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SUPERGRAVITY SOLUTIONS WITH CONSTANT SCALAR

INVARIANTS

A. COLEY, A. FUSTER AND S. HERVIK

Abstract. We study a class of constant scalar invariant (CSI) spacetimes,
which belong to the higher-dimensional Kundt class, that are solutions of su-
pergravity. We review the known CSI supergravity solutions in this class and
we explicitly present a number of new exact CSI supergravity solutions, some
of which are Einstein.

[PACS: 04.20.Jb, 04.65.+e]

1. Introduction

A D-dimensional differentiable manifold of Lorentzian signature for which all
polynomial scalar invariants constructed from the Riemann tensor and its covariant
derivatives are constant is called a constant scalar invariant (CSI) spacetime. The
set of spacetimes with vanishing scalar (curvature) invariants will be denoted by
VSI. The set of all locally homogeneous spacetimes will be denoted by Hom. Clearly,
both VSI and homogeneous spacetimes are CSI spacetimes; hence, VSI ⊂ CSI and
Hom ⊂ CSI.

Recently it was shown that the higher-dimensional VSI spacetimes with fluxes
and dilaton are solutions of type IIB supergravity, and their supersymmetry prop-
erties [1] were discussed (also see [2, 3]). In this paper we shall study a (sub)class of
CSI spacetimes and determine whether they are solutions of supergravity (and dis-
cuss whether they can admit supersymmetries). It is well known that AdSd×S(D−d)

(in short AdS × S) is an exact solution of supergravity (and preserves the max-
imal number of supersymmetries). Of course, AdS × S is an example of a CSI
spacetime [4]. There are a number of other CSI spacetimes known to be solutions
of supergravity and admit supersymmetries; namely, there are generalizations of
AdS × S (for example, see [5]), (generalizations of) the chiral null models [6], and
AdS gyratons [7, 8].

We wish to find a class of CSI which are solutions of supergravity and preserve
supersymmetries. Clearly, we seek as general a subclass as possible, but that will
include the simple generalizations of the AdS × S and AdS gyratons. There are
two possible approaches. In the top-down approach, we can consider a subclass
of known CSI spacetimes and investigate whether they can be solutions of super-
gravity. For example, we could consider product manifolds of the form M × K
(where, for example, M is an Einstein space with negative constant curvature and
K is a (compact) Einstein-Sasaki spacetime). We could then use previous work to
investigate whether such spacetimes are solutions of supergravity and preserve su-
persymmetries (cf. [9]). Alternatively, we could use a bottom-up approach in which
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we build CSI spacetimes using known constructions [4]. Although we are likely to
find less general CSI spacetimes of interest, the advantage of this approach is that
we can generate examples which by construction will be solutions of supergravity
that preserve supersymmetries. We shall discuss both approaches below.

The set of all reducible CSI spacetimes that can be built from VSI and Hom by
(i) warped products (ii) fibered products, and (iii) tensor sums [4] are denoted by
CSIR. The set of spacetimes for which there exists a frame with a null vector ℓ
such that all components of the Riemann tensor and its covariants derivatives in this
frame have the property that (i) all positive boost weight components (with respect
to ℓ) are zero and (ii) all zero boost weight components are constant are denoted by
CSIF . Finally, those CSI spacetimes that belong to the (higher-dimensional) Kundt
class, the so-called Kundt CSI spacetimes, are denoted by CSIK . We note that by
construction CSIR, and by definition CSIF and CSIK , are at most of Riemann
type II (i.e., of type II, III, N or O [10]). In [4] it was conjectured that if a
spacetime is CSI, then the spacetime is either locally homogeneous or belongs to
the higher-dimensional Kundt CSI class (i.e., CSIK), and if a spacetime is CSI, then
it can be constructed from locally homogeneous spaces and VSI spacetimes. This
construction can be done by means of fibering, warping and tensor sums (i.e., CSIR).
Thus, it is plausible that for CSI spacetimes that are not locally homogeneous, the
Weyl type is II, III, N or O, and that all boost weight zero terms are constant
(i.e., CSIF ).

