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Kepler’s laws of planetary orbits

inner solar system

· planets move on elliptic orbits  
    with the sun in a focal point 

· the radius connecting the planet 
and the sun sweeps out equal 
areas in equal times 

· the square of the period of the 
orbit is proportional to the cube 
of the major axis

ΔtΔt



and
L = mr ⇥ v = m!r2 ẑ,

Kepler’s area law follows immediately in the form

dA

dt
=

|L|

2m
,

which is constant. Observe that constant |L| requires ! / 1/r2, hence the angular
velocity is large for small r and conversely it is small for large r. The area law,
expressing conservation of the angular momentum, explains why in the northern
hemisphere the summer –when the earth is farthest from the sun, near apohelium–
lasts longer than the winter –when earth is closest to the sun, near perihelium; in
the southern hemisphere the reverse holds. The seasons di↵er by about 8 days.

In addition to angular momentum, central forces also conserve the total energy
of a moving body:

E =
1

2
mv2 + V (r), (1.16)

of which Huygens’ result (1.1) is a special case. For central forces in general the
potential energy V (r) is the primitive of the magnitude of the force:

F (r) = �
dV

dr
, F = �rV, (1.17)

V being a function of the radial co-ordinate r only. The proof that

dE

dt
= 0

then follows directly from the law of force (1.4).

1.3 Newton’s law of gravity

The elliptic orbits of planets and moons around their respective centres of attrac-
tion belong to the class of conic sections, plane curves which can be parametrised
in 2-dimensional polar co-ordinates (r, ') by the equation

r =
⇢

1 � e cos '
, (1.18)

as illustrated in fig. 1.2. The parameter ⇢ represents the width of the conic section
as characterized by the perpendicular distance between the curve and the focal
point at the origin where ' = ±⇡/2; it is known by its latin name semi-latus
rectum. The other parameter e is the eccentricity, determining the shape of the
curve. Closed curves are circles with e = 0 or ellipses with 0 < e < 1, whilst open
curves are parabolas with e = 1 or hyperbolas with e > 1.
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points is an axis of symmetry. The line element between the extremal points
where the curve intersects this axis is called the major axis of the ellipse; by
construction it has length 2a. There is a second axis of symmetry through the
midpoint perpendicular to the major axis; the line element between the points
where the curve intersects this axis is called the minor axis of the ellipse. Its
length is defined to be 2b, and by Pythagoras’ theorem

b2 = a2
� c2 = a2(1 � e2).

As for an arbitrary point P on the curve |OP | = r, by construction |PF | = 2a�r.
Then by a second application of Pythagoras’ theorem

(2a � r)2 = r2 sin2 ' + (2c � r cos ')2.

Solving for r we get

r =
⇢

1 � e cos '
, ⇢ ⌘ a(1 � e2).

Hence for ' = ±⇡/2 we have r = ⇢, the semi-latus rectum. It also follows
that the semi-minor axis is the geometric average of the semi-major axis and the
semi-latus rectum:

b2 = a⇢.

Clearly the special case e = 0 corresponds to a circle: r = ⇢ for all angles '.

b. Parabola
A parabola is constructed as the plane curve formed by all points for which the
distance to a fixed point O, the focal point, equals the distance to a fixed line l;
see fig. 1.2.b. Thus if Q is the perpendicular projection on the line l of a point
P on the curve we have

|PQ| = |PO|.

Therefore �OPQ is an isosceles triangle. If O is taken to be the origin of a polar
co-ordinate system in the plane and the prependicular distance of O to the line l
is called ⇢, it then follows that for a point P on the curve with co-ordinates (r, ')

r = ⇢ + r cos ', or r =
⇢

1 � cos '
.

Therefore the parabola is a special conic section with eccentricity e = 1. For
' = ±⇡/2 the triangle �OPQ is right-angled and r = ⇢, the semi-latus rectum.

c. Hyperbola
A hyperbola, see fig. 1.2.c, is constructed as the plane curve of points P which
have a constant di↵erence in the distance to two fixed focal points O and F :

|PF | � |PO| = 2a.
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Newton’s theory of gravity

· masses interact by a central force  

              conservation of angular momentum

· inverse square law  

               period-radius relation

F = GmM
r2 ̂r

equivalence of inertial and gravitational mass, usually referred to simply as the
equivalence principle.

From the analysis above Kepler’s third law can now be shown to imply that
the ratio a3/T 2 in gravitational two-body systems is proportional to the total
mass M . This involves the use of some elementary properties of the geometry of
the ellipse. First the length of the minor axis 2b is related to that of the major
axis 2a by

b2 = a2
�
1 � e2

�
= a⇢.

Then the area of the ellipse is given by

A = ⇡ab = ⇡a3/2p⇢.

According to the area law (1.14) we also have

dA

dt
=

`

2
.

Therefore the total area, obtained after a full turn of the orbit with period T , is

A =
1

2
`T.

Combining these results it follows that for gravitating bound two-body systems

a3

T 2
=

`2

4⇡2⇢
=

GM

4⇡2
. (1.27)

This is why the ratio a3/T 2 of the planets in orbit around the sun di↵ers from
that of the moons of Jupiter by a factor Msun/MJup ⇡ 1.05 ⇥ 103.

Intermezzo A: Conic sections

For the benefit of the reader we collect the relevant properties of conic sections
in this special section. We first consider the closed curves, then the open ones.
For notation we refer to figs. 1.2.

a. Ellipse
An ellipse is constructed as the curve formed by all points in a plane for which
the sum of distances to two fixed points, the focal points, is constant. In fig. 1.2.a
the focal points are the points O and F at a mutual distance |OF | = 2c. O is
taken to be the origin of a polar co-ordinate system (r, '). For all points P on
the curve we have by definition

|PO| + |PF | = 2a,

where necessarily by the triangle inequality a > c. The eccentricity e is defined
by the ratio: c = ea; it follows that e < 1. The straight line through the focal
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actually motion around common center of mass

M = m1 + m2 m = m1m2
m1 + m2

"3/T2

Mercury  3.362     

Venus     3.362 
                          
Earth      3.362 

Mars       3.362

 (1018 m3 s-2)Instantaneous action at a distance

CM

Binary pulsar 1913 +16:  
violations of Kepler’s laws and evidence for GR

quasi-elliptic orbit 

    - precesses          /yr

    - shrinks                        m/yrΔa = 3.5

4.2∘ corrections to  
Newton’s law
emission of 
gravitational waves

7.35 × 1024 W

Binary pulsar data:

masses

period

semi-major axis

eccentricity

distance
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e↵ective one-body formalism:
separation of CM dynamics and internal dynamics

motion, wave-emission and wave-propagation
in curved space-time
back reaction: radiation-reaction problem
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e↵ective one-body formalism:
separation of CM dynamics and internal dynamics

motion, wave-emission and wave-propagation
in curved space-time
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CM

M2
BH ≃ 50 m1m2

GW energy flux of binaries ~ product of the masses

binary black holes with masses    
same orbit would emit ~ 50 times more energy: 
                       ~ solar luminosity in e.m. radiation

MBH = 10 M⊙

3.7 × 10 26 W

Binary black holes

- frequencies of these massive compact binaries  
  are very low:

fbinary ∼ 0.7 × 10−4 Hz flight ∼ 0.5 × 106 Hz

λbinary ∼ 4 × 109 km λlight ∼ 600 nm

  in hydrogen atom
Fnewton

Fcoulomb
≃ 0.45 × 10−39

- Gravitational forces are extremely weak:

gravitational radiation very difficult to detect!
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Direct detection of gravitational waves

Amplitudes expressed by  
metric deformations (strain) a = Δl

l



Selection of observed mergers of black-hole and neutron-star binaries 
(LIGO-Virgo-KAGRA)

mergers last up to minutes and reach frequencies up to ~ 300 Hz.

Observing the inspiral phase of compact binaries: 

space mission (LISA)



General Relativity

gravitational field                  space-time geometry
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local flat geometry + gravitational forces                  global curvature

Gravitational fields are dynamical    geometry can fluctuate 
  
        fluctuations can propagate as gravitational waves

Static Schwarzschild geometry: 

non-euclidean relation between circumference and  
radius of circular orbits          corrections to Newton’s law

Tools for dynamical space-time: 
differential geometry
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Einstein equations

Ricci tensor and scalar Rμν = Rνμ = R λ
μλν , R = R μ

μ

Bianchi identity ∇σ R κ
μλν + ∇μR κ

λσν + ∇λR κ
σμν = 0

∇μRμν = 1
2 ∇νR

Einstein tensor Gμν = Rμν − 1
2 gμνR ∇μGμν = 0

energy-momentum tensor

Gμν = − κ2 Tμν

κ2 = ℏ
m2

planck c3 = 8πG
c4 ≃ 2.1 × 10−43

1 Linearized General Relativity

General Relativity, Einstein’s theory of gravity, can be derived and motivated along two
complementary tracks. It can be considered to be a theory of the dynamical geometry
of space-time using concepts like metrics, connections and curvature. Alternatively it
can be derived as the field theory of self-interacting spin-2 fields in a fixed Minskowski
background. This field theory turns out to be highly non-linear, requiring an infinite
series of interaction terms which in the end, under fairly general assumptions, uniquely
reproduce the geometric theory. The geometric formulation therefore provides by far the
most concise and convenient framework for producing general statements about gravity
and its implications for the universe at large, especially in large-curvature environments.

