arXiv.org/abs/0807.1238

	Introduction
	Formalism and calculation
	Results and discussion
	Numerical implications
	Summary and outlook