1.1. Higher-dimensional Kundt spacetimes. The generalized D-dimensional
Kundt CSIK metric can be written [4]

ds2 = 2du
[
dv + H(v, u, xk)du + Wi(v, u, xk)dxi

]
+ g⊥ij(x

k)dxidxj ,(1)

where the metric functions H and Wi are given by

Wi(v, u, xk) = vW
(1)
i (u, xk) + W

(0)
i (u, xk),(2)

H(v, u, xk) = v2σ̃ + vH(1)(u, xk) + H(0)(u, xk),(3)

σ̃ =
1

8

(
4σ + W (1)iW

(1)
i

)
,(4)

(and are subject to further differential constraints) and the transverse metric (where
dS2

hom = g⊥ijdxidxj is a locally homogeneous space) satisfies the Einstein equations
(where i, j = 2, ..., D − 2).

VSI spacetimes, with metric ds2
V SI , are of the form (1) with flat transverse metric

(i.e., g⊥ij = δij) and the constant σ in (4) is zero (and where the metric functions

H and Wi satisfy additional conditions) [11].
For a CSIK spacetime the zero boost weight components of the Riemann tensor,

Rijmn = R⊥

ijmn, where R⊥ denotes the Riemann tensor components of the trans-

verse metric, are all constant [4]. In general, the Weyl and Ricci types of the CSIK
spacetime is II [10]. A CSIK spacetime is of Ricci type III when R01 = R⊥

ij = 0,

and is of Ricci type N if, in addition, R1i = 0 (Ricci type O is vacuum).
The higher-dimensional Kundt metric (1) possesses a null vector field ℓ ≡ ∂/∂v

which is geodesic, non-expanding, shear-free and non-twisting [12]. The aligned,
repeated, null vector ℓ is a null Killing vector (KV) in a CSIK spacetime if and
only if H,v = 0 and Wi,v = 0, whence the metric no longer has any v dependence,
and ℓ is, in fact, a covariantly constant null vector (CCNV) [11]. In this case the
resulting spacetime is a product manifold with a CCNV-VSI Lorentzian piece of
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Ricci and Weyl type III and a locally homogeneous transverse Riemannian space
of Ricci and Weyl type II (in general).

2. Analysis

2.1. Top-down approach. It is well known that AdSd × S(D−d) is an exact so-
lution of supergravity (for certain values of (D,d) and for particular ratios of the
radii of curvature of the two space forms; in particular, d = 5, D = 10, AdS5 ×S5).
Suppose the more general D-dimensional product spacetime Md ×K(D−d) (in brief
M × K) is considered, where M is an Einstein space and K is compact (e.g., a
sphere, or a compact Einstein space). We can ask: What are the most general
forms for M and K such that the resulting product spacetime is an exact solution
of some supergravity theory (for a particular dimension, and any particular fluxes)?
Since M ×K is a Freund-Rubin background, then if M is any Lorentzian Einstein
manifold and K is any Riemannian Einstein manifold (with the same ratio of the
radii of curvature as in the AdS × S case), then M × K is a solution of some
supergravity theory (not worrying about whether the solution preserves any super-
symmetry at the moment). The fluxes are given purely in terms of the volume
forms of the relevant factor(s). In general, the supergravity equations of motion
force M to have negative scalar curvature and K to have positive scalar curvature
(in order to be able to take K to be hyperbolic space exotic supergravity theories
need to be considered).

AdS ×S is an example of a spacetime manifold in which all curvature invariants
(including differential invariants) are constant. Indeed, it is even a Kundt space-
time; i.e., it is a CSIK spacetime. There are many examples of CSI spacetimes in
the Freund-Rubin M × K supergravity set. K could be a homogeneous space or a
space of constant curvature. There are certainly many homogeneous examples of
Freund-Rubin backgrounds.

The question then is whether these CSI solutions preserve any supersymmetry.
Suppose that M × K is a Freund-Rubin background. The condition for preserva-
tion of supersymmetry demands that M and K admit Killing spinors (real for K
(Riemannian) and imaginary for M (Lorentzian)). For K, the existence of such
spinors implies that K is an Einstein space, whereas for M it must be imposed
as an additional assumption. The analysis therefore reduces to determining which
Riemannian and Lorentzian local metrics admit Killing spinors. The Riemannian
case is well understood (at least in low dimension – for Freund-Rubin one needs
d < 8), but the Lorentzian case is still largely open. For example, the amount
of supersymmetry preserved in supergravity solutions which are the product of an
anti-de Sitter space with an Einstein space was studied in [13]. We note that there
are many homogeneous (CSI) examples of Freund-Rubin backgrounds.