In contrast small-curvature fluctuations propagating on a Minkowski background pro-
vide the setting for the description of gravitational waves as measured by present terrestrial
and space-borne detectors. Even though such waves may be emitted by strongly interact-
ing systems such as coalescing compact binaries (e.g., black holes, neutron stars or white
dwarfs), they are observed in an asymptotic flat environment where they behave like linear
spin-2 quadrupole waves. These waves propagate at the speed of light and accordingly
they have only two transverse polarization modes with helicities ±2.

The Lorentz-covariant field equation of a symmetric massless spin-2 field hµ⌫ in Minkowski
space-time with metric ⌘µ⌫ reads

⇤hµ⌫ � @µ@
�
h�⌫ � @⌫@

�
h�µ + @µ@⌫h

�
� � ⌘µ⌫

�
⇤h

�
� � @


@
�
h�

�
= �Tµ⌫ . (1)

Here Tµ⌫ is the divergence-free energy-momentum tensor of matter and radiation which act
as sources for the gravitational field, and  is the coupling constant, related to Newton’s
constant of gravity and the velocity of light by


2 =

8⇡G

c4
' 2.1⇥ 10�43 kg�1 m�1 s2. (2)
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using      and       to raise and lower indices

Conventions

In these notes we use the generalized summation convention: repeated indices are summed
over, unless explicitly mentioned otherwise.

We use greek indices ,�, µ, ... = (0, 1, 2, 3) to denote components of 4-dimensional space-
time vectors, and latin indices i, j, k, ... = (1, 2, 3) to denote components 3-dimensional
spatial vectors.

Discussing physics in a flat background space-time, we generally use the Minkowski metric
and its inverse ⌘µ⌫ = ⌘

µ⌫ = diag(�1,+1,+1,+1) to raise and lower indices on vectors and
tensors.

Partial derivatives are frequently denoted by the short-hand notation @µ = @/@x
µ, but for

3-dimensional spatial gradients and divergences we use the symbol r with ri = @i. The
4-dimensional d’Alembert or wave operator is ⇤ = @

µ
@µ = ⌘

µ⌫
@µ@⌫ and the 3-dimensional

laplacean is � = r2 = riri.

For ease of notation most of the time we employ units in which the velocity of light c = 1.
Occasionally we reinstate explicit powers of c to facilitate the evaluation of dimensionful
observable quantities.
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space-time geometry: small deviations from Minkowski space

treat       as a symmetric tensor field in Minkowski spacehμν

Exercises

1. Linearized General Relativity

1. The Riemann-Christo↵el connection is defined in terms of the metric by

� �
µ⌫ =

1

2
g
� (@µg⌫ + @⌫gµ � @gµ⌫) .

a. Using a metric of the form gµ⌫ = ⌘µ⌫ + 2hµ⌫ show that

� �
µ⌫ = ⌘

� (@µh⌫ + @⌫hµ � @hµ⌫) +O(2)

= 
�
@µh

�
⌫ + @⌫h

�
µ � @

�
hµ⌫

�
+O(2),

where the Minkowski metric has been used to raise and lower indices.
b. The Riemann curvature tensor is defined by

R
�

µ⌫ = @µ�
�

⌫ � @⌫�
�

µ � � �
µ �

�
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�
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Derive the result
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�
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@µh⌫
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+O(2),

and compute the Ricci tensor Rµ⌫ = R
�

µ�⌫ and the Riemann scalar R = g
µ⌫
Rµ⌫ .

c. By definition the Einstein tensor is

Gµ⌫ = Rµ⌫ �
1

2
gµ⌫R.

Show that

Gµ⌫ = 
�
⇤hµ⌫ + @µ@⌫h� @µ@�h

�
⌫ � @⌫@�h

�
µ � ⌘µ⌫⇤h+ ⌘µ⌫@�@h

�
�
+O(2).

Use this expression to derive eq. (1) from the standard Einstein equations taking
account of definition (2).
d. Check the invariance of the linearized form of Gµ⌫ under gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ +O().

2. a. Show that the definition of hµ⌫ in eq. (6) implies

hµ⌫ = hµ⌫ �
1

2
⌘µ⌫h

�
�.

b. Check the invariance of eq. (7) under the gauge transformations (8).
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in this approximation:

Einstein equations:

1
κ (Rμν − 1

2 ημνR) = □ hμν − ∂μ∂λhλν − ∂ν∂λhλμ + ∂μ∂νh λ
λ − ημν ( □ h λ

λ − ∂κ∂λhκλ) = − κTμν
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leave Riemann tensor invariant: R′ λ
μκν = R λ

μκν

Gauge fixing              De Donder gauge: ∂νhν
μ = 1

2 ∂μhν
ν

reduces Einstein equations to inhomogeneous wave equation: 

Field redefinition:
The field equation (1) can be simplified by switching to a di↵erent set of field variables

defined by

hµ⌫ = hµ⌫ �
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2
⌘µ⌫h

�
�. (6)

In terms of these field components the equation takes the form
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�
⇠�. (8)

Gauge fixing is the choice of a smooth set of representatives from all classes of gauge-
equivalent fields hµ⌫ ; a convenient choice is obtained by imposing the De Donder gauge

@
µ
hµ⌫ = 0, (9)

which reduces the field equation further to the linear inhomogeneous wave equation

⇤hµ⌫ = �Tµ⌫ . (10)

That it is possible to impose the condition (9) is seen by observing that for any solution
hµ⌫ of the field equation a gauge transformation can cancel its divergence:

@
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µ
hµ⌫ +⇤ ⇠⌫ = 0, (11)

provided one takes the gauge parameters to be a solution of the equation

⇤ ⇠⌫ = �@
µ
hµ⌫ . (12)

Observe that the gauge condition (9) makes the wave equation (10) compatible with the
condition (5) for energy-momentum conservation.

In regions where the energy-momentum tensor of matter vanishes: Tµ⌫ = 0, one can
further eliminate the trace of the gravitational field:

h
�
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by performing a residual gauge transformation
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The first condition cancels the trace of h�
�, the second conditon implies by eq. (11) that

the field-divergence remains zero: @
µ
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µ⌫ = 0. Obviously these conditions are compatible

only in regions where the trace satisfies a source-free wave equation:

⇤h
�
� = 0 , T

�
� = 0. (16)

Therefore in such regions the fields hµ⌫ and hµ⌫ can be made to coincide.

3

Exercises

1. Linearized General Relativity

1. The Riemann-Christo↵el connection is defined in terms of the metric by

� �
µ⌫ =

1

2
g
� (@µg⌫ + @⌫gµ � @gµ⌫) .

a. Using a metric of the form gµ⌫ = ⌘µ⌫ + 2hµ⌫ show that

� �
µ⌫ = ⌘

� (@µh⌫ + @⌫hµ � @hµ⌫) +O(2)

= 
�
@µh

�
⌫ + @⌫h

�
µ � @

�
hµ⌫

�
+O(2),

where the Minkowski metric has been used to raise and lower indices.
b. The Riemann curvature tensor is defined by

R
�

µ⌫ = @µ�
�

⌫ � @⌫�
�

µ � � �
µ �

�
⌫� + � �

⌫ �
�

µ� .

Derive the result

R
�
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�
@µ@h

�
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�
µ + @

�
@⌫hµ � @

�
@µh⌫

�
+O(2),

and compute the Ricci tensor Rµ⌫ = R
�

µ�⌫ and the Riemann scalar R = g
µ⌫
Rµ⌫ .

c. By definition the Einstein tensor is

Gµ⌫ = Rµ⌫ �
1

2
gµ⌫R.

Show that

Gµ⌫ = 
�
⇤hµ⌫ + @µ@⌫h� @µ@�h

�
⌫ � @⌫@�h

�
µ � ⌘µ⌫⇤h+ ⌘µ⌫@�@h

�
�
+O(2).

Use this expression to derive eq. (1) from the standard Einstein equations taking
account of definition (2).
d. Check the invariance of the linearized form of Gµ⌫ under gauge transformations

h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ +O().

2. a. Show that the definition of hµ⌫ in eq. (6) implies

hµ⌫ = hµ⌫ �
1

2
⌘µ⌫h

�
�.

b. Check the invariance of eq. (7) under the gauge transformations (8).

