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Kepler’s laws of planetary orbits

planets move on elliptic orbits
with the sun in a focal point

- the radius connecting the planet
and the sun sweeps out equal
areas in equal times

At At

- the square of the period of the
orbit is proportional to the cube
of the major axis

inner solar system



Newton’s theory of gravity

- masses interact by a central force

— conservation of angular momentum

- inverse square law

Y —— period-radius relation
I GmM f _GM
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1 —ecosp

a’/T?
Mercury 3.362

actually motion around common center of mass

Venus  3.362
mm
— s M=m+m, m=—12 Earth  3.362
ml + m2
Mars 3.362
Instantaneous action at a distance (1018 m3 s2)

Binary pulsar 1913 +16:
violations of Kepler’s laws and evidence for GR

: LN N
Binary pulsar data:
masses m; = 1441 M, m,=1.387M, '
i
period 7.75 hr B
semi-major axis a = 1950000 km
eccentricity e =0.617 .

distance 6.4 kpc

quasi-elliptic orbit
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M3, ~ 50 mym,

Binary black holes

GW energy flux of binaries ~ product of the masses

— binary black holes with masses Mgy = 10 M,

same orbit would emit ~ 50 times more energy:
3.7x 102 W ~ solar luminosity in e.m. radiation

- frequencies of these massive compact binaries
are very low:

fbinary ~0.7x 107 Hz flight ~0.5%x10% Hz

~ 4% 10° km Atighs ~ 600 nm

/Ibinary
- Gravitational forces are extremely weak:

Loewion .45 % 107

coulomb

in hydrogen atom

gravitational radiation very difficult to detect!

Direct detection of gravitational waves

Amplitudes expressed by
metric deformations (strain)

LIGO - A GIGANTIC INTERFEROMETER
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Characteristic Strain
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1 ——LIGO-Virgo Neutron Stars

Selection of observed mergers of black-hole and neutron-star binaries
(LIGO-Virgo-KAGRA)

Masses in the Stellar Graveyard

in Solar Masses

_EM Neutron Stars

¥

LIGO-Virgo | Frank Elavsky, Aaron Geller | Northwestern

GWTC-2 plot v1.0

mergers last up to minutes and reach frequencies up to ~ 300 Hz.

Observing the inspiral phase of compact binaries:

space mission (LISA)
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General Relativity

gravitational field <«—— space-time geometry

local flat geometry + gravitational forces «——  global curvature

Static Schwarzschild geometry:

non-euclidean relation between circumference and
radius of circular orbits — corrections to Newton’s law

Gravitational fields are dynamical «—— geometry can fluctuate

fluctuations can propagate as gravitational waves

Tools for dynamical space-time:
differential geometry

metric: line element ds® = g, () do*dz” (signature (—,+,+,+))
connection: geodesics X+ FM” iV =0
_ 1
with F/Iy” = E g”K (algm/ + avgld - akg/iu) <
<«— covariant derivative V,A,=0,A, - Fwﬂ A, (parallel displacement)

in particular V,g,, =0
curvature: Riemann tensor
non-commuting covariant derivatives [V, V14, =—-R , * A,
with R, =0]l,"— a/lrny - prar/la’( + FAIJGFIH;<

wiv T Yu v

=0, -0, —[I,.T)D,f




Einstein equations

Ricci tensor and scalar R, =R, =R, R=R/

Bianchi identity VR, +V,R, +V,R, =0

12

1
—— VHRIW=5VR

1
Einstein tensor G,=R,— 3 g.R — V'G,=0

_ 2
GW —-K T/w
\ energy-momentum tensor
h 871G
K= > =— = 21X 107% kg=!m™!s?
mplanckc ¢

local energy-momentum conservation:  V¥T,, =0

Weak gravity: linear approximation of GR

space-time geometry: small deviations from Minkowski space

G = M + 26N,

\

Minkowski metric metric fluctuation (e.g., grav. wave)
n = diag(—1,+1,+1,+1)

using 7*“and 7, to raise and lower indices
<+—> treat h,w as a symmetric tensor field in Minkowski space

in this approximation:

U = w0k +0,h) = hy) + O(r?)
R,2» =k (0,0:h,) — 0,00, + 00 hyuw — 0 Ophui) + O(K?)