More general results are possible. For example, suppose that M×K is a Freund -
Rubin manifold in which M and the compact K are both Einstein spaces (and the
signs and magnitudes of the cosmological constants are appropriately arranged),
then if M admits a conformal Killing vector (spacelike, and a negative cosmological
constant) then M × K is an exact solution of supergravity [14]. In a more general
sense, any CSI spacetime of the form M ×K for which the Ricci tensor is of type N
[4] can be a solution of supergravity. In addition, in general if such a CSI spacetime
admits a Killing spinor, it would then give rise to a null (or timelike) Killing vector
(e.g., it would be a CCNV spacetime). These spacetimes would then be of interest
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if there exist source fields that support the supergravity solution and are consistent
with the supersymmetry.

2.2. Bottom-up approach. We want to construct as general a subclass of CSI
spacetimes as possible which are generalizations of AdS × S or AdS gyratons, per-
haps restricting attention to CCNV and Ricci type N spacetimes. We shall start
with a seed solution and then attempt to build up an appropriate solution. In par-
ticular, we shall build subsets of CSIK and CSIF , by constructing CSIR spacetimes
using a VSI seed and locally homogeneous (Einstein) spaces. Generalizations of
AdS × S or AdS gyratons can be constructed in this way.

We construct a class of CSIR spacetimes from VSI and locally homogeneous
spacetimes as follows [4]. We begin with a general d-dimension VSI spacetime,
with metric ds2

VSI given by (1). We then warp this metric with warp factor ω2.
If the VSI metric is Ricci flat (i.e., a d-dimensional vacuum solution; this implies
certain differential conditions on H and Wi), and ω = l/z (where l is constant:
curvature radius of AdS), then ω2ds2

VSI is an Einstein space with λ = −(d − 1)/l2

and therefore a d-dimensional vacuum solution with Λ = −(d−1)(d−2)/(2l2) (but
where H and Wi satisfy now different equations). The CSI metrics constructed in
this way have the same curvature invariants as pure AdS. Their Ricci type is II
(and not lower). On the other hand, since ω2ds2

VSI is conformal to ds2
VSI, their Weyl

type is the same (III at most). By construction, all of these metrics have the same
(constant) curvature invariants as AdS. Indeed, the spacetimes constructed from
a CCNV-VSI (where the metric functions have no v-dependence; for example, the
AdS gyraton) have a null Killing vector, which makes them attractive from a super-
symmetry point of view. Note, however, that these spacetimes are not necessarily
CCNV themselves. It is unlikely that spacetimes constructed from a non-CCNV
VSI will have any null or timelike Killing vector.

We then consider a (D − d)-dimensional locally homogeneous space with metric
ds2

Hom = g̃ab(x
c)dxadxb; this space could be an Einstein space such as, for example,

E
D−d, SD−d or H

D−d. We then take the product manifold with metric

(5) ds2
CSI = ω2ds2

VSI + ds2
Hom,

where H and Wi are now possibly fibred (e.g., H(v, u, xk), Wi(v, u, xk)) (i and
k run possibly over all tranverse coordinates). If we take ds2

Hom to be Euclidean
space, the Ricci tensor is of type II (the Lorentzian conformal-VSI part is of Weyl
type III). These are CSIR spacetimes (belonging to the higher-dimensional Kundt
CSI class, CSIK), and have been constructed in such a way as to be solutions of
supergravity. There will be solutions that preserve supersymmetry. In particular,
there is a subclass of these CSIR spacetimes which is also CCNV (i.e., the subclass
with w2 ≡ 1 which is constructed from a CCNV VSI).

3. Supergravity examples

Let us provide some explicit examples of CSI supergravity spacetimes. The
examples illustrate a useful method of constructing such spacetimes and, at the
same time, are interesting as possible solutions of higher-dimensional gravity theo-
ries and supergravity. All of our examples are of the form of metric (1) satisfying
eqns. (2) and (3). The way these are constructed is as follows. (i) First we find
a homogeneous spacetime, (MHom, g̃) of Kundt form. Since there is a wealth of
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such spacetimes we will concentrate on those that are Einstein; i.e., they satisfy

R̃µν = λg̃µν . (ii) We then generalise to include inhomogeneous spacetimes, (M, g)

by including arbitrary functions W
(0)
i (u, xk), H(1)(u, xk) and H(0)(u, xk). By con-

struction, the curvature invariants of (M, g) will be identical to those of (MHom, g̃).
These spacetimes can, for example, be used as the Lorentzian piece in the Freund-
Rubin construction.