17
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Action

Einstein:

Proof:  use

The action (3.47) is actually the same as Einstein’s action of General Relativity, provided we
identify gµ⌫ with the spacetime metric. This is most easily seen by first defining the Riemann-
Christo↵el symbols

��
µ⌫ ⌘ 1

2
g� (@µg⌫ + @⌫gµ � @gµ⌫) , (3.49)

in terms of which the action is
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⇣
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µ��

�
⌫ � ��

µ⌫�

�

⌘
. (3.50)

We observe that the infinitesimal transformations (3.48) can be rewritten in the form

�gµ⌫ = @µ⇠⌫ + @⌫⇠µ � 2��
µ⌫ ⇠� ⌘ Dµ⇠⌫ +D⌫⇠µ, (3.51)

where we have introduced the covariant derivative of the vector parameter ⇠µ

Dµ⇠⌫ = @µ⇠⌫ � ��
µ⌫ ⇠�. (3.52)

A straightforward calculation also shows that, from the definition of the Riemann-Christo↵el
symbols given in Eq. (3.49), the covariant derivative of the metric tensor vanishes:

D�gµ⌫ = @�gµ⌫ � �
�µg⌫ � �

�⌫gµ = 0. (3.53)

Finally, after a few partial integrations the action (3.50) can also be brought to the Einstein-
Hilbert form:
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In the second step, we made use of these following identities (holding up to boundary terms)
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�
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In the fourth step, we used the following definition of the Riemann tensor
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
�⌫ � @��


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which gives the following expression for the Ricci tensor:

Rµ⌫ = R �
µ�⌫ = @µ�

�
�⌫ � @��

�
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µ⌫�
�
�� + ��

�⌫�
�
µ�. (3.58)

Alternative derivations of General Relativity from the linear theory of massless gravitons on
flat spacetime can be found in Refs. [Des70, Fey96], and references therein. The result was
generalised to arbitrary curved backgrounds in Ref. [Des87].
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weak-gravity limit:

This action is invariant (up to boundary terms) under the gauge transformations 
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2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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take

2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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As the gravitational field components are real functions of the space-time co-ordinates xµ
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These gauge transformations can be used to transform amplitudes o↵ the light-cone to a
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residual transformations: 

As the light-cone fields are still subject to the transversality condition (22) we require
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Observe that these conditions are still invariant under gauge transformations (20) restricted
to the light-cone as well:
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can arrange

Translating the conditions (3) and (1’), and the substitutions (2)  
in terms of the restricted amplitudes               and parameters

2 Free field modes

It is instructive to first consider free propagating waves with Fourier decomposition
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M ṙ21 +

1

2
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Translating the conditions (3) and (1’), and the substitutions (2)  
in terms of the restricted amplitudes               and parameters

2 Free field modes
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As the light-cone fields are still subject to the transversality condition (22) we require
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which leaves the second constraint (28) in the form
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Results for monochromatic waves

- the free physical plane-wave amplitudes can be restricted to the sets  
  subject to the following conditions
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- the resulting physical amplitude takes the form
For example, if the wave vector is directed in the z-direction: k = (0, 0,!), then the
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and therefore hµ⌫ = hµ⌫ , subject to the additional constraints
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As is manifest from the specific representation (37) such a field has only two independent
physical degrees of freedom. In the literature the conditions (39) are referred to as the
transverse traceless or TT -gauge, and the corresponding field components are often denoted
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We now turn to solving the wave equation (10) in the far field regime, meaning at large
distance from the sources, in vacuum and in a Minkowski background space-time. A large
distance here is a distance at which only components falling o↵ no faster than 1/r survive.
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labeled x, where the field is evaluated, the integral is taken over a large sphere Sr containing
the sources, with the origin fixed in some well-defined internal point of the source region.
This sphere thus encloses all of the sources, its radius r = |x| being much larger than
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Distances between points on a ring in the x-y-plane 
change by passage of a monochromatic gravitational 
wave in the z-direction as follows:

This provides a method to detect gravitational waves by comparing distances in 
2 perpendicular directions using interferometry:

+-mode: one arm gets longer, the other shorter  
           difference in travelling time of the laser beams: 
           phase difference creates change in the output  
           of the interferometer  

Virgo detector (Pisa, It.) 
arm-length: 3 km

(disadvantage:  
 does not see  
 diagonal   x-mode  

need more than one 
detector with different  
orientations)

Detection principle
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curvature dynamics 
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Energy-momentum and angular momentum of gravitational radiation

For free gravitational waves in the TT-gauge, in a volume V, the following quantities 
are conserved modulo boundary terms:
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Energy flux

Taking the volume to be a large sphere of radius r :            
    
the surface element becomes a spherical surface element:    

then we can write for the outward radial energy flux:
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As before d
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� is a surface element on the boundary and n̂ the local normal unit vector.

Clearly if the field hij is localized in a finite volume and we take V large enough all boundary
terms vanish and we have a conservation law

dLV i

dt
= 0. (64)

If the fields do not vanish at the boundary an amount of angular momentum is transported
across the boundary as given by the surface integral. If there is matter inside the volume
V the expression (62) no longer represents the total angular momentum inside the volume
V ; the angular momentum of the matter will have to be included, and there may be
transfer of angular momentum between matter and gravitational radiation. As long as no
matter is flowing across the boundary of the integration volume, eq. (63) still represents
the contribution to the angular momentum balance inside V arising from transport by
gravitational waves across the boundary.

5 Plane waves

The simplest application of the expressions for energy and angular momentum density is
provided by free plane waves (27). For ease of evaluation in this section we keep explicit
powers of the velocity of light c.

Consider a plane wave in the TT -gauge with wave vector k = (0, 0,!/c) in the z-
direction and arbitrary polarization. Decomposing the amplitude it has only components
in the x-y-plane of the form
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As the energy flow is in the direction of the field momentum (the z-direction), the energy
flow per unit area A in the x-y-plane at the point z = 0 is given by
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Here the minus sign indicates that the energy is lost from the region z < 0. The time
averaged energy loss over a period T = 2⇡/! then is
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We wish to express this result in terms of deformations of the metric from flat minkowskian
geometry; according to eq. (3) this is accomplished by writing

aij = gij � �ij = 2hij. (68)
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combine in expression for fluxIn terms of these dimensionless deformations the energy flux reads
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where we have also replaced the angular frequency with the period frequency: ! = 2⇡f . It
is easy to check that this quantity has the dimensions of W/m2. In figure 1 a dimensionless
amplitude h =

p
a
2
+ + a

2
⇥ has been plotted as a function of frequency f for various values

if the power per unit area, ranging from 1 µW/m2 to 1 MW/m2. The frequency range in
which the LIGO (and Virgo) detectors operate is indicated.

Fig. 1: Deformation amplitudes of plane gravitational waves as a function of frequency f for
intensities ranging from 1 µW/m2 - 1 MW/m2.

The weakness of gravity, or equivalently the sti↵ness of space, is manifest. For example a
wave with frequency f = 100 Hz and a large energy flux of 1 W/m2 deforms space by as
little as 2.5⇥ 10�20.

Plane waves can also carry angular momentum, but this quantity is associated with
circularly polarized waves. To see this, consider again a plane wave moving in the z-
direction, but with a fixed phase di↵erence between the linear polarization modes:

h11 = �h22 = e+ cos! (t� z/c) , h12 = h21 = e⇥ cos[! (t� z/c) + ↵]. (70)
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flux

Even small amplitudes correspond to large fluxes: 
extreme energy densities create tiny deformations 
of space:  
              space is `stiffest substance’ known 

Energy densities in monochromatic plane waves

Averaging the flux of plane waves over an integral number of cycles:
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Other fluxes
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integrating over a full sphere contributions from opposite points cancel

integrated momentum flux vanishes:         

2. This argument does not hold for angular momentum: 

dPi

r2d2⌦dt
= Sni

dLi

r2d2⌦dt
= Jni

� =
⇡c

3
f
2

8G
a
2

a+,⇥ =
e+,⇥

2
a =

q
a
2
+ + a

2
⇥ ! = 2⇡f

h11 = �h22 = e+ cos!(z � ct) h12 = h21 = e⇥ cos!(z � ct) z = 0

dE

dAdt
= ⇧z = @zhij@thij dA = dxdy c !T = 2⇡n

dEV

dt
= �

Z

V

d
3
xr ·⇧ = �

I

@V

d
2
�⇧n @V

d
2
� = r

2 sin ✓ d✓d' = r
2
d
2⌦ V = Sr

dE

r2d2⌦dt
= ⇧n = r̂ ·rhij@thij = @rhij@thij

@E
@t

= @
2
t hij@thij + @trhij ·rhij = r2

hij@thij +r@thij ·rhij

= r ·
�
rhij@thij

�
= �r ·⇧ =

Rµ⌫ �
1

2
gµ⌫R = �

2
Tµ⌫

@
2
0 T00(x

0
, u) = @0@

0
k Tk0(x

0
, u) = @

0
k@

0
l Tkl(x

0
, u)

⌘ = diag(�1,+1,+1,+1) @
2
t hij = r2

hij

⇤⇠⌫ = �@
µ
hµ⌫ @

µ
h
0
µ⌫ = 0

hµ⌫ ! h
0
µ⌫ = hµ⌫ + @µ⇠⌫ + @⌫⇠µ ⇠µ(x)

as momentum density       on the boundary surface in direction of propagation,  
i.e. radially outward:
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as       directed orthogonal to direction of propagation: tangent to surface

Outward momentum flux:

Outward angular momentum flux:
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Sources of gravitational waves

here: consider an isolated source of maximal size        
observed from a distance    with 
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j = �(ḧij)TT
n
j