YUK

Einstein equations:

1 1
p (RW ) nM”R> =0Oh,, — 0,0'hy, — 0,0'hy, + 0,0,h} —n,, (Oh} — 00*h,;) = —«T,,




In linear approximation:
Riccitensor: Ry, = k& (Ohy, — 0,0™hy, — 0,0 hy, + 9,0"hy))

Ricci scalar: R=R} =2k (O} — 8" hy)

1
Bianchi identity;: —— 0" <R,“, ~ 3 nﬂ,,R> =0 <+ 0'T,,=0

Energy-momentum conservation: PM = J d3x TO”
1%
dP”
_— — = J d3x aOTOM — J d3x akaﬂ
dt v v 4
= d*cT
X
ﬂgav i v
forced by Einstein equations
Tn/,t = ﬁk Tky

Energy-momentum conservation of matter
related to gauge symmetry of Einstein equations

local gauge transformations ~ hy, — R, = hy, + 0,8, + 0,6,

for arbitrary vector field £.(z) leave Riemann tensor invariant: R, *=R,*

1
Gauge fixing —— De Donder gauge: 0h*, = —ad h*

v n HT WY

reduces Einstein equations to inhomogeneous wave equation:

1 1
OJ (h/w —3 nuyh’\A> = —kT), <+ Lhy, = —k (T;w —3 nle’\)\>

Field redefinition:

1
ﬁ;w = th - 5 nMVh)\A +—> h;uz = ﬁm/ - 5 anﬁAA-

simplification: Ok, =-xT,




Action

1

Einstein:  S[g] = T

d'v/—g R~ — /d4339’” (LT, =T TN
1 v )\ v K 1 )\ H
Proof: use = [ /—gg" 3,\F,L vV—g4g" 'x m/ - 2FW )
/ V=390 = [ V=g TS
weak-gravity limit:

1 1
S[h] = / d*z [—5 O O\hyy, 4+ OF R0, R — O Ry, 0V By + 5 O fONh,

This action is invariant (up to boundary terms) under the gauge transformations

Py = Wy = Dy + 0u&y + 0,6,

interaction term: Sint = K / d*z h,, " invariant if 9,T" =0

Rewriting action and field equation in terms of &

1 v v 1 v 14 1 14
Sl = / d's [—2 O Orhy + OB O+ 7 OB LSO + b, (T“ L Tﬁ)]

after some rewriting — Ok, — 8,0 h,, — 8,0 hy, + 1,070 b,y = —KT,

invariant under by, — k), = h,, + 0,8 4 0,6, — 106,

Free fields: plane-wave decomposition
o = [ 2K (ke (k) = £ (=)
—uv (271')2 61“/( )6 nv — Cuv

— s Ke —kuklen — bk en, + nuk ke =0

. . / A
invariant under € = Ew T+ kyon, 4 Koy, — nuwk”ay.

. d4k —ik-x
with §u = Z/ (2r)? oy (ke t



gauge fixing
take  kfe,, =0 — k¢, =0

€ (k) = e (k, w) 6(K%)

with w = \/?

k“euo = wegp + kieio =0 k“em = Weyj; + kieij =0
residual transformations: use au(k) = a,(k,wi)6(k?)
epy = €op —wap + k - a, e; = ep; — wa; + kiag

€i; = € + kia; + kja; — 055 (wao + k - a)

can arrange @ —— (TT-gauge)

reality: €, (k,w) = e, (—k, —w)

_ d’k i(k-x—wt) * —i(k-x—wt)
—  h,, = (em,(k)e + eW(k)e )

e 812w
N/

in canonical quantum gravity — annihilation/creation operators

ﬁoo = ﬁm = ﬁn‘ =0
O:h.. =0

J=7j1

in TT - gauge:

in this gauge N\ =0 — h,, =hu

(recall: this holds for free fields = external lines in QG)



Results for monochromatic waves

- the free physical plane-wave amplitudes can be restricted to the sets e, (k,w)
subject to the following conditions