3.1. (MHom, g̃) is a regular Lorentzian Einstein solvmanifold. By using
standard Einstein solvmanifolds, and Wick rotating, we can get many examples
of homogeneous Einstein Kundt metrics [15]. All of these spacetimes can be writ-
ten as follows:

g⊥ij(x
k)dxidxj = dw2 +

∑

i

exp(−2qiw)(ωi)2,(6)

where {ωi} is a left-invariant metric of some subgroup1,

W
(1)
i (u, xk)dxi = 2pdw, σ̃ = 0,(7)

and p =
∑

i q2
i /(

∑
i qi). The boost-weight decomposition of S (the trace-free Ricci

tensor) and C (the Weyl tensor) is as follows:

• General W
(0)
i (u, xk), H(1)(u, xk) and H(0)(u, xk):

S = (S)−1 + (S)−2, C = (C)0 + (C)−1 + (C)−2.

• W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, general H(0)(u, xk):

S = (S)−2, C = (C)0 + (C)−2.

• An Einstein case: W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, and

�
⊥H(0) +

(
H(0)W

(1)
i

);i

= 0,

where �
⊥ is the Laplacian on the transverse space, and

S = 0, C = (C)0 + (C)−2

There is a cornucopia of examples of these metrics and the simplest one corre-
sponds to (MHom, g̃) being AdS space (for which (C)0 = 0). The corresponding
inhomogeneous Einstein metric with H(0) 6= 0 is the Siklos spacetime [16].

There are a few special metrics in this class worth mentioning. A special Siklos
metric is the Kaigorodov spacetime [17] which is both Einstein and homogeneous
(see section 3.3). Another special homogeneous metric is the conformally flat met-
ric:

ds2 = 2e−2qzdu (dv + aeqzdu) + e−2qzdy2 + dz2.(8)

This metric has vanishing Weyl tensor, C = 0, while S = (S)−2. Both this met-
ric, and the Kaigorodov metric, are homogeneous Kundt metrics having identical
curvature invariants to AdS.

1 If the solvmanifold is of rank one, this subgroup would be the nilpotent group corresponding
to the Einstein nilradical.
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There are many ’non-trivial’ examples of this type as well. As an illustration, the
following Kundt metric is a 7-dimensional regular Lorentzian Einstein solvmanifold:

ds2 = 2du (dv + 3pvdr) + e−4pr(dx − ydw)2 + e−3pr(dy − zdw)2

+e−2prdz2 + e−prdw2 + dr2,(9)

where p = 1/(2
√

2). This metric has R̃µν = −(3/2)g̃µν and can be generalised to
the inhomogeneous case by the standard procedure.

3.2. Some 5D examples. Let us consider some non-trivial examples which can
not be obtained by a Wick-rotation of an Einstein solvmanifold.

3.2.1. Transverse space is the Heisenberg group. The transverse space is the Heisen-
berg group with a left-invariant metric:

g⊥ij(x
k)dxidxj =

(
dx +

b

2
(ydz − zdy)

)2

+ dy2 + dz2,

and

W
(1)
i dxi =

√
2b

(
dx +

b

2
(ydz − zdy)

)
, σ̃ =

b2

4
.

Here, R̃µν = −(b2/2)g̃µν . The Weyl tensor decomposes as

C = (C)0 + (C)−1 + (C)−2.

For the trace-free Ricci tensor:

• General W
(0)
i (u, xk), H(1)(u, xk) and H(0)(u, xk): S = (S)−1 + (S)−2.

• W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, general H(0)(u, xk): S = (S)−2.

• An Einstein case: W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, and

�
⊥H(0) +

(
H(0)W

(1)
i

);i

= 0,

where �
⊥ is the Laplacian on the transverse space. This equation ensures

that S = 0. The general solution to this equation can be found using
standard methods (for example, separation of variables).

3.2.2. Transverse space is SL(2, R). The transverse space is SL(2, R) with a left-
invariant metric:

g⊥ij(x
k)dxidxj =

(
dx − a

dz

y

)2

+
b2

y2
(dy2 + dz2),

and

W
(1)
i dxi =

√
2(a2 + b2)

b2

(
dx − a

dz

y

)
, σ̃ =

a2

4b4
.