D
2
n
µ

D⌧ 2
= u

�r�(u
⌫r⌫n

µ) = R
µ

�⌫
u
�
u

n
⌫

u
µ = (1, 0, 0, 0) � µ

�⌫
= 0

Dn
µ

D⌧
=

dn
µ

d⌧
+ � µ

�⌫
u
�
n
⌫ =

Du
µ

D�

Dn
µ

D⌧
= u

⌫r⌫n
µ = n

�r�u
µ =

Du
µ

D�

x
µ(⌧ ;�) u

µ =
dx

µ

d⌧
n
µ =

dx
µ

d�

dn
µ

d⌧
=

du
µ

d�

⇤Pij = �
2
"ikl"jmn@k@mT ln

e.g., a binary system of compact objects  
like white dwarfs, neutron stars or black holes

note: for PSR 1913+16 
dPi

r2d⌦dt
= Sni

dLi

r2d⌦dt
= Jni hij(t� r) r � d V = Sr @V

d

r
⇠ 10�8

dE

dAdt
= ⇧z = @zhij@thij = �2!2

c

�
e
2
+ + e

2
⇥
�
sin2

!t

d
2
� = r

2 sin ✓d✓d' = r
2
d⌦

dE

r2d⌦dt
= ⇧n = @rhij@thij

Ski = @khmn@ihmn +
1

2

⇥
(@thmn)

2 � (@jhmn)
2
⇤

Jki = "ijl


hln

$
@ k hjn + xj@lhmn@khmn +

1

2
�klxj((@thmn)

2 � (@phmn)
2)

�

E =
1

2
(@thij)

2 +
1

2
(@khij)

2
@tE = �@i⇧i

⇧i = � @ihmn @thmn @t⇧i = �@kSki

⇤i = "ijk [2hjm@thkm � xj@khmn@thmn] @t⇤i = �@kJki

d
2
n
0

d⌧ 2
= 0,

d
2
n
i

d⌧ 2
= Pijn

j = �(ḧij)TT
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Assume the observer is at rest w.r.t. to the CM of 
the source; if not: signals are Doppler shifted. 

We have to solve an inhomogeneous 
wave equation if type 

2. Free field modes

1. a. Check that the transformations of the form

"
0
µ⌫ = "µ⌫ + kµ↵⌫ + k⌫↵µ � ⌘µ⌫k

�
↵�

leave the field equation (19) for the wave modes invariant.
b. Show that we can identify i↵µ(k) with the plane-wave coe�cients of the gauge
parameters:

⇠µ(x) = i

Z
d
4
k

(2⇡)2
↵µ(k)e

�ik·x
,

and that the reality condition ↵
⇤
µ(k) = �↵µ(�k) is equivalent with ⇠

⇤
µ(x) = ⇠µ(x).

2. a. From the definition k
2 = k2 � k

2
0 show that

Z
d
4
k �(k2)A(k) =

Z
d
3
k

2!k
[A(k, k0 = !k) + A(k, k0 = �!k)] ,

where !k =
p
k2. Explain the various steps.

b. Use this result to derive the expression (27).

3. Emission of quadrupole waves

1. Show that

�(x, t) = � 1

4⇡

Z
d
3
x
0 ⇢(x

0
, t� |x0 � x|)
|x0 � x|

is a solution of the inhomogeneous wave equation

⇤�(x, t) = ⇢(x, t).

Explain why it is called the retarded solution.

2. Check that the gravitational wave solution (43) satisfies the conditions (45) of being
transverse and traceless.

4. Flux of energy and momentum

1. Consider a theory of a scalar field �(x) with lagrangean action

S[�] =

Z x2

x1

d
4
xL[�, @�] =

Z x2

x1

d
4
x


�1

2
@
µ
�@µ�� m

2

2
�
2 � �⇢

�
,

where x
µ
1,2 are the boundaries of integration.

a. Show that the variation of the action vanishes: �S = 0 under any variations ��

fixed at the boundaries if and only if the field equation holds:
�
⇤�m

2
�
� = ⇢. (A)
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solving the gravitational-wave equation

□ hμν = − κTμν

For example, if the wave vector is directed in the z-direction: k = (0, 0,!), then the
amplitudes take the form

e
0
µ⌫(k,!) =

0

BB@

0 0 0 0
0 e+(!) e⇥(!) 0
0 e⇥(!) �e+(!) 0
0 0 0 0

1

CCA . (37)

With this choice of amplitudes the free field satisfies

⇤hµ⌫ = 0, @
µ
hµ⌫ = 0, h

�
� = 0 (38)

and therefore hµ⌫ = hµ⌫ , subject to the additional constraints

h00 = hi0 = hii = 0, rjhji = 0. (39)

As is manifest from the specific representation (37) such a field has only two independent
physical degrees of freedom. In the literature the conditions (39) are referred to as the
transverse traceless or TT -gauge, and the corresponding field components are often denoted
by h

TT
µ⌫ .

3 Emission of quadrupole waves

We now turn to solving the wave equation (10) in the far field regime, meaning at large
distance from the sources, in vacuum and in a Minkowski background space-time. A large
distance here is a distance at which only components falling o↵ no faster than 1/r survive.

For a start we can write down a formal exact solution of the wave equation using the
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labeled x, where the field is evaluated, the integral is taken over a large sphere Sr containing
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any typical dimension of the source. For example, for a binary star system of maximal
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TT - gauge:



Quadrupole approximation
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and then involves two partial integrations in (46) to reobtain equation (44). Finally for
non-relativistic sources the energy density is dominated by the mass-density ⇢(x, t), which
allows us to replace the integral in (46) by the mass quadrupole moment:
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Thus we get the final expression for the wave field hij for non-relativistic sources in the
TT -gauge:
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For the dynamical metric fluctuations �gµ⌫ = gµ⌫ � ⌘µ⌫ , recalling eqs. (3) and (2), this
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4 Flux of energy and angular momentum

The wave equation (10) can be derived as an extremum of the action
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals

dE

dt
=

I

@Sr

d2� r̂iPi,
dPk

dt
=

I

@Sr

d2� r̂iSik,

dMk

dt
=

I

@Sr

d2� r̂iJik.

(34)

Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is
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Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is

d2� = r2 sin ✓ d✓d' ⌘ r2d2⌦. (35)

Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals

dE

dt
=

I

@Sr

d2� r̂iPi,
dPk

dt
=

I

@Sr

d2� r̂iSik,

dMk

dt
=

I

@Sr

d2� r̂iJik.

(34)

Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is

d2� = r2 sin ✓ d✓d' ⌘ r2d2⌦. (35)

Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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Note that the total flux of linear momentum vanishes by symmetry (in the present approx-
imation) as it involves only products of odd numbers of r̂i integrated over a full spherical
surface, whereas the integrands of the energy and angular momentum contain even numbers
of outward spherical unit vectors.

5 Generalized newtonian 2-body forces

In the following we will apply the results to systems of masses moving under the influence of
mutual newtonian forces, considering two-body systems interacting via a central potential.
The classical description of such systems simplifies greatly, first as one can e↵ectively
reduce it to a single-body system by separating o↵ the center-of-mass (CM) motion; second
as angular momentum conservation implies the relative motion to be confined to a two-
dimensional plane. Of course, the emission of gravitational radiation introduces limitations
to these simplifications, but as long as the rate of energy and angular-momentum loss by
the system is small the orbits will change only gradually and one can evaluate the e↵ect of
gravitational-wave emission in terms of adiabatic changes in the orbital parameters. In this
section we first discuss non-disspiative motion; the e↵ects of gravitational wave emission
will be analysed afterwards.

Let the bodies have masses m1 and m2 and positions r1 and r2. To make maximal use
of the simplifications we work in the CM frame in which

m1r1 + m2r2 = 0.

In terms of the relative separation vector r = r2 � r1 the positions w.r.t. the CM are
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Compact binaries

3 stages:  

                formation      (n-body interactions) 

                inspiral          (quasi-newtonian) 


merger          (relativistic)

quasi-newtonian: Kepler + precession
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Combining these results we get for the direction-dependent angular momentum flux after
reinstating powers of c:
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Finally integrating over all angles using eqs. (77) the total angular momentum flux is found
to be
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7 Newtonian binaries

In this section we consider a newtonian binary star system in circular orbit. The masses
of the stars are m1,2, and their separation is

R = r2 � r1. (86)

We take the center of mass (CM) as the origin of co-ordinates, hence

m1r1 +m2r2 = 0. (87)

Then we can convert the positions to the CM frame as

r1 = �m2

M
R, r2 =

m1

M
R. (88)

In this frame the newtonian gravitational force is

µR̈ = �GµM

R2
R̂, (89)

where M and µ are the total and reduced mass, respectively:

M = m1 +m2, µ =
m1m2

m1 +m2
. (90)

We first consider circular orbits in the absence of gravitational radiation. Taking the plane
of the orbit to be the x-y-plane, the orbits can be parametrized by

R = R (cos!t, sin!t, 0) . (91)

Inserting this into eq. (89) one gets

!
2 =

GM

R3
. (92)
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and F (r) is the magnitude of the central force acting on the masses. As usual r and
r̂ represent the modulus and unit direction vector of the separation. In the absence of
dissipation the energy and angular momentum of the system are conserved. In the CM
frame these quantities can be written as

E =
1

2
µṙ2 + V (r), such that F (r) = �

dV

dr
, (41)

and
L = µr⇥ ṙ. (42)