€oo = €o; = €5 = 0, kjeji =0

- without loss of generality we can take the z-direction in the direction of k :

k= (0,0,0J) —> e3=0

- the resulting physical amplitude takes the form

0 0 0 0
/ _ 10 er(w) ex(w) 0
@) = |0 ) —e (@) 0
0 0 0 0

- there are only 2 independent physical free-wave modes, transverse to the wave-propagation:

-1 0 0 0
o 4okh — 0 1+4+2keycos(k-x—wt) 2kexcosk-x—wt) 0
i = Tuw 0 2rey cos(k-x —wt) 1—2keycosk-x—wt) 0
0 0 0 1
19
Detection principle N —

: . o (Y (Y (YO ()
Distances between points on a ring in the x-y-plane N N AN ? A
change by passage of a monochromatic gravitational e et
wave in the z-direction as follows: : i

0 T/4 T2 3T/4
ONFAORNRY.

ds* = gudatds”

= —dt* +da® + dy? + d2? +|2/£e+ cosw(z — t) (dz? — dy?) + 4rey cosw(z — t) dzdy I (fix 2 =0)

This provides a method to detect gravitational waves by comparing distances in
2 perpendicular directions using interferometry:

[oeten] +-mode: one arm gets longer, the other shorter
T — difference in travelling time of the laser beams:
T phase difference creates change in the output
' of the interferometer

== .
(disadvantage:
- does not see
H /—H—W'ﬂ diagonal x-mode
=
need more than one /
detector with different %o
orientations) Virgo detector (Pisa, It.)

20 arm-length: 3 km



curvature dynamics
in the linear approximation

lew\ =K (8“8,{}@,\ — 8#8Ah,m — &,&Chw + 8,,6,\hw)
is invariant under  hy, — hy, = hy + 0,8, + 0,8,
Bianchi identity: Oo Ry + Oy Riour + OcRopr = 0

a“Rl,u-a/)\ == 8VR)\I£ - a}\Rl/R

ORun = 0,0cRuy — 0,00Ryi. — 0,0, Ryx + 0,00 Ry

Einstein equations: R, = —87G (8.0, 5 — 0.0\L,, — 0,0.T 5 + 0,0,T,,,)
1 A
L, =Tw— ) N Ly

(Follows directly from definition using De Donder gauge)

space-time split

spatial components: Riimn = €kti€mnj Fij
«— Py = Pj; = %lgiklgjmanlmn = K Eiki€ jmn OkOmlun,
Bianchi identity: 0iPij = gt (0i Ritmn) €jmn = 0
free fields: P;; = %R =0
|
time-components: Roji = (% Pmn) EmijEnkl

ROin = _Pz'j = (aghij)TT

- In empty space all components of the Riemann (= Weyl)

tensor are expressed in terms of 2 independent d.o.f.

contained in transverse and traceless gauge invariant 3-tensor P;
- These d.o.f. are expressed by the TT-part of h;;




detection principle: geodesic deviation

continuous set of geodesics  z¥(7; A)

Az
proper velocity o = @

dr
dxt
. . wo_
geodesic deviation n N
Dn* Du#
= W'V, n" = n "Vyut =
Dr u’V,n n "V u )\
D*nH
52 = u’\V,\(u”VVn“) = R)\wfu)‘u“n”
-

in rest frame of free falling test mass: «* =(1,0,0,0) and T',)=0

d*n® d?n’
—

e = —(hyy)""n/

Energy-momentum and angular momentum of gravitational radiation

For free gravitational waves in the TT-gauge, in a volume V, the following quantities
are conserved modulo boundary terms:

Evz/d3x5(az7t)

\%4

PVi:/dgl'Hi(l',t)
1%

LViZ/dngi(J?,t)
\4

1 1
&= 5 (8ihij)* + 5 (Oihij)? energy density

I; = — Oihumn Ophunn, momentum density

Ai = Eijk [thmathkm - xjakhmnathmn]

angular-momentum
density
Each integrand satisfies an equation of continuity:
9,E = a1, where II; as above, and
= ) 1 2 _ ) 2
atHi = _akskz Sk:l = 8khmnazhmn + B I:(ath’mn) (@hmn) ]
o 1
8tAz‘ = —akjki jki = Eijl |:hln Ok hjn + xjalhmnakhmn + § 6klmj((athmn)2 - (aphmn)z)
, dEv7 dPV,», dLvi\ _ _ d?c (IL,,, Spi, Jni) =0 modulo flow of gravitational-wave
dt dt dt oy

energy/momentum/angular momentum
across the boundary of V



Taking the volume to be a large sphere of radius r:

Energy flux

V=35,

the surface element becomes a spherical surface element: d%0 = r?sin 0dfdy = r2dS)

then we can write for the outward radial energy flux:

dE

m - Hn - &hij@thij

-Taking monochromatic plane waves in the z-direction
through an area element dA = dzdy in the plane z =0 :

(temporarily restoring ¢)

dE 2w?
T = 1L = Q. Ohhy; = _% (€2 4 €2) sin® wt
1
)
recall: | hy; = —hgyy = €4 cosw(z — ct)

hyy = hyy = ey cosw(z — ct)

Energy densities in monochromatic plane waves

Averaging the flux of plane waves over an integral number of cycles: wT = 27n
N \\\ \\
AN N IMW /m?®>
-18 \\\ \\\ \\\ dE 1 Tdt dE w2 ( ) N 2)
N KW /m? N _— = — [ = —— (e e
. AN dAdt — T J, = dAdt|,_, ¢ VX
-19
\\ IW/m}\\ \\\
\ \ N . . . g4
T . . N amplitude of metric variations: a4 x = 2key x
-20 N \
1 \\\ ]mW/mz\\\ \\\ AN
osa AN N N frequency: w =2mf
.21 N N AN
lp,W/mz N \\ \\
N N\ 0 . .
AN N N —— combine in expression for flux
22 \\\ \\\ N
\ N —_—
dE w3 f? (@ +a)
) \ — = a a
2 dAdt — 8G VT T
\\ \\
AN
24 “Lido N full amplitude: a = \/a% + a2
+ X
\\
- \\
-25 L I N .
: " 2 3 4 Even small amplitudes correspond to large fluxes:
log f (Hz) —> extreme energy densities create tiny deformations
of space:
mcd f2 space is ‘stiffest substance’ known
flux &= 2

7T03

3G~ Lo 10% kg/s = 1.4x 102 W /¢?



Other fluxes

Outward momentum flux: dFp;

e = Sui
r2dQ)dt
_ dL;
Outward angular momentum flux: = Toi
r2dQdt

1. For radial flow out of spherical volume S, involving fields h;(t — 7):

P
integrated momentum flux vanishes: ddtl = —7{ d*0 S, =0
a8,

as momentum density S,,; on the boundary surface in direction of propagation,
i.e. radially outward:

S,; < 7; — integrating over a full sphere contributions from opposite points cancel

2. This argument does not hold for angular momentum:

dL;
L= — d2 ni 0
i fg& o Jni 7

as J,; directed orthogonal to direction of propagation: tangent to surface

Sources of gravitational waves

here: consider an isolated source of maximal size d

avV =S observed from a distance 7 with 7 >> d
1 r ..'\3 e.g., a binary system of compact objects

/dh like white dwarfs, neutron stars or black holes

d
note: for PSR 1913+16 o 1078

Assume the observer is at rest w.r.t. to the CM of
the source; if not: signals are Doppler shifted.

We have to solve an inhomogeneous
wave equation if type

U Qb(X, t) = p(X, t)

Retarded (causal) solution: - Pos!tion of source element

binary star system

Qb 1 /d3 / 10 x' t - ‘X B X|)
4 X' — X|
/ he ™
position of observer distance between source

element and observer



solving the gravitational-wave equation

T, (x' t—|x —
Oh =—«T, EE— h;wb(;t):i/ d3:z:' #(X |X X|)
S

—Hy w T Ix! — x|

to evaluate, note:
- h,,(x,t) observed in far region where 7., (x,t) =0

- in that region D@W =0

and the TT - gauge applies: I, (%, 1) = by, (x,1)

- only spherical waves falling off as 1/r survive:

ik(r—t)

hij(x,t) ~ /d’f eij(k) — and hoo = hoi =0

with hjj =0 and fzhzj =0

ejj = 0 kieij =0

General form of amplitude

K

hy, = — &' T, (%'t —r
H drr S, 1% ( )
energy-momentum conservation:  doho, = 4i d*x' 0Ty, (X't — 1)
mr S,
- &2 Ty, (X't —1) =0
drr Js. Lo