Here, R̃µν = −[(a2 + 2b2)/(2b4)]g̃µν . The Weyl tensor decomposes as

C = (C)0 + (C)−1 + (C)−2.

For the trace-free Ricci tensor:

• General W
(0)
i (u, xk), H(1)(u, xk) and H(0)(u, xk): S = (S)−1 + (S)−2.

• W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, general H(0)(u, xk): S = (S)−2.
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• An Einstein case: W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, and

�
⊥H(0) +

(
H(0)W

(1)
i

);i

= 0,

where �
⊥ is the Laplacian on the transverse space. This equation ensures

that S = 0. The general solution to this equation can be found using
standard methods (for example, separation of variables).

3.2.3. Transverse space is the 3-sphere, S3. The transverse space is the 3-sphere,
S3, with the Berger metric:

g⊥ij(x
k)dxidxj = a2 (dx + sin ydz)

2
+ b2(dy2 + cos2 ydz2),

and

W
(1)
i dxi =

a
√

2(a2 − b2)

b2
(dx + sin ydz) , σ̃ =

a2

4b4
.

Here, R̃µν = −[(a2 − 2b2)/(2b4)]g̃µν , and hence, can be positive, zero or negative.
The Weyl tensor always decomposes as

C = (C)0 + (C)−1 + (C)−2.

For the trace-free Ricci tensor:

• General W
(0)
i (u, xk), H(1)(u, xk) and H(0)(u, xk): S = (S)−1 + (S)−2.

• W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, general H(0)(u, xk): S = (S)−2.

• An Einstein case: W
(0)
i (u, xk) = 0, H(1)(u, xk) = 0, and

�
⊥H(0) +

(
H(0)W

(1)
i

);i

= 0,

where �
⊥ is the Laplacian on the transverse space. This equation ensures

that S = 0.

3.3. Examples in the literature. A number of special cases of the examples
discussed in the previous two subsections are known, and the supersymmetry prop-
erties of many of them have been discussed. All of the examples given below are in
the subclass of CSIR spacetimes. Let us review these examples briefly.

We give in the first place an example of a CCNV CSI. In [18] the following
five-dimensional metric was considered:

(10) ds2 = 2du
[
dv + K(u, xk) du

]
+ dξ2 + sin2 ξdθ2 + sin2 ξ sin2 θdφ2

The transverse space is S3 with unit radius and the function K satisfies

(11) �
⊥K = 0

where �
⊥ is the Laplacian on S3. The covariantly constant null Killing vector is

∂v. Note that metric (10) is already in the Kundt form (1), with W
(1)
i = W

(0)
i =

σ̃ = H(1) = 0. The metric (10), together with a constant dilaton and appropiate
antisymmetric field, is an exact solution to bosonic string theory2.

The next two examples are not CCNV, but are constructed from a CCNV VSI
(see section 2.2). As such they have the null Killing vector ∂v; however, this vector
is no longer covariantly constant due to the introduction of a warp factor. Recall

2 However, it is not a vacuum solution of five-dimensional gravity.
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that if the VSI seed metric is Ricci flat they are Einstein spaces. The first example
is the d-dimensional Siklos spacetime

(12) ds2 =
l2

z2

[
2dudv + 2H(u, xk) du2 + (dxi)2

]
,

where i = 1, . . . , d − 2. The Siklos metric can be cast in the Kundt form (1) by
making a coordinate transformation ṽ = vl2/z2

(13) ds2 = 2du

(
dṽ +

l2

z2
H(u, xk) du +

2ṽ

z
dz

)
+

l2

z2
(dxi)2

In this way σ̃ = H(1) = W
(0)
i = 0, H(0) = (l2/z2)H(u, xk) and W

(1)
z = 2/z; the

transverse space is H
3. In the new coordinates the null Killing vector is l2/z2∂ṽ.

The Kaigorodov metric Kd is a Siklos spacetime with H = zd−1 [17, 20]. Since it is
homogeneous, it has at least d Killing vectors (but only ∂v can be null). The Siklos
spacetime is of Weyl type N .

All of the Siklos metrics preserve 1/4 of the supersymmetries, regardless the
form of the function H in (12) [19]. This was previously shown for the Kaigorodov
metric in [20].