Angular momentum being a conserved vector, the relative motion takes place in the plane
perpendicular to L, which we take to be the equatorial plane ✓ = ⇡/2. Then

r = rr̂ = r (cos', sin', 0) , (43)

and
L = (0, 0, µ`) , ` = r2'̇. (44)

In the following we will always orient the orbit such that the motion is counter-clockwise
and therefore ` � 0. The orbit is represented by the parametrized curve r(') such that

ṙ = r0'̇ =
`r0

r2
, (45)

the prime denoting a derivative w.r.t. '. Newton’s law of central force (40) then takes the
form
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This result is tailored to suit Newton’s original program of finding the law of force corre-
sponding to a given orbit [18]. We will demonstrate it for the particular case of precessing
conic sections: ellipses, parabolae and hyperbolae; these orbits are parametrized by

r =
⇢

1 � e cosn'
. (47)

Here ⇢ is known as the semi-latus rectum; e is the eccentricity: e = 0 for circles, 0 < e < 1
for precessing ellipses, e = 1 for similar parabolae and e > 1 for hyperbolae. Finally the
number n determines the rate of precession. For circles this is of course irrelevant. For
precessing ellipses the apastra occur for

' =
2⇡k

n
, (48)

where k is an integer; thus the apastron shift is �' = 2⇡(1�n)/n per turn. For precessing
parabolae n determines the angle over which the directrix turns during the passage of the
two bodies, i.e. the asymptotic scattering angle due to precession, also measuring

�' =
2⇡(1 � n)

n
. (49)
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This result is tailored to suit Newton’s original program of finding the law of force corre-
sponding to a given orbit [18]. We will demonstrate it for the particular case of precessing
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number n determines the rate of precession. For circles this is of course irrelevant. For
precessing ellipses the apastra occur for
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, (48)

where k is an integer; thus the apastron shift is �' = 2⇡(1�n)/n per turn. For precessing
parabolae n determines the angle over which the directrix turns during the passage of the
two bodies, i.e. the asymptotic scattering angle due to precession, also measuring
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ṙ = r

0
'̇ = �en`

⇢
sinn'

I(P ) = ⌘µ⌫ dx
µ
dx

⌫

Under the influence of gravity
the velocity of bodies increases
by equal amounts in equal times

�v = g�t (g = 9.8m/sec/sec)

h
0
ab = hab + @a↵b + @b↵a R

0
ab = Rab

@
a
Rab =

1

2
@bR Rab �

1

2
⌘abR = �tab @

a
tab = 0

Rab = ⇤hab � @a@
c
hbc � @b@

c
hac + @a@bh

c
c R = 2

�
⇤h

c
c � @

b
@
c
hbc

�

F
ab = �F

ba =

0

BB@

0 Ex Ey Ez

�Ex 0 Bz �By

�Ey �Bz 0 Bx

�Ez By �Bx 0

1

CCA

@aF
ab = �j

b
@aFbc + @bFca + @cFab = 0

j
a = (⇢, j)

r · E = ⇢ r⇥B� @E

@t
= j

r ·B = 0 r⇥ E+
@B

@t
= 0

u
a =

d⇠
a

d⌧
=

✓
1p

1� v2
,

vp
1� v2

◆
u · u = �1

angular momentum/unit of mass

` = r
2
'̇ ṙ = r
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Substitution of the expression (47) into equation (46) leads to the result
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the sum of an inverse square and an inverse cube force. Identifying the inverse square term
with newtonian gravity and introducing an inverse cubic force with strength �µ:
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we find
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with M = m1 + m2 the total mass of the two-body system. Such a force follows from a
potential

V (r) = �
GµM

r
�

�µ

2r2
. (54)

The eccentricity is determined by the radial velocity when the system is at the semi-latus
rectum ' = ⇡/2n, r = ⇢:
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Evaluating the total energy at the semi-latus rectum and observing it is a constant of
motion then tells us that
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This confirms that for e2 < 1 the orbits are bound, whilst for e2 � 1 the orbits are open.
Obviously the total angular momentum is by definition
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Note that taking the first-order result for relativistic precession in Schwarzschild space-time
with innermost circular orbit Risco = 6GM/c2 one gets
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ȧ

a

GMµ

c4Rr
' 2⇥ 10�19

r [lyr]

d(t) = a(t)d(t0) = a(t) |rA � rB|
a

a0
=

�

�0
=

1

1 + z

�v = a�t v�v = a
�r

�t
�t = a�r = �GM

r2
�r

�

✓
1

2
v2
◆

= �

✓
GM

r

◆
v2 =

2GM

r
+ v21

v0 =

r
2GM

R
R = RS =

2GM

c2

⇥
@2
x
+ @2

y
� 4µ2q2(x2 + y2) + 4sq

⇤
↵i = 0

ai(u, v, x
i) =

1

2⇡

Z
dsdq ↵i(s, q, x

i) e�i(su+qv)
⇥
@2
x
+ @2

y
� 4q2�(�i@s, x

i) + 4sq
⇤
↵i = 0

Aµ = �i
µ
Ai(u)+aµ(u, v, x

i) au = av = 0 ⇤covai =


�@u@v + 2� @2

v
+

1

2

�
@2
x
+ @2

y

��
ai = 0

r �! 1 Epot �! 0 E > 0 v20 >
2GM

R

vmin = 11.2m/s mv̄2 = 3kT <
2GMm

R
k = 1.380649⇥ 10�23 J K�1

~r = r r̂ r̂ = (sin ✓ cos�, sin ✓ sin', cos ✓)

2h+(⌧) =
2G2

Mµ

c4R(⌧)r
cos


2⇡

Z
⌧

0

d⌧
0
f(⌧ 0)

�
⌧ = (t0 � t)

ret
= t0 � t

=
1

2r

✓
GM
c2

◆✓
c
3
⌧

5GM

◆�1/4

cos

"
2

✓
c
3
⌧

5GM

◆5/8

+ �0

#

d⇢

dt
=

2

nµ

r
⇢

GM

dLz

dt
< 0

de

dt
=

⇢

GMµe

dE

dt
+

1

2e⇢

d⇢

dt
< 0

1

(1� n2)

d(1� n
2)

dt
=

n
2

⇢

d⇢

dt
< 0

E = �GMµ

2a
= �GMµ

2⇢
(1� e

2) Lz =
µ

n

p
GM⇢

dR

dt
=

dLz/dt

dLz/dR
= �64

5

G
3
M

2
µ

c5R3
�Lz = �⇡

✓
2GM

c2⇢

◆3
µ
2
⇢c

M


7

n5
� 5

n3
+

1

n

�

dLz

dt
= �32G7/2

M
5/2

µ
2

5c5R7/2

�Lz

Lz

= �4⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

�Lz = �8⇡

5

✓
2GM

c2R

◆3
µ
2
Rc

M
Lz = µ

p
GMR

dR

dt
=

dE/dt

dE/dR
= �64

5

G
3
M

2
µ

c5R3

dLz

dt
= �4G

5c5

✓
Q̈·

···
Q

◆

xy

dLx

dt
=

dLy

dt
= 0

�E = �⇡
p
2

120

✓
2GM

c2⇢

◆7/2
µ
2
c
2

M

✓
5 +

294

n2
� 1260

n4
+

1386

n6

◆

with

= direction of observer~r = r r̂ r̂ = (sin ✓ cos�, sin ✓ sin�, cos ✓)

2h+(⌧) =
2G2

Mµ

c4R(⌧)r
cos


2⇡

Z
⌧

0

d⌧
0
f(⌧ 0)

�
⌧ = (t0 � t)

ret
= t0 � t

=
1

2r

✓
GM
c2

◆✓
c
3
⌧

5GM

◆�1/4

cos

"
2

✓
c
3
⌧

5GM

◆5/8

+ �0

#

d⇢

dt
=

2

nµ

r
⇢

GM

dLz

dt
< 0

de

dt
=

⇢

GMµe

dE

dt
+

1

2e⇢

d⇢

dt
< 0

1

(1� n2)

d(1� n
2)

dt
=

n
2

⇢

d⇢

dt
< 0

E = �GMµ

2a
= �GMµ

2⇢
(1� e

2) Lz =
µ

n

p
GM⇢

dR

dt
=

dLz/dt

dLz/dR
= �64

5

G
3
M

2
µ

c5R3
�Lz = �⇡

✓
2GM

c2⇢

◆3
µ
2
⇢c

M


7

n5
� 5

n3
+

1

n

�

dLz

dt
= �32G7/2

M
5/2

µ
2

5c5R7/2

�Lz

Lz

= �4⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

�Lz = �8⇡

5

✓
2GM

c2R

◆3
µ
2
Rc

M
Lz = µ

p
GMR

dR

dt
=

dE/dt

dE/dR
= �64

5

G
3
M

2
µ

c5R3

dLz

dt
= �4G

5c5

✓
Q̈·

···
Q

◆

xy

dLx

dt
=

dLy

dt
= 0

�E = �⇡
p
2

120

✓
2GM

c2⇢

◆7/2
µ
2
c
2

M

✓
5 +

294

n2
� 1260

n4
+

1386

n6

◆

�E = �4⇡
p
2

5

✓
2GM

c2R

◆7/2
µ
2
c
2

M
E = �GMµ

2R

�E

E
=

⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

dLi

d⌦dt
= �1

c

dE

d⌦dt

dPi

d⌦dt

dLi

dt

2h(x)
ij

= �2G2
Mµ

c4r⇢
(1� cos')2 cos'