TT - gauge: 1
hij = T (Osk — Fif') (00 — 7571) <Ikl +3 Ot - 1 - 7“)

1
and Izj(t — ?") = / d3I/ (,Tm — g 6@]Tkk)

t—r



Quadrupole approximation

use. 83T00 = 0081'7—;'0 = alaij
1 2 3 1 3 3
E— 5 (90 d l’l‘il'jToo = 5 d T X0 6k85Tkl = d ZL',TZ‘]'

for non-relativistic sources Too(x,t) = p(x,t) (mass density)

I. — 1 82Qij
Y9 o2

1
@t == /s " (“” 173 5in’2> Pt —7)

(mass quadrupole)

final result:

K . L 0? 1. .
hij(x,t) = T (Gar, — 74P ) (01 — Tjrz)@ (ka + 50’ Q T’)

t—r

Differential fluxes of energy, momentum and angular momentum

dE B G - oy 1. .
dQdt  8mcd {Tr@ 2-Q r+2(r ¢ r)]

dL; G . N [
ddt  Are [(Q' Q) (@), (Q 'r)j

%)

Integrated fluxes

dFE G dP,
= _ T2 il
dt 5c re 0

dL; 2G .o
dt T 5o Ekij (Q' Q)

1)



Compact binaries

r M
)
- 3 stages:
mo formation  (n-body interactions)
. inspiral (quasi-newtonian)
binary systems merger (relativistic)
myme
M=mi+my p=—""—"
my + Mo

r=|ry — 1y

quasi-newtonian:  Kepler + precession

.
1 —ecosny

7N

eccentricity precession rate

r(p) =

find central force with such orbits

quasi-newtonian plane orbits

_ P
r =
1 —ecosnyp

bound system

l

2-body scattering



GMp  Bu
Py =-——2"-75
Y = 2 angular momentum/unit of mass
.. ent . . .
r=r'p=——sinny radial velocity
p

1 B 2

— =1+ = recession

n? GMp GMp P

—— nl=+/GMp
Relativistic precession 1 ] 6GM
(Schwarzschild) n? c2p

but precession may also arise because of
many-body forces.

Quadrupole approximation
1 9 1 )
Qi(t) = mu | rury — 3 0;j 17 | + ma | raire; — 3 05 To

1
—_— o (Tﬂ“j - = 5@']'7“2)
cM 3

T T - gauge:

. 2G| - e e 1 o .
2khi(Ft) = — [Qz’j —F(@ 1)y = 15(Q )i + 5 (0 + 1iby)F- Q-

4
cr tret

P

= separation between masses
1 —ecosny

Note: 7 = |ry —1ry| =

r=rf with r = |x| =distance to observer

f = (sin @ cos ¢, sin 0 sin ¢, cos §) = direction of observer



kinematical relations

_ P
rle) = 1 —ecosny
: 4 nt P\ 2
— L / s 2 _F
? r? r=rlp)e p ¢ ( r)
20 nl? P
p=—57 "”——W(l—;)

. 0? 20° 2 2 2
gt [n(e2_1+f’)E+n(<e2_1+B_L)M__P ea_H_P_P_N]
T

P> r r2 r roor?
where
% 0 0 cos2p sin2p 0 —sin2p cos2¢ 0
E=1]0 % 0 M= | sin2p —cos2¢p 0 N=| cos2p sin2p 0
0 0 _§ 0 0 0 0 0 0
Example [: circular orbits
GM
. . 2
r = R(coswt,sinwt,0) with w?= 5
0 0 0
2
2k = 26 My 0 cos2wt 0 +-mode only
? cirit 0 0 — cos 2wt

tret

1800 out of phase

oMy [~ cos2wt 0 0

W) _
26 = AR 0 0 0 +-mode only
0 0 cos2wt /, )
2wt  sin2wt 0
: AGPMp [
2Kh§j) = — H sin 2wt —cos2wt 0 +- and x-mode

4 o
c*rR 0 0 0 90° out of phase

tret

Binary neutron stars of Hulse-Taylor type :  G*Mp 2 x 1071
ARy r[lyr]