The second example is the d-dimensional AdS gyraton, with metric [8]

(14) ds2 =
l2

z2

[
2dudv + 2H(u, xk)du2 + 2Wi(u, xk)dudxi + (dxi)2

]
,

where i = 1, . . . , d − 2 and H and Wi are independent of v. In the Kundt form we

have (13) but additionally W
(0)
i = l2

z2 Wi; the null Killing vector is l2/z2∂ṽ as for
the Siklos metric. This is a metric of the form given in section 3.1 where the homo-
geneous space is AdSd. The Weyl type is III. The five-dimensional AdS gyraton
has been considered in the context of gauged supergravity, and both gauged and
ungauged supergravity coupled to an arbitrary number of vector supermultiplets
[7]. Some of these solutions preserve 1/4 of the supersymmetry [7, 21].

We consider now metrics of the form (5). The most well-known examples in this
class are the AdS × S spaces. Let us discuss AdS5 × S5

(15) ds2 =
1

z2

[
2dudv + dx2 + dy2 + dz2

]
+ dΩ2

5

where dΩ2
5 is the standard round metric on the unit3 5-sphere. This is clearly of

the form (5), with the simplest VSI (Minkowski) spacetime. It is a (maximally
symmetric) Einstein space. In the Kundt form (1)

(16) ds2 = 2du

(
dṽ +

2ṽ

z
dz

)
+

1

z2

[
dx2 + dy2 + dz2

]
+ dΩ2

5

with σ̃ = H(1) = H(0) = W
(0)
i = 0, W

(1)
z = 2/z; the transverse space is H

3 ×S5. It
is of Weyl type O (provided their sectional curvatures have equal magnitude and
opposite sign, otherwise they are Weyl type D).

3 We can multiply (15) by l2; then r2 = 1/l2 is the radius of S5.
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Spaces of the form AdS × S, together with appropriate five- or four-form fields,
are maximally supersymmetric solutions of IIB and eleven-dimensional supergrav-
ities [22, 23, 24].

AdS5 × S5 can be generalized by considering other VSI seeds. The resulting
metrics are of Weyl type III at most4. For example,

(17) ds2 =
1

z2

[
2dudv + 2H(u, x, y, z, xa)du2 + dx2 + dy2 + dz2

]
+ dΩ2

5

where xa are the coordinates on S5. In the Kundt form we have now H(0) = H/z2.
Such spacetimes are supersymmetric solutions of IIB supergravity (and there are
analogous solutions in D = 11 supergravity) [25]. Supersymmetric solutions of this
type in D = 5 gauged supergravity were given in [26], where ds2

Hom was taken to
be flat (Weyl type N).

The idea of considering spaces of the form AdS × M , with M an Einstein (-
Sasaki) manifold other than Sn, goes back to [27]. Such spaces have Weyl type II.
In [27] supersymmetric solutions of D = 11 supergravity of Weyl type II are pre-
sented where, for example, M is the squashed S7. Examples where M is taken to
flat and hyperbolic space can be found in [28] (in the context of higher-dimensional
Einstein-Maxwell theory). In ten dimensions, solutions of the form AdS5×T 1,1 have
been extensively studied. Recently, an infinite class of five-dimensional Einstein-
Sasaki spaces (called Y p,q) has attracted much attention5 [30].

The final example concerns a warped product of AdS3 with an 8-dimensional
compact (Einstein-Kahler) space M8:

(18) ds2 = ω2[ds2(AdS3) + ds2(M8)].

These metrics with non-vanishing 4-form flux are supersymmetric solutions of D=11
supergravity [5]. Similar constructions can be found in [31].

3.4. Constructing homogeneous Einstein Kundt metrics. Let us briefly dis-
cuss the general method for constructing the homogeneous Kundt metrics illus-
trated in subsections (3.1) and (3.2) (the examples given in 5D are easily general-
ized to higher dimensions). Consider a Lie group G equipped with a left-invariant
frame mi. A class of Lorentzian Kundt metrics can then be written:

ds2 = 2du
(
dv + v2σ̃du + vβim

i
)

+ δijm
imj ,(19)

where σ̃ and βi are constants. This is automatically a homogeneous space with
left-invariant frame

ω0 = vdu, ω1 =
dv

v
+ vσ̃du + βim

i, ωi+1 = mi.(20)

A set of transitively acting Killing vectors are:

ξ0 = v
∂

∂v
− u

∂

∂u
, ξ1 =

∂

∂u
, ξi+1 = ξG

i ,

4 These spacetimes are of type II if the sectional curvatures are not of equal magnitude and
opposite sign.

5 However, these are not homogeneous and hence, not CSI. There are many homogeneous
Einstein spaces on S2

× S3 [29]; however, T 1,1 is the only one that is also Sasaki.
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where ξG
i is a set of transitively acting Killing vectors on G.