0

@
0 0 0
0 1 0
0 0 �1

1

A

2h(z)
ij

=
GMµ

c4r⇢
(1� cos')

⇥

0

@
2 cos'� cos 2' 2 sin'� sin 2' 0
2 sin'� sin 2' �2 cos'+ cos 2' 0

0 0 0

1

A

2h(x)
ij

=
2G2

Mµ

c4rR

0

@
0 0 0
0 cos 2!t 0
0 0 � cos 2!t

1

A

tret

2h(y)
ij

=
2G2

Mµ

c4rR

0

@
� cos 2!t 0 0

0 0 0
0 0 cos 2!t

1

A

tret

2h(z)
ij

= �4G2
Mµ

c4rR

0

@
cos 2!t sin 2!t 0
sin 2!t � cos 2!t 0

0 0 0

1

A

tret

2hij(~r, t) =
2G

c4r


Q̈ij � r̂i(Q̈ · r̂)j � r̂j(Q̈ · r̂)i +

1

2
(�ij + r̂ir̂j )̂r ·Q · r̂

�

tret

hij(x, t) =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

@
2

@t2

✓
Qkl +

1

2
�klr̂ ·Q · r̂

◆

t�r

Qij(t� r) =

Z

Sr

d
3
x
0
✓
x
0
i
x
0
j
� 1

3
�ijx

0 2
◆
⇢(x0

, t� r)
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6 Gravitational waves from two-body systems

In this section and the following we address the emission of gravitational radiation by
the two-body systems described in section 5. As announced we treat this as a form of
adiabatic dissipation changing the orbital parameters (⇢, e, n) of the system. This applies
only to systems in which no head-on collisions or mergers involving strong gravity e↵ects
take place; these require more powerful methods of computation [6].

To compute the amplitude hij from equation (29) for point masses on the quasi-
newtonian orbits (47) we must first determine the components of the quadrupole moment
and their derivatives. For a two-body system in the CM frame they read
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(59)

where r̂ is the orbital unit vector in the equatorial plane defined in (43). We explicitly
factor out the three-tensor array R̂ with components R̂ij describing the angular dependence
of the orbits used in computing the quadrupole moments:
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Next we want to compute the time derivatives of the quadrupole moment Q. For ease
of computation it is convenient to introduce a set of basic three-tensors in which all our
results can be expressed:
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They have simple algebraic properties

E2 =
2

9
I�

1

3
E, M2 = N2 = �J2 =

2

3
I + E,

E ·M = M · E =
1

3
M, E ·N = N · E =

1

3
N, M ·N = �N ·M = J.

(63)

11

6 Gravitational waves from two-body systems

In this section and the following we address the emission of gravitational radiation by
the two-body systems described in section 5. As announced we treat this as a form of
adiabatic dissipation changing the orbital parameters (⇢, e, n) of the system. This applies
only to systems in which no head-on collisions or mergers involving strong gravity e↵ects
take place; these require more powerful methods of computation [6].

To compute the amplitude hij from equation (29) for point masses on the quasi-
newtonian orbits (47) we must first determine the components of the quadrupole moment
and their derivatives. For a two-body system in the CM frame they read

Qij = m1

✓
r1ir1j �

1

3
�ij r

2
1

◆
+ m2

✓
r2ir2j �

1

3
�ij r

2
2

◆

= µr2
✓
r̂ir̂j �

1

3
�ij

◆
⌘ µr2R̂ij,

(59)

where r̂ is the orbital unit vector in the equatorial plane defined in (43). We explicitly
factor out the three-tensor array R̂ with components R̂ij describing the angular dependence
of the orbits used in computing the quadrupole moments:

R̂ =
1

2

2

4
cos 2' + 1

3 sin 2' 0
sin 2' � cos 2' + 1

3 0
0 0 �

2
3

3

5 . (60)

Next we want to compute the time derivatives of the quadrupole moment Q. For ease
of computation it is convenient to introduce a set of basic three-tensors in which all our
results can be expressed:

M =

2

4
cos 2' sin 2' 0
sin 2' � cos 2' 0

0 0 0

3

5 , N =

2

4
� sin 2' cos 2' 0
cos 2' sin 2' 0

0 0 0

3

5 , (61)

and

I =

2

4
1 0 0
0 1 0
0 0 1

3

5 , J =

2

4
0 1 0
�1 0 0
0 0 0

3

5 , E =

2

4
1
3 0 0
0 1

3 0
0 0 �

2
3

3

5 . (62)

They have simple algebraic properties

E2 =
2

9
I�

1

3
E, M2 = N2 = �J2 =

2

3
I + E,

E ·M = M · E =
1

3
M, E ·N = N · E =

1

3
N, M ·N = �N ·M = J.

(63)

11

6 Gravitational waves from two-body systems

In this section and the following we address the emission of gravitational radiation by
the two-body systems described in section 5. As announced we treat this as a form of
adiabatic dissipation changing the orbital parameters (⇢, e, n) of the system. This applies
only to systems in which no head-on collisions or mergers involving strong gravity e↵ects
take place; these require more powerful methods of computation [6].

To compute the amplitude hij from equation (29) for point masses on the quasi-
newtonian orbits (47) we must first determine the components of the quadrupole moment
and their derivatives. For a two-body system in the CM frame they read

Qij = m1

✓
r1ir1j �

1

3
�ij r

2
1

◆
+ m2

✓
r2ir2j �

1

3
�ij r

2
2

◆

= µr2
✓
r̂ir̂j �

1

3
�ij

◆
⌘ µr2R̂ij,

(59)

where r̂ is the orbital unit vector in the equatorial plane defined in (43). We explicitly
factor out the three-tensor array R̂ with components R̂ij describing the angular dependence
of the orbits used in computing the quadrupole moments:

R̂ =
1

2

2

4
cos 2' + 1

3 sin 2' 0
sin 2' � cos 2' + 1

3 0
0 0 �

2
3

3

5 . (60)

Next we want to compute the time derivatives of the quadrupole moment Q. For ease
of computation it is convenient to introduce a set of basic three-tensors in which all our
results can be expressed:

M =

2

4
cos 2' sin 2' 0
sin 2' � cos 2' 0

0 0 0

3

5 , N =

2

4
� sin 2' cos 2' 0
cos 2' sin 2' 0

0 0 0

3

5 , (61)

and

I =

2

4
1 0 0
0 1 0
0 0 1

3

5 , J =

2

4
0 1 0
�1 0 0
0 0 0

3

5 , E =

2

4
1
3 0 0
0 1

3 0
0 0 �

2
3

3

5 . (62)

They have simple algebraic properties

E2 =
2

9
I�

1

3
E, M2 = N2 = �J2 =

2

3
I + E,

E ·M = M · E =
1

3
M, E ·N = N · E =

1

3
N, M ·N = �N ·M = J.

(63)

11

where

Example I: circular orbits

The frequency of gravitational waves = 2 x orbital frequency
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Combining these results we get for the direction-dependent angular momentum flux after
reinstating powers of c:
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(84)

Finally integrating over all angles using eqs. (77) the total angular momentum flux is found
to be

dLi

dt
= �2G

5c5
"ijk [

··
Q ·

···
Q]jk. (85)

7 Newtonian binaries

In this section we consider a newtonian binary star system in circular orbit. The masses
of the stars are m1,2, and their separation is

R = r2 � r1. (86)

We take the center of mass (CM) as the origin of co-ordinates, hence

m1r1 +m2r2 = 0. (87)

Then we can convert the positions to the CM frame as

r1 = �m2

M
R, r2 =

m1

M
R. (88)

In this frame the newtonian gravitational force is

µR̈ = �GµM

R2
R̂, (89)

where M and µ are the total and reduced mass, respectively:

M = m1 +m2, µ =
m1m2

m1 +m2
. (90)

We first consider circular orbits in the absence of gravitational radiation. Taking the plane
of the orbit to be the x-y-plane, the orbits can be parametrized by

R = R (cos!t, sin!t, 0) . (91)

Inserting this into eq. (89) one gets

!
2 =

GM

R3
. (92)
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Parabolic orbit representing the motion of the effective 1-body reduced mass in the CM frame of two masses scattering in the x-y-plane: 

Graphs: gravitational-wave amplitudes seen along the axis of the parabola (x-axis) and from above (along the z-axis) as a function of the 

evolution parameter   , measuring the progression of the effective mass in its orbit. 
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Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is
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Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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We then find the following results in terms of the quantities defined in (7.31):
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Combining these expressions to evaluate the first equation (6.41), the directional
di↵erential power of gravitational wave emission is
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Recall that ' is the orbital azimuth angle, whilst � is the direction of the com-
puted gravitational-wave intensity per unit of spherical angle, which is the same
at all distances r. With the help of equations (7.9), (7.11) and (7.29) we can
evaluate the quantities A and B:

A =
n3r2

⇢2

r
(e2 � 1) +

2⇢

r
�

⇢2

r2
,

B = �
4n2r

⇢
+ 4(n2

� 1),

(7.36)

which can be evaluated as functions of the orbital angle ' by the orbital equation

⇢

r
= 1 � e cos n'.

