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Related topics
Shear modulus, angular velocity, torque, moment of inertia,
angular restoring torque, G-modulus, modulus of elasticity.

Principle and task
Bars of various materials will be exciting into torsional vibrati-
on. The relationship between the vibration period and the geo-
metrical dimensions of the bars will be derived and the speci-
fic shear modulus for the material determined.

Equipment
Torsion apparatus 02421.00 1
Torsion rod, steel, l 500 mm, d 2mm 02421.01 1
Torsion rod, Al, l 500 mm, d 2 mm 02421.02 1
Torsion rod, Al, l 400 mm, d 2 mm 02421.03 1
Torsion rod, Al, l 300 mm, d 2 mm 02421.04 1
Torsion rod, Al, l 500 mm, d 3 mm 02421.05 1
Torsion rod, Al, l 500 mm, d 4 mm 02421.06 1
Torsion rod, brass, l 500 mm, d 2 mm 02421.07 1
Torsion rod, Cu, l 500 mm, d 2 mm 02421.08 1
Spring Balance 1 N 03060.01 1
Spring balance 2, 5 N 03060.02 1
Stopwatch, digital, 1/100 sec. 03071.01 1
Sliding weight 03929.00 2
Support base -PASS- 02005.55 1
Support rod -PASS-, square, l 250 mm 02025.55 1
Support rod -PASS-, square, l 630 mm 02027.55 1
Right angle clamp -PASS- 02040.55 2

Problems
1. Static determination of the torsion modulus of a bar.

2. Determination of the moment of inertia of the rod and
weights fixed to the bar, from the vibration period.

3. Determination of the dependence of the vibration period on
the length and thickness of the bars.

4. Determination of the shear modulus of steel, copper, alumi-
nium and brass.

Set-up and procedure
The experimental set-up is arranged as shown in Fig. 1. Care
should be taken that the torsion bars are perpendicular to the
beam. For the static determination of the torsion modulus, the
spring balance acts on the beam at r = 0.15 cm. The spring
balance and lever arm form a right angle. It is recommended
that the steel bar, 0.5 m long, 0.002 m dia., is used for this
experiment, since it is distinguished by a wide elastic range.

The steel bar is also preferable for determining the moment of
inertia of the rod with the two masses arranged symmetrically
(longer vibration period).

The bars must not be deflected so far that the zero-point is
shifted (yield point, hysteresis) or that the bar rotates in the
upper clamping sleeve.

Theory and evaluation
If a body is regarded as a continuum, and if r

R
o and r

R
denote

the position vector of a point p in the undeformed and defor-
med states of the body, then for small displacement vectors
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and the deformation tensor d̂ is:

dik =  
]ui +

]uk  .

The forces dF
R
, which act on a volume element of the body, the

edges of  the element being cut parallel to the coordinate pla-
nes, are described by the stress tensor t̂. To each area ele-
ment dA, characterised by the unit vector e

R
in the direction of

the normal, there is assigned the stress p
R

:
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Hooke’s law provides the relationship between d̂ and t̂ :

tik =   Sl,m c lm
ik dlm.

The tensor ĉ is symmetrical for an elastic body, so that only 21
of the 81 components remain. For isotropic elastic bodies, this
number is further reduced to 2 values, namely the modulus of
elasticity E and the shear modulus G or the Poisson’s ratio µ:

t11 = 
E

5d11 + 
µ

(d11 + d22 + d33)6
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Fig.1: Experimental set-up for determining the torsion modu-
lus of various bars.
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t12 = G d12 =  
1 E

d12 (1)

and analogously for t22, t33, t13, t23.

Using the notations of Figs. 2 and 3, equation (1) can be writ-
ten:

dFx =  G · v · dS =  G · 
rf

· rdr · da .

From this, the total torque a ring is obtained

dTZ =  
2p

dFx · r = 
2pGr3fdr

and from this the total torque

TZ = *
R

dTZ = 
p

· G · f · 
R4 

.

From the definition of the angular restoring torque or torsion
modulus DT,

TZ = DT · f (2)

one obtains

DT = 
p

· 
R4

· G .

From Newton’s basic equation for rotary motion

T
R

= 
d

L
R

.

– were the angular momentum L
R

is related to the angular velo-
city vR and the inertia tensor Î in accordance with

L
R

= Î · vR

– and from (2), one obtains

d2f
+  

DT f = o .

The period of this vibration is

T = 2p! IZ (3)

or

T = 2p!IZ · 
2

· 
L

R–2 (4)

In Problem1, DT is determined in accordance with (2).

R

Fig. 2: Force and resultant deformation Fx = G · S· v. Fig. 3: Torsion in a bar.

L
*
o

Lo 2

2 L

dt

dt2 IZ

p G

1+µ2

L

Fig. 4: Torque and deflection of a torsion bar.
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From the regression line to the measured values of Fig. 4 with
the linear statement

Y = A + BX,

the slope

B = 0.238 Nm/rad (see (2))

is obtained.

From (3), the moment of inertia of the vibrating bars and mas-
ses is determined for the same torsion bar:

IZ = 9.24 · 10–3 kgm2.

Figures 5 and 6 show the relationship between the vibration
period and the length and diameter of the aluminium bars.

From the regression line to the measured values of Fig. 5 with
the exponential statement

Y = A · XB

the exponent

B = 0.49 ± 0.01 (see 4))

is obtained.

From the regression line to the measured values of Fig. 6, with
the exponential statement

Y = A · XB

the exponent

B = –1.99 ± 0.01 (see (4))

is obtained.

Finally, the shear modulus G is determined from (4) for Cu, Al,
steel and brass.

GCu =  38 · 109 N/m2rad

GAl =  24 · 109 N/m2rad

GSteel =  76 · 109 N/m2rad

GBrass =  32 · 109 N/m2rad

R

Fig. 5: Vibration period of a torsion bar as a function of its
length.

Fig. 6: Vibration period of a torsion bar as a function of its dia-
meter.
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