Let R̃ij be the Ricci tensor of δijm
imj. Then

R01 =
1

2
(4σ̃ + Cj

jiβ
i − βiβ

i),(21)

Rij = R̃ij + C(ij)kβk − 1

2
βiβj ,(22)

where β(i;j) = C(ij)kβk and Ci
jk are the structure constants of the Lie group G.

We have not written down the Ricci components of boost-weights −1 and −2.
The examples essentially split into two different cases according to whether G

is unimodular or not. The regular Lorentzian solvmanifolds are not unimodular
and can be found using the Riemannian analysis. The unimodular case, Ci

ij = 0,
corresponding to true ’authentic’ Lorentzian solutions and have to be found on a
case-by-case basis.

3.4.1. All 5D homogeneous Einstein manifolds of this type. It can be shown that
all 5D manifolds of this type with (βi 6= 0) are given in the text or are Lorentzian
versions of standard Einstein solvmanifolds. The classification of 3D Lie algebras
is well-known and are enumerated I-IX using the Bianchi classification. The Lie
algebras of the Heisenberg group, SU(2) ∼= S3 and SL(2, R) are II, IX and VIII,
respectively. The above method for the other Lie algebras also gives an Einstein
metric for the type III algebra; however, the metric is the same as the SL(2, R)
since this also admits a simply transitive type III action.

3.4.2. Other examples. There have a few other examples.

• G is the (2m + 1)-dimensional Heisenberg group. The spacetime is of di-
mension (3 + 2m) and metric is similar to the m = 1 case in subsection
3.2.1.

• G is S3 × S3: Given the left-invariant one-forms σi and σ̂i on the two S3

so that

dσi =
1

2
εi

jkσj ∧ σk, dσ̂i =
1

2
εi

jkσ̂j ∧ σ̂k,

the metic can be written:

ds2 = 2du
[
dv + σ̃v2du + α(σ1 + σ̂1)

]

+A2
[
(σ1)2 + 2λσ1σ̂1 + (σ̂1)2

]
+ B2

[
(σ2)2 + (σ3)2 + (σ̂2)2 + (σ̂3)2

]
,(23)

where A2/2 < B2 ≤ A2 and

λ =
2(A2 − B2)

A2
, σ̃ =

3A2 − 2B2

2B4
, α2 =

2(A2 − B2)(3A2 − 2B2)

B4
.

This is a positively curved Einstein space.

4. Conclusion

In this paper we have discussed a (sub)class of CSI spacetimes which are solutions
of supergravity. We have utilized two different approaches. In the top-down ap-
proach we considered a subclass of known CSI product manifolds of the form M×K
and investigated the conditions under which they will be solutions of supergravity.
In a bottom-up approach we built CSI Kundt spacetimes using a Lorentzian VSI
spacetime and a known homogeneous spacetime as seeds [4], which by construction
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will automatically be solutions of supergravity. We also discussed which of these
CSI supergravity solutions will preserve supersymmetries.

We have explicitly constructed a number of new exact CSI supergravity solu-
tions, some of which are generalizations of AdS × S spacetimes and AdS gyratons.
Indeed, in some of the simple generalizations of AdS × S spacetimes all of the
curvature invariants are identical to those of AdS × S, which may be of impor-
tance when considering higher order corrections [32] (i.e., it is plausible that these
generalizations are also exact string solutions). The newly constructed spacetimes
include solutions that are based on (warped) products of regular Lorentzian Einstein
solvmanifolds (including the simple Siklos metric) and transverse spaces which are
(D−d)-spheres (as well as squashed spheres and Euclidean and hyperbolic spaces).
Finally, we have reviewed the known CSI supergravity solutions, and we have shown
that they belong to the higher-dimensional Kundt class.
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