The frequency of gravitational waves = 2 x orbital frequency



Example II: parabolic orbits

00 O
. 2G?M
2/£h§-) =k (1 —cosp)?cosp| 0 1 0
J cirp a8 -
00 —1
+-mode only i
I = \I
. GM 0 — 2m
2/<chl(~) et (1 —cosy) 7
J ctrp
2cosp —cos2¢  2singp —sin2¢ 0
X 2sinp —sin2p —2cose +cos2¢ O N
0 0 0 :
+- and x-mode N e
900 out of phase
0 — 2T
(n=1)

Parabolic orbit representing the motion of the effective 1-body reduced mass in the CM frame of two masses scattering in the x-y-plane
Graphs: gravitational-wave amplitudes seen along the axis of the parabola (x-axis) and from above (along the z-axis) as a function of the

evolution parameter ¢, measuring the progression of the effective mass in its orbit.

Energy loss

(+- Q -7)?

N | —

, . de. G O,
Differential flux J0d ~ 3rc {Tr@ —2r-Q°-r+

dE G208
- 2A% + 2B
dQdt mcdrd [ +

—2sin*6 (A> + B* + A% cos 2(¢ — ) + ABsin2(¢ — ¢))

v

-|—1 sin® 0 (A* + B* 4+ 2 A% cos 2(¢ — ) + 2 ABsin2(¢ — ¢)

+ (A2 — B2) cos?2(¢p — @) +2 ABsin2(¢ — @) cos 2(¢ — go)) }

32 2 2 4n’r
A="r¢@_n+£_% B= -7 42— 1)
r r p




normalised angular distribution of intensity of radiation
in periastron and apastron for PSR 1913+16

y z
0 =g‘ii
0 = 60°
X
0 =90°
0 = 60°
view perpendicular to orbital plane
absolute intensity periastron:apastron: 220:1
Total flux — = TrQ*
dt 5¢5 e
dr 1 2GMN\* p2c? 6/ 9 p* 6P
dt 30nS ( cp ) Mp [n (e _1)F+2n s
6 7 8
P p p
—n*(n® - 12) o 24n* (n® — 1) e +12(n* — 1)? 7"_8:|

n=1 dE 1 <2GM)4 23
_

dt 30 2p

(Peters-Mathews, 1963)

closed orbits (e < 7): energy loss per period

4 2 9 M /2 9 2 2
AEZ_”*f(G ) ge [1+€—(n6—|—12n4—120n2+180)

5nb c2p M 24
et 4 2 5e 2
/4 +%(n +216n* — 720n +54O)+1—6(n —1)

PSR 1913 + 16
(Hulse-Taylor) 3.16 x 10*J

average power: ~ 1025 W



circular orbits:

dE  32G*MPp?
dt

. apl mVR(2GMNT e
565R5 5 C2R M
: GMyu

orbital energy: E=__—""

% 2R
__, AE_mV2p (2GM 5/2
E 5 M\ 2R
rate of inspiral: dR _ dB/dt _ _%G?)Mz”
et g T dE/dR 5 (OR3

R(t) =4 {GsM?M

1/4
5¢b (o — t)]

parabolic orbits:

AR — _7r\/§ (2GM>7/2 p2c?

54 294 1260 N 1386
120 cp M n?

nt nb
|

y(n)
for n = 1. ~ 4.5 times the energy/turn of equivalent circular orbit
\
\
\
\
\
\
\
\
s
\
\
\
\
y(n) =
\
\
\
\
\
AN
N
\ X
n—-»

but: any radiative energy loss results in capture!



Loss of angular momentum

e L, G L o /e
Differential flux oyt [(Q Q) - (Q : r>i (Q .r)j

Total flux
dL, 4G [«
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closed orbits (e < 7): angular momentum loss per period
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parabolic orbits:
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Circular orbits

S5M  Rg
<« time till coalescence: c(typ —1t) = 3% % R—g (R > Rg)
orbital frequency: f(t) = 16% (GC/2\/1)5/8 (ﬁ)w
chirpmass M = (u3M2)1/5 = (;Tlm§323)/f/5

wave form
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A sample of binary merger signals
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