The result (7.35) was first derived for non-precessing pure Kepler orbits by Peters
and Matthews [36]. By integrating the expression over all angles, as in equation
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We then find the following results in terms of the quantities defined in (7.31):
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Combining these expressions to evaluate the first equation (6.41), the directional
di↵erential power of gravitational wave emission is
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Recall that ' is the orbital azimuth angle, whilst � is the direction of the com-
puted gravitational-wave intensity per unit of spherical angle, which is the same
at all distances r. With the help of equations (7.9), (7.11) and (7.29) we can
evaluate the quantities A and B:
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which can be evaluated as functions of the orbital angle ' by the orbital equation

⇢

r
= 1 � e cos n'.

The result (7.35) was first derived for non-precessing pure Kepler orbits by Peters
and Matthews [36]. By integrating the expression over all angles, as in equation
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For purely Keplerian orbits this result was derived in [20]. Using the results from appendix
A for the generalized newtonian orbits (47) the expressions for the quantities A and B take
the form
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(83)

The intensity distribution of gravitation radiation emitted by a bound binary system in
elliptical orbit, precessing and non-precessing, is illustrated for a particular choice of pa-
rameters in appendix B.

After integrating the result (82) over all angles the standard result (39) for the total
energy loss becomes
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In the simplest case, that of a circular orbit with e = 0, n = 1, r = ⇢ and with angular
velocity given by

`2 = r4!2 = GM⇢, (86)

this result reduces to the well-known expression
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The last result has been cast in terms of the dimensionless compactness parameter 2GM/c2⇢,
defined as the ratio of the Schwarzschild radius for the combined system and the actual
orbital scale characterized by ⇢. For non-precessing orbits for which n = 1, `2 = GM⇢, the
rate of energy loss is
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The expression (85) can also be used to compute the total energy lost by the two-body
system in a definite period between times t1 and t2, e.g. between two periastra for bound
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where we have introduced the integration variable  = n'. Now substitute (84) for the
energy change and use
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The adiabatic approximation implies that we treat the parameters e and n in this interval
as constants; then it is straightforward to perform the integrations. For a bound orbit with
succesive periastra at  1 = 0 and  2 = 2⇡ the total energy lost per period to gravitational
waves is

�E = �4⇡
p
2

5n6

✓
2GM

c2⇢

◆7/2 µ2c2

M


1 +

e2

24

�
n6 + 12n4 � 120n2 + 180

�

+
e4

96

�
n6 + 216n4 � 720n2 + 540

�
+

5e6

16

�
n2 � 1

�2
�
.

(91)

In particular for non-precessing orbits with n = 1:
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For the simplest case, a circular orbit with e = 0:
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closed orbits (e < 1): energy loss per period

3.16 × 1046 J
PSR 1913 + 16
(Hulse-Taylor)

average power: ~ 1025 W
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This results in [14]-[17]
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Note that the total flux of linear momentum vanishes by symmetry (in the present approx-
imation) as it involves only products of odd numbers of r̂i integrated over a full spherical
surface, whereas the integrands of the energy and angular momentum contain even numbers
of outward spherical unit vectors.

5 Generalized newtonian 2-body forces

In the following we will apply the results to systems of masses moving under the influence of
mutual newtonian forces, considering two-body systems interacting via a central potential.
The classical description of such systems simplifies greatly, first as one can e↵ectively
reduce it to a single-body system by separating o↵ the center-of-mass (CM) motion; second
as angular momentum conservation implies the relative motion to be confined to a two-
dimensional plane. Of course, the emission of gravitational radiation introduces limitations
to these simplifications, but as long as the rate of energy and angular-momentum loss by
the system is small the orbits will change only gradually and one can evaluate the e↵ect of
gravitational-wave emission in terms of adiabatic changes in the orbital parameters. In this
section we first discuss non-disspiative motion; the e↵ects of gravitational wave emission
will be analysed afterwards.

Let the bodies have masses m1 and m2 and positions r1 and r2. To make maximal use
of the simplifications we work in the CM frame in which

m1r1 + m2r2 = 0.

In terms of the relative separation vector r = r2 � r1 the positions w.r.t. the CM are
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and Newton’s third law of motion implies that
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where µ is the reduced mass
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8



circular orbits:

(6.43), and restoring factors of c, we get for the total radiative energy loss the
compact result
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The explicit expression in terms of ⇢/r is obtained in exercise (6.2). We first
discuss in particular the two simple cases presented in section 7.3.

Circular orbits
For the simplest case of a circular orbit with radius R one finds A = 0, B = �4,
and the expression simplifies to
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where rS and RS represent the Schwarzschild radii of the reduced and the total
mass, respectively:

rS =
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.

As such the dimensionless quantity inside the parentheses in equation (7.38) is
generically very small. At the same time the quantity

P =
µc2

(R/c)

represents the reduced rest-mass energy over the time light takes to travel across
the two-body system, a number with the dimensions of energy per unit of time
which can become very large in SI units. The total radius dependence 1/R5

implies that the energy loss increases strongly for small R when the bodies are
close to collision or merger.

Non-precessing parabolic orbits
For the simplest open orbit of non-precessing parabolic type (e = n = 1) equa-
tions (7.36) imply
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rate of inspiral:

We can now relate the evolution of the parameters to that of the energy and
angular momentum:
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and
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The evolution of the other parameters is found directly from these results by
applying the above relations (7.51) and (7.52):
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and finally
dT

dt
= 3⇡
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a

GM

da

dt
. (7.58)

Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that

dR

dt
= �

64G3M2µ

5c5R3
(7.59)

The same result is also obtained by combining equations (7.47) and (7.55) with
⇢ = R and n = 1. Equation (7.56) then implies that the eccentricity e = 0 does
not change, and a circular orbit remains circular. Equation (7.59) is solved by

R(t) = 4


G3M2µ

5c5
(t0 � t)

�1/4

, (7.60)

where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:

! =
`

R2
=

r
GM

R3
. (7.61)

Using the result (7.59) this implies

d!

dt
=

96G5/3M2/3µ

5c5
!11/3. (7.62)
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parabolic orbits:

for n = 1:  ~ 4.5 times the energy/turn of equivalent circular orbit

but: any radiative energy loss results in capture!
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Loss of angular momentum

Differential flux

where
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2⇤ .
(33)

Applying them to the free fields (29) these expressions determine the flux of energy, momen-
tum and angular momentum carried by outgoing gravitational waves far from the source
region. First, integration over a large sphere around the center of mass of the source and
using Gauss’ theorem gives the change in total energy, momentum and angular momentum
of gravitational waves in terms of surface integrals
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(34)

Next, on the spherical surface @Sr the surface element of integration taken in polar co-
ordinates (r, ✓,') is

d2� = r2 sin ✓ d✓d' ⌘ r2d2⌦. (35)

Evaluating the integrands on the right-hand side in equations (34) while restoring factors
of c then results in di↵erential fluxes
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(36)

As usual overdots denote derivatives with respect to time t. The integrands themselves
represent the anisotropic angular distribution of fluxes. The spherical surface integrals
can be performed taking note that the quadrupole moments depend only on retarded time
u = t� r, and that the angular integrals can be evaluated using the averaging procedure
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Z
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Total flux

After substitution of equations (66), (67) in the expression (36) for the di↵erential flux
of angular momentum we get
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The total loss of angular momentum obtained by integration over all angles as given by
the result (39) is
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According to the expansion (67) and the multiplication rules (63) the only antisymmetric
contribution to the product of Q(2) and Q(3) comes from

M ·N = �N ·M = J,

which has only a non-vanishing Jxy = �Jyx = 1 component. As the only non-trivial
component of orbital angular momentum is Mz this is as expected. Using the results of
appendix B it follows that
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For circular orbits with r = ⇢, e = 0 and n = 1 this reduces to
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and for other non-precessing orbits

dMz

dt
= �

p
2

10

✓
2GM

c2⇢

◆7/2 µ2c2

M


(1 � e2)

⇢3

r3
+ 3

⇢5

r5

�
. (101)

18

dR

dt
=

dE/dt

dE/dR
= �64

5

G
3
M

2
µ

c5R3

dLz

dt
= �4G

5c5

✓
Q̈·

···
Q

◆

xy

�E = �⇡
p
2

120

✓
2GM

c2⇢

◆7/2
µ
2
c
2

M

✓
5 +

294

n2
� 1260

n4
+

1386

n6

◆

�E = �4⇡
p
2

5

✓
2GM

c2R

◆7/2
µ
2
c
2

M
E = �GMµ

2R

�E

E
=

⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

dLi

d⌦dt
= �1

c

dE

d⌦dt

dPi

d⌦dt

dLi

dt

hij(x, t) =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

@
2

@t2

✓
Qkl +

1

2
�klr̂ ·Q · r̂

◆

t�r

Qij(t� r) =

Z

Sr

d
3
x
0
✓
x
0
i
x
0
j
� 1

3
�ijx

0 2
◆
⇢(x0

, t� r)

1

2
@
2
0

Z
d
3
x xixjT00 =

1

2

Z
d
3
x xixj @k@lTkl =

Z
d
3
xTij T00(x, t) = ⇢(x, t)

hij =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

✓
Ikl +

1

2
�klr̂ · I · r̂

◆
@
2
0T00 = @0@iTi0 = @i@jTij

@0h0µ =


4⇡r

Z

Sr

d
3
x
0
@0T0µ(x

0
, t� r)

=


4⇡r

Z

Sr

d
3
x
0
@
0
i
Tiµ(x

0
, t� r) = 0 h00 = h0i = 0

hµ⌫ =


4⇡r

Z

Sr

d
3
x
0
Tµ⌫(x

0
, t� r) Iij(t� r) =

Z

Sr

d
3
x
0
✓
Tij �

1

3
�ijTkk

◆

t�r

hij(x, t) ⇠
Z

dk eij(k)
e
ik(r�t)

r
r̂ihij = 0 hkk = 0 kieij = 0 ejj = 0

dR

dt
=

dE/dt

dE/dR
= �64

5

G
3
M

2
µ

c5R3

dLz

dt
= �4G

5c5

✓
Q̈·

···
Q

◆

xy

dLx

dt
=

dLy

dt
= 0

�E = �⇡
p
2

120

✓
2GM

c2⇢

◆7/2
µ
2
c
2

M

✓
5 +

294

n2
� 1260

n4
+

1386

n6

◆

�E = �4⇡
p
2

5

✓
2GM

c2R

◆7/2
µ
2
c
2

M
E = �GMµ

2R

�E

E
=

⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

dLi

d⌦dt
= �1

c

dE

d⌦dt

dPi

d⌦dt

dLi

dt

hij(x, t) =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

@
2

@t2

✓
Qkl +

1

2
�klr̂ ·Q · r̂

◆

t�r

Qij(t� r) =

Z

Sr

d
3
x
0
✓
x
0
i
x
0
j
� 1

3
�ijx

0 2
◆
⇢(x0

, t� r)

1

2
@
2
0

Z
d
3
x xixjT00 =

1

2

Z
d
3
x xixj @k@lTkl =

Z
d
3
xTij T00(x, t) = ⇢(x, t)

hij =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

✓
Ikl +

1

2
�klr̂ · I · r̂

◆
@
2
0T00 = @0@iTi0 = @i@jTij

@0h0µ =


4⇡r

Z

Sr

d
3
x
0
@0T0µ(x

0
, t� r)

=


4⇡r

Z

Sr

d
3
x
0
@
0
i
Tiµ(x

0
, t� r) = 0 h00 = h0i = 0

hµ⌫ =


4⇡r

Z

Sr

d
3
x
0
Tµ⌫(x

0
, t� r) Iij(t� r) =

Z

Sr

d
3
x
0
✓
Tij �

1

3
�ijTkk

◆

t�r

hij(x, t) ⇠
Z

dk eij(k)
e
ik(r�t)

r
r̂ihij = 0 hkk = 0 kieij = 0 ejj = 0

closed orbits (e < 1): angular momentum loss per period
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angular momentum is given by the expression in equation (6.43). As the orbital
angular momentum is perpendicular to the plane of the orbit it takes the explicit
form

dJz

dt
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(7.43)

Now as seen in equations (7.32) and(7.33) the only anti-symmetric term in the
product of Q(2) and Q(3) comes from multiplying the terms proportional to M
and N:

M · N = �N · M = J.

Therefore the expression for angular momentum loss reduces to
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Inspection of equations (7.16) and (7.31) then lets us evaluate this for the case
of precessing two-body systems as
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Integration of this expression shows that for bound orbits the total loss of angular
momentum between two apastra is given by
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The same expression also applies to parabolic orbits when integrating over the
full orbit.

Examples
For circular orbits with radius r = ⇢ = R a straightforward substitution reduces
the result (7.45) to
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which incidentally confirms that the rate of angular-momentum loss has the di-
mensions of energy. For a non-precessing parabolic orbit a similar subsitution
leads to
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We can now relate the evolution of the parameters to that of the energy and
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The evolution of the other parameters is found directly from these results by
applying the above relations (7.51) and (7.52):
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Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that
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The same result is also obtained by combining equations (7.47) and (7.55) with
⇢ = R and n = 1. Equation (7.56) then implies that the eccentricity e = 0 does
not change, and a circular orbit remains circular. Equation (7.59) is solved by
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where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:
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Using the result (7.59) this implies

d!

dt
=

96G5/3M2/3µ

5c5
!11/3. (7.62)

122



parabolic orbits:

0,5 0,75 1 1,25 1,5 1,75 2 2,25 2,5

0,8

1,6

2,4

3,2

4

4,8

n

w(n)

dR

dt
=

dLz/dt

dLz/dR
= �64

5

G
3
M

2
µ

c5R3
�Lz = �⇡

✓
2GM

c2⇢

◆3
µ
2
⇢c

M


7

n5
� 5

n3
+

1

n

�

dLz

dt
= �32G7/2

M
5/2

µ
2

5c5R7/2

�Lz

Lz

= �4⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

�Lz = �8⇡

5

✓
2GM

c2R

◆3
µ
2
Rc

M
Lz = µ

p
GMR

dR

dt
=

dE/dt

dE/dR
= �64

5

G
3
M

2
µ

c5R3

dLz

dt
= �4G

5c5

✓
Q̈·

···
Q

◆

xy

dLx

dt
=

dLy

dt
= 0

�E = �⇡
p
2

120

✓
2GM

c2⇢

◆7/2
µ
2
c
2

M

✓
5 +

294

n2
� 1260

n4
+

1386

n6

◆

�E = �4⇡
p
2

5

✓
2GM

c2R

◆7/2
µ
2
c
2

M
E = �GMµ

2R

�E

E
=

⇡
p
2

5

µ

M

✓
2GM

c2R

◆5/2

dLi

d⌦dt
= �1

c

dE

d⌦dt

dPi

d⌦dt

dLi

dt

hij(x, t) =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

@
2

@t2

✓
Qkl +

1

2
�klr̂ ·Q · r̂

◆

t�r

Qij(t� r) =

Z

Sr

d
3
x
0
✓
x
0
i
x
0
j
� 1

3
�ijx

0 2
◆
⇢(x0

, t� r)

1

2
@
2
0

Z
d
3
x xixjT00 =

1

2

Z
d
3
x xixj @k@lTkl =

Z
d
3
xTij T00(x, t) = ⇢(x, t)

hij =


4⇡r
(�ik � r̂ir̂k)(�jl � r̂j r̂l)

✓
Ikl +

1

2
�klr̂ · I · r̂

◆
@
2
0T00 = @0@iTi0 = @i@jTij

w(n)

for n = 1:  ~ 2  times the angular momentum/turn 
                       of equivalent circular orbit

bound orbits:

In particular for parabolic orbits with e = n = 1 and  1 = 0:
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In ref. [13] a similar result was derived for small-angle scattering in purely newtonian
gravity with � = 0.

9 Evolution of orbits

The flux of energy and angular momentum carried by gravitational waves as expressed by
equations (34) can be determined only if all components of the wave signal are known.
With present interferometric detectors this is barely possible by combining the signals re-
ceived by at least three instruments at di↵erent locations. However, the loss of energy
and angular momentum by sources such as binary star systems is observable and allows
the gravitational-wave flux to be reconstructed as in the well-known case of the binary
pulsar systems. Therefore it is of some practical use to evaluate the orbital changes due
to the emission of gravitational radiation by such systems. Here as in the previous sec-
tions we consider non-relativistic two-body systems, either in bound orbit or on scattering
trajectories.

In the adiabatic approximation on which our calculations are based the orbits of two-
body systems in the CM frame are parametrized by the expression (47). We take the orbital
parameters (⇢, e, n) to be slowly changing functions of time; they would be constant in the
absence of gravitational radiation. According to equations (56) and (57) the orbital energy
and angular momentum are expressed in terms of these parameters by
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For comparison with observational data of bound orbits it is sometimes convenient to
consider the (possibly precessing) semi-major axis of the orbit related to the semi-latus
rectum by
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It follows that for bound orbits the orbital parameter changes are related to change in
orbital energy and angular momentum by
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The evolution of the other parameters is found directly from these results by
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Again the simplest example is that of an adiabatically decreasing circular orbit.
For this case it follows by combining equations (7.38) and (7.54) with R = a that
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The same result is also obtained by combining equations (7.47) and (7.55) with
⇢ = R and n = 1. Equation (7.56) then implies that the eccentricity e = 0 does
not change, and a circular orbit remains circular. Equation (7.59) is solved by
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where t0 is the future would-be time of coalescence if the adiabatic approximation
were to hold all the way till the end of the inspiral. A di↵erent way to present this
result, used in practice by operational gravitational-wave detectors, is in terms of
the gravitational-wave frequency f = !/⇡, with ! the orbital angular velocity:
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Next we consider open orbits. These we will characterize in terms of ⇢ and e directly with
rates of change determined by (108) and (111)
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The corresponding changes over the complete orbit are
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A sample of binary merger signals


